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Goal Findabstract
waystostudygroups

similarto n p pi n Zn TIZpii reducingthestudyofGtoeachprimep
considerGGX awaytorepresent agroup

Definition Fix a primenumberp
In A p group is afinitegroup

whoseorderis a ppower
a If G is agroupwith G p m with r m eIN pfm

a subgroupHofGoforderpriscalled a Sylowpsubgroup p 97441
or p Sylowsubgroup

WriteSyl G Sylowp subgroupsofG

Np SylpG

Theorem Sylow'stheorems LetGbe afinitegroupwith G p mwith r mein ptm

FirstSylow Sylowpsubgroupsexist
SecondSylow If P is a SylowpsubgroupofG andQEG is a subgroupofppowerorder

then I geG QEgPglyalso aSylowp subgroup
i e allSylowp subgroups areconjugate
allsubgroupsofppowerorderiscontained in aSylowp subgroup

ThirdSylow i up t modp
z Mp m
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Proofof1stSylow There's a moredirectbuttrickierproof

Weuseinduction on G
Whenpt G i.e r o il E G istheSylowp subgroupofG
Nowsupposethat1stSylow isprovedwithsmaller Gen

Casey If p Z G thenZ G is afiniteabeliangroup

M Z G 2pmx x2prs x

Yet Gpt it say Z Gp p
r

Consider G GIZ Gp has
order n pr p

r r
m

É
Inductivehypothesis E contains a subgroupIToforderp
Then t H is a groupoforder F Z Gp p

r rprip
It is a Sylowp subgroupofG

Case2 If pt Z G recallthatwemayassumep G

Classequation G

IG IvonIG
CaGi

F
divbyp notdivbyp

i sit G Cagi isnotdivisiblebypandisnot 1

Cogi hasorderp
r
m forsomem lm andm em

Byinductivehypothesis aHECagi a Sylowp subgroupoforderp
H is a Sylowp subgroupofG D

Proofof2ndSylow PEG a Sylowp subgroupand QEG a subgroupofppowerorder



ofof I group grayofy
When Q 1 Q Li EP
Nowassume Q p

r with r 1

Considerthelefttranslationactin Q GGlp gp gf G

Then Glp I orbits I Q Stab

Totdvisible
byp

I anorbit saytheorbitofgp s t.IQ Stabgp isnotdivisiblebyp
But Q isppower Q Stabgp
i e H feQ 9gp gp ggegp gegPg
So QEgPg D

Cort AllSylowp subgroupsareconjugate

CordThere isonlyoneSylowp subgroup ASylowpsubgroupPEG is
normal

Proof t geG gPg is aSylowp subgroup
So gPg P asthere'sonlyone

P isnormal Infact P ischaracteristic in G

AsallSylowp subgroupsare conjugate

any
otherSylowpsubgroup is gPg tf OnlyoneSylowpsubgoon

Cor3 If P is a Sylowp subgroup NGNGP NGP

andNgP contains auniqueSylow f subgroup
Proof Note PQNGP bytautology soP is anounalSylowpsubgroupofNot

P istheuniqueSylowp subgroupofNaP



9 I I goopof
If neNaNgp nNap n Nop

n Y
But NoP has auniqueSylowpsubgroup nPi P

So neNGP D

Proofof3rdSylow np ofSylowp subgroup
SinceallSylowpsubgroupsareconjugate

G G Sylowp subgroups actionbyconjugation istransitive

up Sylowpsubgroup p
t m

Pr Ngp P

So np m

Consider P G Sylowpsubgroups actionbyconjugation

up Sylowp subgroups I P Stab
If Stab tP P Stab is appower

If stab P sayStab isthestabilizerofaSylowpsubgroupPi
PENGPi

ButCod NGPi hastheuniqueSylowpsubgroupPi
P Pi there's auniquesuchorbit

Mp 1 modp

ApplicationofSylow'sTheorem
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1 GroupGoforder fg pgprimepig
Q a Sylowq subgroup

Note ngp ng 1modof ng 1

SoQ is anormalsubgroup

P a Sylowpsubgroup

Note upq Np i mod f
Cased Np 1 ThusP is

normal

G P xQ

Casf up q 1modp
G Q XP

comingfrom a homomorphismP Zp 2g AntQ 7492

2 Agroupoforder132cannotbe a simplegroup
Proof 132 11 3 4

SupposeG issimple nonontrivnormalsubgroup

n ihad11 m iz m 12 atleast12xtoÉementshaveorder11
Us I mod3 n 44 n 4 or44 atleast4x2elementshaveorder3

s
o na 1 I atleasttwoSylow2 subgroupsP Pa

atleast4 4 2 6elements whoseorder 4 To mayelements

2 LetGbe afinitegroupand N anormalsubgroup T G GIN

IGl p
r m IN p

r
m r'sr m lm Gln p I
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Let It be a Sylowp subgroup Itil p
Claim a H is a Sylowp subgroupofGIN

b Ker ala H Giv H N is a SylowpsubgroupofN
Proof Tilt H it H haskernelHN

1stIsomThm H H N T H

So IH p tinn H H N dividesIn p m

HH divides Gln p I
Thisforces IH N p and a n p

r r

3 If G 105contains anormalSylow3 subgroupPs thenG 2105

Proof Ms 3 7 n5 1Hud5 Ms 1 or 21

My 3 5 My p mud7 n 1 or 15

Now weneedtousethenormalSylow3 subgroupB
Consider GE P sincePs isnormal

induces AdG AutB Hut 3 Ill
But G 105isodd Im Ad trivial

Thissaysevery
elementofPs commuteswitheveryelementofG
B CZ G

Nowreturnstotheproofof


