
 Commutatorsubgroups nilpotent subgroups pgroups

Definition Forx.geG define xy xy xy the
commutatorof xandy It F

Note xy yx x y e glxg g gxgl.ggg
Gder G x y x yeG iscalledthe commutatorsubgroupof G It4,7441

orthederivedsubgroupofG 1547724
Caveat Nottruethatevery

elementofG is a commutatoritself
ThisG is a normalsubgroupofG

and G G isabelian ble xG YG f yG x G

x y xyG G yes

GIG isthe mainlabelianquentofG inthefollowingsense
Lemma If A is an abeliangroupandg G A a homomorphism

then G ekerg bi g x y xy n

Thus y factors as G GG A

Thereis a bijection forA an abeliangroup
Homgp G A Homgp GG A

g g gG pigs

Inotherwords ifwewanttoHomagrouptoanabeliangroup itisenought HomoutfromGG
Example G Dan r s rn 5 1 sr s r

ThenG contains srs r r

If n isodd er er Ect expectanequality

Ontheotherhand wehave 4 G l il



rigorousway 4 r 1 w s 1
toprovethat

Check firs 4 s 1 andYesY r 4 s 1 465GM
Es Gebert r

So G r and 6 6 hi

If n is even Crs Lr EG

Wedefine 4 G ti x til
X r 1 1 X s I 7

Cheat X r 4612 1 4614674651 415
G'ekery r So GibertandGG hi x ti

Tofindall Hom G A Hom til xLil E

If i D del I4 C E
N
ya i yet4G d41st p

Solvable
groups

Recall AgroupG iscalled a
solvable

group if
71 Got G Q QGr G sit Gi Gin isabelian

WhenG isfinite thisisequivalenttoexistingsuch aserieswithGilGiftp.withpiprim

Inparticular abeliangroups are solvable

Agoodwaytotest
solvable

groupsis

DefinitionForanygoopG definethefollowingsequenceofsubgroupsinductively
GH G G G Gl Gl Gil Gil tie IN

This iscalledthederived or commutatorseriesofG 1849334
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Example

G t.EE zg4 tip 264 it 264 i 26 lil

Proposition Agroupis
solvableifandonlyif G 11forsomefiniteneN

Proof NoteeachG is anormalsubgroupofG
So if G eGHg QG G satisfiesGilgit isabelian

I if HoQHQ QHr G s.tHiHi isabelian

HiHi eHit
Fromthis wesee G G G EHn

G G G e HmHal EHm
G eHn i G eHo lil B

Remark Thederivedseries isthefastestdecreasingseriessothatthesubquotientsareabelia

Thesmallest neZaoforwhichG it iscalledthesolvablelengthofG
Lemma AllG arenormalsubgroupsofG

Moreovertheyare characteristicsubgroupsofG
Proof G G G x yxy x yeG

If 0 GIG is anautomorphismthen

G 0 x y xy x.geG deadlylox fly x.geG G

Inductively weprove0 G 0 Git Gliy
loGi il ofGily Git Gi il Gli

Basicpropertieswithoutproof



In I l
If HEG H EG Soif G issolvable Hissolvable

G IK a surjectivehomomorphism g Gil K
So G solvable Ksolvable

If NQGand bothN GIN are solvable thenG issolvable

cyclicgroups e abeliangroups E nilpotentgroups
e solvablegroups e allgroups

DefinitionFora groupG definethefollowingsubgroups

G G G G G G GGi for i
GBG DG D ThisiscalledlowercentralseriesofG

Similartoabore eachG isnormalinsideG andG z G

Thegroup iscallednilpotent if641 forsome c eIN
Corollary Gnilpotent solvable

Proof G I G 26 64 it D

Example N tY isnilpotent B I I issolvablebutnotnilpotent

Dualpicture

DefinitionForanygroupG definethefollowingsubgroupsinductively

ZoG I Z G Z G
Consider G E G Z G G

Ulnormal UInormal PutZzG ti Z G G
ti Z o Z Gza



Inductively G ti s GIZ G
UInormal Ul

Ti ZGziG 2 Gza
PutZiti G if 62611

Thesequence ZoG QZ G Q iscalledupper
central

sequence

Notation subscriptindexing increasingfiltration superscriptindexing decreasingfiltration

Alternativeexplanation

i
5

So Zi G Kerti T I

Note Zi G ti't n Ti Zi1 626

Theorem AgroupG is nilpotentifandonlyif 2 G G forsome EN
Moreprecisely forceIN GETit Z G G

Inthiscase wehave G'sZi G for i o l i c

Thereis an error inDammitFootePianthms nottrueforZi G EG

ProofUseindentionon c Consider x G GIZG G
Y xx H

Willprove Gill Z G G

Ia Ia
g
a
p

inductiveh't zag E



12 Asexplainedabove wehave Zi E ZG
i E lil G EZIG G G lil Gli

ApplyinginductivehypothesistoG

go i i Zi G

Taking ti gives G s ti E i i s t Zi El Zit G

Philosophicalunderstanding

Abelian s are easiertounderstand

group



group

If H is a nonabeliansimplefinitegroupthen HH H Z H i

bic H H 1 isnormal inH

Visualizationoflower uppercentralseries

G

t siX
ZN
z G

G

Example Allpgroupsarenilpotent
Theorem LetP be a pgroup

in Z P I provedearlier

a If 1 HQP isnormal thenH Z P 11

Proof Consider P ÉH actingonHbyconjugation

H Plstabp ai
for a ar representativesoforbits

Stab ai P f xEP xait ai aieZ P nH

So H E P Stab ai Z P H modp
oGodp 2 p H it

s If HEP thenHENpH
Cot If H Phasindexp H isnormal

Proof Inductionon P
Case1 If Z P H thenZP ENpH soHENpH



1 t
Case If ZP EH considerIT HAP EP Plzp

Byinductivehypothesis I ENpH HENpH D

Theorem Structuretheoremfornilpotent
G finitegroupoforder n fi pi Pi eSylp G TFAE

in G isnilpotent

a if HEG thenHENalH
3 allSylowsubgroupsPi arenormal

a G P x xPr

Proof 31 14 bycriterionofdirectproduct
PPa P xPa PPaps PPaxp P xDxD

4 i aseachPi is nilpotent

a 3 Recallthat foreachPi NoNgPil NgPi
So a impliesthatNgPi G eachPi isnormal

I a SameasThm s abovenotingthatG nilpotent GIZG nilpotent


