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Theorem JordanHolder

LetGbeagroupSupposethatwe aregiventwocompositionseries

Sel Ao0A O 0Am Gand e BooB o OBn G

s t.fi Ai BiBj aresimple

Then men andthereis a bijection o 1 im i men st
Ai An BailBolist

Willprove astrongerversionof JHTheorem

Toymodel Settheory us Grouptheory

A G

AEB HEG

B IA complementset GH
Settheoreticversion LetXbe a setwithtwofiltrations Yay

Ao EA E EAm X OBoEB E EBn X

thenforanyij Ai u AinBj 1 Aitu Ai Bj
Bj u AinBj 1 Bj u Ai i Bj

Grouptheoreticversion LetGbe agroup notnecessarilyfinite

Supposegiventwochainsofsubgroups del AoQA Q IAmG

el BoQB Q QBn G

ThenHit Ai nBj is a
normalsubgroupofthegoopAi iCAi nBj

Bj Ai inBj is anormalsubgroupofthegroupBj Ai Bj



j j goopof group

Moreover Air Ai Bj Bj AinBj
Air Ai Bj Bj Ai i Bj

Groupversion JordanHoldertheorem

Giventhetwocompositionseriesthegroupversionthanrefinesthemintochains

IYII.gg j g
B.eBi AinBa o QAmBeG

Bon AiBocaThisshowsmen and

AI 414 B Bananas.it i D
Proofofthegroupversion
InsideAi Ai isnormalandAi Bj is asubgroup

Ai AiBj is a subgroupofAi
MoreoverBj1QB Ai BjQAinBj

Claim Air Ai Bj1 QAir Ai Bj
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theotherisomwithBj t.fi issimilar



I Ii

Me Y Ai Bj AiAiBj
AnttiBj BjBjAi
AitAiBj

isclearly a surjectivehomomorphism

herY AinBj n Aia AiBj l
I

abeBj aeBj So kerfe Ai i Bj Ai Bj
Thereversedinclusion isalsodear

By1stisom
theorem wededuce AinBj y Ai i Ai B

Ai iBj Ai Bj Ai AinBj1

AlternatingGroup

Oneexampleofcompositionseries is eleAnÉSn form 5

Recall Everycycle a a am inSu is aproductoftranspositions

a as am a am a am a az

Soevery
elementsofSn is aproductoftranspositions

Consider
D Ig xi xj o o IgnYou Yogi D

Foreach ofSh definesgnof til sothat o sguo o

callsgu o thesignofo o o iscalled an evenpermutation11185814 ifsgn o 1
oddpermutation 8 84 ifsgn o 1

Proposition synSn ki is ahomomorphism

Proof
syn re

Tien xresin Yogi



jroof
syn o Ign xi xj

sgu o sgue
Iten ait Yogi ItenGeniikg
Iten xi y Elen xi Xj

Hittin Fiji
Ijn xoeil Yogi

IiljenXen Yg
Note sgu transposition 1

Soif o productof r transpositions sgu o CD

DefinitionAn hersgmSn Fil iscalledthealternatinggroup28841
AnoSn andSn An Ii

An Suhail In
TheoremWhen n 5 An is asimplegroup
Remark As 123 is acyclicgroupoforder3

AyD 1 12 34 i3 24 4 23

It isknownthata simplegroupoforderGoisisomorphictoAs
Proof Call Cijk a 3 cycle for i jk distinct LijhitAn

Frequentlyusedobservation if o eSn then
a as at 5 o ai as o at

bic 0 ai ai ait I Haiti

Step1 An isgeneratedby 3 cycles

Anisgeneratedbyelementsoftheform ab ed and ab ac

Yet ab cdt acb acd and ab ac acb



Step If NeAncontainsone 3cycle thenNcontainsall 3 cycles
Willshow fresh oeil glock EN

If ofAn thenolijk o olilogiolki EN

If 4An thenofij eAn

ocijicijklcijioenog.tk
o
1
ogioliiotki

Coy ait ki oologist EN

Step3 If let NQAn thenNcontains a 3 cycle
Fix et of N

11 If istheproductofdisjointcycles atleastonecyclehaslength 4
i e O p Caaz ar withv34

a a a o a a a3 asa a ay ar EN

So 5 a a as a a a EN is

a as a an ar

94 as a as a I 91993 a a.az

as92 ar ay ar

So lalazar EN

a Suppose 1 doesn'thold o is aproductofdisjointcyclesoflength2and3

go
is aproductofdisjointtranspositions and2,03can'tbealltrivial
s 3 cycles

3 If is aproductofdisjointtranspositions
0 1 alae asay bio wehaveatleast2transpositions



M
then a a a a a a 5 t a as a a4 o EN

Next we use n 5totake ase is in differentfroma ax

then a a as o a a as oil a a asaxas EN Backto i

4 If o is aprodustofdisjoint 3 cycles similararguemettgobackto 1

DefinitionLet I beanindexsetandletGi for it I beagroup withoperatorAi
Definethedirectproduct Ite of Gi ie denotedby IIGi G

or Gix i xGnif I i int
tobethegroupwithoperation Gi it hi it Gidihi iet

Theidentityis e it andtheinverseof Gi ice is gillieI
Foreachje I thereis anatureembedding G G

injectivehomomorphism Gj 1 g
realizingGj as anormalsubgroupofG j plane

G
Gj FdnyGi

There'salso a naturalprojection Tj G Gj
sujestiehomomorphism Giis Gj

herF IIIs Gi
WhenallGi's are isomorphictoHand I 1 nl writeH instead

Recall AgroupG isfinitelygeneratedifthere's afinitesubsetAofGsit G A
Theorem FundamentalTheoremoffinitelygeneratedabeliangroups
LetGbe afinitelygeneratedabeliangroup divides



f y g gray
ThenG Ex2n x 2nsforintegers no aen tuEdin
Moreover such r n i ins areunique

I calledtherant H ofG

Proof Abeliangroups Z
modules

FollowsfromtheclassificationofmodulesoverPID Laterinsemester

Lemmy If mineIN zsatisfiesgod min 1 then2mn Zu Zu
Proof ConsiderY2mn ZmxZn homomorphism

amodmu to amodin a modn

key amodmn of

y is injective

But 2mn Zn Zn So y is an isomorphism

Cor Everyfinitelygeneratedabeliangroupisoftheform
G Z x Zpinx x2pts x Zpin x


