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All rings contains 1 and 1 # Og; all ring homomorphism takes 1 to 1.
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L WwR H 28 G WMIENT#, K 2 H WIERNTF#, B4 K 2 G FIERT#f.

If H is a normal subgroup of G and K is a normal subgroup of H, then K is a normal
subgroup of G.

2. % i=1,2, % H; & G; WIET#E H, = Hy f1 G, = Gy, W Gy /H, = Go/ Hy.

For i = 1,2, let H; be a normal subgroup of G; satisfying H; = Hy and G| = G, then
G1/H, = Gy/Hs.

3. AT AR LRI PEIARE R AT FL B — 5 S AT

All nontrivial subgroups of a nontrivial cyclic group is cyclic.

4. AR N Z#E G FIEMT#E, W G 2 N M G/N KRR

If N is a normal subgroup of G, then G is a semi-direct product of N with G/N.

5. 4 P & G H—NEY p-78, W P AE G RIIEMAATRZ G MIEM-T#.

If P is a Sylow p-subgroup of GG, then the normalizer of P in G is normal in G.

6. PN FRASHAFE I EAR AT AR

A semi-direct product of two finite abelian groups is solvable.

7. ﬁﬁ#&? (o Zlg — Z35 ‘,[Z‘ﬁ)ﬁ/_\%qzﬂﬁg

A homomorphism ¢ : Z15 — Z35 of groups must be the trivial homomorphism.

8. BEMHI T — & ZHE.

A subring of an integral domain is an integral domain.

9. PINEEIA ) ELARIL 2 B

The direct product of two integral domains is again an integral domain.

10. % R 2P FHEER N Rlx] £&— AL RAHREI.

If R is a PID, then R[z] is a PID.



FRETL— (10 47) UERH: B~ 132 [REAS & .

Prove that no simple group has order 132.



REB— (10 /7)) % ¢ : R — S NPT HIAZ A FZS.
(1) iEM: & P 2&—A S FREAE, W o~ Y(P) & R — /2 HAE.
(2) WEBH: # M & S B—/ MR E o 23S, W o= Y(M) £ R FI—HROKEAR.
(3) L —MIITF UL (2) TEAMERBE o TSI A AL

Let ¢ : R — S be a homomorphism of commutative rings.

(1) Prove that if P is a prime ideal of S, then ¢ ~!(P) is a prime ideal of R.
(2) Prove that if M is a maximal ideal of S and ¢ is surjective, then ¢~ !(M) is a maximal
ideal of R.

(3) Give an example to show that (2) does not hold without assuming ¢ to be surjective.



RERB= (10 77) id R N—%3, F RHpAI X F ot —J8% ¢, € 1, = {r
R|rq € R}.
(1) $EW: I, JE3F R 0 EE.
(2) M R=2Z[V=3] Kk q=(1—-+=3)/2=2/(1++/=3) € F. ifW: [, N FHH
Let R be an integral domain and F' be its quotient field. For any element ¢ € F', define
I,:={r e R|rqe R}
(1) Show that each I, is a nonzero ideal of R.
(2) Now suppose that R = Z[v/=3] and let ¢ = (1 —/=3)/2 = 2/(1 ++/-3) € F. Show
that I, is not a principal ideal.



FRERBM (15 70) id R = Z + xQlz] C Q[x] & HIH By #7358 02 Wi 20 7

(1) EBH: R B2— N, Hemmrdion RA +£1.
(2) WEW: R AT 54
o tp (WPTHERE p),
o WHIUN +1 M HAE Q] HAHAMZINK f(z).
UEMIXEEA R A0 R FIETC.
(3) UEW] = ARTLABCS R R FFANRT AT R, AIMTIER R AN rE— 7y i B34,
Let R = Z + zQ[z] C Q|z] be the set of polynomials in = with rational coefficients

whose constant term is an integer.

(1) Prove that R is an integral domain and its units are £1.

(2) Show that the irreducibles in R are +p where p is a prime in Z and the polynomials
f(z) that are irreducible in Q[z] and have constant term +1. Prove that these
irreducibles are prime in R.

(3) Show that z cannot be written as a product of irreducibles in R and conclude that
R is not a U.F.D.



AR (15 %)) & H & G TR, 4

K = ﬂ gHg™!

geG
NEE H BT FLHERAZ.
(1) IEM: K & G W IERTRE.
(2) WEM: 5 [G: H) AR, W [G: K] 2 f R
Let H be a subgroup of GG. Define
K = ﬂ gHg™!

geG
to be the intersection of all conjugates of H.
(1) Show that K is a normal subgroup of G.
(2) Show that if [G : H] is finite, then [G : K] is finite. (Hint: first show that the

intersection above defining K is essentially a finite intersection.)



FRERE7S (15 70) W R N— . — P SBHETRIE DY D: R — R WX fr
A a,b€ R: D(a+b) = D(a) + D(b) A D(ab) = aD(b) + D(a)b.
(1) ZJEIR Rlz]/(2?), WEM: FFE— U
{FHHET D: R—> R} +— {HFAZF ¢: R— R[z]/(2”) #1713 o mod z £1EH[F}.
(2) W D E R EF—1MFHETHee RE—NFEI (Ml e=e?), iEM: D(e) = 0.
Let R be a commutative ring. A derivation D : R — R is a map satisfying D(a + b) =
D(a) + D(b) and D(ab) = aD(b) + D(a)b for all a,b € R.
(1) Consider the ring R[z]/(z?), show that there is a bijection
ing h hi R—R 2
{Derivations D : R — R} <«— { Ring homomorp 1sms_(’0 —~ Flal/(@) }
such that ¢ mod z = id

(2) If D is a derivation of R and e € R is an idempotent (i.e. e = €?), prove that
D(e) = 0.



BEEE (156 77) 2 p N—FEH WG 2— MR pp+1) WAREE, BHIEX G &
HIEMEVEE -p TH.

(1) 3k G AN p KGRI

(2) IEH]: G HHrANERR p BT ER M AN IEHE .

(3) UEMH: p+ 1 /& 2 R

Let p be an odd prime number, and let G be a finite group of order p(p + 1). Assume

that G does not have a normal Sylow p-subgroup.

(1) Find the number of elements of G with order different from p.

(2) Show that the set of elements of G whose order does not divide p form exactly one
conjugacy class.

(3) Prove that p 4 1 is a power of 2.



MfmeR— (+5 73) W K C H B G FF#E K< H.
(1) M. H FEILSHER TREF Co(K) A3 (Co(K) 72 K £ G R LAbr).
(2) W H>G M Cy(K)=1,iEM: H5 Cg(K) &ZHe.

Let G be a group and let K C H be subgroups of G with K < H.

(1) Prove that H normalizes Co(K) (the centralizer of K in G).
(2) If H< G and Cy(K) =1, prove that H centralizes Cq(K).



MR = (+5 ) & G & DHIRHEE, ic Syl (G) NERY p-THES.

(1) 4k S F T 2 Syl (G) hARMICEERF #(SNT) BAFE KA. IEH: No(SNT)
BHIEMBES p-1H.

(2) W SNT = 1 XFTH S, € SyL(G) (S # T) Moz BALEHE— G MR A
p-THE P, No(P) B&— N IERNE p-7H#f.

Let G be a finite group and let Syl,(G) denote its set of Sylow p-subgroups.

(1) Suppose that S and T are distinct members of Syl,(G) chosen so that #(SNT) is
maximal among all such intersections. Prove that the normalizer Ng(SNT') does not
admit normal Sylow p-subgroup.

(2) Show that SNT =1 for all S,T € Syl,(G), with S # T, if and only if Ng(P) has
exactly one Sylow p-subgroup for every nonidentity p-subgroup P of G.



