































































IntroductiontopadicHodgetheory6
Wiltvectors

1BigWittring
LetRbe a commutativering
ThebigWittringofR

denotedby R isdefined asfollows

as aset R R anelement inWR is writtenas
vectoror apowerseries 1 attast

there's aghostmap w w w WR R

givenbyw a as we a attza

Wn a Ind a
Basicallythe onWR arefunctriallypulledbackfromcoordinatewiseoperationonR

W
e.g as as as I at aftzar ap 393

Wbi babs I bi bitaba bp 3bs

Jaddition

a tbi atb ab astb
b nd aitbi aftbitzastaba ap b 3ast3b

solvefor aib 2 2 aitbitzazta.ba

Rigorousspeakingfirstprovethatintheuniversalcase

R Z X1X2 Y ge and x x x2 y_YiYa
W x w y and w x w y belongstoImagew

TheyarerepresentedbyS s xy 5 xy and I P c 71,124.71

Inthegeneralcase 4Run R sit 4 x a y b
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byfunctoriality define a b 4 S x y a b 4 P xy
Proofof17 Intheuniversalcase primep

there'sanoperator

GpRun R Gpan at n

Claim Asequence fi72 Im w ifandonlyif ptd ax fpd 9,1fpadModp
Pf Indeed f f Rani a a E RunivoQ sit w a

NTS a E Runin n p Inwithax fn Spfmp modp
Yplfnpl Fqd9p jtdj Inpd.CaitdjteIpd.at fn modp

uses 9pad atmodp
Gpad a1 modp

uF 1

Converselythecongruenceabove wheninductivelydetermine anby

I modeforanypain
Corollary AringhomomorphismR R inducesa homomorphismW R DNR

52 p typicalWitt
vectors

LetpbeaprimeTheptypicalWitt
vectorsWR isthecomponentsofBNR indexedbyppowe

Stillwrite a 90 a az tomean asapap inWR

p Ghostmap is w a ao af pan a pappas
TheelementpeWR is w p p p

p 1 pt
t
p

Fromnowon assumethatcharR pso

p is representedby o 1,0 in WR
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Ingeneral p ao a o apap shifttotherightandthen

WhenR isperfect WR pWR IR

If aER theelement a a 0,0 is calledtheTeichmillerliftofR
it ismultiplicative R WCR

Example WFp ZpWIpn unramextensionofIpofdegn
TheTeichmillermapdefinesFp Mp Ip

WhenR isperfestevery
elementinWR admits apowerseriesexpansion

ao a as ao p a p a

bcRHSunderghost is aotpaYP p a a modp
a Ipa p a Gopa modp

ByfunctorialityofWittringstheFrobeniusmaponR inducesanaturalmap
F W R WR F ao a apap

Theorem If A is aringcompleteforpadictopologyandifR is aperfectringincharp
then amap f R ApA liftsuniquelyto FWR A

Proof For xeR denote x pthrootof x
Firstpickanyset

theoreticliftF R Aoff
Define f x ka f x p and f x modpm is welldefined

Thisconvergesbe f x P F x modp impliesthat f x PEFxymodpm.tt
Ingeneral definefor a Iop an EWR f a Ipf an

Clearly F a F b FCabs
Weneedtoshow a F b F as b thisproofrevealsthedefinofWittvectors
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Forthis weconsidertheuniversalcaseRuniv Z x P y Runine x yYp

wehave y So xy p S x.gs p salx.gs
Proofof modp F x Fy F so xy so xg x ymodp

Proofof modp f x Fly F sox.gsP pF S xiymodpButxYPP yYPP SoxYyY P pfi
x y

modp isknown

Thiscanbeseen as I 9 pickanyfft

Ipkey R A
pA

F x F yf soxpy pf s x y
But modpdoesnotdependon Sookay

Byinduction weprovedthetheorem andwe seewhyWittvectorisdefinedasthis




