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0. Introduction
0.1. Overview

Throughout, we work over the complex numbers C. For a proper morphism f: X —Y
between non-singular varieties, the perverse truncation functor [9] filters the derived
direct image Rf.Qx€D?(Y), which yields an increasing filtration on the cohomology
either for the total space X or for a closed fiber. Such a filtration is called the perverse
filtration, which encodes important topological invariants of the map f: X =Y.



2 D. MAULIK, J. SHEN AND Q. YIN

In recent years, perverse filtrations have played a crucial role in the study of inte-
grable systems, enumerative geometry and geometric representation theory. For many
interesting abelian fibrations (e.g. Hitchin systems), the associated perverse filtration is
discovered to satisfy the following two mysterious properties:

(1) it is multiplicative with respect to the cup-product;

(ii) the location of a tautological class in the filtration is determined by its Chern
grading of the universal family.

Indeed, the P=W conjecture of de Cataldo—Hausel-Migliorini for GL,. is equivalent
to (i) and (ii) for the GL,-Hitchin system [12], [13], and was proven recently using special
properties of Hitchin moduli spaces [38], [26]. On the other hand, similar phenomena
have also been found or conjectured for Lagrangian fibrations associated with compact
hyper-Kéhler manifolds [51], [13], compactified Jacobians associated with torus knots
[47], [48], and moduli of 1-dimensional stable sheaves on P? [32], and one would like to
understand this beyond the Hitchin setting. Note that, for general proper morphisms,
the perverse filtration will typically not be multiplicative even if the singularities of the
fibers are mild [11, Exercise 5.6.8].

The purpose of this paper is to systematically study the perverse filtrations associ-
ated with abelian fibrations, and give a uniform explanation for (i) and (ii) that applies in
different geometric settings. We show that both (i) and (ii) are essentially consequences
of the duality between derived categories of coherent sheaves and the support theorem
in the decomposition theorem package. Our work also shows the motivic nature of the

decomposition theorem associated with abelian fibrations.

0.2. Dualizable abelian fibrations

In §1.4, we introduce a class of proper morphisms, called dualizable abelian fibrations.
They are modelled on Hitchin systems and compactified Jacobian fibrations.

Roughly, for non-singular varieties M and B, we call a proper morphism m: M — B a
dualizable abelian fibration if it is an abelian fibration with a dual fibration 7#V: MY — B,
satisfying the following properties:

(a) (Duality) the bounded derived categories of coherent sheaves on M and MY are
related by Fourier—-Mukai transforms with certain nice properties similar to those of dual
abelian schemes;

(b) (Support) every simple perverse summand in the decomposition theorem for
Rm, Qs has full support B.
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We refer to §1.4 for more precise statements concerning (a) and (b). The Chern

character of the Fourier-Mukai kernel of (a) induces a Fourier transform in cohomology:

F=> S H (MY, Q) — H*(M,Q), Fp(H (M",Q))CH*29(M,Q),
k

where g is the relative dimension dim M —dim B. The Fourier inverse
=) 08"
k

behaves similarly. In order for the Fourier operators to have interesting homological

consequences, we further impose a vanishing condition on the relative product
MY xgMY.

We say that a dualizable abelian fibration as above satisfies the Fourier vanishing con-
dition if
§ o8 =0, it+j<2g. (FV)

THEOREM 0.1. Let 7: M — B be a dualizable abelian fibration satisfying (FV). Then,
the following properties hold:

(i) (Multiplicativity) the perverse filtration associated with m is multiplicative, i.e.,
PLHY(M, Q) x P HY (M, Q) — Py HT (M, Q);

ii) (Perverse D Chern()) for any class ac H*(MY,Q), we have

(i) ( y ,Q),

Si(a) € P H™ (M, Q).

In fact, we prove a stronger version of Theorem 0.1 which is of a motivic nature and
specializes to sheaf-theoretic statements; see Theorem 2.6.

Before discussing applications, we make some remarks on the condition (FV). For
an abelian scheme 7: A— B with its dual 7V: AV — B, the Fourier transform § was first
considered by Beauville [7]. It induces a canonical (motivic) decomposition, called the
Beauwille decomposition, of the cohomology or the Chow ring of the total space A; see
§1.2 for more discussions on this construction. Once we obtain the Beauville decompo-

sition, the statements (i) and (ii) above for the abelian scheme 7: A— B are immediate

(1) The term “Perverse D Chern” here means that the perversity (see §1.3.3 for the definition of
perversity) of a class §Fx(«) is bounded by the Chern grading k associated with the Fourier transform.
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consequences. A key step in Beauville’s theory is the observation that the operators §x

provide projectors, which follows from the vanishing
51085 =0, i+j#2.

Clearly, this vanishing is stronger than (FV) in the case of abelian schemes. The reason
why we do not pose this stronger condition is that it is hard to verify when the abelian
fibration has singular fibers, and furthermore, it is unclear if the vanishing for i+j>2g¢
holds in general.

On the other hand, the weaker condition (FV) is already sufficient to deduce the
desired properties (i) and (ii) of Theorem 0.1. Moreover, condition (FV) is natural: in
view of Arinkin’s work [5], [6], we will explain in §3 that (FV) holds essentially for the
same reason as the fact that the normalized Poincaré line bundle and the Fourier-Mukai
transforms can be extended over the singular fibers for certain abelian fibrations. The

following theorem is our main source of applications.

THEOREM 0.2. Let C'— B be a flat family of integral projective curves which admits
a section through its smooth locus. Assume that the associated compactified Jacobian
fibration w: Jo— B satisfies the following conditions:

(i) every curve in the family C— B has at worst planar singularities;

(ii) the total space Jc is non-singular.

Then, 7: Jo— B is a (self-)dualizable abelian fibration which satisfies (FV).

By promoting the Fourier theory from schemes to gerbes, we also prove a version
of Theorems 0.1 and 0.2 (as well as Theorem 0.3 below) for certain twisted compactified
Jacobian fibrations which are associated with families of curves admitting no section; see
Corollaries 4.6 and 4.7.

0.3. Applications

We discuss in this section some applications of Theorem 0.1, which explain and unify
some common features discovered in non-abelian Hodge theory, enumerative geometry

and representation theory.

0.3.1. The motivic decomposition conjecture

We first note that, as a by-product of our proof of Theorem 0.1, we verify in Corollary 2.7
the motivic decomposition conjecture of Corti-Hanamura [16] for a dualizable abelian
fibration 7: M — B satisfying (FV). This extends the motivic decomposition of abelian
schemes by Deninger—Murre [17]. Combined with Theorem 0.2, we obtain the following.
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THEOREM 0.3. Let 7: Jo— B be a compactified Jacobian fibration as in Theorem 0.2.
Then, the decomposition of Rm,Qj _ into (shifted) semisimple perverse sheaves admits a

motivic lifting.

We refer to Corollary 2.7 for the precise statement. This verifies the motivic decom-
position conjecture [16] for 7:.Jo— B, where the projectors are provided by Arinkin’s
Fourier-Mukai theory. See e.g. [15], [2] for other recent developments of the motivic de-
composition conjecture, and [14] for an unconditional construction of the (homological)

motivic decomposition in the setting of motivated classes.

0.3.2. The P=W conjecture

One of our motivations and applications comes from the P=W conjecture in non-abelian
Hodge theory, which we briefly review.

For a projective curve ¥ of genus ¢g>2 and two coprime integers r and n, the non-
abelian Hodge correspondence yields a diffeomorphism between the Dolbeault moduli
space Mp, which parameterizes rank-r and degree-n stable Higgs bundles on ¥, and
the Betti moduli space Mg which is the corresponding character variety. This further

induces
H*(MDova):H*(MBvQ)' (01)

In 2010, de Cataldo, Hausel and Migliorini [12] proposed a relationship between the
topology of the Hitchin system h: Mpo — B and the Hodge theory of Mg via (0.1); more
precisely, they conjectured that the perverse filtration associated with the Hitchin system

is matched with the double indexed weight filtration for the character variety:
PH*(Mpo1, Q) = War H* (Mg, Q). (0.2)

This conjecture, known as “P=W", has now been proven by the first two authors [38]
and Hausel-Mellit—-Minets—Schiffmann [26] independently via different methods.
THEOREM 0.4. ([38], [26]) The P=W conjecture (0.2) holds.

As we sketch now, our work in this paper provides a new proof of Theorem 0.4.

The P=W conjecture can be decomposed into three identities:
P.H*(Mpe1, Q) = CrH*(Mpo, Q) = Cr H* (Mp, Q) = Wor H* (Mp, Q). (0.3)

Here, C, stands for the Chern filtration defined via the tautological classes of the moduli
space.



6 D. MAULIK, J. SHEN AND Q. YIN

The second and third identities have been established earlier by work of Markman
[35] Hausel-Thaddeus [27] and Shende [52], respectively. As a result, the P=W conjec-
ture is reduced to the first identity — the “Perverse = Chern” phenomenon for the Hitchin
system. Indeed, both existing proofs [38], [26] proceed by establishing the first identity
using special features of the moduli space of Higgs bundles.

Moreover, in [41] Mellit proved the curious Hard Lefschetz for the character variety
Mg, which further reduces the full P=W conjecture (0.2) to

PyH*(Mpo1, Q) D CrH* (Mpo1, Q). (0.4)

The present work grew out of an attempt to understand the geometric nature of
(0.4). The surprising interaction between the perverse filtration and the Chern classes
predicts the existence of a good theory of Fourier transforms for certain abelian fibrations
with singular fibers. The discovery of an analogous conjecture for the P? geometry (see
§0.3.3) further suggests that (0.4) should be a phenomenon beyond Hitchin systems. This
leads us to Theorem 0.1.

Conversely, we will show that (0.4) is a consequence of our Fourier theory; in com-
bination with an argument from [26] to reduce to integral spectral curves, as we explain
in §5.4, this yields Theorem 0.4.

Remark 0.5. The above proof of P=W suggests that, over the locus of integral spec-
tral curves, (0.4) is a property of compactified Jacobian fibrations associated with curves
with planar singularities and does not rely on the representation theory perspectives of
[38], [26]. This approach gives a possible avenue for studying P=W phenomena beyond
the Higgs setting. More precisely, for any dualizable abelian fibration as in Theorem 0.1,
we may define the Chern filtration Cy H*(M, Q) as the span of the classes

3i(@) e H*(M,Q), j<k, acH*(M',Q).

This generalizes the Chern filtration defined in the GL, case, and does not rely on
Markman’s generation result [35]. Therefore, in view of (0.3), the P=W phenomenon is
reduced to understanding the interaction between the Fourier transform and the weight
filtration on the Betti side. Speculatively, for other Hitchin moduli spaces, this interaction

may be related to the Betti geometric Langlands correspondence.

0.3.3. Enumerative geometry of local P?

A phenomenon similar to (0.4) was discovered in [32] for the refined Bogomol'nyi-Prasad—
Sommerfield (BPS) invariants of local P2. It has a different origin from P=W since the
non-abelian Hodge correspondence is not relevant here.
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Fix coprime integers r and x with 7>3. Consider the moduli M, ,, of 1-dimensional
stable sheaves I on P? with [supp(F)|=rH and x(F)=x. Here, H is the hyperplane

class. The moduli space M,., admits a proper Hilbert-Chow morphism

h: M, . —PH°(P?, Op2(r)),
F+—— supp(F)

where supp(—) stands for the Fitting support. This proper map induces a perverse
filtration on the cohomology of M, ,. Analogously to the tautological classes [27] for the
moduli of Higgs bundles, Pi and the second author [49] introduced the tautological class

ce(j) € H*FH-D (M, ., Q)

given by integrating the normalized chy 1 of a universal family over H? € H* (P2, Q); see

§5.3.2. Moreover, it was shown in [49] that the first 3r—7 tautological classes

en(j) e HS2=D(M, ., Q)

generate the total cohomology as a (Q-algebra, and that there is no relation in degrees
<2(r—2). This allows us to consider the Chern filtration C, H<2("=2)(M,.,, Q) spanned
by

f[@c,(ji)gng(r 2) rxa@ Zkzgk

The following conjecture, known as “P=C", was proposed in [32], inspired by the original

P=W conjecture:
PoHS20™2 (My ., Q) = CoH S22 (M,., Q). (05)

Perverse filtrations associated with moduli of 1-dimensional sheaves have roots in enu-
merative geometry [29], [31], [39], [37]. In particular, the dimensions of the left-hand side
of (0.5) calculate the refined BPS invariants of the local Calabi-Yau threefold Tot(Kpz2)
for the curve class rH. The P=C conjecture (0.5) offers a geometric explanation to an
asymptotic product formula for the refined BPS invariants of the local P? calculated via
Pandharipande-Thomas theory. We refer to [32, §0] for an introduction.

The following theorem, which will be proven in §5.3, is a consequence of Theorem 0.1.
It verifies half of the conjecture (0.5).

THEOREM 0.6. We have

PLHS2=2 (M, Q) D C HS2 =2 (M, Q).
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Consequently, the P=C' conjecture (0.5) is equivalent to its numerical version [32,

Conjecture 0.1]:
dim Grl H*I (M, ., Q) = dim Gr& H'*I (M,,,Q), i+5<2(r—2).

We refer to §5.3 for more discussions on the P=C' conjecture and its consequences.

0.3.4. Compactified Jacobians

For an integral projective curve Cy with planar singularities, the compactified Jacobian
Jo, is an integral projective variety. These varieties behave like local analogues of Hitchin
systems; in particular, the singular cohomology H*(Jc,, Q) admits a canonical perverse
filtration

PyH*(Jc,, Q) C PLH*(Jc,, Q) C ... C H* (Jcy, Q) (0.6)

by [40], [42]. When Cj is a rational curve with a unique planar singular point, it was
proposed by Shende that J¢, should serve as the Dolbeault side of a P=W conjecture
with some “Betti moduli space” related to the link of the singularity. This proposal
was motivated by the connection between algebro-geometric invariants associated with
a planar singularity and topological invariants associated with the corresponding link;
we refer to [36], [46], [45], [53], [55], [10] for relevant work and recent developments.
Such a P=W conjecture is wide open to the best of our knowledge; nevertheless, it
predicts that the perverse filtration (0.6) has to be multiplicative with respect to the
cup-product. For special singularities P=y? with (p,q)=1, the multiplicativity was
proven by Oblomkov—Yun [47], [48] using tautological generators and representations of
the rational Cherednik algebra.

We establish the multiplicativity in full generality as a consequence of the sheaf-
theoretic version of Theorem 0.1 together with Theorem 0.2. This provides evidence for

the P=W conjecture for compactified Jacobians.

THEOREM 0.7. For an integral projective curve Cy with planar singularities, the

perverse filtration (0.6) is multiplicative with respect to the cup-product, i.e.,
PeH(Jc,, Q) x Po HY (Jcy, Q) = Posiw H (Jcy, Q).
In [50], Rennemo constructed a decomposition

H*(ijQ):@DkHd(ijQ)

k,d

using natural operators on the cohomology of the Hilbert schemes of points C([)k], and
showed that it splits the perverse filtration. He asked in [50, Question 1.4] whether this
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decomposition is multiplicative with respect to the cup-product. Theorem 0.7 implies
that D« is multiplicative, which answers affirmatively a weaker version of Rennemo’s
question. However, so far we do not know if the multiplicativity holds for a natural split-
ting of the perverse filtration. See also [40, Conjecture 2.17] for a natural (conjectural)

splitting of the perverse filtration.

0.4. Outline of paper

We briefly outline the contents of this paper. In §1, we review Beauville’s work on abelian
schemes and define the class of dualizable abelian fibrations which generalize it. In §2, we
prove our first main result Theorem 0.1, giving multiplicativity and “Perverse D Chern”
statements for dualizable abelian fibrations. Here, we use the work of Corti-Hanamura
on relative Chow motives which gives motivic enhancements of these results. In §3, we
prove Theorem 0.2; the key input is Arinkin’s theory of Fourier—Mukai transforms for
compactified Jacobians of integral locally planar curves, combined with an argument
using Adams operations. In §4 we use twisted sheaves to extend this to families of curves
without a section. In §5, we explain the proof of Theorem 0.6 and give the details of the

new proof of Theorem 0.4.
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1. Dualizable abelian fibrations
1.1. Overview

In this section, we first review the Beauville decomposition for an abelian scheme as
a motivating example. Then, we introduce the notion of dualizable abelian fibrations

which is a suitable framework for generalizing Beauville’s theory.
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1.2. The Beauville decomposition

To motivate our method, we start with a brief review of the Beauville decomposition [7],
[17]. We focus on the homological version for convenience.

Let m: A— B be an abelian scheme of relative dimension g over a non-singular base
variety B. The “multiplication by N” map [N]: A— A induces a canonical decomposition

of the cohomology
H*(A,Q) =D H,(A,Q), (1.1)

which we call the (homological) Beauville decomposition. Here,
Hiy(A,Q) = {a€ H*(4,Q): [Na= Nia}

is an eigenspace of the pullback map [N]*: H*(A4,Q)—H*(A4,Q). The decomposition
(1.1) is motivic (i.e. induced by projectors) and provides a splitting of the Leray filtra-
tion(?) L.H*(A, Q) associated with the fibration m: A— B, where

i<k
It is also multiplicative with respect to the cup-product, i.e.,
* * (@] *
H(i)(A,Q) xH(i,)(A, Q) —>H(i+i,)(A,Q). (1.2)
In fact, since for a,, B€ H*(A, Q) we have
[N]"(aUB) = [N]"aU[N]"B,

the multiplicativity follows simply by comparing the eigenvalues. For our purpose, we
would like to extend (1.1) to abelian fibrations with singular fibers. We give another
description of (1.1) using duality and Fourier transforms.

We consider the dual abelian scheme 7¥:AY — B, and denote by £ the normalized

Poincaré line bundle on AV x g A. Then, the correspondence given by the Chern character
ch(£L) =exp(c1(£))
induces the Fourier transform

§:H*(AY,Q) — H*(A,Q),
a— pas (pTaUch(L)),

(?) Here, L, H4(A,Q)=L%"* H?(A, Q) with respect to the usual convention for the Leray filtration.
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where p; and p, are the natural projections from AY x g A. The inverse transform F~1 is
induced by (—1)¢ ch(£). Using the Fourier transform § and its inverse § !, we obtain a
canonical decomposition of the cohomology H*(A, Q) which recovers the decomposition
(1.1). Indeed, for any class a€ H%(A, Q), we have

F )= "ol afeH™(4Y,Q).

This yields
a=FF )= i, ai=3Flal) € HL (A, Q). (13)

As was explained in [17], the decomposition (1.3) is motivic with projectors given by the
Chern character of the normalized Poincaré line bundle £. Consequently, the Beauville
decomposition (1.1) is governed by the normalized Poincaré line bundle L.

Moreover, the multiplicativity (1.2) can be seen from Fourier transforms together

with (1.3). For this, we use a new product structure on H*(A4",Q):
HY(AY, Q) xHY (AY,Q) —» HH T 29(4Y ),
(@, 8Y)— pu(aia’ Ugs BY),

where p: AY x g AV — AV is the addition map and ¢;: AV x g AY — AV are the natural pro-

jections. We shall call x the convolution, as it is Fourier-dual to the cup product, i.e.,
Fla’=BY) =F(a”)UF(BY).

It is also known as the Pontryagin product, as the definition involves the group structure
of AV. Now, given two classes aEHg.) (A,Q) and 6€H(dil,)(A,Q), we have, by (1.3),

S_l(a) c Hd+2g—2i(A\/7Q) and 3—1(@ c g +29—2¢ (AY,Q),
and hence §~1(a)*F~1(8)e HIHd +20-2i=2"(AV Q). Applying (1.3) again, we find
aUB=§(F " (a)+F'(8)) € H{TY (4, Q),
which shows the multiplicativity (1.2). Furthermore, we consider
§i=chy(L): HY(AY,Q) — H™729(4,Q).
Then, (1.3) also implies that
§i(H"(AY,Q))=H{;(4,Q),

which serves as a prototype for the “Perverse D Chern” statement of Theorem 0.1.
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1.3. Terminology and notation

We fix some terminology and notation in this section to prepare for further discussions.

1.3.1. Abelian fibrations

We say that m: M — B is an abelian fibration if both M and B are non-singular and
irreducible, 7 is proper with equidimensional fibers (hence flat), and M contains an open
subset P which is a smooth commutative B-group scheme 7: P— B whose restriction to
a certain open subset

ny: Py —UCB

is an abelian scheme.

We say that 7V: MY — B is dual to the abelian fibration m: M — B, if 7V: MV — B is
an abelian fibration and there exists an open subset U C B over which 7 and 7V form dual
abelian schemes. Denote by PYC MV the open commutative B-group scheme associated
with 7V. We say that

P € D Coh(MY x g M)

is a normalized Poincaré complex if the restriction of P to My xy My recovers the
normalized Poincaré line bundle £. Here, My and M}/ are dual abelian schemes over
some open UCB.

1.3.2. Coherent derived categories

Here, all morphisms are assumed to be proper. For two morphisms
f1:X1 — B and fQSXQHB

with X, X3 and B non-singular, an object € D? Coh(X; x g X») induces a Fourier—

Mukai transform

FMy: D Coh(X;) — D° Coh(X>),
F+— pa. (pi FRK).

Here, p; and p, are the natural projections from X; X g Xo and throughout this paper
all functors between coherent (resp. constructible) categories are derived.

For f3: X3— B with X3 non-singular, the composition of two objects

K € D’ Coh(X; xpX,) and K'€ DCoh(XsxpX3)
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is defined under certain flatness assumptions. For example, if f; and f3 are both flat,
then
K'oK :=p13.6*(KRK') € D’ Coh(X; x g X3), (1.4)

where p13 is the projection to the first and the third factors, and
6*: D’ Coh((X1 x g X2) x (Xox g X3)) — D’ Coh(X; x p Xy x g X3)
is the pullback along the regular embedding
X1xpXoxpX3— (X1 xpXo) X (XoxpX3)

base-changed from
AX22X2C—) Xox Xo. (3)

In this case the composition of the two Fourier—-Mukai transforms
FMg: D Coh(X;) — D° Coh(X>),

FMy: D’ Coh(X3) — D Coh(X3)

is induced by the Fourier-Mukai kernel K'<KC.

Remark 1.1. We also note that when descended to K-theory, compositions make

sense without flatness and for arbitrary objects
KeK.(X1xpXs) and K’ € K.(X2xpX3).
Here, K, (—) stands for the Grothendieck group of coherent sheaves. We define
KoK :=p13.0' (KRK') € K, (X1 x5 X3), (1.5)

where
5!ZK*((X1 XBXQ)X (X2 XBXS)) ——)K*(Xl XBX2 XBX3)

is the refined Gysin pullback with respect to the regular embedding
AX22X2C—) XQXXQ;

see [4, §3]. The compatibility between (1.4) and (1.5) (when the former is well defined)

is straightforward.

(3) Without flatness (or derived algebraic geometry), the object K'oK defined above may be
unbounded or ill-behaved.
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For any non-singular B-scheme X, the identity
id b Gon(x): D” Coh(X) — D’ Coh(X)

is induced by the structure sheaf of the relative diagonal O, €D’ Coh(X x5 X). We
say that two objects

K € D’ Coh(X; xpX,) and K'€D’Coh(XoxpX;)
are inverse to each other, if
K'oK~Ony, ,; and KoK'~Oay, .-

Consequently, the Fourier—-Mukai transforms FMy and FMy: are both derived equiva-
lences which are inverse to each other.

We say (by abuse of notation) that an object F'€ D® Coh(X) is of codimension ¢, if
the support of every non-trivial cohomology H!(F) is of codimension >c.

1.3.3. Constructible derived categories

Let f: X — B be a proper morphism between non-singular varieties with equidimensional

fibers. By the decomposition theorem [9], we have

£:Qx ~ @ PH (f.Qx)[—i] € DY(B),

2

where D%(—) stands for the bounded derived category of constructible sheaves and all
functors are derived. Each perverse cohomology on the right-hand side is a semisimple
perverse sheaf. We say that f has full support, if each simple summand of *H!(f.Qx)
has support B.

Next, we introduce the main characters of this paper— perverse filtrations. The

sequence of perverse truncation functors yield morphisms

p7<k+dime*@X — f*@Xa

which induces both the global and the local perverse filtrations.(*) More precisely, the
global perverse filtration on the total cohomology of X is given by

Pk:Hd(X7 Q) =Im {Hd(vaT§k+dime*QX) _>Hd(X7 Q)} )

(4) Here, we are following the indexing convention of [12] — the resulting perverse filtrations begin
from Py.
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and, for a closed point b€ B, the local perverse filtration on the cohomology of the closed
fiber X} is given by
P HY (X, Q) :=H (P T<t dim BFQx )p-

A priori, the local perverse filtration for X, depends on the total family f: X — B.
We say that a class a€ HY(X, Q) has perversity k if

a€PLHY(X,Q).

1.4. Dualizable abelian fibrations

Dualizable abelian fibrations are extensions of abelian schemes involving singular fibers,
for which most properties given by the Fourier transform described in §1.2 may be gen-

eralized.

Definition 1.2. (Dualizable abelian fibration) Let m: M — B be an abelian fibration
of relative dimension g, i.e. g=dim M —dim B. We say that m: M — B is a dualizable
abelian fibration, if it has a dual abelian fibration 7v: MY — B (see §1.3.1) satisfying the
following properties:

(al) (Poincaré) There is a normalized Poincaré complex P€ D’ Coh(M" x M)
which admits an inverse P~1€ D Coh(M xgMV), i.e.,

P leP~0a,y,, and PP '~0a, .. (1.6)

(a2) (Convolution) There is an object K€ D? Coh(MY x g M"Y x g M") of codimen-

sion g (see §1.3.2 for the definition of codimension), which satisfies
Pol Oy, o(PRP) € D* Coh(MY x g MY x g M). (1.7)

Here, Aj‘j‘/ g is the small diagonal of the relative triple product M xp M xg M, and the
notation Oasm . o(PXP) stands for composing P with Onsgm , via the first (resp. second)
factor of M xg M x g M. We shall refer to K as the convolution kernel, as it induces a
product structure on D® Coh(M") which is Fourier-Mukai-dual to the tensor product of
DP Coh(M).

(b) (Support) The morphism 7 has full support.

Here, (al) and (a2) serve as the detailed version of (a) in §0.2. We list some con-
sequences of (al) and (a2) in terms of Fourier-Mukai transforms. Using (al), we can
define the Fourier-Mukai transforms FMp: D Coh(M"Y)— D® Coh(M) and its inverse

FMp' =FMp-1: D® Coh(M) — D® Coh(M").
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Next, we define a convolution product via K in (a2):
s: D® Coh(M")x D* Coh(M") — D Coh(M"Y), FyFy = p3.(p}Fi@psFa®K).

Then, (1.7) implies the interaction between Fourier-Mukai transforms and the convolu-
tion:

FMp (F))@FMp(Fy) ~FMp(F % Fy), Fi,Fye D’ Coh(MVY).
We also note that dualizable abelian fibrations extend abelian schemes.
PROPOSITION 1.3. An abelian scheme w: A— B is dualizable in the sense above.

Proof. The abelian schemes m: A—B and 7V: AY — B form dual abelian fibrations,
with P given by the normalized Poincaré line bundle £. The properties concerning the
convolution were proven in [43, (3.7)]. In particular, restricting over a point b€ B with

fiber Ay =Pic’(Ay), the convolution kernel is the structure sheaf of the locus
{(ll, lg, lg) S PiCO(Ab)XS Rl ~ l3}

This is clearly a codimension-g locus over B. Finally, we note that each simple summand

of Rim,Q4 is a local system with support B, which guarantees (b). O

Another class of dualizable fibrations is given by compactified Jacobian fibrations,
which we will discuss systematically in §3. Arinkin’s theory of the Poincaré sheaf [5], [6]

plays a crucial role. We will also treat twisted compactified Jacobian fibrations in §4.

2. Multiplicativity and perversity
2.1. Overview

In this section, we apply Fourier transforms to study the perverse filtrations for dualizable
abelian fibrations. After the necessary preparations, we state our main result in Theo-
rem 2.6 which is an extension of the Beauville decomposition and a motivic enhancement
of the multiplicativity and the “Perverse D Chern” statements of Theorem 0.1. Along the
way, we note in Corollary 2.7 that our approach actually confirms the motivic decompo-
sition conjecture of Corti-Hanamura [16] for a dualizable abelian fibration satisfying the

Fourier vanishing. The proofs are given in §2.5.

2.2. Relative correspondences

As our strategy involves passing from coherent derived categories to cycle classes, we find
it convenient to use the language of relative Chow motives developed by Corti-Hanamura
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[16]. This notion has its advantage in the various realizations: Chow groups, mixed Hodge
modules, constructible sheaves, and particularly, global cohomology equipped with mixed
Hodge structures. Some of these realizations are relevant to our results while others might

draw potential interests. We begin with a quick review of the theory.

2.2.1. Relative Chow motives

We fix a non-singular base variety B. All Chow groups CH,(—) are taken with Q-
coefficients. Let f1: X1 — B and fs: Xo— B be two proper morphisms with X; and X5
non-singular. If X, is equidimensional,(®) we define the group of degree k relative corre-

spondences between X; and X5 to be
Corr’ (X1, X3) := CHaim x, -1 (X1 X 3 X2).
Compositions of correspondences are similar to the compositions of Fourier—-Mukai kernels
in (1.5). For f3:X35— B proper with X3 non-singular, and given
re Corr%(Xl, X5) and T'e€ Corrg (X2, X3),
we set
Vol = py3. 8 (D xIV) € Corrs™ (X1, Xs), (2.1)
where p13 is the projection to the first and the third factors, and
5!1 CH*((Xl XBXQ) X (XQ XBXg)) — CH*—ding (Xl XBX2 XBX3)
is the refined Gysin pullback with respect to the regular embedding
AXQ:XQC—>X2XX2.
For X non-singular and proper over B, a self-correspondence pGCorr%(X ,X) is a pro-
jector if pop=p.
The category of relative Chow motives over B, denoted CHM(DB), consists of triples
(X, p,m) where X is non-singular and proper over B, peCorr% (X, X) is a projector, and
m is an integer taking care of Tate twists. Typical examples are given by the motive of
X, ie.,
h(X):=(X,[Ax/5],0).

Morphisms between (Xi,p, m) and (Xs,q,n) are defined by
HomCHM(B) ((Xla P, m)> (X2a q, TL)) = qOCOI‘I‘%_m(Xh XZ)Op'
The category CHM(B) is additive and pseudo-abelian by construction. Note that, how-

ever, it admits no tensor product as relative products of non-singular B-schemes are

often singular.

(5) If X2 is not equidimensional, we decompose X2=Llo X2 o and define the group of correspon-
dences accordingly.
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2.2.2. Homological realizations

In this paper we are mostly concerned with homological realizations of CHM(B).(°) A
key observation in [16] is that, if f;: X1— B and fo: Xo— B are two morphisms, with f;

proper and X5 non-singular, then there is a natural isomophism

¢ Hompy gy (f1.Qx, [, f2xQux, []) — HIM xp i (X1 x5 X2,Q). (2.2)

The isomorphism ¢ is compatible with compositions on both sides in the following
sense. For i=1,2,3, let f1: X1 — B and f5: Xo— B be morphisms, with f; and fs proper

and X» and X3 non-singular. Given two morphisms in D%(B),

u: fl*QX1 ['L] — f2*QX2 []]a
v: f2.Qx, [1] — f3:Qx, [,

we have

$(vou) = p(v)od(u) € Hygiyn x, i1 (X1 x5 X3, Q), (2.3)

where the definition of compositions in Borel-Moore homology is identical to (2.1); see
[16, Lemmas 2.21 and 2.23].
Consequently, by the cycle class map

cl: CH*(_) — H2B*M(_a @)

and by showing that D%(B) is pseudo-abelian [16, Lemma 2.24], Corti-Hanamura ob-

tained a well-defined realization functor
CHM(B) — D(B) (2.4)

sending
(f: X —B,p,m)

to ps«(f«Qx[2m]). The functor further specializes by taking global cohomology H*(—).

2.2.3. Multiplicative structure

We now discuss the multiplicative structure of the motive

h(X):(fX*}Bv[AX/B]vo)

(6) We refer to [24] for the Chow realization.
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and its realizations. With no tensor product in CHM(B), we define manually a binary
operation of motives as follows. For i=1,2,3, let f;: X;— B be proper morphisms with
X, non-singular. If X3 is equidimensional, we define the group of degree-k binary relative

correspondences
COI‘l“%(.le7 Xg; Xg) = CHdimX37k<X1 XBX2 XBX3).

For i=1,2,3, let g;: Y;— B be three more proper morphisms with Y; non-singular. Given

four correspondences

I, e Corrlfg1 (Y1, X1),
I'ye Corr% (Y2, X2),
I'se Corrlfg3 (X3,Y3),
T € Corrly (X1, X2; X3),
there is the composition

[30T6(T'y xT'y) € CorrlyHFitkaths (v, 1y, v3).

Here, the notation stands for composing I'y and I's with I via the X; and X5 factors,
respectively, and then with I's via the X3 factor, which makes sense since X, X5 and X3

are all non-singular. A binary morphism of motives
(X1,p,m)x(X2,q,n) — (X3,1,p) (2.5)
is then given by a binary relative correspondence
volo(pxq), T €Corrly ™ "(X1, Xa; X3).

Remark 2.1. One can similarly define multinary morphisms of relative Chow mo-
tives, or go even further to equip CHM(B) with the structure of a pseudo-tensor category
in the sense of Beilinson—Drinfeld [8, §1.1]. But, for our purpose, we shall concentrate

on the usual morphisms and the binary ones.

To see the relation of (2.5) with the realization functor (2.4), we observe that by

(2.2) composed with the Kiinneth formula, there is a natural isomorphism
®: Hompy () (f1.Qx, [1]© f2xQx, [7]; f3:Quxs [K]) = HPM x, 1iry 1 (X1 X X2 X5 X3,Q).

The compatibility of ® with compositions on both sides is summarized in the following
lemma. We include a short proof, as we could not find it in the literature.
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LEMMA 2.2. For 1=1,2,3, let f;: X;—B be as above and g;: Y;— B be morphisms,

with g1, g2 proper and Y3 non-singular. Given the following four morphisms in D2(B):

w: 91:Qy, [1i'] — f1.Qx, [i],
v: 92:Qy; [§'] — f2Qx, 4],
w: f3.Qx, [k] — g3.Qy; [K],
T: f1.Qx, [1]® f2.Qx, [1] — f3:Qx; [K],

we have

®(woTo(u®v)) = (w)o@(T)o(p(w) X (v)) € HYdim vy i1+ (Y1 XBY2 X 5 Y3, Q).

Proof. We decompose the lemma into the following three statements:

B(Tow) = (T b (u), (2.6)
B(Tov) = B(T)-0(v),
B(woT) = §(w)-B(T) (2.7)

Statement (2.7) follows from (2.3) by viewing X; x 5 X3— B as a whole and by Kiinneth.
Indeed, the assumptions of (2.3) are satisfied, since Y3 is non-singular. For symmetry
reasons, it remains to prove (2.6). Note that (2.3) does not apply directly, as Xa x g X3
may be singular.

The strategy is to go through the actual proof of (2.3) in [16, §3], and reduce to
the technical Lemma 3.1 therein. We first remark that u corresponds via adjunction and

proper base change (since g; is proper) to a morphism in D%(X;):

U/ZP*QK X X1 [” — QXI M’

where p: Y7 x g X1 — X is the second projection. Also, by adjunction, T' corresponds to
a morphism in D%(X;):

Qx, [i{] — f1 RHom(f2.Qx, [j], f3.Qx, [k]). (2.8)



PERVERSE FILTRATIONS AND FOURIER TRANSFORMS 21

We have natural isomorphisms

i RHom(f2.Qx, 1], f3.Qux, [K])
~ RHom(f} f2.Qx,[f], f1 f3:Qx,[K])
(f2 is proper) =~ RHom(p12Qux, x5 x, 1] p12P5" Qi [K])
(X3 is non-singular) =~ RHom(p12Qx, x 5 x, [1], PIowx, x 5 x5 [k — 2 dim X3])
(X1 is non-singular) ~ RHom(p 2Qx, x »x, [1], P12t Qx, [k+2 dim X; —2 dim X3])
(P12 is proper) =~ pi2 RHom(Qx, x 5 x, 7], P12 propt¥ Qx, [k+2 dim X; —2 dim X3))

~p12(p*pi¥)p1*' Qx, [k—j+2 dim X; —2 dim X3]

2 A 17 Qi g+ 2k X2 X
Np123p%23'QX1 [k—j+2dim X;—2dim X3], (2.9)

where the p_ stand for the various projections from relative products of X;. We write
T Qx, [i] — ¢.¢'Qx, [k —j+2 dim X; —2 dim X3]
for the morphism in D2(X) resulted from (2.8) and (2.9), with
q=p1?: X1 xpXoxpXs— X3

being the projection to the first factor.
Finally, we obtain (2.6) by applying [16, Lemma 3.1] to v’ and 7", together with an

identical diagram chase as in [16, Proof of Lemma 2.23]. O

In particular, the binary morphism (2.5) specializes to a well-defined morphism in
DY(B):

One primary example of binary morphisms of motives is the cup-product
U h(X) xh(X) — h(X)

corresponding to the small relative diagonal [A%) 5l€Corry (X, X; X). Tt specializes to
the sheaf-theoretic cup-product in D%(B),

U: f.Qx ® f.Qx — f.Qx,

and further to the cup-product
U: HY (X, Q) x HY (X,, Q) — H* (X, Q)

by restricting to the closed point b€ B.(7)

(") In the Chow realization, the cup-product specializes to the intersection product on CH*(X).
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2.3. Chern characters

As we will be working throughout with coherent sheaves on singular varieties, we need a
systematic definition of Chern characters taking values in Chow groups. For convenience,
we use the Riemann-Roch theorem of Baum-Fulton-MacPherson in [22, Chapter 18].
Let K,.(—) (resp. K*(—)) denote the Grothendieck group of coherent sheaves (resp.
vector bundles). By [22, Theorem 18.3], for any finite type scheme X there is a homo-
morphism
T: K (X) — CH,(X)

satisfying the following properties:
(i) For f: X =Y proper and FeK,(X), we have f.7(F)=7(f.F).
(ii) For E€e K*(X) and FeK,(X), we have 7(EQF)=ch(E)NT(F).
(iii) Ifi: X & Y is a closed embedding with ¥ non-singular, then, for Fe K, (X),

7(F) =ch% (F.)Ntd(Y)N[Y] = td(i* Ty )Nchy (F.)N[Y]. (2.10)

Here, Ch§(*) is the localized Chern character in [22, §18.1], and F, is any locally free
resolution of i, F on Y.
(iv) If f: X =Y is a local complete intersection (l.c.i.) morphism and both X and YV’

admit closed embeddings in non-singular varieties,(®) then, for Fe K, (Y),

T(f*F)=td(Ty)Nf*7(F).

Here, Tye K*(X) is the virtual tangent bundle of f.
Intuitively, one can think of 7 as a covariant (for proper morphisms), Todd-twisted

Chern character for coherent sheaves on arbitrary varieties.

2.4. Statement of the main theorem

Let m: M — B be a dualizable abelian fibration of relative dimension g in the sense of §1.4,
and let 7V: MY — B be its dual abelian fibration. We consider the normalized Poincaré
complex P€DY(MY x g M), and define

SZ:td(—TMvXBM)mT('P)ECH*(MVXBM), (211)

where Thv x ;a1 the virtual tangent bundle of MY x g M (since MY x g M is l.c.i.). By
(2.10) applied to the closed embedding i: MY x g M < MY x M, we also have

F=td((r" x pm)*T)Nech )l XM (P)NMY x M], (2.12)

(®) The assumption on the embeddings was recently removed by [3].
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where 7V x gm: MY x g M — B is the natural morphism. On the other hand, for the inverse

of P, we set
S li=td(—(rxpm¥)* Te)NT(P~) (2.13)
= td(Tars arv )Y M (PN M x MY] € CHL (M x g MY). '

We view both § and ! as mixed-degree relative correspondences, and call them the

Chow-theoretic Fourier transform and its inverse.
LEMMA 2.3. We have
§ o =[Anv ] € Cortly (MY, MY),
30371 = [AM/B} € COI‘I‘%(M, M)
Proof. We take PfloP:OAMV/B from (1.6), and apply 7 on both sides. On one

hand, we have
T(Oayv,5) =Bmv/pT(Onv)
= A (6 (T ) MY (214)
=td(q" Tarv )N [Anrv sl
where ¢f: MY x g MY — M is the first projection. On the other hand, we compute
(P~ oP) =pis.7(0* (PRP))
= P13« (b (=p3Thr) NS T(PRP L)) (2.15)
= P13 (td(—=p5Tar) NS (T(P) x7(P~1))).

Here, we have taken the notation from §1.3.2 and §2.2.1. The second equality uses the
flatness of mV: MV — B, so that the base-changed embedding

MYxpMxpMY < (MY xgM)x(MxgMVY)
is regular (and hence l.c.i.) with normal bundle identified with p5Tys, and pulling back
along this embedding coincides with the Gysin pullback §'. The third equality uses [22,

Example 18.3.1].
By capping both (2.14) and (2.15) with td(—q,*Tasv), we find

[Anrv/p]=td(—ay*Tarv ) Np1as (¢d(—p3Tar ) NS (7(P) x T(P~1)))
= P13 (td(—pi Tapv ) Ntd(—p3Tar) NS (T(P) x 7(P~1)))
=130 (bd(=Tasv o) NT(P)) x (td(—(mx 7Y ) Tp)NT(P~Y)))
=p13:0 (FxF )
=513,

which proves the first statement. The proof of the second one is almost identical. O
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Remark 2.4. The seemingly asymmetric assignments for § and F~! are deliberate.
For instance, § restricts to the Fourier transform in [17] over the open UC B, where

m: My —U is an abelian scheme,
§lu = ch(L)N[My xy My] = exp(c1 (L)) N[My xu My,
with no Todd contribution whatsoever. Another reason is the compatibility with tauto-
logical classes; see §5.2.
We decompose both § and F~! into

§=> & FicCorry (MY, M),
i>0
3—1:23;1, §; e Corr'y 9 (M, MVY).

i>0

Now, we can formulate the Fourier vanishing mentioned in §0.2 in terms of corre-

spondences.

Definition 2.5. (Fourier vanishing) With the notation as above, we say that the du-
alizable abelian fibration 7: M — B of relative dimension g satisfies the Fourier vanishing
(FV) property, if

§teF;=0€e Corr'd 72 (MY, MY), i+j<2g. (FV)

The main theorem of this section is a motivic version of Theorem 0.1.

THEOREM 2.6. Let m: M — B be a dualizable abelian fibration of relative dimension g
which satisfies (FV).
(i) (Decomposition) For each k, the pair of self-correspondences
pri= Z Siogz_glfi € Corr'y (M, M),
i<k
Qlt1:= Z &oSQ_gl_iGCorrOB(M, M)

i>k+1

are orthogonal projectors, and induce a decomposition of motives
h(M) = Ph(M)®Qr+1h(M) e CHM(B), (2.16)

with
th’(M):(Map/WO) and Qk+1h(M):(Mchk+170)~
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(ii) (Realization) For each k, the homological realization of Pyh(M) together with
the inclusion Piph(M)—h(M) is the natural morphism

PT<ktdim BT«Qpnr — m.Qr.

Similarly, the homological realization of h(M)— Qr+1h(M) is the natural morphism

T Qum — Pkt 14dim BT Qs
(iii) (Multiplicativity) For each pair (k,l), the cup-product
U: h(M) x h(M) — h(M)

projects to zero on
U: Peh(M)x Pbh(M) — Qpi+1h(M).

(iv) (Perverse D Chern) For each k, the morphism §p: h(M")(g—k)—h(M) projects
to zero on

Sk h(MY)(g—k) — Qpi1h(M).

In view of the discussion in §2.2.3, Theorem 2.6 (iii) specializes to the sheaf-theoretic

multiplicativity
U: Prcptdim BT Qur @ <t dim BTQar — Pk t1+dim 8™ Qur,

which further specializes to Theorem 0.1 (i). Theorem 2.6 (iv) specializes immediately
to Theorem 0.1 (ii) by taking global cohomology. Assuming Theorem 0.2 (which will
be proven in §3) and Theorem 3.1 (the perverse filtration (0.6) being intrinsic), Theo-
rem 2.6 (iii) also specializes to Theorem 0.7 concerning the cohomology of a single curve
with planar singularities.

Moreover, by tweaking the projectors pj of Theorem 2.6 (i), we obtain a motivic

decomposition for 7: M — B, thus confirming Corti-Hanamura’s conjecture in this case.

COROLLARY 2.7. Let m: M — B be a dualizable abelian fibration of relative dimen-
sion g which satisfies (FV). Then, there exists a decomposition of motives
29
h(M) =@ hi(M) € CHM(B)

=0

whose homological realization recovers the decomposition theorem for m: M — B.
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2.5. Proofs

We now prove the four statements of Theorem 2.6. Afterwards, we note that Corollary 2.7

follows immediately.

2.5.1. Decomposition

By Lemma 2.3, we have

2g

(Al =FF ' =) FioSays =Prtaisr € Corry (M, M),
=0

where the second equality holds for degree reasons. Applying condition (FV), we find

29
Pe=[An/plopr = (Z&o%;;_i)o( > sjos;;_j>
i=0 <<k

= <Z&o&2;i) o ( Z&-o&z;]) = ProPr

i<k i<k
dk+1=[Anr/B] =Pk = ([Anry Bl =Pr) o ([Any/Bl —Pr) = Akt 1°Gk+1,

Prodi+1=pre([AnyB]—pr) =0,

Jkt1°Pk = ([Apr/ Bl —Pr)opr =0.

This shows that pi and qi41 are orthogonal projectors adding up to [Ajs/p], which

proves the motivic decomposition (2.16).

2.5.2. Realization

The realization statement is a consequence of the support condition (b) of §1.4. We first
remark that, by restricting to the open subset UCB where my: My —U is an abelian

scheme, the self-correspondences
Prlu !=§k|U°3§gl,k|U € Corry, (My, My)
are projectors giving rise to the motivic decomposition in [17]:
29

h(My) =D hi(My) € CHM(U),  hi(My) = (Mu, pilv,0). (2.17)
=0
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The above formula for the projectors is written down explicitly in [33, §2]. Moreover, it
was shown in [17, Remarks after Corollary 3.2] that the homological realization of (2.17)

yields a canonical decomposition into shifted local systems
2g
7TU*(@MU = @ RZT(U*QMU [71] :

1=0

In particular, for the realization of Pyh(M)|y=(My,pk|u,0), we have

k
pk|U* (WU*QI\/IU) = @ Riﬂ'U*QMU [_7’]3
=0

with

pilos (T« Qary ) — 70 Qary

given by the natural inclusion.

Consequently, for the realization of the inclusion Pyh(M)—h(M), i.e.,

Pres (mQar) — 7. Qo (2.18)

we know that the restriction to U of the perverse cohomology

P itdm B (g (1.Qur)) (2.19)

is zero for i>k, and the restriction to U of the induced morphism
pHi—i-dim B(_): pHi+dim B(Pk* (W*QM)) N pHi-l-dim B('R—*@M) (220)

is an isomorphism for ¢ <<k. The support condition (b) then implies that (2.19) and (2.20)
must stay so over the entire base B; otherwise the perverse sheaf PH+4m B (7, Q,,) would
admit a non-trivial subobject (either PH™4m B (p, (7, Qnr)) or PHTI™ B (g 4, (m,Qur)))
supported away from U, contradicting with the full support of PH+4™ B (1, Q,,). There-

fore, we have
Prow (M Q) = P 7ot dim BT Qs (2.21)
with (2.18) given by the natural morphism P7¢sydim 7+Qar—7Qpr. The realization

statement for Qxr1h(M) follows from its Pyh(M) counterpart together with the motivic
decomposition (2.16).
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2.5.3. Multiplicativity

The motivic multiplicativity is proven via the convolution product. Recall the convolu-
tion kernel K€ DP® Coh(MY xg MY x5 M") from condition (a2) of §1.4. We define the

Chow-theoretic convolution (or the Pontryagin product) to be
.= td(—qY;TMv XBMV)QT(IC) € CH, (Z\lv XBMV XBMV), (2.22)

where
QYQZMVXBMVXBMV—)MVXBMV

is the projection to the first two factors and Thsv« ,arv is the virtual tangent bundle of
MY xp MY (since MY x g MY is l.c.i.). After §2.2.3, we view € as a mixed-degree binary

relative correspondence.

LEMMA 2.8. We have
Fo€o (3 xF 1) =[AN} ] € Corry (M, M; M).
Proof. The proof is similar to that of Lemma 2.3. We take the equation
PoK~0Onasm,, o(PXP)
from (1.7) and rewrite it as
PoKo(PIRP™) ~Oasp, € D* Coh(M x g M x g M).

Then, we apply 7 on both sides. On one hand, we have

"(Oagp,) = AT 5. 7(Onr) = A3 5. (4d(Ta) N[M)) = td(@ Ta)N AT ), (2:23)

where g3: M x g M x g M — M is the third projection. On the other hand, we first com-
pute 7(KoP~1), where the composition is on the first factor of MY xgMY xgM".
We have

T(KoP ™) = p134.7(6* (PTIRK))
= p13a: (¢d(—p3 T )N'T (P RK))
= p134« (¢d(—p3Tarv )N (T(P 1) x7(K)))
=p134:6 (¢d(—(m x pm¥)* Tp)NT(P)) X (td(—qy * T )N7(K)))
= (td(=q" Trv )7 (K))oF ",
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where ¢: MY xg MV x g MY — M is the ith projection. Similarly, we have
T(Ke(PT'RP™)) = (td(—q)* Trv — g5 *Trv )N (K)o (3 xF ).

Finally, comparing with (2.23), we find

(A% 5] = td(~ g Tar) (O, )
=td(—¢5 T )NT(PoKe(PT'RP ™))
=td(—g5Ta ) NP12457(8* (Ko (PT'RP 1)) KP))
= td(—¢3Tar) P12 (td(=p5 Tar )N (Ko (PTHRP ™)) x7(P)))
=td(—q3 T )ﬂp124*(td( —p3Tpv)

N8 (((td(=a)" Ty =g Ty )7 (K)o (F % F 1)) x7(P)))
=p124.:0'(((td(—¢ *TvaBMv)ﬂT(’C))O(S xF )% (td(=Tarv < 1r)N7(P)))
= P124.6 (€2 (F ' XxF 1)) xF) =Feo(F ' xF ),

which proves the lemma. O

The key input from condition (a2) of §1.4 is a degree estimate
¢eCorrz (MY, MY; MY), (2.24)

since the convolution kernel K€ D? Coh(MY xg MY xgM") is of codimension g. Now

the restriction of the cup-product
U: h(M) X h(M) — h(M)

to

U: th(M) X Plh(M) — Qk+l+1h(M)

is given by the composition
Qi1 [ARF le (pr X p1) € Corry (M, M; M). (2.25)
By Lemma 2.8, we have

Qe +1° (AT plo (P X P1) = i 10§ € (T epr) X (F opr)).- (2.26)
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Expanding the right-hand side of (2.26) and applying (FV), we find

< Z S72-3032_91—i3>0<2313)09:
Ja

iz 2k+I+1

(=) (o)
((zo) (gom)

is>k+1+1 Ga>k+1+1

((( 2, 5) ()
)

(5 5) (zw))

Jj222g—1

(2.27)

=qrti41° ( Z 3;'3) o€

Jzzk+i+1
(2 m)n)-(( 2 5)»)
Jj122g9—k J2=2g—1

We observe that

> 85, €Conz?F (M, MY),

Jj1229—k
-1 29—l \Y
> 5, €Comz (M, MY),
Jj222g9—1
Skti+1—
> §j € Corrg IV, M),
Ja=k+i+1

This, together with the degree estimate (2.24), yields for (2.27) a total degree of
>—g+(g—k)+(g—1)+(k+l+1-g)=1.

In other words, we find q;gHHo[Aji[“/B]o(pk xp;) to lie strictly in Corr?(M,M;M)

which, compared with (2.25), implies the vanishing

rtit1°[A%7) Blo (P xp1) = 0.

This proves the multiplicativity statement.
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2.5.4. Perverse D Chern
The final statement amounts to showing that
qr+1°8k=0¢€ 001rr]]€3_g(Mv7 M),

which follows immediately from (FV), since

qkﬂo&k:( > siosggl_i>om: > Bio(Fa,ioFk) =0.

i>k+1 i>k+1

The proof of Theorem 2.6 is now complete. O

2.5.5. Motivic decomposition

Finally, we note that our construction yields a motivic decomposition of m: M — B which
proves Corollary 2.7.

One subtlety of the sequence of motives Pyh(M) is that we do not know if Pyh(M)
is a summand of Ph(M) for k<I. While condition (FV) immediately implies

prepe=pr, k<l (2.28)

it is unclear if pyop;=pi. However, we can fix this issue by introducing a minor modifi-

cation:
Pi 1= Pro...opag € Corrg (M, M),
Pri=Pr—Pr_1 € Corry (M, M).
Now it is easy to verify that both p; and pj, are projectors, and
Propr=piopr=pr, k<l
For instance, by (2.28) we have
ProPr=Pro...opagopio..oPpay =Pro...opag =pr, k<L
The resulting motives Ph(M)=(M, py,0) and hy(M)=(M, px,0) satisfy
Pyh(M) = Py_1h(M)@®hy, (M) € CHM(B).

By induction, we also find that the py are mutually orthogonal projectors giving rise to
a motivic decomposition
29
(M) =D hi(M) € CHM(B),  hi(M) = (M, py.0). (2.29)
i=0
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The support argument of §2.5.2 then shows that the homological realization of (2.29)

provides a decomposition

2g
m.Qu =@ PH T B (7,Quy ) [—i—dim B € DX(B).
i=0
This finishes the proof of Corollary 2.7. O

3. Compactified Jacobians
3.1. Overview

In this section, we treat the geometry of (degree-zero) compactified Jacobian fibrations;
our main purpose is to prove Theorem 0.2.

Throughout this section, we let C'— B be a flat family of integral projective curves
of arithmetic genus g with planar singularities over an irreducible base B. We further
assume that C'— B admits a section whose image is contained in the smooth locus of the
fibers. We denote by 7: Jo— B the compactified Jacobian fibration, and assume that the
total space J¢ is non-singular. In particular, B is non-singular and 7: Jo— B is flat with
integral fibers of dimension g.

At the end of this section, we discuss compactified Jacobian fibrations of arbitrary
degree still in the presence of a section to C'— B, in which case changes to the arguments
are minimal. The assumption on the existence of a section will be removed in §4 using a

stack version of our theory.

3.2. Compactified Jacobians

Let JoCJc be the Jacobian fibration parameterizing line bundles. It is an open dense
subset of J¢, which forms a non-singular commutative group scheme over B.

The Fourier-Mukai theory of compactified Jacobian fibrations was developed by
Arinkin [5], [6]. More precisely, Arinkin constructed in [5] the normalized Poincaré line
bundle P over the product Jo xpgJo extending the standard normalized Poincaré line
bundle for Jacobians associated with non-singular curves. Then, in [6] Arinkin showed
that the sheaf j,P, where j: Jo xgJo < Jo x g Je is the natural open embedding, is a
Cohen—Macaulay coherent sheaf (which we still denote by P for notational convenience)

on Jo % gJe; he further proved that P induces a derived auto-equivalence

FMp: D’ Coh(J¢) — D’ Coh(Je).
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The inverse of this transform is induced by
P l.=PV@riwylg] and PV :=Hom(P, Ojoxpic)
Here, w; is the relative canonical bundle with respect to 7: Jo— B, and
To: jc X B jg — B

is the natural morphism.

Moreover, the support theorem of Ngo [44] and the Severi inequality [37, Lemma 4.1]
ensure that the decomposition theorem associated with 7: Jo — B has full support. There-
fore, in order to prove Theorem 0.2, it remains to verify the following properties:

(i) the convolution kernel

KEDb COh(jC XBJC XBjc) (31)

is of codimension g;

(ii) condition (FV) holds for 7: Jo— B.

We will discuss (i), which is a result of Arinkin, in §3.3, and will discuss (ii) in §3.5.

We conclude this section by recalling the canonical perverse filtration constructed
in [40] for the compactified Jacobian J¢, associated with any integral projective curve
Cy with planar singularities; this is the filtration used in Theorem 0.7. For such a Cj,
we include it in a family of curves C— B over an irreducible B such that the associated
compactified Jacobian fibration 7: Jo — B is non-singular and J, CJc is the closed fiber

over 0€ B. Then, the construction of §1.3.3 yields a perverse filtration
PoH*(Jcy, Q) C PLH*(Jc,, Q) C ... C H*(Jg,, Q)

via the morphism 7: Jo— B.

THEOREM 3.1. (Maulik—Yun [40, Theorem 1.1]) The perverse filtration defined above
is independent of the choice of the family C— B of curves.

Proof. In [40, Theorem 1.1}, the family C'— B is chosen with certain assumptions.
However, as pointed out in [40, Proposition 2.15], the smoothness of Jo suffices. O

In particular, Theorem 0.7 follows from Theorem 2.6 (iii) and Theorem 0.2, where

we include Cy in a family 7: C— B as a closed fiber.
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3.3. Arinkin’s dimension bound and the convolution kernel

We first give an expression of the convolution kernel (3.1). We denote by jg“ the

(n+1)-th relative product. It carries natural projections
Tt jg+1 — B, p; jg+1 —Jo,  pij jg+1 — JZ,
We consider the object
K= p1ns (011 1 PO 11 PR ®D], 1y 1 P) @twrg] € DP Coh(JE).

Here, the boundedness of IC,, is a consequence of the flatness of P with respect to both
factors [6, Theorem A and Lemma 6.1]. Let v: Jo— Jo be the involution sending a sheaf

to its dual, so that we can write
PV = (idjc XBV)*P.
Then, by the defining equation
~ -1 [} sm o
K~P OAJC/B (PRP)

obtained from (1.7), and again by the flatness of P with respect to both factors, we may

express the convolution kernel (3.1) as
’C = (idjchjC XBV)*IC?)'
Therefore, condition (i) in §3.2 is a special case of the following result of Arinkin [6,
§7.1].

PROPOSITION 3.2. (Arinkin) For any n, we have
codim jn (supp(Kn)) = g.

Note that K, is a classical object for low values of n. When n=1 the proposition was
a step towards establishing [5, Theorem 1.1] concerning the Fourier—Mukai transform of
the structure sheaf. When n=2, the proposition was used in [6] to show that FMp is a
derived equivalence. The same argument works for the general case, which we review as

follows.

Proof of Proposition 3.2. We first fix some notation. For an integral projective curve
Cyp, we denote by g,(Ch) its arithmetic genus, and Cj, its normalization. We denote by
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0(Ch) €Z>( the dimension of the maximal affine group of Pic(Cy). Clearly, when Cj, has

planar singularities, we have
6(Cs) :ga(cb)_ga(éb)'
This yields a constructible function
0: B — 7>y,
b—6(Cy),
associated with C'—B. For an irreducible subvariety ZC B, we define 6(Z) to be the
value of §(b) at a general point be Z.
Step 1. Recall that the smoothness of J¢ yields the Severi inequality [37, Lemma 4.1]
codimp(Z) =6z
for any irreducible ZC B. Therefore, it suffices to show that, for any curve Cj in the
family C'— B, we have
codim ,, (supp(Kn)NJey) = ga(Ch).
Step 2. Now, we focus on a fixed curve Cy. For a point F€Jg,, we denote by Pr
the restriction of P to Jo, =J¢, x {F'}. If we further restrict this sheaf to the open subset

Jo, CJo, parameterizing line bundles on Cy, it is a line bundle.
If (Fy, Fy, ..., Fn)e.]_gb lies in the support of KC,,, then there is a non-trivial cohomol-
ogy
H*(Je,,Pp ®Pp,®...9Pg,) #0 (3.2)

By the same argument as in [6, Proposition 7.2], (3.2) ensures that

n

®(PF1

i=1

Je,) = 0c, - (3.3)

Step 3. Finally, we claim that (3.3) expresses a codimension—ga(éb) condition for
(Fi, Fa, ..., Fo) € G,

This was explained in [6, Corollary 7.3 and Proposition 7.4]. Indeed, pulling back the
isomorphism (3.3) via the Abel-Jacobi map C, < J,, we obtain that

n

QF

i=1
Then, the same argument as in [6, Proposition 7.4] applied to the action morphism

C;Cg) ~ Oc;cg . (34)

'uXidJ_cb Jo, X jgb — jg«b
shows that (3.4) is a codimension-g,(C3) condition. This proves Proposition 3.2. O

We have thus verified (i) of §3.2.
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3.4. Remarks on the Fourier vanishing for abelian schemes

We first discuss two proofs of (FV) for abelian schemes.
As in §1.2, we let m: A— B be an abelian scheme of relative dimension g, with

7V: AV — B its dual. Then, by Lemma 2.3, for degree reasons we have, for any k#2g,

> §7'eF;=0€Corrly %9(AY, AY). (3.5)
i+j=k

The idea of [7], [17] is that, if we apply the pullback associated with the multiplication-
by-N map on the first factor

[N]:Av XBAV *)AV XBAV,
we may scale each individual term of (3.5) by a different constant N7:

> NIF g =0. (3.6)

i+i=k

Since this holds for every N, we obtain the desired vanishing
3 te3; =0, i+j#2g.

However, this argument does not work for abelian fibrations with singular fibers,
since it relies on the facts that there is a multiplication-by-N map on the total space AV
and the normalized Poincaré complex is a line bundle. Both fail when there are singular
fibers.

We now present another proof of the weaker version (FV) whose idea can be gen-
eralized. For convenience, we focus on the Jacobian fibration n: Jo — B associated with
a family of non-singular projective curves C'— B of genus g. Recall that we have the
normalized Poincaré line bundle £. The discussion in §3.3 actually yields the dimension
bound

codim jz (supp(L71eL®N)) > ¢

for any N€Z. Therefore, if we take the Chern character of £L71o£®Y we obtain the
equation (3.6) only for i+j<2g. This yields (FV) for n: Jo— B.

The second proof above relies on the following two ingredients:

(i) the Arinkin-type dimension bound of §3.3;

(ii) the K-theoretic operations (—)®¥, which help us to scale the Chern character
of different degrees distinctly.

In the next section, we will generalize them to treat m:.Jo— B, where the second
ingredient is replaced by the Adams operations from K-theory.
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3.5. Adams operations and Fourier vanishing

We now verify condition (FV) for 7: Jo— B, which proves (ii) of §3.2. Consequently, this
completes the proofs of Theorems 0.2, 0.3 and 0.7.

3.5.1. Dimension bound

We consider the closed embedding

iiJoxpdo s Jox Jeo. (3.7)
For any N €Z-~q, the object

(i, P)®N e Db Coh(Jo x Je)
is bounded, and is exact off Jo X gJoCJo X Jo. Then, we consider
K(N):=P~ (i, P)*N € D’ Coh(Jo x Jc).
By definition (and by the flatness of P with respect to both factors), it is constructed by
pulling back the two objects (i,P)® and P~! to the triple product
JoxJoxpdo,

taking their tensor product, and pushing forward to the first and the third factors.

PROPOSITION 3.3. For any N, the object K(N)€D? Coh(JoxJ¢) is supported on

a codimension-g subset of JoxpJc.

Proof. The proof relies on Arinkin’s dimension estimate which goes through the

following steps. It is essentially parallel to the proof of Proposition 3.2.

Step 1. We show that the set-theoretic support of IE(N) is contained in Jo x5 Jc.
By definition and the projection formula, the object IE(N ) is obtained via the pushforward

of an object supported on
Joxpdoxpdo = JoxJoxgJo.
Therefore, it can be written as the pushforward through the following chain of maps:
JoxpJoxpdo — JoxgJo— Jox Je,

where the first map is the projection to the first and the third factors, and the second

map is the natural inclusion ¢. This proves the claim.
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Step 2. Now any closed point in the support of K (N) can be represented by a pair
of sheaves on C,CC:

(F1, F») € supp(K (N))NJg, - (3.8)
As in Step 2 of the proof of Proposition 3.2, it suffices to show that
codim 7 (supp(K(N))NJe,) = ga(Ch) (3.9)
where 5’1) is the normalization of Cj.

Step 3. Given a pair (Fi, F3) as in (3.8), by base change we obtain a non-trivial
cohomology
H*(Jo, (t:Pr)®N @1 Py, ) #0.

Here, 1: Jo, & Jc is the closed embedding of a closed fiber and the tensor product takes
place on the ambient variety Jo. Equivalently, we may write this non-trivial cohomology
on the fiber Jg, as
H*(Je,, (t* 1PN @PY,) #0. (3.10)
As Jo is non-singular, the complex t*1,Pr, is perfect on the possibly singular fiber Jg, .
The following claim describes all the cohomology sheaves of this complex.
CLAIM. Each cohomology sheaf H*(1*1,Pr,)€Coh(Je,) is a direct sum of finite

copies of Pr, on Je,.

Proof. We first note the decomposition
V105, ~ P HH (1105, )[k],
k

where each term in the right-hand side is a free O Jo, -module. This can be seen from

base change and the corresponding statement for the embedding {0} < B.

Next, we relate the two objects(”)
Ve Pryy 1O g, @Pry € D’ Coh(Jg,). (3.11)
By the projection formula, we see that they are isomorphic after pushing forward to Jg:
L (V0P ) 2 14 (02O g, @ Py ).

Therefore, the cohomology sheaves of the two objects (3.11), which are O Je, -modules
themselves, are isomorphic as O j_-modules. This forces them to be isomorphic as O oy
modules:

H* (11, Pr,) =~ Hk(L*L*Ojcb ®Pr,) € Coh(Jg,)-

The claim then follows from the decomposition of +*1,O Joy O

(%) The two objects (3.11) may not be isomorphic in D Coh(Jc, ), since the second may not be
perfect, while the first is always perfect.
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Step 4. By the claim of Step 3, we know that the object t*¢,Pr, admits an increasing
filtration induced by the standard truncation functors, whose graded pieces are direct
sums of finite copies of Pr,. Hence, the cohomology (3.10) admits a filtration whose

graded pieces are direct sums of finite copies of
H*(Je,, PEN@PRH. (3.12)

In particular, we obtain from (3.10) that there exists a non-trivial cohomology of the
type (3.12).

By the same argument as in [6, §7.1] or Steps 2 and 3 in the proof of Proposition 3.2,
the non-vanishing cohomology (3.12) expresses a codimension-g, (6'1,) condition for the

pair (Fi, Fg)ejéb: the constraint is given by
(Prilie, ) ¥ @ (Pralic, )Y =~ Ouc,

which further yields
(F1

cieg)®N®(F2

C;eg)v ~ Oczeg.
This is a codimension-g,(Cy) condition, and the proof of (3.9) is complete. O

For our purpose, we also consider variants of K(NN), replacing the (derived) tensor

product partially by the (derived) exterior product:
_ k
KANG, N, o Ni) = PLo@) (A (0P) ) € D Coh(e x o),
i=1

Since ANi(i.P) is an isotypic component of the natural &,-action on (i,P)®Vi the

object above is a direct summand of

This gives the following result.

COROLLARY 3.4. For any k-tuple (N1, Na, ..., Ny), the object I%A(Nl,Ng, vy Ny) is

supported on a codimension-g subset of JoxpJc.

3.5.2. Adams operations

With the Arinkin-type dimension bound in hand, we proceed to K-theoretic operations
following Gillet—Soulé [23].
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Let i: X <& Y be a closed embedding of finite type schemes. We denote by Kx(Y)
the Grothendieck group of bounded complexes of locally free sheaves on Y which are

exact off X. In [23, §4], a sequence of Adams operations
PNV Kx(Y)— Kx(Y), N>1

were constructed using the A-ring structure on Kx (YY) given by the (derived) exterior
product, together with the induction formula

PN =N @A L ()N T AN T ()N AN =0, (3.13)

The compatibility of the Adams operations with the localized Chern character
ch (=) in [22, §18.1] is described in e.g. [34, Theorem 3.1]. Namely, for F.eKx(Y),
we have

ch (WY (F.)) = N* chk ,(F.) e CH*(X - Y). (3.14)

Here, CH*(X —Y) is the degree-k bivariant Chow group of i: X &Y. From (3.14),
we see how localized Chern characters in different degrees are scaled differently by the
Adams operations.

We now return to the closed embedding (3.7) and fix it for the rest of this section.(1?)
Since Jc x Jo is non-singular, capping with OJoxio €K.(JoxJc) induces a canonical
isomorphism

NO o s io: Ko pio(JoxJo) — K.(JoxpJe), (3.15)

whose inverse is the map that sends F € K, (JoxpJc) to any locally free resolution F,
of i, F on Jo x Jo; see [23, Lemma 1.9]. Similarly, by [22, Propositions 17.3.1 and 17.4.2],

there are canonical isomorphisms
ﬁ[jc X jc]: CHk(jc XB jc — jc X jc) i) CH2 dim jcfk(jc XBjc). (3.16)

Under (3.15) and (3.16), the Adams operations (with respect to the closed embedding
(3.7)) take the form

1/)N:K*(jc><3jc)—)K*(jchjc), N>1

and the localized Chern character chggii jc(f) yields a morphism (with simplified no-

tation)
&1: K*(jc XBjc) — CH*(jC XBjc)

(19) Alternatively, one could perhaps use the Adams operations 1 in [3], [28] which are canonical
and independent of the closed embedding.
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such that, for F€ K, (Jo xpJc), we have
chy (N (F)) = N¥chy (F) € CHy i o1 (Je X 5.J0)- (317)

Moreover, Corollary 3.4 together with the expression (3.13) immediately implies the
following.

COROLLARY 3.5. For any N, the class P~repN(P)eK.(Jo x5 Jc) is supported on
a codimension-g subset of JoxpJc.

3.5.3. Proof of (FV) for n: Jo—B

We apply 7(—) to the K-theory class
Py (P) € Ki(Jo x5 Jo).-
Following the calculations in (2.15), we find
(P~ (P)) = pra. (¢d(—p3 T, )NE (r($Y (P)) x 7(P~1))). (3.18)

Here, we have taken the notation from §1.3.2 and §2.2.1. Then, we cap both sides
of (3.18) with td(—g¢{Ts, —m3Tp), where q;: Jo xgJc—Jc is the ith projection and
o Jo X g Jo— B is the natural map. By (2.10), we have
td(—a; Ty, —m5Tp)NT(P~ g™ (P))
= td(—¢i Ty —m3T) p13.(td(—p3T5,)N6 (T (N (P)) x7(P~1)))
=130 (td(=a1 T, — 93 T7.) N7 (N (P))) x (td(=m5Tp)N7(P 1))
=5 tech(™ (P)).

(3.19)

The dimension bound of Corollary 3.5 now implies that both ends of (3.19) vanish

in codimensions <g. In other words, we have, for k<2g,
> Fechyram s (P))
i+j=k

= Z NjerimB%;l O(EIlj+dimB('P) =0e Corr%ﬁg(jc, jc)
i+j=k

Note that the first equality uses the scaling (3.17). Since the second equality holds for
every N, we obtain the vanishing of each individual term

§itochyaimB(P) =0, i+j<2g. (3.20)
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Finally, we notice that, by (2.12), we have
F=td(nTp)Nch(P).

Since the Todd class td(7m3Tg) is pulled back from the base B, we conclude from (3.20)
that

&10&—&1°( > tdj’(WETB)ﬂ&lj”+dimB(7’)>
i+i7=
= Y tdy(m3Ts)N(§; " echyraim 5(P)) =0

i'+i"=i

for i+j<2g. This completes the proof of (FV) for 7: Jo— B. O

3.6. Variants

Recall from [5], [6] that Arinkin’s normalized Poincaré sheaf P on Jc x g J¢ is constructed
from the normalized universal family 7 on Cxp.Jc of degree-zero rank-1 torsion-free
sheaves. Here, the normalization of F is characterized by the trivializations along the
sections

BcC and 0;CJc.

In this section, we write

P=P(F,F)

to indicate the dependence of the normalized Poincaré sheaf on the universal sheaf F,
where the two factors correspond to those in Arinkin’s formula [6, (1.1)], respectively;
see also the formula after (3.2) in [1].

We have shown that this normalized Poincaré sheaf P yields a motivic lifting of the
perverse filtration associated with 7: Jo— B. We now discuss variants of the construction
above, which will be used in §4.

Using the section of C— B, we can identify the degree-d compactified Jacobian J&
with the (degree-zero) compactified Jacobian Jc. A universal family of rank-1 degree-d

torsion-free sheaves on C'x g J&=Cx p.Jc is given by
F@pcOc(dB)@p;L,

where pc and p; are the natural projections from C' x g Jo, and £ is a line bundle on Jg.

Now for two integers d and e, we consider the twisted Poincaré sheaf

P = 'P(]:(X)p*COC(eB)(@pjﬁe, ]:®p*COC(dB)®p§£d) S COh(jc XB jc),
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where we impose the condition that £4 and £, are line bundles on J- whose restrictions
to a non-singular fiber Jg, lie in Pic?(Jg,). By the proof of [1, Proposition 3.1 (i)], we
have

P ~PR(LERVLTC) and P P Tle(LyRLYPY).

Parallel to the construction of the Fourier theory using P, we can also use P’ to define the
Fourier transforms §’ and §'~*, the projectors p), and 441, and the motives P/h(Jc) with
orthogonal complements Q. +1h(Jc). These operators and submotives a priori depend
on the choices of d, e, L4 and L..

The following proposition shows that, changing the degree, or twisting the normal-
ized Poincaré sheaf by fiberwise homologically trivial line bundles does not influence the

realization.

PROPOSITION 3.6. For P’ as above, the homological realization of P,fch(jc) together
with the inclusion PLh(Jc)—h(Jc) is also given by the natural morphism

PTr<hrdim BT Qf, — 1 Q.

Proof. By the support argument of §2.5.2; it suffices to work with the Jacobian
fibration 7y : Jy —U over an (arbitrary) open subset U C B parameterizing non-singular

curves, and show that the composition

pilo (Mo Q) — 704 Quy — prelvs (T Qo) (3.21)

is an isomorphism.

Note that both sides of (3.21) are direct sums of (shifted) local systems. In order to
show that (3.21) is an isomorphism, it suffices to check that it induces an isomorphism
on the stalks over each beU. Then, the desired statement follows clearly: since L4 and
L lie in PicO(Jcb) for beU, the restrictions of pj, and pj over beU are cohomologically
identical. O

4. Twisted compactified Jacobians
4.1. Overview and setup

The purpose of the this section is to extend the Fourier theory for compactified Jacobians
established in §3 to a family of integral locally planar curves without a section. This
situation occurs in the study of Hitchin systems and the Le Potier moduli spaces of 1-
dimensional sheaves on P2. The main results are twisted versions of Theorem 2.6 and
Corollary 2.7; see Corollaries 4.6 and 4.7. We will discuss applications in §5.
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Throughout this section, we let C'— B be a flat family of integral projective curves of
arithmetic genus g with planar singularities over an irreducible base B. We assume that

the total space C' is non-singular (hence B is non-singular), and there is a multisection
DcC—B

of degree r which is finite and flat over B. For convenience, we also assume that, for any
integer d, the degree-d compactified Jacobian jg is a quasi-projective variety. This is
satisfied when C'— B is given by a linear system of a non-singular surface; in this case, the
compactified Jacobian arises as the moduli space of certain semistable torsion sheaves on
the surface, so quasi-projectivity follows from the general construction of moduli spaces
of semistable sheaves. We further assume that jé is non-singular.

We denote the natural projection map by
. 7d
Td- JC’ — B

to indicate its dependence on d.

4.2. Universal families and gerbes

For arbitrary degree d, two issues arise if we want to establish a Fourier theory for jg
governing the perverse filtration.

(i) There may not exist a universal sheaf on Cx g J&.

(ii) Even if a universal sheaf exists, it is not unique. Different choices of a univer-
sal sheaf influence the Poincaré sheaf and the Fourier transform. In particular, for an
arbitrary choice of a universal sheaf, the induced motivic filtration may not recover the
perverse filtration via homological realization.(!!)

When C'— B admits a section, a standard solution to (ii) is that we can force the
universal family to be trivialized along the section, which eliminates the ambiguity given
by a line bundle pulled back from the moduli space jg. Since now we only have a
multisection, we first introduce the notion of trivialization along a multisection.

For any B-scheme T, we consider a flat family of rank-1 torsion-free sheaves of

degree d on the curves parameterized by T"
J—"% ~+ CxpT,

and we define
Rd ::det(PT*(fJCl“|D><BT)) € PIC(T) (41)

(1) This is already the case for the Jacobian fibration associated with a family of non-singular
curves.



PERVERSE FILTRATIONS AND FOURIER TRANSFORMS 45

Note that F&|px .7 is Tor-finite over T so that the pushforward to T is a perfect complex
and we can take its determinant; see [54, Tag 08IS]. We say that this family over T is

trivialized along the multisection DCC' if there is a specified isomorphism
R ~ Op € Pic(T).

However, we note that, unlike the case with a section, in general we cannot find a universal
sheaf on C'x p jg which is trivialized along the multisection D, even if a universal sheaf
F? exists. This is because globally on jg there may not exist a line bundle which is an
rth root of the line bundle R¢. Nevertheless, we can always solve both issues (i) and (ii)
above, by passing to a u,-gerbe over jg as follows.

The idea is to modify the moduli functor defining the compactified Jacobian. Let
J& be the functor sending any B-scheme 7' to a groupoid given by the data

JT"% -~ C XBT7
satisfying the same conditions as for the stack of the degree-d compactified Jacobian,

with an extra assumption that ]_-% is trivialized along the multisection D.

PROPOSITION 4.1. The functor J& is represented by a Deligne-Mumford stack which

is a p-gerbe over Jg.

Proof. Let 3% denote the stack of degree-d compactified Jacobian; it is a G,,-gerbe
over J&. The line bundles (4.1) define a morphism

Jo — BGy,.

Imposing the trivialization condition along D is equivalent to taking the fiber product of

this morphism with the structure map pt— BG,,:
JE =3¢ %B6,.pt-

This is representable by a Deligne-Mumford stack. Finally, it is a u,-gerbe over jg

since the perfect complex Rgd has rank r (which can be seen directly from non-singular
(e}

fibers). O

Consequently, we have constructed, for any d, a non-singular Deligne-Mumford
stack jg realized as a pu,-gerbe over jg, together with the universal family F¢ of rank-1

degree-d torsion-free sheaves on C'x g Jg, trivialized along the multisection D:

det(pre(F px p7a)) = O 74 € Pic(JE).
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Remark 4.2. Here, we work with u,-gerbes, instead of G,,-gerbes, for the following
two reasons. First, Deligne-Mumford stacks share the same (rational) Chow groups and
cohomology with the underlying course moduli spaces. Second, the morphisms from the

ur-gerbes to the base B are still proper, so that the formalisms of [9], [16] still apply.

To set up the Fourier—Mukai transforms, we define the isotypic category Coh(jg)(k)
(resp. D’ Coh(J&)x)) to be the full subcategory of Coh(J&) (resp. D’ Coh(J¢)) consist-
ing of objects for which the action of y, on fibers is given by the character A—\* of s,..
Then, we consider two integers d and e. As in §3.6, we plug F¢ and F¢ in Arinkin’s

formula [6, (1.1)], and obtain a Poincaré sheaf(?)
Peai=P(F¢, F?) € Coh(TEXBIE) (de)-
We define
Pogi=Homge 74 (Pe.a, Pown,)lgl,
where w;, is the relative canonical bundle with respect to mg4: jg—>B , and we view ’P; ;
as in Db Coh(jg xng)(,ey,d). Because P, 4 lies in the isotypic category, the Fourier—

Mukai transform
FMp, ,: D’ Coh(J&) — D" Coh(JE)

is only non-zero on the following isotypic components:
FMPe,d: Db COh(jé)(_d) — Db COh(de)(e)
The next proposition is parallel to [1, Proposition 3.1 (i)] and [25, Theorem 4.7].

PROPOSITION 4.3. The objects Pe,q and P;C} are inverse to each other as Fourier—

Mukai kernels:
FMp, ,: D* Coh(J&)(—a) — D’ Coh(JT&) ), FMp-1 = FM;id .

Proof. Recall that, for P, 4 and 73;;, we always have the canonical adjunction mor-
phisms
idDb Coh(TE&)(—ay — FMP;; ° FMp&d,
FMPe,d o FMP;; — idDb Coh(T&) ey *

It suffices to show that their cones in the derived categories are zero; this is a prop-
erty which can be checked étale locally over the base B. We postpone the étale local
calculations to Corollary 4.5 below. O

(*2) More precisely, the universal sheaves F¢ and F¢ define a twisted line bundle
det(p13«(p1aF* ®p§37d))®det(p13*(’)j5 X BOXpTd )@det(p13+paF*) @det(p13«p3s F*) Y

on :75 X ngujg XpB ]g, where p;; are the natural projections from jé xpCxp jg to the correspond-
ing factors. Its Cohen-Maucalay extension is defined to be P 4.
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4.3. Etale local structures

In this section, we carry out the étale local calculation for the Fourier—-Mukai transforms
given by P, 4 and 77; ;. This leads to two consequences. First, the calculation completes
the proof of Proposition 4.3. Second, we will show as in Proposition 3.6 that the motivic
decomposition induced by the Fourier transforms § and §~! associated with Pe,a and
P.. ! respectively, specializes to the (standard) perverse filtration; see §4.4.

Now we work étale locally over the base B. Let U be an étale neighborhood of the

base. We may assume that C'—U admits simultaneously a section and a multisection
UcC—U and DCC—U.

They are independent and do not have any non-trivial relation. Due to the existence of
the section, the relative compactified Jacobian jg are identified for any choices of d. As
before, we denote by Jo the degree-zero compactified Jacobian, and we want to com-
pare F4 on C'xy J& (which is trivialized along the multisection D) with the normalized

universal sheaf F on C xyJo (which is trivialized along the section U).

PROPOSITION 4.4. There is a U-morphism
q: jg — jC

satisfying the following properties:

(i) we have
Flo (ide xpoq)* FRpeOc(dU)@p5 La,  La€Pic(TE),

where pc and pg are the natural projections from CxUjg;
(ii) for any beU with Cy a non-singular curve, the restriction of Lg to the fiber
ng has trivial first Chern class in H2(jcdb,(@).

Proof. The desired morphism o4 can be constructed using the map from the Deligne—
Mumford stack to its coarse moduli space, in view of the identification jg:jc. For our
purpose, we describe it in a more direct way as follows.

Note that J¢ is a fine moduli space. Therefore, describing a morphism from jg is
equivalent to constructing a family of rank-1 torsion-free sheaves of degree zero trivialized

along the section U CC, for which we may use F¢. More precisely, we define
G4:= FlopsOc(—dU)@ply (F'@peOc(=dU))ux, 74)" -

Here, the second factor adjusts the degree from d to zero, and the third factor is included
to trivialize the universal sheaf along the section. This yields a morphism oq: J&— Je
satisfying

(ide xyog)* F~ G,
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This already proves (i).

To prove (ii), it suffices to show that, for a fixed non-singular curve C}, with s€C}
being the intersection with the section U CC, the line bundle F%| Je, has homologically
trivial first Chern class. Assume DNC) is given by sy, ..., s¢ €Cy (counted with multiplic-

ities). Then, the condition that F¢ is trivialized along the multisection D implies

i C1 (Jtld
i=1

sixde,) =0€ HX(JE,, Q).

This shows that
1 (Flsxge,) =0€ H*(JE,,Q),

as desired, since the first Chern class of the left-hand side does not depend on the point

in Cy. The proof of (ii) is complete. O

Now, we consider
O'EXUO'dleGr XUjg —)jc Xch.
The normalized Poincare sheaf P and its inverse P~! are canonically defined on the
target. The following is an immediate consequence of Proposition 4.4 as in §3.6 (using

the argument of [1, Proposition 3.1 (i)]). It provides an étale local description of the

Poincaré sheaf P 4 and its inverse P_ ;.

COROLLARY 4.5. We have

Pe,d ~ (Ue XUO'd)*'P®(£;®d®£§e)7
P i~ (0axuoe) P @(Ly RL/SY).

Here, L4 and L. are line bundles on jg and jg, respectively. Moreover, for any
beU with Cy, non-singular, the restrictions of these line bundles to the fibers over b have

homologically trivial first Chern classes.

4.4. Multiplicativity and perversity

The goal of this section is to provide an extension of Theorem 2.6 and Corollary 2.7
for the degree-d compactified Jacobian mg4: jg—>B. Note that we chose to first work
out the untwisted case for purely expository reasons, so that the Fourier theory can be
streamlined and separated from the language of stacks. The twisted case requires the
following three additional ingredients.

(i) Since we assume J& to be a quasi-projective variety, by [30] the Brauer map

Br(jg') — HQ(jg, Gm)tors
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is an isomorphism. Then, [21, Theorem 3.6] implies that the p,-gerbe J& over J¢ is
a quotient stack. This also applies to fiber products of jcd for various d over the base
scheme B.

(ii) The intersection theory of quotient stacks has been developed in a series of
papers of Edidin and Graham; we refer to [18] for a summary of the theory and the
references therein. In particular, the Riemann—Roch functor 7(—) for quotient stacks
was constructed in [20] and was shown to satisfy the same functorial properties as in
§2.3 except for the covariance under arbitrary proper morphisms. The Edidin—-Graham
functor 7(—) is only covariant under proper representable morphisms of quotient stacks.

We also note that, with Q-coefficients, the Edidin-Graham Chow groups of a Deligne—
Mumford quotient stack are canonically isomorphic (via pushforward) to the Chow groups
of the coarse moduli space; see [19], [56].

(iii) The K-theory of quotient stacks has been studied by Anderson, Gonzales and
Payne [4], [3] in the style of Fulton and Edidin-Graham. For our purposes, we shall need
the construction of Adams operations and the scaling (3.14) for closed embeddings of
(possibly singular) quotient stacks, both of which were established in [3, §4].

We are now ready to run the entire argument of §2 and §3 for m4: J& — B.

Step 1. Choosing an arbitrary integer e, we consider the Poincaré sheaf P, 4 and its

inverse P__ é. We define the Fourier transforms

Se,a € CH(TE X pJE) = CHL(JE x B JE),
§ea € CH.(JE xpJE) = CHL(JE X B JE),

following the recipe of (2.11) and (2.13), and using the Edidin—Graham functor 7(—).
To prove the identities parallel to Lemma 2.3, we first note that the Fourier—-Mukai
kernel € of idpb gon(7s),_,, 18 given by a line bundle on a (pir X i )-gerbe over the relative

diagonal ngJg X pJ&. The line bundle, which corresponds to the character
(A N) — AN

of . X, has its rth tensor power the trivial bundle. Hence, by the functorialities

of 7(—), we find that 7(€) (when pushed forward to J& x J&) is as before given by
td(gi" T )N[A e /5] € CHL(JE X JE),

up to a factor of 1/r2, where

¢ JaxpJ& — J&



50 D. MAULIK, J. SHEN AND Q. YIN

is the first projection. To compute 7(P, Lo ..d), we observe that there is exactly one

e’

appearance of a non-representable proper pushforward in the whole process, namely the
pushforward to the first and the third factors. On the other hand, since the object

P12Pea®@pisP; g € D' Coh(JE x5 TE X TE) a0,-a)

descends to an object in D Coh(Jg&x pJ& x5 JE), it suffices to apply the covariance

of 7(—) under the proper representable morphism
p13: IE X8 IEx B IE — TEX BTG
This yields the identity
-1 1 0/ 7e TJe
SoaoSea= ﬁ[Ajé/B] € Corrg (J&, J&),

where the factor of 1/r% is due to the fact that each J&— J& is of degree 1/r. The other
identity is parallel.

Step 2. The next logical step is the Fourier vanishing property (FV). We first
remark that the Arinkin-type dimension bounds of §3.3 and §3.5 are properties of coherent
sheaves which can be checked étale locally.

To proceed with the Adams argument, we consider a sequence of K-theory classes

supported in codimension g:
P iot™N (Pea) € Ko (TExTE), N=1 (mod r), (4.2)

where 9" (—) stand for the Adams operations of Anderson-Gonzales-Payne. Here, the

congruence condition on N guarantees that the class
P12 (Pe.a) ®p53 P, g € Ki(TEXBIEXBIE) (4,0,—a)

descends to a class in K, (jg X B jg X ng), so that the Riemann—Roch calculations work
in the same way as in Step 1. We then repeat the calculations of §3.5.3 using the infinite
sequence (4.2), and deduce the Fourier vanishing property (FV).

Consequently, we obtain pairs of orthogonal projectors p¢'® and qifl (depending
on e) and the corresponding motives Pgh(J&) and Q. h(J&). We also deduce the
“Perverse D Chern” statement of Theorem 2.6 for m4: J&— B, as well as the decomposi-
tion part of Corollary 2.7.
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Step 3. For the multiplicativity statement, we choose two arbitrary integers e;

and es. We consider the convolution kernel
Kees,a € D Con(TE x p I x5 IE ) (a,d,—a)

obtained from P, 4, Pe,,q and P;i_ez’d together with (1.7). As in Step 2, an étale local
verification shows that K., ¢, 4 is supported in codimension g. We define the Chow class
Ce, e,.a following (2.22).

The identity parallel to Lemma 2.8 is proven in the same way as in Step 1. The

Fourier—Mukai kernel of
®: D* COh(jg‘)(m) x D" COh(de)(ez) — D’ COh(jg’)(eHrez)

is given by a torsion line bundle on a (g, X f, X - )-gerbe over the small relative diagonal
chjg X B jg xng. On the other hand, the computation of

T(Pey+es,a°Key ez,d° (Pe_l,ld®7)e_2,ld))

only involves pushforwards via proper representable morphisms.

The rest of the argument is identical to the untwisted case in §2.5.3.

Step 4. Finally, we verify for m4: J&— B the realization statement of Theorem 2.6
which implies the realization part of Corollary 2.7. Ngd’s support theorem holds equally
in the twisted case: all perverse sheaves appearing in the decomposition theorem for
T4: J_g—>B have full support. Then, as in §2.5.2, it suffices to check the homological
realization of P¢h(J&) over an open subset of the base B supporting non-singular curves.
Note that, by étale descent of perverse sheaves, we can even replace the open subset by
an étale neighborhood U of B.

We are placed in the setup of §4.3. By Corollary 4.5, over U the Poincaré sheaf P, 4
differs from the normalized P only by line bundles which are fiberwise homologically
trivial. Now, a proof identical to that of Proposition 3.6 shows that the homological
realization of Pgh(J&) is precisely P7<ydim BTdasQ 74 The homological realization of

g +1h(jg) is parallel. To conclude, we have just obtained the following version of
Theorem 2.6 and Corollary 2.7 for m4: J&— B.

COROLLARY 4.6. The following properties hold for mq: J&— B.

(i) (Decomposition) For each e and k, there is a decomposition of motives
h(JE) = Peh(J&) @ Q% 1 h(JE) € CHM(B)

with
PEh(JE) = (J&,pp?,0) and  Qfyh(JE) = (J& a5y, 0).
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(ii) (Realization) For each e and k, the homological realization of PEh(JE) together
with the inclusion PEh(J&)—h(JE) is the natural morphism

PT<hrdim BTax Qg — TaxQa .

Similarly, the homological realization of h(jg‘)%Qth(jgv) 1s the natural morphism
TaxQre — P Tokt14dim BTax Qg -
(iii) (Multiplicativity) For each pair (e1,es) and each pair (k,l), the cup-product
U h(JE) x h(J&) — h(JE)
projects to zero on

U P h(JE) < PP h(JE) — Qi3 ().

(iv) (Perverse D Chern) For each e and k, the morphism
(Fe.a): h(JE)(g—k) — h(JE)

projects to zero on
(Be.a)i: h(JE) (g—k) — Qi1 h(JE).
COROLLARY 4.7. There exists a decomposition of motives
29
h(TE) = @D hi(JE) € CHM(B)
i=0

whose homological realization recovers the decomposition theorem for mq: J&— B.

4.5. Abel-Jacobi maps

In addition, we treat the Abel-Jacobi map which recovers the universal family of 1-
dimensional sheaves from the Poincaré sheaf. We basically follow [1, Proposition 3.1 (ii)].

Recall the Abel-Jacobi map to the degree-1 compactified Jacobian associated with
C—B:

AJ:C — Jg,

(zeCy)r—mq,.
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Pulling back along the u,-gerbe Jk—J, we obtain the Abel-Jacobi map between
Deligne-Mumford stacks
AJ.C— jé

Here, C is a p,-gerbe over C with the structure map o¢:C—C.
For any integer d, we consider the universal family ¢ normalized along the multi-
section D (see §4.2), and the Poincaré sheaf P; 4 on jcl xng. The Abel-Jacobi map

above induces
AJXBidjg:CXng —)jCI«XBde
PROPOSITION 4.8. (Cf. [1, Proposition 3.1 (ii)]) We have
(AJXBidjg)*'Pl}d ~ (o¢ XBidjél)*fd@)péN@B.
Here, N is a line bundle on C given by a Q-divisor proportional to D, and B is the

pullback of a line bundle on the base B.

Proof. We consider
ide xpAJ:CxpC— CxpJd.
By the definition of the Abel-Jacobi map, we may write
(ide x pAJ)* F! ~ (ide x poe)* IX @ps N, (4.3)

where A is a line bundle on C, and Z is the ideal sheaf of the relative diagonal on
CxpC. The calculation in the proof of [1, Proposition 3.1 (ii)] shows that the difference
between

(AJ XBidjg)*Pl,d and (O’c XBidjg)*]:d

is given by the dth power of the line bundle N’ of (4.3); see (3.9) and the last equation
of the proof of [1, Proposition 3.1 (ii)].

It suffices to show that, modulo a line bundle pulled back from B, N’ is given by
a divisor proportional to D. We calculate N7 via (4.3). By the condition that F?! is
trivialized along the multisection, the right-hand side of (4.3) is trivialized along DCC

(of the first factor). The desired statement then follows from a direct calculation:
det(po«(ZX|pxsc)) ~ Oc(D)@B,

with B a line bundle pulled back from the base B. This completes the proof. O
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Remark 4.9. In the case when there is a (non-canonical) universal family F¢ of
rank-1 degree-d torsion-free sheaves on C'x ng, we have that, as in Proposition 4.4,
there is a B-morphism

o4 jg — Jg
such that
(ide xpoa) Fl~FlopyT, T ePic(Jo).

Combining with Proposition 4.8, we may relate the Chern characters of F'¢ and P1.d-
This will be applied in §5 connecting the Fourier transforms and the tautological classes
associated with moduli of 1-dimensional sheaves or Higgs bundles.

5. Moduli of 1-dimensional sheaves on surfaces
5.1. Overview

This section concerns applications of our main results. After a general discussion about
curves on surfaces and tautological classes, we deduce half of the P=C' conjecture for P2
(Theorem 0.6), as well as the “P=W” conjecture of GL,. (Theorem 0.4). From now on,
all Chern characters (resp. cycle classes) take value in cohomology (resp. Borel-Moore

homology).

5.2. Curves on a surface

Let S be a non-singular projective surface, and let d be an integer. We assume that

C— B is a flat family of integral curves lying in .S, with the evaluation map

ev:C— S,

(zeCCC)r— (xeCyCH).

Assume that H CS is a divisor which does not contain any curve Cj in the family. Then,

H CS yields a multisection
D:=ev }(H)CC— B,

which we fix from now on.

As in §3 and §4, we denote by ms: J&— B the associated compactified Jacobian,
and we further assume that both C' and J¢ are non-singular. There are the (stacky)
Abel-Jacobi maps

AJ:C—J5 and AJ:C— Jg.
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We consider the closed embeddings

&v:=evxpidsg: CxpJé — SxJE,

E::AJxBidjg:Cxng—>jéx3jg. (5:1)
Assume that there is a universal sheaf
Fls Cx JE.
It gives a family of 1-dimensional sheaves on S:
Fli=ev, Flos Sx JE. (5.2)

For our purpose, we want to express the Chern character ch(F<) in terms of the homo-

logical Fourier transform
F=) SicHM(TExpIE Q). Fi€Hympiog i Tox8IE Q).
i

This would allow us to understand the tautological classes associated with (5.2) in terms
of the Fourier transform.
Combining Proposition 4.8 and Remark 4.9, we may compare the sheaves

Flowy CxpJd  and AiJ*PLdNCxng (5.3)

via the maps
=g 7¢XBidgg =4 idc X pda 7d
CxpJs—CxpJsi —————=CxpJé.
More precisely, the pullback of F¢ to C xng coincides with (AJx pids)*P1.4, up to a
line bundle pulled back from jg, and a line bundle pulled back from C given by a divisor
proportional to D. We identify the rational Borel-Moore homology groups using the
maps above:
HM(CxpJé,Q)=HM(CxpJE, Q)
which allows us to view
AT e HPM(CxpJE. Q).
We also need to treat the Todd class. Let lg€ H?(S, Q) be the class of a curve C, CC.
The normal bundle of the closed embedding C' S x B has first Chern class p§ls+phls.
Here, ps and pp are the natural projections from Sx B, and lp is a class in H?(B, Q).
Since év is obtained as the base change of C & S x B, the Todd class with respect to &v
is given by
evilp 1_. « . % 2 7d
dTw)=—F = 1+§ev lot..., lo=pils+pimilp e H*(SxJ&, Q).  (5.4)

1—e—e"lo

Now, we can state the connection between the Chern character of (5.2) and §.
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PRrOPOSITION 5.1. Consider the morphism
Tq:=1dg XﬂdZSngv——hS'XB.

(i) We have

ch(F?) = (&v,(e}PePNAT §))U <1_12_10 ) UePils € H*(Sx J&, Q).
Here, AN€Q is a constant, and 1;€ H*(J&, Q).
(ii) Let P.H*(SxJ&,Q) be the perverse filtration associated with 74.(**) For any
class Be H*(C,Q), we have

&v. (p5BNAT §1) € PLHZ?2(S% J&, Q).

Proof. Statement (i) follows from a Grothendieck—Riemann—Roch calculation, where
we used that the maps (5.1) are l.c.i. morphisms, and the class p§ D is pulled back from
Sx J& via év. Note that the factor e*?c? comes from N in Proposition 4.8, the factor
lo/(1—e~%) comes from the Todd class (5.4), and the factor e?7" comes from the line
bundle on Jg arising from the difference of the two sheaves (5.3).

Now we prove (ii). The bound for the cohomological degree is clear. It suffices to
show that, for any class a€ H*(S,Q), we have

P (P5aUE.(peBNAT 1)) € PH" (JE, Q).
By the projection formula, this is equivalent to
Fr(AJ.(ev* aUp)) € P H*(JE,Q),

which is given by Corollary 4.6 (the “Perverse D Chern” part). O

Using Proposition 5.1 (i), the tautological classes that appear in Hitchin systems
[12], moduli of 1-dimensional sheaves on P? [32], [49], and compactified Jacobians [47]
are all governed by the Fourier transform §; moreover, their interactions with the perverse

filtrations are governed by (ii). We discuss some applications in the following sections.

5.3. The P=C conjecture for P?

We prove in this section Theorem 0.6. Assume 7> 3.

(13) This perverse filtration is also multiplicative with respect to the cup-product by Theorem 0.1 (i).
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5.3.1. The locus of integral curves

For two coprime integers r and Y, recall the moduli space M, , parameterizing stable

1-dimensional sheaves F' with
[supp(F)]=rH and x(F)=x.

The stability is with respect to the slope

X(F)

S ETT)

The moduli space M, , admits a natural Hilbert-Chow map
h: M, — PH®(P?, Opz(r))

sending F to its Fitting support. For a point in PH® (P2, Op:2(r)) represented by a non-
singular degree-r plane curve, its preimage with respect to h is isomorphic to its Jacobian.
Therefore, h can be viewed as a degenerating family of abelian varieties.

Let W CPHO(P?, Op: (1)) be the open subset parameterizing degree-r integral curves.

LEMMA 5.2. We have
COdiIn]pHo([gnz’oﬂ)2 (r)) (IPHO(P27 Opz (’I"))\W) =r—1.

Proof. This is well-known: the component given by the closure of reducible curves
with two components of bidegrees (1,7—1) has the largest dimension among all the

boundary components. O

Now, we consider the restriction of h to the locus of integral curves
hw: My = hil(W) — W.

COROLLARY 5.3. The restriction map induces an isomorphism of filtered vector

spaces
resy: P HS2""D (M, ., Q) = P HS*"=2 (My, Q).

Proof. Let i: Z:=M, ,\Mw < M, and j: My < M, , be the natural closed and
open embeddings. We consider the exact triangle

i+'Qz — Qur,,, — J+3* Qary — 143'Qz[1],

which further yields

haini'Qz — haQur, .~ juhw e Qury — haini'Qz1]. (5.5)
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The filtered morphism resy is induced by taking the global cohomology of (x). By

Lemma 5.2, we have
i.i'Qz € DZ2"V(M, ) and 4,i'Qz €P D22V (M, ).

In particular, both the first and last terms of (5.5) are concentrated in degrees >2(r—2),

and
PH (%) PH (hQur,, ) — PH (b« Qaryy )

is an isomorphism for any i<2(r—2). The corollary follows. O

5.3.2. Tautological classes and P=C

We first review some structural results on the cohomology of M,., and the P=C' conjec-
ture of [32].
As in [13], [32], we consider twisted Chern characters. We fix F to be a universal

family over P? x M, .. For a class
0 € ppa P (P, Q)@p H (Myx, Q) € H(P* X My, Q),

we define
ch? (F) := ch(F)Ue’ € H*(P?x M,.,,,Q),

as well as its degree-k part ch (F)e€ H?*(P?x M,., Q). This further induces the -twisted

tautological class
Ci (]) =PMx (pf[;Q H UChz+1 (F)) € H>(HHI-1 (Mr,xa Q)

The reason for introducing the §-twisted tautological classes is the following. The uni-
versal family F is not canonical; however, by [32, Proposition 1.2], there exists a unique
do as above such that ci“ (j) has perversity strictly equal to k& when k+j<2. Then, all
the classes cio (j) are canonically defined which do not depend on the choice of F. We
denote

cr () = (4)-

It was proven in [49] that the first 3r—7 classes of cohomological degrees <2(r—2), i.e.,

cp(j) € H2FH-D(M, ,Q), k+j<r—1,

generate H* (M, ., Q) as a Q-algebra, and there is no relation in degrees <2(r—2). There-
fore, the Chern filtration of §0.3.3 is well defined for H<2("=2)(M,. ., Q).
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Remark 5.4. The bound 2(r—2) coincides with the bound obtained in Corollary 5.3.
It is optimal in view of the free generation result [49]. However, this fact is crucial for
our proof, but we do not have an easy geometric explanation of this coincidence. This

bound is also optimal for the P=C' conjecture below; see [32, Remark 0.5].

The main conjecture of [32] connects the Chern filtration above with the perverse
filtration associated with the map h: M, , —PH°(P?, Op2(r)).

Conjecture 5.5. (“P=C" [32]) We have
PLHS"D My, Q) = CHS2T2 (M, Q).

Before proceeding with the proof, we first discuss some motivations and consequences
of the P=C' conjecture. By [29], the dimensions of the graded pieces of the perverse
filtration

n® :=dim Gry H' (M, ,, Q)

calculate the refined BPS invariants for the local Calabi-Yau 3-fold Tot(Kp2). In this
case, conjecturally these invariants coincide with the refined BPS invariants calculated
from refined Pandharipande-Thomas (PT) invariants. The PT calculation predicts that

the invariants n®’ satisfy a product formula
S nidgi = [ . L .
= (1—(qt)'¢*)(1—(qt)"q*t?) (1 —(qt)"t?)

i>0

when i47<2(r—2). This surprising product formula implies that, although every indi-
vidual Gromov—Witten or BPS invariant for the local P? does not stabilize when r— 400,
their refinement does.

Conjecture 5.5 gives a geometric explanation of this product formula; furthermore,

Theorem 0.6 implies that the product formula and Conjecture 5.5 are equivalent.

5.3.3. Proof of Theorem 0.6

Recall the restricted map h: My —W over the locus of integral curves, which can be

identified with the compactified Jacobian
Ta: J&E — W, d=x—1+31(r—-1)(r-2)

associated with the family of degree-r integral planar curves C—W. A hyperplane section
H cP? induces a multisection D of degree r over the base W.
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By Corollary 5.3, it suffices to show that

1 cx. Gi) € Poo_ i, H* (M, Q).

i=1
Here, the perverse filtration is defined via 74, and the classes ¢, (j;) are viewed as the re-
strictions of the corresponding classes to jg. Applying Corollary 4.6 (the multiplicativity
part) to mg: jgw%B, the statement above is further reduced to treating each individual

class
ce(j) € PeH™ (JE, Q). (5.6)
The universal sheaf F on P? x J¢ can be expressed as F'¢ of (5.2), so that we have

ch® (F) = ch(F?)Ue®, 6o :=phadp2+p50,.

Hence, we may use Proposition 5.1 to control the perversity of a tautological class.
We first note that the class Iy associated with the Todd class (5.4) satisfies

lo € PoH?*(P*x J&, Q) C PLH*(P?>x J&,Q), (5.7)

since its component for jg is pulled back from the base B. By definition, we know that
the Kiinneth component H2(P?, Q)@ H%(J&, Q) of c¢h$’(F) has perversity 1 with respect
to the perverse filtration associated with P? x jg%IP’z x B. Therefore,

WJ::6J+ZJ€P1H2(jg,Q). (58)
Hence, if we express

chj’, , (F) € H*H (B x ¢, Q)
using Proposition 5.1 (i) in terms of §, wy and Iy, we see that each term is of the form

Vu(peBiNAT F))Uvi(ws, lo), <k

Here, v;(wy, o) admits a polynomial expression in terms of w; and .

Now, by Proposition 5.1 (ii), the first term satisfies
&.(peB;NAT §;) € P HZHT2(P2 < JE, Q).

By (5.7), (5.8) and the multiplicativity of the perverse filtration for P2 x J&, the second
term satisfies
Yj(wr,lo) € @ PH(P? < JE, Q).

’L

Using again the multiplicativity, we conclude that

ch®

w1 (F) € PLH* (P2 JE, Q),

which implies (5.6). This completes the proof of Theorem 0.6. O
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5.4. The P=W conjecture

In this section, we prove Theorem 0.4 via (0.4). Ideally, (0.4) should follow directly from
Theorem 0.1 for the Hitchin system, as in the proof of Theorem 0.6. However, what we
know so far is that the Hitchin system is a (twisted) dualizable abelian fibration over the
locus of integral spectral curves on the base. Therefore, as in [38], [26], we reduce (0.4)
to the parallel statement for certain parabolic moduli spaces.

We shall use the reduction steps of Hausel-Mellit—-Minets—Schiffmann [26, §8] which

we review in §5.4.3.

5.4.1. Tautological classes and the Chern filtration

We first review briefly the tautological classes and the Chern filtration associated with
the Dolbeault moduli space Mp, of rank r and degree n. The discussion is parallel to
§5.3.2.

Note that, under the coprime condition (r,n)=1, the moduli space Mp, admits a

(non-canonical) universal bundle
U~ XX MDol

of rank r. For a class

§ =psds+pidm €PsH? (2, Q)@pi H? (Mo, Q) C H* (X x Mpor, Q),

we define
ch®(U) := ch(U)Ue? € H* (£ x Mpoi, Q), (5.9)

as well as its degree-k part chd(U)e H2¥ (£ x Mper, Q). We say that (U, 8) is normalized

if, in the Kiinneth decomposition, we have
ch(U) € H'(2,Q)® H' (Mpo1, Q) C H*(X X Mpo, Q).

The twisted Chern character (5.9) is canonical; it does not depend on the choice of a
pair (U, ), as long as it is normalized.

For any ye H*(X, Q) and a normalized pair (U, §), we define the tautological class

cr(7) = par (PEyUch} (U)) € H (Mpor, Q).
These classes generate H*(Mpeo, Q) as a Q-algebra [35]. Define the Chern filtration
CrH*(Mpo1, Q) as the subspace of H*(Mpe1, Q) spanned by

Hck ’Yz GH MDolv Zkzgk
i=1
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We call the integer Y _;_, k; associated with the class above its Chern grading. Note that,
by considerations from the character variety [52], the ideal of the relations between the
tautological classes is homogeneous with respect to the Chern grading. Therefore, unlike
the case for My, associated with P2, the Chern grading is well behaved for the total
cohomology H*(Mpo1, Q). As was commented in §0.3.3, the main result of [52] further
showed that the Chern filtration coincides with the weight filtration Wo, H*(Mp, Q) for
the character variety.

5.4.2. Moduli spaces

From now on we only work with the Dolbeault moduli space, therefore we write M :=Mp,)
for notational convenience. We fix r and n, and only consider Hitchin-type moduli spaces
of rank r and degree n on the curve 3. We also fix a point p€ 3. The reduction techniques
of [26, §8] require several Hitchin-type moduli spaces which we review here.

e M: the moduli space of stable Higgs bundles

(E,0), 6:FE— FEQL.
e M™er°: the moduli space of stable meromorphic Higgs bundles
(E,0), 60:E—E2Q%(p).
e MP2T: the moduli space of stable parabolic Higgs bundles
(E,0,F"), 60:E—EQ%(p),

where F* is a complete flag on the fiber E,, and the residue 8, preserves the flag.

e M°CMP™: the moduli subspace given by the condition that the residue 6, is
nilpotent.

o Afparell - \rpar: the moduli subspace given by the condition that the spectral curve
associated with the parabolic Higgs bundle is integral and the residue 8, has n distinct
eigenvalues over p.

e MCM?°: the moduli subspace with trivial residue at the point p, i.e. §,=0.

We summarize the moduli spaces above by the diagram

M Lo AT ooy, pypar L ppparell L g (5.10)

Here, i, tp and ¢ are natural inclusions. The first morphism f: M—M is given by forget-
ting the flag. The symbol C in the last object stands for

C—WcEPH(S,9%(p)®),

=1
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the family of integral spectral curves in the surface Tots(Q%(p)) which intersects the
fiber over p in r distinct points. Then, j&{ is the open subvariety of M ™™ given by the
pre-image of W under the Hitchin map; it is isomorphic to the compactified Jacobian
fibration associated with C—W, where the degree d is determined by r and n via a
Riemann-Roch calculation. Finally, there is a natural &,-action on MP#*!! permuting
the complete flag; it is free, due to the condition that the eigenvalues of 6, are distinct.
The last morphism ¢: MParll  Jd is the quotient map with respect to this free &,-action,
which forms the Cartesian product

Mparell q jg

‘h J (5.11)

W ———W.

Here, W can be viewed as the parameter space of spectral curves lying in W with a

marking over p€X, whose projection to W is the natural &,.-quotient.

Remark 5.6. For the reader’s convenience, we list the notation used in [26] for the
moduli spaces above. In the following, the first is the notation of this section, and the
second is the notation of [26, §8]: M is X, MP? is either M, 4 or XP2* MY is Mgw and

L 1
Mrarell ig either Mff;f% or M, 4.

Now, for each Hitchin-type moduli space above, we can use a universal bundle U to

define the normalized tautological classes
c(y), keN, yeH'(Z,Q)

identical to the definition in §5.4.1. Each moduli space above also admits a proper Hitchin
map defined in the obvious way by calculating the characteristic polynomial of the Higgs

field, from which we may define the corresponding perverse filtrations.

COROLLARY 5.7. Let ci(v) be the tautological classes on MP*®!'. The operator on
the cohomology given by the cup-product with respect to cx(7y) satisfies

cr(7)U: BH* (MP, Q) — P H (MPY, Q).

Proof. Since the left vertical arrow h of (5.11) is the pullback of the compactified
Jacobian fibration J¢ along a finite étale map W —W, Corollary 4.6 applies to it. In
particular, the perverse filtration P, H*(MP**! Q) is multiplicative. So, we only need to
show that

cr(y) € P (MP¥, Q).
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Moreover, since this class is pulled back from jg, in view of the diagram (5.11) it suffices

to prove the corresponding statement for jg:

cr(y) € PeH* (JE, Q).
This is a consequence of Corollary 4.6, which is completely parallel to the proof of
Theorem 0.6 in §5.3.3.

The only minor difference is that in §5.3.3 we considered a universal 1-dimensional
sheaf over a surface, and here we consider a universal vector bundle over a curve. The
latter can be reduced to the surface case as we explain in the following.

Let S be the projective bundle over the curve ¥ given by

pr: S :=Px(Q%(p)@0x) — .

Then, C—W can be viewed as a family of curves in the linear system |r¥| with ¥C.S

the zero-section. A universal sheaf F'¢ on S x J& of §5.2 provides a universal bundle
U:=(pr x idy) Fé—s ©x J&.
In particular, the Grothendieck—Riemann—Roch formula with respect to
pr:=pr xidJ:ijg—>Exjg~

allows us to express the class ¢, () in terms of the tautological classes associated with S

defined via F%. More precisely, by the formula
ch(U) =pr, (ch(F*)Up tdpr),
every tautological class ¢ () can be written in terms of Kiinneth components of
chPO(FY),  j<k+1.
Hence it suffices to show that
ch 2 (F) e P H* (S % J&, Q).

This follows from an identical argument as in §5.3.3, where we note that the normalization
condition for (U,d) ensures that the class (5.8) associated with F'¢ vanishes. O
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5.4.3. The reduction steps of Hausel-Mellit—Minets—Schiffmann

Finally, we complete the proof of Theorem 0.4 by reducing it to Corollary 5.7. Clearly,
(0.4) can be deduced from the following analogue of Corollary 5.7 for the moduli space M:

e (7)U: PH* (M, Q) — Py H* (M, Q). (5.12)

If such a statement holds for a Hitchin-type moduli space in §5.4.2, we say that this
moduli space satisfies stronger POC. For the moduli space M, the stronger POC
condition is equivalent to the weaker version (0.4) due to Markman’s generation result
[35]. But for other spaces, these two conditions are not equivalent.

We now explain how the reduction steps of [26, §8] reduces (5.12) to Corollary 5.7.
The strategy is to keep track of the stronger PO C' condition through (5.10) from the
right end to the left end.

Step 1. Since all the moduli spaces of (5.10) admit natural maps to M™™®, we fix
once and for all a normalized pair

(U, §) ~~ X x M™mero,

whose pullback yields a normalized pair and the tautological classes ¢ () for each moduli
space.
By Corollary 5.7, the stronger PO C condition holds for MParell,

Step 2. The stronger PO C condition holds for M.
This follows from Step 1 combined with the following facts:

(i) the restriction map
v H*(MP™ Q) — H*(M°,Q)

is a filtered isomorphism with respect to the perverse filteations and preserves tautological
classes (see [26, Proposition 8.18]);

(ii) the restriction map
e HF (Mpar’ Q) S H* (Mparell’ Q)

is a filtered injection with respect to the perverse filtrations and preserves tautological

classes (see [26, Proposition 8.16] and the paragraph after that).

Step 3. The stronger POC condition holds for M, which completes the proof of
statement (5.12).
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To see this, we consider the morphism
D=0 f"H"(M,Q) — H*(M° Q).

We note that this is only a correspondence which does not preserve cup-products. By
[26, §8.6, before Theorem 8.20], I is injective with left inverse given by

IV:=f0* H*(M° Q) — H*(M,Q),

up to a non-zero constant.(14)
Since the pullback of the tautological classes cx(y) on M and M° to M coincide, by

the projection formula, we have
D(ex(v)Ua) = cx(7)UT () € H*(M°, Q)

for any cohomology class o€ H*(M, Q). Then, the desired statement follows from Step 2
and the compatibility of T' and T with the perverse filtrations [26, Proposition 8.7].
We have completed the proof of the P=W conjecture. O
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