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Abstract. We first give an introduction to the (φ,Γ)-modules and basic rings

and invariants for p-adic Hodge theory. Then we study the their relationships,
in particular, we will sketch a proof for weakly admissible⇒ admissible. After

that, we study the cohomology of (φ,Γ)-modules and triangulations. In the

final lectures, we explain some recent work by Pottharst on application to
Iwasawa theory, extending Iwasawa Main Conjecture to the nonordinary case.

Lecture I: p-adic Hodge theory.
The study of p-adic Hodge theory is motivated by the seek of appropriate period

rings for the comparison theorems between p-adic étale cohomology and the alge-
braic de Rham cohomology. We first introduce Grothendieck’s mysterious functor
question, and then define Fontaine’s p-adic period rings BdR, Bcris, and Bst. Finally,
we wrap the lecture by stating the comparison theorems.

Lecture II: De Rham and crystalline representations.
Fontaine’s rings apply to abstract continuous p-adic representations. We give the

definition of de Rham, crystalline, and semistable representations and talk about
their basic properties, in particular, the (semi)linear algebra objects associated to
the representations. Some easy examples will be given.

Lecture III: The associated Weil-Deligne representation.
We say a representation is potentially semistable if it becomes semistable over

a finite extension of K. To a potentially semistable representation, Fontaine can
naturally associate a Weil-Deligne representation. We discuss this construction and
its relation with the conjecture on independence of l.

Lecture IV: (φ,Γ)-modules origins.
Fontaine introduced an alternative way of looking at p-adic representations, by

transforming them into (φ,Γ)-modules, which are some (semi)linear algebra objects.
In this story, a ground-breaking observation is that the Galois group of Q(µp∞) is
isomorphic to the Galois group of Fp((T )).

Lecture V: (φ,Γ)-modules over annuli.
Motivated by the study of (over)convergent (F -)isocrystals, Chebonnier and

Colmez proved that the (φ,Γ)-modules associated to Galois representations in fact
live over a smaller ring, the bounded Robba ring, which consists of analytic func-
tions on some annulus with outer radius 1 that take bounded values on the annulus.
We also introduce the Robba ring, which consists of possibly unbounded functions
on some annulus with outer radius 1. Kedlaya’s slope filtration governs the behavior
of (φ,Γ)-modules over this Robba ring.
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Lecture VI: (φ,Γ)-modules v.s. p-adic Hodge theory invariants (1).
In this lecture, we answer the question of linking (φ,Γ)-modules with the p-adic

Hodge theory invariants given by Fontaine. We start with Berger’s discovery on
recovering Dcris(V ) from the (φ,Γ)-module associated to V . Then we discuss the
reverse process, i.e., starting from a filtered (φ,N)-module, we construct a (φ,Γ)-
module over the Robba ring.

Lecture VII: (φ,Γ)-modules v.s. p-adic Hodge theory invariants (2).
We continue the discussion by introducing Berger’s differential equation. This

together with the construction from previous lectures enables him to prove (1)
de Rham ⇒ potentially semistable, using the p-adic local monodromy theorem
proved by Kedlaya, Christol-Mekhbout, and André independently; and (2) weakly
admissible filtered (φ,N)-modules actually come from Galois representation, as a
simple corollary of Kedlaya’s slope filtration theorem.

Lecture VIII: Galois cohomology via (φ,Γ)-modules.
Since we have established an equivalence of categories between the p-adic rep-

resentations and the (φ,Γ)-modules, one naturally expects an interpretation of the
Galois cohomology in terms of (φ,Γ)-modules. This is all established by Herr in her
thesis. We will also talk about Ruochuan Liu’s generalization of Tate local duality
and the Euler Poincaré characteristic formula to overconvergent (φ,Γ)-modules.

Lecture IX: Eigencurves.
We take a digression to introduce overconvergent p-adic modular forms. Coleman-

Mazur and Buzzard proved that all the overconvergent p-adic modular forms on
modular curves can be parameterized by a rigid analytic space, called the eigen-
curves. We discuss its basic properties. This result is later gereneralized to higher
dimensional case by Chenevier and Beilläıche.

Lecture X: Triangulation.
After Kisin’s finite slope space construction, Colmez realized that it is more

natural to interpret his result using triangulation of (φ,Γ)-modules. He observed
that even if a Galois representation is irreducible, the associated (φ,Γ)-module may
still be reducible and this is almost always the case for all p-adic representations we
can get from overconvergent p-adic modular forms. We discuss this point of view.
One of the open problem is to obtain a global triangulation of the (φ,Γ)-modules
associated to the family of p-adic representations parametrized by eigencurves.

Lecture XI: Bloch-Kato’s local condition and triangluordinary condition.
Bloch and Kato introduced a local condition on the H1 for p-adic cohomology
served as an analogue of the unramified condition of H1 for l-adic representations.
This allows them to construct global Selmer group with reasonable structure at
p. Pottharst realized that, as in the ordinary case, the triangulation can help to
rewrite this local condition. This breakthrough allows him to carry many important
work in Iwasawa theory to the nonordinary case.

Lecture XII: Nonordinary Iwasawa theory for modular curves.
We discuss Iwasawa Main Conjecture, relating the p-adic L-function of an eigen

new form and the characteristic ideal of the Selmer group of the associated rep-
resentation. Pottharst used Kato’s Euler system to prove (half of) Iwasawa Main
Conjecture at a nonordinary prime; his interpretation of local Bloch-Kato local
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condition is the new ingredient. If time permits, we briefly talk about Kato’s con-
struction of his famous Euler system, which is obtained by p-adically interpolating
the Beilinson elements for modular curves.










































































