World Scientific

Vol. 18, No. 1 (2016) 1550009 (16 pages) YW OTds T Te oo

(© World Scientific Publishing Company
DOI: 10.1142/S0219199715500091

Communications in Contemporary Mathematics \\’

Some remarks on modified diagonals

Ben Moonen

IMAPP, Radboud University Nijmegen
P.O. Bozx 9010, 6500GL Nijmegen, The Netherlands
b.moonen@science.ru.nl

Qizheng Yin

Departement Mathematik, E'TH Ziirich
8092 Ziirich, Switzerland
qizheng.yin@math.ethz.ch

Received 11 May 2014
Revised 2 October 2014
Accepted 10 October 2014
Published 14 November 2014

We prove a number of basic vanishing results for modified diagonal classes. We also
obtain some sharp results for modified diagonals of curves and abelian varieties, and we
prove a conjecture of O’Grady about modified diagonals on double covers.

Keywords: Chow groups; algebraic cycles; modified diagonals; motives.

Mathematics Subject Classification 2010: 14C15, 14C25

1. Introduction

1.1. Given a smooth projective variety X and a base point a, Gross and Schoen
introduced in [7] modified diagonal cycles I (X, a) on X™. For instance, I'?(X,a) =
Ax —[X x{a}]-[{a} xX].In general, if J C {1,...,n} we define a closed subvariety
X7 C X™ by the condition that z; = a for all i ¢ .J; the modified diagonal I'*(X, a)
is then an alternating sum of the small diagonals of the X 7.

Gross and Schoen proved a number of vanishing results for the modified diag-
onals of curves. In [3], Beauville and Voisin prove that for a K3 surface X there
is a distinguished point class ox € CHg(X) and that I'*(X,0x) = 0 in CHz(X?3).
A consequence of this is that the intersection pairing Pic(X)®? — CHg(X) takes
values in Q- ox and that c2(X) =24 ox.

Our interest in modified diagonals was sparked by the preprint [12] of O’Grady
and the questions he asked. We were quickly able to answer one of these questions in
the positive, proving that for a g-dimensional abelian variety X the class '™ (X, a)
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is torsion in CH,(X™) for m > 2¢ and any choice of base point; see [11]. This result
is included in the present paper as Theorem 4.2.

1.2. In this paper, we give a simple motivic description of modified diagonals, and
we collect a number of basic results about them. We also introduce and study some
more general classes 7% ,(a), for any o € CH(X), which for a = [X] give back the
modified diagonals I'(X, a).

We work over an arbitrary field and consider algebraic cycles modulo an ade-
quate equivalence relation ~. Throughout we work with Q-coefficients. (In particu-
lar, CH from now on means CH® Q.) We prove that I'"(X, a) ~ 0 if and only if the
map 7Y , is zero modulo ~, and that this implies the vanishing of vy ’(c) for all
classes a in the image of the product map CH”%(X)®* — CH(X). We also prove
that if f: X — Y is surjective with generic fiber of dimension r then I'*(X,a) ~ 0
implies that T~ "(Y, f(a)) ~ 0. Further we have a precise result about what hap-
pens when we change the base point (working in the Chow ring): if T (X, a) = 0
for some point a then for any other base point a’ we have I'*"~2(X,a’) = 0.

In Sec. 4, we prove some sharp (or conjecturally sharp) vanishing results for
modified diagonals of curves and abelian varieties. For a curve C' we use the base
point a to embed C' in its Jacobian J. The vanishing of I'"*(C, a) is then equivalent
to the vanishing of some components of the class [C] € CH;y(J) with respect to
the Beauville decomposition of CH(J). This is a problem that has been studied
independently of modified diagonals, notably by Polishchuk, Voisin and the second
author. Our Theorem 4.2 about modified diagonals of abelian varieties, which proves
a conjecture of O’Grady in [12], is an easy application of the results by Deninger
and Murre [5] about motivic decompositions of abelian varieties.

Finally, in Sec. 5, we prove a conjecture of O’Grady about modified diagonals
on double covers. Voisin [16] has recently proved a generalization of this result to
covers of higher degree.

2. Definition and Some Basic Properties of Modified Diagonals
Throughout, Chow groups are taken with Q-coefficients.

2.1. Let k be a field. Let X and Y be smooth projective k-varieties. If X is
connected, let Corr;(X,Y) = CHgim(x)+i(X x Y). In general, write X as a dis-
joint union of connected varieties, say X = [], Xa; then we let Corr;(X,Y) =
@, Corr;(X,,Y). The elements of Corr;(X,Y’) are called correspondences from
X to Y of degree i. If Z is a third smooth projective k-variety, composition of
correspondences

Corr;(X,Y) x Corr; (Y, Z) — Corri;(X, Z)

is defined in the usual way: (0,§) = pry . (priy (0) - pry, ().
We denote by Moty the category of (covariant) Chow motives over k. The objects
are triples (X,p,m) with X a smooth projective k-variety, p an idempotent in
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Corrg(X, X), and m € Z. The morphisms from (X, p,m) to (Y,q,n) are the ele-
ments of

goCorrypn(X,Y)o0p

(which is a subspace of Corry,—,(X,Y)), and composition of morphisms is given by
composition of correspondences. For example, the identity morphism on an object
(X,p,m)is po[Ax]op, with Ay C X x X the diagonal.

We have a covariant functor h : SmProj,, — Moty, sending X to h(X) = (X,
Ax,0) and sending a morphism f : X — Y to the class of its graph [['y] €
Corro(X,Y) = Hom(h(X), h(Y)). We usually write f, instead of [I'f].

There is a tensor product in Mot, making it into a Q-linear tensor category,
such that h(X) @ h(Y) = h(X x Y). The unit object for this tensor product is
the motive 1 = h(Spec(k)) of a point. If M = (X,p,m) is an object of Mot and
n € Z, we let M(n) = (X,p,m+n). Then M(n) = M ® 1(n), and 1(1) is the Tate
motive.

The Chow group of a motive M is defined by CH(M) = ,., CH;(M), with
CH; (M) =Hompmet, (1(i), M). If M is the motive of a smooth projective k-variety,
this gives back the classical Chow group with grading by the dimension of
cycles.

2.2. Let X be a connected smooth projective k-variety of dimension d with a
rational point a € X (k). Then

mo=X x{a} and 7y =[Ax]— X x{a}
are orthogonal projectors, defining a decomposition
h(X) = ho(X) ® hy(X). (2.2.1)

If there is a need to specify the base point, we use the notation hg(X,a) and
hi(X,a).

If f: X — Spec(k) is the structural morphism, a o f is an idempotent endomor-
phism of X and 7 is just the induced endomorphism (a o f). of A(X). In particular,
fi t ho(X) — h(Spec(k)) = 1 is an isomorphism with inverse a,. On Chow groups
we have CH(ho(X)) = Q- [a] C CHo(X).

2.3. We have a Kiinneth decomposition

hX™) =[ho(X) @ h (X)) = @ hs(X™), (2.3.1)
Jc{1,....,n}

where, for J C {1,...,n}, we define

+ ifi e J,

hy(X™") =hy,, (X)® - ® hy, (X ith v; =
S(X™) = by (X) <>w1u{01“¢l
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The summand hyy 3 (X™) = hy (X)®" will play a special role in what follows.
Identifying X™ x X™ with (X x X)", the projector onto this summand is wf%".

2.4. Definition. Retain the assumptions and notation of 2.2. For n > 1 define
VX0 (X)) = h(X™)
by 7%, = Trfff" o Ag?’)*, where Ag?) : X — X" is the diagonal morphism. We
use the same notation 7% , for the induced map on Chow groups CH(X) —
CH(X™) or on Chow groups modulo an adequate equivalence relation. Finally, we
define
I'(X,a) € CHg(X")
(with d = dim(X)) to be the image under 7% , of the fundamental class [X] €
CH4(X).

2.5. If J is a subset of {1,...,n}, we identify X’ with the closed subvariety of
X™ given by
{(x1,...,xn) € X" my=aifi ¢ J}.

Let ¢y = ¢dx.7 : X7 < X" be the corresponding closed embedding. Let Ag(‘]) c X’/
be the small diagonal of X7, viewed as a cycle on X ™.

If dim(X) = 0 then 7% , is the zero map. If d = dim(X) is positive, the cycle
I'(X,a) is the modified diagonal cycle introduced by Gross and Schoen in [7].
Explicitly, for d > 0,

)= > (T hay)
0#£JC{1,...,n}
2.6. Remark. If dim(X) > 0 we can refine (2.2.1) to a decomposition
h(X) = haa(X) @ hi(X) & ho(X),

where hoq(X) and hy(X) are the submotives of h(X) defined by the projectors
moq = {a} x X and 7, = [Ax] — X x {a} — {a} x X, respectively. For the study
of modified diagonals this does not lead to a refinement, however, as for n > 2 the
morphism 7% , = 7§" o Ag?,)* is the same as the morphism 78" o Ag?)* To see this
we have to show that

(AP xidxn)* 78" = (AP x idxn)*x®"

*

in CH(X x X™). (Use [5, Proposition 1.2.1].) Abbreviating Ag?) to A and writing
p; : X™ — X for the ith projection, the difference (Ag?) X idxn ) 7™ — 7@ is a
linear combination of terms

(A xidxn)*(81 @+ @ fn) = (idx x p1)"B1 -+ (idx X pn)* Bn,
where (1,..., 0, € {m2q, 7.} and at least one 3; equals maq. Now note that

(idx X pi)*ﬂ'gd . (idX X pj)*Tl'Qd =0 and (idx X pi)*ﬂ'zd . (idX X pj)*ﬂ'* =0
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for all 7 # j.

2.7. Proposition. Let f: X — Y be a morphism of connected smooth projective
k-varieties. Let a € X (k) and let b= f(a).

(i) The morphism f. : h(X) — h(Y) is the direct sum of two morphisms
ho(X,a) — ho(Y,b) and h4(X,a) — hy(Y,D).
(ii) We have vy, 0 fo = fE" ok, for alln > 1.
(iii) Suppose f is generically finite of degree N. Then N -I'y, = ff@”(F},a) for all
n>1.

Proof. For (i), if g : Y — Spec(k) is the structural morphism then mo(Y,b) =
beogs = froasog, and mp(X,a) = a4 0 gs o fi. Hence mo(Y,b) o fu = fuomo(X,a),
and because 7 = id — g also 7 (Y, b)o fu = fuom (X, a). Part (ii) readily follows
from this and (iii) follows by applying (ii) to the class [X]. O

3. Some Vanishing Results

3.1. In what follows, we consider an adequate equivalence relation ~ on algebraic
cycles, as in [1, Sec. 3.1], and we write Moty .. for the corresponding category
of motives. If M is an object of Moty ~, let A;(M) = Hommpet, . (1(i), M) and
A(M) = @;cy Ai(M). In particular, if X is a smooth projective k-variety, A;(X) =
CH;(X)/~.

Given a connected smooth projective k-variety X with base point a € X (k), the
decomposition (2.3.1) induces a decomposition

AXY = P A,
Jc{1,...,n}
with A;(X™) = A(h;(X™)). This decomposition in general depends on the chosen
base point.

Define a grading A(X™) = Ajq)(X™)@®--- DA, (X") by letting Ap,,)(X™) be the
direct sum of all A;(X™) with |J| = m. In particular, Ap,j(X™) = A(hg (X)®").
This grading is not to be confused with the one given by the dimension of cycles.
We have an associated descending filtration Fil® of A(X™), given by

Fil'A(X") = @D Apy(X™).
m=0
This means that the only terms that contribute to Fil"A(X™) are those coming from
submotives h,, (X)®---®h,, (X) involving at least r factors ho(X). Alternatively,
a class in A(X™) lies in Fil"A(X™) if and only if it is a linear combination of classes
of the form ¢ .(a) for subsets J C {1,...,n} with n — |J| > r. In particular, if
JC{l,....,n} and B is a class in Fil*A(X”) then ¢.(8) € Fi*T"~I/IA(X™).

If f: X —Y is a morphism of smooth connected k-varieties and we take b= f(a)

as base point on Y, it follows from Proposition 2.7(i) that the induced map (f™). :
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A(X™) — A(Y™) is a graded map. In particular, it is strictly compatible with the
associated filtrations.

3.2. Remark. If a € A(X) we have a class Agz)*(a) € A(X™). By definition,
Y%.o (@) is the projection of this class onto the summand Ay, (X™). Hence 7% (o) =

0 in A(X™) if and only if Agg)*(a) € Fil'A(X™).

3.3. As before, let X be a connected smooth projective k-variety with a base point
a € X(k). For n > 1, consider the morphism 6™ = (idy.—1 x Ax): X? — X"+l
SO 5(”)(331, ey Tp—1,Tn) = (T, e, T, Ty, Ty

If J C {1,...,n} is a subset with n ¢ J, the morphism 6™ : h(X™) — h(X7+1)
induces an isomorphism h;(X") =5 hy(X"t1). If n e J, let J = JU{n+1}. In
this case we have a commutative diagram

x I ~ L x/ b X"

5<|J\>l lé“”\x.f lg(n)

X|J|+1 ; Xj L) Xn+1 .
It follows that 6" A(X"™) — A(X"H) respects the filtrations.

3.4. Proposition. Let X be a connected smooth projective k-variety with a base
point a € X (k). Let n be a positive integer.

(1) If v% .(a@) =0 for some o € A(X) then 'y}tll () = 0.

(ii) We have I'"(X,a) = 0 in A(X") if and only if v% , + A(X) — A(X™") is the
zero map.

Proof. (i) As remarked in 3.2, 7% ,(a) = 0 if and only if Agz)*(a) € Fil'A(X™).
Now use that A1) = §(") o A" and the fact just explained that 6,2”) respects
the filtrations.

(ii) Assume that I'"(X,a) = 0 in A(X™) and let o € A(X). Because the map
V.o 18 linear and 7% ,[X] = I'(X, a) by definition, we may assume that o € A;(X)
for some i < dim(X). By the vanishing of I'™(X, a), the class of the small diagonal
Ag?) lies in Fil'A(X™); this means we can write

2= X A
JC{T,m}

with 87 € Aj(X™). By definition of A;(X™) we have 3; = ¢;.(by) for some class
by on X”. To prove that Agz)*(oz) = [Ag?)] -pr¥(a) lies in Fil' A(X™) we now only
have to remark that

By -pri(a) = ¢y«(by - (pry, 0 ¢1)" (),
and that for J C {1,...,n} any class in the image of ¢ lies in Fil' A(X™). O
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For the classes I'"(X, a) the stability result in (i) is O’Grady’s Proposition 2.4
n [12]. As we shall now show, part (ii) of the proposition can be refined. The idea
is that we can view I (X, a) as a correspondence from X™ to X".

3.5. Proposition. Let X be a connected smooth projective k-variety with base
point a € X (k). Suppose m and n are positive integers such that T™ (X, a) = 0
in A(X™"). Then

Yoo )RR A E) =0 in AX™)
0#£KC{1,....,m}

for all classes ¢ € CH”°(X™). Here Ag(K) : X — X™ denotes the composition of
the diagonal Ax : X — XX and the closed embedding ¢px : XK — X™.

Proof. We may assume dim(X) > 0. By definition,

rm(Xoe) = Y~y A,
0#£JC{1,....m+n}

Write the nonempty subsets J C {1,...,m+n}as J = KUL with K C {1,...,m}

and L={m+1,...,m+n}. Viewing [AE(J)] as a correspondence from X™ to X™,
its effect on cycle classes is given by & — Agél(Ag(K)’*(f)), where in the notation
Ag(L)* we treat L as a subset of {1,...,n}.

If K = (), the map Agf) is the inclusion of the point (a,...,a) in X™; so
A" (€) =0 for € € CHO(X™). If K # 0 then

3 (- 1y KL AR (¢) =~y gn (A (6))
L

and the proposition follows. O

3.6. Corollary. If """ (X,a) = 0 in A(X™*") then v% , : A(X) — A(X") is
zero on the image of the product map A>°(X)®™ — A(X). In particular, if
"X, a) = 0 then v% ,(§) = 0 for all £ € AZ°(X).

Proof. In the proposition, take £ = £ x --- x &, for classes & € CH”°(X). For
K # {1,...,m} we have AL (¢) = 0. For K = {1,...,m} we have A" (¢) =
&1+ &m. Hence we find that 7% (&1 &m) = 0. O

3.7. Corollary. Let f : X — Y be a surjective morphism of connected smooth
projective k-varieties. Let a € X (k) and b = f(a). Let r = dim(X) — dim(Y). If
I'"+t7(X,a) =0 for some n > 1 then I'"(Y,b) = 0.

Proof. Let ¢ € CH'(X) be the first Chern class of an f-ample line bundle on X.
We have f,(¢7) € CH(Y); so f.(f7) = N - [Y] for some integer N. By pulling back
to the generic point of Y we see that N # 0. So by 2.7(ii), I'"*(Y,b) is proportional
to fE"(v% ,(¢7)), which vanishes by Corollary 3.6. O
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3.8. Remark. O’Grady has made the conjecture that for a complex hyperkéahler
variety X of dimension 2n there should exist a base point a € X (k) such that
21X, a) = 0in CH(X?"*1). By Corollary 3.6, if this is true then the intersection
pairing Pic(X)®?" — CHy(X) takes values in Q - [a]. This last property is known
(for a suitable choice of a € X (k)) for Hilbert schemes of K3 surfaces and Fano
varieties of cubic 4-folds by results of Voisin [14, Theorems 1.4(2) and 1.5], and also
for generalized Kummer varieties by a result of Fu [6, Theorem 1.6].

The vanishing of I' (X, a) implies that m > dim(X); see Theorem 4.1 below.
So for X hyperkihler of dimension 2n, the vanishing of I'*"*1(X a) is the strongest
possible result. By Corollary 3.7, if O’Grady’s conjecture is true then for all varieties
Y dominated by X we again have the optimal result that Fdim(YHl(Y, b) vanishes
in the Chow ring. This suggests that only very special varieties are dominated by
a hyperkéhler variety. There is a very strong result on this by Hwang [8], which
refines earlier results of Matsushima: let X be a complex hyperkédhler variety of
dimension 2n and Y a nonsingular projective variety with 0 < dim(Y) < 2n; if
there exists a surjective morphism X — Y with connected fibers then Y = P™.
Another indication of this is given by a result of Lin [9, Theorem 1.1]. He takes for
X a Hilbert scheme of points on a complex K3 surface with infinitely many rational
curves, and he proves that if there exists a dominant rational map X --+ Y to a
variety Y with 0 < dim(Y") < dim(X), then Y is rationally connected.

Part (ii) of the next lemma gives a refinement of the stability result in Propo-
sition 3.4(i).

3.9. Lemma. In the situation of 3.1, suppose [Ag?)] € Fil"A(X™) for some r > 1.

(i) For alli € {0,...,r} we have [Ag?—i)] € Fil' P A(X7).
(i) For all i >0 we have [Ag?“)] € FilrHiA (X ).

Proof. In both statements, it suffices to do the case i=1. Part (i) readily
follows from the definitions by taking the image of [Ag?)] under a projection
Xn — xn-l

For (ii), suppose [Ag?)] € Fil"A(X™) with » > 1. In particular, I'"(X,a) = 0 in
A(X™), which by Proposition 3.4(i) implies that I"*1(X,a) = 0 in A(X""!). We
can write this as an identity

(AT =3 (= A
J

in A(X"*H1), where the sum runs over the nonempty subsets J C {1,...,n + 1},
and where we recall that Ag‘(l) is the small diagonal of X7, viewed as a cycle on
XnHLTf | J] < no— 7 then it is clear that Ag(‘]) € Fil"t'A(X™+1). If not, then
n+1—r < |J| <n and by the assumption that [Ag?)] € Fil"A(X™) together
with (i) the small diagonal on X7 lies in Fil/I="*"A(X 7). Since Ag‘(]) is obtained
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by pushing forward this small diagonal via ¢ : X7 < X"*! it again follows that
[A)] e FirHIA(X ). O

We now investigate how changing the base point affects the vanishing of
'"X,a).

3.10. Proposition. Let X be a connected smooth projective k-variety. Let a
and a' be k-valued points of X. If I'"(X,a) = 0 in A(X™) for some n > 1 then
[2"=2(X,a') =0 in A(X?"72).

Proof. Let 7/, = [Ax] — X x {a’} be the projector that cuts out the motive
hy(X,a"). We write it as 7/, = 7 + X x [{a} — {a'}]. This gives

(TP = N 29 @ (X x [{a} — {a})®”, (3.10.1)
Jc{1,...,2n—2}

where we write J' = {1,...,2n — 2}\J.

By Corollary 3.6, the assumption that I'* (X, a) = 0 implies that v ,(a’) = 0 for
allm >n—1. But 7% ,(a’) = [{a'} —{a}]®™; so in (3.10.1) we may sum only over
the subsets J C {1,...,2n—2} of cardinality > n. On the other hand, by 3.9(ii) we
have [AZ"™?] € Fil" ' A(X2"~2), which means that 757 @ (X x [{a} — {a’}])®"

kills [Ag?n_Z)] for all index sets J with |[J| > (2n — 2) — (n — 1) = n — 1. Together
this gives that (7, )®(2n=2) [Ag?"fz)] =0, ie I''2(X,a") = 0. O

As an example, on a K3 surface X with distinguished point class ox we have
I'*(X,0x) = 0 by [3, Proposition 3.2]. By Proposition 3.2 it follows that for any
base point a € X (k) we have I'*(X,a) = 0, and by Corollary 3.6 we in fact find
that I'*(X, a) = 0 if and only if @ = ox in CHp(X).

We finish this section by reproving Proposition 0.2 of O’Grady’s paper [12],
which is an easy consequence of the above.

3.11. Proposition. Let X and Y be connected smooth projective k-varieties with
base points a € X (k) and b € Y (k). Suppose that T™(X,a) = 0 in A(X™) and
["(Y,b) = 0 in A(Y™) for some positive integers m and n. Then T™ " ~1(X x
Y, (a,b)) =0 in A((X x Y)mtn=1),

Proof. By Lemma 3.9(ii) we have

AP e FIrAX T, AT e FimA(y ™),

This means we can write [Ag?””’”] = >, ¢x,5+(ay), where the sum runs over
the subsets J C {1,...,m + n — 1} of cardinality at most m — 1, and where a

is a class on X 7. Similarly, [Ag,mﬂkl)] = >k ¢v,k.«(BK), where the subsets K C
{1,...,m+n — 1} have cardinality at most n — 1 and Bx € A(YX).

1550009-9



B. Moonen & Q. Yin

Writing p : (X x Y)+7=1 — X4l and ¢ : (X x V)™=t - ymtn=1 for
the projections,

AR =p AT AT

Given subsets J, K C {1,...,m + n — 1} of cardinality at most m — 1 and
n — 1, respectively, there is an index v € {l,...,m + n — 1} that is not in
JUK. Setting L = {1,...,0,...,m+n — 1} it is then clear that p*¢x, j.(as) -
q*¢y.k «(Br) is a class in the image of the push-forward under ¢xxy 1, : (X xY)E —
(X x V)™= Hence, [ARTEY] € Fil'A((X x Y)™*"~1), which means that
=X x V) = 0. O

4. Vanishing Results on Curves and Abelian Varieties

We begin by recalling a result of O’Grady [12] about the vanishing of modified
diagonals in cohomology.

4.1. Theorem. Let X be a connected smooth projective k-variety with base
point a € X (k). Let d = dim(X) and let e be the dimension of the image of
the Albanese map alb : X — Alb(X). Then I'™(X,a) ~hom 0 if and only if
n>d+e.

Proof. The argument that follows is due to O’Grady [12]. Let H* denote (-
adic cohomology for some prime ¢ # char(k). Throughout, we view H*(X) =
@?io H'(X) as a superspace; in particular, if i is odd then Sym" (H?®) has A™ H*(X)
as its underlying vector space.

The cohomology class [I'™] of I'"(X,a) lies in the degree 2d(n — 1)-part of
Sym"(H*®(X)). We have

2d
Sym"(H' (X)) = €D ®Symm-’ (H? (X)),

where the summand S(m) = &, Sym™ (H7(X)) lies in degree Z?ioj -mj. By
Remark 2.6 we know that the component of [I'] in S(m) is zero if my > 0 or

maq > 0. Next consider a sequence m = (mg, ma, . .., maq) with mo = mag = 0. The
component of [I'"™] in S(m) is then the same as the component of the cohomology
class of the small diagonal Ag?). If = (mag, mag—1, ..., mo) is the reverse sequence,

the intersection pairing on Sym"(H"(X)) C H*(X™) restricts to a perfect pairing
S(m) x S(u) — k, and for m’ # p the pairing S(m) x S(m') — k is zero. For
B € S(u) we have [Ag?)] - 8 = deg(A*(f)), and we claim that this is zero whenever
Mog_1 > 2e. Assuming this for a moment, the “if” statement in the theorem follows,
as the highest degree we can get under the restrictions my = msog = 0 and mog—1 <
2e is 2¢(2d — 1) + (n — 2¢)(2d — 2) = 2e + 2nd — 2n, so that for n > d + e we cannot
reach degree 2d(n — 1).

1550009-10



Some remarks on modified diagonals

It remains to be shown that for i > 2e the multiplication map A* : Sym'H' x
(X) — HY(X) is zero. For this we use that H'(alb) = alb* : H!(Albx) — H(X)
is an isomorphism. We have a commutative diagram

) . Sym®H* (alb) .
Hi(Albx) = Sym‘H' (Alby) - Sym' H'(X)
A*
H'(alb)
H'(X)

But H'(alb) factors through H'(alb(X)), which is zero for i > 2e.

Finally we show that ['"+¢(X, a) is not homologically trivial, which by Propo-
sition 3.4(i) gives the “only if” in the theorem. The only sequence m = (my,
mi,...,mag) with |m| = d+ e and mg = mag = 0 that reaches degree 2d(d+e—1)
is m = (0,...,0,d — e,2¢,0). With u the reverse sequence, it suffices to produce
an element 4 € S(p) = Sym**H'(X) ® Sym? “H?(X) for which A*(3) has degree
# 0. For this we take polarizations L; € H?*(Albx) and Ly € H?(X); then take
B = Sym?*H'(alb)(L§) ® LY. Because the map H?¢(alb) is injective, A*(3) has
positive degree and we are done. O

Next we turn to abelian varieties. The result we prove was conjectured by
O’Grady in the first version of [12]. He also proved it for g < 2.

4.2. Theorem. Let X be an abelian variety of dimension g over a field k. Let
a € X(k) be a base point. Then I'"(X,a) =0 in CH(X™) for all n > 2g.

Proof. We give X the group structure for which a is the origin. For m € Z let
mult(m) : X — X be the endomorphism given by multiplication by m. By [5,
Corollary 3.2], we have a motivic decomposition h(X) = @?io h;(X) in Moty that is
stable under all endomorphisms mult(m)., and such that mult(m). is multiplication
by m® on h;(X). (The result is stated in [5] for the cohomological theory but is
easily transcribed into the homological language.) The relation with (2.2.1) is that
ho(X,a) = ho(X) and hy(X,a) = P, hi(X).
For n > 1 this induces a decomposition

i=(i1,.yin) J=1

where the sum runs over the elements @ = (i1,...,4,) in {0,...,2¢}". Under this
decomposition we have

where the sum runs over the n-tuples ¢ with |¢| = i; + - -+ + i, equal to 7.
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Now observe that [Ag?)] € CH(hgy(X™)), because mult(m)*[Ag?)] =m?9. [Ag?)]
for all m. The theorem follows, since for n > 2g and ¢ = (i1, ...,%,) in {0,...,2¢}"
with |4| = 2g there is at least one index j with i; = 0. O

Next we turn to curves. Part (i) of the next result is due to Gross and Schoen;
see [7, Proposition 3.1]. This result is also an immediate consequence of Theo-
rem 4.1. Part (ii) is due to Polishchuk; see [13, Corollary 4.4(iv)]. Part (iii) is
essentially due to Polishchuk and the first author in [10] (see especially the proof
of [13, Theorem 8.5]) but we need to combine the calculations that are done there
with some known facts about the Chow ring of the Jacobian, as we shall now
explain.

4.3. Theorem. Let C' be a complete nonsingular curve of genus g over a field k
with a base point a € X (k). Then we have the following:

(i) T™(C,a) ~hom O for all n > 2;
(il) T™(C,a) ~ag 0 (modulo torsion) for all n > gonality(C');
(iii) T™(C,a) = 0 in CH1(C™) for alln > g+ 1.

Proof. For curves of genus 0 the result is trivial. (Because we work modulo torsion,
we may extend the ground field and assume C' = P'; then note that the diagonal
of P! x P! is rationally equivalent to ({pt} x P!) + (P! x {pt}).) Hence we may
assume g > 0. Let ¢ : C' — J be the closed embedding associated with the base
point a. As discussed above, h(.J) = @?io h;(J). This means we can decompose

[t(C)] € CHy(J) as
29
(O] =D
i=0

with v; € CH(h;(J)). In particular, for m € Z we have mult(m).(v;) = m*-v;. It is
known that:

(a) 7; #0only fori € {2,...,9+1};
(b) ~; is torsion modulo algebraic equivalence for ¢ > gonality(C);
(c) 7 is homologically trivial for i # 2.

In fact, (c) holds because mult(m). acts on H29=2(.J) as multiplication by m?,
(a) follows from the precise summation range in the main theorem of [2] (in the
notation of [2] our ~; lies in CHY”}(J)), and (b) is a result of Colombo and van
Geemen [4].

We denote by C!¥ the dth symmetric power of C' and let C!*} = >0 Cll which
is a monoid scheme. Let CH(C!®) = @, CH(C4), which is a Q-algebra for the
Pontryagin product. The maps ug : C!¥% — J give us a morphism « : Cl*! — J,
which induces a homomorphism u, : CH(C!*)) — CH(J). By [10, Theorem 3.4],
there is a Q-subalgebra K c CH(C!®!) such that the restriction of u, to K gives
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an isomorphism K — CH(J). Further, by [10, Lemma 8.4 and the proof of Theo-
rem 8.5], all classes I'(C, a) lie in this subalgebra K and we have, for n > 2,

29
u (I (C,a)) =n!- Z S(i,n) - i,
i=0
where S(i,n) denotes the Stirling number of the second kind. Note that S(i,n) =0
if n > i. Putting together these facts, the theorem follows from (a)—(c) above. O

4.4. Let us now discuss to what extent the above results are sharp.

For abelian varieties, our result in Theorem 4.2 is sharp, since by Theorem 4.1
I'?9(X, a) is not even homologically trivial. The same remark applies to part (i) of
Theorem 4.3.

Part (ii) of Theorem 4.3 is conjecturally sharp for the generic curve C of genus g.
In fact, under the genericity assumption it is expected that ~; is not algebraically
trivial for ¢ = [(g + 3)/2] = gonality(C'). We refer to [15] for recent results (in
characteristic 0) towards this conjecture.

Finally, (iii) of Theorem 4.3 is sharp for the generic pointed curve in character-
istic 0. This is proven by the second author in [17, Proposition 5.14], which gives
Yg+1 # 0.

5. Double Covers

The following result proves a conjecture made by O’Grady in [12]. We had originally
hoped to extend this to more general covers, but our method leads to some nontrivial
combinatorial problems. As Voisin [16] has obtained such a more general result using
a different argument, we restrict ourselves to double covers. As in Sec. 3, we consider
an adequate equivalence relation ~ and we define A(X) = CH(X)/~.

5.1. Theorem. Let f: X — Y be a double cover. Let o be the corresponding
involution of X. Let a € X(k) be a base point such that a ~ o(a), and write
b= f(a). If T™(Y,b) = 0 in A(Y™) then IT?""1(X,a) =0 in A(X?""1).

5.2. As a preparation for the proof we need to introduce some notation. Given
an integer m and a subset J C {1,...,m}, let Z; C X™ denote the image of the
morphism (; : X — X" for which

¢ o if j€J,
r.oly =
PO = Vidx ifjg

If J" is the complement of .J, we have Z;, = Z;. Further, Zy = Zy ) = Aggn).

For r < m, let
Vi= > (2]

Jcim)
|J|=r
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It follows from the previous remarks that V,,_,. = V,. and that Vo = V,,, = [Ag?)].
We write Vr(m) if there is a need to specify m.
The pull-back of the class [A™] is T RD D

5.3. For (i,5) € {1,...,m} x{1,...,m + 1}, consider the morphism ¢; ; : X" —
X™+L given by

(@1, xm) — (21, o1, 0(@0), @5, -, Ton ).

Let ® be the sum of the graphs of the ¢; ;; so, ® = 3, .[I's, ;]. This is a cor-
respondence of degree 0 from X to X™*!. Again we write ®("™) if we want to
specify m.

5.4. Lemma. For r < m we have

O (V) =rm+1—7)- V) 4 (r 1) (m—7) - Vr(flﬂ).
Proof. Given j € {1,...,m}, let a; : {1,...,m} — {1,...,m + 1} be the
strictly increasing map such that j is not in the image of «;. Fix some subset
K c {1,...,m+ 1}. We have to count the number of choices for J C {1,...,m}
with |J| = r and an index pair (7, j) as above such that ¢; ; .[Z;] = [Zk]. It is clear
that there are no such choices unless |K| = r or |K| = r + 1. If |K| = r then we
can choose j ¢ K and i € a;l(K ) arbitrarily; once these choices are made there is
a unique J C {1,...,m} with |J| = m such that ¢, ;.[Z;] = [Zk]. Note that the
number of choices in this case is (m + 1 — r)r. Similarly, if |K| =7 + 1 we have to
choose j € K and i ¢ ozj_l(K ) and then there is again a unique choice for J such
that ¢; ; «[Z;] = [Zk]. In this case the number of choices is (r + 1)(m — 7). |

5.5. Lemma. Notation and assumptions as in Theorem 5.1. If I'"™(Y,b) = 0 in
A(Y™) then ST rd (m4n —r)7 VI Jies in Fil' A(X™") for all m > j > 0.

Proof. We use induction on m. For m = 0 the assumption that I'"(Y, b) = 0 means
that [Agf)] € Fil'A(Y™). Pulling back to X™ and using that a ~ o(a) we find that
S, Vy lies in Fil' A(X™).

Assuming the assertion is true for some m, let us prove it for m+ 1. By Proposi-
tion 3.4, [Agf)] € Fil' A(Y") implies that [Ag;”rl)] € Fil' A(Y"™*1). So the assertion
for 7 < m + 1 follows from the induction hypothesis, replacing n with n + 1.

It remains to consider the case j =m + 1. Let

m-+n
W = <I>>(km+n) (Z r(m4+n—r)"- Vr(m+")> .
r=0

By the induction assumption, 7" ™ (m +n —r)™ VL Jies in Fill A (XM,
and by the same argument as in 3.3, ®, : A(X™) — A(X"1) respects the filtra-
tions; hence, W € Fil' A(X™m+n+1),
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By Lemma 5.4, W equals

m—+n

Z r™(m+n—r)™- (r(m +n+1—r). ymintd
r=0
+r+Dm+n—r)- mem)
m—+n—+1
= Z (sm+1(m+n—s)m(m+n+1 —5)
s=0

+(s—1D)™s(m+n+1— S)m+1> . Vs(ernJrl)

m—+n—+1
= Z sim+n+1-—s)- (sm(m+n—s)m
s=0

+(s=1)™(m+n+1-— s)m> Ly lmAntl)
Putting x = s and y =m +n+ 1 — s we have
s"m+n—8)"+(s—1)"(m+n+1—-29)"
="y ="+ (z - 1)"y™
=P (M) ey
j=0 J

. . . -1 P
As x +y =m+n+ 1is constant, we can rewrite this as 2™y + Z;nzo cj -2ty
for some constants cg, ..., ¢yn_1. Hence

m~+n+1
W=2 3 s (m4nt 1)t yminty
s=0
m m+n+1
+ ch—l ( Z s'(m+n+1-s)- VS("”’"“)),
Jj=1 s=0
As we have already shown that for j <m +1
m+n+1
> dmAn41—s) VD e Fill A,
s=0
the same is true for the remaining term, i.e. for j = m + 1. O

Proof of Theorem 5.1. Taking m = n—1in Lemma 5.5 and using that v, =
V2" D we find that

2n—1—r>

n—1
r@2n —1—7)7 - V=Y =0 in n=1) /Fi
j ‘/;(2 1) A(X2n—1 Fll

r=0
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for all j € {0,1,...,n — 1}. The n x n matrix
((r(2n =1 =7)))rj=0,...01

is a Vandermonde matrix with distinct entries in the second column (j = 1
fore, [AZ" V] = V2"V ¢ Fil' A(X27—1), which means that T2"~1(X, a) = 0.
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