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Overview of the thesis

Here we discuss the main themes of the thesis, explain key concepts and ideas, summarize

results, and set up notation and conventions.

Algebraic cycles

The study of algebraic cycles is one of the most fascinating subjects in algebraic geometry. It illustrates
a nice mixture of topology, geometry and algebra, with many deep questions and conjectures.

The construction goes roughly as follows: consider an algebraic variety X, which is defined by
some polynomial equations. Then a (closed) subvariety of X is defined by some more polynomial
equations. The group of algebraic cycles on X is nothing but the formal abelian group generated by
all subvarieties of X. With this definition, however, one does not have enough operations to study
those cycles. The solution is to introduce some kind of equivalence between cycles: to allow them to
move a bit, so that every pair of cycles can intersect. The least one can do is to work modulo rational
equivalence, i.e. to allow cycles to move along a projective line. The resulting group is called the
Chow group, and it carries a ring structure given by the intersection, hence the Chow ring. One may
also work modulo other coarser equivalences (e.g. algebraic, homological and numerical equivalences)
to allow more flexibility.

The Chow ring can sometimes be viewed as the algebraic counterpart of the cohomology ring,
the latter being a more geometric notion. Their interactions are particularly interesting: on one
hand, the Hodge conjecture predicts that cohomology should in some sense be controlled by Chow.
On the other hand, the Bloch-Beilinson-Murre conjecture predicts the converse. The formal aspect
of these conjectures can be explained via the language of (Chow) motives. Roughly speaking, the
category of motives captures all information about Chow, and has a functor towards cohomology,

called realization.



1. OVERVIEW OF THE THESIS

Tautological (cycle) classes

It is a well-known phenomenon that the Chow ring of a variety can be enormous as soon as its
cohomology becomes complicated. So in that case, it seems hopeless to study the Chow ring in
integrity. Nevertheless, for particular types of varieties there exist many interesting, geometrically
constructed cycle classes. People often call them tautological classes — as if one gets them for free.
With a bit of luck, one can find a certain degree of finiteness in those classes, as well as other nice
enumerative properties. Moreover, if the definition of tautological classes is good, one also expects
most classes found in nature to be tautological.

In this thesis we shall encounter two such notions of tautological classes. The first is for the
moduli space of curves and dates back to Mumford in 1983. The second concerns the Jacobian of a

curve and was first introduced by Beauville in 2004.

Tautological ring: curve side

A smooth curve C carries a canonical divisor class X, which is the first Chern class of its cotangent
bundle. Consider a family of such curves p: C — §, and glue the K’s together. Then by self
intersecting K and pushing forward to S, we obtain the so-called kappa classes x; = p,(K'*!) on S.
The tautological ring %(S) is just the ring generated by these kappa classes, and all classes in %(S)
are called tautological.

The universal model of all such S’s is the moduli space //lg, which is some kind of a parameter
space for smooth curves of genus g. In this case, the study of the tautological ring #(.# ) has
two major motivations. The first is the Mumford conjecture, now proven by Madsen and Weiss.
It roughly says that when the genus g goes to infinity, the limit of the cohomology ring H(.%,)
coincides with % (.4

g
The second motivation comes from the Faber conjectures, which predict that %2(.# ) behaves

), i.e. it consists only of tautological classes.

like the (algebraic) cohomology of a smooth complete variety. In other words, it should be a Goren-
stein ring and have Poincaré duality. The difficulty is to construct sufficiently many relations between
tautological classes. Due to many failed attempts for g > 24, as well as counterexamples in other con-
texts, nowadays people tend not to believe the conjectures. But the evidence remains unconvincing.

One may consider similar Gorenstein properties for the tautological rings of the universal curve

over M p and its powers. There is also a pointed version, .e. over the moduli of pointed curves .# o

Tautological ring: Jacobian side

The Jacobian J of a smooth curve C is the group of isomorphism classes of line bundles on C with

trivial first Chern class. With / being an abelian variety, its Chow ring carries a second ring structure
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brought by the addition map, and also the action of the multiplication by V € Z.

By choosing a point x;, € C, one can embed the curve C into J and the former becomes a 1-
dimensional cycle on /. We first declare the class of this cycle to be tautological, and then apply
both ring structures as well as the multiplication by N. The eventual output is called the tautological
ring 7 (/), and its elements tautological classes. One can prove that 7 (/) is in fact finitely generated
(with respect to only the intersection product) by writing down an explicit set of generators. Also as
is shown in this thesis, the story generalizes to a family of pointed curves, or equivalently, to over the
moduli space ./ ;.

Polishchuk made a great contribution to the study of this notion. He applied powerful tools that
are developed for the Chow ring of abelian varieties, such as the Beauville decomposition, the Fourier
transform, and the Lefschetz decomposition. He then used the last tool to construct relations between
tautological classes. For the generic curve (and modulo algebraic equivalence), he conjectures that

they provide all the relations.

Polishchuk’s approach also brings a motivic touch to the subject. The hidden background is the
so-called motivic Lefschetz decomposition, and the relations he obtained are simply determined by

the motive of the Jacobian /.

Connecting the two sides

The first half of the thesis (Chapters 3 and 4) builds connections between the two tautological rings,
showing that not only do they share the same name, but they are essentially the same thing. More
precisely, consider a family of pointed curves C — § and the corresponding family of Jacobians
J — §. First by applying Polishchuk’s machinery, we prove that the restriction of the tautological
ring 7 (/) to § is exactly the (pointed) tautological ring % (S). The picture becomes even clearer
when we consider the symmetric powers Cl”l — § for all # > 0, and their tautological rings % (C"]).
Using techniques developed by Moonen and Polishchuk, we show that when 7 goes to infinity, the
limit of 2(C!"]) is actually a polynomial ring over 7 ().

This revelation has some significant consequences. As is mentioned above, the motivic Lefschetz
decomposition produces many relations between tautological classes (in 7 (]), Z(S), Z(C"), etc.).
Using these relations, we can confirm the conjectural Gorenstein property for various tautological
rings over § = ./, , with some low values of ¢. But more importantly, we may ask the following:
are all relations of motivic nature? This question has a fairly strong flavor of geometry, and a positive
answer to it would in general conflict with the Gorenstein property (for Z(.#,,), R (M, ), etc.). It
is probably the first time one can think of a geometric reason (rather than just numerical evidence)

why the Faber conjectures may not hold.



1. OVERVIEW OF THE THESIS

Detecting non-trivial tautological classes

The second half of the thesis (Chapters 5 and 6) addresses the following question: given a tautological
class, can one determine if it is zero or not in the Chow groups? Conventional methods of detecting
non-trivial cycles (in Chow) consist of two steps. First one applies the cycle class map to see if the
cohomology class of the cycle is non-zero. If it is zero, then a second chance is to apply the Abel-
Jacobi map, which goes from homologically trivial cycles to the intermediate Jacobian. But if this
still returns zero, then the problem becomes very difficult. Modern Hodge theory has developed
infinitesimal invariants to detect those Abel-Jacobi trivial cycles on a very general fiber of a family of
varieties. However, most of the invariants are extremely difficult to compute.

In our specific case, we found a very simple way of detecting non-trivial tautological classes on
the generic (or a very general) Jacobian. The idea is to exploit the fact that the Jacobians of certain
singular curves (called of compact type) are still abelian varieties. Using a degeneration argument
due to Fakhruddin, we are reduced to compute a certain invariant for those singular curves, and the
complexity of the computation is almost nothing.

Further, to illustrate the simplicity and effectiveness of our method, we also carry out detections

in the context of S. Saito’s higher Griffiths groups.

Main results

(i) Let C — S be a relative pointed curve and / — § be the relative Jacobian. We define the
tautological ring 7 (/) (Definition 3.4), describe its generators (Theorem 3.6), and show that
its restriction to § is the tautological ring 22(§) (Corollary 3.8). We produce relations in 7 (/)
(Construction 3.12), which lead to a new proof of the generation statement in the Faber conjec-
tures (Theorem 3.15), as well as confirm the conjectures for .# o with ¢ <19 (Theorem 3.17).

Further we raise the question whether all relations should be motivic (Conjecture 3.19).

(ii) We define the tautological ring(s) %(C!*]) of the infinite symmetric power of C (Defini-
tion 4.12), and show that 2 (C[*]) is a polynomial ring over 7 (/) (Theorem 4.14). For the
universal curve (resp. Jacobian) € 1 (resp. ¢ g}l) over A .10 an analogue of the Gorenstein
property for 7 (7, ,) is stated (Speculation 4.24), and its connections with the Gorenstein
property for % (‘6(5”1]) established (Theorem 4.27). We confirm these properties for ¢ < 7

(Theorem 4.26), leaving ¢ = 8 as the critical case.

(iii) Using Fakhruddin’s degeneration argument (Lemma 5.7), we detect non-trivial codimension 2
tautological classes on the generic Jacobian (Theorem 5.4). As a consequence we obtain a sim-

ple and characteristic free proof of the generic non-vanishing of the Faber-Pandharipande cycle



(iv)

(Corollary 5.11; due to Green and Griffiths over C). We also explore some higher codimen-
sional cases (Proposition 5.12). Further, as an independent application of the tautological ring,
we document a simple proof of Sebastian’s result on the Voevodsky conjecture for 1-cycles on

abelian varieties (Theorem 5.21).

On a very general Jacobian, we develop an invariant for detecting non-trivial classes in Saito’s
higher Griffiths groups (Proposition 6.10). We compute the invariant for the Beauville compo-
nents of the curve class, proving the generic non-vanishing of those components with a sharp

bound on the genus (Theorem 6.13). This improves a previous result of Ikeda.

Notation and conventions

(i)

(ii)

(iii)

(iv)

Let 4 be a field. When there is no ambiguity, we simply write £ for Spec(#). By a variety we
mean a separated, reduced scheme of finite type over 4. If S is a smooth connected variety
over k, we denote by ¥ the category of smooth projective schemes over S. If an object X /S

in ¥ has connected fibers, we write dim(X /S) for the relative dimension of X over S.

For a smooth variety X over %, we denote by CH’(X) the Chow group of codimension 7 cycles
on X with Q-coefficients, and by CH(X) := @, CH’(X) the Chow ring of X equipped with
the intersection product (-). We also write CH, (X) (resp. CHy,,,,(X) and CH,,,, (X)) for the
ideal of cycles that are algebraically (resp. homologically and numerically) equivalent to zero.

Throughout, all cycles groups are with QQ-coefhicients.

The word generic is taken in the schematic sense. Over an uncountable field # (e.g. # = C),
the term very general is often used, which means outside a countable union of Zariski-closed

proper subsets of the base variety.

We write s[, :==Q-e+Q- f+ Q- h, with [e, f]=h,[h,e]=2e and [h, f]=-2f.
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Preliminaries

This chapter provides the basics for the rest of the thesis. We briefly review the classical
theory of algebraic cycles on an abelian scheme, combining three aspects: Chow theory,
motives and cohomology. Then we specialize to the case of a relative Jacobian, where

certain structures can be reconstructed geometrically.

2.1. The Chow ring of an abelian scheme

In this section we focus on the Chow theory side of the story, while the motivic and cohomological
aspects will be discussed in the next section. References will be given and proofs will be omitted.
We work over a base variety S that is a smooth and connected over a field #. Let A/S be an
abelian scheme, 7.c. a smooth proper group scheme over S with (geometrically) connected fibers.
Write 4 := dim(S /%) and g := dim(A/S), and we assume g > 0. The (abelian) group structure on A

gives the following maps

urAxg A— A,
[N]: A— A for N €Z,

called the addition and the multiplication by N respectively. We write pr,pr,: Ax ¢ A — A for the
two projections.

We also recall the notion of a polarization. To every abelian scheme A/S we may associate a dual
abelian scheme A’ := PiCOA /5> such that (4")" ~ A. Then a homomorphism f: A — A" induces a dual
homomorphism f*: (4')" — A’. A homomorphism A: A — A’ is called symmetric if A* = A. On

A x ¢ A" we have the Poincaré line bundle trivialized along the zero sections, and we denote it by 2.

7



2. PRELIMINARIES

Definition 2.1. A polarization™*"' of A/S is a symmetric isogeny A: A — A’ such that the dual of
the pull-back of & via (id;, A): A — Ax ¢ A" is relatively ample over S. If A is an isomorphism, then

it is called a principal polarization.
The polarization A induces an element
. * -1/2 .
2.1) Ly:=((id,, A)'(2)) '~ e Pic(4) ®, Q,

which is relatively ample over S, symmetric (Z.e. [-1]*(L;) = L) and trivialized along the zero section

(i.e. [0]*(L;) = O,). Moreover, the map id; x¢A: Ax¢ A— Axg A’ gives the identity
(2.2) (idyx5A)(2)=pri(L)@pry(L)) @ u'(Ly) " in Pic(AxgA) @, Q.

The central object of our interest is the Chow ring CH(A) = @f:od CH’(A). It possesses two
different ring structures: one given by the usual intersection product (-), the other given by the

Pontryagin product (x). The latter is defined by

CH'(A) x CH" (4) = CH*"~¢(A)
(@, 8) = o.(pri(a) - prs(3)).

The unit of( CH(A), *) is the class of the zero section 0: § — A, denoted by [0] := [0(5)] € CH#(A).
In general the two products do not commute with each other, i.c. we have (o B)*y £a - (8 *y).
We introduce three important tools for studying the structure of CH(A), namely the Beauville
decomposition, the Fourier transform, and the Lefschetz decomposition. They play a central role in the
entire thesis. For simplicity’s sake, we shall from now on restrict to the case of principally polarized
abelian schemes (A4/S, A), where we identify A with A* using the principal polarization A: A4 A

We write
(2.3)

for the first Chern classes of & (viewed as a line bundle on A x ¢ A) and L. The identity (2.2) then

becomes
(2.4) £ =pri(0)+pry(0) — 4 (6) in CH'(Ax; A).

Sometimes we even use the notation (A4/S, &) for the principally polarized abelian scheme, but one

should always keep in mind what a polarization means.

8



2.1. The Chow ring of an abelian scheme

Beauville decomposition

The Chow ring CH(A) can be decomposed into eigenspaces according to the action of [N]: A — A4,
for all N € Z. In other words, the operators [IV]* (or [/V],) for all integer /V are simultaneously
diagonalizable on CH(A). The precise statement is the following.

Theorem 2.2. For j € Z, denote

CH’

((A)={a e CH'(A): [N](a) = N* 7 forall N €Z}

={e e CH'(A):[N].(¢) = N* "« forall N eZ}.

Then we have a decomposition

4 min{i+d,2i} 4
(2.5) CH'(4) = &b CH;

j=max{i—g,2i-2g}

(A). O

This result was first proven by Beauville in the case S = £ ([Bea86], Théoreme), and later gen-
eralized by Deninger and Murre to the relative setting ((DM91], Theorem 2.19). By comparing the
actions of [ V], we have the compatibility with the products () and (x):

CHy)

CHy),

k : itk
(4) x CH([)(A) - CH(;H)(A)’
k * ithk—
(A) x CH[)(4) — CH(;+ L (A).
Example 2.3. In (2.1), the fact that [-1]*(Z)) = L, and [0]*(L,) = O, is equivalent to saying that

0=c(L)e CH(IO)(A). To see this, write 6 = 5 + 0, + 0, with ;) € CH(IJ,)(A). Then we have

Fourier transform

The Beauville decomposition is obtained via a technique called the Fourier (or Fourier-Mukai) trans-
form. It was first introduced by Mukai in the context of derived categories, and later adapted to
Chow theory by Beauville ((Bea83] and [Bea86]). Again, the form used here is due to Deninger and
Murre [DM91].

Definition 2.4. The Fourier transform is the Q-linear endomorphism (in fact automorphism) of

CH(A) defined by

: CH(A) — CH(A)
a — pr,, (pri(@)- exp(£)).



2. PRELIMINARIES

Proposition 2.5. We have the following properties for F :

(i) &: CH!.

~ g=itj( gy,
((A4) = CHE) ™ (A);

(i) Fo[N],=[N]oF and F [N} =[N),F, for all N € Z;
(iii) F(axpB)=F(a)- F(0):

(iv) F(a-f5)=(=1)sF(a)«F(D);

V) FoF =(=1)&[-1], so that F' = (=1)¢[-1]" o Z. ]

We refer to [DM91], Section 2 for a proof of the statements. Property (i) shows how one can
obtain the Beauville decomposition using . : just take elements in CH’(A), apply Z, collect compo-
nents of different codimensions, and apply Z ! back. Property (ii) gives the compatibility between
Z and [N] that leads to the proof of (i), and Properties (iii) - (v) justify the name Fourier trans-
form. One may regard (x) as a convolution product, and .% maps the convolution to the usual inner

product.

Example 2.6. Since [0] is the unit of ( CH(4A), *) and since .7 interchanges the two ring structures,
we have F ([0]) =[A]. It follows that F ([A]) = (—=1)¢[o].

Lefschetz decomposition

The classical Lefschetz decomposition for a smooth projective variety X /k says that given an ample
line bundle, there exist two operators L and A that generate an sl,-action on the cohomology of X .
In the case of an abelian variety, Kiinnemann [Kiin93] showed that one can obtain this sl,-action at

the Chow theory level. Also it can easily be generalized to the relative setting.
On CH(A), define operators

e: CH{,(4) — CH_}}'(4) o —0-a,
4 . He!
1 i—1
(2.6) £+ CH,(4) - CH[;\(4) RGP R
h: CH{,(A) - CH[;(4) o (2i—j—g)a.

Note that we followed the convention of [Pol07], Section 1, where the operators ¢ and f differ by
a sign from the ones in [Kiin93]. This avoids sign complications in the identity (2.7) below, and is
more suitable for studying the case of Jacobians (see Section 2.4). We have the following Lefschetz
decomposition theorem ([Kiin93], Theorems 5.1 and 5.2; see also [Beal0], Theorem 4.2).

10



2.1. The Chow ring of an abelian scheme

Theorem 2.7.
(i) The operators e, f and h generate a Q-linear representation of the Lie algebra s\, on CH(A).

(i) For i and j in the range of (2.5), we have a decompositon

min{,|(2i—j)/2,i—j+d} ' i
(A) = @ e (CH( (A)),

/).prim

CHy,
k=max{0,2i—j—g}

where CHE;‘) A) is the kernel of e8>/ +1 CHEj)(A) — CHg_HjH(A).

,prim( (])

(iii) (hard Lefschetz) For 0 < 2i — j < g, there are isomorphisms
et CHy;)(A) = CHE ™ (). O

Remark 2.8. The messy indices in (ii) and (iii) are largely due to the fact that the 7 for codimension
is a bad choice of grading. Things will clear up after a suitable change of gradings in Section 2.2, and

become even more transparent using the picture in Section 2.3.

From now on, we shall refer to the sl,-action on CH(A) defined above as #he sl,-action. The

Fourier transform .% intertwines the sl,-action by
FloeoT =—f, Flofo T =—e, and F ' ohoF =—h.

In fact, one can even reconstruct .% from sl,. It means if we understand the sl,-action on CH(A),

then we know both the Fourier transform and the Beauville decomposition.

Proposition 2.9. We have

(2.7) F =exp(e)oexp(—f)oexp(e) on CH(A). N

So if we represent the operators ¢, f by the matrices (8 (1)),((1) 8) € 5,(Q), then .F corresponds

to the matrix (_01 (1)) € SL,(Q). The proof of Proposition 2.9 is essentially the same as in [Bea04],
Section 2.3 (iv) (see also [Pol08], Lemma 1.4). Further, Beauville showed that indeed the s[,-action
lifts to a Lie group SL,-action on CH(A) ([Beal0], Theorem 4.2).

We finish this section by looking at the case of an abelian variety (i.e. when § = #). Since d =

dim(§ /%) =0, the Beauville decomposition becomes

(2.8) CH'(A) = @ CH{;(4).

j=i=g

11



2. PRELIMINARIES

Now assume a Weil cohomology theory H*® for ¥, (see [Kle94], Section 3), a cycle class map
cl: CH' — H?*, and a well-defined Abel-Jacobi map aj: CH;__ — (certain object related to H*!)
(e.g. singular cohomology with the classical cycle class and Abel-Jacobi maps when # = C, or the ¢-
adic version in general; see [Chal0], Section 2). There are the following predictions™* for CH(A).

Conjecture 2.10.

(i) We have CHEj)(A) =0 forall j <O0.

num

(i) Let @ € CH! (A). If @ € CH’ (A), i.e. @ is numerically equivalent to zero (or weaker: i
(0) ) €q
a e CHfmm(A), i.e. a is homologically equivalent to zero), then o = 0.

(iii) Letx € CHZI)(A) (in particular « € CH;__(A)). Ifaj(a) =0, then « = 0.

hom

Part (i) is known as the Beauville conjecture (see [Bea83], Section 5 and [Bea86], Section 2).
We refer to [Kiin93], Conjecture 8.1, [KV96], Conjecture 2.13 and [Ful0], Conjecture 1 for some
equivalent forms of this conjecture. All three conjectures are only known in very special cases. They
are trivially true for CH%(A), and are also true for CH'(A), the latter being a consequence of the
theorem of the square. In fact, the theorem of the square says CH(IO)(A) ~NS§(A4)®,Q and CH(II)(A) S
Pic’(A)®, Q. By the Fourier transform .7, we also obtain Part (i) for i = g, g —1 and g —2, Part (ii)

for i = g and g — 1, and Part (iii) for 7 = g. So the first remaining cases are
(i) CH{ () for g =5
(i) CHp(A) for g =4;
(iii) CH(zl)(A) for ¢ = 3.

The Beauville conjecture is also known for abelian varieties defined over F ,- This was proven by Soulé
using the action of Frobenius and consequences of the Weil conjectures ([Sou84], Corollaire 2). In
fact, he proved that for A/F ,» we have CH'(A) = CHZO)(A).

Recently in [Moo11], Moonen studied the Chow ring of abelian schemes with non-trivial endo-
morphisms. In that situation he generalized the sl,-action to the action of a much larger Lie algebra,
including all sl,-tuples coming from relatively ample line bundles. In particular, he proved the fol-

lowing special case of Conjecture 2.10 (loc. cit., Corollary 8.4 and Theorem 8.6).

Theorem 2.11. Conjecture 2.10 is true for the Q-subalgebra 2(A) ¢ CH(A) generated by divisor classes,
i.e. classes in CH'(A). (Here Part (iii) is obtained for the classical and €-adic Abel-Jacobi maps, under
the assumption that End’(A) is simple.) N

12



2.2. Motivic interpretation and cohomological realization

2.2. Motivic interpretation and cohomological realization

The spirit of this section is to show that everything in Section 2.1 is of motivic nature. We shall
rewrite all previous results in a motivic language. Since later we would like to apply cohomological
methods in Chapters 5 and 6, we also list the results in cohomology in parallel.

Let (A/S,0) be a principally polarized abelian scheme. We denote by 7w: A — S the structural
map, and by 0: § — A the zero section of 7r. Again we write 4 = dim(S/#) and g = dim(A/S).

Relative Chow motives

We briefly recall the definition of Chow motives, and we follow [DM91], Section 1 in the relative
setting. The rough idea of a motive is to enlarge the set of maps between varieties by including all
correspondences.

More precisely, given objects X /S and Y'/S in ¥, define the group of relative correspondences
between X and Y over § as Corry(X,Y) := CH(X x, Y). An element y € Corr (X, Y) induces

y.: CH(X) — CH(Y)
a— pr,, (pri(a)- ),

where pr;: X x, Y — X and pr,: X x; ¥V — Y are the two projections. If Z/S € ¥, y €

Corrg(X,Y) and y’ € Corrg(Y, Z), we also define the composition of correspondences

y oy =pry, (priy(y) - pros(y)) € Corrg(X, Z),

where pr,,pr;, and pr,; are the projections of X x¢ ¥V x¢ Z to X x¢ Z, X xg Y and ¥V x4 Z
respectively. We have (y'oy), = y/oy,.

The group Corrg(X,Y) is graded: if X = U, X; such that each X; has connected fibers, then we
write Corry(X, V) := @, CH™X/SH7 (X x (V). It follows that

Corry(X, V) x Corr§y(Y, Z) = Corr;™ (X, Z).
Finally, a projector of X /S is a correspondence p € Corr}(X,X) such that po p = p.
Definition 2.12. We define the category of relative Chow motives over S, denoted by .
(i) The objects of .4 are triples (X, p, m) with X /S € ¥, p a projector of X /S and m € Z.
(i) The morphisms between M = (X, p, m) and N = (Y, ¢, n) are defined by
Hom,, (M, N) = g Corrl (X, ¥) p
={yeConi"(X,Y): geyep=7}

13



2. PRELIMINARIES

The identity morphism of M = (X, p,m) is id), = po[Ay s]e p = p, where Ay ¢ is the
diagonal X c X x X.

The abstract theory says that .4 is a rigid, pseudo-abelian tensor category. We refer to [And04],

Chapitre 2 for the terminology. Moreover, there is a functor

R:aj/;p_)/ﬂs

that maps objects X /§ to (X, [AX/S],O), and morphisms f: X — Y over § to [Fj‘;] € Corry(Y, X),
where Fj’i C Y x¢ X is the transpose of the graph of f. Further, we define the Chow groups of
M =(X, p, m) to be

CH'(M):= p,(CH"™(X)).

Examples 2.13.

(i)

(ii)

(iii)

The motive 1 := R(S/S) = (S, [Ag/s], O) is the unit of # ; with respect to the tensor product.
For i € Z, define 1(7) := (S, [Ag /s, i). The motive 1¢(1) (resp. 14(—1)) is called the relative
Tate motive (resp. Lefschetz motive) over S. For M € Mg, write M (i) = M ® 14(7). Then we

have

CH'(M)=Hom , (14(—),M)=Hom , (15, M(i)).

If X/S € ¥ admits a section 0: § — X, then o defines a projector 77, = [0(5) X X]
and a motive R°(X /S) = (X, 7,,0). Further assume that X /S has connected fibers with
dim(X'/S) = ¢. Then we have a projector 7, = [X X a(S)] and a motive R*¢(X/S) =
(X, 7,,,0). The correspondence [§ x; X] (resp. [X x5 §]) induces an isomorphism 1 ~
RY(X /S) (resp. R*4(X /S) ~14(—g)).

For n > 1, there is an & ,-action on the projector of the motive M®”. One can symmetrize
(resp. alternate) the projector to obtain the 7-th symmetric (resp. wedge) product of M, denoted
by §*(M) (resp. A"(M)). Both can be viewed as direct summands of M®” (see [KimO05],

Section 3).

Back to the abelian scheme A/S. We now state the motivic version of the results in Section 2.1.
Proofs can be found in [DM91], Theorem 3.1 and Corollary 3.2, and [Kiin93], Theorems 5.1
and 5.2.

14



2.2. Motivic interpretation and cohomological realization

Theorem 2.14.
(i) There is a unique decomposition [A ;] = lefo 7, in Corra(A, A) such that
(idl‘1 xS[N])*(nl.) =N'r, forall N eZ.
We have 7, T, = 0fori+#jandm, or,=rm, Write R((A)S) = (A, r,,0) and we obtain a

motivic decomposition
2¢g )
(2.9) R(A/S)=EDR'(A/S).
i=0
Moreover, there are isomorphisms R'(A/S) ~ Si(Rl(A/S))ﬁr 0<i<2g.
(ii) For 0 < i <2g, the Fourier transform F (viewed as the correspondence exp(€) € Corrg(A, A))

induces isomorphisms
F:R(A)S) S R (A)S)(g —i). O

Remark 2.15. Some people, thinking on the cohomological side, write R'(A/S) =~ A'(R'(A4/S)).
However, motivically one should take the symmetric product, since there is a sign change when

applying cohomological realizations (see [And05], Section 2.2).
Then we describe the motivic Lefschetz decomposition. Define correspondences

L:=A,(—0) e Corry(4, A),
AN=—F 'oloF e Corrgl(A,A),

where A: A — A x¢ Ais the diagonal map, and .F is viewed as a correspondence. One shows that

L: R'(A/S)— R"™(A/S)(1), and A: R'(A/S)— R"7*(A/S)(-1).

Theorem 2.16.

(i) We have [L,N]=37%,(i — g)m, in Corrd(4, A).

i=0

(ii) For0<i<2g, the motive R'(A/S) has a decomposition

. li/2] .
RA/S)= @ (R (4/S)=H),
k=max{0,i—g}
where R;rim(A/ 8S) is a direct summand of R'(A/S) on which LE~* induces zero morphism.

(iii) (hard Lefschetz) For 0 < i < g, there are isomorphisms

L RI(A)S) S RPT(A)S) (g —i). O

15



2. PRELIMINARIES

C-adic realization

We shall use £-adic cohomology with @ ,-coeflicients in the general setting (here € is a prime number
different from the characteristic of 4, not to be confused with € = ¢,(£)). If the base field £ = C,
one may instead use singular cohomology with Q-coefhicients. For simplicity, we assume 4 to be
algebraically closed (or at least separably closed) when working with cohomology.

Denote by D?(S,Q,) the bounded derived category of Q,-sheaves on S. The functor ¥ —
D*(S,Q,) sending ¢: X — S to Rp,Q, extends to a Q-linear tensor functor

M5 — D*(S.Q),

called the ¢-adic realization (see [DM91], Section 1.8).
Deligne’s E,-degeneration of the Leray spectral sequence ([Del68], Théoréme 1.5) says that for

¢: X — §in ¥, there is a (in general non-canonical) decomposition

What is special in the case of an abelian scheme 77: A — §, is that one can make this decompo-

sition canonical using the multiplication by V. More precisely, we have the following analogue of
Theorems 2.14 and 2.16 (see [ Del68], Remarque 2.19 and [Voil2], Corollary 2.2).

Corollary 2.17.

(i) In D*(S,Q,), there is a canonical multiplicative decomposition

2g )
Rr,Q,= z RZ”*Qe[—iL
i=0

such that [N'|* acts on R' 7t Q, by multiplication by N', for all N € Z. Here by multiplicative we
mean that the decomposition is compatible with the cup products on both sides. Moreover, there are
isomorphisms R' 1t Q, ~ /\"(erc*Q[)for 0<i<2g.

(i) For0 < i <2g, the Fourier transform F gives isomorphisms
F:R'm.Q, = R Qg i),
where (—) stands for Tate twists.
(iii) 7he €-adic cycle class u == cl(—60) € H Z(A, Q 3(1)) induces a map
Rr(u): R'm,Q, — Ri+2ﬂ*@€(1)'
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2.2. Motivic interpretation and cohomological realization

For 0 <i <2g, we have a sheaf decomposition

li/2]
i ki ni—2k
R TE*Qf = @ (RTL'*(M)) (Rprirzn n*@f(_k))’
k=max{0,i—g}
where R}, 70, Q, is the kernel of(Rn*(u))g_iH: Rim,Q,— R 27 Q,(g—i+1).

(hard Lefschetz) For 0 < i < g, there are isomorphisms

(R, ()" R, Q, 5 R, Qg — i), O

Remark 2.18. Unlike the case of abelian schemes, in general one does not have a multiplicative
decomposition (2.10) (not even after shrinking the base variety §). See [Voil2], Section 1.2 for a

counterexample.

Compatibility with the Chow ring

Finally we build connections between the Chow theory side and the motivic and cohomological sides.
This is done simply by comparing the actions of the multiplication by /V, for all N € Z.

By definition [/V]* acts on CHG)(A) by multiplication by N*7/. On the other hand, Theo-
rem 2.14 (i) and Corollary 2.17 (i) tell that [V]* acts on CH (R’(A/S)) and R’ 7r,Q, by multiplica-
tion by N?. It follows immediately that

CHy)
Similarly, we see that the £-adic cycle class map cl: CH'(A4) — H* (A, Q g(z')) factors through

(A) c CH(R*7/(4/5)).

(2.11) cl: CH{,(4) = H’(S, R 7. Q,(1)),
which is compatible with the multiplicative structures on both sides.

Very often we find it convenient to replace the grading i (for codimension) in CHEj)(A) by a new,
motivic grading. We write

(2.12) CH,, ;(A) = CH"/"*(4), or equivalently CH,

) \(A) = CH;(A),

5
so that [V]* acts on CH,; ; (4) also by multiplication by /V'. In other words, we set

CH,, ;(4) = CH(R'(4/S)) N CH;(A).

i
The Beauville decomposition (2.5) then takes the form

(2.13) CH(4) = P CH,, ,(4),
i,j

17
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with 0 <7 <2g and max{—7,i—2¢} < j <min{7,2¢g —i}+2d. Expressions of algebraic operations

are simple (if not simpler):

CH,; ;(4) x CH; (4) - CHit,j1)(A):
CH,; ;(4) x CH; (4) - CHi 1 ag j+0)(A):

F CH(Z,,].)(A) — CH(Zg—i,j)(A)'

We have 6 € CH(Z)O)(A), so that the sl,-action in (2.6) becomes e: CH(Z.)],)(A) — CH(;’+2,]‘)(A)’
f+ CH,, ;(4) — CH,,_, (4), and h = (i — ¢g)id on CH; ;,(A4).

To conclude, the actions of [V ] group together ®; CH,; ;(4), R'(A/S) and R'7r,Q,. The same
(A), Riy (A/S) and Riy. 7.Q

prim

goes for the primitive parts &, CH,;, ;) .,

2.3. An illustration: the Dutch house

Here we present a useful picture that describes the Chow ring CH(A) (see [Mo0009], Figure 1). The
picture illustrates all structures discussed in Section 2.1 while combining the motivic aspect of Sec-
tion 2.2. Further, it enables us to make clear statements without complicated indices. We decide to
call it the Dutch house, due to its resemblance to a traditional Dutch #rapgevel.

In figure 1, the (7, j)-th block represents the component CH; ;)(A) in the Beauville decomposi-
tion. Then the columns read the motivic decomposition R(A4/S) = &,R’(A/S), and the rows read
Beauville’s grading j. As a result, components with the same codimension lie on a dashed line from
upper left to lower right.

It is not difficult to verify that the house shape results from the precise index range of (2.13).
The width of the house depends on g = dim(A/S), while the height (without roof) depends on
d = dim(S/k). In particular when § = % (i.e. 4 = 0), the house reduces to the roof only. Here
Figure 1 is drawn based on the universal Jacobian over § = .#, ,, i.e. the moduli space of pointed
curves of genus 4 (see Sections 2.4 and 3.1). In this case we have ¢ = 4 and 4 = dim(.#, ,/k) =
3¢-3+1=10.

Remark 2.19. Note that we have not drawn the components CH,; ;)(4) with negative j. On one
hand, when § = £ the Beauville conjecture (Conjecture 2.10 (i)) predicts the vanishing of those
components. On the other hand, the classes we shall study are all in CH|, ;)(4) with j > 0, i.e. inside
the house.

As is shown in the picture, the Fourier transform .% acts as the reflection over the middle vertical

line. Regarding the sl,-action, we find that ¢ shifts classes to the right by 2 blocks, while f* shifts
classes to the left by 2 blocks. Finally the middle column of the house has weight 0 with respect to 4.

18
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Fourier transform .7
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CH"”

[

CHIZ

CH" b

I
&
e
)
Y

CH"

—
%)
—_

CH’

=
=

CH®

=]
|5 ]

CH’

CH®

CH’

2d
CH*

CH’

CH?
CH'

CH’

|
1
| | | 2g | | | |
motive: R R! R? R R* R R® R’ RS =R%
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Figure 1. Mon dessin n° 1: the outside of the Dutch house (g =4 and 4 = 10).
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Example 2.20. The isomorphisms of motives (see Examples 2.13 (ii) and Theorem 2.14 (ii))

RY(A/S) ——%—— R**(4/S)(¢)

)

R(S/S

induce isomorphisms of Q-algebras

( @;{:0 CH(O,21‘)(A)’ ) Z ( @f:o CH(Zg,Zz‘)(A)’ *)

~

(2.14)

* Ty

(CH(S),")

The gradings are preserved as 7z*: CH'(S) — CHy,,(4) and 7,: CH,, ,,/(4) — CH'(9).
In particular, the Chow ring CH(S) may be regarded as a QQ-subalgebra of ( CH(A), ) via 7t*, or
as a Q-subalgebra of ( CH(4), *) via 7z,. In terms of the Dutch house, we may identify CH(S) with

the 0-th column or with the 2 ¢-th column of the house.

2.4. Case of a relative Jacobian

We consider the special case where A/S is the Jacobian of a relative curve. The main result is that the
sl,-action on CH(A) can be reconstructed by the geometry of the curve.

As before S is a smooth connected variety of dimension & over k. Let p: C — S be a relative
curve of genus g, ze. a smooth projective scheme over S with geometrically connected fibers of
relative dimension 1 and of genus g. We assume ¢ > 0. Denote by 7z: / — § the associated relative
Jacobian, where J := Pic’(C/S) is an abelian scheme with dim(//S) = . It has a canonical principal
polarization, and we write & € CH(IO)( J) = CH,)(/) for the corresponding divisor class as defined
in (2.3).

Now further assume that C'/S admits a section x,: S — C. It induces a closed embedding
t: C — J, which sends locally a section x of C/S to the class ((x) := O (x — x;). The composition

to x, is then the zero section 0: § — /. To summarize, we have the following diagram.

(2.15) g S U
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2.4. Case of a relative Jacobian

We denote [x,] := [xO(S)} € CH'(C) and [o] = [0(5)] € CH#(/), and also [C] = [Z(C)] €
CH#¢'(J) when there is no ambiguity. For j € Z, write

(2.16) [Cl; € CHE ()= CHypypy ()

for the components of [C'] in the Beauville decomposition. We have [C] ;) =0 for j < 0 or j >
min{2¢g —2,¢g—1+4d}.

We would like to reconstruct the sl,-action using the curve class [C]. The idea goes back to
Riemann, who proved that when S = £, the class [C]*¢~1 /(g — 1)l € CH'(J) is a translate of &
(see [Mum75], Lecture III). More generally, there is the following result due to Polishchuk ([Pol07b],
Theorem 2.6).

Theorem 2.21. We have 6 = —ﬁ([C](O)) in CH(z,o)(])’ and the s\, -action in (2.6) takes the form

e: CHy,;)(/) = CHp (J) a— F([Clg)
(2.17) f: CH, (J) = CHyy () o —[Clg * @,
h: CH, ;(J) = CH,, ;(/) a—(i—g)a. O
Let Q. ¢ be the relative cotangent bundle of C'/S. Define classes
(2.18) K :=¢,(Q,5) € CH(C), and ¢ :=x;(K)e CH'(S).
Note that we have xg([xo]) = —¢ by adjunction. For simplicity, we keep the same notation ¢ for

the pull-back of the class ¢ to C. The following lemma is probably known to experts, and is shown
implicitly in [Pol07b], Theorem 2.6. As it will be applied many times in this thesis, we present the

statement and the proof here.

Lemma 2.22. We have the identity
1 1
(2.19) H(0) = SK+ [x,]+ 5¢ in CH'(C).

Proof. The goal is to calculate *(6) = —* (9([(]](0))) and we start from z*<97([C])> Consider the

following three Cartesian squares

X oid, r
Cx,C =5 Jx,¢ —2 5 C

ide xszl lid/ X gt Jl

CX‘S‘]TMJ)]XS]P—Q)]

Pﬁl Jprl

C ——F—J
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where pr, and pr, stand for the two projections in all cases. Then we have

H(7(1C) = pry, (pri o ([C)) - exp(e >)
= pr,,(id; x5) (zx id;) ) exp(ﬁ))
= pr,,(id, xg (msld (IC xs ]]) exp(f))
= pr, (id) xg2)"(c x5 id,), (¢ X id )" (exp(£)
= pr, (e x5 id), (ide x52) (e X id, )" (exp(€))
=pr,,(¢x50)(exp(¢))
=pr,,, (exp((ex507(6))).

The identity (2.4) and the theorem of the square imply (see [Pol07b], Formula (2.1))
(2.20) (exs 0" (O)=[A]=pri ([%)) = pr3 ([%]) - &
where A=A € C x C. It follows that
z*(ﬂ(m))=pr2,*(exp<[AJ—pr1‘([xo])—prz([xo])—¢))
e (e ([81-p; (05) ) (L))

Observe that on the left-hand side of (2.21), we have

(2.21)

with z*(g([C](j)» e CH/*'(C). Hence z*(g([C](o))) is just the codimension 1 component of

z*(g ([C ])) Expanding the exponentials in (2.21) while keeping track of the codimension, we get

1

(7((Clo)) =pr2,*(5([A]—pr’;([xo])f)—prz,*(m—pr’; (1xa)) - (1] + ¢)
—pr (3181 (5D )

1 1
=2 P (AL [A]) =pry, ([A]-pri (%)) + 5 o, pri ([3] - [50))
The first two terms in the previous expression are easily calculated:

pr,.. ([A]-[A]) ==K, and pr,, ([A] pri (%)) = [x)-
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2.4. Case of a relative Jacobian

For the term pr, , pr} ([xo] : [x0]>, consider the following Cartesian square.

Cx,C 25 C

A

C — S
We have
pry,. 1y ([x] - []) = 27 2.([%] - []) = 27 200,055 ([%]) = 2755 ([]) = ¢
In total we find ¢*(F([C) ) = —K /2~ [x,] - 4 /2. 0

Remark 2.23. Lemma 2.22 shows that @ is the class of a relative theta divisor in the classical sense:

that it comes from a family of theta characteristics (which in general only exists with Q-coefhcients).
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A tale of two tautological rings (1)

For a relative pointed curve, we prove that the tautological ring of the base variety (in
the sense of Mumford, Faber, ezc.) is a subring of the tautological ring of the relative
Jacobian (in the sense of Beauville, Polishchuk, ez.). The sl,-action on the Jacobian
side produces relations between tautological classes, leading to various theoretical results
and numerical evidence towards the Faber conjectures (on the tautological ring of the

moduli space of smooth pointed curves).

3.1. Moduli side: tautological ring and the Faber conjectures

Let S be a smooth connected variety of dimension & over k. Consider a relative curve p: C — § of
genus g > 0, together with a section (marked point) x,: § — C. In this section we recall the notion
of the tautological ring of S. The prototype of all such varieties S is the moduli space of smooth
pointed curves of genus g, for which there is a version of the Faber conjectures.

Recall the class K = Cl(Qlc/s) € CH'(C) defined in (2.18). For 7 > 0, define

(3.1) x, = p (K'") e CH(S).

1

We have x, = (2g —2)[S], and it is often convenient to write x_; = 0. Also recall the class ¢ =
x;(K) € CH'(S). Intuitively, the classes {«,} reflect the geometry of the fibers of C/S, while ¢

reflects the variation of the marked point.

Definition 3.1. The tautological ring of S, denoted by Z(S), is the (graded) Q-subalgebra of CH(S)
generated by the geometrically constructed classes {«,} and ¢. Elements in 2(S) are called rautolog-

ical classes.
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3. A TALE OF TWO TAUTOLOGICAL RINGS ()

The study of tautological classes was initiated by Mumford [Mum83], and later carried on exten-
sively by Faber, Pandharipande, ezc., in the context of various moduli spaces. See [Fab99], [FP00],
[Pan02], [Fab13] and [FP13] for an overview of the major questions.

In our situation, denote by . o the moduli stack of smooth pointed curves of genus g over £
(g > 0 as before). It is isomorphic to the universal curve € , over the moduli stack of smooth genus ¢
curves A ,. We have dim( 4, /) = dim( 4, /k)+1 =3¢ —3+1. We also write p: €, — M
for the universal curve over ./ ;.

The stack 4 o admits a finite cover by a smooth connected variety over 4 (see [Mum83], Part I,
Section 2). Since we work with Q-coefhicients, the Chow ring CH(.# g,l) can be easily defined via
the cover. Similarly, one can define the classes {«,} and ¢ in CH(.#, ), as well as the tautological
ring % (A, ;). In principle, one may regard ./, | as a smooth connected variety when talking about
Chow groups with QQ-coeflicients.

We now state the Faber conjectures"**?

in the context of ./, . Roughly speaking, they predict
that % (4, ,) behaves like the algebraic cohomology ring of a smooth projective variety of dimen-

sion g —1 over 4.
Conjecture 3.2.

(i) The tautological ring R (M , ,) is Gorenstein with socle in codimension g — 1. In other words, we
have R (M, ,)=0 fori > g =1 and R M, ) = Q, and the paring

(3.2) %i(//lg,l) X%g_l_i(//lg,l);’ ‘%g_l(’%g,l)z(@
is perfect for all 0 < i < g — 1.
(i) The classes &\,..., K|, 13 and  generate R (M, ,), with no relations in codimension i <|g /3.

We refer to [Fab99], Conjecture 1 for the original Faber conjectures on the tautological ring
R(M,). The ring Z(M,) is defined to be generated by {«,} (without ¢), and the socle lies in

codimension g —2 instead of g — 1.
Remarks 3.3.

() Looijenga proved that (.4 ,) vanishes for i > ¢ —1, and that Z¢7'(4 ;) is at most
1-dimensional ([Loo95], Theorem). Later Faber [Fab97] showed that 2¢~!(.#,, ;) is indeed
1-dimensional. So regarding Part (i) of Conjecture 3.2, the diflicult question is whether the

pairing is perfect.

(ii) The generation statement in Part (ii) of Conjecture 3.2 was first proven by Ionel ([Ion05],

Theorem 1.5), and we shall give another proof of this fact (see Theorem 3.15). Moreover,
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3.2. Jacobian side: tautological ring and its generators

the results of Boldsen ([Bol12], Theorem 1) and Looijenga ([L0096], Theorem 2.3) imply
that there are no relations in codimension 7 < | g/3]. So we are one degree off when ¢ =0

(mod 3).

(iii) There should be a third conjecture that predicts the intersection numbers in (3.2), similar to
the one for A ¢ (see [Fab99], Conjecture 1 (c); several proofs known). However, the numbers

could be obtained in an a4 oc manner by pushing forward to ., .

3.2. Jacobian side: tautological ring and its generators

Throughout this section, we work in the setting of (2.15). We define the tautological ring 7 (/)

of the relative Jacobian //§ and describe its generators. The main result is that by pulling back via
7*: CH(S) — CH(/), one can identify 2(S) with the Q-subalgebra of 7 (/) located on the 0-th

column of the Dutch house.

Definition 3.4. The rautological ring of J, denoted by F (), is the smallest (graded) Q-subalgebra
of(CH(]), ) such that

(i) wehave [C]le T(]);
(ii) the ring 7 (/) is stable under [N]* (or [V ],), for all N € Z;
(iii) the ring (/) is stable under the Fourier transform .7 .
Again, elements in 7 (/) are called zautological classes.

The notion of a tautological ring on the Jacobian side was introduced by Beauville [Bea04], in
the context of a Jacobian variety (i.e. § = k) and modulo algebraic equivalence. Since then there
have been various versions of the tautological ring. We refer to [Pol05], [Pol07], [Her07], [GKO07],
[FHO7] and [M0009] for the study of these rings. In the relative setting, Polishchuk considered a
much bigger tautological ring, including all classes in n*(CH(S )) (see [Pol07b], Section 4). Here

our minimalist definition is more suitable for studying the tautological ring of §.
Remarks 3.5.

(i) Condition (ii) in Definition 3.4 is equivalent to saying that 7 (/) is stable under the Beauville
decomposition (2.13). In particular, the ring is bigraded: write 7, ; (/) := 7 (/)N CH; (/).
and we have 7 (/) = o, ;7 (/)-

(ii) Since F(]) is stable under .7, it is also stable under the Pontryagin product (x). Our choice

of working primarily with the intersection product is due to historical reasons.
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3. A TALE OF TWO TAUTOLOGICAL RINGS ()

(iii) It is immediate that [C]) € T, 5)(/), and by Theorem 2.21 we have 6 = —F ([C ](0)) €
2,0/ ). This shows that 7 (/) is also stable under the sl,-action (2.17). So 7 (/) is stable
under all structures described in Section 2.1. Alternatively, one can define 7 (/) to be the
smallest (graded) Q-subalgebra of ( CH(J), ) that contains [C], and that is stable under the
sl,-action. The equivalence of the definitions is implied by (2.7).

Since the two products (-) and (x) do not commute with each other, it is @ priori not clear whether
T ([J) is finitely generated. Now we give an affirmative answer to this question by writing down an
explicit set of generators.

Recall from (2.16) that [C] ;) € F

(2g727j,j)(]) for j € Z. Then for i < j+2 and i + j even,

consider the class

O [Clyy € Tagi ().
Denote its Fourier dual by
Py = 9;(9(]‘—142)/2 : [C](j)) €T, »(J)-

As examples we have p, ; = 9([(]](0)) =—0 and p,, = 97(19 . [C](o)) = g[/] Since [C] ) =0 for
j<Oorj >2g—2,wealsoknowthatpz.)].:Ofori<Oorj <Oorj>2g—2.

Figure 2 depicts the classes {; ;} inside the Dutch house with ¢ = 8. Also shown in the picture
is the pull-back of the class ¢ via 7z*, again denoted by ¢, which lies in CH(M)( /). Note that when
d = dim(S/#) is small, classes that are above the roof also vanish.

By (2.17), the action of ¢ € sl, is the intersection with p, ,. Also it is not difficult to see that

f(Pi,j) =Pia;-

Then one of the questions is to calculate the class f(p; ; p,,)- This turns out to be the key to the

following theorem.
Theorem 3.6.

(i) The tautological ring T (] ) coincides with the Q-subalgebra of ( CH(/), ) generated by the classes
{ pl.’].} and . In particular, the ring is finitely generated.

(ii) The operator f € s\, acts on polynomials in {p, ;} and ¢ via the following differential operator of
degree 2.:

1 i+k—=2

9 = 5 Z <¢Pi—1,j—1pk—l,l—1 _< i1 >Pi+k—2,j+/>api,jap/€’l

(3.3) .
+> Pia00 )
ij
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3.2. Jacobian side: tautological ring and its generators

Fourier transform

CH’ =CH*';---+
N o
A IL___
~
CH®
CH’
/210
CH*
:
CH’
N Py 2¢-2
Pos §2X3
CH?
:
Pos P2
CH'
N P
CH’
N Pia
200 P20 =

2

i
motive: R® R R R R* R° RS K RS R R R R2 RB RM RS RIG=px
weighth: -8 -7 -6 -5 -4 -3 -2 -1 0 1 2 3 4 5 6 7 8=¢

Figure 2. Mon dessin n°® 2: the inside of the Dutch house (g = 8).

Remark 3.7. We may track the differential operator & in the Dutch house. For the degree 2 part of 7,
whenever there is a product of two classes p; ; p, ,, first find the generators to the lower-left of p, ;
and p, ; by 1 block, and multiply by ¢, which yields ¢pi71’j71pk71’171. Then look for the generator
to the left of p, . p, , by 2 blocks, which is p,,, , ;.. For the linear part of &, the generator p, ; is
simply replaced by the one to the left of it by 2 blocks, i.e. p i All these operations shift classes to
the left by 2 blocks.

Proof of Theorem 3.6. Suppose we have proven (ii) and that ¢ € 7 (). Consider the Q-subalgebra of
(CH(]), ) generated by the classes { p, ;} and /. We denote it by 77(/) and we have 7'(J) € 7 (/).
By definition F’(]) is stable under the action of [IV]*, for all N € Z. It is stable under the action
of e € sl,, which is the intersection with p, ;. Moreover, it follows from (ii) that (/) is also stable
under the action of f € sl,. The identity (2.7) then shows that 7'(/) is stable under the Fourier
transform 7. In particular, the classes {[C I j)} are contained in (/). Since 7 (J) is defined as
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3. A TALE OF TWO TAUTOLOGICAL RINGS ()

the smallest Q-algebra that satisfies these properties, there is necessarily an equality 7'(J) = 7 (),
which proves (i).

Statement (ii) follows essentially from [Pol07b], Formula (2.9). We only need to translate the
notation carefully. Following Polishchuk, we write 7 := K /2 4+ [x,] + ¢/2, which by (2.19) is equal
to *(0). We also have f = —)?Z,O(C)/Z in his notation. Define operators ;l.,]. on CH(/) by ro'l.,j(a) =
2,; - @ Then the fact that

is translated into

We apply Formula (2.9) in Joc. cit. and find

~ 1 ~s ~y '—i
[f’]’z‘,/] =0 [Xz,o(C)’Xo,i(V(J +2)/2)]
27!
(3.4) 1~ 1

_ (j—i+2)/2y X
(;7 ) (1—2)' 0,i—2

—_ ¥ (-i+4)/2y
(l _ 1)‘ 1,i—1 ( )

Note that the second equality of (3.4) also involves the fact that )Z,O(C ) =0 for i <1 (see loc. cit.,

Lemma 2.8), and that x;(7) = x;¢*(¢) = 0*(6) = 0. We continue to calculate

1 ~ ~

[[f: ;z‘,j]’;k,l] = —[Xl,ifl(77(j_i+2)/2)>Xo)k(ﬁ(l_kﬁ)/z)}

(i — 1)kl
! j—i+4 ~ I—k
Tl Ko ]

By applying the same formula, we have [)N(O _(nli=i*4/ 2),)?0) (I =F+2) 2)] =0, and

[Xl,z'fl(ri(] +2)/2)’X0,/e(’7( +2)/2)] = kSLXo,/eq(}?( +2)/2)X0,i71(77(] +2)/2)
— kX

j—i+l—k+4)/2
0,z‘+k—2< b o/ )

In total, we obtain

yRyms m<¢§0,k—1(7(1_k+2) Xy ()

v j—i+[—k+4)/2
_Xo,z+/e72(’7(] b ))
= prlefl,[flpz‘fl,jfl - ( 1 >pz'+/e2,j+l
= ¢Pi—1,j—1P/e—1,1—1 -\ Pivi-2j+i-
i—1
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3.2. Jacobian side: tautological ring and its generators

On the other hand, since f ([ J ]) =0, we have
(3.6) Lf i;]([]]) = f(pi,j) =Pia;-

The relations (3.5) and (3.6) imply that for any polynomial 7 in {p; ;} and ¢, we have

f(P({Pz',]’}> ¢>> = @<P<{pi,j}’ ¢))’

where 7 is the differential operator defined in (3.3) (see [Pol07], Section 3).
It remains to prove that ¢ € 7 (]). To see this, we apply 2 to the class pf, € F(J), which gives

2 2 0 2
@(Pm) = ¢Po,o - <0>P0,z =g¢ — Poo-
Hence ¢ = (2(p))+ po2)/ g € T (). O

Corollary 3.8. For i >0, there is the identity

1 i1\ . ;
(3.7) Popi =T <2,»+1 Z <]+1>¢ ]Kj+¢ >

0<j<i

Moreover, we have the following isomorphisms of Q-algebras (similar to those of (2.14)).

(Do Toan())) 22— (B T ) *)

69 U
(#(5).)

(S)

In particular, the tautological ring R (S) may be regarded as a Q-subalgebra of (9 (/) ) via 1*.

Proof. By (2.14) we have p,,, = F(6"+! - [C](zi)) =ntm (07 [C](Zi)) = ', (6! -[C]), hence
it suffices to calculate n*(5i+1 [C ]) Then (2.19) and the projection formula imply that

. 1 G
w0 10)= (3 +a1+30) )
(i+1) 1 - P
B ‘+/e;i+1 jlk! ﬁp*([(].[%] ¢ )
R0

Again by applying the projection formula to p: C — S and x,: § — C, we find

&' K if £=0,

]'.xk-/:l- j-xk=
P*(K [%] ¢) ¢ p*(K [0]) {Sﬂ-xg([(f-[xo]kl)—(—l)k19” if £#>1,
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3. A TALE OF TWO TAUTOLOGICAL RINGS ()

with the convention «_; = 0. It follows that

l, G+10 1 (Z+1) 1 k-1 g
7 (67 [C]) = : — e+ : — (1" ¢
j,lZO j,k,lZO
(i+1) 1 i
- WLy
jHl=i+1 JUL 20
7,120

1

1 . 1 1 i+1 . 1 1 i+1 )
:21'_'_1 Z(Z ]>¢l ]Kj+<§—1+z> ¢l+<5+§> ¢l
o= \J T
1 i+1 i ;
(s

T 9t
2 0<j<i

which proves the identity (3.7).

Now since 99?{:0?(0,2 »(J) is generated by {p,,,} and ¢, we have one inclusion 6?209(0)2 HJ)c
* (gi’ (S )) For the other inclusion, it follows from (3.7) and induction on j that one can also express
m*(k ;) as linear combinations of {p; ,,} and ¢. So we have @?:020,21‘)(]) = 71'*(%(5)), and the rest
follows from (2.14). [

3.3. Application: an identity of Morita

As an application we prove an identity of Morita. The proof has the advantage of being purely
algebraic, which holds over fields of arbitrary characteristic. But as everything else in this thesis, it
only works with Q-coefhicients.

The identity reveals some connection between 7 ¢*!( /) and 22'(S). Consider the class [C] ;) €
T 24-3,1)(J) and its Fourier dual ,97([C](1)) € 75.1)(/)- Then we have [C] ) - g‘([C](l)) S VAL
and Morita answered what the image under 7, of this class is. We refer to [HRO1], Theorem 1 for

the original statement, which (with Q-coefhicients) is equivalent to the following.

Theorem 3.9. We have the identity
1 )
7 ([Chy F((Chy)) = gri + g4 in RY(S).

Remark 3.10. The class «,/12 is equal to A;, which stands for the first Chern class of the Hodge

bundle p,(Q}. ). Hence the right-hand side is also equal to 24, + g ¢.

1
c/s
Proof of Theorem 3.9. The identity is trivial for ¢ = 1 since both sides are then zero. So we assume
¢ > 2. Recall that 9([C]<1)) = ps;- By (3.8) we have

(3.9) ﬁ*ﬂ*([c](l) : P3,1) = 9([C](1) : Pa,l) =—p51 *[Cly)
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3.3. Application: an identity of Morita

Therefore it suffices to express —p; | *[C];) in terms of p,, and ¢, and then apply (3.7).
The first step is to express [C'] ;) in terms of the classes {p, ;}. By definition we have

f(p31)=p11> and fe(p))=ef(pr)—h(p)=(g—1p1,-

So f(p5,—e(p1,1)/(g —1)) = 0, which implies

_ 1 _ 1 _
et 2<P3,1 - f(]’u)) =e 2(]’3,1)‘ et 1(]71,1) =0.
g-1 g—1
Apply ! to the previous equation, and we find
g2 rg-2 (_l)g—l g-1
(1) f ([C](1)) - —g 1 f (“’)([C]a)) =0,

so that )
fg*Z([C]u)) - ngfle([c](l)) =0.
On the other hand, by (2.7) we have

P31 = 9’\([(:](1)) = exp(e) exp(—f) eXP(f)<[C](1))
= exp(e)exp(—f)([Cly +e([CT))

_ (=17 o5 (1)
—CXP(5)<(g_3)!f ([C](1))+—(g_2)!f ([C]u))

—1)2 —1)¢1 1
+(_). Iz e([C](l))JrEg_)l)! f e([C](l))>

=exp(e (=1~ g3 (=D £2,
~opte) EL e+ EE ey
_(_1)g_3 g3 )

Note that for ¢ = 2, we ignore the 473 term and the rest of the argument still works. Then apply &

to both sides, which gives

1 1

(_1)g+1[C](1) = (2—3) "g_a(]’s,l) - m"g_z(f’l,l)
1

_ 1 _
= (- 3)!]’5 3]’3,1 - mﬁiozpl,l'

Now that [C] ;) is expressed in terms of {p; ;}, we have

-1 g+1 3 -1 g+1 B
[Clyy- £31= Eg _)3)!]’5,03]’32,1 - Eg _)2)!]’5 2]’1,1}’3,1-
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3. A TALE OF TWO TAUTOLOGICAL RINGS ()

Apply ¥ one more time to get the class we want:

(1 s o (1,

—])3’1*[C](1)=97<(g 3),]720 P31~ )on P11P31>

(¢
= exp(e)ex ex (=1 e$73(p? (= 1)g+1
= explehexpi=fexle){ | et (8) = e )

(
:(_l)g g ( 1)g+1 83 ( 1)g+1€g—2
g! f <(g ) (P 1) (g_—2)! (P1,1P3,1)>
__; £,873( 2 ; ¢, 02 .
- g!(g—3)!f (P31 + g!(g—Z)!f (£11231)

Expressions such as /¢ eg_3(p32 ) and f¢ e p, 1 £3.1) can be computed via a combinatorial formula

for sl,-representations. Here we state this formula as a lemma, since we shall use it again later.

Lemma 3.11. Consider a Q-linear representation s\, — Endg(V'). Let & € V' such that h(a) = A- a.
Then for all r,s > 0 we have

min(rs) s! r! A+r—s+t—1 s—t
(3.10) ZO =) (r—t)< . > N a). ]

Note that the binomial coefficients should be taken in the generalized sense. We refer to [Moo09],

Lemma 2.4 for the proof (where the operator & in loc. cit. is —f).

Proof of Theorem 3.9 (continued). It follows from (3.10) that

_ (g —3) _ (g —2)!
Fre i) = o), and prep, 0= EEZD P ),

so that . .
P31 ¥ [C](1) = _8f3(]’32,1)+ zfz(P1,1P3,1)-

By Theorem 3.6 we know that f =% on polynomials in {, ;} and ¢, so it remains to calculate

P4 ps 00— 0242+ 2p1,1051)

((Zg ¢Po 2= 06pys+ 2(g ¢P0,2 — Pt P12,1))
:@(2(2 -1 ¢Poz_8pzz+2p121)
=2g(2g—1)¢—8p,,+2(g ¢ 2o2)
=2¢(3g—1)¢—10p,,,

(Ps )=

and

(Pl 1]’3 1 g¢P20 Popt P12,1)
=4 ¢ —Poxt (gng _Po,z)
:2g2¢_2po,2-
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Alrogether we have

2 2 (1 1
—P31 *[C](l):§¢+§ﬁo,2:§¢+§” <ZK1+g¢>:” <8K1+g¢>’

where the middle equality follows from (3.7). Combining with the starting point (3.9), we find

W (Cly o) = (5m1+ 59 )

Therefore n*([C](l) 'P3,1> =«,/6+ g¢ by the isomorphisms (3.8). N

3.4. Relations in the tautological rings

After describing the generators of 7 ( /), we construct relations between them. The crucial tool is the
sl,-action on CH(/), together with its explicit form on 7 (/) (Theorem 3.6). The idea goes back to
Polishchuk (see [Pol05], Theorem 0.1).

Thanks to the isomorphisms (3.8), we identify %2(S) with 9?:03(0,21')( J) via the map 7*. Then
by restricting everything to 22(S), we obtain relations between the generators of 22(S). This suggest
a new approach to studying the structure of (., ) and the Faber conjectures (Conjecture 3.2).
Various theoretical aspects and numerical evidence will be discussed.

Further, by pushing relations forward to ./, we obtain some new evidence regarding the original

Faber conjectures on the tautological ring of /.

Producing relations

We explain how the sl,-action produces relations between classes in 7 (/) (resp. 2(S)). As a conse-
quence, we give a new proof of the generation statement in Conjecture 3.2 (ii), i.e. that (4, ;) is

generated by the classes x4, ... K| ¢/3) and ¢.

Construction 3.12. Theorem 3.6 shows that the space of polynomial relations between the classes

{#,;} and ¢ is stable under the action of 2. In other words, if 2 is a polynomial in {p, ;} and ¢,
then P({pi)].}, 9b) = 0 implies 9<P({pi)j}, gﬂ)) = 0. Now consider monomials
a= ¢‘pi’]1’jlp;2’j2 . -pl.;”')].m with [ :=ri +ri,+--+r,i >2g.

By definition « € CH (Rl (J/S )) But since / > 2 ¢, we know from the motivic decomposition (2.9)
that R7(J/S) = 0. In terms of the Dutch house, the class @ is simply outside the house. It follows

that we have relations

2=0, 2(a)=0, 2°(2)=0, ...
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3. A TALE OF TWO TAUTOLOGICAL RINGS ()

This argument leads to the following formal definition. Let 7, j run through all integers such that

i < j+2and that 7 + j is even. Consider the ring

o = Q[{xi,j}>)’] /<xo,o - & {xi,j}z'<0’ {xi,j }j<0’ {xz',j}j>2g—2>'

In other words, the ring .¢/ is a polynomial ring in variables {; ;} and y, with the convention that
Xo=gandx,; =0fori <0orj<O0orj>2¢g—2 (same as the classes {p, ;}). We introduce
a bigrading .o/ = &, ;.¢/, . by the requirements that x, ; € .¢/; ;) and y € .4/ ). Define operators
E,F and H on ./ by

Exedlyjy = Hia 0
Fedyjy = iy 2 Fla)
Heodpy = ) @ (=g
where
1 i+k—2
F = 5 Z <J’xi—1,j—1x/e—1,1—1 _< i1 >xi+k—2,j+l>axi,jaxk,l
(3.11) o

+ E xi_2)j9xi,j.
i

Itis not difficult to verify that the operators above generate a Q-linear representation s, — Endg(./).
Theorem 3.6 can then be reformulated as the existence of a surjective morphism of sl,-representations
o/ — T (] ), which maps x; ; to p, . and y to ¢.

Denote by Mon,; the set of monomials in {x; j} (excluding x; , and all x; i that vanish in .&/)
and y that belong to ./, ;. Note that we set Mon, ) = {1} as an exception. Then consider the

quotient ring

(3.12) T = [({F"Mon,, )}

i>2g,yzo>'

The ring 7 inherits from .o/ a bigrading T =0 Iy 97 ;j)- The operators E, F and H induce operators
on 7, which we denote by e, f and /. Again we obtain a representation sl, — EndQ(f ). Moreover,

since ¢4t = £¢*1 =0, we can formally define the Fourier transform % on g by

F = exp(e)oexp(—f)eexp(e).
We also define the subring % = 691»970,21.), with the grading Z=e ié i such that #' = ‘7?0,21')'

Then we have

% = “A(0,2i) /<{F1(M°n(2ﬂ2i))}1>g>
= A o) /<Fg+l(M°n(2g+2’2"))>'
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10----
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Figure 3. Producing relations (g = 8).

Figure 3 illustrates the construction of 2 take monomials on the (2g +2)-th column of the Dutch
house (white blocks), and then apply g + 1 times the operator F to obtain relations between the
generators (black blocks).

To summarize this formal approach, we have the following proposition.
Proposition 3.13. For all S as in (2.15) (including S = M g}l), we have surjective maps
(3.13) ®:F - F(]), and 9|z: Z — R(S),
which map x; ; to p; . and y to . N

From now on, we will concentrate on the structure of 2. We start with a lemma, which shows

one can already eliminate certain monomials that produce trivial relations.

Lemma 3.14. For all @ € Mon, ., ,,) of the form a = x, ;- 3, we have F&*!(a) = 0.
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3. A TALE OF TWO TAUTOLOGICAL RINGS ()

Proof: This follows directly from (3.10). In fact, we have F¢*!(a) = F¢*!(x, - B) = FETE(f).
Then by applying (3.10) with A= g, »r =1and s = g + 1, we find

FEUE(B)=EFS (B)—(g+1)(g +1—-g—1+1-1)F¥(8)= EF*"(5).
On the other hand F¢*(5) € (521 =0, which implies F¢*'(2) = 0. [

As a result, if we write mon,, .55, C Mon(2 £42,21) for the subset of monomials without X0 as a

factor, then we have
(3.14) R' = "Qy(O,Zi)/<Fg+1(mon(2g+2,2i))>'

The bold blocks in Figure 3 describe the lower bound of i such that mon,, ,, ,;) is non-empty. In
) == @ for

numerical terms, we have x;| € ./, ,,) and that 6i > 2¢ implies i > ¢ /3. So mon,

all i <|g/3].

2g+2,2i

Theorem 3.15. 7The elements X020+ > %020 ¢ /3] and y generate 9%, with no relations in éiﬁr i<|g/3]

Remark 3.16. Combining with (3.7), Theorem 3.15 implies the generation statement in Conjec-
ture 3.2 (ii). Further, it would solve Conjecture 3.2 (ii) completely if the map @] 5: R — F(M,,)

in (3.13) is also injective, i.e. an isomorphism.

Proof of Theorem 3.15. The second part is immediate after (3.14) and the fact that mon, ., ;) =0
for all 7 < |g/3]. For the first part, our goal is to relate all X021 with 7 > ¢/3 to the elements
X020+ X0 ¢ /3] and y, and the idea is to use specific monomials to get these relations.

We proceed by induction. Suppose all {x;,;} can be expressed in terms of the elements

g/3<j<i
X+ %y ¢s3 and y. Then consider the monomial xJ} € ./, ,,). Apply 3i-times the operator F
and we get F¥(x21) € (25> Which vanishes in 9. On the other hand, the explicit expression (3.11)
implies

F3i(x32,a) =Xy, 4,

where o is a polynomial in {x,, };_; and y. It only remains to prove that the coefficient ¢ is non-zero.

Jj<i
The observation is the following: when we apply the operator F, the minus sign occurs every
. . . 21 .
time two factors (xl.’j,xk, ;) are merged into one (x;, b2t ;). Then if we start from %3 and arrive
at x,,;, no matter how we proceed we have to do the merging (2 — 1)-times. This means that all

2¢—1

non-zero summands of ¢ are of the form (—1)*4~" times a positive number, hence negative. Therefore

the sum c¢ is negative as well. ]

We have also tried to see if we could recover Looijenga’s result using our relations, 7.e. to prove that
R =0fori>g—1and R ~ Q. However, there seems to be some combinatorial difficulty”** 4

that we do not yet know how to resolve.
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3.4. Relations in the tautological rings

Numerical evidence

My colleague Li Ma made a C++ program that computes the ring % for a given genus ¢. The
program calculates relations obtained in Construction 3.12 and outputs the dimension of each com-
ponent R

Meanwhile, based on an algorithm developed by Liu and Xu (see [LX12], Section 3), Bergvall
computed all intersection numbers in the pairing (3.2) for many values of g (see [Ber11], Section 4.2).

As a result, it gives the dimensions of the Gorenstein quotient (.4, ;) of (4 , ;). Here the ring
G

&l
codimension that have zero pairing with all classes of the opposite codimension. Note that this

) is the quotient of (., ) by the homogeneous ideal generated by all classes of pure

procedure of obtaining the dimensions of (%  ,) is formal and does not involve computation of
actual relations in 22(4 , ;).

There are surjective maps # — % (A, ) > 9(M, ;). Our computation shows thatfor g <19,
the dimensions of % and %(.# ) are the same, which implies isomorphisms 2 ~ Z(4 ;) ~
(M, ;). In particular, we can confirm the following (for ¢ <9 this has been obtained independently
by Bergvall; see [Ber11], Section 4.4).

Theorem 3.17. Conjecture 3.2 is true for g < 19. O

However, the computer result is negative for ¢ = 20 and some greater values of g. There the
dimensions of % are simply not symmetric. Again by comparing with the dimensions of (%, ,),
we know exactly how many relations are missing. The numbers are listed in Table 1 below.

The computation also involves an observation similar to Faber and Zagier’s approach. Consider
the dimension of %' for g/3 <i< [(g - 1)/2J, which we denote by 4(g,7). Note that 7 <
|_( g—1)/ 2J corresponds to the lower half of the conjectural Gorenstein ring. We know that R is
spanned by the image of Mon,, ,,), and the cardinal #Mon,,, is p(0) + -+ + p(i) =t $(i), where
p(—) is the partition function. Then consider the difference ¢(7)—d(g, 7 ), which reflects the minimal
number of relations needed to obtain % from (0,25 We have observed an interesting phenomenon:

that (i) —d(g, i) seems to be a function of 37 — g — 1. More precisely, if we set

b(3i—g—1)= (i) d(g. 1),

then based on our data for g < 28, we obtain the following values of the function 4.

no|lo]1]2|3|4|5|6|7|8]9|10]11
b(n) || 1]2]3|6|10|14|22|33|45|64 |90 | 119

Bergvall did the same calculation with the dimensions of the Gorenstein quotient 9(./, ;) (see
[Ber11], Table 4.3). There he obtained the same values as the function &(7) for n < 9. For n = 10,
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3. A TALE OF TWO TAUTOLOGICAL RINGS ()

however, he observed some unexpected fact: the component ¢'*(_#, ,) yields the number 91 instead
of 90, while further components ¢'3(.#, ;) and 4'4(.4,, ) give the number 90. Similar things
happen to 7 = 11, where the component ¢'*(.#,, ,) yields the number 120 instead of 119, while
further components seem to give the number 119. Note that the defect occurs only in the middle
codimension, z.e. (¢ —1)/2 for g odd.

Another aspect is to guess what this function 4(7) could be. Recall Faber and Zagier’s function
a(n) for M, (see [Fab99], Section 4 and [LX12], Section 2).

n |0|1[2]3|4]|5|6 |7 |8]9]10]11
an) ||1[1]2]3]|5|6[10]13 |18 |24 33|41

It has been suggested by Bergvall and Faber that the first values of &(#) satisfy

(3.15) b(n)= Z aln—i)=an)+an—1)+a(n—3)+a(n—4)+---
142 (mod 3)
Here we observe that (3.15) is compatible with the dimensions of 73 , but conflicts with the Goren-

stein property.

Pushing forward to M P

Recall that the tautological ring % (%) is defined to be the Q-subalgebra of CH(.#,) generated
by the classes {«;}. The original Faber conjectures predict that #(.#,) is Gorenstein with socle
in codimension ¢ —2, and that it is generated by «,,...,x|, 5 with no relations in codimension
i <|g/3] (see [Fab99], Conjecture 1).

Let g: M, — M, be the map that forgets the marked point. Then we have q*(%(//l g,l)) =
R (A ). In fact, consider the diagram

where € p (resp. € g)l) is the universal curve over 4 ¢ (resp. M g,l)’ and x, is the section of p that

gives the marked point. The classes {«,} (resp. X) are defined on % (resp. €,), and we keep the
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3.4. Relations in the tautological rings

4 M ol M g

<19 OK OK

20 codim 10: 1 missing OK

21 codim 11: 1 missing OK

22 codim 11: 1 missing OK

23 codim 12: 3 missing OK

24 codim 13: 2 missing codim 12: 1 missing
codim 12: 4 missing

25 codim 13: 5 missing codim 12: 1 missing
codim 12: 1 missing

26 codim 14: 6 missing codim 13: 1 missing
codim 13: 6 missing

27 codim 15: 3 missing codim 14: 1 missing
codim 14: 11 missing | codim 13: 1 missing
codim 13: 1 missing

28 codim 15: 10 missing | codim 14: 2 missing
codim 14: 10 missing

Table 1. Computer output for g < 28.

same notation for their pull-back to ., (resp. € ;). Then for gﬁ‘/c;l o K:;” € R(AM,,), we have

(3.16)

with the convention that ¥, = 0. Hence ¢,(¢J*« ' -
1

AT

K:;”) = q*(sb’" . q*(K.Zl . K:’”))
)
=q.%,(K") «;
=q.%q (K°)-x;t - oncr
=Po,*(§°xo)*(?°x0)*(1<‘)-K,l K
:Po,*([(s)-/(:l1 et

=K

n
x—le'l

m

K.m
il "'K;m
1 m
Al
m
7‘1" 7.

m

L

7

m
K'l. 5

m

k") € R(M,).

The identities (3.7) and (3.16) allow us to push relations in (4 g,l) forward to Z (.M g). We
used another computer program to do the work. Then for g < 23, we obtain a new proof of the well-
known result of Faber-Zagier, Faber and Pandharipande-Pixton (see [Fab13], Lecture 1 and [PP13],

Section 0.4).
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3. A TALE OF TWO TAUTOLOGICAL RINGS ()

Theorem 3.18. For g <23, the ring R (M ) is Gorenstein with socle in codimension g — 2. ]

In this situation, the rest of the Faber conjectures are also true by explicit calculation. Note that
when 20 < ¢ < 23, the missing relations in % (%) do not affect the Gorenstein property of
R(AM ). From g = 24 on, however, the computer result is again negative. Our computation for
¢ < 28 suggests that we obtain exactly the same set of relations as the Faber-Zagier relations (see
[Fab13], Lecture 1 and [PP13], Section 0.2). Notably in the crucial case of g = 24, we have not
found the missing relation in codimension 12. It is not yet known whether in theory we obtain the
same relations.

We summarize in Table 1 the computer result for both .#, ; and .# ,. Note that all codimensions
have been calculated for g < 24. For g > 25, we only calculated a range near the middle codimension,

presuming that the tautological rings behave well near the top.

We finish this chapter by some speculations. Since the ring % is in general not Gorenstein, there are

two main possibilities.

(i) The ring R(M, ) is still Gorenstein. In this case we need to find other ways that produce
the missing relations. Earlier works (see [M0009], Section 2.13) suggest that our approach is
closely related to Brill-Noether theory, while the relation is not yet clear. However, it seems

that a new kind of geometry will be needed to prove the Gorenstein property.

(ii) The ring R(M, ) is isomorphic to . As seen in Theorem 2.16, the sl, approach of producing
relations is of motivic nature. We find it somewhat reasonable to expect all relations to be
motivic, rather than believing the existence of non-motivic relations. Also, it is conjectured
that on the generic Jacobian variety, the sl,-action is the only source of relations between
tautological classes (see [Pol05], Introduction). The idea goes back to Beauville (see [Bea04],
Section 5.5), and there have been various results on the non-triviality of certain tautological
classes. We refer to [Cer83], [Fak96], [Ike03] and [Voil 3] for more details. See also Chapters 5

and 6 for some discussions.

For the moment, it might be worthwhile to re-state the second case as a conjecture, although it

contradicts the Faber conjectures for both .# o and A .

Conjecture 3.19. We have an isomorphism ®| 5 R R(AM, ).
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A tale of two tautological rings (11)

We study symmetric powers of a relative pointed curve, and we prove that the tautolog-
ical ring of the infinite symmetric power is a polynomial ring over the tautological ring
of the relative Jacobian. As a result, the Gorenstein property for the universal Jacobian
implies the same property for symmetric powers of the universal curve. We give positive

results in low genus cases.

4.1. Symmetric powers of a relative curve

We turn our attention to symmetric powers of a relative curve, which are closely related to the
relative Jacobian. Again we work in the setting of (2.15). For #» > 1, denote by p”: C” — §
(resp. pl"l: C1"] — ) the n-th power (resp. symmetric power) of C relative to S. The quotient map

0,:C"—>C ("] induces a canonical isomorphism of (Q-algebras
(4.1) o : CH(C") 5 CH(C™)®r,

Also o, , oo CH(C")) - CH(C!") is the multiplication by 7!.
Define maps ¢, : Cl"l — J and b, =9, o0, C"— J,which send locally 7 sections x,,...,x,
of C/S to the class O (x; + -+ -+ x, — nx,) (in particular ¢, = ¢, =1 C — J). To summarize, we

have the following diagram.

(4.2) P lﬂ
S
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4. A TALE OF TWO TAUTOLOGICAL RINGS (II)

For convenience we set C° = Cl% = § and Yo=¢,=0:5—].

It is not difficult to see that the fibers of ¢, are projective spaces (if non-empty), and it follows
from Riemann-Roch that C["] is a P"~¢-bundle over / when 7 > 2¢ — 1. In this case the Chow ring
CH(C)) can be described in terms of CH( /), following [Ful98], Section 3.3.

A nice way to interpret this fact and to treat all symmetric powers at once is to consider the infinite

symmetric power C (o] which is defined as the ind-scheme
C[oo] ::lim(S: C[O] — C — C[z] N C[3] s )
H

Here the transition maps ¢,: Cl"~!1 < Cl"] are given by adding a copy of x, (in particular ¢, =
xy: S — C). We write pl®l: Cl*°] — § for the structural map.

The collection of ¢, : C!"l — J induces a map ¢: C[*] — J. Moreover, both structures x and
[N]on J can be lifted to C[*]: the addition maps ,, ,: Cl") x; Cl"l — Clm] give rise to

i Clolx g ol o el
while the diagonal maps A, : Cl"l — CIV"] give rise to
[N]: ¢! = ¢! for N >0.

Again u and [V] are called the addition and the multiplication by N respectively.
In this section we review the Chow theories of C!l. They were first introduced by Kimura

and Vistoli [KV96] in the case § = 4, and then generalized to the relative setting by Moonen and
Polishchuk [MP10].

Chow homology and Chow cohomology

Unlike the case of /, there are (at least) two different notions of Chow groups for the ind-scheme
Cl>l. One is graded by relative dimension and the other by codimension.

If X /S is an object in ¥, we write CH,(X /S) for the Chow group of cycles on X that are of
relative dimension 7 over S (i.e. of dimension 7 + d over k, where d = dim(S§/#)). When there is no
ambiguity (since we always work relatively over §), we drop the S and abbreviate to CH,(X). We
also distinguish the two gradings on CH(/): we write CH*(/) := (EBi CH'(J), ) and CH,(/) =
(@, CH,(J]), *).

Definition 4.1.

(i) The Chow homology of C!*] of relative dimension i over S is the direct limit
CH;‘(C[OO]) = li_n>1<CHi(S) — CH,(C) - CH;’(C[Z]) - CH;’(C[S]) - ')’
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4.1. Symmetric powers of a relative curve

where the transition maps are ¢, ,: CH,(Cl"~!l) - CH,(C[")). We write
CH,(C'™)) .= (B CH,(C'™).

(ii) The Chow cohomology of C'*°) of codimension 7 is the inverse limit
CH'(C!™)):=lim (CH'(S) « CH'(C) « CH'(C) « CH'(CP)) -+,
where the transition maps are ¢*: CH'(C"]) - CH’(C["~1). We write
CH*(C!™)) == (HcH’(C!™)),

(iii) The Chow homology (resp. cohomology) of C [oo] % sC [] is defined similarly.

Remark 4.2. For all #» > 1, the transition maps ¢, (resp. ¢7) are injective (resp. surjective). In fact,
one can construct a correspondence I', € Corrg(Cl"], Cl*~1]) satisfying T, ,os,, =idand &* o I* = id

(see [KV96], Remark 1.9).

By definition, an element in CH,(C[*]) is represented by some @ € CH,(C!"]) for some 7. An
element in CH'(C[*) is a sequence & = (,,) ., with @, € CH'(C!), such that ¢* () = @, .
Both CH,(Cl*l) and CH*(C!*]) are equipped with a ring structure: on CH*(C[*]) there is the
intersection product (-), while on CH,(C[]) there is the Pontryagin product (), defined by
CH,(C™lyx CH,,(C*)) 5 cH,, (C!*))
(0, 8) > pu.(e x5 ).
Here if @ € CH,(C!")) c CH,(C!*]) and 5 € CH,(C!"]) c CH,,(C!*), we set
axg 3=pri(a)-pr(f) € CHi+z‘/(C[m] Xs ct)c CHz‘+z‘/(C[oo] Xs ct=,
where pr,: Cl"I x, C"l - Cl"l and pr,: Cl" x ; C"l - Cl"] are the two projections. One verifies
easily that (x) is well-defined. The unit of CH,(CL*}) is [S] € CH,(S) c CH,(Cl*)).
Note that unlike the case of CH( /), one cannot define both ring structures on the same object
CH,(C!>]) or CH*(C!*]). We do, however, have a cap product
(4.3) CH*(C™)) x CH,(C*) 5 cH,(cl*)),
which sends & = («,,),,., € CH'(C!*®)) and 8 € CH,(C") c CH,(CI*YtoaNf=a,- B €
CH,,_,(C"l) c CH,,_,(C*]). Again one verifies that (M) is well-defined.
For NV > 0, the multiplication by /V induces
[N],: CH,(C!™)y = CH,(C!™)), and [N]": CH*(C!*®)) - cH*(C!*)).
Further, the map ¢: Cl*°! — J induces morphisms of Q-algebras
o,: CH,(C!™)) = CH,(/), and ¢": CH*(J) — CH*(C[*)).
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4. A TALE OF TWO TAUTOLOGICAL RINGS (II)

Connections with the Jacobian

We build connections between the Chow theories of the infinite symmetric power and the Jacobian.
The easier part is the Chow cohomology CH*(CL*)),
Recall the class ¢ = x}(K') € CH'(S) defined in (2.18). Again we simply write ¢ for the pull-back

of ¢ to the schemes on which we work. For 7 > 1, define
(4.4) Opin(1) = Opa(e,(CU )+ n¢), and &, = ¢,(011(1)) € CH'(C).
We set & = 0. Then for # > 1 we have ¢*(& )= ¢, _,, so we obtain a class

5 = (é,n)nzo € CH](C[OO])

There is an alternative description of O,j(1) (essentially due to Schwarzenberger [Schw63]; see
also [MP10], Section 1). Let £ be the pull-back of the Poincaré line bundle & via¢xid ;: CxsJ —
J % J. For n >0, define the sheaf

En = prZ,* (pl‘); (0C(n‘x0)> ®$>’

where pr;: C xg /] — Cand pr,: C x5 / — ] are the two projections. There is a canonical isomor-
phism Cl"l ~P(E ), under which €(,;(1) corresponds to the line bundle Op(rz (1)-
When 7 > 2g — 1, the sheaf £ is locally free over J (i.e. a vector bundle). Then we have an

isomorphism of (9-algebras

(4.5) CH(C") = CH(P(E,)) ~ CH(J)[£,] [(P(£,)),

where P(&) is a polynomial in & of degree n — ¢ + 1 with coeflicients in CH(/). The following

result is merely a reinterpretation of this fact (MP10], Theorem 1.4).
Theorem 4.3.

(i) When n > max{2g,i+ g + 1}, the transition map ¢ : CH'(C!"l) — CH'(C"~") becomes an

isomorphism.
(i) The map o*: CH*(J) — CH*(C!)) induces an isomorphism of Q-algebras
(4.6) ®: CH*(/)[¢]=> CH*(C[*)),
which sends a € CH*(]) to ¢*() and t to the class £ . O
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4.1. Symmetric powers of a relative curve

Now we switch to the Chow homology CH,(C[*]). We begin by introducing two classes ' €
CHg(C[‘X’]) and L € CH,(Cl>)).
Choose an integer 7 > 2¢ + d (Recall that 4 = dim(S/#)), and we identify C[*] with P(E,).

Consider the short exact sequence
0— Ocin(=1)— ¢,(£,) = Q — 0,

where Q is a vector bundle of rank # — g on C!”], called the universal quotient bundle of ¢*(E)).
Define

I'=¢, (Q)eCH,(C")cCH,(C™)).

One can show that I' is independent of the choice of 7.

This time take 7 > 2¢ +d + 1. Define
L:=g)([0]) ¢, , 1(Q) € CH,(C") c CH,(C!*)),

where [0] € CHE(J) = CH,(/) is the class of the zero section. Again one can show that L is inde-
pendent of 7. The two classes I and L are crucial in relating CH,(C[*]) with CH,(]).

Theorem 4.4.
(i) The map

s: CH,(J)— CH,(C!™

(4.7)
a— go*(ct) NI

is a section of @,: CH,(C!®l) — CH,(]). It respects the Pontryagin products on both sides and
satisfies s o[N]. = [N]. o for all N > 0.
(i) The section s induces an isomorphism of Q-algebras
(4.8) W: CH,(/)[¢] > CH,(C'™),
which sends « € CH,(J) to s(a) and t to the class L.

(iii) Under the isomorphism \V, the push-forward ¢, is the evaluation at zero, and the action of £N is
the derivation d/dz¢. ]

The proof of the theorem is a delicate intersection theory calculation. See [MP10], Proposi-
tion 1.6 and Theorem 1.11.
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4. A TALE OF TWO TAUTOLOGICAL RINGS (II)

Remark 4.5. For all NV > 0, we have (see [MP10], Lemma 1.3)
[N](§)=NE&, [N],(L)=NL and [N],(T)=N>T.

Moreover, there are explicit expressions for the classes L and T (see /loc. ciz., Corollary 1.13):

log(l +4- [C])—log(l + ¢5<[4(C)]>>

(4.9) L= ,
¢

and for any NV > 2

(4.10) r—_ ! <

gI(N—=1)¢

log(1+¢ - [N1,([C]))— Nlog(1+¢-[CI)\
v )

Here we distinguish [C] € CH,(C) ¢ CH,(C[**) from [A(C)] e CH, (/).

Fourier transform

Further, the Fourier transform . can be lifted to C[*°l. Recall that £ = ¢,(22) € CH'(J x4 J). We
refer to [KV96], Theorems 3.13 and 3.18 for the proof of the following result.

Definition-Theorem 4.6.
(i) Define classes
€= (9 % 9)'(€) € CH(CI™ x 1),
& x5 & =pri(&) pry(&) € CHY(CI™ x 1)),
where pr,, pr,: C1®l x ¢ Cl°l — Cl°l gre the two projections. Then the expression
(4.11) exp(€oy o0 + & X5 &)
is an upper correspondence (see [KV96], Definition 3.2). It induces an isomorphism of Q-algebras
F: CH,(C!*®)) 5 cH*(C!™)),
again called the Fourier transform.

(ii) We have F (L) =&, and a commutative diagram

CH,(J) —Z— CH*(J)

CH,(CI*]) —— CH*(CI~)).

Also F satisfies F o[N|, =[N F, forall N > 0.

*
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4.2. Tautological rings of the infinite symmetric power

(il) The inverse F~1: CH*(C[>l) = CH,(CI>]) is given by the lower correspondence (see loc. cit.,
Definition 3.17)
(4.12) (—1)f exp(—£, o) N (exp” (L x5 L)+ (I x5 T))),
where exp* means taking the exponential power series with the product (x). ]

So in terms of the isomorphisms ® and W in (4.6) and (4.8), the Fourier transform between
CH, (/) and CH*(/) extends constantly to an isomorphism between the two polynomial algebras

CH,(/)[#] and CH*(J)[#]-

Remark 4.7. There is a (somewhat) explicit description of the class £, , € CH'(C!*) x ; C[*]). For
m,n >0, define
£,,= (p, %5 9,) (€) € CHI(CI™ x, €,

We have £, ) = ¢, , = 0. Also we have seen in (2.20) that

€1,1 [A]— Prl([ ]) Prz( ) QL in CH' (C x5 C),

where A=Ay € CxgC,and pr,pr,: CxgC — C are the two projections. Let pr;: C” — C be
the 7-th projection, for 1 < 7 < n. Then forall m, n > 1, we have identities (see [KV96], Proposition-
Definition 3.10)

(413) ¢ S¢ 0' XSUn mn :ZZ pr; XSPI' (f )

i=1 j=

which hold in CH'(C” x ¢ C")®»*®..

4.2. Tautological rings of the infinite symmetric power

We define the tautological rings 2(C”) and %( "1} in the style of Faber and Pandharipande (see
[FPOS] Section 0.1). The collection {9? } then leads to the definition of the tautological rings
R,(Cl>]) and %2°(C[*]). The main result is a tautological analogue of Theorems 4.3 and 4.4, saying
that both Z,(CL*°l) and #°*(C!*]) are polynomial algebras over the tautological ring 7 ().

Let m,n€Z, m > 1 and n > 0. Consider maps

T=(T,....,T,):C" = C",

such that each 7;: C” — C is a projection of C” onto one of its factors. When 7 = 0, we set
T:C™— C°=§ tobe the structural map. These maps 7" are called tautological maps. There is a one-
to-one correspondence between the set of tautological maps and the set of maps between {1,..., 7}

and {1,..., m} (which still makes sense when 7 = 0, where the map becomes 0 — {1,..., m}).
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4. A TALE OF TWO TAUTOLOGICAL RINGS (II)
Definition 4.8. For n > 0, the system of rautological rz'ngfn"‘e5 of C” is the collection of smallest
(graded) Q-subalgebras {,%’(C”) c CH(C”)}, such that

(i) we have [x,] € Z(C);

(ii) the system is stable under pull-backs and push-forwards via all tautological maps 7'
Elements in 2(C") are called rautological classes.

Example 4.9. Recall the classes K € CH'(C) and ¢ € CH'(S) defined in (2.18), and also the classes
x; € CH'(S) in (3.1). Since the diagonal map A: C — C? is tautological, we have by adjunction

(4.14) K =-A'(A([C])) e 2'(C),
which implies , = p (K**) € #7(C") for all i > 0. Moreover, we have

(4.15) P*<[xo]2> = P*xo,*xg([xo]) = x(;k([xo]) =—¢4eR'(C),
so that ¢ € Z'(C,).

We now describe a set of generators for each of the tautological rings 2 (C”). For 1 < j < #, let
pr;: C" — C be the projection to the j-th factor, and for 1 <k </ <, letpr, ,: C" — C? be the
projection to the £-th and /-th factors. Define classes

K]. = pr;([() € QI(C”),
(4.16) 30,1 = b1 (%(9) | = prs ([]) € 2'(C7),
(A 1= pry(B)]=pry, ([A]) e 21(CT),

where A = A ¢ ¢ C?. Further, we keep the same notation {«;} and ¢ for the pull-backs of the
classes {x,} and ¢ to C”, forall n > 1.

Proposition 4.10. For n > 0, the ring % (C") is generated by the classes {x;}, ¢, {K;} and {[xo’j]}
(if n > 1), and {[Ak,l]} (if n > 2). In particular, when n = 0 the ring R(C°) coincides with the
tautological ring R (S) in Definition 3.1. ]

The proof is a careful calculation using the projection formula, and can be found in [Lo095],
Proposition 2.1 (see also Remark 4.30 below).
We switch to symmetric powers Cl”l. For n > 1, we identify CH(C!"]) with the symmet-

ric (i.e. & -invariant) part CH(C")®» by (4.1). Under this identification, the push-forward map
o,.: CH(C")— CH(C™) is the symmetrization.

50



4.2. Tautological rings of the infinite symmetric power

Definition 4.11. For > 1, the rautological ring of C!"] is the symmetric part
R(C"y = (C™)®".
We also set Z(C0) = 2(C°) = %(S). Again, elements in Z(C"]) are called tautological classes.

It follows from Proposition 4.10 that for 7 > 2, the ring 2(C[")) is generated by the classes {«,},
¢ and the elementary symmetric polynomials in {X’}, { [%,] } and { ] }

Passing to the infinite symmetric power

We first observe that the rings 2(C!"]) are stable under pull-backs and push-forwards via the maps
g,: Cl=l s Clnl In fact, the maps ¢, can be lifted to id,, | x¢x,: C"! — C”. Then for « €
R(C"')and B € %(C”), we have

(iders x5%).(@) = pry_,1(@) - pr, ([%,]) € 2(C"),

(idews xg%) (8) =pryper, (81, (130])) € R(CT),

where pr; | (resp. pr,) is the projection of C” to the first # — 1 factors (resp. #-th factor). The

.....

stability of 2(C[")) under &7 and ¢, , allows us to pass to the infinite symmetric power C[*l.
Definition 4.12.
(i) The tautological homology of C1*°], denote by #,(C!*)), is the direct limit
R,(C1) = 1im (2(S) > 2(C) » R(CP) - R(CP) - ..,
where the transition maps are ¢, : Z(Cl*~1l) > 2(Cl")).
(i) The tautological cohomology of C1*°l, denote by %°*(CL*)), is the inverse limit
2°(C')) =lim (R(S) « R(C) — R(C?) « B(CP)) ),
where the transition maps are ¢*: Z(Cl"l) — g(Cl"1).

Both %,(C!**l) and 22°*(C!*)) are graded, similar to CH,(C[*])and CH*(C[>}). As before, elements
in Z,(C!>]) and %°*(Cl*)) are called tautological classes.

It is immediate that %2°(C[*]) is stable under the intersection product (-). Since the addition
map y,, ,+ C" x ¢ C"l — Clm+] ifts to the identity map C” x; C" — C™*", we also know that
R,(C1>) is stable under the Pontryagin product (x). It follows that 2,(C[*)) (resp. Z°*(C[*])) is a
graded Q-subalgebra of CH, (CL*) (resp CH*(C °°]))

We list several properties of %,(C!*°l) and %2°*(C!*}), which are crucial in connecting them with

the Jacobian side.
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4. A TALE OF TWO TAUTOLOGICAL RINGS (II)

Proposition 4.13.
() We have £ € R'(CI=)), T € R (C!=)) and L € ,(C1),
(ii) The ring R ,(C1) (resp. R*(CL))) is stable under [N, (resp. [NT*), for all N > 0.
(iii) The Fourier transform F induces an isomorphism

F: R,(CI°N 5 ze(Cl™)).

(iv) The cap product in (4.3) restricts to a map

n

R (ClN x &, (Cl°)) 5 g (1))

Proof. Statement (ii) follows from the fact that the diagonal map A: C ("] — CW] lifts to C" —
CN", which is tautological. Statement (iv) is straightforward.

For (i), by (4.4) and (4.10) we have & € Z'(C[*®])and T € %g(C[“]). Moreover by (4.9), to
show that L € %,(C[*]) it suffices to prove that 5([4(C)]> € R,(C!*)). This is further reduced to

prove that go*([z(C)]) € %471 (Cl*]) by the definition of the section s (4.7).

In fact, we can prove that for any class « in the tautological ring 7 (/) (see Definition 3.4), we
have ¢*(«) € °(C!*)). First by Theorem 3.6, we know that (9(]), ) is generated by the classes
{p,;} and ¢. Since p*(¢) € R(C!), it remains to prove that @ (p;;) € R*(C!*)) for all possible
i and j. Here we can actually calculate the pull-back ofpl.,]. viap =¢ oo, : C"— J,forall n>0.
The procedure is similar to that of Lemma 2.22: we chase through the following cartesian squares

(X oidp T
Cx,Cn 25 Jx cn —22 s

ide Xs?snl lid/ x5, Jqﬁn

Cxs/ ixgid Ixs] pry J

Pfll lprl

C —— ]
and we find
(4.17) ¢;z<9>(<9‘f‘”2>/2 : [z<c>]>) = pr,, (pri (£(0) %) exp (e x5 8,)'(0)))

where pr;: € xg C” — C and pr,: C x5 C" — C” are the two projections. By definition &7 (p; ;)
is just the codimension (7 + j)/2 component of the right-hand side of (4.17). Further by (2.19)
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4.2. Tautological rings of the infinite symmetric power

and (4.13), we have explicit expressions for ¢*(6) and (¢ x g &, )*(€) in terms of tautological classes. It

follows that ¢7(p; ;) € #(C"), and hence ¢*(p, ;) € R*(Cl),

oJ
Finally to prove (iii), we observe that the correspondences in (4.11) and (4.12) that define % and

Z ! only involve tautological classes. [

Connections with the Jacobian

Consider the tautological ring 7 (/) in Definition 3.4. We write 7°(/) := (9' (/) ) with the grading
by codimension, and F,( /) := (9 (/) *) with the grading by relative dimension. Now we state and

prove the main result of this section.

Theorem 4.14. The isomorphisms ® and WV in (4.6) and (4.8) restrict to isomorphisms of Q-algebras
(4.18) Ol ey T (2] 5 R°(CT),

(4.19) U ZDE] = R(C1).

The plan is to prove (4.19) first, and then deduce (4.18) by Fourier duality. We begin with an

elementary lemma.

Lemma 4.15. Ler A be a commutative Q-algebra, and B be a Q-subalgebra of the polynomial algebra
Al t). Assume that t € B, and that B is stable under derivation d/dt. Then we have

B=ev(B)[t],
where ev: At — A is the evaluation at zero.

Proof. Let P(r) = by+ byt +---+ b,t” be an element in B. Since B is stable under derivation, we
have (d/dt)”(]’(t)) = nlb, € B, so that b, € B. Then since t+ € B, we have 4, ¢” € B, so that
P(t)—b,t” € B. By induction, we find that all coefficients &, are in B. It follows that ev(B) c
B, and hence ev(B)[¢] C B. On the other hand, we know that 4, = ev((d/d¢)(P(¢)/1!)), with

(d/dt)i(P(t)/z'!) € B. Therefore b, € ev(B), which proves the other inclusion B C ev(B)[z]. N

Now consider the push-forward map ¢,: CH,(C[*}) — CH, (/) which, by Theorem 4.4 (i),

corresponds to the evaluation at zero.
Proposition 4.16. We have go*(gi’_(C[“])) =7,J)).

Proof. By Theorem 3.6, we know that 7,(/) is generated by the classes {@(j —i*2)/2. [z(C )] (],)} and
0,(¢) (here o = ,: S — ] is the zero section). Now consider the class n = K /2+[x,]+ ¢ /2 € Z(C),
which by (2.19) is equal to *(). Then we have

LR =60 [(O)
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4. A TALE OF TWO TAUTOLOGICAL RINGS (II)

so that §U=/+2/2. [ (C)] is in the image gp*(%.(C[‘”])) (recall that ¢ = ;). Moreover, we have shown
in Proposition 4.13 (ii) that 2,(C!*)) is stable under [V ] for all N > 0. This implies that the
components GU~+2)/2 [z(C )] ;) e also in the image ¢, ( )
are in ¢*<%.(C[°°])), we obtain the inclusion F,(/) go*< )

To prove the reverse inclusion, we first observe that the image gp*(%.(C [°°])), being the union of
gpn’*(%(C[”])) for n > 0, is also equal to the union of gﬁn*(%(C”)) for n > 0. Then it is enough to
prove that for all 7 > 0 we have ¢, (9? (C ”)) c 7 (J). This is done by an explicit calculation using

Since all generators of 7,(J)

the generators of 22(C”) described in Proposition 4.10.
As ¢, , factors through ¢, ., we may assume 7 > 2. The ring %2(C”) is then generated by the
classes {«,}, ¢, {K;} and {[xo)j]}, and {[Ak,l]}’ as defined in (4.16). We make a change of variables

1 1
n;= EI(] +[x0,j]+ ESL’

so %(C") is also generated by {«,}, ¢, {7,} and { [%0,] }, and { i } Let « € Z(C") be a
monomial in those generators. We would like to show that ¢, (o) € 7 (/).
A first step is to separate the variables {«,} and ¢ from the rest. Write « = [ -y, with 3

collecting all factors of {«,} and ¢. Then [ is the pull-back of a class 5, € %(S) via the structural
map p": C" — §. Since p” = o, (recall that 7v: / — §), we find

6, (@) =¢,.(0"(B0) 7)= 3,7 (Bo) 1) =7"(Bo) 6,.(1)

Thanks to the isomorphisms (3.8), we have 7z*(3,) € 7 (/). So it remains to prove that ¢, (y) €
T (]), or in other words, we may assume that « is a monomial in {7, }, {[XO,]']} and {[Ak,l]} only.

A second step is to eliminate multiplicities in the variables {[A bl ]} Consider for example [A] =
[A,,] € Z(C?). Denote by A: C — C? the diagonal map, and by pr,: C*> — C the second
projection. Then we have by (4.14)

[AT =A,(A([A])) =—A,(K) = —A (A" pry(K)) = —{A] - K,.

*

By pulling back to C”, we obtain for 1 <k </ <n

[A/e,/]2 = _[A/e,/] K, = _[A/e,/] ) (2’71 - 2[’%,/] - ¢)

Together with the first step, this allows us to reduce to the case where o is a monomial in {7 ].},
{[xo)j]} and {[Ak,l]}’ with multiplicity at most 1 for each [A, ].
Further, we may permute the indices of the {[A L 1]} factors by applying the identity

(4.20) AV R VAVESS 3 VAVINS BN PA VA
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4.2. Tautological rings of the infinite symmetric power

More precisely, if = {i;, ,,...,7,} is a subset of {1,..., n}, we define the symbol

[A]= [Ail,iz] : [Az’l,ia] o [Ail,i I

q

It follows from (4.20) that [A,;] is well-defined. Also we have identities [A;]-7, =[A[]-7, =---=
[A] 7, and [A,]- [xo)l.l] =[A,] [xo’iz] = =[A]- [xo)iq]. So for r,s > 0, we can write

(Ur[xo]f)A, =[4,] 7/;1 : [xO,il]f'

Now combining with the first two steps, we may assume that the {[A b ,]} factors of & take the form

[All] ’ [AIZ]"'[AI ])

m

where the 7, are subsets of {1,2,...,n} satisfying 7, N [, = 0 for # # /. This means we are reduced

to the case where « is of the form

with 7;,..., 7, and {j} pairwise disjoint. In this case, the calculation of ¢, () is rather straightfor-
ward: it follows almost from the definitions of [/V] and the product (x) that

where [ | stands for product using (x), and #/, is the cardinal of /,.

Now since F (/) is stable under [/V], and (), the last step is to prove that for all r,s > 0,
we have z*<77’[x0]‘) € 7(J). Then by the identity » = *(8), we find z*(iy’[xo]‘) =0 -z*([xo]"‘),
which further reduces to showing that z*([x0]5> € 7(J). We have z*([xo]o) = [z(C)] € 7(J) and
z*<[x0]) =[o] € T(J). When s > 2, the calculation is similar to (4.15):

l*([xO]S) = l*xO,*x(;k<[xO]s_1) = 0*((_¢)5_1) € c9.(—[)
The proof of the inclusion go*(%.(C[“’])) c 7,(/) is thus completed. O

Proof of Theorem 4.14. By Proposition 4.13 (i) and (iv), we know that L € %,(C[*]), and that
R,(Cl*]) is stable under & N —. Then the isomorphism (4.19) follows immediately from Theo-
rem 4.4, Lemma 4.15 and Proposition 4.16. By applying the Fourier transform .% and by Proposi-
tion 4.13 (iii), we also obtain (4.18). O
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4. A TALE OF TWO TAUTOLOGICAL RINGS (II)

Remark 4.17. Previously, Moonen and Polishchuk considered much bigger tautological rings of C [oo]
and /, for which they obtained similar results as Theorem 4.14 (see [MP10], Corollary 8.6). The
significance of our smaller version, is that one can now apply the machinery on the Jacobian side
to study enumerative problems on the tautological rings %2(C!"]). This will be the main topic of
Section 4.3.

Here we propose an alternative (and minimalist) definition of the tautological rings %,(C[>])

and 22°(C[). It is based on the properties listed in Proposition 4.13.

Definition 4.18. Define 2/(C!*]) and %2’*(C!*]) to be the smallest Q-subalgebras of CH,(Cl*])
and CH*(C!*)) respectively, such that

(i) we have [C]e Z.(Cl*l)and & € Z'*(CI>);

(i) the ring 2.(CL)) (resp. 2'*(C1>))) is stable under [N], (resp. [N]*), for all N > 0;
(iii) the two rings are stable under & and F1;
(iv) the ring 2.(C!>l) is stable under cap product with 2’*(C!>)).

Note that Condition (iv) is crucial, otherwise 22.(C!*l) and %2’*(C[**)) live in two parallel worlds
without interactions. That & € %2’*(C[*]) can possibly be implied by the other conditions, but we
do not yet see a way to prove it.

Corollary 4.19. We have R.(C!*)) = R ,(C°]) and #'*(C1>]) = *(Cl*).

Proof. We prove the first identity, which then implies the second by Fourier duality. Since we assume
& € #'*(Cl*)), by Definition-Theorem 4.6 we have L = Z71(&) € R.(Cl*)). Also Z.(Cl*)) is
stable under & N—. So again by Theorem 4.4 and Lemma 4.15, we have

R(C) = o (RU(CD)[2],

definition, the smallest Q-subalgebra of CH, (/) that contains [Z(C )] and that is stable under [ V],
(forall N >0), .Z and (-), which is exactly the tautological ring 7,( /). ]

and it remains to prove that gp*(%’(C[‘X’])) = 7,(/). Then one realizes that ¢*<%’(C[°°])) is, by
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4.3. Gorenstein properties

4.3. Gorenstein properties

In this section, we focus on the case § = ./ ol For n > 1, denote by ng”’l (resp. %é”l]) the n-th
power (resp. symmetric power) of the universal curve over ./, ;, and let %0 = [ ] =M, We
also write %” I for the infinite symmetric power of the unlversal curve, and j for the unlversal
Jacobian, both over M , . We keep the same notation as in (4.2) for the various maps.

Our goal is to study an analogue of the conjectural Gorenstein property (see Conjecture 3.2 (i),

this time for the tautological rings of %”g”)l and ngl] To begin with, we have the results of Looijenga
([Lo095], Theorem) and Faber [ Fab97], which locate the expected socle (see also Remark 4.30 below).

Theorem 4.20. For all n > 0, we have 92”(‘5;}1) =0fori>g—1+n, and P/?g*””((ég”’l) ~ Q.

Moreover, the component R 8 _1+”(C€g” \) is symmetric, i.e. we have

%g—1+7l((€gn’l) — (%g—1+n((€g[fll]) ~ Q. D

We may now ask whether the rings 2(6,) and 2(¢ ) satisfy the Gorenstein property. We
start with Z(€ ;).

Speculation 4.21. Foralln >0 and 0 < i < g — 1+ n, the pairing

(4.21) R(C! ) x R (6 ) > RETT(6) )~ Q

g,1 g1

is perfect, so that % (€ ,) is Gorenstein with socle in codimension g —1+ n.

Since the expected socle is symmetric, we may restrict the paring (4.21) to the symmetric part. It

is not difficult to see that the validity of Speculation 4.21 would imply the following.
Speculation 4.22. Forall n >0 and 0 < i < g — 1+ n, the restriction of the pairing (4.21)
(4.22) (G x R (6 S 2T (6 ~Q

is perfect, so that B (€ ) is Gorenstein with socle in codimension g — 1+ n.

A proof of Speculation 4.21 seems difficult in general: when 7 grows, the ring 22(¢;’|) becomes
more and more complicated. We can, however, prove Speculation 4.22 for small g and large 7 (more
precisely for ¢ <7 and 7 > 2¢ —1). Our main tools are the link between % (¢, ) and 7 (7, ;) (see

Section 4.2), and the machinery developed on the Jacobian side (see Section 3.4)
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4. A TALE OF TWO TAUTOLOGICAL RINGS (II)

Jacobian side

We consider a similar Gorenstein property for the tautological ring 7(_#, ;). The first step is to locate

the expected socle.

Lemma 4.23. We have 9"(jg,1) =0fori>2g—1, and 92g_1(jg)1) ~ Q. Moreover, the component
TN g g,l) has index j =2 g —2 in the Beauville decomposition (2.5), i.e. we have

gzg_l(jg,l) = ‘Z;ﬁ:;)(jg,l) = Q

Proof: The surjective map ¢ : 67, — ¢, induces an injective morphism &% : CH(Z, ;) —
CH(C@”;’I). By (4.18), we also know that ¢, restricts to an injective map ¢ : 7 (.7, ;) — 92(‘5;’1).
Then it follows from Theorem 4.20 that 77(#, ;) = 0 for i > 2¢ — 1, and that 72¢7( 7, ) is at
most 1-dimensional.

Recall from (3.8) that ﬂ(fg__lz)( For) = RE /4 ¢.1) = Q. By applying the Fourier transform .7,

we obtain
2¢-1 -1
‘Zzg_z)(jg,l) = g(z&gg_z)(jg,l)) = Q
So ﬁzg—l(fg)l) is indeed 1-dimensional, and is concentrated in 2225:21)(%@1)' O

With the socle condition verified, we may formulate an analogue of Speculations 4.21 and 4.22

for 7( 7, 1)

Speculation 4.24. For all0 <i <2g — 1, the pairing

(4.23) T I D) * T (F )= T (F)

is perfect, so that T (j p 1) s Gorenstein with socle in codimension 2g — 1.

12

Q

Remark 4.25. The Beauville decomposition provides a nice basis for 77( 7, ;) with respect to the
pairing (4.23). More precisely, recall that 7*( ¢, |) = eejﬂ(]lﬁ)(jg,l). Since the socle is in Zég;z)(jg,l)’
the pairing bCfWCCI'l 9&:)(fg,1) and g(j-/f_l_i(/g)l) is zero upless j+7 =2g—2. In other words, if we
choose for each 7'( ¢, ;) a basis from the components Z;)(jg,l), then the pairing matrix of (4.23)

becomes block diagonal.

We try to illustrate the pairing using the Dutch house. In figure 4, the socle component is located
exactly on the upper right corner. Assuming Speculation 4.24, we would expect a rotational symmetry
about the center of the picture. Together with the reflection symmetry about the middle vertical line
(given by the Fourier transform), it would then yield a mysterious reflection symmetry about the
middle horizontal line. In particular, one should have Zj)(j g}l) =0 for j > 2¢ —2, and using the
grading in (2.12), a one-to-one correspondence between 7, (%, ;) and T, > (7, 1)
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Figure 4. Pairing on g(jg,l) (g =8).

Once again with the help of Li Ma, we computed the pairing (4.23) for the ring 7 defined in
(3.12), i.e. modulo relations in Construction 3.12. The computer output shows that for ¢ <7, we
have 72671 ~ @ and perfect pairings between T and T for0< i <2 g — 1. Then since
the surjective map T > T (Z,1) in (3.13) is an isomorphism at the socle level, it is in fact an

isomorphism. In particular, we can confirm the following.
Theorem 4.26. Speculation 4.24 is true for g <7. O
For ¢ = 8 and several more values of g, however, the relations we find are not sufficient to prove

Speculation 4.24.

From the Jacobian to symmetric powers

The main result is a comparison between Speculations 4.22 and 4.24.
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Theorem 4.27. We fix ¢ > 0. The following three statements are equivalent:
(i) Speculation 4.24 is true;
(ii) Speculation 4.22 is true for some n >2g —1;
(iii) Speculation 4.22 is true for alln >2g — 1.

Proof. Recall that for n > 2¢ — 1, the symmetric power ngl] is a P""¢-bundle over ¢, . It then

follows from (4.5) and (4.18) that we have an isomorphism of QQ-algebras

R =T (7, )EI[PE)),

where P(€,) is a polynomial in &, of degree 7 — g + 1 with coefficients in 7 (%, ,). In particular, we

obtain for the socle components
AN TN F ) =

For 0 < i < g —1+4 n, we write @i(ng[’fl]) ~ & T (L) & with max{0,i —2g +1} < j <
min{7,n— g}. Then the pairing (4.22) corresponds to

(719,08 (@70, &) 7 £ 0

k

On the other hand, observe that
(TSI &) (T (g, ) EN) =0 if j+hk<n—g.

In other words, if we choose a suitable basis for each %* ((ﬁyl]), then the pairing matrix of (4.22) is
block triangular. Moreover, the blocks on the diagonal correspond exactly to the case j + £ =n— g,

i.e. the pairing

(T (F) &) ) (T () &7 ) = T g,0) - 67 ~Q
which in turn corresponds to the pairing
(4.24) TN J )< T F, )= T F,)=Q.

In total, saying that (4.22) is perfect forall 0 < i < g —1+n (n > 2¢g — 1), is equivalent to saying
that (4.24) is perfect forall 0 <7 — j <2g¢ — 1. The proof of the theorem is thus completed. O

Remark 4.28. Using the Beauville decomposition (see Remark 4.25), we may choose a basis for
the %’(%g["l]) such that the pairing matrix of (4.22) is block triangular, and that the blocks on the

diagonal are further block diagonal matrices.
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Then by Theorem 4.26, we obtain an immediate consequence.
Corollary 4.29. Speculation 4.22 is true for g <7 and foralln >2g — 1. ]

This leaves out a finite number of cases for each g < 7, which could eventually be verified by

computer calculations. We also hope to find a theoretical argument for those remaining cases.

We finish this chapter by relating our pointed tautological rings to the classical, unpointed ones.
For n > 1, denote by €' (resp. ‘6;”]) the n-th power (resp. symmetric power) of the universal curve
over M o and let ngo = %éo] =M . The classes {K]} and {Ak’ ,} in (4.16) live naturally on C(o”g”.
The tautological ring 22 (¢;') is then defined to be generated by {«;}, {K;} and {A, ;} (see [Lo095],
Section 1), and % (ng”]) is the symmetric part %(‘6;)671.

The connections between the tautological rings are given by the isomorphisms

n n n+1
(4.25) Cpr =6, X.a, My =6,

(7] o pl7] ~ ¢l"]
C, =6, X//[g'%g,l_(gg x/ﬂg%g.

We have a dictionary for the tautological classes: under (4.25), the class ¢ € %(‘5;’1) corresponds
wk, € 9?(‘6;“), and [x, ;] € (€} ) corresponds to [A € 92(‘5;“). The dictionary gives

isomorphisms of Q-algebras

j,n+1]
gg(ng”l) o~ %(‘gzﬂ), and %(%ﬁ”l]) ~ gg(qg;H)Gn’
where the symmetric group &, acts on the first 7 factors of <g;+1.

Remark 4.30. We have used this dictionary implicitly when referring to [Loo95] and [Fab97] for
the proofs of Proposition 4.10 and Theorem 4.20.

One can also formulate the corresponding Gorenstein property for %(¢;') and %(ng’}) (note
that %g_2+”(‘€;) = %g_“"(((o”(g”]) ~ (). Since &, > &, we have an inclusion

R M) =R (67 c (6! = R(6).

It is not difficult to see that Corollary 4.29 implies the following.
Corollary 4.31. For g <7 and n > 2g, the ring R ((gy]) is Gorenstein with socle in codimension
g—2+n. =

note 6

The difficult task would be to investigate the critical case™™° of ¢ = 8, which is beyond the scope

of this thesis.
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lautological classes on a Jacobian variety

This chapter specializes to the case of a Jacobian variety. We determine the generic behav-
ior of the tautological ring in codimension 2, and give examples in higher codimensions.
As applications, we obtain simple proofs of (i) Green and Griffiths’ result on the generic
non-vanishing of the Faber-Pandharipande cycle; (ii) Sebastian’s result on Voevodsky’s

smash-nilpotence conjecture for 1-cycles on abelian varieties.

5.1. The tautological ring over a field

From now on, we focus on the case where the base variety S is a field 4. The tautological ring of a
Jacobian over # (modulo rational equivalence) was studied by Polishchuk [Pol07]. In this section we
briefly review his results.

Let C be a smooth projective curve of genus g > 0 over 4. Denote by (/, @) the Jacobian of C.
By choosing a point x, € C(#), we obtain an embedding ¢: C < /. Recall from Definition 3.4 that
the tautological ring 7 (/) is the smallest Q-subalgebra of (CH( /) ) that contains [C] = [z(C )],
and that is stable under [V]* and .%. Following Polishchuk, we define classes

pi= g([c](i—l)) € CHE:’—])(])’
g, = 9((9 : [C](l.)) € CHéi)(]).

Note that p, (resp. ¢;) can be non-zero only if 1 <7 < g (resp. 0 < i < g —1). Also we have p, =—0
and ¢, = g[/]. The following result ([Pol07], Theorem 0.2) is a special case of Theorem 3.6.

Theorem 5.1. The ring T (]) is generated by the classes { p,} and {q,}. Moreover, the operator f € sl,
in (2.17) acts on polynomials in {p,} and {q,} via the following differential operator of degree 2 (again
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Fourier transform 7

CH®=CH*
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Figure 5. Generators of the tautological ring over # (g = 8).

denoted by 9):

i+j it+j—1
@:_EZ< ]>Pi+jlapiapj_z< i >qi+jlaq"apf

(5.1) N 7

+Z%—1a]’i-

By the Beauville decomposition over £ (2.8), the Dutch house in Section 2.3 reduces to its roof.
Figure 5 illustrates the case g = 8 and locates the classes {p,} and {g,}. Here we write /'(]) :=
R'( ]/ k) for the motivic decomposition. Once again, we have not drawn the components CHZj)( J)
with j < 0, which are expected to vanish (see Conjecture 2.10 (i)).

Similar to Construction 3.12, one can obtain relations in the tautological ring 7 (/) via the sl,-
action: take monomials in {p,} and {g,} that become zero for dimension reasons, and then apply
the differential operator 7 in (5.1). Using these relations, Polishchuk proved the vanishing of the
component on top of the roof ([Pol07], Proposition 4.1 (iii)).

Proposition 5.2. We have 9(5)(]) =0. O

As is remarked by Polishchuk and Voisin (see [Pol07], Introduction and [Voil3], Section 3),
the structure of (/) depends highly on the choice of the marked point x, € C(%). One way to
avoid this is to follow Beauville [Bea04] and work modulo algebraic equivalence. The quotient ring

T (J)] ~yg is then generated by the images of {p,}, and relations between them can be obtained
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5.2. Codimension 2 and a result of Green and Griffiths

via the sl,-action. However, the disadvantage of using algebraic equivalence is that one misses many
interesting 0-cycles (and more), some of which are also independent of x,, (see Section 5.2).

There are other sources of relations in both 7 (/)/ ~,, and 7 (), for example via the existence
of special linear systems (see [Her07], [GKO07], [FH07] and [M0009], Section 4). However, for the
generic curve C (i.e. the generic fiber of <€g — //lg), Polishchuk conjectured that the s[,-action
provides all relations in 7(/)/ ~,, (see [Pol05], Introduction). Following this idea, we may also

raise a similar question.

Question 5.3. For the generic curve C and generic marked point x,, (i.e. the generic fiber of €, =
M , ), does the sl,-action provide all relations in T (])?

Section 5.2 settles the codimension 2 case. As a consequence, we obtain a simple and characteristic
free proof of a result of Green and Griffiths ((GG03], Theorem 2). Further, Section 5.3 gives examples
in higher codimensions that extend Proposition 5.2.

Finally, in Section 5.4 we apply results on the tautological ring (/) to the study of 1-cycles on
an abelian variety. We give a simple proof of a recent result of Sebastian ([Seb12], Theorem 9), which

proves Voevodsky’s smash-nilpotence conjecture for 1-cycles on abelian varieties.

5.2. Codimension 2 and a result of Green and Griffiths

The goal is to study the structure of the ring 7 (/), especially for the generic pointed curve (C, x;)

over M, ;. To begin with, for any smooth projective curve C over a field £ with x, € C(£), we have

TN=Q-1J] To(/)=Q:py, and F;(J)=Q- 4.

We know that p; = —6 # 0 when the genus ¢ > 0. For the class ¢,, we have ¢, =0 for ¢ =1, and
in general Polishchuk showed that ¢, = 0 if and only if K = (2¢g —2)[x,] (here K is the canonical
divisor class of C; see [Pol07], Section 1). So when g > 2, we have ¢, # 0 as long as we avoid those
so-called subcanonical poins, i.e. points x, satisfying K = (2g —2)[x,].

In this section we consider the codimension 2 part 72(J) for curves of genus g > 2. First we

have the Beauville decomposition

T ()= ()@ Ta(])® T(J))-

The easiest component is 9(3)(]): we have 9(3)(]) =Q- pt,and p; #£ 0 for g > 2 since & = —p, is
ample. For the component 9(12)(]), we know that it is spanned by ¢, p, and p,. When ¢ =2, we
have p, p, € ?(13)( J) = 0 for dimension reasons. Then a relation in ;7(12)( J) is given by applying the
differential operator & in (5.1)

D(pipy) =9~ p,=0.
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In this case 9(12)( J) is 1-dimensional if x, is not a Weierstrass point, and zero otherwise. When g > 3,
a classical theorem of Ceresa shows that p, is not algebraically equivalent to zero for the generic
curve C over ./, ([Cer83], Theorem 3.1). It then follows that for the generic pointed curve (C, x;)
over M, ; with g > 3, the classes ¢, p, and p, are linearly independent in g(lz)( 7).

We now treat the remaining component 9(22)( J), which is spanned by the classes 47 and ¢,. By
Proposition 5.2 we have g(zz)(]) =0 for g =2 (¢, = 0 and one more relation given by %(g, p,) = 0).
When g = 3, since p3 € 9(24)( J) =0, we again obtain a relation

(5.2) D*(p;) = D(=6ps+24,p,) = 2(q; —4q,) = 0.

We can show that for the generic pointed curve (C, x,) over .#; |, all relations in 9(22)( J) are given
by (5.2), i.e. 9(22)( J) is 1-dimensional (essentially the same proof as that of Theorem 5.4).
When g > 4, there are no more relations coming from the sl,-action. The following result

confirms our expectation.

Theorem 5.4. For the generic pointed curve (C, x,) over M, with g 2 4, the classes qt and q, are
linearly independent in 9(22)( J)

The difficulty of proving Theorem 5.4 lies in the fact that classes in CH(zz)( J) are Abel-Jacobi
trivial. This means those classes cannot be detected by conventional invariants. When # = C, there
exist more sophisticated Hodge-theoretic invariants (see for example [GG03], Appendix), but they
are in general difficult to compute.

Our situation is more specific: the Jacobian / is an abelian variety or, in the relative setting, an
abelian scheme. In this case, the cycle class map as described in (2.11) provides a simple invariant for
detecting non-trivial cycles on the generic Jacobian. Further, we apply a degeneration argument due
to Fakhruddin [Fak96], which takes full advantage of the boundary of .# ;. The rest of the proof is

just some elementary computation.

Remark 5.5. When the base field # is uncountable, the statement in Theorem 5.4 remains true if one
replaces generic by the term very general, which means away from a countable union of Zariski-closed
proper subsets of ./, ;.

In fact, all data (.e. A, J, g7 and q,) are defined over the prime field &, = Q or F,. Then for
any class x € Q- g7 + Q- ¢,, if @ is non-zero over the generic point 7 € ./, , / k,, by base change it
is also non-zero over any point s € .#, (k) that maps to 7. In other words, we have o # 0 over any
point s € #, ,() that does not lie in a subvariety of ./, defined over £,. Since £, is countable,
there are only countably many such varieties.

On the other hand, Theorem 5.4 is only expected to hold for a very general curve: according to
the Bloch-Beilinson conjecture (see [Jann94], Remark 4.12 (c)), both ¢ and ¢, should vanish if the
curve is defined over Q or IF H(2)-
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Proof of Theorem 5.4

Note that Theorem 5.4 is of geometric nature: if the statement is true over the base field 4, then it is
automatically true over any base field £’ C 4. Therefore we may assume # to be algebraically closed.

Let 7r: A — § bea principally polarized abelian scheme with § a smooth connected variety over 4
(the principal polarization is not important here). Consider a class & € CHZ].)(A). Recall from (2.11)
that the cycle class cl(«) lands in H/ (S , R n*QZ(i)). Denote by A, the generic fiber of 4/S, and
by @, € CH(;)(4,) the restriction of & to 4,. Suppose &, = 0. Then by the spreading out procedure,
there exists a non-empty open subset U C S such that @, = 0 in CH{; (4,), where A, == Ax U

and ;== 2|, . Combining with (2.11), we have the following implication.
Proposition 5.6. Ifa, =0, then there exists a non-empty open subset U C S such that
cd(ay)=0 in H(U,R* 7 ,Q,i)). O

Now consider the diagram (2.15) with § = .4 o An important feature is that (2.15) can be
extended to /'), i.e. the moduli stack of stable pointed curves of genus ¢ and of compact type.
The precise procedure of the extension is documented in [GZ12], Section 6. Roughly speaking,
when a curve of compact type has several irreducible components, its Jacobian becomes a product of
Jacobians. Then the embedding ¢ is obtained by taking the product of the embeddings in the factors.
Again the fact that /7', is a stack plays no role in the discussion: since we work with Q-coefficients,
for our purpose it is equivalent to pass to a finite cover of the moduli stack that is an honest variety
(see [ACV03], Theorem 7.6.4 for the existence of such a cover).

The universal Jacobian over ./, is still a principally polarized abelian scheme. The classes 4; and
q, are defined over the whole /", (previously known as p, ; and p, , over ./ ,; see Section 3.2).
Let ¢ > 4. Inview of Proposition 5.6, we would like to show that for all non-zero linear combinations

a = rqt + sq,, and for all non-empty open subsets U C M, we have

c(ay)#£0 in H(U,R*7,Q,(2)).

Using the following lemma by Fakhruddin ([Fak96], Lemma 4.1), we can reduce the proof of this to

a calculation on the boundary of /¢, .

Lemma 5.7. Let X, S be smooth connected varieties over k and w: X — S be a smooth proper map.
Consider a class h € H ”’(X ,Q {,(71)). Suppose there exists a non-empty subvariety T C S such that for all
non-empty open subsets V.C T, we have h,, # 0, where b, == h| X, Then for all non-empty open subsets
UcS, wehave b, #0. O

Therefore to prove Theorem 5.4, it suffices to construct families of zest curves over the boundary

of M, and to show that for each & = rqi + sq, with (r,s) # (0,0) € Q?, we can find a family
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such that the class cl(«) does not vanish over any non-empty open subset of the base variety. We shall
construct two families of stable curves over the same base 7. For simplicity, we begin with the case

¢ =4, while the argument for the general case is almost identical (see the end of the proof).

Construction 5.8. Take two smooth curves C; and C, of genus 2 over k, with Jacobians (/,,6,)
and (/,,0,). Let x (resp. y) be a varying point on C| (resp. C,), and ¢ be a fixed point on C,. We
construct the first family of stable curves by joining x with y and using ¢ as the marked point, and

then the second family by joining x with ¢ and using y as the marked point, as is shown in Figure 6.

Figure 6. Two families of test curves (g = 4).

With x and y varying, both families have the same base variety 7" := C| x (CZ\{C}>. We denote
them by ¢ — T and 6’ — T respectively. Observe that ¢ and ¢’ have also the same relative

Jacobian ¢ = /| x ], x T, a constant abelian scheme over 7" via the last projection.

Consider the embeddings 6 — ¢ with respect to ¢, and ¢’ — _# with respect to y. An

important fact is that both embeddings naturally extend over C; x C, > 7. More precisely, we have

11 G x G x G = [y x J,x €y x C, givenby (z,x )’)H(ﬁc (z—x),ﬁcz(y—c),x,y),
,: C,x Cyx Cy— ], x J, x C; x C, given by (w,x,y)»—>(0,@’c (w—c),x,y),
411 Cx G x Gy ]y x J,x G x C, givenby (2,x,)
(

¢/2: C,x C x Cy— ]y x J, x C; x C, givenby (w,x,y)— (0’ Oc (w—y),x,y).

2

-

-

We take 7 := C, x C, as the base variety and view the other varieties as 7 -schemes through the
projections onto the last two factors. We also write y =/, x ], x T The divisor & corresponding
toj%?is =0, x[L]x[T]+[J,]x6,x[T]

Let € C j be the union of the images of ¢/, and ¢,; similarly, let < j be the union of the
images of ¢/ and ¢//,. Then the restriction of 6 (resp. g/) over 7 is exactly € (resp. €’). Define

7,=7(0-[€),) €CH,(#), and 7, =F(6-[€ ],) € CH,(7).

Again, the restriction of 7, (resp. %) over 7 is exactly the class ¢, of € (resp. €”).

As ¢ is a constant abelian scheme over 7', we have a Kiinneth decomposition

Hm(y): @ Hﬂ1<]1)®Hbl(C1)®Hﬂ2(]2)®Hbz(cz)-

a,+bi+ay+by=m
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Here, and in what follows, we omit the coefficients of the cohomology groups. Also on the right
hand side we have sorted the factors in the order /,-C}-/,-C,, as this turns out to be convenient in
our calculations. Given a class h € H”(#), we denote by L4046 jts Kiinneth component in the
indicated degrees.

In this case, the cycle class map (2.11) takes the form

(5.3) d: CH{,(#) > P H"(J)eH"(C)eH"(],)® H"(C).

aj+ay=2i—j
by +b,=j
Soif o is one of the classes 77, 7,, 77,7, € CH(ZZ)(E), we can only have cl(a)l“ 81201 £ 0if 2, 4+a, = 2
and 4, + b, = 2. Moreover, we remark that H*(C,) (resp. H*(C,)) is supported on a point of C,
(resp. C,). As we should like to have the cycle classes after restriction to open subsets V' c 7" c T,
the only interesting components are cl(@)“ 1! with 2, + 4, = 2 (in fact, we will see in the proof of
Proposition 5.9 that for cl(@)“ %] to be non-zero, we also have 2, = 2, = 1).

The following elementary calculation is the key point in the proof of Theorem 5.4.

Proposition 5.9. There exist non-zero classes

heH (J)®H (C)eH' (,)®H'(C,
hyhy€ H(J)® H(C)® H'(],)® H'(C))
]2 CZ

hyeH'(J,)e H'(C)® H'(},)8 H'(C)
such that
Cl(qz)[l,l,l,l] — }]1’ Cl(q%)[l,l,l,l] _ 2/] U /7
d@;)[l,l,l,l] =—h,, d@/lz)m 11,1 - 25U /7 +2h Uk,

Moreover, the classes h, U hy and hy U by are also non-zero.

Proof. The proof is just a careful analysis of the embeddings ¢1’ gbz, b gb’z We first calculate the
relevant Kiinneth components of cl([%]( Z.)) and cl([?/]( l.)). Then by intersecting with cl(¢) and
applying 7 in cohomology, we obtain the relevant components of cl(7,) and cl(7’).

We start with the cycle classes of [ € [_]( and [€ [_] Observe that the image of ¢, only gives a
class in H4(/,)® H°(C,)® H*(],)® H°(C,), which by (5.3), does not contribute to either [‘5](1) or
[€],)- Regarding ¢, we may view it as the product of

¢3: Cx G — ]y x G iG> ,x G,
(2, %) = (0 (2 = %), x), y=(0,(r=c)y).
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The class of Im(¢/ ;) has components in H*( /)@ H°(C,), H'(/,)® H'(C,) and H°(J,)® H*(C)).
The third component is irrelevant due to the appearance of H?(C,). We claim that the other two
components are both non-zero. For the first, we regard /; x C; as a constant family over C;. Then
C, x C, is fiberwise an ample divisor, which gives a non-zero class in H*(/,) ® H°(C,). For the
component in H'(/,)® H'(C,), we consider

idxA [2] @, xid
CxC—>C><CxC—>C xC — Ji x C|
(z,x) —  (z,x,x) +— ((z,x),x) — (ﬁcl(z+x—2x),x).

The class of the diagonal in C, x C| has a component in H'(C,) ® H'(C,) which, viewed as a
correspondence, gives the identity H'(C,) — H'(C,). It follows that the class of Im(id xA) has

a non-zero component in H°(C,)® H'(C,)® H'(C,). Moreover, we have isomorphisms
72, H(C)O H'(C) = H'(CT), and g,,: H'(CGP) = H'(,),

the latter due to the fact that Clm is obtained by blowing up a point in /;. Therefore Im(¢/;) as a
correspondence gives an isomorphism H'(/,) — H'(C,), which implies a non-zero component in
H'(J)& H'(C).

Similarly, the class of Im(¢/, ) has non-zero components in H4(/,)® H°(C,) and H3(/,)® H'(C,).
Now we collect all non-zero contributions to the classes of [ ‘6 lpyand[€ [€ |5 that do not involve either
H?*(C)) or H*(C,). For [€'] ), there is only one non-zero class

heH (J)eH (C)e H(J,)®H'(C,).
By intersecting with cl(&) and applying %, we obtain a non-zero class
heH'(J)eH (C)eH' (],)®H'(C),
For [%](1), there are two non-zero classes
by e HY(J,)® H(C)® H*(J,)® H'(C,), and by e H'(J)® H'(C))® H*(J,)® H*(C,).
Again by intersecting with cl(¢) and applying .7, we obtain non-zero classes
h,e H(J)® H(C)e H'(J,)® H'(C,), and h,e H'(J,)® H'(C,)® H'(],)® H’(C,).

Then we have cl@z)[l’l’l’l] = b, and Cl@%)[l’l’l’u =h,Uby+hUb,=2h,U b,.
For the cohomology classes of ?’2 and 5/12, we remark that the embedding ¢/ differs from ¢,

only by an action of [—1] on the /, factor. As a consequence, by repeating the same procedure we
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obtain classes b; =—h,, h; =—h, and /7; = hj, so that 2/, U hg = —25/,U hy. However, this time the

embedding ¢, makes an additional contribution. The class of Im(¢/}) has a non-zero component
hi e H'(J)®o H'(C)@ H'(],)® H'(C)),

which belongs to the class of [%/](1). By intersecting with cl(&) and applying %, we get a non-

zero class

hye H'(J) e H(C) o H'(J,)® H'(C).

It follows that cl(7,)["" = —h, and cl(g7) M0 = —2h, U by + 25, U by
Finally, since the 0-th cohomology groups H°(C,) and H°(/,) are generated by the unit of the

ring structures, we see that both 4, U 4, and A, U A, are non-zero. O

As by #0and h;Uh, # 0, it follows from Proposition 5.9 that that for any (7, s) # (0,0) € Q?, at
least one of the classes cl(77: +57,)""""! and (777 + 57, )" is non-zero in H'(C,)® H'(/,)®
HY(G)e H(],).

It remains to ensure that this non-zero cohomology class does not vanish when restricted to non-
empty open subsets of 7 = C, x C,, i.e. that it is not supported on a divisor of C, x C,. We can
achieve this by imposing additional assumptions on C; and C,. In positive characteristic, we choose
C, to be ordinary and C, supersingular. Over Q, and hence for any % = # of characteristic 0, we take
C, and C, such that /; and /, are both simple, and such that End(/;) = Z and /, is of CM type
(see [CF96], Chapters 14 and 15 for explicit examples). In both situations we have Hom(/,, /,) =0,
which implies that there is no non-zero divisor class in #'(C,) ® H'(C,). This completes the proof
of Theorem 5.4 for g = 4.

When g > 4, we may attach to both families a constant curve G, of genus ¢ —4 via a fixed point
¢’ € C,, and use another fixed point ¢” € C, as the marked point, as is shown in Figure 7. We repeat
the same procedure, and the proof is exactly the same. Alternatively, one can follow the degeneration

argument of Ceresa (see [Cer83], Section 3) and reduce to the genus 4 case. H

Figure 7. Two families of test curves (g > 4).
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Consequence: a result of Green and Griffiths

Let C be a smooth projective curve of genus ¢ over 4. Denote by K € CH'(C) the canonical divisor

class of C. Faber and Pandharipande introduced the 0-cycle (class)
Z =K xK—(2¢g—-2)K, e CH(C x C),

where K, is the divisor K" on the diagonal A ¢ C x C. The cycle Z is of degree 0 and lies in the
kernel of the Albanese map.

It is easy to see that Z = 0 for g =0, 1, or 2. Faber and Pandharipande showed that it is also the
case when g = 3, using the fact that curves of genus 3 are either hyperelliptic or plane curves (see
Proposition 5.10 (iii) for a unified proof). They asked if Z vanishes in general.

The question over £ = C was answered in the negative by Green and Griffiths using lengthy com-
putations of infinitesimal invariants ((GG03], Theorem 2; see Corollary 5.11). We give a new proof
of this result in arbitrary characteristic, showing that it is an immediate consequence of Theorem 5.4.

The idea is the following™** ’: observe that Z € Z(C x C )62 ~R(C [2]), where C1? is the second
symmetric power of C and the tautological rings 2(C x C) and %(C?) are defined in Section 4.2.
Then by the isomorphism (4.18), we should be able to express Z as the pull-back of a certain class
W € 7 (]) (possibly also the class &, € CH'(C x C)®: defined in (4.4)) via the map ,: Cx C — ]
with respect to x,. Since Z is Abel-Jacobi trivial, we should look for W in 9(22)( J)-

Proposition 5.10.
(i) Define W :=2(qi —(2g —2)q,) € T3(J). Then Z = $5(W).

(i) We have Z = 0 if and only if W = 0. In particular, whether W vanishes or not is independent of
the point x,.

(iti) If g =3, then Z =0 in CH*(C x C).

Proof. Statement (i) is obtained by an explicit calculation. The essential ingredients are the pull-back
of @ via ¢: C — J, and the pull-back of £ via ¢ x ¢,: C x (C x C) — J x J. Write 5 = ¢*(f) and
€, =(¢x @,)*(£). Then we have by (2.19) and (4.13)

1
n= EK+[xo]

and

€1,2 =[A]+[A,] —2pr’; ([xo])—pr; ([xo x C]+[C x xo])>
where A = {(x,x,y) 1X,) € C} and A, = {(x,y,x) 1X,) € C}, and pr;: C x (C xC) — C,
pr,: C x(C x C)— C x C are the projections.
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We chase through the following cartesian squares

Cx(CxC)==s$ dCC] x(CxC)—=2— CxC

idC Xgﬁzl j{id] X?Sz J¢2

CxJ]——— > Jx ] ——— ]
ledj pPry

N |

C - J

and we find
&3(F(6-1C1)) = pr,. (pri(n) - exp(£,.,)
= Py, <pr1 <%K+ > exp([A1]+ [A,]—2pr] ([xo])>> . exp(—[xo x C]—[C x xo])

N

= pry, ( <<; +[ exp [’%])) ‘- €Xp ([A1] + [A2]>> " €Xp (_[xo x C]=[C x xo])

<pr1 <%K+ > exp A+ [Az])> - exp (—[xo x C]—[C x xo]).

Then by expanding the exponentials while keeping track of the codimension, we get

gﬁ;(ql):prz, <pr <1K+[Xo]> ([A1]+[A2]>>

(3K + ] ) (1 % €1+ 10 x3%)

:%(KX[C]+[C]XK)—(g—l)([xox C]+[C><x0])
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=pr (5 ) (80182 ) - (8 ol 1K) (g =2 5]

= Ly = L0 ) L] K) (g = Dl )

Hence
B3(g) = 5K 5K — (g = DK x [x]+ L] % K) + 2(g = 17Ty x5

and we obtain ¢§<2(q12 —(2g— 2)q2)) =K xK—(2g—-2)K,.
For (ii), we calculate the push-forward ¢, ,(Z). The algorithm is given by the proof of Proposi-

tion 4.16: we have

Z=KxK—-(2g-2)K,

4< —K + [x0]> G[ﬂ [x0]> —4<%K+ [x0]> x [xg] — 4[x0] (%IH [xo]>

—(4g — 4)< K+ [xo]>A +4g[xy x x,],

so that

$,.(2)=4(0-[C])*(0-[C])-80-[C]—(4g —4)[2.(6 - [C]) +4g[0]
(6 [Cl) 000+ (€ )+ 46 -[Cly) +(0-[C) - B ~9(6-(C1)
+(termsm€B 9g(]))

~(2g-2)(0-[C]y)) + (ermsin e, T()))-
(

=4((6-[C])* (6

6-[Cl)
Observe that the Fourier dual of(@ : [C](l)) * ((9 : [C](l))— 2¢g —2)(6’ . [C](z)) is exactly W. Therefore
if Z = 0, then every component of ¢, ,(Z) in the Beauville decomposition is zero, and hence W = 0.

Statement (iii) follows directly from (i) and (5.2). O

By applying Theorem 5.4 and Proposition 5.10, we obtain the result of Green and Grifhiths over
an arbitrary base field 4.

Corollary 5.11. For the generic curve C over M p with g > 4, we have Z # 0. Also if k is uncountable,
the same statement holds for a very general curve C over M, with g > 4. O

5.3. Examples in higher codimensions

In this section we assume 4 = C, as we shall use a Hodge-theoretic argument. The goal is to prove

the following result, which extends Proposition 5.2.
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Proposition 5.12. For a very general pointed curve (C, x,) over M, ;, we have
-1
5.4) TN =TE (N)=Q.

The first isomorphism in (5.4) is given by the Fourier transform .%. The proof of the second
isomorphism consists of two steps. First we use relations coming from the sl,-action to show that
9( 5:11)( J) is at most 1-dimensional (valid over any base field #). Then we apply a similar degeneration

argument as in Theorem 5.4 to prove non-triviality (over # = C).

Lemma 5.13. For any smooth projective pointed curve (C,x,) over a field, the class q,_, generates
gé:ll)(]) Hence ?é:ll)(]) is at most 1-dimensional.

Proof. The argument is essentially due to Polishchuk (see [Pol07], Proposition 4.1). By Theorem 5.1,

the component 9( gg:ll)( J) is spanned by monomials
(5.5) 99,9 with 4, +i,+---4+i =g—1.

We would like to show thatall such monomials are proportional to g, _,, and we proceed by induction
on the number of factors 7. The assertion is trivial for 7 = 1. Now suppose all monomials in (5.5)

with 1 < m < m, are proportional to g,_,. Then to each ¢; g, --- ¢,

L,

! with hti+eti, =g—1,
we associate the monomial
g—1+my
Pis1Pi1" " Pi, 11 € g(g_n (/)

+my

)
operator ¥ in (5.1), we obtain

Since m, > 1, we have Z 5:11 (/) = 0 for dimension reasons. By applying 7z, times the differential

97”0(101'1+1P12+1 "'Pim0+1) =0 in 9(5:11)(])

But if we analyze the explicit expression of 7, two of the three terms in (5.1) have the effect of merging
two factors into one, while only the third term 7, ¢, ,dp, keeps the same number of factors. So
in 2"(p; 1 Pi1 " P b +1) we find a positive multiple of g, g, -+ %, and all other terms have the
number of factors strictly smaller than 72,. Those terms are proportional to g,_, by the induction

hypothesis, and so is 9,4, "9 - -

Proposition 5.14. Let (C,x,) be a very general pointed curve over M, /C. Then we have p; # 0 for
1<i<g,andq,#0for0<i< g—1.

This means all the classes {p,} and {g,} depicted in Figure 5 are non-trivial on a very general

pointed curve.
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S. TAUTOLOGICAL CLASSES ON A JACOBIAN VARIETY

Proof. The strategy is exactly the same as in the codimension 2 case (see Theorem 5.4). For sim-
plicity, we only prove non-triviality for p, and ¢, ;. The general case can be obtained either by
attaching constant components to the family shown in Figure 8 and repeating the same procedure,
or by applying Ceresa’s degeneration argument (see [Cer83], Section 3).

Moreover, since p, p, € géjll)(]) =0, we have (p,p,) = 9,1 — p, = 0. Then we see that
p,=¢(q,y)and q, , = f(p,), where e, f € sl,. So it suffices to prove non-triviality for p , or for
the class [C],_;) by Fourier duality.

The statement is trivial for g = 1, so we assume ¢ > 2. In view of Remark 5.5, Proposition 5.6
and Lemma 5.7, it suffices to construct a family of test curves 6 over the boundary of '//l;p and
to show that the cycle class of [¢'] ,_;) does not vanish over any non-empty open subset of the base
variety.

The following is analogous to the first family in Construction 5.8. Take a complex smooth

curve C of genus 2, with / its Jacobian. Also take g —2 complex elliptic curves £,..., E 2 and
denote by 0,,...,0 2 their respective zeros. Let x be a varying point of C, and y,,...,y 2 be vary-
ing points on £),..., E,_, respectively. The family is obtained by joining x with y;, and o, with y,

for1 <7< g—3. Finally o 42 SErves as the marked point, as is shown in Figure 8.

Figure 8. A family of test curves.

The base variety is then

7= Cx(EMo) - x (B o\ o).

Write ¢ — T for this family, whose relative Jacobian is simply # = J x E| x -+ x E, ,x T over
the last factor 7. Similar to the codimension 2 case, the embedding 6 — _# with respect to o 42

naturally extends over 7 = C x E; x -+ x E,_,. More precisely, we have
gbC:CxCxEI><---><Eg_ZC—>]xE1x---><Eg_2><C><E1><---ng_2
SNy Yo -2 C - s )10 A Y1 2 )
(2%, Y15 Vg 2) = (Oc(Z= %) Y13 Vg0 X3 I Vg a)

andfor1<i<g—2
ngl_:Ei><C><E1><---><Eg_2<—>]><E1><---><Eg_2><C><E1><---><Eg_2

(wi,x,yl,...,ygiz)»e (0,0,...,O, wz‘))’z'ﬂ’---))’g72>x’)’1’---))’g72)-
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5.4. Application: smash-nilpotent 1-cycles on an abelian variety

Writey: J X E; x---x Eg_2 x T, Let%c?be the union of the images ofgbc,ng ,...,¢E ,
1 g2
whose restriction over 7" is exactly € C #.
Our goal is to calculate the cycle class of [?]( 1) € CHEgg__ll)(y) using the Kiinneth formula (we
omit the coefficients of the cohomology groups)
H'F)= @ HY))e HC)e H(E)e HY(E)e -8 H'(E, ,)o H'(E, ).
>4 atb=m

i

Here the cycle class map (2.11) takes the form
d: CH,(#)—» P H*())eH"(C)eH"(E)eH"(E)8--@H*(E, )0 H"(E,_,).

The computation is somewhat tedious but elementary (essentially the same as in Proposition 5.9). In
the end the only relevant component (i.e. non-zero, and not easily killed by restricting to non-empty

open subsets V' c T) of cl([%]( g_l)) is given by the embedding ¢ .. We call it / and we have
(5.6) heH'(J)e H'(C)e H'(E)e H'(E)®---® H' (E, ,)® H'(E,_,),

i.e. all the ; and 4, are equal to 1.
It remains to ensure that the class 4 in (5.6) does not vanish when restricted to non-empty open
subsets of 7', i.e. that it is not supported on a divisor of 7. We have the following observation: by

construction 4 is a tensor product of classes in

H'(J)e H'(C), H'(E)®H'(E), ..., H'(E, )@ H'(E,_,).
So its factor in H'(C)@ H'(E)®---®@ H'(E, ,) C H¢7Y(T') has maximal Hodge level, which cannot
be supported on a divisor of 7". The proof is thus completed. H
Finally, Proposition 5.12 is obtained by combining Lemma 5.13 and Proposition 5.14. ]

5.4. Application: smash-nilpotent 1-cycles on an abelian variety

The subject of this section is independent of the two previous sections. We discuss Voevodsky’s
smash-nilpotence conjecture, and explain how we can apply our knowledge of tautological classes to

a special case of the conjecture.

Let £ be a field and X be an object in ¥,. Voevodsky [Voe95] introduced the following notion.

Definition 5.15. A class « € CH(X) is called smash-nilpotent if there exists an integer N > 0 such
that
axax---xa=0 in CHX").
—
N
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S. TAUTOLOGICAL CLASSES ON A JACOBIAN VARIETY

The set of smash-nilpotent classes forms an ideal in CH(X') and is stable under correspondences.
It is easy to see that smash-nilpotent classes are homologically equivalent to zero, and hence numeri-

cally equivalent to zero. Voevodsky conjectured the converse ([Voe95], Conjecture 4.2).

Conjecture 5.16. Ifo € CH

wum X)), i.e. a is numerically equivalent to zero, then a is smash-nilpotent.

Also
it fits into the Bloch-Beilinson-Murre (BBM) framework: notably the BBM conjecture plus the stan-

One can view Conjecture 5.16 as a stronger version of the standard conjecture ~, =~ .
dard conjecture implies Conjecture 5.16. We refer to [And05], Sections 2.6 and 2.7 for more details.

The first known case of Conjecture 5.16 was given by Voevodsky ([Voe95], Corollary 3.2), and
independently by Voisin ([V0i96], Lemma 2.3).

Theorem 5.17. Conjecture 5.16 is true for « € CH,,(X), i.e. a algebraically equivalent to zero. [

A related (and weaker; see [And05], Théoréme 3.33) conjecture is the finite dimensionality con-
jecture of Kimura-O’Sullivan. Let M € ./, be a Chow motive over % (see Section 2.2). Recall that
we have the 7-th symmetric (resp. wedge) product S”(M) (resp. A*(M)) (see Examples 2.13 (iii)).
Kimura and independently O’Sullivan introduced the following notion and conjecture ([Kim05],
Definition 3.7 and Conjecture 7.1).

Definition 5.18.

(i) The motive M is called even (resp. odd) if there exists an integer N > 0 such that AV (M) =0
(resp. SNV(M) =0).

(i) The motive M is called finite-dimensional it M can be written as a direct sum M* & M~ with
M even and M~ odd.

Conjecture 5.19. All motives M € M, are finite-dimensional.

So far Conjecture 5.19 is only known for the subcategory of ./, generated by the motives of
curves (or abelian varieties) ([Kim05], Theorem 4.2). In the case of an abelian variety A, if we write
h(A) = @,h’(A) for the motivic decomposition (see Theorem 2.14; here /?(A) = R'(A/k)), then
h’(A) is even (resp. odd) for 7 even (resp. odd).

On the other hand, using properties of finite-dimensional motives, Kahn and Sebastian obtained

a second case of Conjecture 5.16 ([KS09], Proposition 1).
Theorem 5.20. Conjecture 5.16 is true for « € CH(M ) with M odd. ]

More recently, based on Theorems 5.17 and 5.20, Sebastian proved the following case ([Seb12],
Theorem 9).
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5.4. Application: smash-nilpotent 1-cycles on an abelian variety

Theorem 5.21. Conjecture 5.16 is true for 1-cycles on an abelian variery. In other words, if A is an

abelian variety of dimension g and « € CH A)=CHE_(A), then a is smash-nilpotent.

l,num(

is known for 1-cycles on abelian varieties. In

g-1
CH, ' (4).

Remark 5.22. The standard conjecture ~, =~
fact, since Conjecture 2.10 (i) and (ii) are true for CH¢ ™' (A), we have CH¢ !(4) = &

num j=1

Here we present a simple proof of Theorem 5.21 using tautological classes on Jacobian varieties.
Our starting point will also be Theorems 5.17 and 5.20. Let (C, x,) be a smooth projective pointed

curve of genus g over k, with (/, ) its Jacobian. The first step is to prove smash-nilpotence for

tautological 1-cycles.

Lemma 5.23. For j > 1, the class [C] ;) € ._7(}2)_1( J) is smash-nilpotent. As a consequence, all classes in
Toum(J) = ®;5,17;)(] ) are smash-nilpotent.

num

Proof. By Fourier duality, it is equivalent to prove that p, is smash-nilpotent for all 7 > 2. First of all,
we know that p, € CH (b3( J )) (see Figure 5). Since 4°( ) is odd, Theorem 5.20 implies that p, is
smash-nilpotent.
The following argument is essentially in [Her07], Lemma 4 and [Pol08], Proposition 2.5 (iii).
For i > 3, apply the differential operator 7 in (5.1) to the class p,p, |, and we get
i(i+1)
2

Since p, is smash-nilpotent, the identity (5.7) shows that if p, , is smash-nilpotent, then so is p,.

(5.7) D(pypi)=— Pitq1Pin T 91 Po

Hence by induction we obtain smash-nilpotence for all p, with i > 2. N

The second step is a simple observation that all 1-cycles on an abelian variety are tautological in

some sense.

Proof of Theorem 5.21. Let & € CH4!(A). By Remark 5.22, we have @ € ®

num j=1

CHé;l (A). Choose a

representative of
m
= E : n[C),
i=1

where the C, ¢ A are (possibly singular) irreducible curves. By Theorem 5.17, we may assume after
translation that all C; pass through o € A.
Take the normalization o;: 5,' — C, and write f: 51 — A. By functoriality, if we denote by Z
the Jacobian of C ., then the map f, factors through
~ Ji

C, —— 4

N

Y/
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S. TAUTOLOGICAL CLASSES ON A JACOBIAN VARIETY

where ¢, : Ei s Z is the embedding with respect to X, € Ei(k) satisfying ﬁ(xo,i) =o.
Back to the class . We have

Apply the Beauville decomposition to [z 1(5 )], and we get

(5.8) = i ni¢i,*([‘i(5z‘)](o)> + iz ”i¢i»*([5i(5i)](j)>

F i=1 j>1

Now since @ € @ CHé.;l(A), the first term on the right-hand side of (5.8) is zero, and the second

term is smash-nilpotent by Lemma 5.23. O

=1

From Theorem 5.21, it is not difficult to deduce a slightly stronger statement ([Seb12], Theo-

rem 6).
Corollary 5.24. Conjecture 5.16 is true for 1-cycles on a product of curves.
The statement follows essentially from the observation below.

Lemma 5.25. Let X be an object in V), and rv: P — X be a projective bundle of relative dimension n.
Then if Conjecture 5.16 is true for 1-cycles on X, it is also true for 1-cycles on P.

Proof. Write P = P(V) for some vector bundle V' — X . Denote by & € CH'(P) the first Chern class
of the line bundle Op;(1). Take a class @ € CH,(P). It is classical that & is uniquely expressible as

a=&" ' (B)+& A (y),

with 4 € CH,(X) and y € CH(X) (see [Ful98], Theorem 3.3). Also « € CH,  ..(P) if and only if
B €CH, ,,n(X) and y € CH, .. (X). In this case, since CH, ,,,,(X) = CH, 1,(X), we know from

Theorem 5.17 that y is smash-nilpotent. Then if 5 is smash-nilpotent, so is a. ]

Proof of Corollary 5.24. For 1 < i < m, let C, be a smooth projective curve of genus g, over £,
together with a point x, ; € C;(k). We would like to prove Conjecture 5.16 for 1-cycles on C} x - - x
C,,. Denote by J; the Jacobian of C,. Take 7, > 2¢, — 1 and consider the product of symmetric

powers Cl["‘] X -eex Clml, Using the points x, ; we have maps
Cl X ooe X Cm(—£> Cl[nl] X ooe X Cr[nnm]_»jl X oo X]m'

We know that Cl[”‘] x+++x C") can be written as an iteration of projective bundles over /, x---x J .

Then by Theorem 5.21 and Lemma 5.25, we obtain Conjecture 5.16 for 1-cycles on Cl[”l] s x G,
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Finally, the passage from Cl[”l] x o x C o C, x---x C_is given by a correspondence

I'e Corr(Cl[”l] X e X C}Ei”m], C x--xC)

m

satisfying I, o¢, = id (see Remark 4.2). If e € CH,  .(C; x---x C, ), then we have « = F*(z*(cx)) and

1,num

that ¢, () € CH, num(Cl[”l] X eee X C,[n”’”]) is smash-nilpotent. Since smash-nilpotence is stable under
correspondences, we see that « is also smash-nilpotent. O

Further, an object X € ¥, is called dominated by Y € ¥, if there exists a surjective morphism
f:Y > X.

Corollary 5.26. Conjecture 5.16 is true for 1-cycles on X € 'V, that is dominated by a product of curves.

Proof. Let f: YV =C| x---x C_—» X be a surjective map of relative dimension 7 = m — dim(X).
Consider a divisor / € CH'(Y) that is ample relative to £. We have (/") = N[X] for some N > 0.
Then for « € CH, (X)), by applying the projection formula we find ﬁ(l” f*(a)) = Na. We
know by Corollary 5.24 that /” - f*(«) € CH

(Y') is smash-nilpotent, and so is «. O

1,num

We refer to Schoen’s paper [Sch96] for more discussions on the set of varieties that are dominated

by products of curves.
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767

lautological classes in higher Griffiths groups

We consider tautological classes modulo equivalences induced by S. Saito’s filtration on
Chow groups. For the Jacobian of a very general complex pointed curve, we detect

non-trivial classes in Saito’s higher Griffiths groups. This improves a result of Tkeda.

6.1. Motivation

In this chapter we work over £ = C. Let (C, x;) be a smooth projective pointed curve of genus g > 0
over C, with / its Jacobian. Using the embedding ¢: C < ] with respect to x,, we obtain classes
[C; € CHfJ,;l(]) for j > 0.

We would like to study these classes (or more generally, classes in the tautological ring 7(/))
modulo other equivalences, e.g. algebraic equivalence. The history began with Ceresa’s theorem,
stating that[ C] ) is not algebraically equivalent to zero for a very general curve C over .4, with ¢ > 3
([Cer83], Theorem 3.1; the statement makes sense since the class[C] ;) modulo algebraic equivalence
is independent of the point x;). Later Fakhruddin proved the same non-triviality statement for [C] ,,
and g > 11 ([Fak96], Corollary 4.6), and Beauville raised the question for higher components [C] ;)
(see [Bea04], Section 5.5).

The general picture has become clearer since Polishchuk’s work on 7(/)/ ~,, (see [Pol05], Intro-
duction). In particular, we have precise expectations for the smallest ¢ = g(j) such that[C] ;) =, 0
when C is very general and of genus g (see [M0009], Corollary 2.9). The same bound can be ob-
tained via Colombo and van Geemen’s gonality consideration (see [CG93], Theorem 1.3 and [Voil3],

Conjecture 0.4).

Conjecture 6.1. For a very general curve C over M, with g > 2j+1, the class [C], is not algebraically

equivalent to zero.
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What makes Conjecture 6.1 difficult is again the fact that [C'] ; is Abel-Jacobi trivial for j > 2.
So one needs a more sophisticated yet computable invariant which detects cycles modulo algebraic
equivalence. Recently such an invariant has been constructed by Voisin (see [Voil3], Section 1.2).
She carried out computations for a family of plane curves studied by Ikeda [Ike03]. In particular,
she was able to improve Fakhruddin’s result for [C],) to ¢ > 6 ([Voil3], Corollary 0.7), while the
optimal bound should be ¢ > 5 according to Conjecture 6.1.

In a series of papers ([Sai96], [Sai00], [Sai00b] and [Sai02]), S. Saito introduced a related theme.

The idea is based on a closer look at the definition of algebraic equivalence: for X € ¥ we have

6.1) CHI(X) = 3 Im(T,: CHyon(¥) = CH'(X))

where the sum ranges overall ¥ € ¥ and all T € CH(Y x X). A key observation is that CH,.,..(¥)
represents the first term of a filtration F* CH(Y') conjectured by Bloch-Beilinson-Murre (BBM).
More generally, the BBM conjecture predicts for all X € ¥/ a descending filtration #* CH’(X) on
CH’(X), called the Bloch-Beilinson (BB) filtration. It should be preserved by correspondences, satisfy
F°CH/(X)=CH/(X)and F**' CH’(X) =0, and for all 0 < j < i the graded piece

Gr), CH'(X) = F/ CH'(X)/F/*! CH'(X)

should in some sense be controlled by the cohomology group A% (X,Q) (see [Mur93], [Jann94]
and [V0i02], Chapitre 23 for more details). Further, one expects F! CH'(X) = CH]__(X). It then

follows that we can rewrite (6.1) as

CH’ ZIm(F F'CH,(Y) — CH'(X)).

alg

In theory, if we replace ' CH(Y) by deeper terms ¥/ CH(Y) of the BB filtration, we obtain a
family of equivalences that refine algebraic equivalence.

In practice we use Saito’s candidate of the BB filtration to make statements unconditional. From
now on F* CH’(X) stands for Saito’s filtration on CH’(X). The precise definition and properties of
F*CH’(X) will be given in Section 6.2. Define

Z,F/ CH'(X Zlm : F/ CH,(Y) — CH'(X)),
where the sum is taken in the same way as (6.1). Then we have Z,F/ CH'(X) c F/ CH'(X), and
ZyF I CH’ (X) = CH;lg(X ). As mentioned, each of the terms Z F/ can be interpreted as a refined
algebraic equivalence.

Also recall the Griffiths group Griff’(X) = CH; _(X)/ CH;lg(X ). In the context of the filtration
F*CH’(X), Saito introduced the higher Griffiths group

Griff ™/ (X) = F/ CH'(X) [(Z,F/ CH'(X) + F/*! CH'(X)).
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6.2. Saito’s filtration and higher Griffiths groups

Note that Griff”'(X) is the quotient of Griff’(X) by F2 CH'(X).

Similar to Conjecture 6.1, one may now ask the question of detecting non-trivial classes in higher
Grifhiths groups. The question was partially answered by lkeda, who proved non-triviality for a
specific family of plane curves ([Ike03], Theorem 1). In this chapter we improve Ikeda’s result in the
very general case (modulo a slight difference in the definition of Saito’s filtration), with sharp bounds
on the genus. To give an example, we can prove the following statement (see Theorem 6.13 for the

full result).

Theorem 6.2. For a very general pointed curve (C, x,) over M, , with g > j +2 and j > 1, the class
[C];) is not zero in Griff ¢ (X).

A key ingredient in the proof is that the Mumford-Tate group (or more precisely the Hodge
group) of a very general curve is the full symplectic group. Using this fact, we find a simple invariant
for the higher Griffiths groups of a very general Jacobian. The invariant is easily computable via

Fakhruddin’s degeneration argument (already seen in the proof of Theorem 5.4).

6.2. Saito’s filtration and higher Grifhiths groups

In this section we briefly review (a version of) Saito’s filtration on Chow groups, and discuss its basic
properties. The filtration induces a family of equivalence relations, for which one can define the
notion of higher Griffiths groups.

We begin with the definition in the relative setting. Let § be a smooth connected variety over C,

and let 7: X — § be an object in ¥5.

Definition 6.3. We define a descending filtration ¢ CH’(X), indexed by the non-negative integers,

in the following inductive way.
(i) We set F CH/(X)=CH/(X) forall i >0.
(ii) Suppose that FSj CH’(Y) is defined for every Y /S in ¥, and every i’ > 0. Then we let
F/M'CH(X):=>"Im(T,: F{ CH'(¥) - CH'(X)),
YT
where the sum ranges over all ¢: ¥ — S in ¥ and all correspondences I € Corrfg_i/(Y ,X),
with the condition that
6.2) T:R* 74 Q—R" 7 Q
is the zero map.
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Note that when S = C, the map (6.2) becomes I,: H>'~/(Y,Q) — H*7/(X,Q). Also in this
case we drop the subscript S and write simply £* CH’(X).

Remark 6.4. When § = C, the filtration above is denoted by F3 CH’(X) in [Sai00], Section 1. It
differs slightly from the one adopted by Ikeda [Ike03], which is denoted by F5 CH'(X) in [Sai96],
Section 9. Both filtrations are candidates of the Bloch-Beilinson filtration, and conjecturally™®
they coincide. Here our choice of filtration is based on the compatibility with the (classical) Leray

filtration in cohomology (see Lemma 6.6).
We list a few properties of ¢ CH'(X), which can be found in [Sai02], Sections 0 and 2.
Proposition 6.5.

(i) For j >0, the terms Fg are preserved by correspondences. In particular we have st 1 CH’ (X)c
FSj CH'(X), meaning that F{ CH'(X) is indeed a descending filtration.

(ii) The filtration F¢ CH'(X) is also preserved under base change: if f:S' — S is a morphism of

smooth connected varieties over C, then for all i, j > 0 we have
fH(F{CH'(X)) c F/,CH'(X x; 5").

(iii) Ler « € CH/(X). For s € S, denote by a, the restriction of a to the fiber X.. By (ii) we know
that o € FSj CH'(X) implies @, € FI CH' (X)) for all s € S. Conversely, if «, € F/ CH'(X,) for
all s € S (or equivalently™?, for a very general s € S), then there exists a non-empty open subset
U C S such that a,, € F, CH'(X,;) (here X;; =X x5 U and a; = oy, )-

(iv) When S =C, the first term F' CH'(X) is CHy__(X). The second term F> CH'(X) is contained
in the kernel of the Abel-Jacobi map aj: CH|__(X)— J'(X)®,Q, and conjecturally they coincide.

hom

Further, we have

F*CH'(X)NCH!

15X ) = Ker(aj) N CH’

gl X)-

In particular, we know that F* CHy(X) = Ker(alb: CHy pom(X) — Alb(X) x,, Q), where
CH,(X) is the Chow group of 0-cycles on X and alb is the Albanese map. N

Recall that in cohomology, the Leray spectral sequence
EM = H?(S,R7,Q) = H"(X,Q)

degenerates at E, ([Del68], Proposition 2.1). Denote by L;H7*7(X,Q) the Leray filtration on
H?*(X,Q) relative to S. Then we have

H(S,R'7,Q) = Gr, H""(X,Q).
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6.2. Saito’s filtration and higher Griffiths groups

Also recall the cycle class map cl: CH(X) — H*(X,Q) (for simplicity we omit the Tate twists).

The following compatibility property is essential in the discussion.
Lemma 6.6. The cycle class map cl preserves the filtrations on both sides, i.e. we have for all i,j >0
ol (F] CH'(X)) c LLH* (X, Q).

Proof. We proceed by induction on j. The statement is trivial for j = 0. Suppose for all Y'/S € ¥
and i’ > 0 we have
d(FICH'(Y)) c LLH™ (Y,Q),
Leto € st+1 CH'(X). By Definition 6.3 we may assume & = I,(5), with 5 € FSj CH’(Y) for some
$:Y - Sin¥,andT e Corr’™ (¥, X) such that
L:R¥7$.Q—- R 7rQ

is the zero map. By the induction assumption, we have the following commutative diagram.

FI CHY(Y) ——— FI*'CH/(X)
cl cl
i ./ T, ; i
LyHY(Y,Q) —— LHY(X, Q)
pr pr

Gr) HY(Y,Q) —— Gr, H¥(X,Q)

L

~ ~

HI(S, R~ $.Q) —> HI(S, R m,Q)

Here the arrows pr are projections to the graded pieces. The condition on I' implies that the last

horizontal arrow is zero, so that

pr(cl(@)) = pr(<l(r.(3))) = . pr(cl(8)) = 0 € Gr] H¥(X,Q)
Hence cl(@) € Lé+1H2i(X, Q). ]

We are mostly interested in the case of abelian schemes. Let A/ S be a principally polarized abelian
scheme over S (again the principal polarization is not important here). The Beauville decomposition

provides another filtration on CH’(A), namely

F] CH'(4) == (D CH, (4).

j'2j
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Atleast when S = C, the two filtrations 7/ CH’(A4) and F CH’(A) are believed to coincide (since
they are both candidates of the Bloch-Beilinson filtration). lkeda proved the following inclusion
([Ike03], Lemma 3.1).

Lemma 6.7. Foralli,j >0, we have

(6.3) P CH{,.(4) c F] CH'(A). O

j'zj

Induced equivalence relations

Using the filtration F¢ CH’(X), we define a family of equivalences on CH’(X) which in some sense
generalize algebraic equivalence. For simplicity we restrict to the case § = C, and we refer to [Sai02],
Section 5 for the definition in the relative setting. If X is an object in ¥, denote by CH (X) the

Chow group of dimension 7 cycles on X .

Definition 6.8. For 7, j, 7 > 0, define subgroups of F/ CH’(X)

Z,F/ CH'(X):=> Im(T,: F/ CH,(¥) - CH'(X)),
Yy,;r

where the sum ranges over all ¥ € ¥ and all correspondences I' CH’ (Y x X).

In particular, we have Z,F!'CH'(X) = CH;lg(X ). Similar to algebraic equivalence, one may
regard Z, F/ CH’(X) as an equivalence on CH’(X) by setting for @, 5 € CH'(X)

&~y 3 ifand only if «— 3 € Z F/ CH'(X).
The terms Z_F/ are preserved by correspondences. Also we have by definition
Z F/*'CH(X) c Z F/ CH'(X),

so Z F*CH’(X) is a descending filtration. Moreover, to every pair S € F/CH (Y) and T €
CH’*"(Y x X) one can associate S xP' € F/CH,, (¥ xP')and I x pte CH"*"*! ((Y x P1) xX).
This implies

Z F'CH'(X)c Z,, F/ CH (X),
meaning that Z, F/ CH’(X) is an ascending filtration. Finally if X is connected and of dimension 7,

we have
(6.4) Z _.F/CH'(X)=F/CH'(X).
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6.3. Detecting non-trivial classes in higher Griffiths groups

To summarize, we have the following diagram of filtrations.

CH/(X)> Z,F'CH'(X) > Z,F*CH'(X) >---> ZF/CH/(X) D> ---

Il N N N

CH(X)> ZF'CH/(X) > ZF>CH/(X) 5> ZFICH(X) > ---
I N N N

CH/(X)> Z,F'CH'(X) > ZF*CH'(X) >---> ZF/CH/(X) D> -
Il N N N
I N N N

CH(X)> Z F'CH/(X) > Z F*CH/(X) >---> Z F/ICH/(X) D> ---
Il N N N
Il N N N

CH'(X)> z, ,FICH'(X)> Z, ,F?CH'(X)>---> Z, ,F/ICH(X) D ---
I I I I
CH/(X)> F'CH/(X) > F!CH/(X) >5---5 FICH(X) >---

Here the column Z,F' CH’(X) is known as Nori’s filtration (see [Nor93], Section 5), with one end
Z,F'CH (X) = CH;lg(X) and the other Z,_,F!' CH’(X)= F'CH'(X)=CH;,__(X).

hom

Definition 6.9. For 7, j > 0, define the higher Griffiths groups
Griff ™/ (X) := F/ CH'(X) [(Z,F’ CH'(X) + F/*' CH'(X)).

Note that Griff”'(X) is not the classical Griffiths group Griff’(X) = CH;__(X)/ CH;lg(X ), but
its quotient by F2 CH'(X).

6.3. Detecting non-trivial classes in higher Griffiths groups

We work in the setting of the diagram (2.15), with § = .4 4.1 Over C.Lletse A o be a very general
point, ie. a point outside a countable union of Zariski-closed proper subsets. Denote by (C,, x, )
the pointed curve over s, and by /. the Jacobian of C . We refer to Section 5.1 for the definition of
the tautological ring 7( /).

Our goal is to detect non-trivial tautological classes (e.g. [C/] ;) € 7 ]%_1( J.)) in the higher Griffiths
groups Griff "/ (/). To begin with, we introduce an invariant for Griff*/( /), which can be viewed as

an analogue of the one used in Proposition 5.6 (for detecting classes modulo rational equivalence).
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Consider the universal Jacobian 7r: / — . and the cycle class map

cl: CHZ])(]) — H/(M, , R Q).

&1’
Recall from Corollary 2.17 that there is the Lefschetz decomposition

. |2i=/)/2] b oo
Rzl_]n*(@: @ (ch*(u)) RYT2 ,Q,

prim

k=max{0,2i—j—g}

where u = cl(—8) € H*(J,Q) and Rr (u): R'7r,Q — R**?7r,Q is the induced map. For simplicity,

when 27 — j > g we write R;:i;j 7t,Q for the sheaf

(Rre,(u)) RET 2 7 Q with k=2i—j—g.

prim
Proposition 6.10. Let g,7,j, r be non-negative integers satisfying
(6.5) g>i+r, and i>j+7.

Consider a class a € CH{j)( J), withrm: | — M o1 the universal Jacobian. Suppose for a very general

point s € M PRE the restriction a lies in
Z,F/CH'(J)+ F/"'CH'(]).
Then there exists a non-empty open subset U C M, ,, such that the component of l(a ;) in

H(U, R 7,Q)

prim
is zero (here 2, :a|]U with J; =] x4 U).
2>

Remark 6.11. The two numerical conditions in (6.5) are necessary. If either of the two is not satisfied,
then the assumption on the class o, always holds (while the conclusion of Proposition 6.10 may not
be true). In fact, we know that o lies in CHéj)(L). If ¢ <i+r,by(6.4) and (6.3) we have

CH’.

;) € FICH'(J,)= Z,F! CH'(J,).

Similarly if 7 < j + 7, by applying the Fourier transform .% we find
CH{,(/,) = Z(CH{ ™ (],) € Z,F/ CH'(])).

Proof of Proposition 6.10. Write . =, , +a, , witha, , € Z F/ CH'(J,)and @, , € F/*' CH( ).
Using the fact that both Z F/ CH’(/.) and F7*! CH’(],) are stable under correspondences, we may

assume @, ,, @, , € CH(;/(/,) by taking Beauville components. Since s is very general, by the spreading
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6.3. Detecting non-trivial classes in higher Griffiths groups

out procedure we can find a non-empty open subset U C .4, and classes @, 1, @, ;; € CH'(/,)
whose restrictions over s are @,  and «,  respectively. Again by taking Beauville components, we
may assume &, ;;, @, ;7 € CHfj)( J7)- This means we are reduced to the proof of two separate cases
a,€ Z FICH(].)ora, € FI*'CH'(].).

If «, € F/*'CH'(J,), by Proposition 6.5 (iii) and Lemma 6.6 there exists a non-empty open
subset U C M, ; such that cl(a;;) = 0. In particular, the primitive component of cl(«,) is zero.

Suppose @, € Z F/CH'(J,). By Definition 6.8, we may assume o, = I (53,), with 5, €
FICH,(Y,) forsome Y, € ¥, and T, € CHi”(K x J.). Without loss of generality, we take Y’ to be
connected and of dimension 7. Now since s is very general, by the spreading out procedure we may
also assume there exists a non-empty open subset U C ./, ; containing s, such that ¥ is the fiber
over s of some ¢: ¥, — U in ¥, (with connected fibers), that 3 (resp. I) is the restriction over s
of some 3, € CH"7(Y,) (resp. I}, € CH*" (Y}, x;; J;;)), and that @, = I}, (3,,). Further, we
know from Proposition 6.5 (iii) that by possibly shrinking U, we can take 5, € Fé CH"™"(Yy).

The cycle class cl(a;) lies in H/(U, R*~7 7t Q), which is canonically isomorphic to
G, H'(];,Q) =L, H" (], Q)/ Ly H* (], Q).
On the other hand, by Lemma 6.6 we have cl(3,,) € I}, H**"(Y,;,Q). Then since the Leray
filtration satisfies L7, - LY, ¢ L7, we see that cl(;;) depends only on the class of cl(T};) in
GrgU H2i+zr(YU xy Ju»Q)= L(;JHZHM(YU XU ]U’Q)/L}JHZH—M(YU xy Ju»Q)s
which is isomorphic to
(6.6) H(U, R (b %, 7),Q).

Recall the Kiinneth formula
R2i+2r(¢ Xy TE)*QZ GB RP¢*Q®RqTL’*Q.
p+g=2i+2r
Consider Y7, x; /,; as an abelian scheme over Y;;, endowed with the action of [/V], 7.e. the multipli-

cation by N (for N € Z). By comparing the action of [ NV |*, we find that the only relevant component
in (6.6) (for obtaining cl(«))) is
(6.7) HY(U,R"$,Qe R 7 1r,Q).
By the theorem of the fixed part, the latter is further isomorphic to
7 (U,s)

(6.8) (H* (Y, Q)@ H*7(],,Q)™" .

Denote by 4 the corresponding class of cI(T,) in (6.8). Then 4 is a Hodge class of type (i +7,i+7).

We now apply the two numerical conditions in (6.5), and we distinguish two cases.
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(i) Case2i—j < g. We have a Hodge decomposition
(], €)= B9 H ()60 I )0 HOWI()),
with H%77%(])# 0. The numerical conditions force g >2i —j > i+ 7.
(i) Case2i —j > ¢. This time the Hodge decomposition becomes
B, €)= HEV 5] )@ HE 601 )o@ B 606 ) o T R5()),
with H$277=¢( ] )# 0. The numerical conditions force 2i —j > g > i + r.

To summarize, the numerical conditions ensure that 4 does not reach the maximal Hodge level in the
factor H*/(J,,C). In other words, if we denote by V the largest sub-variation of Hodge structures
(VHS) of R*~/ 7t Q of Hodge coniveau at least 1, the corresponding class of cl(I;) in (6.7) lies in

Im (HO(U’ R27+j¢*(@ ® V) - HO(U’ R27+j¢*(@ ® sz_j 77.'*@))
As a result, we have
(6.9) d(ay,) € Im(H/(U,V) - H/ (U, R 7 7,Q)).

Now the crucial step is an argument using Mumford-Tate groups. We refer to [M0099] for the
general theory. As before s € U is a very general point. Write H := H'(/,, Q). It is well known that
the Hodge group (also called special Mumford-Tate group) of A is the full symplectic group Sp(H)
(for example, we know that the mapping class group is surjective to the symplectic group). Then by

the classical representation theory of symplectic groups (see [FulH91], Section 17.2), the fact that
VS c sz_j(]y@) — /\Zi—j(H)

is not of maximal Hodge level implies that V_ is included in the non-primitive part of H*7/( ], Q).
It follows that V and R* 7t,Q are, as VHS’s and also as local systems, direct summands of R%—J 7, Q

prim s
with trivial intersection (in fact we have R/t Q = R;;j 7'5*@ ®V by the definition of V). By (6.9),
we conclude that the component of cl(«;) in H/(U, lerlir_n] 7, Q) is zero. ]

Remark 6.12. The above proof only requires that the Hodge group of a very general fiber is the full
symplectic group. So whenever this condition is satisfied, Proposition 6.10 stays valid. This is the

case even over the hyperelliptic locus (see [A’C79], Théoréme 1).

With the invariant in hand, we detect non-trivial tautological classes in higher Griffiths groups.
To be coherent with the literature, we state the result in terms of the curve class [C'] € CH# -1 (/) and

the Pontryagin product (). Let m > 1 and j,...,/,, > 1. Write j = j, +---+ j, , and consider

(T} = 1€ * - *[C g, € CHE ().
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6.3. Detecting non-trivial classes in higher Griffiths groups

Let 7 > 0. The two numerical conditions in (6.5) for a class in CHé,;m( J) read
(6.10) m>r+1, and g>m+j+r+1.

Theorem 6.13. Let g, m, ji,..., ], j, r beas above satisfying the conditions in (6.10). Then ifs € %g,l

is a very general point, the class ([Cx]*”’) i) does not lie in

,,,,, m

Z F/ CH (] )+ F/" CH*™"(])).
In particular for r =0 and g > m+ j + 1, we have

([Cs]*m)(j1 " #0 in Griffgfm’j(]:).

.....

It follows from Remark 6.11 that for 7 > r+1 fixed, the bound on the genus g is sharp. The proof
of Theorem 6.13 is similar to those of Theorem 5.4 and Proposition 5.14: according to Lemma 5.7
and Proposition 6.10, it suffices to construct a family of test curves over the boundary of //lgcfl ,and to
show that the relevant primitive cohomology class does not vanish over any non-empty open subset

of the base variety.

Proof of Theorem 6.13. For simplicity, we only prove the case g = m + j + r + 1: the general case
follows either from the same construction (see Figure 9) with more constant components, or from
Ceresa’s degeneration argument (see [Cer83], Section 3).

To construct a family of test curves for g = m + j + r + 1, we need the following ingredients:

(i) a collection of 7 complex smooth curves C,,...,C, of genus 2, with varying points x, € C,

for 1 <7 < m, and fixed points ¢; € C, for 2 < i < m;

(ii) a collection of j —m complex elliptic curves £,,..., E;_,, (by definition j > m), with varying

points y, € E; and zeros 0, € E,, for 1 <i < j —m;

(iii) another collection of 7 + 1 complex elliptic curves £/, ..., E/ .1» with fixed points 4, € E/ and

zeros o) € E/ such that 4, + o, for 1 <i<r+1.

Figure 9. A family of test curves (¢ = m+j + r + 1).

As is shown in Figure 9, the family is obtained by joining x; with x,, ¢, with x,,; (for2 <i < m—1),

¢, with y, 0, with y, | (for 1 <7 <j—m—1), 0, with &, and o] with 4, (for 1 <7 < 7).
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Finally we let o | serve as the marked point. There are some extreme cases: we join x; with y, if
j>m=1,c, with b, if j = m > 1, and x; with 4, if j = m = 1. We verify that the genus of the
resulting curves is 2m + (j —m)+(r +1)=m+j+r+ 1.

Write ¢ — T for this family, where

T=Cx(C\a}) < x(C,\e,}) x (E\{oy}) x - x (£, \o,_,,}).
For 1 <i < m, denote by (/;,8,) the Jacobian of C,. Then the relative Jacobian of ¢ — T is

j:]lx---x]melx---xEj_me/

/
1X"'XEr+1XT

over the last factor 7'. An important observation is that the embedding ¢ — _# with respect to o/

can be extended over

T:Clx---mexElx---xE].

—m*

More precisely, write} =)y x [, xEx-xE,_ X E/x---xE!  x T. We have embeddings

¢C_:Cix7;>y, for 1<i<m,
stv:EixT%j, for 1<i<j—m,
¢E,:Ei/x7<—>7, for 1<i<r+1,

and if we denote by 6 c ¢ the union of the Im(¢. ), Im(¢/ . ) and Im(¢ ), then the restriction
of € over T is exactly €.
The formulae for these embeddings are a bit too long to write down, but are essentially the same

as those in the proof of Proposition 5.14. For example ¢ is given by
(z,xl,...,xm,yl,...,)/j_m)-—>
(ﬁcl(z —x), 0C2(x2— N ﬁcm(xm — cm),yl,...,yj_m, by,..., brﬂ,xl,...,xm,yl,...,yj_m).

More generally, all the embeddings ¢, ¢, and ¢, can be written as products of the following

maps, which we shall refer to as basic building blocks:
() €, xC, — J, x Cy, given by (z,x,) = (O (2 —x,), x,);
(i) (for2<k<m) C,x Cy— J, x Cp, given by (z,x,) = (O (2= ;). x,);
(iii) (for 2 <k < m) C,— J, x Cp, given by x, — (O (x,— ;). ;)
(iv) (for1<k<m) C,— J,x C,, given by x, — (0,x,);

(v) (for1<k<j—m)E,xE, > E,xE, given by (z,y,) — (2, 5,);
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6.3. Detecting non-trivial classes in higher Griffiths groups

(vi) (for1<k<j—m)E, - E,xE, givenby y, — (y,,7,);
(vii) (for 1 <k <j—m)E, —» E, x E,, given by y, — (0, ,);
(viii) (for1<k<r+1)E, — E}, given by z — z;

(ix) (for1<k<r+1)pt— E/, givenby z+— b,;

(x) (for1<k<r+1)pt— E,, given by z — 0.

The example of gﬁcl is then the product of (i), (iii), (vi) and (ix). Note that the building blocks involve
only one index £ at a time, e. there is no interaction between different curves. For future reference,
when looking at an embedding ¢Ci) & £, Of ¢ 11, we shall call its building block with targetin /, x C,
(resp. E, x E, and E)) the /,-C, (resp. E,-E, ’and E}) factor of the embedding.

We use the Kiinneth formula to calculate the cycle class of

@),

Jiresdm) - [Cg](

e[

) € CH@H](?)’

(] m

which lies in
Hj+2r+2(]1 x-ox ] xE x...xE],_meI/x---xE:H)@Hf(CIx...mexEl x...xE]._m).

Here, and in what follows, we omit the coeflicients of the cohomology groups. We know that the

only relevant Kiinneth component (i.e. not killed by restricting to non-empty open subsets V c 7T)
of H(T)=HI(C,x---xC, x E x-- xE,_,)is

(6.11) HYC)®--@H'(C,)e H'(E)®--® H'(E_,).

Then we have two immediate observations. First, the images of the embeddings ¢ ;, do not contribute

to the class of([%]*m)( .

) In fact, since ¢, is a section of the projection I - E! x T, we have
WARRES Jm i

[Im(¢ )] =[Im(¢p)]

Second, the images of gb E make no essential contribution either. This is because the E;-E; factor
of ¢ is theidentity id: E; x E; — E; x E;, which only gives a class in H(E,)® H°(E,). On the other
hand, the £;-E, factor of other embeddings is either the diagonal map A: E, — E, x E,, which gives
classes in H*(E,)® H°(E,), H'(E;)® H'(E,) and H°(E,)® H*(E,), or the map (0,id): £, —» E, x E,,
which gives a class in H*(E,)® H°(E,). Among them, only H*(E,)® H°(E,) has non-zero Pontryagin
product with H°(E,) ® H°(E,), but the product does not lead to a factor in (6.11).

It follows that one only need to consider the images of ¢, or more precisely the cycle class of
(6.12) [Im(¢ )](jl) ek [Im(gécm)](jm) + permutations.
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The computation is just careful bookkeeping (essentially the same as in Proposition 5.9): we collect
all non-zero cohomology classes given by the /,-C, (resp. E,-E, and E k’) factors, do tensor products,
and sum all terms up. Here with the same building blocks, we always get the same class for each of
the factors. Then the sum of non-zero classes is again non-zero, meaning that there is no cancellation
effect. In the end we obtain only one relevant component (i.e. non-zero, and not easily killed by

restricting to non-empty open subsets V' C 7') of the class of (6.12). We denote it by 4 and it lies in
6.13) Hl(]1)®---®H1(]m)®H1(E1)®~-®Hl(Ej._m)®HZ(EI/)®---®H2(E:H)
' ®H'(C)e--eH'(C,)oH (E)8--@ H'(E_,).

We now look at the component of 4 in

Hg;fﬁ”z(]lx---x]mel><---xEj_meI/x---xEr/H)@Hj(Clx---mexElx---xEj_m).

Here for the abelian scheme ¢ — T, the associated divisor class 6 € CH(IO)(E) is
0 =pr) (0,)++pry (0,)+pry ([o])+-+pry ([o,0,,]) +pri ([o3]) +- +pri ([07,,]),

where pr; : I — ], pr X ¥ — E, and pr £ ¥ — E! are the projections. Then it follows immedi-
ately from the form of (6.13) that / # cl(—8) U /', i.e. the primitive part of 4 is non-zero.

Finally it remains to ensure that the primitive part of 4 does not vanish when restricted to non-
empty open subsets of 7', 7.e. that it is not supported on a divisor of 7". The observation is the same

as in the proof of Proposition 5.14: by construction 4 is a tensor product of classes in
B H'(C), .o HJ)oH'(C,), HE)@H'E), ... H'E, )oH'E, ),
HX(E)), ..., H(E.,).

So its factor in H'(C,)®---® H'(C,)® H'(E,)® - ® HY(E,_,) ¢ H/(T) has maximal Hodge

—m

level. The same goes for the primitive part of 4, which then cannot be supported on a divisor of 7.

In view of Lemma 5.7 and Proposition 6.10, the proof is now completed. ]

We end this chapter by a remark and a conjecture. Let (C, x,) be a very general pointed curve

over M PRE with / its Jacobian. From Theorem 6.13 we know that
[Cl) ¢ ZyF CH* () for g>j+2.
Moreover, by Conjecture 6.1 we expect that
[Cl,) ¢ ZF CHST'(]) for g>2j+1.

Observe that there are exactly (27 +1)—(j +2) = j — 1 values of g to fill the gap between the terms
Z,FICH4™'(J)and Z,F' CH4"'(J). So we make the following guess.
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Conjecture 6.14. For (C, x,) very general over M, , with g >2j+2—k and 1 < k < j, we have
[Cly)# ZF" CHE()).

Using Polishchuk’s sl,-action on 7 (/) (see Section 5.1), we show that the bound on g is sharp.
Recall the classes p; = gf\([C](i_l)) and ¢, = (5/7((9 : [C](l.)). The following result generalizes [Pol05],
Corollary 0.2 (which corresponds to the case £ =1).

Proposition 6.15. Lez (C, x,) be a smooth projective pointed curve of genus g over C. Then for g <
2i—1—lkand1 <k <i—1, wehave

T!_\(J) € Z,F* CH'()).
In particular p, € Z,F* CH'(]).

Proof. The argument is essentially the same as in Lemma 5.13. By Theorem 5.1, the component

T

( ;_1)( J) is spanned by monomials

(6.14) 99, pp With a;+--+a,+b=i.

To show that all such monomials belong to Z F k CH’ (/), we proceed by induction on 4. For
b<i—tk,iea +---+a,=i—0b>k, wehaveby (6.4) and (6.3)

9.4, €CH () =2 ( CHY_, ( J))c Z,F" CH™"(]) c Z,F* CH'™*()),

so that g, g, p, € Z,F* CH'(]).
Now suppose all monomials in (6.14) with i — £ < b < b, are in Z,F* CH’(J). Then for each

9" a Py, with 2, +---+a, =i— b,, we look for a monomial

(615 g4, p. b, €CHE (])C ZF " CHY(J) € Z,F* CHE()),

+

with ¢ +-- e, = g—it byandc,..., Coip1 2 2. The existence of such monomials is guaranteed

by our assumption: in fact, since ¢ <2 —1—+k and 4, > i — £k + 1, we have
g—i+by>2(g—i+1),

meaning that one can always divide g —7 + 4, into g —7 + 1 parts, with all parts greater than or equal

to 2. We apply ¢ — 7 times the differential operator & in (5.1) to (6.15), and we obtain
(6.16) D (g 20 e, ) € ZoF CHI()).

Then by analyzing the explicit expression of 2, we find in (6.16) a non-zero multiple of g, -+~ g, p,
(with sign (—1)¢7), plus multiples of monomials ¢ o Py with 4’ < 4,. Those monomials are
in Z,F* CH'(J) by the induction assumption, and so is qu g, Py

In particular, the last stage of the induction shows that p, € Z,F* CH'(]). [
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g [C]U) [C](z) [C](s) [C](4) [C](s)
3|¢ZF | C
4 | ¢Z,F | C| ¢Z,F*?
€ Z,F!
5| ¢z F | Cl¢zF! ¢ Z,F?
€ Z,F?
6 |¢ZF | C|¢ZF! ¢ Z,F? ¢ Z,F4
€ Z,F! € Z,F?
7 ¢z F|C|e¢zF! ¢ Z,F! ¢ Z,F? ¢ 7 F5
€ Z,F? € Z,F*

By applying ! to Pj+1» We obrain that [C] ) € Z,F*CHS'(]) for g < 2j +1—k and

1<k<;.

and V are known to Ceresa, Polishchuk and Voisin respectively. Those without marks are proven in

this section, while those with a question mark remain open.
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Table 2. Results and questions in genus g < 7.




Notes

2. Preliminaries

1. (page 8) The polarization A provides L, € Pic(A) ®, @ defined in (2.1). Conversely, to every
L € Pic(A) ®, Q that is relatively ample, symmetric and trivialized along the zero section, we may
associate a symmetric quasi-isogeny ¢, € Hom(A4, A")®,Q. It sends a point x € A, for some s € § to

the class ¢, (x) == L, ® T*(L,)"", where 7 is the translation of A, by x. In total we have @, = A®,Q.

There is a classical sign issue in the definition of ¢;, hence of the polarization A (see [Pol03],
Section 17.3). After some struggle we decide to choose the somewhat unconventional definition
(which is also adopted by Beauville). The reason is well explained in [BealO], Section 1.6, and we
dare to repeat it here.

Most people follow Mumford’s formula & ,(x) = —¢,(x) = T(L) ® L' (see [Mum70], Sec-
tion 6). Then for an elliptic curve £ defined over 4, and for L = 0,(0), we have ¢ ,(x) = O, (0 —x).
More generally, consider a smooth projective curve C over £ with its Jacobian J := Pic’(C). By choos-
ing a point x, € C (k) we obtain an embedding ¢: C — /, defined on points by «(x) := O (x — x,).
On the other hand, we have the Albanese map alb: C — J* also with respect to x,. We would very
much like to identify the two maps ¢ and alb. However, the identification is given by ¢, and not
&, =—¢, (here L is the line bundle associated to a symmetric theta divisor).

Here we also followed [ GMxx], Chapter 11 in the definition of a polarization, as it turned out
to be the right approach. The point is that one should regard the polarization as an isogeny, rather
than a line bundle or a divisor class. In fact, the line bundle or divisor class with Z-coefficients may
not even exist in the relative setting (see [GH13], Section 1), and with Q-coefficients it is difficult to

recover the corresponding isogeny.

2. (page 12) Regarding Part (ii) of Conjecture 2.10, Grothendieck’s standard conjectures predict

that numerical and homological equivalences coincide (see [Kle94], Section 5). This is known for

99



NoTES

abelian varieties in characteristic zero, but only for codimension 7 = 0,1, ¢ — 1 and g in positive
characteristic (see [Mil02] for more details).

Conjecture 2.10 is a concrete special case of a more general conjecture, the so-called Bloch-
Beilinson-Murre (BBM) conjecture. We refer to [Mur93], [Jann94] and [Voi02], Chapitre 23 for
the precise statements. Roughly speaking, the BBM conjecture predicts for all varieties X € ¥, a
descending filtration F* CH’(X) on CH'(X), with F*CH’(X) = CH’(X) and F*!CH'(X) = 0,

such that the terms F/ are stable under correspondences. Also for all 0 < j < 7, the graded piece
Gr), CH'(X) = F/ CH'(X)/F/*! CH'(X)

should in some sense be controlled by the cohomology group A% ~/(X). Further, one expects that
H?*(X) controls Gr), CH’(X) via the cycle class map, and that H?~(X) controls Gr}, CH'(X) via
the Abel-Jacobi map.

In the case of an abelian variety A4, the Beauville decomposition provides a candidate for the
conjectural filtration, namely

FJCH'(A) = @ CH_,(A)-
J'2j

Conjecture 2.10 states exactly what is needed for this candidate to satisfy all requirements set by the

BBM conjecture.

3. A tale of two tautological rings (I)

3. (page 26) We refer to [Fab99], Conjecture 1, [FP00], Section 0.5, and [Pan02], Conjecture 1
for various versions of the Faber conjectures. These conjectures concern the tautological ring of the

following moduli spaces:
(i) moduli of stable 7-pointed curves of genus g, denoted by .4 o

(if) moduli of stable 7-poined curves of genus g and of compact type, denoted by ./ ;

(iii) moduli of stable 7-poined curves of genus g with rational tails, denoted by ./}’ ;

(iv) moduli of smooth curves of genus g, denoted by #, .
See also Faber’s notes [Fab13] for the current status of these conjectures, and [PT12], Corollary 2.5
for a first counterexample in Case (i) (for %2,;«)-

Our A 4.1 version (Conjecture 3.2) is the closest to the original .# , version. Although it is never

stated explicitly in the literature, one can relate it to Case (iii) via the isomorphismy(s)

My, = M (=)

&l ™
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More generally, for 7 > 1 there are surjective maps /', — €, where €7 is the n-th power
of the universal curve over .4 . One can also formulate a version of the conjectures for ‘ég” (see
Speculation 4.21). It is believed that the versions for .4, and €} are equivalent, but to the best of

our knowledge there is no written proof of this.

4. (page 38) Consider the component A4, where the expected socle is situated. It is spanned
by the image of Mon(o,2 -2 and the goal is to relate all elements in Mon(o’2 (2 toa single element,
namely x,,,_,. So far we have been able to associate a relation to every element in Mon,, _,, other
than x;, _,. By defining a partial order on Mon,, ,,_,), we can show that the relation matrix is block
triangular. What is combinatorially difficult is to prove that all diagonal blocks are of maximal rank.

The construction goes as follows: first remark that there is a correspondence between Mon, ,, 5,
and the set of partitions of all integers # such that 0 < # < ¢ — 1. In fact, to every such partition

A=(i,,...,i ) with i, + -+ +i =k, we associate the element y¢~17*

X0,2i, """ %0,2i,, in Mon(o,z =2)"
In particular, the cardinal # Mon,, ,,_,) is p(0)+---+ p(g — 1), where p(—) stands for the partition

function. Then observe that to every partition A above, we may associate a partition A’ of 2g —2

A=(iyyeeyi) > A =i+ g —1—k,24,,...,2i ,1,...,1).
g—1-k
The partial order on Mony ,,_,, is defined as the first part of ', i.e. 27, + g —1—k. Using the elements
{x,,,,} located to the right of the diagonal 7 = j in the Dutch house, we define the monomial

g—1—k
3,1 >

M) = X2+ g—1—k+2,2i+ g —1—k*2iy+2,2i, " *2i +22i

which belongs to Mon, 4,5,, 242, 2 We see that for all A except A =(g —1), we have 4g —4 +
2m—2k > 2g, so that M, =0 in Z. Then to every element in Mon,,,,_,, other than x;,,_,,
we associate a relation F2¢~2t"~*(M ) =0 in R By the explicit expression of F (3.11), we can
prove that F2¢=2*"=*()[ ) only contains terms of order greater than or equal to the first part of A'.
For Z#' with i > ¢ — 1, the situation is similar: this time there are no more new generators L7
and every elementin Mon, ,,) corresponds to a relation. The question is still to show that the relation

matrix is of maximal rank. Here we should say that, difficult combinatorics aside, we do get a feeling

why the socle should lie in codimension ¢ — 1, and why beyond g — 1 everything should vanish.

4. A tale of two tautological rings (II)

5. (page 50) This notion of tautological rings can be extended to more general settings. In fact, for

any object X € ¥, we have the same tautological maps

T:X" > X", with m>1 and >0,
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such that each factor of 7 is a projection. Then for 7z > 0, we define the system of tautological rings

of X” to be the collection of smallest Q-subalgebras {,% (X")c CH(X ”)}, such that
(i) the ring (X ) contains a (usually finite) set A of geometrically constructed classes;
(ii) the system is stable under pull-backs and push-forwards via all tautological maps 7'.

Over a field (i.e. S = #), this notion is studied by O’Sullivan in [O’S10]. Also an interesting case
is when X is a K'3 surface. Here we take A to be a finite set that spans Pic(X') x, Q. In this case,
Voisin conjectured that for all # > 1, the restriction of the cycle class map cl: CH(X”) - H(X") to
R (X") is injective ([Voi08], Conjecture 1.6). When 7z = 1, this is the well-known result of Beauville
and Voisin ((BV04], Theorem 1). The conjecture turns out to be rather strong: for example it implies
that the motive of X is finitely dimensional in the sense of Kimura-O’Sullivan (see Conjecture 5.19).

For any variety X € ¥, one may further generalize this notion of tautological rings by including
a finite set A € Z(X ™) for some m > 1. O’Sullivan showed that the finite dimensionality of 22 (X ")
for all 7 is roughly equivalent to the Kimura-O’Sullivan finite dimensionality of the motive of X
([O’S10], Theorem 1.1).

6. (page 61) Recently a new set of tautological relations for various moduli spaces (including 6'7') has
been conjectured by Pixton ([Pix12], Conjecture 1), and proven by Pandharipande-Pixton-Zvonkine
in cohomology ([PPZ13], Corollary 2), and by Janda in the Chow ring ([Jan13], Proposition 1).
Data have been collected regarding the discrepancies between Pixton’s relations and the conjectural
Gorenstein property, for 6 with many values of ¢ and 7. Our computation seems to be coherent
with those data.

Corollary 4.31 shows that when ¢ < 7, the Gorenstein property for the symmetric powers ‘5;”]
holds for 7 arbitrarily large. It then appears that after ¢ = 24 for » = 0 and ¢ = 20 for n = 1, the
number g = 8 is the ultimate critical number for any large 7 (at least if one restricts to the symmetric
powers). It is certainly one of the most interesting cases for those who want to prove or disprove the
various Gorenstein type properties.

On the other hand, following the first counterexample given by Petersen and Tommasi (for %M ;
see [PT12], Corollary 2.5), one tends to think that the tautological rings behave worse as 7 increases.
So it is somewhat surprising to get positive results such as Corollary 4.31 for arbitrarily large 7. Pre-
viously, similar positive results were obtained only for the moduli spaces ]O’n ([Kee92], Section 2),
A, ([Tav11], Theorem 0.1), M, ([Pet12], Section 1) and Ay, ([Tav11b], Theorem 0.1).

Finally, our approach sheds some light on the importance of the universal Jacobian. One might
hope that the nice structures and powerful machinery on the Jacobian side would help resolving

further problems on the moduli and curve sides.
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5. Tautological classes on a Jacobian variety

7. (page 72) The following remark is based on a discussion with Johan Commelin. Similar to the
Faber-Pandharipande cycle, there is a geometrically constructed 1-cycle on C x C x C introduced
by Gross and Schoen (see [GS95], Section 0). It comes in two versions, one with respect to a point
xy € C(k) and the other canonical. Denote by A the diagonal C ¢ C x C and by A_ the small
diagonal C c C x C x C. We then define

A, =[A]- ([A X Xy ]+ permutations) + ([xo x xy x C|+ permutations),
1 1

Ay =[A_]- -

K [ sm] 2g_2 (zg_z)z

We have A, Ay € CH?*(C x C x €)%, and they are both homologically trivial.

Similar to Proposition 5.10, we can express AXO and A as the pull-back of certain classes in

([A] x K + permutations) + ([( x K x[C]+ permutations).

T (J) via the map ¢;: C x C x C — ] with respect to x,, together with the class £ =[x, x C x C]+

permutations € CH'(C x C x C)®s. After some tedious but elementary computations, we obtain

A, = $3(£2) +265(4,) + 3(a1) - &5

and 202 3)
g
Ap = P3(p,)— 20— 9253 9, 01)+ ¢3 ¢3

If we work modulo algebraic equivalence, since ¢, and q, are algebraically tr1v1al, only the p, terms

on the right-hand side above will survive. In fact, by a similar argument as in Proposition 5.10 (ii),
one can show that Ax@ (resp. A) is algebraically trivial if and only if p, is algebraically trivial. The

latter is also equivalent to the Ceresa cycle [C]—[—1]*[C] being algebraically trivial.

6. Tautological classes in higher Griffiths groups

8. (page 86) When § = C, the filtration £, CH’(X) is defined by replacing the vanishing of
I: H¥7(Y,Q) > H7(X,Q)

by the condition that

r*(Hzi/_j(Y, Q)) c Ni_j+1H2i_j(X,Q),
where N*H™(X,Q) is the largest Q-sub-Hodge structure of H”(X, Q) such that N*H"(X,C)
FFH™(X, (C) Besides F; CH’(X) and F;, CH'(X), there is yet a third version of Saito’s filtration,

denoted by F3,, CH’ ( ) in [Sai00], Section 1. It replaces the condition above by

T (HZi’—j(Y’ Q)) c ﬁi—j+1H2i—j(X’Q),

*
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where
N*H"(X,Q)= > Ker(H"(X,Q)— H"(X -Y,Q)).
codim(P)z
The three filtrations Fy},, CH'(X), F3 CH’(X) and F;, CH’(X) are studied in [Sai96], [Sai00]
and [Sai00b] respectively for different purposes. By definition we have Flg CH'(X)= Fg L, CH (X)) =
F]{, CHi(X) for j <2, and in general

FJCH'(X) c F],, CH'(X) c F/,CH'(X).

Further, the generalized Hodge conjecture predicts N* =N *, and thus 7}, CH’ (X)=Fp; CHi(X ).
Saito proved that by assuming the standard conjecture ~, =~ . we also have F} CHi(X ) =

Fp,, CH'(X) ([Sai00], Theorem 1.1).

om

9. (page 86) In fact, the locus {s €S:a € F/ICH (Xf)} is a countable union of Zariski-closed
subsets of . One way to see this is to use relative Hilbert schemes (or Chow varieties). Since objects
in ¥ are projective over S, one can parametrize all data in Definition 6.3 by countably many projec-
tive schemes over S (note that the cohomological condition in each inductive step is Zariski-closed).
The more precise procedure is documented in [Voi02], Section 22.2 (see also [Voil2b], Sections 0.1
and 2.1).

Similar to Remark 5.5, there is also a more general argument without using projectivity. First
remark that the data 7: X — § and & can be defined over a finitely generated subfield # c C.
Denote by 7 the generic point of §/%k. We can extend Definition 6.3 to more general settings (over
a arbitrary field) using #-adic cohomology. In particular, we obtain the filtration F* CH"(XV) over 7).
Thenif o, € Fi CH"(XO), by specialization we have &, € F/ CH'(X,) for all s € §(C). On the other
hand if o, & F/ CH"(XO), by base change we have @, ¢ F/ CH’(X,) for any s € S(C) that maps to 7,
or equivalently, for any s € §(C) that does not lie in a subvariety of S defined over k. Since £ is
finitely generated and hence countable, there are only countably many such varieties. This argument

can also be found in [Ike03], proof of Proposition 2.10.
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Samenvatting

Tautologische klassen zijn meetkundig geconstrueerde klassen van algebraische cykels. De meetkunde
en de enumeratieve eigenschappen van dergelijke klassen zijn bijzonder interessant.

Het eerste deel van dit proefschrift verenigt twee klassieke noties van tautologische klassen: de
ene op de moduliruimte van krommen (in de zin van Mumford, Faber, ezc.), en de andere op de
Jacobiaan van een kromme (in de zin van Beauville, Polishchuk, ezc.). In navolging van Polishchuk,
construeren we relaties tussen tautologische klassen gebruikmakend van motivische structuren van de
Jacobiaan. Met deze relaties verkrijgen we diverse gevolgen van de bekende vermoedens van Faber.

Het tweede deel is gewijd aan het detecteren van tautologische klassen die niet verdwijnen op de
generieke Jacobiaan. Gebruikmakend van een degeneratie-argument van Fakhruddin ontwikkelen
we een invariant in deze context. We detecteren niet-triviale klassen in de Chowgroepen en in de
hogere Griffithsgroepen in de zin van S. Saito. In het bijzonder krijgen we een nieuw bewijs van een

stelling van Green en Griffiths, alsook een verbetering van een resultaat van Ikeda.
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Résumé

Les classes tautologiques sont des classes de cycles algébriques construites de fagon géométrique. La
géométrie et les propriétés énumératives autour de ces classes sont particulierement intéressantes.

La premicre partie de cette these unifie deux notions classiques de classes tautologiques : 'une
sur 'espace de modules des courbes (d’aprés Mumford, Faber, ezc.), et 'autre sur la jacobienne d’une
courbe (d’apres Beauville, Polishchuk, ezc.). Suivant Polishchuk, on construit des relations entre les
classes tautologiques en utilisant les structures motiviques de la jacobienne. Avec ces relations, on
obtient diverses conséquences sur les célebres conjectures de Faber.

La deuxiéme partie est consacrée a la détection des classes tautologiques qui ne s'annulent pas sur
la jacobienne générique. En utilisant un argument de dégénération di & Fakhruddin, on développe
un invariant simple dans ce contexte. On détecte des classes non-triviales dans les groupes de Chow
et dans les groupes de Griffiths supérieurs au sens de S. Saito. En particulier, on obtient une nouvelle

preuve d’un théoreme de Green et Griffiths, ainsi qu'une amélioration d’un résultat d’Ikeda.
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