
 Specialvaluesof Lfunctions 4
ClassnumberformulaandstatementofIwasawaMainConjecture

1 LfunctionsassociatedgeneralGaloisrepresentations

DefinitionLetFbe a numberfield LetME allplacesofF MEf allfiniteplanes

ForeachveMFf write9 ofelementsintheresiduefieldatv

Fix aprimepandembeddings QpwhereQᵈ9 IC isthealgebraicclosureofQ inIC
Arepresentationp Galt GlnQp GL V iscalled nice if
a p isramifiedatonlyfinitelymanyplacesS MF

WLOG Scontainsallpadicplansandall
archimedeanplaces

sometimes wewriteGFsfortheGaloisgroupGalFSF forFSthemaximal
extensionofFthatis unramifiedoutsideS ThenwehavepGFs GlnQp

2 Foreveryplace veMFf thatisnotpadic letbbeageometricFrobeniusatv
thecharacteristicpolynomialofpdu on VI belongsto

3 For apadicplacevofF Pv pGaleisdeRhamandpdu onDptPv has
characteristicpolynomial inQᵈ9 x Tsome

padicHodge
theoryconstruction

Thenforeach veMFf definethelocalLfactor

Lup s
detfp.ltqisvIyifvisnotpadic.det1 du9isDpstp.Fu if vispadic

Put Lp s IL Lup s if itconvergesfor

Rmd Oneexpectsmeromorphiccontinuation functionalequation ps p t s
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Butthis is averydifficultquestion

Solutiononlylookatthoseassoe.toautomrephs

RmtWhenImpisfinite we canpanArtinrepresentation.ThepadicHodgetheory
constructioncanbeignored

Basicexamplesproperties

ComparisonwithprimitiveDirichletcharacter7Gala Gal015N Q 4nA
geomFrob Ip I xp 745

So Jis 145ps L7 s wewillseethatthis isconsistent

Rmt Lfunctionfor7automaticallygivesthepremitiveDirichlet1function
padiccyclotomic

character XydGalf Gal Fp F
jan
5

Sp 5pm

Inparticularforutp Xageld 9
Sometimesabbreviateto 1 orQp1

Put n 2,4 forno and 4Cn HomEln Ip
Fora representation ofGalf as above defineV n VQ4cn

Lu Vin s
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det1 Paul.fi det 1 p qinsy
LuVu.s n

V n s V nts Thesameworksforpadicplacesaswell
bcduationonDpstVuln is9T action

Reinterpretationofp adicDirichlet1function onDpstv

LetNbeanintegerptN FixanembeddingQ

LetJ Gal SN Q Nx Qa's beanontrivialcharacter

ThereexistsapadicmeasureµgonGal Mpo Q Ip max p
abelianextensionofO

st foranyfinitecharacterTpGal Yp 9 Qf andanyne
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if weform apadicreph ftp n Gal94 0 9 4
1 Ypx x ̅

then
ftp n x diagx ftp n L y n

Thisdry Idp where i 4 is x ̅

If p prop L pis Lpis Lp s

P arepresentationInd8 pofGala then

p s La Ind p
Example ConsiderthetrivialrepinIF Galf C theassociatedLfunctioniscalledthe

Dedekindzetafunction f s LF 1 1 Ipr t.EE sRelsb1

La Ind8e 1 s

Specialcase F SN Ind
fq itecharofconductor IN

so 1s IEe 47
s

Next wewillstudythearithmeticpropertiesofspecialvaluesof 7.0

52Analyticclassnumberformula

FunctionalequationforDedekind5function f s
Assumethat Fhasa realembeddings I Tr andrapairsofcomplexembeddings Tr i I
Recall TR s I t E andTc s 2 25 T s



PutAF s TRs Te s s

Then AFCs OF AF 1 s where isthediscriminantofFlo

Theora analyticclassnumberformula

If F is anumberfield thentheDedekindzetafunctionSFCshasasimplepoleat5 1

lis s 1 Sp s
2 21 Regehe ThisisVolAEF AF AE.lk

fortheselfdualmeasure
WF.NET usedinTate'sthesis

whereDF discriminantofF he ClOF we
rootsofunityinF
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Here

regOf
sum o

if ti isreal
4 clogTicull hr for Ci if ti iscomplex

explicitly if u ur.mngenerateOÉµ F

Reg detfciloglticujlfii.net

Abetterformulation
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3Proofofanalyticclassnumberformula nothingdeepbutaverycuteproof
Sufficestoconsider seRand s It

CaseofF Q 5µs 4 04 011 011

WillonlyprovethiswhenFis a quadraticfield
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WhenFis imaginaryquadratic

Firstcompute c principalidealclass elements in0H40 10 z F

EEEE.FI I l a.FM s
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Idensityoflatticepoint egOF FD
Of AD vs density
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Forotheridealclassgroup c fix an idealIcele

Everygenuineidealin c takestheform Ic a for at II Of150
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WhenFisrealquadratic similartoabove.itessentially sufficestocompute
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