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Abstract We explore the connection between K3 categories and 0-cycles on holomorphic symplectic
varieties. In this paper, we focus on Kuznetsov’s noncommutative K3 category associated to a nonsingular
cubic 4-fold.

By introducing a filtration on the CHj-group of a cubic 4-fold Y, we conjecture a sheaf/cycle
correspondence for the associated K3 category Ay. This is a noncommutative analog of O’Grady’s
conjecture concerning derived categories of K3 surfaces. We study instances of our conjecture involving
rational curves in cubic 4-folds, and verify the conjecture for sheaves supported on low degree rational
curves.

Our method provides systematic constructions of (a) the Beauville-Voisin filtration on the CHg-group
and (b) algebraically coisotropic subvarieties of a holomorphic symplectic variety which is a moduli space
of stable objects in Ay.
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0. Introduction

0.1. K3 categories and the Beauville—Voisin filtration

The purpose of this paper is to study the interactions between K3 categories and the
Beauville-Voisin conjecture for holomorphic symplectic varieties.

A triangulated category is called a K3 category if it has the same Serre functor and
Hochschild homology as the derived category of coherent sheaves on a K3 surface. New
examples of K3 categories are constructed using the derived categories of certain Fano
varieties and semiorthogonal decompositions; see [17, 19, 21].

Let A be a K3 category. If M is a nonsingular projective moduli space of stable objects
with respect to a stability condition [10] on A, then it is a holomorphic symplectic
variety. The nondegenerate holomorphic 2-form is given by the Serre functor and the
Mukai pairing,

Ext)y (€, &) x Ext){ (&, &) — Ex?(£,6) 5 C.
The Beauville-Voisin conjecture [6, 39, 41] predicts that the Chow group CHy(M) admits
an increasing filtration

SoCHo(M) C $iCHo(M) C -+ C 51 gy, yy CHo(M) = CHo(M) (0.1)
which is opposite to the conjectural Bloch—Beilinson filtration. Let Kg(A) be the
Grothendieck group of the triangulated category A and let

pA:A— Ko(A)

be the natural map. We have the following speculation on the structure of A.

Speculation 0.1. Let A be a K3 category.

(a) There exists an increasing filtration So(A) on Ko(A) which governs the
Beauville-Voisin filtration (0.1) for any moduli space M as above. More precisely,
the i-th piece S;CHy(M) is spanned by the classes of £ € M with pA(€) € S;(A).
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K3 categories, cubic fourfolds, and BV filtration 3

(b) For every object £ € A, we have

PAE) € Sqe)(A)
with d(€) = § dimExt!, (€, £).

Speculation 0.1(b) can be viewed as a sheaf/cycle correspondence for the K3 category
A. For a nonsingular projective moduli space M, Speculation 0.1(b) implies exactly that

S} gim s CHo (M) = CHo(M).

0.2. O’Grady’s conjecture

The first evidence of Speculation 0.1 is the case A = D?(X) where X is a K3 surface.
In [31], O’Grady introduced a filtration S,(X) on the Chow group CHy(X),

So(X) C S1(X)C---C Si(X)C--- CCHy(X).!

Here S;(X) is the union of [z] +Z - [ox] with z an effective O-cycle of length i and [0x] €
CHo(X) the Beauville-Voisin canonical class [8].

The following generalized version of O’Grady’s conjecture [31] is proven in [34], based
on earlier results of Huybrechts, O’Grady, and Voisin in [15, 31, 40].

Theorem 0.2. For any object £ € D?(X), we have

2(&) € Sqe)(X).

Theorem 0.2 established a sheaf/cycle correspondence for D?(X). Moreover, O’Grady’s
filtration is indeed expected to govern the Beauville—Voisin filtration for any nonsingular
moduli space M of stable objects in D?(X); see [34] for further details.

0.3. Cubic fourfolds and one-cycles

In this paper, we discuss Speculation 0.1 for K3 categories other than the derived
categories of K3 surfaces.

Let ¥ C P3 be a nonsingular cubic hypersurface. Kuznetsov constructed in [17] a K3
category Ay as a full subcategory of D?(Y),

Ay = (€ € D"(¥) : Ext}, , (Oy (i), ) = 0 for i = 0,1,2}, (0.2)

If Y is very general, then Ay is not equivalent to D?(X) of a K3 surface X .2 Hence Ay
is viewed as a noncommutative K3 surface.

Our first result introduces a filtration on the Chow group CH;(Y), which serves as a
candidate of the filtration in Speculation 0.1.% We briefly describe the construction below;
see § 1 for more details.

1The pull-back via the map Kq(X) & CHy(X) induces a filtration on Ky(X) as in Speculation 0.1(a).
2In fact, the category Ay for a very general cubic 4-fold Y is not equivalent to the derived category of
twisted sheaves on a K3 surface.

3 Again, the filtration on Ko(Ay) is obtained by pulling back via the natural maps Ky(Ay) — Ko(Y) REN
CH, (Y).
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4 J. Shen and Q. Yin
Let F denote the Fano variety of lines in Y. We fix a uniruled divisor D on F,

D —— F,
I
1q
-
B
where ¢ is a rational map whose general fibers are rational curves.

We call a line I C Y special (with respect to the uniruled divisor D) if the 0-cycle class
[{] € CHy(F) is represented by a point on D. A line [ is called canonical if it satisfies

3[11=[H]® € CH(Y),

where [H] € CH'(Y) is the hyperplane class.
We define a filtration S,(Y) on CH;(Y),

SoY)ycSi(Y)yc---CSi)c--- cCH(Y),

where S;(Y) is the union of [l1 +l +---+[;]1+Z- [lo] with [y (k > 0) special lines and [
a canonical line. It is shown in Lemma 1.1 that the filtration S¢(Y) does not depend on
the choice of D and is “intrinsic” to Y.

We propose the following conjecture relating the K3 category Ay to the filtration
Se(Y).

Conjecture 0.3. For any object £ € Ay, we have
c3(&) € S ().
Here c3 is the composition of the inclusion Ay c D?(Y) and
c3: DP(Y) — CHy(Y).

See also Remark 2.4 for an equivalent formulation of Conjecture 0.3.

Comparing to the derived category of a K3 surface, one advantage of studying the
K3 category Ay is that cubic 4-folds have a 20-dimensional moduli space. Hence our
filtration provides a candidate of the Beauville-Voisin filtration of certain holomorphic
symplectic varieties of K3 type in 20-dimensional families.*

0.4. Rational curves

We study the interplay between Conjecture 0.3 and the geometry of rational curves in
nonsingular cubic 4-folds [7, 16, 22, 24].
Let

Db (Y) > Ay

be the left adjoint functor of the natural inclusion i, : Ay < D?(Y). The following
theorem concerns low degree rational curves in Y.

4Stability conditions and moduli spaces of stable objects related to Ay are explored in [4, 5, 22, 25].

Downloaded from https://www.cambridge.org/core. IP address: 223.104.3.173, on 06 Nov 2018 at 07:34:42, subject to the Cambridge Core terms of use, available at
https://www.cambridge.org/core/terms. https://doi.org/10.1017/S147474801800049X


https://www.cambridge.org/core/terms
https://doi.org/10.1017/S147474801800049X
https://www.cambridge.org/core

K3 categories, cubic fourfolds, and BV filtration 5

Theorem 0.4. Let C C Y be a nonsingular connected rational curve of degree < 4. If £ is
a 1-dimensional sheaf supported® on C, then Conjecture 0.3 holds for (*E.

degC  [1]2]3]4
mind (:*€)[2(2]4]5

For a nonsingular connected rational curve C of degree < 4, we list in the table above
the minimal possible values of

d(*€) = 5 dimExt}y (€, *E)

for all £. These numbers are related to the maximal rationally connected (MRC) fibration
on the moduli space of rational curves in Y; see § 2 for further discussions.

0.5. Algebraically coisotropic subvarieties

Let M be a holomorphic symplectic variety of dimensional 2d. Following [41, Definition
0.6], a closed subvariety Z; C M of codimension i is called algebraically coisotropic if
there exists a diagram

Zi — M,

'

B;
such that the general fibers of ¢ are i-dimensional, and the restriction of the holomorphic
2-form on M coincides with the pull-back of a holomorphic 2-form on B;.

Voisin [41, Conjecture 0.4] conjectured that for every i < d, there exists an algebraically
coisotropic subvariety Z; --» B; of codimension i whose general fibers are constant cycle
subvarieties of M.5

This conjecture was addressed in [34] when M is a moduli space of stable objects in the
derived category of a K3 surface. We discuss in § 3 the connection between Conjecture 0.3
and Voisin’s conjecture for the moduli spaces of stable objects in Ay; see Theorem 3.2.
The crucial geometric input is the construction in Lemma 1.8 of a special uniruled divisor
on the Fano variety F.

0.6. Conventions

Throughout, we work over the complex numbers C. All varieties are assumed to be
(quasi-)projective. Morphisms between triangulated categories are C-linear.

1. A filtration on CH;(Y)

Let ¥ C IP° be a nonsingular cubic 4-fold and let F be the Fano variety of lines in ¥. In
this section, we present some basic properties of the filtration S,(Y) introduced in §0.3.

5Here we mean the reduced support of the sheaf £ is C.
6A constant cycle subvariety is a subvariety whose points all share the same class in the CHy-group of
the ambient variety.
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6 J. Shen and Q. Yin

Our filtration on CH{(Y), which is analogous to O’Grady’s filtration on the CHpy-group
of a K3 surface, relies heavily on the geometry of the Fano variety F.

1.1. Uniruled divisors

Uniruled divisors on F play an important role in the definition of the filtration Se(Y).
Note that there exist uniruled divisors on the Fano variety of lines in any nonsingular
cubic 4-fold. Below is a geometric construction.

In [38], Voisin constructed a self-rational map

o:F--»F (1.1)

sending a general line [ C Y to its residual line with respect to the unique plane P? ¢ P3
tangent to Y along I. The exceptional locus of ¢ then gives a uniruled divisor on F;
see [41, Proposition 4.4].

The following lemma asserts that the filtration Se(Y) does not depend on the choice of
the uniruled divisor.

Lemma 1.1. If a line [ C Y 1is special with respect to one uniruled divisor D C F, then it
is special with respect to any uniruled divisor of F.

Proof. We may assume that D is irreducible. Let D’ C F be another irreducible uniruled
divisor. We need to show that every point on D is rationally equivalent to a point on D’.

Let gr denote the Beauville-Bogomolov quadratic form on H2(F, Z). From the proof
of [11, Theorem 5.1], we see that either

gr(D,D") #0

or there exists a sequence of irreducible uniruled divisors D; (0 <i < m) with Dy = D
and D,, = D’ satisfying

qr(Di, Di+1) #0, i=0,1,...,m—1.

In the first case, by [11, Lemma 5.2] the intersection number of every rational curve
in the ruling of D and the divisor D’ is nonzero. Hence any point on D is rationally
equivalent to a point on D’, and Lemma 1.1 follows. In the second case we can use D;
(1 i <m—1) as transitions. O

1.2. Zero-cycles on F
We discuss the relationship between the class of a line in CH;(Y) and the corresponding
point class in CHy(F).”

Let P={(,x)€e FxY:x€l} C FxY be the incidence variety, which induces a
morphism

[Pl : CHo(F) — CH(Y). (1.2)

A result of Paranjape [32] says that [P], is surjective. The following fact is noted for
later reference.

7By abuse of notation, for a line / C Y we write both [/] € CH;(Y) and [/] € CHy(F).
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K3 categories, cubic fourfolds, and BV filtration 7

Lemma 1.2. The Chow groups CHo(F) and CH{(Y) are torsion-free.

Proof. The statement for CHy(F) follows from Roitman’s theorem [33]. For CH;(Y),
since the morphism [P], in (1.2) is surjective, it suffices to show that the kernel of [P],
is divisible. This is done by Shen and Vial in [36, Theorem 20.5] and the proof of [36,
Lemma 20.6]. O

We also show that special lines are sufficient to span CH;(Y).

Proposition 1.3. Let j: D — F be a uniruled divisor. Then [Pls induces a natural
isomorphism
Im(j, : CHo(D) — CHo(F)) — CH;(Y).

Proof. By [11, Theorem 5.1], the image
Im(j, : CHo(D) — CHo(F)) C CHo(F)

does not depend on the choice of the uniruled divisor D C F. Hence we can choose D as
the exceptional locus of (1.1). Then [36, Proposition 19.5 and Theorem 20.5] imply that

Im(jx : CHo(D) — CHo(F)) >~ CHy(F)/Ker([P].) =~ CH; (Y). O

By [36, 39], the Chow group CH(F) carries a canonical 0-cycle class [oF] of degree 1
which can be taken as any point lying on a constant cycle surface in F. Moreover, all
0-dimensional intersections of divisor classes and Chern classes of F are multiples of [of].

Recall that a line [ C Y is canonical if

3111 = [HT € CH\(Y)
where [H] € CH!(Y) is the hyperplane class. The following lemma shows the existence of
canonical lines in Y and provides a complete criterion.
Lemma 1.4. A linel C Y is canonical if and only if

[[1=T[or] € CHo(F).

Proof. By the proof of [39, Lemma 3.2], there exists a surface X C F such that the class
of every point on X' is [or] € CHy(F). We first choose a line [y C Y lying on X C F such
that there exists a plane IP’ZZO C P> tangent to ¥ along lo. In particular, we have

[lo] = [oF] € CHo(F).

2
ly’

Let [}, be the residual line of Iy with respect to the plane P
Pp Y =2ly+1).
By definition, we have [or] = ¢ ([lo]) = [l()] € CHy(F). It follows that
[H]? = [P1.(2llo] + [lg]) = 3[Pli[or] € CH(Y).

Hence by Lemma 1.2, a line I C Y is canonical if and only if

[Pl«ll] = [Plslor] € CHi(Y). (1.3)
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8 J. Shen and Q. Yin

It suffices to show that (1.3) is equivalent to [/] = [or] € CHo(F). Let
(/1 =[or]+ @) + 14 € CHo(F)

be the motivic decomposition of the point class [I] € CHo(F) constructed in [36, Part 3].
By [36, Theorem 20.5], the condition (1.3) is equivalent to [/]2) =0, which implies
[/]1 = [oF] after [34, Theorem 3.4]. O

Example 1.5. Let ¥ C P> be a nonsingular cubic 4-folds which contains a plane. Then
there is a uniruled divisor .
;) F

ol vl >

over a K3 surface X; see [17] and [34, Section 3.2] for the construction. We identify the
Chow groups CHo(D) and CHo(X) via the push-forward g,. By [34, Theorem 3.6], the
embedding j : D < F induces an injective morphism
Jx : CHp(X) =~ CHo(D) < CHq(F).
Applying Proposition 1.3, we find an isomorphism
[Pl.j« : CHo(X) = CH{(Y). (1.4)

We know from Lemma 1.1 that a line [ C Y is special if and only if the class [[] € CH{(Y)
corresponds to a point class [x] € CHyp(X) under the isomorphism (1.4). Lemma 1.4
and [34, Theorem 3.6] further imply that a line in Y is canonical if and only if its
corresponding point class on X is the Beauville-Voisin class [ox] € CHo(X).

In conclusion, our filtration on CH;(Y) coincides with O’Grady’s filtration on CHy(X)
under the isomorphism (1.4).

1.3. Generalities on the filtration S,(Y)

We prove that S,(Y) is a filtration into “cones” for any nonsingular cubic 4-fold Y. This
is parallel to [31, Corollary 1.7] in the K3 surface case.

Proposition 1.6. Let a,a’ € CH;(Y).
(a) Ifa € Si(Y) and o' € Sy (Y), then a+a’ € S;1i7(Y).
(b) If a € S;(Y), then ma € S;(Y) for any m € Z.
(c) We have
| si(v) =cHi(v).
i=0
Statement (a) is immediate, and (c) follows from (b) and Proposition 1.3. The proof
of (b) requires the following lemmas.

Lemma 1.7. Let Y — T be a smooth family of cubic 4-folds over a nonsingular variety
T, and let o« € CH? (). If the restriction aly, € CH1(Q;) lies in S;(V;) for a very general
point t € T, then the same holds for every pointt € T.
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K3 categories, cubic fourfolds, and BV filtration 9

Proof. Let F — T be the relative Fano variety of lines associated to the family Y — T.
Since the construction of uniruled divisors in §1.1 works universally over the moduli
space of nonsingular cubic 4-folds, we can find a relative uniruled divisor

De——s F

l (1.5)
T

whose restriction to every fiber gives a uniruled divisor.
Let DY) — T denote the i-th relative symmetric product of D. Consider the locus

1 1
Z= {Zzt,k e DY :aly, =Y sl +mllol € CHlom} cp®
k=1 k=1

with l; 0 C V; a canonical line. By the assumption that a|y, € S;();) for a very general
t € T, the locus Z dominates the base T. A standard argument using Hilbert schemes
shows that Z is a countable union of Zariski closed subsets of D). Hence there exists a
component Z' C Z which dominates T via the natural projection Z' — T. The restriction
of Z' to every fiber of DY) — T represents aly, as

1

aly, = Y [l +mll o] € CH (V)
k=1
with I; x (k > 1) special and /; o canonical in ). O

Lemma 1.8. Let Y be a general nonsingular cubic 4-fold and let F be its Fano variety
of lines. There exists a uniruled divisor j : D < F such that for every point x € D and
m € Z, we can find y € D satisfying

m[x] = [y]+« € CHy(D)
with j.o = (m — 1)[or] € CHo(F).
Proof. We first construct the uniruled divisor D C F.8 Let
P> = PHO(P°, Ops (1))

be the projective space parametrizing hyperplanes H C P, For 1 < e < 5, let B, denote
the closure of the locus formed by H C IP3 such that the cubic 3-fold H NY has e nodes.
Since Y is general, the locus B, C PS5 is nonempty and of codimension e. Consider the
incidence variety

W={(I,H)CFxBs:lCHNY}C F x By,

together with the natural projections

w4 F.

Js

By
Note that the fiber g~ ' (H) is given by the Fano variety of lines in the cubic 3-fold HNY.

8We learned this construction from a talk by Kieran O’Grady.
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10 J. Shen and Q. Yin

If a cubic 3-fold HNY contains a node, a standard fact [12] says that the Fano variety
of lines in H NY is birational to the symmetric product C g) of a genus 4 curve Cy formed
by lines passing through the node. In our situation, the cubic 3-fold H NY contains 4
nodes for every H € By, and each extra node creates a node on the curve Cy. Hence the
fiber g~ '(H) is birational to Cg) such that the normalization Ey of the curve Cy has
genus < 1. It follows that every fiber of ¢ : W — By is birational to a P!-fibration over
Epy, and the 3-fold W is uniruled. We define the uniruled divisor j : D < F to be the
image p(W) C F.

Claim. For any H € By, consider the composition
fig ') >wAF
which induces a morphism of Chow groups
fi: CHo(g™ ' (H)) — CHo(F).
Then there exists a point ay € ¢~ ' (H) such that
f«lan] = [or] € CHo(F).

Proof of the Claim. Let Hy be a hyperplane lying in Bs C PS. Then the fiber g~ "(Hp)
is a rational surface, and the class of every point on ¢~ (Hp) is [or] € CHo(F); see [39,
Lemma 3.2] or [41, Proposition 4.5].
Let Fg C F denote the subvariety of lines contained in the cubic 3-fold H NY. It suffices
to show that
FHmFHO # 0. (16)

For general hyperplanes H; and H», the intersection number [Fp, |- [Fp,] counts lines in
the nonsingular cubic surface Hy N HyNY. Hence

[Ful-[Ful = [Fu,1- [Fu,1 =27,
which proves (1.6). O

For H € By, consider the canonical isomorphism
_ 2
CHo(q~'(H)) ~ CHo(E). (1.7)

By resolution of singularities and the argument of [34, Lemma 2.2], any point class
[x] € CHo(g~'(H)) corresponds to a point class [x'] € CHO(E(;)) under the isomorphism

(1.7). Let [a},] € CHo(E ') denote the point class corresponding to [ag] € CHo(g ™' (H))
as in the Claim. Since Ey has genus < 1, there is an isomorphism

CHo(E'Y) ~ CHy(Ep).
Then the group law of elliptic curves gives a point y" € Eg) satisfying
mlx'1—[y'] = (m = Dlay] € CHy(Ef})
for x’ e Eg) and m € Z. Again, via the isomorphism (1.7), we find y € g~ "(H) such that
m[x] = [y]+ (m — Dla] € CHo(q ™' (H)).

This proves the lemma. O
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K 3 categories, cubic fourfolds, and BV filtration 11

Remark 1.9. In the argument above, we have constructed a uniruled divisor D C F
over an elliptic surface for a general cubic 4-fold. This special uniruled divisor will also
be used in §3 for the connection between Conjecture 0.3 and Voisin’s conjecture [41,
Conjecture 0.4].

Proof of Proposition 1.6(b). It suffices to show that if / C Y is special, then for any m € Z
there exists a special line I’ C Y satisfying

m[l] = [I'l+ (m — D)[lp] € CH;(Y). (1.8)

Here [Ig] € CH;(Y) is the class of a canonical line.

First, we consider when Y is general. By Lemma 1.1, we can assume that the special
line [ C Y lies in the uniruled divisor constructed in Lemma 1.8. Hence there exists a
special line I’ such that

m[l] = [I'l 4+ (m — D[or] € CHo(F).
We deduce (1.8) by Lemma 1.4 and by applying the correspondence
[Py : CHo(F) — CH(Y).

Next, we prove Proposition 1.6(b) for every nonsingular cubic 4-fold. We take T to be
the moduli space of nonsingular cubic 4-folds with )V — T the universal family. Consider
the relative uniruled divisor D — T as in (1.5). Assume that the cubic 4-fold Y is given
by the fiber V;, over 1o € T. A special line I C Y = ), can be chosen from a point lying
on the uniruled divisor D;,. After taking a finite base change, we may assume that the
family D — T admits a section s : T — D passing through I € D;,. The section s gives a
special line I; for every cubic 4-fold ). Since Proposition 1.6(b) is proven for a general
cubic 4-fold, we have

mll] € $1(%)
for a general fiber );. Applying Lemma 1.7, we find
m[l] € $i1(Y),
which proves (1.8). O

Using the uniruled divisor constructed in Lemma 1.8, we actually obtain the following
stronger result.

Proposition 1.10. Let o € CH{(Y) and let m be a nonzero integer. We have y € S;(Y) if
and only if my € S;(Y).

Proof. We only need to prove the ‘only if” part. By Lemma 1.7 and an argument similar
to the proof of Proposition 1.6(b), we may assume Y to be general. Let [ be any line lying
in the uniruled divisor D C F constructed in Lemma 1.8. Then the group law of elliptic
curves ensures that there exists a line I’ € D such that

ml[l'l = [[]+ (m — D[or] € CHo(F).

This proves the proposition. O
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12 J. Shen and Q. Yin

2. Rational curves in cubic fourfolds

Let Y be a nonsingular cubic 4-fold. In this section, we prove Theorem 0.4 and discuss
its connection to the moduli spaces of rational curves in Y.

2.1. The K3 category Ay

The K3 category Ay has been introduced by Kuznetsov via the semiorthogonal
decomposition of the derived category of a cubic 4-fold [17-19]. We first review some
basic properties of Ay.

Following the notation in [17], let

D’ (Y) = (Ay, Oy, Oy (1), Oy (2))

denote the semiorthogonal decomposition of the derived category D?(Y) with respect to
the exceptional collection Oy, Oy (1), Oy(2) € D*(Y). The induced component Ay given
by (0.2) satisfies the following lemma.

Lemma 2.1 ([20, §4]). Let £, F € Ay.
(a) Fori >3, we have ExtiDb(Y)(E, F)=0.
(b) Fori=0,1,2, there are canonical isomorphisms

Ext,, (€ F) = Extfj—b"(y) (F, &V,

(c) We have
2

X(E.F) =Y (=1) dim Extlb,,(y)(é’, F).
i=0

Let £, F € Ay. Since . ‘
Ext’ (E,F) = Ext’Ay(E,]:),

Db(Y)
Lemma 2.1 yields
2dimHom 4, (€, £) — dimExtYy (£, €) = x (€. &). (2.1)
The natural inclusion ¢, : Ay < D?(Y) admits a left adjoint functor

S DY) > Ay,

which is the ‘projection’ from D?(Y) to the K3 category Ay.

Lemma 2.2. Let [H] € CH'(Y) be the hyperplane class, and let [lg] € CH{(Y) be the class
of a canonical line. For any o € CHy(Y), we have

[H] o € Z-[lp] C CH{(Y).

Proof. Consider the following morphisms induced by j : ¥ < P,

CHy(Y) 25 CHy(PS) &5 CH, (1),
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K3 categories, cubic fourfolds, and BV filtration 13

Since CH,(P%) = Z - [H]?, the class
Jjsa =3[H] -«

is proportional to [H]?. Hence the lemma follows from Lemma 1.2. O

Corollary 2.3. For any € € DP(Y), we have c3(E) € S;(Y) if and only if c3(*E) € S;(Y).
Proof. Any £ € D?(Y) fits into a distinguished triangle

G — & — 1, 1" — G[1] (2.2)
with G € (Oy, Oy (1), Oy(2)). The corollary follows directly from (2.2) and Lemma 2.2.
O

Remark 2.4. As a consequence of Corollary 2.3, Conjecture 0.3 is equivalent to the
following: for any €& € D?(Y), we have

c3(&E) € Syre)(Y).

Recall the Mukai lattice on Ay introduced in [2, Section 2|. Let Kiop(Y) denote the
topological K-theory [3] of the cubic 4-fold Y, which is endowed with the Mukai vector
v Kiop(Y) > H*(Y, Q)
and the Euler pairing x (—, —). The Mukai lattice of Ay is defined to be the abelian group
Kiop(Ay) = {k € Kiop(Y) : x([Oy ()], k) =0 for i =0, 1,2},

to which a weight 2 Hodge structure is associated; see [2, Definition 2.2].
Let

pr = prooprj opry : Kiop(¥Y) = Kiop(Ay)
be the projection map with
pr; (k) =k — x([Oy ()], k) - [Oy ()]
For any £ € D(Y), we have
pri€] = ["€] € Kiop(Ay).

We define the Mukai pairing on Kip(Ay) to be the nondegenerate symmetric bilinear
form —yx(—, —), and we write 2 for the self-pairing (k, k). Then (2.1) implies

dimBxt}y (€, €) = [E] +2dimHom 4, (£, &) > [E]* +2 (2.3)

for any £ € Ay.
Note also that for a line [ C Y, the special classes

Li =[O = pr[O1()] € Kiop(Ay), i=1,2,
span an Aj-lattice

2 —1
Ay = <_1 2 ) C Kiop(Ay)

with respect to the Mukai pairing on Kiop(Ay).
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14 J. Shen and Q. Yin

2.2. One-dimensional sheaves

Let £ be a l-dimensional sheaf supported on a nonsingular connected rational curve
C C Y of degree e > 0. The class [£] € Ko(Y) can be expressed in terms of line bundles
on C. In particular, there exist (uniquely determined) integers r > 0 and m such that

[E]=re[Oi(1)]+m[Cp] € Kiop(Y),

where C, is the skyscraper sheaf of a point p €Y. On the other hand, by [14,

Example 15.3.1], we have
c3(€) = 2r[C] € CH(Y).

The following proposition gives the lower bound for

d(*€) = 5 dimExty (*€,*E).

Proposition 2.5. With the notation above,

(a) if e = 2k, then
d*E) > kK> +1;

(b) if e =2k+1, then
d(*E) > k> +k +2.

Note that the bounds above match the table in §0.4 for e < 4.

Proof. We have
pr[Cpl = A2 — A1 € Kiop(Ay).

Hence
[*E] = re[* O ()] +m[*Cpl = (re —m)r1 +mhy € Kigp(Ay).

By the inequality (2.3), we find
2d(*E) = [*E1P +2

= ((re—m)A +mi2)> +2

=203m? = 3mre+r2e*) + 2.
When e = 2k, we have

d(*E) = 3(m —rk)> + (FPk*> +1) > k> + 1.
When e = 2k + 1, we have
d(*E) = 3(m —rk)m —rk — 1) + (r2k*> +rk+2) > kK> 4+ k+2. O

We write b(e) for the bounds above,

K+l if e = 2k,
b(e) =
4k+2 ife=2k+1.
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K3 categories, cubic fourfolds, and BV filtration 15

To deduce Theorem 0.4, it suffices to prove the following statement for e < 4:
(1) For any nonsingular connected rational curve C C Y of degree e, we have
[C] € Spe)(Y).
Indeed, assuming (1) and applying Proposition 1.6(b), we find
c3(E) =2r[C] € Spe)(Y).

Theorem 0.4 then follows from Proposition 2.5 since d(t*E) > b(e).

We prove (1) for e < 4 in Sections 2.3 and 2.4. In [13], it is shown that the moduli space
of rational curves of a fixed degree e in Y is irreducible. By Lemma 1.7, the filtration
Se(Y) is preserved under specialization. Hence we only need to consider general rational
curves C C Y.

2.3. Lines, conics, and twisted cubics

Let g € CH'(F) be the polarization class given by the Pliicker embedding of Gr(2, 6). We
also fix a uniruled divisor D C F in the class ag for some a > 0.

Proposition 2.6. For a general linel C Y, there exists a plane IP)IZ C P35 and special lines
l1,1» € D such that
]P’IZ-Y =1+ +1h.

Proof. Given a line [ C Y, we write §; for the surface in F formed by lines meeting .
When [ is general, the surface S; is nonsingular by [37]. There is an involution

T8 =S

defined as follows. If I’ € §; is a line other than [, then 7;(I') is the residual line of the
pair (I,1). If I’ =1, then 5;(I") = ¢(I). For a point x € [, there is a curve C, C S; formed
by lines passing through x. The following intersections on S; are computed in [37]:

[CP =11 [mCHP =[eD],  gls = [Cxl+2[n(Co)]. (2.4)
By [36, Lemma 18.2], the intersection number of g2, is
gl =815 =21
Comparing with (2.4), we find
[Cil- [u(Cx)] =4,
which implies
gls - ux(gls) = ([Cx]+2[u(Cy)]) - ([m(Cx)] +2[Cy]) = 24.

Consider the curve D; C §; given by the intersection of §; and the uniruled divisor D.
To prove the proposition, it suffices to show that

DNt (D) # 0.
This is achieved by computing the intersection number
[D/]- [ (DD = a® - (gls, - ux(gls)) = 24a® > 0. O

Now we prove Theorem 0.4 in degrees e < 3.
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16 J. Shen and Q. Yin

Proof of (1) for ¢ < 3. Let Ip CY be a canonical line. For a general line [ CY,
Proposition 2.6 shows the existence of lines [, [ € D satisfying

[[1+[L]1+[k] = [H]? € CH (Y).
By Proposition 1.6, we have
(11 = —[l1] — [l +3[lo] € S2(Y).

Next, let C C Y be a general conic. Then there is a plane IP% C P’ containing C. Let !
be the residual line of the conic with respect to the plane IP%,

PL.Y =C+I.

We find
[C] = —[]+3[lo] € S2(Y).

Finally, let C C Y be a general twisted cubic, which is contained in a unique projective
space IP’3C C P5. The intersection
Ye=Piny

is a nonsingular cubic surface. By [41, Proposition 4.8], there exists a pair of lines
l1,1o C Yc such that C lies in the linear system |Oy.(l1 —lb+ H NYc)|, where H C P is
a hyperplane. This yields

[C]=[l]—[l2]+3[lo] € Sa(Y). O

2.4. Quartics and intermediate Jacobians

Let C C Y be a general quartic rational curve. Then C is contained in a unique hyperplane
H C P35, whose intersection with Y is a nonsingular cubic 3-fold

V=HNY.
The intermediate Jacobian of V is a principally polarized abelian 5-fold
Jy = H*'(V)*/H;(V, 2).

Let S be the Fano surface of lines in V, and let Alb(S) be the Albanese variety of S.
By [12], the Abel-Jacobi map induces a canonical isomorphism

Alb(S) = Jy. (2.5)

We fix a very ample uniruled divisor D C F as in §2.3. Consider the curve R=DNS
with R” — R the normalization. The composition

j:RR - RS

induces a morphism

u : Jac(R") — AIb(S),

where Jac(R') is the Jacobian of the nonsingular curve R’.
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K3 categories, cubic fourfolds, and BV filtration 17

Lemma 2.7. The morphism u : Jac(R') — Alb(S) is surjective.
Proof. It suffices to show that the morphism
j HYS,Q - HY(R, Q)
is injective. Suppose this does not hold. Then the projection formula would imply that
the bilinear form

H'(S,Q) x H'(S,Q) - Q
(a, B) =/Ol'ﬁ~[R]
S
is degenerate. This contradicts the ampleness of R. O

We fix a point xo € R and write I, C V for the corresponding line. Let x; € R’ be a
point in the preimage of xg. For any k > 0, there is a morphism from the symmetric
product R'® to Jac(R’) with respect to X0,

fi : R'® = Jac(R)), fu (Z x;> = Op (Z X/ —kx(g> :

1

Let
hi : RO = Jy
be the composition of fx : R'® — Jac(R’), u : Jac(R') — AIb(S), and the isomorphism
(2.5).

Corollary 2.8. The morphism hs is surjective.
Proof. Let g be the genus of the curve R’. Then the morphism
fo: R'® = Jac(R')

is surjective, and Lemma 2.7 implies that hg is also surjective. In particular, we have
8 = dim JV =5.

We show by induction that Ay is surjective for any integer k in the range

5<k<g.
The base case is k = g. Now assume the surjectivity of hgy;. Consider the closed
embedding
R'® — R*+D (2.6)

given by >, x/ = > x] 4+ x.

To show the surjectivity of the composition

Bt RO s gD Mg

it suffices to prove that the divisor R'® ¢ R'**+D in (2.6) is ample. Let

Ot R+ _y R+l

be the natural quotient map. The pull-back of Oguwr1) (R ®y via o341 is the ample line
bundle
OR/()C(/)) X OR/()C(/)) KX OR/(X(/)).
Since 741 is finite, we obtain the ampleness of R'® ¢ R/*+D, O
We finish the proof of Theorem 0.4.
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18 J. Shen and Q. Yin

Proof of () for ¢ = 4. First, note that there always exists a canonical line Iy C Y
contained in V. This can be deduced from the Claim in the proof of Lemma 1.8 and
specialization.

The Abel-Jacobi map

AJ : CH1(V)hom — Jv

of the cubic 3-fold V is an isomorphism of abelian groups; see [35, Theorem 5.6] and the
references therein. Given the quartic C C V, consider

AJ([C]+[lo] = 5[lx]) € Jv.

By Corollary 2.8, there exist 5 special lines [y, ..., [5 such that

5
AJ([C1+[lo] = 5[, ) = AJ <Z[li] _5[lx0]> :

i=1
Hence we have
5
[C1=)[h]—Ilo] € S5(Y). m
i=1
The argument above essentially proves the following result.

Corollary 2.9. For any « € CH|(Y) supported on a general hyperplane section HNY , we
have

a e Ss5(Y).

2.5. Another ten-dimensional example

Markushevich and Tikhomirov studied in [27, 28] the moduli space My of rank 2 vector
bundles supported on nonsingular hyperplane sections H NY with ¢; = 0 and ¢; = 2[I].
The (noncompact) moduli space My is nonsingular and holomorphic symplectic
of dimension 10. Moreover, every object in My lies in the K3 category Ay by [20,
Lemma 7.2].
As a consequence of Corollary 2.9, we have the following proposition.

Proposition 2.10. Conjecture 0.3 holds for any € € Mwr, i.e.,
c3(€) € Ss5(Y).
Remark 2.11. Every object £ € My is obtained from an extension
0— 0Oy = EMH)— Lg/v(2H) — 0,
where V = HNY is a nonsingular hyperplane section and E is a nonsingular quintic

elliptic curve. The noncanonical part of ¢3(€) comes from the 1-cycle class of E.
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K3 categories, cubic fourfolds, and BV filtration 19

2.6. Moduli of rational curves

Theorem 0.4 is closely related to holomorphic symplectic varieties constructed via the
moduli spaces of rational curves in a cubic 4-fold, which we now discuss.

For convenience, we assume Y to be a general cubic 4-fold. Let M, denote the moduli
space of nonsingular connected rational curves of degree e in Y. By [13, 16], the variety
M, is irreducible of dimension 3e + 1. For e < 4, there is a MRC fibration

Te: Mg ——» M, (2.7)
such that
(a) the base M, is a holomorphic symplectic variety;
(b) dim(M.) = b(e).

We briefly review the geometry of the map (2.7). When e = 1, the variety M} is the
Fano variety F of lines and (2.7) is an isomorphism. When e = 2, we still have M), = F
and the map (2.7) sends a conic to its residual line. Hence

dim(M)) = dim(M}) = 4.

When e = 3, the map (2.7) is constructed by Lehn, Lehn, Sorger, and van Straten
in [24], and the holomorphic symplectic 8-fold M} is shown in [1] to be of K34l type.
Finally, the case e = 4 is related to the recent work of Laza, Sacca, and Voisin [23, 42]. The
variety M) is a holomorphic symplectic compactification of the (twisted) intermediate
Jacobian fibration associated to Y, which is deformation equivalent to O’Grady’s
10-dimensional variety [30].

In all four cases above, we expect? that a birational model of the holomorphic
symplectic variety M/, can be realized as a moduli space of stable objects in the K3
category Ay. Furthermore, for a general rational curve C € M, with ¢ = 7. ([C]) € Ay,
there should exist integers k # 0 and m such that

c3(&c) = k[Cl+m[lp] € CH (Y). (2.8)

Here [y C Y is a canonical line.
Theorem 0.4 says that for e < 4 and C € M,, we have

[C]e S% dim./\/lﬁ,(Y)’

which is optimal in view of (2.8).

For e > 5, de Jong and Starr studied in [16] the canonical holomorphic 2-form on a
nonsingular projective model of the moduli space M,. Inspired by [16, Theorem 1.2], we
make the following speculation: for every e > 5, there exists an algebraically coisotropic
subvariety of a holomorphic symplectic variety M,

Z<l M,

I

1q

-

B
9This was verified for the Fano variety of lines in [5] and the Lehn-Lehn-Sorger-van Straten 8-fold
in [22].
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20 J. Shen and Q. Yin

which satisfies a list of properties.

(a) The variety M (or its birational model) can be realized as a moduli space of stable
objects in Ay.
(b) The general fibers of g are constant cycle subvarieties of M.

(¢c) For a general point z € Z with £, = j(z) € Ay, there exists a rational curve C € M,
and integers k # 0 and m such that

c3(&;) = k[C]+m[lp] € CH((Y).

Here Iy C Y is a canonical line.
(d) The dimension of B is 2b(e), where

3e

— e even,
ble) = 32e+1

— e odd.

When e is odd, de Jong and Starr showed that the canonical holomorphic 2-form
on M, is nondegenerate. Hence we expect B >~ M,.

The speculation above, together with Voisin’s proposal [41] and Speculation 0.1,
suggests the following optimal bound for the classes of rational curves of degree > 5
with respect to the filtration Sq(Y).

Conjecture 2.12. For any nonsingular connected rational curve C CY of degree e > 5,
we have

[C] € Spey(Y).
Remark 2.13. For ¢ > 5, the bound b(e) grows linearly with e, and clearly we have
b(e) < b(e).

Since M, is expected to govern only the point classes on an algebraically coisotropic
subvariety in a holomorphic symplectic variety, the quadratic bound b(e) should not be
optimal for the classes of curves C € M,.10

Indeed, the following proposition provides a (nonoptimal) linear bound for any curve
in .11

Proposition 2.14. For any curve C C Y of degree e, we have
[C] € Sae(Y).
10When e = 5, the two bounds b(5) and b(5) agree. It is possible that Mj is birational to a holomorphic

symplectic variety.
HWe thank Claire Voisin for suggesting this.
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K 3 categories, cubic fourfolds, and BV filtration 21

Proof. We prove that there exist integers k > 0 and m such that
kICl=—([li +L+---+hiel) +mllo] € CH (Y), (2.9)

where [; C Y are lines and [y C Y is a canonical line. The proposition follows immediately
from Proposition 1.10 and the e = 1 case of (¥).
Recall that P = {(I, x) € F x Y : x € [} is the incidence variety with natural projections

pr:P—>F, py:P—Y.

Let D be a nonsingular divisor in the polarization class g € CH! (F). We have the following
diagram

PDL)Y,

Iz

D

where pp is the restriction of prp to D C F, and f is the composition of the inclusion
Pp < P and py. Then f is a finite morphism such that

deg f-[C] = fi f*[C] € CH(Y). (2.10)
Since Pp is a projective bundle over D, the class f*[C] can be uniquely expressed as
f¥IC1 = ppao+ ppar - f*[H] € CHi(Pp) (2.11)

with «; € CH;(D) and [H] € CH!(Y) the hyperplane class. A direct calculation (as in the
proof of [7, Proposition 6]) yields

a0 =—¢glp-a1, a1 = pp«fF[C].

In particular, we know that —ag is an effective O-cycle class on D. Combining (2.10) and
(2.11), we find

deg f-[C1 = fulphao) + (fipha) - [H] € CH{(Y). (2.12)

Lemma 2.2 implies that (fip}1)-[H] is proportional to the class of a canonical line.
The degree of the effective class —ay is calculated by the intersection number

glp-a1 = glp- poxfr(elll) = e(g - [S;]) = 2le.

Here recall that S; C F is the surface formed by lines passing through a given linel C Y.
The last equality above is given by [36, Lemma 18.2]. Hence (2.12) gives the required
expression (2.9). O

3. Algebraically coisotropic subvarieties

Let M be a holomorphic symplectic variety of dimension 2d. In [41], Voisin proposed the
following conjecture.?

1214 is clear that Conjecture 3.1 implies [41, Conjecture 0.4]. The converse is proven in [41, Theorem
1.3].
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Conjecture 3.1 [41, Conjecture 0.4]. For 0 < i < d, there is a codimension i algebraically
coisotropic subvariety

Zi — M,

I

a4

B;
such that the general fibers of q are i-dimensional constant cycle subvarieties of M.

The following theorem is the main result of this section, which shows that the
sheaf/cycle correspondence for Ay can produce algebraically coisotropic varieties as in
Conjecture 3.1 for all holomorphic symplectic moduli spaces of stable objects in Ay.

Theorem 3.2. Conjecture 0.3 implies Conjecture 3.1 if the holomorphic symplectic variety
M is a moduli space of stable objects in Ay for a nonsingular cubic 4-fold Y.

3.1. K3 surfaces

Let X be a K3 surface. Theorem 3.2 is parallel to [34, Theorem 0.5(i)] which proves
Conjecture 3.1 when M is a moduli space of stable objects in D?(X). We briefly review
the main steps of the proof of [34, Theorem 0.5(i)].

For the moment, assume that the holomorphic symplectic variety M is a 2d-dimensional
moduli space of stable objects in D?(X).

Step 1. Let X be the symmetric product. Consider the incidence
R={(, & € Mx XD :cy() =[£]+mlox] € CHy(X)},

which is a countable union of Zariski closed subsets of M x X . We denote the
natural projections by

pm:R—> M, pyw:R— XD
By a result by Marian and Zhao [26], all points on the same fiber of pyw

(resp. py) have the same class in CHo(M) (resp. CHo(XD)).

Step 2. O’Grady’s conjecture [31], which was proven in full generality in [34], implies
that both py and pyw are surjective. Hence we can choose a component Ry C R
dominating M and X,

Ro

1V Y@ (3.1)

M X,

Moreover, both morphisms py and pyxw in the diagram above are generically
finite.

Step 3. For i < d, the codimension i algebraically coisotropic subvarieties with constant
cycle fibers are dense in X@. Hence we can always find an algebraically
coisotropic subvariety Z C X such that the morphism px@ in (3.1) is
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generically finite over Z, and that the restriction of py to p;((ld) (Z) is also
generically finite. Then

Z' = pu(pyi(2))
is a codimension i algebraically coisotropic subvariety of M which satisfies the
condition in Conjecture 3.1.

The main difficulty of the proof of Theorem 3.2 is the absence of the K3 surface,
which breaks down all three steps above. We show how to overcome this issue using the
geometry of cubic 4-folds and their Fano varieties of lines.

3.2. Step 1

From now on, we take the holomorphic symplectic variety M to be a 2d-dimensional
moduli space of stable objects in the K3 category Ay. First, we modify Step 1 in §3.1
by the following construction.

Let D C F be a uniruled divisor over a surface B,

Dl F
I
14

B
We identify the Chow groups CHo(D) and CHy(B) via the isomorphism

g« : CHy(D) = CHy(B).
For k£ > 0, the embedding j : D — F induces a morphism
i CHo(BW) — CHy(F).

We call W ¢ B® an F-constant cycle subvariety if jik)[w] is constant in CHg(F) for
every point w € W.

Lemma 3.3. There is a uniruled divisor D on F,

D <l F,
I
1q
<

B

such that the surface B contains infinity many F-constant cycle curves {C;} whose union
is Zariski dense in B.

Proof. First, we assume Y to be a general cubic 4-fold. In the proof of Lemma 1.8, we
have constructed a uniruled divisor ¢ : D --» B such that B admits a fibration

g:B—>T

whose general fibers are elliptic curves. Moreover, the Claim in the proof of Lemma 1.8
implies that there exists a multi-section C C B of the morphism g which is an F-constant
cycle curve.
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The required density is provided by the torsion structure of the elliptic curves on B.
More precisely, all irreducible components of the locus
Di={xeB:i[x—yl=0eCHy(g '(1),yeC,t €T}

give the curves C; for i > 0.
Since specializations preserve uniruled divisors and (possibly singular) elliptic curves,
we obtain the lemma for any cubic 4-fold. O

The elliptic surface B in Lemma 3.3 plays the role of the K3 surface X in § 3.1. Consider
the following incidence
R=1{(€.5) € Mx BY : c5&) = [PLj{"1§1+mllo] € CHi ()},
where [P], is the correspondence in (1.2) and [y is a canonical line. There are the two
projections
pm:R— M, ppa:R— B,

The argument in [26] gives the following result.

Proposition 3.4. Two objects £1, £y € M satisfy
[£1] = [&2] € CHo(M)
if and only if
c3(&1) = c3(&) € CHy(Y). (3:2)
Proof. We observe that the cycle class map
CH (Y) > H* (Y, 7)
is injective when i # 3. The statement for i =0, 1, and 4 is immediate, and the i =2
case follows from [9, Theorem 1(i) and (ii)]. Then, by Lemma 1.2, the condition (3.2) is
equivalent to
ch(&)) = ch(&) € CH*(Y)q.
The rest of the proof is the same as in [26] via the (quasi-)universal family over M x Y. O
As a consequence of Proposition 3.4, all points on the same fiber of ppw have the same

class in CHo(M). Moreover, by Proposition 1.3, every component of a fiber of pys is an
F-constant cycle subvariety.

3.3. Steps 2 and 3

We modify Steps 2 and 3 in § 3.1, and complete the proof of Theorem 3.2. Conjecture 0.3
now plays the role of O’Grady’s conjecture for K3 surfaces.
The following proposition is parallel to [31, Proposition 1.3] and [40, Corollary 3.4].

Proposition 3.5. Assuming Conjecture 0.3, there is a component Ry C R with the
following diagram,
Ro
ly ﬁ(d)
M B(d),

such that both morphisms py and pgw are dominant and generically finite.
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Proof. Conjecture 0.3 implies that R — M is dominant. Hence we can choose a
component Ry C R such that Ry — M is also dominant. Now it suffices to show that
the other projection pgw : Ry — B is also dominant.

Note that there is a nondegenerate!® 2-form wp on B satisfying

s *
J 0 =¢q WB,

where o € HO(F, Q%) is the holomorphic symplectic form on F. The 2-form wpg further

(@)
B

induces a nondegenerate 2-form w’ on B@. We only need to prove that the pull-back

of a)gi) via ppw@ : Ry — B@ coincides with the pull-back of the holomorphic symplectic

form on M via ppy (up to scaling). This is deduced from the fact that fibers of py are
F-constant cycle subvarieties in B and from Mumford’s theorem [29)]. O

This gives the required modification of Step 2. Finally, the density result of Lemma 3.3
plays the role of [34, Lemma 2.4], and the proof of Theorem 3.2 is identical to that of [34,
Theorem 0.5(3)].
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