
 Stabilizersandorbitsofgroupactions classequation outerautomorphisms

todayMoreadvancedtopicsongroupactions

Definition LetGbe agroupactingon asetX
sometimesthisiscalled

aGeet
Foreath x EX writeStab x gEG g x x

calledthestabilizersubgroupof x 43122134
Foreach x EX writeOrbgx G x g x geG

calledtheorbitof x Aia
Properties

i Stab x is a subgroupofG

NFS t gheStab x gh eStabas ie gtix x

needtoshow x x

andhx x If h f
Sogh x gx x

a For x yeX eitherOrbex Orbey orOrbex Orboly 0

So wehave X tattoo

NTS If ZEOrbex nOrbey thenOrb x Orb ly

gx hyforsomegheG
ThenforweOrbg x n w k xforsomekEG

w kx kgz kghyeOrbey
SoOrbanEOrb y Theother

inclusioncanbeprovedsimilarly

s ForyeOrbex sayy g x
thenStab y gStabolxg

Namely thestabilizersatdifferentelementsofoneorbit areconjugatetoeachother



ly zers differ of conjugate

heStab ly shy y e hgx gx ghg xx

ghgeStab x hegStabag

Aparticularcase ConjugationactionofG on itself
DefinitionTwoelements abeG are conjugate t.tk if agbg forsomegeG

TheorbitsofGundertheconjugationactionarecalledconjugacyclassesKKK

E.g If G isabeliantheconjugacyclanofa is al
Gln a everymatrixisconjugatedinto aJordanblock

Soconjugacyclasses Jordanformswithnonzeroeigenvalues

Sn conjugacyclasses partitionsof n intosumsofpositiveintegers

ProofRecallforoeSn o a a ar bb bs 5

oCaiola o ad o biAba olbs

Soconjugationdoesnotchangethetypeofcycledecomposition
Moreover if T T havethesamecycletype Iot E Ta D

Definition LetH G be a subgroup SEG asubset

11 Ca s fgeG lforevery seS gsg s centralizerofS Holtz
Fortheconjugationaction Stabs s Ca s

Cats AsStab s Inparticular it is asubgroup

a Z G geG l theG ghg h CaG ienter f G Gi3His
Alternativepointofview theconjugationactioninduces Ad G So

Then Z G herAd



3 NGH GEG gHg H normalizerofH IHultf
Note HIG E NGH G

If weconsider GE allsubgroupsofG
g Hi gHg

then NgH Stab H

e

DefinitionLetGbeagroupactingon bothsets XandY

Wesay amapof X Y is G equivariant G 55244572 if
AgeG xeX g x gd x

Remand Algebraicstructureon aset vector
spares groups

setswith
gamp

actions

1 I d d

maps
betweensetswithalgstructure linearmaps homomorphisms Gequivariantmaps

Definition G GX Wesaytheactionis
transitive

if tx.geX IgeG s t y gx
Inthiscaseforevery xEX denote H Stabax

Then y G H X is a Gait bijection

gH sgx
Indeed y iswelldefined ifgH 9H g gh g x gahx ga

g is surjective bicG action istransitive

g isinjective if 9 gH g gH

g x g x gig x x gigeStab x H
gH gaH



9 is Gequivariant bi g p gH ggx 9 ggH r

Inthegeneralcase G chisOO

Ax EX G actstransitivelyonOrbGlx
Orbg x G stab x

X ftp
G staboG

Theorem Let Gbe a finitegroup actingonitselfbyconjugation
i ForeachgeG the

numberofelements in itsconjugacyclass is
Adogi GHcoly GColgs

t
beAdog G

coly
2 Classequation If g gr are representativesofconjugacyclassesofG

then G E G Cagil

ProofConsidertheconjugationactionofG onitself

G I OrbitsAdog I G Cagil
3 Amoreusefulversion Intheaboveformula

OrbitAdalgisa asingletone theG
Adh1gggy

GitZG

So G Z G Egg GCagi
Example G 55 theclassequationis



9

120 5 1
55 55 55 55 5 Is
S S 23 S 2522 24 223 25

1 I t 20 15 30 20 24

Partitiontype 1 1 14 1 1 1 1 2 1 1 3 1 2 2 1 4

g

Typicalelement 1 12 123 1127134 1234 1276345 123457

Stabilizer 5253 2352 25 22 2223 25

Application Letpbeaprimenumber

AfinitegroupGiscalledapgroup.it
Gisapowerofp.Theorem.Foranontrivialp

gooupG.ZG isnontrivial

Proof Useclassequation G 2 G G algil
I nights p
ppower nontrivialppower

pl 2 G D

Automorphism
group

revisit

LetG be agroup HutG 10 C G isomorphism

Recallthatconjugationgives a homomorphism Ad G AutG

gtx Adg htighg
Haveseen ker Hd 2 G
Im G Inn G iscalledthegroupofinnerautomorphisms HERATH

Proposition Inn G oAut G



I
Proof Needtoshow if o G t G is an automorphism

then o Inn G o Inn G

sufficestoshow e andthen 2 followsfrom efor5

Take geG o AdgeInn G

claim o oAdy 5 G G as an automorphismofG isequalto Adog
so belongstoInn G

Indeed o Adgo o h 0 Adg o hi go hg
og o hi g l olghogs Adog h D

DefinitionThequotientOut G AutG Inn G iscalledthegroupofouterautomorphisms

ofG at BIG Y
Interestingexamples

G GlnQ Ad GlnQ AutG

kerAd Z GlnQ1 a In acQ Q

Thus Inn G Ga 9 IgthEgeneral
lineargroup19355439k41

Automorphismsthatarenotinner

X A ta note 4 AB X A B

PGLnQ x 1,41 GGln Q as automorphisms

Fast AutSinQ AutPGL a PGLQ x 1.41 when ns 3

PGL Q when n 2

ButforGlnQ thereareautomorphismscomingfromQ
Ingeneral if K is afieldcharK 2 n 73



g if f
Aut SLnKl AutPGL K PGlu k xHuffk x 1.4

G S S Ad xAutSn is injective

Interestingfact If u 6 Ad Sn AntSu is an isomorphism

i e all automorphismsofSn are inner
Butwhenn 6 I 4 So I Sothat isnotinner

1a iz 34 56

Fact HutS6 So x 1.41

Definition LetGbe a groupWesay asubgroupH is
characteristic denoted as HcharG

if foranyautomorphism oof G O H H

Propertiesandexamples

1 If HEG istheuniquesubgroupofthatorder H ischaracteristic

e.g in 2n tdIn ds eZnischaracteristic

2 Characteristicsubgroups are normal

If HcharG andgEG Adg G G is anautomorphismofG
AdyH H H QG

s If KcharH and HQG then KQG
G and KcharH and HcharG KcharG characteristicsubgroups istransitive

Provethis tgeG as HQG gHg H

So Adg H H is anautomorphism AdgK K


