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LAEEANEE G M G ZHHAFAE N ¢ : G — G
For any two groups G and G’, there exists a homomorphism ¢ : G — G'.

2. B R FRFTE IR NI, B — N ERH 38 R — {nr|r € R}, W4
R/nR A n W HESRRE.

Let R denote the group of real numbers, n a positive integer, and put nR = {nr |r € R}.
Then R/nR is a cyclic group of order n.

3. So HAFAE— IR I I 1 2 18.

S contains an element of order exactly 18.

4. R G WA B (BUR TR 2 EHC, A G ZRAE.

If the commutator subgroup of a group G is G itself, then G is a simple group.

5. W H 2B G WIEMTREH B Z#F ¢ WIERTH, ok H AT H H G H
WF ¢ W4 G/H AT '/H.

If H is a normal subgroup of G and H’ is a normal subgroup of G’, and suppose that
H is isomorphic to H" and G is isomorphic to G', then G/H is isomorphic to G'/H’.

6. —MAMRBERLEIANY T AR RE) KEM.

A finite nilpotent group is the direct product of its Sylow subgroups (of different primes).

7. BN R BRI AT AR .

Every group of prime-power order is solvable.

8. W p N—N&EE, P -—IARE G W% p-T8. B4, ¥ G WtE—T8 H,
HNP & H K% p-18F.

Let p be a prime number and P a Sylow p-subgroup of a finite group GG. Then for any
subgroup H of G, H N P is a Sylow p-subgroup of H.

9. W G R MERZHEE. W G RN IRAEANTT A LR — 4.
1



Let G be a finite abelian group. Every finite dimensional irreducible representation of

(G is one-dimensional.

10. —ANEIREE G E—ANEIRE X AL EA. N7E CLX) = { T 2]
reX
FiESH G MR EATTZIN.
Let G be a finite group acting transitively on a finite set X. The induced representation

of G on C[X]| = { > aglx]

zeX

a;EE(C}

a, € C} is irreducible.




FRER— (15 77) WEWL: Broy 175 WOBF— e S #dlE. i (AR E) By
175 BOHE. (A0 AL H R B J7 B2 S8 i X PR &58, WHIERT.)

Prove that a group of order 175 must be commutative. List all groups of order 175,
up to isomorphisms. (If you need to use a statement that a group of prime square order is

abelian, you need to provide a proof.)



—MEIREE G WARYE C-FoRn. HEEH G-AZ 170
Ve ={veV | p(g)(v) = v for all g € G}.

(1) UEH]: dim VE &8 TF LEORTE V PR EAL.

(2) iEM: dim VY = % pr(g).

geG
(3) i5H p(9) (g € G) MLEHAEMIE—NHEH ¢V = VE i ¢> =¢ (B ¢ 12—
M) B o RERFL.
Let (p,V) be a finite dimensional C-representation of a finite group G. Consider the

A

w(p,V)

G-invariant subspace
VG i={veV|plg)(v) = forall g € G}.

(1) Show that dim V¢ is the same as the multiplicity of the trivial representation ap-
pearing in V.
1
(2) Show that dim V¢ = € Z Xp(9)-

e
(3) Construct a surjective map ¢ : V — VY expressed in terms of a linear combination

of linear operators p(g) for ¢ € G, such that ¢* = ¢ (i.e. ¢ is a projection) and ¢ is a

homomorphism.



RER= (15 70) (1) W G Z— DR IEMI T NMES A —— R R

(a) G FHEECN 2 N THE H,

B IHIFZ ¢ 2 G — Zs.

XHIEEER n > 3, gy HARRE Dy, FATETRECN 2 TR (AT R ). e
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Let G be a group. Show that there is a bijection between
subgroups H of G of index 2; and
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b
(2) Let n > 3 be a positive integer. Describe all subgroups of the dihedral group Ds,

nontrivial homomorphism ¢ : G — Zs.

of index 2, by providing their generators. Justify your answers.



REEN (15 7)) W G 2—MNERE, H 2 G WAETH (Rl H < G). EW: FF%E
U gHg' MBI G.
geG

For G a finite group and H a proper subgroup (i.e. H < G). Show that the union

U gHg ! cannot be equal to the entire G.
geG



RERE (15 70) e G fE4EE X (TR CIREE) BAEH, H =28 G THadcE IR
WTEE. X e e X, H H, M G, HIFonEE HM G TE o AR E TR

(1) UuEM: H /£ X EHARANHIE.

(2) ER: WEREE H £ X ERERRARSEN, BN 2 e X 5 H, = G, W H = G.

(3) WEH: Wk H & —AIERCTRE, MTEE (G, - H) (NEAREE) AT « 1k
B

Suppose that G is a group acting transitively on a set X (which may be infinite) and
that H is a finite index subgroup of G. For x € X, write H, and G, for its stabilizers in H
and G, respectively.

(1) Show that H has finitely many orbits on X.

(2) Show that, if the action of H on X is transitive and for some x € X, H, = G,; then
H is all of G.

(3) Show that if H is normal, then [G, : H,] (finite or not) is independent of z.



FREEN (10 47)

— M G EES X ERERR A # e, R AMMERRLIER, H G £ X x
X—A FRERRMAEIER, XH A C X x X @XALES (BIX 21, y1, 20,92 € X (21 # w1,
Ty # Ys), HIETCER g € G 8 gry = 20 H gy = w0). & p 2 NEE, L G = GLy(F,).

(1) &8 G KI—AI% p-TRE, IR ER EAL T

(2) IEH: G p+ 1 DARKES p-1HE.

(3) IEM): G AEFTA TS p-TREM IR S X BRI XU 3 1.

Recall that a permutation action of a group G on a set X is doubly transitive if the
action on X is transitive and the action on X x X — A is transitive where A C X x X is the
diagonal (i.e., for xq,y1, zo,y2 € X with x1 # y; and x5 # y, there exists g € G such that
gxr1 = x9 and gy; = ya). Let p be a prime number and let G = GLy(F,).

(1) Find a Sylow p-subgroup of G and compute its normalizer.
(2) Show that G has p + 1 distinct Sylow p-subgroups.
(3) Show the action of G on the set X of Sylow p-subgroups is doubly transitive.



AT (10 4)

WG R—ANBA 0 BIAREE. WAFREXL T — MRS 7: G — S, X g e G, XM
M G EE#RN 7y(z) = gz (2 € X).

(1) IEM: 7wy A B HAY g PR EEE (G (9)] ZAHL

(2) B WER G —AP % -7 REEF LERIEIREE, W G A —MEECOY 2 TEE.

Let G be a finite group of order n. There is a homomorphism 7 : G — S,,, where g € G
maps to the permutation 7 : for any z € G, my(x) = gx.

(1) Show that 7, is an odd permutation if and only if g has even order and [G : (g)] is
odd.

(2) Show that if a Sylow 2-subgroup of G is nontrivial and cyclic, then G has a subgroup
H with [G : H] = 2.



AT\ (5 5)
WEE: R G B LR, B4 BB E FEAHRE Aut(G) B O L.
Let G be a group. Show that if G has trivial center, then its automorphism group
Aut(G) has trivial center.



