ON GENERALIZED BEAUVILLE DECOMPOSITIONS
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ABSTRACT. Motivated by the Beauville decomposition of an abelian scheme and the “Per-
verse = Chern” phenomenon for a compactified Jacobian fibration, we study in this paper
splittings of the perverse filtration for compactified Jacobian fibrations.

On the one hand, we prove for the Beauville-Mukai system associated with an irreducible
curve class on a K3 surface the existence of a Fourier-stable multiplicative splitting of the
perverse filtration, which extends the Beauville decomposition for the nonsingular fibers.
Our approach is to construct a Lefschetz decomposition associated with a Fourier-conjugate
slo-triple, which relies heavily on recent work concerning the interaction between derived
equivalences and LLV algebras for hyper-Kéhler varieties. Motivic lifting and connections to
the Beauville-Voisin conjectures are also discussed.

On the other hand, we construct for any g > 2 a compactified Jacobian fibration of genus g
curves such that each curve is integral with at worst simple nodes and the (multiplicative)
perverse filtration does not admit a multiplicative splitting. Our argument relies on the
recently established universal double ramification cycle relations. This shows that in general
an extension of the Beauville decomposition cannot exist for compactified Jacobian fibrations
even when the simplest singular point appears.

CONTENTS
10.__Introduction 1
[1. Fourier transforms, generalized theta divisors, and decompositions| 4
[2.__Proof of Theorem 0.3 8
[3.  Motivic lifting of the generalized Beauville decomposition| 19
4. Proof of Theorem I0.4] 26
[References] 36

0. INTRODUCTION

Throughout, we work over the complex numbers C. To motivate the discussion, we con-
sider a principally polarized abelian scheme 7 : A — B of relative dimension g so that A is
isomorphic to its dual AV = Pic’(A). The Fourier-Mukai transform

(1) ®, : D’Coh(A) — D°Coh(A)
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associated with the normalized Poincaré line bundle £ induces a Fourier transform
(2) §:=ch(L) (=exp(ci1(L))) : H* (A, Q) = H*(A,Q).

There is an interesting grading on H*(A,Q) (other than the cohomological grading) which
splits the Leray filtration LeH*(A, Q) and interacts well with the Fourier transform .

Theorem 0.1. [7,[16] There exists a splitting of the Leray filtration associated with ™ : A — B,

k

i=0
which is

(a) stable under the Fourier transform
5 (H{(A,Q) = Hp, (4, Q);
(b) multiplicative with respect to the cup-product
H(5)(A,Q) x H;)(A,Q) — H; j1(A,Q).

The splitting H*(A,Q) = @?ﬁOH(*i)(A, Q) in Theorem which is now referred to as the
Beauville decomposition, is induced by the “multiplication by N” map [N] : A — A; more
precisely, the component H (*Z.)(A, Q) is given by the eigenspace

H{y(A,Q) == {a e H*(A,Q)|[N]*a = N'a}.

Furthermore, it has actually been shown in [7, [16] that the Beauville decomposition admits a
motivic lifting.

The work of Arinkin [3, [4] extends the Fourier-Mukai transform to compactified Jaco-
bian fibrations associated with families of integral projective locally planar curves. Let C' — B
be such a family of curves over a nonsingular base B, and let 7 : Jo — B be the associated
compactified Jacobian ﬁbrationﬂ We further assume that the total space J¢ is nonsingu-
lar. Analogously to the abelian scheme case, Arinkin’s Fourier—-Mukai transform induces a
(cohomological) Fourier transform

S H*(jCaQ) i) H*(j07(@)
The goal of this paper is to investigate the following question:

Question 0.2. For what class of families of integral locally planar curves C — B, does there
erist a generalization of the Beauville decomposition for Jo satisfying conditions analogous

to (a) and (b) in Theorem[0.1)?

1Recall that the compactified Jacobian of an integral curve is the moduli space of rank 1 degree 0 torsion
free sheaves on that curve; it is integral and contains an open subset parameterizing line bundles when the
singularities of the curve are planar.
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When C' — B arises as curves on a nonsingular surface S, we may view J¢ as the moduli
of certain stable torsion sheaves on S, and the Fourier transform § governs tautological classes
on Jo; see [33, Section 5]. Therefore, a systematic study of Question may lead to a
better understanding of the “Perverse = Chern” phenomenon identifying perverse and Chern
filtrations; this phenomenon was originally found for Hitchin systems via non-abelian Hodge
theory and the P = W conjecture [13, B2} 22] but was recently discovered in cases [25] beyond
Hitchin moduli spaces.

We will give both positive and negative results towards Question[0.2] In a positive direction,
our first result is the construction of a decomposition as in Theorem [0.1] for the compactified
Jacobian fibration 7 : Jo — B where C — B = |L| is a complete linear system associated
with an irreducible curve class on a K3 surface. Such a compactified Jacobian fibration is now
known as the Beauville—Mukai system [8]. Compared to Theorem a major difference of
Theorem is that we replace the Leray filtration by the perverse filtration [14]; the latter is
more natural when singular fibers appear.

Theorem 0.3. Let L be an irreducible curve class on a K3 surface S with L? = 2g — 2.
Let m: Jo — B = |L]| be the associated compactified Jacobian fibration. Then there exists a
splitting of the perverse filtration

k
PH*(Jo,Q) = P H)(Jo, Q
=0

which s

(a) stable under the Fourier transform
S (Hé)(j07(@)) (2g z)(‘]CaQ)a
(b) multiplicative with respect to the cup-product
HE‘;) (707 Q) X HEKJ) (jca Q) —> H(z-}-j) (J07 Q)

For a family of integral locally planar curves C' — B with J& nonsingular, we call a splitting
of the perverse filtration satisfying (a, b) of Theorema generalized Beauville decomposition.

On the other hand, our next result shows that, if we work with a general compactified
Jacobian fibration for curves of genus g > 2, a generalized Beauville decomposition does not
existﬂ Indeed, an obstruction arises even when the simplest planar singularity appears.

Theorem 0.4. For any g > 2, there exists a family of integral projective curves C — B
with Jo nonsingular such that

(a) each closed fiber of C'— B has at worst nodal singularities, and

2For g = 1 one can check directly that a generalized Beauville decomposition exists; c.f. [50]. Therefore
Theorem is optimal.
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(b) the (multiplicative) perverse filtration associated with w : Jo — B does not admit a
multiplicative splitting.

If we weaken the splitting to the filtration, then versions of Theorem [0.3(a, b) were proven
to hold in [33] for any 7 : Jo — B with J¢ nonsingular. More precisely, it is shown that
the perverse filtration is multiplicative and the Fourier transform is compatible with the per-
verse filtration; we refer to [33, Theorem 2.4] for the more precise statements. The point of
Theorem is that upgrading these properties from filtrations to decompositions seems to
impose strong constraints on the family. For example, the proof of Theorem relies heavily
on recent developments in the study of derived categories of compact hyper-Kéhler varieties.
We expect that Question has a positive answer when 7 : Jo — B is Lagrangianﬁ We refer
to Section [L.5] for more discussions.

As a by-product of the proof of Theorem we obtain an interesting slo-triple acting on
the cohomology H*(J¢, Q) which is of algebraic nature; see Remark

Theorem 0.5. Let 7 : Jo — B be as in Theorem . Then there is an sla-triple

(607 ho; fO) C End (H*(707 @))
satisfying that
a) it induces a generalized Beauville decomposition o, Jco,Q), an
d lized B lle d f H*(Jco,Q d

(b) all three operators ey, ho, fo are given by relative correspondences over B induced by

algebraic cycles on Jo x5 Jc.

We discuss in Section [ a conjectural motivic lifting of this slo-triple and the generalized
Beauville decomposition of Theorem We verify the conjectures (Conjectures [3.1] and |3.2])
for elliptic K3 surfaces.
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Pepin Lehalleur, Weite Pi, Shuting Shen, and Claire Voisin for helpful discussions on relevant
topics. J.S. gratefully acknowledges the hospitality of the math department of MIT during
his stay in the fall of 2023 and the spring of 2024.

Y.B. was supported by the SNSF Postdoc.Mobility fellowship and the Deutsche Forschungs-
gemeinschaft (DFG, German Research Foundation) under Germany’s Excellence Strategy-
EXC-2047/1-390685813. J.S. was supported by the NSF grant DMS-2301474. Q.Y. was
supported by the NSFC grants 11831013 and 11890661.

1. FOURIER TRANSFORMS, GENERALIZED THETA DIVISORS, AND DECOMPOSITIONS

In this section, we first review Arinkin’s Fourier—Mukai transform on the derived category
and its associated Fourier transform on cohomology. Then we discuss strategies for construct-
ing generalized Beauville decompositions for compactified Jacobian fibrations. Along the way,

3Here we do not require that J¢ is compact.
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we also introduce the generalized theta divisor which provides an obstruction to the existence
of a multiplicative splitting of the perverse filtration.

1.1. Fourier transforms. Throughout, we assume that C — B is a flat family of integral
projective locally planar curves of arithmetic genus g over a nonsingular variety B. Let
7 : Jo — B be the compactified Jacobian with J¢ nonsingular. In [3] 4], Arinkin constructed
a normalized Poincaré sheaf

P € Coh (jc XB jc)

which induces an equivalence of the bounded derived category of coherent sheaves
®p : DCoh(J¢) = DCoh(Jc).
Its inverse is induced by the Fourier—-Mukai kernel
Pl .= Hom <73, (’)chBjc) ® Pown

with ps : Jo x5 Jo — J¢ the second projection and w;, the relative canonical line bundle.
The functors ®p, ®p-1 yield the Fourier transforms on cohomology:

(3) 5.8 H (Jo,Q = H (Je,Q), FoF '=F 'oF=id

More precisely, the operators §, § ! are induced by correspondences given by the cycle classes

1

(4) §=td(-T5.,7.)  Nr(P), §'=td (_Tichic)% nr(P,

where T5 is the virtual tangent bundle of the l.c.i. scheme Jo xp J¢. Since in general

cxpJo . _
the relative product Jo X g J¢ is singular and the normalized Poincaré sheaf P of [4] does not
admit a finite resolution by locally free sheaves, we use the tau-class 7(—) of [20, Chapter 18];

see also [33], Section 2.3] for a brief review.

Remark 1.1. Here the Todd convention for the Fourier transforms differs from the one in [33].
Previously we let §~! bear all the Todd contribution so that § restricts to the usual ch(L)
over the smooth locus of 7 : Jo — B. But in the present paper we decide to let §,§ ' share
the Todd classes equally. The advantage is the compatibility with the pushforward under the
closed embedding i : Jo xg Jo — Jo x Jo, i.e.,

1 1
i3 =td (chxjc) 2h(iP), iF l=td (ch ch> 2 ch(i,PY).

In particular, the Fourier transforms on H*(J¢, Q) agree with the ones induced by the
Fourier-Mukai kernels on the nonsingular absolute product Jc x J¢o supported on the closed
subset Jo x g JJo. We emphasize that the Fourier transforms are naturally relative correspon-
dences over B. This is will be used to show Theorem [0.5(b) for the operators fo, hg. We will
discuss its motivic lifting in Section [3] where all the constructions are relative over B.
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1.2. Decompositions. If the family of curves C — B has no singular fiber, the Jacobian
fibration # : Jo — B is a principally polarized abelian scheme over B. There are three
typical approaches to recover the Beauville decomposition. In the following, we discuss these
approaches, and the difficulty in extending each approach over singular fibers.

The first approach, as described in Section [0} is to use the “multiplication by N” map
[N]: Jo — Jo to decompose the total cohomology into eigenspaces. However, when singular
fibers appear, it is difficult to extend the map [N] over them.

The second approach, which was initiated in [7, [I6], is to use the cycles associated
with the Fourier transforms to obtain projectors, which yields a (motivic) decomposition of
the total cohomology. When there are singular fibers, this idea has been exploited in [33]
intensively. It yields a number of consequences concerning the perverse filtration, which include
the construction of a motivic decomposition splitting the perverse filtration analogously to the
smooth case. However, as discussed in [33, Section 2.5.5], singular fibers force us to modify
the correspondences constructed from §,F ! in order to get projectors. Consequently, the
resulting decomposition becomes mysterious and is therefore hard to analyze; in particular it
is unclear whether it is multiplicative and how it interacts with the Fourier transform.

The third approach is due to Kiinnemann [27], who constructed an slo-triple (eg, fo, ho) via
the Fourier transform acting on the cohomology of Jo and showed that the weight decompo-
sition associated with this sly-triple recovers the Beauville decomposition. More precisely, the
operator eq is given by the cup-product with a relatively ample class, the operator fj is the
Fourier-conjugate of eg, and hg is the commutator of ey, fo. The advantage of this approach
is that all three operators are constructed for 7 : Jo — B with singular fibers, so it suffices
to check commutation relations between them.

The goal of this paper is to explore the third approach above for compactified Jacobian
fibrations. We first discuss a proposal for constructing the slo-triple for general C' — B, and
a natural obstruction for this approach to work. This also provides an obstruction to the
existence of a multiplicative splitting of the perverse filtration.

1.3. Generalized theta divisors. Now we consider C' — B with singular fibers. By the
relative Hard Lefschetz theorem, a relatively ample class w has perversity 2,

w € PH*(Jc,Q)\ PLH*(J ¢, Q).

Therefore, if the generalized Beauville decomposition exists, there is a relatively ample class ©
given by the projection of w to the component H(22) (Jo, Q). Since the perverse filtration
terminates at Pog H*(J ¢, Q), we have

Hi(Jc,Q) =0, i>2g.
Therefore the condition © € H (22) (Jo, Q) forces the vanishing

(5) 7t =0e HY"(Jc,Q).
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Over the smooth locus of 7, such a © is provided by the (normalized) relative theta divisor.
We call a relatively ample Q-divisor © satisfying a generalized theta divisor.

Question 1.2. Does there exist a generalized theta divisor for m: Jo — B?

Remark 1.3. If the answer to Question [I.2] is negative for C' — B, then there exists no
multiplicative splitting of the perverse filtration Pe H*(J ¢, Q).

We will show in Section[d]that a generalized theta divisor does not exist in general for C' — B
whose fibers have at worst simple nodes when g > 2.

1.4. A proposal for constructing the sly-triple. We assume Question [T.2| has an affirma-
tive answer for a family C' — B with © € H?(J ¢, Q) a generalized theta divisor. Following [27],
we define the raising operator

and its Fourier conjugate
fO = _S_l oego§ € End (H*(jCaQ>) :

We write hy to be their commutator

ho := [eo, fo] € End (H*(jc,@)> )

The operator ey is of degree 2 with respect the cohomological grading, but a priori the
operators fy, hg may be of mixed degrees.

Question 1.4. Do (eq, ho, fo) form an sly-triple with fo of degree —27

Both the sly-triple and the degree —2 conditions concern a set of cohomology relations.
If the answer to Question [I.4] is affirmative for C' — B, we get a decomposition from this
slp-triple. Finally, we require that the decomposition obtained from the sly-triple (eg, ho, fo)
satisfies all the desired properties — it is Fourier-stable, splits the perverse filtration, and is
multiplicative with respect to the cup-product.

Question 1.5. Is the decomposition associated with the sly-triple (eg, ho, fo) a Fourier-stable
multiplicative decomposition splitting the perverse filtration?

In general, answering the questions above for a given family C — B seems to be difficult.
As we show in Section [ we do not expect positive answers in general. On the other hand, we
are able to provide positive answers to all three questions in the setting of the Beauville-Mukai
system, where we use recently developed tools in the study of compact hyper-Kéhler varieties.
As we will discuss in Section [2] Question [I.2]is solved using the Beauville-Bogomolov—Fujiki
quadratic form, Question is solved using the Looijenga—Lunts—Verbitsky (LLV) Lie algebra
[30, 45] and Taelman’s recent work [44] on its interaction with derived equivalences, and
Question is solved by relating with a decomposition introduced in [41].
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1.5. Relations to other work. As a consequence of the P = W conjecture [I3] (now a
theorem by [32, 22]) and the Hodge-Tate decomposition of the character variety [43], the
perverse filtration associated with the Hitchin fibration h : Myiges — B has a multiplicative
splitting. The idea of [22] is that this splitting is characterized by an sly-triple constructed
geometrically by Hecke operators. In [33], a different proof of the P = W conjecture was
given using the Fourier transform. As commented in [23], considerations from the geometric
Langlands correspondence suggest that the Fourier transform should exchange Hecke operators
and certain tautological operators. Therefore, the Fourier transform seems to provide a path
to connect the two proofs [32 22], which concern tautological operators and Hecke operators
respectively.

However, as we explained in Section [I.2] the Fourier transform does not seem to provide
the desired decomposition using the approach of Deninger—Murre [16] when there are singular
fibers. On the other hand, results of this paper suggest that Kiinnemann’s Lefschetz decompo-
sition may have a chance to work over singular fibers in the Lagrangian setting. Our method
here relies on techniques from compact hyper-Kéhler geometry, so it only works for compact
total spaces Jo. New ideas may be needed to treat other interesting cases of Lagrangian
fibrations 7 : Jo — B. A typical example to be understood is that B is the elliptic locus of
the Hitchin base with 7 : Jo — B is the corresponding Hitchin system; we expect that in the
Hitchin setting the operators eq, hg, fo constructed as in this paper form an slo-triple, which
yields a generalized Beauville decomposition.

In another direction, we propose in Section [3| conjectures on lifting the sls-triple and the
generalized Beauville decomposition motivically. This is related to the Beauville-Voisin con-
jectures [9, 47, [49] concerning algebraic cycles on compact hyper—Kéhler varieties.

2. PROOF OF THEOREM [0.3]

In this section we prove Theorem following the proposal of Section We consider
a pair
(S,L), L*=2g—2
with S a projective K3 surface and L € Pic(S) an irreducible curve class, that is, every curve
in the linear system |L| is irreducible.

2.1. Compact hyper-Kéhler varieties. Since the family of curves C — B is given by the
complete linear system associated with |L|, the compactified Jacobian J¢ is the moduli of
stable 1-dimensional sheaves F on the K3 surface S with

[supp(F)] =L, x(F)=1-g,
with the stability condition given by any polarization. In particular, J¢ is a compact hyper-

Kahler variety of K39-type, and 7 : Jo — B is a Lagrangian fibration with B ~ P9. This
allows us to apply tools in compact hyper-Kéhler geometry to study the cohomology of J¢,

which lead to solutions to Questions [I.2] and
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2.2. Solving Question By specialization, it suffices to solve Question for a very
general pair (S, L). In this case, the moduli space J¢ is of Picard rank 2; the algebraic part
of the cohomology is spanned by an ample class A and the pullback of the hyperplane class H
of the base B ~ P9.

We are looking for a solution to the following equation

(A+XH)Y =0, XxeQ.

Although this is a polynomial equation of degree g (this is because H9*! = 0), the Beauville-
Bogomolov-Fujiki (BBF) quadratic form ¢(—) on H2(J¢, Q) [6] reduces it to a linear equation:

q(A+ A H) =q(A) +2X(A,H) =0.

Here (—,—) is the bilinear form associated with the BBF form, and we have used that
q(H) = 0. This solves A\ uniquely:

94
- 2(AH)

€ Q.

Now we consider arbitrary (S, L) with L an irreducible curve class. After changing the
basis and specialization, we may assume that the algebraic part of the cohomology H?(.J¢, Q)
contains a relatively ample class © which, together with H, forms a rank 2 hyperbolic Q-lattice
under the BBF form,

q(©)=q(H)=0, (©,H)=1.
As in Section we define the operators

(6) c0i=OU—, fo:=-F 'ocoF, ho:=leo, fo] € End (H*(To,Q)).

Clearly, all three operators are relative algebraic correspondences over B.
The goal of the next few sections is to establish the following proposition.

Proposition 2.1. The operator fy is of degree —2, and (e, ho, fo) form an sla-triple in
End (H*(jc, @)) .

Our main tools are the LLV algebra [30, 45] and its categorical perspective initiated by
Taelman [44, 1T, B31].

2.3. LLV algebras. We first recall the definition of the LLV algebra. Let X be a compact
hyper-Kéhler variety of dimension 2n. Since it suffices to prove the statements of Proposi-
tion in End (H *(Je, (C)), we work with LLV algebras with C-coefficients for convenience.

An element n € H%(X,C) is called of Lefschetz type if for any k& > 0, the cup-product
with n* induces an isomorphism

n"U—: HRX,C) = H™ (X, Q).
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In other words, the class 7 induces an sl-triple (e, h, f;) acting on H*(X,C). The LLV
algebra of X, denoted by g(X), is defined to be the Lie algebra generated by all slo-triples
associated with Lefschetz type classes.

The LLV algebra of a compact hyper-Kéahler variety can be calculated in terms of the
extended Mukai lattice [30, 45]. Recall that the (complexified) extended Mukai lattice of X
is a graded vector space

H(X,C):=Ca® H*X,C)®CB, deg(a)=0, deg(f)=4

with a quadratic form g(—). The form g(—) restricts to the BBF form on H?(X,C), and the
two classes «, 8 are orthogonal to H?(X,C) satisfying

q(a) =q(B) =0, (a,B)=-1
Then the results of [30, [45] give a canonical isomorphism
9(X) = so(H (X, C)).

Example 2.2 (The symplectic sly-triple). We describe an interesting slo-triple in g(X') which
plays a crucial role [45]. The holomorphic symplectic form o on X produces a class o €
H?(X,C). It further induces an operator

e, :=0U— € End(H*(X,C)).

We denote by hye the holomorphic grading operator, which is characterized by acting on
HP4(X) via hpo = (p — n)id. Then e, hyo can be completed into an sla-triple

(em hhol, fa) C g<X)7

which we call the symplectic sls-triple associated with o.

2.4. Lie algebra calculations. In this section, we carry out some explicit calculations with
the LLV algebra to be used later. We consider four classes 1, 72,13, n4 € H?(X, C) satisfying

(7) qn) = q(m2) = qn3) = qna) #0,  (mi,n;) =0, i#j.

They generate sly-triples (e, h, fy,) in the LLV algebra g(X) (this is essentially deduced
in [45]; see e.g. |41, Lemma 2.5]).
We write

Kij = leg,, f,] € 9(X), i # .
Recall the Verbitsky relations concerning the operators Kj;.
Proposition 2.3 (Verbitsky relations [45]). For three distinct integers 1 <1, j, k < 4, we have
Kij = —-Kj, [Kij, Kji] =2K;,, [Kij,h] =0,
[Kij, en,] = 2eq,,  [Kij, oyl =20, [Kij,en] = [Kij, fo] = 0.



ON GENERALIZED BEAUVILLE DECOMPOSITIONS 11

Now we define for ¢ # j the following elements

1 . _ 1 )
oij = S (mi +ing), - i = 5 —iny) € H?(X,C)

which induce the following elements in the LLV algebra:

1 . 1 .
€o;; = §(€m +iey,), €5, = 5( i — ien;) € g(X).

One can check directly that
q(0i) = q(@i5) =0, (0,0) # 0.

Proposition 2.4 (c.f. [41], Section 3.1]). For distinct i,j, we consider the elements

o 1= 5= if). Joy 2= 5 +ify,) € 8(X).

The following hold.

(a) The three elements (€q;;, hoy; = [€oy;5 foi;]s foi;) 0 §(X) form an sly-triple.

(b) The three elements (ez,;, hw,, := lez,;, [7,,], f7.;) i 9(X) form an sla-triple.

(c) We have

[eo'ij7f5ij] = [eEij7 fUij} =0.
Proof. All three statements follow from the Verbitsky relations of Proposition [2.3]
Alternatively, we notice that when 7;,7;,n; form the Kéhler classes associated with three

complex structures, the classes 0;;,7;; are given by the holomorphic symplectic form and its
complex conjugate with respect to the complex structure corresponding to 1. Therefore (a,
b, ¢) follow from the fact that 0,7 generate an sly X sly C g(X) given by Example and its

complex conjugate; the general case can be reduced to this special case using hyper-Kéahler
rotations as in [45]. O

For our purpose, we need to construct a more complicated slo-triple as follows which will
play a crucial role. We set

L= leory; fosul A= leou foro],  H :=[L,A] € g(X).
Proposition 2.5. The elements (L, H,\) form an sly-triple in g(X).
Proof. It suffices to show that
(8) [H,L]| =2L, [H,A]=—-2A.

This can also be deduced from the Verbitsky relations. Since the calculation is more involved
than that of Proposition [2.4] we provide a proof for the reader’s convenience.
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We first express L, A, H in terms of K (i < j) using the Verbitsky relations:

1 .
L= Z((Klii + Ko4) — i(K14 — Ka3)),
1

A= 1(—(K13 + Koq) — i(K14 — K23)),

H=[L,A] = _%[KL”) + Kog, K14 — Ka3] = —%(Ku — K34),
where we have used K;; = —Kj;, [K;j, Kji] = 2K;;, in calculating H. We further notice that
(K12 — K34, K13 + Ka4] = 4(K14 — K23),
(K2 — K34, K14 — Ka3] = —4(K13 + Ka4),

from which we may calculate the commutators [H, L], [H, A]. The commutation relations
then follow. O

Remark 2.6. Unlike the sl-triples of Proposition the slo-triple of Proposition does not
have a clear geometric meaning. However, we will use this sls-triple to construct a Fourier—
conjugate slo-triple in Section [2.7]

2.5. Derived perspectives of LLV algebras. A beautiful observation of Taelman [44] is
that g(X) is a derived invariant — it only depends on the bounded derived category D*Coh(X).
Taelman’s result relies on the fact that the LLV algebra can be recovered from Hochschild
cohomology which we review as follows.
We denote by HT*(X) the graded C-algebra of polyvector fields with degree k part
HTH(X) = P H?(X,A\’Tx).
p+q=Fk

Via the isomorphism APTy ~ QX induced by o, and the natural isomorphism between singular
cohomology and de Rham cohomology, we have a graded isomorphism

HT*(X) = H*(X, C).
The cohomology H*(X,C) admits a natural action of the algebra HT*(X) by contraction, i.e.,
for v € HY(X, \’Tx) and v € H?»¢(X), we have
vy € HY 7POHI(X),
Using this action, we consider sly-triples
(9) (€, W', f1),  p€ HT?(X)

in the Lie algebra End(H*(X,C)), where ¢, acts by contracting p as above and h' acts
on HPY(X) via (¢ — p)id. Taelman proved in [44] that g(X) is exactly the minimal Lie
subalgebra of End(H*(X,C)) containing all sly-triples of the form (9)). Since the Hochschild-
Kostant—Rosenberg isomorphism identifies the Hochschild cohomology of X with HT*(X), the

following theorem is a consequence of the discussion above.
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Theorem 2.7 ([44]). A derived equivalence between compact hyper-Kdhler varieties
® : D’Coh(X) = D’Coh(X")
induces a natural isomorphism of Lie algebras
09 g(X) = g(X).
Moreover, the cohomological correspondence ® . H*(X,C) = H*(X',C) induced by ® is

equivariant with respect to ®9.

2.6. Fourier transforms. Now we focus on the the compact hyper-Kiher variety Jc and

Arinkin’s Fourier-Mukai transform
(10) ®p : DPCoh(J¢) = DCoh(Jc).
Applying Theorem [2.7, we obtain an isomorphism of Lie algebras
3 9(Jo) = 9(Jo)
with respect to which the Fourier transform § : H*(J¢,C) = H*(J¢,C) is equivariant.
Recall the operators @; we note that they all lie in the LLV algebra.

Lemma 2.8. We have
eo, fo. ho € 9(Jo).

Proof. By Verbitsky’s construction of the LLV algebra [45], any element e, associated with
n € H?(X,C) lies in the LLV algebra. Therefore, eq € g(J¢). Alternatively, this can be
seen from [41, Lemma 2.5], since any class n € H?(J¢,C) can be written as the n = 1 — "
with ¢(n), ¢(n") nonzero. By definition and Theorem we have

fo==8%eo) € 9(Jo),
which further implies hg = [eo, fo] € 9(J¢). O

Next, we want to show that (eg, ho, fo) form an sly-triple in g(J¢), and we relate it to the
symplectic slp-triple of Example

Using the Verbitsky component generated by classes in the second cohomology, Taelman
attaches to the derived equivalence a canonical (Hodge) isometry between the extended
Mukai lattices

(11) 57 H(Je,C) = H(Je,C):

see [44, Theorems 4.8, 4.9]. Taelman’s construction relies on certain numerical assumptions
which are satisfied by all known examples of compact hyper-Kéhler varieties including J¢.
Using extended Mukai vectors, the action of on the four algebraic classes

(12) a757®’H€ﬁ(jCa(C)

is completely described by the following formulas of Beckmann.
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Proposition 2.9 ([I1]). We have

§7() = (-1 (0 - £525). §7(8) = (-1 A
§7(0) = (-1 o~ LELH, §(H) = (1pp.

Proof. The action of on the classes is established in [I1], Section 10.2]E| The calcula-
tion uses the theory of extended Mukai vectors [111, B1], which further relies on the Rozansky—
Witten theory governing the square root of the Todd class (see [I1, Section 3]). For our
purpose, it suffices to check that the class —% + % f in Beckmann’s calculation coincides
with —O; this class actually is uniquely characterized by that it and H form a hyperbolic
lattice when (S, L) is very general. O

2.7. Solving Question In this section we prove Proposition 2.1} which solves Ques-
tion [[L4l We first note some lemmas.

Recall the class of the symplectic form o € H?(J¢,C). For any u € HT?(J ), the associated
element eL(a) defines naturally an element in the extended Mukai lattice. This induces an
embedding of vector spaces

L HT(Jo) <= H(J¢,C), p— €, (0)
whose image is Ca @ HY1(J¢) @ CB; see [31, Equation (6.10)]. The identification
(13) HT?(Jo) = Ca® HY (Jo) © CB

induced by ¢ allows us to view elements on the right-hand side of as elements in HT?(J¢);
this further allows us to write

ep€a(Jc), neCaadHY (Jo)®CB.
We recall the expression of the sly-triple of Example in terms of a.
Lemma 2.10 (][44, Lemma 2.9]). We have
el = fo.
From now on, we also write the symplectic slo-triple as
(et hnols fa) = (fos hmot,€5) C g(J ).

Next, since the action of the Fourier transform on the extended Mukai lattice is induced by
a Hodge isometry, it preserves .

Lemma 2.11. There is a constant ¢ =1 or —1, such that for any n in we have

§%(ey) = ce 5

cgl(Jo).
§H(n) al/c)

4Here we corrected some signs in [I1].
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Proof. This follows from the construction of 7 and the argument of [31, Lemma 6.5]. O

Finally, we recall an important involution on H*(J¢,C) which lies in the LLV algebra. The
symplectic form o induces an operator

Q:H*(Jo,C) — H*(J¢,C)
which acts on the Hodge components H%/(J¢) as Serre duality
QW HY (Jo) = H¥7(J ).

This operator relates the two types of slo-triples considered by Looijenga—Lunts—Verbitsky
[30, [45] and Taelman [44] by conjugation. We collect some useful facts from [31), Section 6.1]
and [40].

Lemma 2.12. We have the following properties of ).
(a) The operator
Q € End (H*(jc, C))

is an involution lying in g(J¢) which conjugates h, k', i.e.,
QohoQ =1

(b) For any element . € HT?*(J¢), which yields an element p € H?(Jc,C) via the nat-
wral identification HT?(J¢o) = H*(Jo,C) induced by o, the operator Q conjugates ey

, .
and €, i.e.,

Qoe, ot :eL.
(c) Under the notation of (b), for any n € H ' (J¢) we have
Qoe, ot =[f,, e, €a(Jc).
Proof. Parts (a, b) are in [31, Section 6.1], and (c) is given by [46, Proposition 9.7]. O
Corollary 2.13. For any n € H%'(J¢), we have
ey = leq, €] € 8(J0).
Proof. By Lemma (b, ¢), it suffices to show that
(14) en = [eo, [for €n]]-

It suffices to treat the case where we have three classes 71,19, 73 satisfying with

nN=1"m, €z =Cgy3, fazfa%'
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Under this assumption, we calculate the right-hand side of :

1 . 1 .
leo, [fo )] = 5(6772 + iens ), 5(—K12 +iK73)
1

= Z(—[enQ,Ku] — [enss K13))
1
= Z(Qem +2ey,) = ey,
where we used the Verbitsky relations in Proposition [2.3] O

Proof of Proposition[2.1. Now we are ready to prove Proposition We first introduce some
notation for convenience. We set

0 :=31(a) € H({J¢,C).
We will use cst to denote a constant which is not important for us. So Proposition [2.9]implies
(15) 0 =(-1)90 +cst - 3, Sﬁ(@):—a—i—cst-H.

Since all the calculations in this section only concern the four classes «, 3,0, H, we may
use the conjugation of Lemma to reduce them to the Lie algebra model of Section [2.4]
with the four classes 711,792,713, 74. More precisely, we may assume that after applying the
conjugation

(16) Qo (=)o :g(Jc) = g(Jo),

(i) (e, fa)s € become (€oyy, for5), €71, TESPectively;

(ii) e €y become egy,, €7,, respectively.
Furthermore, we use to define the operators fé, ’@, [17, completing the slp-triples with
the raising operators ej, 6/@, ey respectively. For example

f&5=Q0 fo3 0 Q1 ete.
Recall the operators @ Combining Corollary Lemma and , we have
€0 = [fa: €] = (—=1)[f4 €] + cst - [fa, €]
By Proposition (c) and (|16]), we obtain immediately that [f;, e}] = 0. Therefore
(17) eo = (—1)?[fa, egl-

Since the action of §¢ on g(J¢) is linear on the e’-operators by Lemma and it preserves h/,
by passing through this action is also linear on the e-operators and it preserves h; see
Lemma [2.12((a, b). Therefore it also acts linearly on the f-operators:

f0'12 Hf034a f034 Hicf0'12+CSt'f534~

In particular, we deduce that

§(fa) =cfg $(fg) = —cfa +ost fi.
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Here we used in the equations above.
Now we obtain from that

fo=—35%(eo)

(D)7 E(f1). 5% (e)]

(—1)%[cfg, cea] + cst - [f5, €]

(—1)?[f5 eal-

Here the vanishing [ , €] = 0 follows again from Proposition ) via . At this point,
we have already Shown that fo is of degree —2, since f’é, ., are of degrees 0, —2 respectively;

more precisely
fo: HY(Jo) = H'™H 1 (Je).
Finally, the operators (eg, ho = [eo, fo, fo) form an sly-triple by Proposition O
2.8. Solving Question We solve Question and complete the proof of Theorems

and [0.5
We first note that the slo-triple (eg, ho, fo) is Fourier-conjugate.

Proposition 2.14. We have

Proof. The first equation follows from the definition of fy. The second equation is obtained
similarly as in the proof of Proposition [2.1}

§9(fo) = (=1)[3°(fg), §°(eq)]
= (19— Cfouce ] +cst- [f(gnelﬁ]

= —(=1)*(fa eg]
= —€p.
The last equation follows from the first two. O

Remark 2.15. For a general compactified Jacobian fibration, the Fourier transform § is not an
involution on the cohomology H*(J¢, C)H Therefore, even if the operators (e, ho, fo) defined
in @ form an sly-triple, we do not seem to get for free that

eg=-F "o foof.
In particular, it is unclear if the induced decomposition is Fourier-stable.

We have concluded that the decomposition induced by (eg, ho, fo) is Fourier-stable. We
normalize its indices to make the fundamental class [J¢] € H%(J¢o,C) lie in H?O)(JC,(C).

5It is not an involution even for the Beauville-Mukai system.



18 Y. BAE, D. MAULIK, J. SHEN, AND Q. YIN

Since all three operators ey, hg, fo are rational, this gives rise to a decomposition with rational
coefficients:

"0, Q) =D Hiy(Je. ) 3 (Hy(T0,Q) = Hy, (o, Q).

Finally, we recall the following theorem from [41] concerning a canonical sly-triple associated
with a general Lagrangian fibration 7 : X — B.

Theorem 2.16 (Canonical slo-triple [41]). Let m : X — B be a Lagrangian fibration from
a compact hyper-Kdihler variety. Let © be a relatively ample class satisfying q(©) = 0 with
respect to the BBF' form q(—). Then there is a unique sly-triple

(€0, ho, fo) C 8(X) C End(H"(X,Q))

with
e0=0U—, deg(fo)=—-2, deg(ho)=0.

Moreover, the induced decomposition splits the perverse filtration associated with w: X — B,
and is multiplicative with respect to the cup-product.

Proof. As before, we let H be the pullback of a hyperplane class of the base B. By the proof
of |41, Theorem 3.1}, there is a Lie subalgebra

sly x sly C g(X),

whose raising operators are given by eg and e; := H U — respectively, and the decomposition
given by the first slo-triple (eq, ho, fo) splits the perverse filtration. Furthermore, this de-
composition is multiplicative with respect to the cup-product by [41, Proposition A.2]. This
proves the existence part.

It remains to prove uniqueness. Assume that (eg, ho, fo) is an slp-triple with the desired
degrees. On one hand, the (canonical) Jacobson—-Morosov filtration associated with ey splits
the (also canonical) perverse filtration on each H'(X, Q) up to an index shift uniquely deter-
mined by the cohomology degree i. On the other hand, this splitting can be read off from the
decomposition induced by (eg, ho, fo) as the latter respects cohomology degrees. Therefore,
the grading operator hg is uniquely determined, which further determines fjy. U

In our setting 7 : Jo — B, since we have already proven that the operators @ form an slo-
triple with the desired degrees, this has to commde with the sls-triple of Theorem [2 This
completes the proofs of Theorems [0.3] and [0 O

Remark 2.17. In the setting of the Beauville-Mukai system, we show that we can construct fy
of Theorem from Arinkin’s sheaf [3, 4]. Therefore all three operators of this sly-triple are
given by relative correspondences over B, induced by algebraic cycles on Jo xp J¢. This is
not obvious at all from the perspective of [4I]. We refer to Section [3| for further discussions
on a possible motivic lifting of this sly-triple.
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Remark 2.18. The multiplicativity of the perverse filtration
P.H*(Jo,Q) =P H;)(Je,Q

i<k
for any compactified Jacobian fibration 7 : Jo — B as in Section has been proven in [33]
using the convolution product. However, it is not clear if the techniques of [33] can upgrade
the multiplicativity from the filtration level to the decomposition even in the Lagrangian
setting. Here the multiplicativity of the decomposition is for reasons completely different
from [33]. It relies heavily on compact hyper-Kéhler geometry and is deduced essentially from
the multiplicativity of the Hodge decomposition.

3. MOTIVIC LIFTING OF THE GENERALIZED BEAUVILLE DECOMPOSITION

In this section we propose a lifting of the generalized Beauville decomposition and the slo-
triple to the level of Chow groups/motives for certain compactified Jacobian fibrations. As
discussed in Section [I.5], evidence suggests that the Lagrangian condition should be a natural
setup for the generalized Beauville decomposition and the slo-triple to happen, in which case
we expect both to happen motivically. Explicit computations are carried out to verify the
proposal in the case of elliptic K3 surfaces. At the end of this section, we will also discuss
relations with the Beauville-Voisin conjectures on the Chow ring of compact hyper-Kéhler
varieties.

3.1. Motivic Beauville decomposition and sls-triple. A natural framework for the mo-
tivic lifting is the theory of relative Chow motives of Corti-Hanamura [15]. It is built to be
compatible with the decomposition theorem, adapts well to non-proper bases (e.g. the Hitchin
fibration), and admits natural Chow/homological realizations [21]. We refer to [37, Chapter 8]
and [33], Section 2.2] for a brief review of the theory.

Recall that over a nonsingular base B, the group of degree k relative correspondences
between two proper morphisms X — B, Y — B with X, Y nonsingular is

Corr%(X,Y) := CHgimy (X x5 Y, Q).

Compositions of relative correspondences are defined via refined intersection theory. The
category of relative Chow motives CHM(DB) consists of objects triples (X, p, m) where X — B
is a proper morphism with X nonsingular, p € Corr%(X, X) is a projector, and m € Z. In
particular, the motive of X is given by h(X/B) := (X, [Ax/p],0) where Ax/p is the relative
diagonal. Morphisms between two motives M = (X,p,m), N = (Y, q,n) are

Homep gy (M, N) := qo Corry " (X,Y) op.
Finally, the degree k Chow group of M = (X, p, m) is defined by
CHF(M, Q) = Homesmay(sy (h(B/B), M(k))
where M (k) := (X,p,m + k) is the k-th Tate twist of M.
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We propose the following motivic versions of the generalized Beauville decomposition and
the sly-action for compactified Jacobian fibrations under the Lagrangian assumption.

Conjecture 3.1. Let m : Jo — B be the compactified Jacobian fibration associated with a
flat family of integral projective locally planar curves of arithmetic genus g over a nonsingular
variety B. We assume that Jo is nonsingular, and that the fibration m is Lagrangian with
respect to a holomorphic symplectic form on Jc. Then there exists a decomposition

2g
(18) h(Jc/B) = @ hi(Je/B) € CHM(B), hi(Jo/B) = (Jo,pi,0)
i=0

whose homological realization splits the perverse filtration on Rw*@jc, and which is

(a) stable under the Fourier transform
pjofopi=0, i+j#2g;
(b) multiplicative with respect to the cup-product
Pro AT plo(pixpy) =0, i+j#k
Here Asjrz /B is the small relative diagonal of J¢ in Jo xpg Jo xp Jo and we refer to [33],
Section 2.2.3] for the multiplicative structure of CHM(B).
Conjecture 3.2. Let m: Jo — B be as in Conjecture . Then there is an sly-triple
ep € Corr}g(jc,jc), fo € Corrgl(jc,jc), ho € Corr%(jc,jc)

which induces the Fourier-stable multiplicative decomposition of motives (|18
(19) hoopi=(i—g)pi, 0<1<2g.

Note that the identities together with [Ajc / Bl = Z?io p; already imply that the p; are
orthogonal projectors. Indeed, we have

29
pi=[Az plopi = > piopi
=0

Comparing eigenvalues with respect to hg on both sides, we see that p; o p; = d;;. We also
deduce
pioho=(—gp;, 0<j<2g
since hg = 329 ohoopi = Z?ﬁ o(i — g)pi. Then, Fourier-stability can be detected by verifying
the identity
§tohgoF = —ho,

and multiplicativity by

(20) (A% To ((ho+9-[A7,5) X [A7.5] + 87,5 % (ho+9-1A5,,5))
= (ho+g-[Ag, gl 0 [AS2 ).
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Similar ideas involving hg have already been employed in [38].
We make two more comments on the conjectures above. First, when B is proper there is a
natural pushforward functor

(21) CHM(B) — CHM(pt)

from the category of relative Chow motives to the category of absolute Chow motives. It is
defined by pushing forward

Cort% (X, X) = CHgim x (X x5 X,Q) — CHgim x (X x X,Q) = Corr®(X, X)

via the closed embedding X xp X — X x X. In this case we can formulate weaker versions
of Conjectures and concerning the absolute Chow motive h(J¢) € CHM(pt), i.e., the
image of h(Jo/B) € CHM(B) under (21). These weaker versions in turn specialize to the
cohomological statements of Theorems [0.3] and [0.5] for the Beauville-Mukai system. We also
mention here the recent work of Ancona—Cavicchi-Laterveer—Sacca [I] on decomposing the
relative/absolute homological motive of a compact hyper-Kéhler variety carrying a Lagrangian
fibration. In particular, using their results one can give another proof that the generalized
Beauville decomposition of Theorem [0.5] (which coincides with the decomposition in [41] by
Theorem @ is induced by relative correspondences over B; see [I, Proposition 5.3 and
Corollary 6.5]

[A

Remark 3.3. There is a subtle difference between an sly-action on the relative Chow mo-
tive h(Jo/B) and an sly-action on the absolute Chow motive h(J¢) induced by relative
correspondences over B. The former is significantly stronger as it requires the sls-relations to
hold in the Chow groups CH,(J¢c x5 J¢, Q). Meanwhile, we also lose the realization

CHM(B) — D%(B)
when passing from CHM(B) to CHM(pt).

Second, we believe that the motivic sly-triple can be constructed following the strategy of
Section [1.4] To begin with, the generalized theta divisor should be upgraded to the Chow
level, i.e., © € CH!(ho(J¢/B),Q) such that

(22) 09t =0 € CHI (T, Q).

When the base B is proper the existence of © is well-studied in the context of compact
hyper-Kéhler geometry and is part of the Beauville-Voisin philosophy (see Section below).
Notably Rief§ [40] proved that assuming the hyper-Kéhler SYZ conjecture, any Q-divisor D
with ¢(D) = 0 on a compact hyper-Kihler variety X of dimension 2n satisfies D"t = 0 ¢
CH""(X,Q). Next, with the divisor © in we define

(23) o :=A7 /0O € Corrk(Je, Jc)

6The arguments of [I] work equally for twisted Beauville-Mukai systems associated with an irreducible curve
class and for (twisted) LSV fibrations [28].
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where Ajc /B Jo < Jo xp Jc is the relative diagonal map, and

fo=-FtoeyoF, ho:= e, fol

following Section We expect fo to lie in Corrp'(Jo, Jo) (hence hg € Cort's(J¢c, Jc)),
and that (eq, ho, fo) form the desired sly-triple of Conjecture
We now illustrate how this proposal works for elliptic K3 surfaces.

3.2. Elliptic K3 surfaces. In this section, let 7 : S — P! be an elliptic fibration from
a projective K3 surface with only integral fibers and a section s : P! — S, so that S is
isomorphic to a genus 1 compactified Jacobian family Jo. To set up the notation, let

s:=[s(PY)] € CH'(5,Q), f:=[r"'(pt)] € CH'(5,Q)
be the classes of the section and fibers. A generalized theta divisor is then given by
0:=s+f, ©%=0¢cCH*S,Q).

Also let ¢ € CH%(S, Q) be the Beauville-Voisin distinguished class [10] which is supported on
any rational curve of S.
We define self-correspondences in Corr}, (S, S):

Po :=piO, p2:=p30, p1:=[Agp] —po— P2,

where p1,p2 : S Xp1 S — S are the two projections. It is straightforward to check that the p;
are orthogonal projectors, and the resulting motivic decomposition

2
(24) h(S/P') = @ hi(S/P') € CHM(P'), hi(S/P') = (S, p;,0)
i=0
specializes to a splitting of the perverse filtration on Rm,Qg.
Concerning the slyo-triple we set as in

eo := Agp1,© € Corry: (S, 5),
and for dimension reasons
fo =[S xp1 8] € Corrg! (5, 9).
Then we have
ho = leq, fo] = p3© — p;© € Corr)i (S, S).
We give a list of desired properties of the motivic decomposition and the sls-triple in the
following proposition, verifying Conjectures and for 7 : S — PL.

Proposition 3.4. We have
(a) [ho,e0] = 260, [hos fo] = —2fo;
(b) hoopi= (i —1)p; fori :0,1,2,
(¢) FloegoF=—fo,F tofooF=—ep, T ohgoF=—hoy;
(d) [AGJp1] o (ho X [Agpr] + [Agypr] X ho + [Agypr] X [Agypi]) = ho o [ATTp1].
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Here (b) shows that the motivic decomposition (24)) is induced by the slo-triple (eq, ho, fo)
from (a), (c) shows that it is Fourier-stable, and (d) which is a reformulation of verifies
the multiplicativity of the motivic decomposition.

Proof. For (a) we observe that
(25) ep = AS/Pl*@ = pT@p;@ S CHl(S Xp1 S, Q)

In fact we have Ag/p1,s = pispjs by definition. For Agpi,.f we may take f to be the class of
a (singular) rational fiber of 7. Since [Ap1] = [pt x P!] + [P! x pt], we find

(26) As/pl*f = pTSp;f +p>{fp35 € CHl(S Xp1 S, Q)
Altogether we have
Ag/p1xO = Agpri(s + f) = pspos + pispaf + pif pos = pis + f)pa(s +f) = p1O PO

since pif p5f = 0.
We compute
[hg,eo] = ho oeyp—€po° ho
= (P20 — p1©) 0 (P1OP30) — (P1OP20) © (P30 — p1©)
=p1Op30 — (—p1OPr0) = 2ep,
where the second to last equality uses ©2 = 0. The other identity [ho, fo] = —2fo and part (b)

are both straightforward.
For (c) we will need the following version of Proposition

SIS =-0+¢, Fl)=f 3FO)=[5]-F F()=—c
FUSh=0+¢ F )= FO)=-5]-f F'(N=c
which is a consequence of the more general result [24, 42] that derived equivalences preserve
the Beauville-Voisin ring. We also recall from [4] that § is symmetric with respect to the two

factors of §' xp1 S.
We compute

FloegoF=F"o(iOpPsO)oF
=3 o (piF(©)p3O)
= pi3(0) p33 ' (O)
= pi([S] = f) p5(—[S] — 1)
= —[S xp1 S] = — fo,
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where the second to last equality uses that f is pulled back from the base P'. Similarly, we have
FlofooF=F"o[Sxp G]oF

=3 ' opi3([9))

= &S] P35~ ([5))

=p1(=0+¢)p3(0 +¢)

= —p1O PO = —ey,
where the second to last equality is because —piO pic + pijcp50 is a 0-cycle of degree 0
supported on a chain of rational curves and hence vanishes. The third identity of (c) follows

from the first two.
We now prove (d). By plugging in the definition of hy, we may rewrite (d) as

B30 5/p1.O — 41O @o3[Agp1] + q13A5/p1.O — 420 q13[Ag/p1] + [AG)p1]
= 30 qi2[Ag/p1] — q12Ag/p1,O € CHa(S xp1 S xp1 S, Q),
where the ¢; : S xp1 S xp1 S = 5, ¢;j : S Xp1 S Xp1 S — § xp1 § are the natural projections.
In a more symmetric form we find
[AS)p] — (qi‘@ @33[Ag/p1] + permutations) + (q§3AS/P1*@ + permutations) = 0.
Applying and we are further reduced to
(27) [AG)p1] — (qfs 423[Ag/pr] + permutations) + (¢35 ¢35 + permutations) = 0.

The proof of follows closely the original argument of Beauville-Voisin in [10]. First,
the left-hand side of vanishes when restricted to the smooth locus of 7 : S — P! (see
e.g. [34] for a proof of this fact). Hence by the localization sequence, it is supported on the
triple products of the (singular) rational fibers. On the other hand, all &3-invariant 2-cycles
supported on such triple products are proportional to the effective cycle

(28) gic+ gye+ qze € CHa(S xp1 S xp1 S, Q).

We deduce that the left-hand side of is a multiple of .

Next, we push the left-hand side of all the way to the absolute triple product S x S xS,
which sends [AZ"/“PI] to the small diagonal [AF"] € CHa(S x S x S,Q). Using sf = ¢ and the
identities

[S Xpl S] :pll*f+p/2*f € CH3(S X Sa Q)7
[S xp1 S xp1 S| = ¢5F g5 F + ¢ f ¢5°F + ¢ f g5 f € CH4(S x S x S, Q)
where the p; : SxS — S, g : SxSxS — § (as well as the gj; below) are the natural projections
from the absolute products, we find that the pushforward of ¢js ¢35[Ag/p1] in is

(29) qi e gr3[As] + q1's ghz Agif € CHa(S x S x S, Q).
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Similarly, the pushforward of ¢3s g3s is

(30) gy cqyc+ ¢t gysgy e+ ¢ f gheqys € CHy(S x S x S, Q).

Further expanding using the relation (either by [10] or by representing f by a rational fiber)
Ag.f = pifephf + pifplyc € CHy (S x S, Q)

and summing up the other two permutations of and , we conclude that the pushfor-
ward of the left-hand side of is precisely

[AT"] — (g1 c gb5[As] + permutations) + (g5 c g5 ¢ + permutations),

which vanishes by [10].
As the left-hand side of is a multiple of whose pushforward to S x S x S is clearly
nonzero, this multiple must be 0. This proves the relation . (]

3.3. Relations to Beauville—Voisin. The Beauville-Voisin conjectures [9, 47] refer to a se-
ries of open problems concerning the Chow ring/motive of compact hyper-Kéhler varieties and
the behavior of their Chern classes. Roughly speaking, the conjectures predict a multiplicative
decomposition of the Chow ring which splits the conjectural Bloch—Beilinson filtration, and
for which the Chern classes lie in the “correct” components. We will not review the history
of the conjectures, but only mention a subconjecture recently investigated by Voisin [49].

Conjecture 3.5 ([49, Conjecture 1.5]). Let X be a compact hyper-Kdhler variety of dimen-
sion 2n. Then for any Q-divisor D with (D) = 0 and any Chern monomial ¢y € CH%(X, Q),
we have

Dn_k+101 —0e CHTL-HC-H(X’ @)

Here a Chern monomial refers to a monomial in the Chern classes ca(X),. .., con(X).
When X admits a Lagrangian fibration 7 : X — B and D = © is relatively ample, we can
reinterpret Conjecture as a statement on the “Chow-theoretic perversity” of the Chern
classes. This leads to the following prediction, which for convenience we state for compactified
Jacobian fibrations under the Lagrangian assumption over possibly non-proper bases.

Conjecture 3.6. Let 7 : Jo — B be as in Conjecture . Then for i > 0, we have
c2i(Jo) € CH* (hai(Jo/B), Q).

Remark 3.7. Conjectureis immediate for the elliptic K3 surface 7 : S — P! of Section|3.2|as
c € CH%(hy(S/P), Q). The weaker, cohomological statement cg;(J¢) € H, éii) (J¢, Q) holds for
both the Beauville-Mukai system (and more generally for any Lagrangian fibration 7 : X — B
from a compact hyper-Kéahler variety by the calculations in [49] Introduction]) and the Hitchin
system. In the Hitchin case, this can be seen as a consequence of P = W and the natural
splitting of the weight filtration on the Betti side.
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Proposition 3.8. Assume Conjectures and . Then for any © € CH!(hy(Jo/B),Q)
and any Chern monomial ¢; € CH?**(J¢,Q), we have

Q9 Fle; =0 e CHIP* (T, Q).
Proof. By the multiplicativity of the motivic decomposition and Conjecture we find
9kl ¢ CHg+k+1(h2(g—kz+1)+2k(jC’/B)v Q) = CHI"™" ™ (hyy15(Tc/B),Q)=0. O

It is plausible that with the techniques of [40)} [I], one can possibly deduce Conjecture
from the analogues of Conjectures [3.1]and for more general compact hyper-Kéhler varieties
together with the hyper-Kéhler SYZ conjecture.

We also comment on how Conjectures 3.1 3.2} and [3.6] are related to the full Beauville—
Voisin conjecture. Previously, Oberdieck [39] initiated an approach to the multiplicative de-
composition problem by lifting Lefschetz triples (or more generally the Néron—Severi part of
the LLV algebra) to the level of Chow groups/motives. This was carried out in full for the
Hilbert schemes of K3 surfaces and partially in dimension 4 in the subsequent papers [38|, [26].
When the compact hyper-Kéhler variety admits a Lagrangian fibration, the relative struc-
ture may lead to a fwo-step construction of the eventual multiplicative decomposition. For
illustration purposes we restrict ourselves to the Beauville-Mukai system 7 : Jo — B.

Step 1. Prove Conjectures andfor 7 JJo — B. It is worth mentioning again that
all three conjectures concerning the relative Chow motive of J¢o are stronger than predicted
by Beauville-Voisin, and are interesting in their own right.

Step 2. Consider the pushforward of the motivic decomposition via . Look for a
second slp-triple (e, hy, f1) with

e1:= AH € Corr!(J¢, o)

where H € CH'(Jc,Q) is the pullback of the hyperplane class of B ~ P9, thus lifting
sly x sly C g(Jo) (see [41]) to an action on the absolute Chow motive of Jo. Further de-
compose the image of each h;(J¢/B) into eigen-motives with respect to h;. Finally, rearrange
the eigen-motives with respect to h := hg + h1, and use it to detect multiplicativity as well as
the locations of the Chern classes.

Similar two-step approaches have succeeded in proving cases of the Lefschetz standard
conjecture for compact hyper-Kéhler varieties in [48], [1].

4. PROOF OoF THEOREM [0.4]

In this section we prove Theorem [0.4] using tautological relations on the universal Picard
stack. For g > 2, let M, be the moduli stack of stable curves of genus g. It is the Deligne—
Mumford compactification of the moduli of genus g nonsingular projective curves M, C My,
and every curve on the boundary M\ M, has at worst simple nodes as singular points. More
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generally we also consider the Deligne-Mumford moduli stack of stable curves with marked

points Mg, C Mg .
<1

We denote by M~ C M, the open locus where the curves are integral and have at most

one node. Let ngl — ﬂgsl be the universal curve with  : jgsl — ﬂggl the corresponding
compactified Jacobian fibration.
Our main result is the following.

Theorem 4.1. We have the following statements concerning generalized theta divisors.

(a) For g > 3, a generalized theta divisor does not exist for m : 751 — ﬂggl.
(b) Let ﬂ;nt - My be the open locus of integral stable curves of genus 2 with 7ot :
jlgnt — M;‘“ the corresponding compactified Jacobian fibration. Then a generalized

theta divisor does not exist for m™.

By the discussions of Section Theorem proves a version of Theorem when the
base B is a nonsingular Deligne-Mumford stack. We will explain in Section [£.4] that the same
argument actually also proves Theorem with B a nonsingular quasi-projective variety.

4.1. The universal Picard stack. We recall some basic facts about the universal Picard
stack; our reference is [3].
Let M, be the moduli stack of (not necessarily stable) nodal curves of genus g and let

¢y, — My be the universal curve. We consider the universal Picard stack Bic, — 9, parame-
rel

g
relative inertia BG,, over IMg; in other words, it is the rigidification of the universal Picard

terizing total degree 0 line bundles. The relative Picard stack Bic;” is the quotient of Pic, by
stack with respect to the automorphism G,,.
We consider the universal line bundle £ on the universal curve p : i, — Picy; see [A].
This yields the tautological class
1 2 1o
0= —§p*(cl(£) ) € CH (PBic,, Q).
Since this class is invariant under twisting £ by the line bundle from the base, it descends to

0 € CH' (Pic;”, Q).

For a family of genus g integral projective nodal curves C' — B, the relative compactified
Jacobian admits a natural morphism to the relative Picard stack

T : rel
Jo — Picy™.

This is because the universal sheaf can be interpreted as an admissible line bundle on the
quasi-stable model of the family of nodal curves by [I8]. It is necessary to allow unstable
nodal curves and line bundles which are not of multi-degree 0 for such a map to exist. In
particular we have a natural morphism

=<1 - rel
Jg = Picy.
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4.2. Universal double ramification cycle relations. For the relative compactified Jaco-
bian 7 : jfl — ﬂggl, we have the following commutative diagram

t -1 € = L =<1 J
Jg—1,2 —_— Jg71,2 J5 Jg Jg

“”” RN

L <1 J
My 1y — M 2 M,

where j : My — ﬂggl is an open embedding, ¢ : My 12 — ﬂggl is the morphism gluing
the two marked points on the curve, and Jg_}1,2 is the relative Jacobian of degree —1 line
bundles over M _1 2. The morphism e is given by (C,L) — (C,v,L) where v : C — C is the
normalization of a nodal curve with one self-node. The image of ¢t o€ is the singular locus of .
The relative Jacobian Jg__lL2 is isomorphic to Jy_1 2 under a translation

t: Jg_l,g i) Jg_jl,Zv (C,xl,xQ,L) — (C,l’l,xg,L(—xg)).

The diagram can be deduced from the description of the torus rank 1 boundary of the moduli
space of principally polarized abelian varieties in [35].
Proposition 4.2. On the relative compactified Jacobian 7;1, we have
g9+ 1 g9—1 —=<1

= — ety + Lyt a € CHITH (T

Grl - B e g Q)
for some class a € @,c09—2 CH“E’;)l(Jg,LQ, Q). Here w stands for the weight with respect to
the “multiplication by N7 map on Jy_1 .

Proof. Recall the universal double ramification cycle relatiorﬂ [0, Theorem 8] on the universal
Picard stack:
1 .
Pyl =PIy = 0 € CHZY (Picy, Q).

<1
g ; we thus focus

on the substack 931951 C M, where the quasi-stable curve stabilizes to a stable curve with at

We restrict Pixton’s formula for PZ‘H to the relative Picard stack over M

most one self node. Let i : Pick! — ‘Bicgel be the inclusion of the boundary strata where
the underlying curve has at least one node. For an integer d, let i : fpic{% — &Bicgel be the
boundary stratum corresponding to a decorated prestable graph I'j with two vertices of degree
splitting d, —d, connected by two edges e; = (h1, h}) and e2 = (hg, hf). Then Pixton’s formula

"In general the universal double ramification cycle relation depends on a vector A of integers. Here we only
consider the special case A = (.
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has the form

32) Pt = TSN st 0 (0 + o))
g (g + 1)! a+b=g

+ Z Z fk,f,m(d) : asz((,(b}u + ¢h’1 )€(¢h2 + ¢h/2)m)a

d€Z k4+t4m=g—1

where fi, ¢, is a polynomial with rational coeflicients of degree at most 2(¢£+m +2). Here the
polynomiality of fj ¢, follows from Faulhaber’s formula on sum of powers applied to Pixton’s
formula. We refer to [5, Section 0.3.5] for notations, and explicit expressions of cst and fy ¢ .

For our purpose, we further refine the relation PZH = 0 using the “multiplication by N” map

[V] : iy — Pice.
For the first two terms of , we have
[N]*99+1 — N29+2 X 0g+1

and
* a;: a a, b
[V] (9 i ((¥n + ¢h')b)) = N 0% ((Yn + )
respectively. For the third term of , we have

VT (%4 (0ny + 0ny) (s + g)™) ) = N2 055 (g + 0n) (s + ¥g)™)

if N divides d and zero otherwise. Applying [N]* to the right-hand side of , the first two
terms are clearly polynomials in IV and for the third term, we have

INTST > frem(d) - 0558 (ny + ) (Pny + t0r)™)

deZ k+l+m=g—1

=X > Fremld) N0 (o, + ) (i, + )™

N|d k+t+m=g—1

=3 D> frem(Nd) - NP0 (Y + o) (s + ng)™)
d€Z k+l+m=g—1
which is a polynomial in NV because f ., (d) are polynomials. Therefore we find an expression
of [N ]*Pg+1 = 0 which is a polynomial in IV, so that each coefficient gives rise to a relation
on Pic;”. We take the coefficient of N?9%2 in the expression of [N]*P9+! = 0 and pull it back
to jgl. In particular, the second summand of the right-hand side of does not contribute
for weight reasons. This gives the desired relation on 7;1 of the proposition.
For the reader’s convenience, we spell out in the following more details in deducing this

relation. The contribution from the prestable graph with two vertices of

e genus g — 1 with degree —1, and

e genus 0 with degree 1
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connected by two edges corresponds to a class under the pushforward c.e.t,. We denote the
two edges by e; = (h1,h}) and es = (hg, b)) where hq, ho are the two half-edges attached
to the genus g — 1 vertex. After pulling back to 7;1,
quasi-stable model of a rank 1 torsion-free sheaf on a nodal curve. Then we have

other strata do not contribute by the

gott 1 69!

(g+1)! = @‘*E*t*m + ts€xti(other terms).

Here the coefficient ﬁ associated with the leading term of the right-hand side can be read of

(33)

from the explicit computation of the polynomial:
b a1

Foro0(d) = =32+ 50 = 505

The other terms correspond to a linear combination of prestable graphs decorated by mono-
mials of § and v-classes. The v-classes are the contributions of the first Chern class of the
cotangent line bundle at the various markings (see also Section [4.3).

We explain how to interpret the classes given by prestable graphs decorated by -monomials
as classes pushed forward from J;_12. Let £ be the universal line bundle on the universal
curve over Jy_1 9 trivialized along the first marking, and let & € CH%l)(Jg_LQ,Q) be ¢1(L)
pulled back along the second marking. Analogous classes are defined on Iy 11,2. We take the

coefficient of N in the expression of [N ]*P(l) (1,-1) = 0. This gives a relation
Uy = Uy = Epy — &y,
at the unstable genus 0 vertex. Since §h/1 =&, = 0 and fh; = &p, = &2, the “other terms”

in have an expression in terms of monomials of 0,1,,£2. Under the translation, these
monomials pull back to classes on Jy_12 of weights < 2g — 2. (]

Remark 4.3. Although the “multiplication by N” map extends to the relative Picard stack
‘,Bicgel, the cohomology H *(‘Bicg‘ﬂ,(@) may not be a direct sum of weight spaces since it is
infinite-dimensional.

We denote by Jgg C 7;1 the relative Jacobian of degree 0 line bundles. We have the
tautological relation

69! =0 € CHY™(J2,Q)

by [2, Theorem 4.9]. As a consequence of the proposition above, we show that this vanishing
fails to be further extended to the relative compactified Jacobian j;l.

Corollary 4.4. For g > 2, we have
gIt+1 1 ——<1

——— = — s _ H! (M, Q).

T TE] 15" [My-12] € CH (M, ", Q)

In particular we have the non-vanishing

609+ £ 0 € H¥2 (751, Q).
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Proof. By Proposition it is enough to calculate the pushforward along 7 of the classes
et (0971 /(g — 1)!) and tuext,. Since a € CHY ™ (J,-1,9,Q) has weights < 2g — 2, we have
Talx€sloa = it = 0. We also recall

g9—1
(-1t
where 0 : My_12 — Jy_12 is the O-section; see e.g. [16]. Therefore by the diagram
we have

(34) (0] € CHI Y (Jy—122,Q),

g1
W*L*e*t*r —)i = 1 [My_12];
it is proportional to the fundamental class of the boundary stratum which is nontrivial in the
cohomology H? (Mggl, Q). O

Remark 4.5. Here the universal double ramification relation of Proposition helps us to
relate #9*! to an explicit nontrivial boundary class.

4.3. Proof of Theorem In this section we prove some non-vanishing results on the
cohomology of the relative compactified Jacobian which imply Theorem

We recall a few standard tautological classes. The cotangent line of the i-th marking defines
a line bundle L; on M, with first Chern class

Vi = c1(L;) € H* (Mg, Q).

The forgetful map p : ﬂ%l — ﬂg coincides with the universal family of curves, and we define
the i-th k-class to be

K = p*WH sz( g» Q)
After restriction, we have the k-classes on M g_ . We also define the boundary class
——<1
d = L*[Mg_lg} S H2(M!; ,@)
By the pullback 7*, these tautological classes are naturally viewed as classes in H*(J p ,Q)

We first note that the degree 2 cohomology group of J - is tautological.

Lemma 4.6. For g > 2, H2( p ,Q) is spanned by the tautological classes
0 ’41175 € H2( g 7@)

Proof. We consider Jg C jggl the open locus of degree 0 line bundles. Since its complement
has (complex) codimension 2, the restriction H? (jggl, Q) —H 2(Jgg, Q) is an isomorphism.
We apply the long exact sequence
= HO(JZ\ Jg, Q) — H*(J2,Q) — H?(Jy, Q) — H' (JI\ Jg,Q) —

By [17], H*(J,, Q) is spanned by 6 and x;. The lemma follows since the image of HO(JgQ\Jg, Q)
is spanned by 9. O
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We compare the theta divisors on j? and J;j1,2~ Recall the tautological class & from the
proof of Proposition

Lemma 4.7. Let L be the universal line bundle on the universal curve p : Cg_12 — Jg_fl 9
which is trivialized along the first marking, which induces 6 := —p,(c1(L)?) on J;jll Then
we have

€0 = (0 — &) + (¢1+¢2) GHQ( 127(@)

Proof. Let p:Cy — J, 5,111,2 be the universal curve on 75 pulled back to J, ;}172 along toe, and
let q : é;s — Cq4 be the quasi-stable model. Let £% be the universal admissible line bundle
on éjs trivialized along the first marking. The normalization of @;S is the disjoint union of a
Pl-bundle P over J,_1 2 and the universal curve Cy_1 2. By [I8, eq. (8)], we have a short exact
sequence

0— L% —x1 —x2) = LT = LPp = 0.

912

Since L%, ,, = L, we get

€10 = f%ﬁ*(cl(ﬁqs)Q) = *%p*(cl(ﬁ(*ﬁﬂl —2)?))=0—-&+ - (¢1 + 12)

where we used the self-intersection formula [z;]? = . (—1;). O
Now we treat the case when g > 4.

Proposition 4.8. Let
O :=0+ar +b5 € HX(J;',Q), a,beQ

be a generalized theta divisor.

(a) If g > 2, then © can be written as © = 6 + bJ.
(b) If g > 4, then there is no such b € Q.

Proof. To prove (a), we use again the diagram . First, we pull the relation @91 = 0 back
to J, and obtain
0 =509 = (0 +ary)?™ € H*12(J,,Q).

By taking the weight 2g part with respect to the “multiplication by N” map, we get
a-09k1 =0¢€ H* (], Q).
Taking pushforward and applying , we have
ar1 =0 € H* (M, Q).

This shows that ax is supported on the boundary ﬂ;l \ M, and is therefore proportional
to & by the irreducibility of the boundaryﬁ

81f g > 3, we can directly deduce a = 0 from k1 # 0 € H*(M,, Q).
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To prove (b), we restrict the relation to Jy_12. Let 11,42 be the pullback of the y-classes
on My_19 to Jy_1,2. By Lemma and [5, Lemma 4.2], we have

e 0 =0 + (wl + 1ha).
Since the excess intersection term for ¢ is — (1)1 + 12), we have
1
0=t "0t = (0 + (5= 01+ 2))9 T € H*9%2(J,19,Q).

By taking the weight 2g — 2 part, we get
1
G

Taking pushforward and using (34)), we have ( b)2(Y1 + ¥2)? =0 on My_q12. If g > 4, we
have the non-vanishing

(35) (Y1 +12)* #0 € H{(My_12,Q)
by the calculation of top intersection numbers [I2]. Therefore b = 1.
On the other hand, by Corollary [£.4] we have
1 91 09 1
( L€l + bd) (— +b)d.

@g+1 €g+1 b@g(s
AES Y A E R B o Ty 18

Since ¢ # 0 in H? (ﬂggl, Q), we have b = —@ which is a contradiction. O

—b)2- 097 (Y1 )’ =0 € H2(Jyo12,Q).

By Proposition we conclude Theorem for ¢ > 4. However, the non-vanishing
fails for g = 2, 3. Therefore we treat them separately in the following.

e The g = 3 case. Let O be a generalized theta divisor. By Proposition (a) we set
©O=0+b6 beQ.
Recall the class a € CH2(J2 2, Q) of Proposition E We write the weight decomposition
a=Y aw), au €CH},)(J22,Q).

By an explicit computation on the relative Jacobian J3 o, we have

1
480 (1 + o) — ——&3.

8960
Here & was introduced in the proof of Proposition
Since we have the relation 62 = 0 for g = 3 by [19], we get from Proposition that

0 = m.(h0%)

- (L*e*t* (306 + 50 +2))° + 20y — B(O -+ 5 (1 + ) (s + ) + 6620362>

191

(224 — 2b— 36b ) Le(1 + o) € H4(W§I7Q)-

O[(Q
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Here we used the tautological relation 20635 = —02(¢1 + 19) € H%(J22,Q). Note that

Y1+ #0 € H*(M2,Q), H*(M3,Q) =0

where the second vanishing can be seen from [29]. Applying the long exact sequence of
cohomology associated with the open embedding M3 — ﬂ? 1, we find

(1 + 2) # 0 € HYM; ', Q).

This forces b to satisfy a quadratic equation

T _9p— —
221 b — 36b 0

which does not have a rational solution. O

e The g = 2 case. For g = 2, note that there actually exists a generalized theta divisor

L 9, =<1
0:=0- i H(; Q).

Here the coefficient —ﬁ can be uniquely determined by the relation
m.(0%) =0 e H'(M; ", Q).

Therefore, we have to consider the larger open subset ﬂ;nt C M3 consisting of integral curves
and the relative compactified Jacobian 7int : 712nt — ﬂ;“t as in Theorem (b)
——int

Since the codimension of M, \ﬂ; " 2, Proposition (a) shows that a generalized theta
divisor has to be of the form

©=0+b5, beQ.

We consider the open subset

mi,z =M\ (ml,l X Mo,:s) C M2

)

with the gluing map

(0t Mig — ﬂg’t.
Let i : Moq \ Dio3a — ﬂ;nt be the gluing map with respect to the deeper stratum.
Here D 934 is the locus where the markings split into two pairs of points on the two rational
components. We have by [36] the tautological relations

1 s —— —int
63 = O, 62 = _gr;nt |:M074 \ D1’2|374] € H*(MIQH ,Q)
On j;nt, the universal double ramification cycle relation P3 = 0 contains contribution from
the boundary strata with two loops. However, those boundary strata contribute to lower

degree coefficients of the expression [N]*P3 = 0. Therefore Proposition continues to hold
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on TQM. A direct computation yields oy = ﬁ(% + 1p2). Combining with Proposition
and Lemma [4.7] we obtain

0= Trint(a@Z&) _ 71_>iknt ( lnte*t*( ((9 + 1(1/)1 + 1/)2))2 + 6(904(0) - %bQ(wl + ¢2)) + 3b2¢9262>
= < (Y1 + 92) + 6o (wl + ¢2)) + 6b%62

11 2 int |TA 1 4 /~—int
<960 - 3§b b ) [MOA \ D1,2|3,4} € H*(M;y,Q).

Then, due to the non-vanishing

i [MOA \ D1,2|3,4} #£0e Hi(M", Q),

we have "
LI
960 32
which is a contradiction.
This completes the proof of Theorem [4.1](b). O

4.4. Deligne—Mumford stacks versus varieties. So far we have worked universally over
the moduli space of stable curves, and the base in our example is a nonsingular Deligne—
Mumford stack. We explain here that our arguments actually produce examples with nonsin-
gular quasi-projective base varieties; this proves honestly Theorem [0.4]

To start with, we take a smooth and surjective morphism

p:B— M,

such that B is a (nonsingular) projective variety and p has irreducible fibers; here the existence
of p follows from the GIT construction of the moduli of stable curves. In particular, the
pullback map

(36) p*: H*(My,Q) — H*(B,Q)
is injective. We write
B°:=p (M,) C B.

If we pull back the compactified Jacobian fibration of Theorem [{.1] along p, we get a compact-
ified Jacobian fibration

7:Joc— B, B°CBCB.
By the proof of Proposition (a), up to scaling a generalized theta divisor on J¢ can be
expressed as

© =p0+bép, dp:=[B\B°|=p"d

In other words, a generalized theta divisor on J¢ has to be pulled back from the moduli stack

of stable curves. Theorem combined with the injectivity of , then implies that it
cannot happen. We have completed the proof of Theorem [0.4] O
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