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Moduli Space of Quasi-Polarized K3 Surfaces of
Degree 6 and 8*

Zhiyuan LI!  Zhiyu TTAN?

Abstract In this paper, the authors study the moduli space of quasi-polarized complex
K3 surfaces of degree 6 and 8 via geometric invariant theory. The general members in such
moduli spaces are complete intersections in projective spaces and they have natural GIT
constructions for the corresponding moduli spaces and they show that the K3 surfaces with
at worst ADE singularities are GIT stable. They give a concrete description of boundary
of the compactification of the degree 6 case via the Hilbert-Mumford criterion. They
compute the Picard group via Noether-Lefschetz theory and discuss the connection to the
Looijenga’s compactifications from arithmetic perspective. One of the main ingredients is
the study of the projective models of K3 surfaces in terms of Noether-Lefschetz divisors.
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1 Introduction

A primitively quasi-polarized K3 surface (S, L) of degree 2¢ over C consists of a complex
K3 surfaces, a big and nef line bundle L such that ¢;(L) € H?(S,Z) is a primitive class and
L? = 20. Let Fy be the moduli space of primitively quasi-polarized complex K3 surfaces of
degree 2¢. Tt is well-known that the period map behaves very well on Fy,. Namely, if we denote
by D the period domain of K3 surfaces and I'yy the monodromy group, global Torelli theorem
tells us that Fop is isomorphic to T'y\D via the period map.

Besides the Hodge theoretical construction, there is also explicit algebraic construction of
Fo via geometric invariant theory (GIT for short) for low degree K3 surfaces, where such a
general K3 surface is a complete intersection in the projective space. For instance, the GIT
construction of F and Fy has been worked out by Shah (see [20-21]). When 2¢ = 6 or 8, a
general element (S, L) € Fy is a complete intersection of a smooth quadric and a cubic in P*
or a complete intersection of three quadrics in P° respectively.

In this paper, we describe the GIT construction of moduli space of these complete intersects
and characterize the image of period map for such complete intersections as a complement of
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certain Noether-Lefschetz (NL for short) divisors in I'y;\ID. The latter one has a natural arith-
metic compactification constructed by Looijenga (see [14]), and we will compare this arithmetic
compactification with the natural GIT compactification.

More precisely, for any non-negative integers d, g, the NL-divisor D?ifg C For 2 Top\D is
defined to be the locus of quasi-polarized complex K3 surfaces (S, L) € Fap such that Pic(S)
contains a rank two primitive sublattice of the following form:

| L] B
L|2e| d (1.1)
Bld|2g—2

for some § € Pic(S). For simplicity of notations, we identify Dflfq as divisors on I'gp\D via
period map. One of our main result is in the following.

Theorem 1.1 For { = 3,4, the complete intersections in P*T1 of degree 2¢ with at worst
simple singularities (i.e., isolated ADE singularities) are GIT-stable. Let May be the moduli
space of such complete intersections with at worst simple singularities. Then the period map
extends to Moy and its image in Lo\ is the complement of D%_ﬂ, D%ﬁ and D?fl,

Furthermore, the natural GIT compactification Moy is not isomorphic to Looijenga’s com-

3
pactification of the complement To/\D — |J D?fl.
d=1

Remark 1.1 We refer the readers to [6] for the analysis of GIT stability for such complete
intersections with semi log canonical singularities.

Secondly, we have classified the boundary components of Mg in its GIT compactification

M. The main result is as follows.

Theorem 1.2 The boundary Mg\Msg consists of 9 irreducible components whose general
member X is described as follows:

«) (Semitable) X has two corank 3 singularities, but not a union of a quadric surface and
a quadric cone with multiplicity two.

E) (Stable) X is a union of a smooth quadric surface and a smooth complete intersection
of two quadrics.

v) (Semistable) X has two simple elliptic singularities of type Eg, whose projective tangent
cone intersect X along lines, and not the union of three quadric cones.

§) (Stable) X has an isolated E; singularity.

€) (Stable) X has an isolated Eg singularity, whose projective tangent cone meets X at a
point.

¢) (Stable) X is singular along a line.

n) (Stable) X is singular along a conic.

0) (Stable) X is singular along a twisted cubic.

¢) (Stable) X is singular along a rational normal curve of degree 4.
The stratum « is 6-dimensional, E is 7T-dimensional (it contains a 2-dimensional semistable
loci B), v and ¢ are 2-dimensional, § and ¢ are 11-dimensional, € is 8-dimensional, n is 7-

dimensional, 0 is 3-dimensional.
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According to the work of [22], the Baily-Borel compactification (I'¢\ID)* of the Shimura vari-
ety I's\DD consists of 10 irreducible components. The extended period map induces a birational

map
Mg - (T6\D)*. (1.2)

According to the spirit of Hassett-Keel-Looijenga program raised by [12], it is expected that the
map (1.2) can factor through a sequence of elementary birational transformations of Shimura
type, i.e., the exceptional loci comes from Shimura subvarieties. This problem will be solved in
a forthcoming paper (see [8]).

In [16], Maulik and Pandharipande have conjectured that the Picard group of Fa, with
Q-coefficients is spanned by the NL-divisors {Dgfg} on Fop. This conjecture has been verified
in [3] via automorphic representation theory and finding a geometric approach remains highly
interesting. Here, using the main theorem, we can compute the Picard group of Fg and Fg

from the GIT construction.

Corollary 1.1 When 20 = 6 or 8, the Picard group Picg(Fae) with rational coefficients is
spanned by NL-divisors fol, d=1,2,3,4. Moreover,

dimg Picg(Fz) = dim H*(T9r, Q) = 4
for 20 =6 or 8.

The first part of this result has been also obtained by O’grady in [18] using a slightly
different method. We just point out that the similar approach has been applied to K3 surfaces
with Mukai models (i.e., 10 < 2¢ < 18 or 2¢ = 22) in [9].

2 Noether-Lefschetz Divisors for K3 Surfaces

Let us recall the Noether-Lefschetz theory on K3 surfaces.

2.1 Noether-Lefschetz divisors

Let (S, L) be a primitively quasi-polarized K3 surface of degree 2¢. The middle cohomology
A := H%(S,Z) is a unimodular even lattice of signature (3,19) under the intersection form (,).
Let hoy = ¢1(L), then the orthogonal complement A, := hy, C A is an even lattice of signature

(2,19), which has a unique representation:
Aoy = Zw & UP? @ Fg(—1)%2, (2.1)

where (w,w) = —2¢, U is the hyperbolic plane and FEs(—1) is the unimodular, negative definite
even lattice of rank 8.
Let Agg = Ay ® C. The period domain D associated to Agy can be realized as a connected
component of
D* = {v € P(AS) | (v,v) =0, —(v,v) > 0}.

The monodromy group

Top = {g € Aut(Ag)™ | g acts trivially on AY,/Ag},
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naturally acts on D, where Aut(Ag¢)™ is the identity component of Aut(Ass). According to the

global Torelli theorem of K3 surfaces, there is an isomorphism
Far =T \D

via the period map. Then Fy, is a locally Hermitian symmetric variety with only quotient
singularities, and hence Q-factorial.

The NL-divisor Dﬁfg can be identified as the quotient of the union of subdomains on D as
following:

DY, =T\ [J{z€D [(z,m)=0Yme M}, (2.2)
MCA

where M runs for all rank two primitive sublattice of Agp of the form (1.1). In the language
of Heegner divisors, the right-hand side of (2.2) is called the arithmetic quotient of hyperplane

arrangement in . As known in [18, Proposition 1.3], we have the irreducibility theorem.
Theorem 2.1 All the NL-divisors fog € Picg(Fae) are irreducible.

Remark 2.1 The definition of NL-divisors we used here is slightly different from the one in
[16]. Maulik and Pandharipande define the NL-divisors without the assumption of primitivity
of the sublattice M in (2.2). But the span of these divisors are the same as ours (see [16, §0.2]).

2.2 Dimension formula

Let us denote by Picg(I'2,/\D)N* the subgroup of Picg(I2/\D) generated by NL-divisors
with Q-coefficients. By [5, 16], we know that the dimension pos of the span of Heegner divisors
on I'yp\DD can be explicitly computed by the following formula:

31 59 1 5mi
P20 = 5y oy~ ey Rl (G140 + G(3.40)
¢
1 k? k?
_ —1,20)) — — 7,0 <k < 2.
4y RE(120) kz_o{zw} |y €Z0s k<0 (23)
where {, } denotes the fraction part and G(a,b) is the generalized quadratic Gauss sum:
o1
Gla,b) =) &% .

k=0

Denote by dgis = #{F | ’XZ € Z,0 < k < (}. After applying the summation formula proved by
Gauss in 1811 (see [4, §2.2]), one can simply get the following lemma.

Lemma 2.1

316+55 1 1 k2
p= 5, T 0 6ﬁe —I;){M} — dpis, (2.4)
where
, U is even ; 4(_1) ’ if 3|¢;
o = (2[—1) 7 By =

l
0, therwise. (4 1)+ (5) othervise,
otherwise 40— 1 + 3 otherwise
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and (‘g) is the Jacobi symbol.

As shown in [16], the span of NL-divisors are the same as the span of non irreducible divisors
on I'y\D.

2.3 Projective models of K3 surfaces

Let (S, L) be a smooth K3 surface with a primitive quasi-polarization L of degree 2¢. The
linear system |L| defines a map ¢, from S to P“*'. The image of ¢, is called a projective
model of S.

In [19], Saint-Donat gives a precise description of all projective models of (S, L) when 1y, is

not a birational morphism.

Proposition 2.1 (see [19]) Let L be the primitive quasi-polarization of degree 2¢ on S
and let 1y, be the map defined by |L|. Then there are the following possibilities:

1. 4y, is birational to a degree 2¢ surface in P*T1. In particular, ¥, is a closed embedding
when L is ample.

2. ¢y, is a generically 2 : 1 map and ¥, (S) is a smooth rational normal scroll of degree ¢,
or a cone over a rational normal curve of degree £.

3. |L| has a fixzed component D, which is a smooth rational curve. Moreover, ¥, (S) is a
rational normal curve of degree £+ 1 in P¢H1.

We call K3 surfaces of type (1), (2), (3) nonhyperelliptic, unigonal, and digonal K3 surfaces
accordingly. When ¢ = 2,3,4, the projective model of a general quasi-polarized K3 surface

(S, L) is a complete intersection in the projective space P*1.

Remark 2.2 Assume that ¢y is a birational morphism. Then one can easily see that L
is not ample if and only if there exists an exceptional (—2) curve D C S. The morphism v,
will factor through a contraction = : S — S , where Sis a singular K3 surface with simple
singularities.

Recalling that the NL-divisor D(2),éo parametrizes all K3 surfaces (S, L) of degree 2¢ with
exceptional (—2) curves. Therefore, the projective model of a general member in D3 is a
surface in P! of degree 2¢ with simple singularities.

In this paper, we mainly consider the case 2¢ = 6 and 8, where the classification of projective

models of S can be read off from the Picard lattice of S.

Lemma 2.2 Let (S, L) be a smooth quasi-polarized K3 surface of degree 2¢ (20 =6 or 8).
Then

1. (S,L) € D3 if and only if S is digonal except

(x) L2 =8 and L = L' + E + C, where C is a rational curve, E is an irreducible elliptic
curve and L' is irreducible of genus two with L' -C = E-C =1 and L' - E = 2. The image
Y1 (S) is contained in a cone over cubic surface in P*.

2. (S,L) € D3, if and only if S is unigonal.

3. (S,L) € D%ﬁ if and only if S is one of the following:

e When £ =3, S is birational to the complete intersection of a singular quadric and a cubic
in P* via .
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e When ¢ = 4, S is either birational to a bidegree (2,3) hypersurface of the Serge variety
P! x P2 — P® via vy, or in case (*).

Proof The proof of (1) and (2) are straightforward from Proposition 2.1. See also [19, §2,
85 ] for more detailed discussion.

Now we suppose that a quasi-polarized K3 surface (S,L) € Dg_rl is neither unigonal nor
diagonal. Then 1y, is a birational map to a complete intersection of a quadric and a cubic.
Our first statement of (3) comes from the fact that any quadric threefold containing a plane
cubic must be singular. If (S,L) € D§,, the assertion follows from [19, Proposition 7.15 and
Example 7.19].

Remark 2.3 We would like to refer the readers to [9-10] for a detailed description of
projective models of low degree (2¢ < 22) K3 surfaces.

3 Complete Intersection of a Quadric and a Cubic

In this section, we construct the moduli space of the complete intersection of a smooth

quadric and a cubic in P* via geometric invariant theory.

3.1 Terminology and notations

In the rest of this paper, we will use the following terminology. Let f(u,v,w) be an analytic
function in C[[u, v, w]] whose leading term defines an isolated singularity at the origin. We have
the following types of singularities:

e Simple singualrities: Isolated A,,, Dy, E, singularities.

e Simple elliptic singularities ET:

— Fg: f=u%+ 03+ w3 + awvw,

— Er: f=u?+0v* 4+ wt + avvw,

— Fs: f=u%+ 03+ wb + awvw,

We will use the notation I(z), ¢(z) and ¢(z) as linear, quadratic and cubic polynomials of

x = (To, " ,Tn).

3.2 Cubic sections on quadric threefolds

Let @ be the smooth quadric threefold in P* defined by the equation
Toxs + 123 + x% =0.

Since every nonsingular quadric hypersurface in P4 is projectively equivalent to @, a complete
intersection of a smooth quadric and a cubic can be identified with an element in [Og(3)].

The automorphism group of @ is the reductive Lie group SO(Q)(C) which is isomorphic to
SO(5)(C). Then we can naturally describe the moduli space of the complete intersection of a
smooth quadric and a cubic as the GIT quotient of the linear system |Og(3)| = P(V'), where
V' is a 30-dimensional vector space defined by the exact sequence

0 — HO(P*, Opa(1)) — HO(P*, Ops(3)) = V — 0.
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Let us take the set of monomials

B .= {1138011:‘1“ gt ; = 3 and a0a4=0} (3.1)

to be a basis of V. Sometimes, we may change the basis for simpler computations.

3.3 Numerical criterion

Now we classify stability of the points in P(V') under the action of SO(Q)(C) by applying
the Hilbert-Mumford numerical criterion (see [17]).
As is customary, a one parameter subgroup (1-PS) of SO(Q)(C) can be diagonalized as

Ao 1t € CF — diag(t®, t¥, 1,677, t7%)

for some w,v € Z. We call such A\, , : C* — SO(Q)(C) a normalized 1-PS of SO(Q)(C) if
u>v>0.

Let Ay, be a normalized 1-PS of SO(Q)(C). Then the weight of a monomial z¢°z{* - - - 23* €
B with respect to A\, is

(ap — ag)u + (a1 — az)v. (3.2)

If we denote by M<¢(Ay») (resp. M<o(Ay,)) the set of monomials of degree 3 which have
non-positive (resp. negative) weight with respect to A, ,, one can easily compute the maximal
subsets M<o(Ay,») (resp. M<o(Ayv)), as listed in Table 1 (resp. Table 2).

Table 1 Maximal subsets M<o(\)

| Cases | (u,v) | Maximal monomials |
| ) | (10) | aftag?at®,>a; =3 |
| ) | (11 | xoxgxg,xg |
| | (2,1) | Tox3, B3y, T1T2T3, T3 |

Table 2 Maximal subsets M<o(\)
| Cases | (u,v) | Maximal monomials |
Oy | 0| cosdade
| (U2) | ( ) | ZE%$4,ZE1$§,$%ZE3 |

According to the Hilbert-Mumford criterion, an element f(xo,---,x4) € P(V) is not prop-
erly stable (resp. unstable) if and only if the weight of all monomial in f is non-positive (resp.
negative) for some 1-PS. Thus we obtain the following lemma.

Lemma 3.1 Let X be the surface defined by an element in P(V)). Then X is not properly
stable if and only if X = QNY for some cubic hypersurface Y C P* defined by a cubic polynomial
in one of following cases:

o ¢(x1,ma, w3, 24);

o 2ox3l(22, 23) + 217201 (73, 24) + T19(23, T4) + (T2, T3, T4);

o 1072 + z123l1 (02, ¥3) + w124l2(21, T2, 3, T4) + (T2, 3, T4).
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For f € P(V') not properly stable, using the destabilizing 1-PS A, the limit }gl(l) ft = fo exists
and it is invariant with respect to A. The invariant part of polynomials of type (N1)—(N3) are
the followings:

(@) e(xy, z9,23) = 0;

(B) M3 + Aam12273 + A3w0T273 + Mar12274 = 0, \; € C;

(7) M3 + Aoz1293 + A32023 + Mz = 0, \; € C.

Similarly, we get the following lemma.

Lemma 3.2 With the notation above, X is not semistable if and only if X = QNY for
some cubic hypersurface Y defined by one of the following equations:
o 1023 + 21q(w3,4) + (22,73, 74), and c(x2,73,74) has no x3 term;

o 24q1 (w1, T2, 23, 24) + T3q2(22, T3) + Ar123.

3.4 Geometric interpretation of stability

We use the terminology of the corank of the hypersurface singularities as in [1, 12].

Definition 3.1 Let 0 € C" be a hypersurface singularity given by the equation f(z1, - ,zn) =
0. The corank of 0 is n minus the rank of the Hessian of f(z1,+- ,zn) at 0.

Theorem 3.1 A complete intersection X = Q NY is not properly stable if and only if X
satisfies one of the following conditions:

(i) X has a hypersurface singularity of corank 3.

(ii) X is singular along a line L and there exists a plane P such that PN Q = 2L and P is
contained in the projective tangent cone P(CT,(X)) for any point p € L.

(ili) X has a singularity p which deforms to a singularity of Eg class, and the restriction
of the projective cone P(CT,(X)) to X contains a line L passing through p with multiplicity at
least 6.

Proof As a consequence of Lemma 3.1, it suffices to find the geometric characterizations
of the complete intersections of type (N1)—(N3). Here we do it case by case.

(i) If X is of type (N1), then X can be considered as the intersection of @) and a cubic cone
Y with the vertex pg = [1,0,0,0,0] € Q. It is easy to see that pg is a corank of 3 singularity of
X.

Conversely, we write the equation of Y as
roq(z0, 71, T2, 73) + c(T1, T2, 73, 74) = 0.
If we choose the affine coordinate
s

yi = 20’ (3.3)

then the affine equation near pg is

a(1,y1,y2,y3) + c(y1, Y2, Y3, —y3 — y1ys) = 0 (3.4)

in C3. Tt has a corank 3 singularity at the origin if and only if the quadric ¢ is 0.
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(i) If X is of type (N2), then the equation of Y is given by
wow3l(wa, x3) + 2120201 (23, ¥4) + 1q(23, 24) + (22, T3, 24),

and therefore X is singular along the line L : 3 = x3 = x4 = 0.
Moreover, for any point p = [z, 21,0, 0,0] € L, the projective tangent cone P(CT,(X)) at p

is defined as
2004 + 2123 = zoxsl(x2, 23) + 21(x2l1 (23, 24) + (22, 23)) = 0, (3.5)

which contains the plane P : x3 =24 =0 for each p € L and PN Q = 2L.
Conversely, since the intersection of P and @ is a double line L, we may certainly assume
that the plane P is defined by
r3=x4 =0
after some coordinate transform persevering the quadric form ). Then the line L = PN Q is
given by xo = 3 = x4 = 0.

Because X is singular along L, the equation of Y can be written as:
roq1 (T2, 73) + T192(T2, 3, 74) + (22, 73, 74) = 0. (3.6)
Then the projective tangent cone
P(CT,(X)) = {20z + 2125 = 20q1 (22, T3, T4) + 21¢2(22, 3, 74) = 0}

contains the plane P for each point p = [29,21,0,0,0] € L only if the quadrics ¢; have no x3
term.

(iii) For X of type (N3), a similar discussion is as follows: If Y is defined by
a:oxg + x1a3ly (22, x3) + x124lo(21, T2, T3) + (X2, T3, 4) = 0, (3.7)

then X = Q NY is singular at pg. After choosing the affine coordinates as (3.3), the affine

equation near pg is

Y3+ v1yaf (W1, v, ys) + 13 l(y1, y2) + ayiyays + g(y2, y3) = 0 (3.8)

for some polynomials ¢, f, g with £ linear, deg(f) > 1, deg(g) > 3. Therefore, pg is a hypersurface
singularity of corank 2 and its projective tangent cone is a double plane 2P : 3 = x4 = 0. The
remaining part is straightforward.

Conversely, we take py to be the isolated singular point which deforms to a singularity of

E‘g class. As it has corank at least 2, the equation of Y can be written as
roq1 (w1, 23) + w1ga(w1, - Ta) + (22, 3, 24) = 0.

Then the quadric ¢1 (21, 2, 2:3) is of the form I(z1, 22, x3)2 for some linear polynomial [ because
po is singular of corank at least 2.

After we make a coordinate change preserving @) and pg, the defining equation of Y has two
possibilities:
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1. 2023 + 21q(x1, T2, 3, 24) + (T2, 3, 24) = 0,
2. x0x§ +r19(21, 72, 23, 4) + (22, 73, 74) = 0.

The projective tangent cone at P(CT),, (X)) is a double plane
2P::z:4:a:§=() or a:4=a:§=().

The line L contained in the restriction of 2P to X has to be defined by xo = 23 = z4 = 0. It
follows that the first case can not happen since P N X contains L with multiplicity at least 3.

In the second case, the multiplicity condition further implies that the quadric g(x1, x2, 3, x4)
does not have 2, x115, 23 terms. To see that there is no x1x3 term, note that the affine local
equation (y; = ;”O) near po can be written as

y3 + byiys + v1y39(y1, v2, y3) + niys Ly, v2) + ayiyays + c(y2, y3) = 0,

where a,b € C, g, ¢ are polynomials with deg(c) > 3. Since py deforms to Es, we know that a
has to be 0.

Theorem 3.2 A complete intersection X = QNY is unstable if and only if X satisfies one
of the following conditions:

(i") X s singular along a line L satisfying the condition: There exists a plane P such that
P(CT, (X)) = 2P for any point p € L;

(it") there exists a plane P whose restriction to X is a line L with multiplicity 6 and X has
a corank 3 singularity p on L. Moreover, the projective tangent cone P(CT,(X)) at p is the

union of the plane P and a quadric surface and they meet at L with multiplicity two.

Proof We check the complete intersections of type (U1)—(U2) case by case.
(i) To simplify the proof, we choose another monomial basis of V' as below:

4
B = {xS“---x? |Zai:3, aggl}. (3.9)
Then the polynomial of type (U1) has the form

20qo (3, 24) + 21q1 (23, 24) + 22q2(23, 24) + (23, 24) = 0. (3.10)

At this time, X is singular along the line L : zo = x3 = 24 = 0 and satisfies the condition
described in (1).
On the other hand, the line L on ) can be written as

L:$2=$3=$4=0

for a suitable change of coordinates preserving ). Then the equation of Y has the form

1

Zziqz'(b,%,m) + w2q2(w3, 24) + c(x3,74) = 0,
i=0

where ¢; does not contain z3 term.
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Moreover, for any point p = [z, 21,0,0,0] € L, the projective tangent cone P(CT,(X)) is
given by

2023 + 2104 = 2040 (T2, T3, T4) + 21q1 (T2, 23, 24) = 0.

They have a common plane P with multiplicity 2 if and only if P is defined by x3 = 24 = 0
and ¢; (w2, x3,24) does not contain the xsx3, xoxy terms.
(ii") When Y has the equation

24q1 (1, 24) + 3q2(29, 23) + A123 = 0,

one observe that X contains the line L : x5 = 3 = x4 = 0 which is contained in the plane
P :=ux3 =24 = 0. It is easy to see that P intersect with X is the line L with multiplicity 6.

Moreover, X is singular at pg = [1,0,0,0,0] and the projective cone at pg is given by
{z4 = 23q2(22, T3) + Az123 = 0},

which is the union of the plane X7 : z3 = x4 = 0 and the quadratic surface X5 : x4 =
q2(x2,x3) + Ar1xs = 0 satisfying the desired conditions. The proof of the converse is quite
similar as the previous cases and we omit the details here.

Corollary 3.1 A complete intersection X = QNY is semistable (resp. stable) if X has at

worst isolated singularities (resp. simple singularities).

Proof By Theorem 3.2, the singular locus of X is at least one dimensional if it is unstable.
Then X has to be semistable if it has at worst isolated singularities.

Next, from Theorem 3.1, we know that if X is not properly stable, then either X is singular
along a curve or it contains at least an isolated simple elliptic singularity. It follows that X

with simple singularities is stable.

Now it makes sense to talk about the moduli space Mg of complete intersections of a smooth
quadric and a cubic with simple singularities. Let Us be the open subset of P(V')® parameterizing
such complete intersections in P*. Then we have Mg = Us/SO(5)(C).

Theorem 3.3 There is an open immersion P : Mg — Fg via the period map and the
image of Ps in Fg is the complement of three NL-divisors DS |, DS | and DS ,. The Picard
group Picg(Fg) is spanned by {D§ |, 1 < d < 4}.

Proof For the first statement, one only need the fact that the complete intersections with
simple singularities correspond to degree 6 quasi-polarized K3 surfaces containing a (—2) curve.
Therefore, we obtain an open immersion Pg : Mg — Fg from Torelli theorem. By Lemma 2.2,
we know that the boundary divisors of the image P(Fs) is the union of D$ ;, D§ | and D§ ;.

Next, the moduli space Mg is isomorphic to the quotient Us/SO(5)(C). Observing that
Pic(Us) = Pic(P(V)) has rank one since the boundary of Us in P(V) has codimension at least
two, we claim that the dimension of Picg(Ms) is at most one. Denote by Pic(Us)sos)c) the
set of SO(5)(C)-linearized line bundles on Us. There is an injection

Pic(Us/SO(5)(C)) — Pic(Us) so(s)(c)
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by [11, Proposition 4.2] for the reductive group SO(5)(C). Our claim then follows from the fact
that the forgetful map Pic(Us)so(s)c) — Pic(Us) is an injection. Actually, one can easily see
that Picg(Mse) is spanned by the descent of the tautological line bundle Oy, (1) on Us to the
quotient Us/SO(5)(C), and we denote it by Oaq,(1).

Since the complement of Pg(Msg) in Fg is the union of three irreducible divisors and
dimg(Pic(Fs)) > 4, it follows that Picg(Fs) is spanned by NL-divisors {D§,,1 < d < 4}

by the dimension consideration.

Remark 3.1 There is another natural GIT construction of moduli space of complete in-
tersections in projective spaces, see [2, 14]. There exists a projective bundle 7 : PE —
P(HO(P?, Ops (2))) = P'* parameterizing all complete intersections of a quadric and a cubic

in P°. Then one can consider the GIT quotient
P(E)/ u,SL5(C)

for the line bundle H; = 7*Op1a(1) + tOpg(1). We want to point out that P(E)/ g, SL5(C)

is isomorphic to our GIT quotient P(V)/SO(5)(C) when ¢t < . This will be discussed in the

upcoming paper [8].
3.5 Minimal orbits

In this section, we give a description of the semistable boundary components of the GIT
compactification. It consists of strictly semistable points with minimal orbits. From Subsection
3.2, it suffices to discuss the points of type (a)—(y). As in [12], our approach is to use Luna’s

criterion.

Lemma 3.3 (Luna’s criterion (see [15])) Let G be a reductive group acting on an affine
variety V. If H is a reductive subgroup of G and x € V is stabilized by H, then the orbit G - x
is closed if and only if Cq(H) - x is closed.

To start with, we first observe that Type («), (8) and (y) have a common specialization,

which we denote by Type (£):

)\113; + Aoxrxox3 = 0.
Lemma 3.4 If X is of Type (), it is strictly semistable with closed orbits.

Proof The stabilizer of Type (£) contains a 1-PS:
H = {diag(t?,t,1,t71,t72) | t € C*}
of distinct weights. So the center
Cq(H) = {diag(aop, a1, 1,(11_1,@0_1)} C SO(Q)(C)

is a maximal torus. It acts on V¥ = (voz3, 2324, 112073, 23) C V. It is straightforward to
see any element of Type (£) is semistable with closed orbit in V# under the action. Then the

statement follows from Luna’s criterion.
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Proposition 3.1 Let X be a surface of Type (). Then it has two corank 3 singularities.
Moreover, we have

1. X is unstable if it is union of a quadric surface and a quadric cone with multiplicity two.

2. The orbit of X is not closed if X is singular along two lines. It degenerates to type ().

Otherwise, X is semistable with closed orbit.

Proof The stabilizer of Type («) contains a 1-PS:
Hy, = {diag(t,1,1,1,t7%) | t € C*}.

The center Cq(Hp) = SO(Q1)(C) x SO(Q2)(C), where Q1 = xor4 and Q2 = z123 + 23. The
group SO(Q1)(C) = SO(2;C) acts linearly on variable x¢, x4, while SO(Q2)(C) = SO(3)(C)

acts linearly on the variables x1, x5 and x3.
3
The action of Cg(Hy) on VI = (af'23?2*, 3" di, = 3) C V is equivalent to the ac-
k=1

tion of SO(Q2)(C) on the set of cubic polynomials in three variables a1, xo, 23 preserving the
quadratic form (2. By Luna’s criterion, we can reduce our problem to a simpler GIT question
VHL JSO(3)(C). Any 1-PS A : C* — SO(Q2)(C) of SO(Q2)(C) can be diagonalized in the form

A(t) = diag(t®,1,t7%). (3.11)

The weight of a monomial 2% 25223 with respect to (3.11) is a(d; — d3). Then our assertion

follows easily from the Hilbert-Mumford criterion.
The remaining cases can be shown in a similar way. Here we omit the proof.

Proposition 3.2 Let X be a surface of type (8). Then it is a union of a quadric surface
and a complete intersection of two quadrics. Moreover, we have

(i) X is unstable if X consists of two quadric cones and a quadric surface intersecting at a
line.

(i1) The orbit of X is not closed if its equation can be written as /\11:%+)\2x1x2x3+/\3x1x2x4
up to a coordinate transform preserving Q. It degenerates to type (&).

Otherwise, X is semistable with closed orbit.

Proposition 3.3 A general member X of type (v) has two simple elliptic singularities of
type E‘g. Moreover, we have

(i) X is unstable if X consists of three quadric cones.

(i) The orbit of X is not closed if its equation has the form \1a3 + \ox17223 + \3x5wy up
to a coordinate change preserving Q.

Otherwise, X is semistable with closed orbit.

4 Stable Singular Complete Intersection

In this section, we will discuss the stable loci of singular complete intersections of a smooth
quadric and a cubic hypersurface. As a result, we prove Theorem 1.2.
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4.1 Stable complete intersection with isolated singularity

Let X = Q@ NY be a complete intersection of the smooth quadric Q and a cubic threefold
Y. A first observation is in the following.

Proposition 4.1 If X = QNY has only isolated singularity, then X is stable if and only
if the non-ADE singularities can only be one of the following situations:

i) E, type,

ii) Eg type and its projective tangent cone P(CT,) meets X at a point, the general equation
of Y s of the form.
Up to a coordinate change, the general equation of Y for' Y N Q with an E; singularity is

(0) : mox3 + waq(w1, T2, 3, 4) + Taq(w1, 73, 74) = 0.
Similarly, the general equation of Y for' Y NQ with an Ex singularity of type ii) is
(€) : xoxs + mowsl(wy, w3, 24) + (21,23, 24) = 0,
where £ is linear and c is a cubic polynomial in x1,x3,x4.

Proof Suppose X has only at worst isolated singularities of type i) or ii). This means that
X does not have a corank 3 singularity or Ex singularity whose projective tangent cone meets
X along a line. By Theorem 3.1, we know that X is stable. Conversely, suppose X is stable
and it has a non-ADE isolated singularity at p = [1,0,0,0,0]. If p is not of type i) or ii), by
Theorem 3.1 (i), p has to be a Eg type singularity. Let us analysis the local equation of p. As in
the proof in Theorem 3.1, up to a change of coordinates preserving the quadric @, the defining
equation of Y has two possibilities:

1. woxd + 23(21, 22, 73, 74) + 21q(T2, 23, 74) + (T2, 23,74) = 0,

2. woxl + 230(w1, T2, T3, 24) + T1q(T2, T3, T4) + (T2, 23, 74) = 0.

In the first case, the affine local equation near p can be written as

x5 + Z fa(z1,z2,23) =0,
6>d>3
where f; is a homogenous polynomial of degree d. Note that there is no term z$z2, x> and
212}, 423 in the fourth and fifth jet. One can easily see that p can not be an Eg type singularity.
In the second case, we know that the projective tangent cone P(CT,(X)) meets X along
either a line L : 29 = 23 = x4 = 0 or the point p (with multiplicity). If the intersection is a line,
X can not be stable by the proof in Theorem 3.1. The only possibility is that the intersection

is a point. In this situation, the third jet contains the term x5 and the weights on variables

111

367 2)- The equation of Y is of the form

X1, T, x3 are (
x0x3 + Tow3l(21, T3, 24) + (71,73, 24) = 0,

where / is linear and c is a cubic in x1, x3, 4.
At the end, let us give the general equations for X with an F; singularity. Without loss
of generality, we assume the singularity is at p = [1,0,0,0,0]. As it is corank 2, the defining

equation of Y can be written as

T0x3 + T2q(T1, T2, T3, T4) + (1,23, 74) = 0
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or

x0z3 + 3¢ (21, T2, T3, 24) + ¢ (1, T2, 74) = 0.

The weights on (z1, z2, x3) are either (}, 3, 1) or (1, 1, 3). In either case, the direct computation
shows that all monomials in ¢(x1,x3,24) and ¢/ (21, 2, x4) must have x4 term. The assertions

follows.

From the proof, we can see that if X has only isolated singularities of Ex type, then X will
be stable if the projective tangent cone P(CT,(X)) of the singularity meets X at a point and
X is strictly semistable if P(CT,(X)) meets X along a line.

4.2 Stable loci of complete intersection with non-isolated singularity

Let us consider the non-normal case. With the notations as above, we denote by Sing(X)

the singular loci of X. Then we have the following theorem.

Theorem 4.1 Let X be a complete intersection of a smooth quadric Q and a cubic hyper-
surface Y with non-isolated singularities. Then one of the following holds:

i) Sing(X) contains a line. The general equations of such X are of the form
(Q) : woxs + 173 + 5 = w3q1 (0, T1, T2) + Taq2 (21, T2) + (0, 71, 72) =0,

where q1,qz are quadrics and c is a cubic.

ii) Sing(X) contains a conic. The general equations of such X are of the form
(1) : xowa + 2123 + T3 = T3l + 2o2sle + T3 = 0,

where £; are linear polynomials in xq,- - , 4.

iii) Sing(X) contains a twisted cubic. The general equations of X are of the form

To T1 T2
Q:|r1 xo m3| + xal(wo, 21,2, 24) =0,
ay a2 ag
(6‘) : ZTo T To
Y : X1 X9 I3
bixy boxy 4+ ar1xy + asxg b3ry + a1x2 + asxy + aszg

+ $4$0£(CL‘1, T, T3, 1’4) + :’Eif’ =0,

where a;,b; € C, 0 is a linear polynomial in xg,--- , x4 and £ represents a linear polynomial in
four variables.
iv) Sing(X) contains an elliptic curve of degree four. The general equations of such X are
of the form
(E) L x0Ty + 103+ 25 =Ly =0,

where £ is a linear polynomial and q is a quadric polynomial.
v) Sing(X) contains a rational normal curve of degree four. The general equations of such
X are of the form

6
(@) : xoxy + T173 — 202 = ZéiAi =0,
i—2
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where £; are linear polynomials in (4.6) and A; are quadric polynomials defined in (4.4).

Moreover, the general members of each type is stable.

Proof Let C C Sing(X) be an irreducible curve. If X = X; U X5 is reducible, then
deg(X;) = 2 or 4 as X; is contained in a smooth quadric threefold ). The only possibility is
X =QnNY with Y a union of a P? and a quadric threefold. This is exactly type (E)

If X is irreducible, taking a general hyperplane H, then H N X is an irreducible curve
singular along H N C. Note that the arithmetic genus of H is at most 4, H N C has at most 4
points. It follows that the degree of C is at most 4. Hence C' can be a line, a conic, a plane
cubic, a twisted cubic or a rational normal curve of degree 4. If C is a plane cubic, then C' is
contained in the intersection P? N @, which is a conic. This is clearly impossible. Let us now
describe their equations of X case by case.

i) Take the quadric threefold @ : zoz4 + x123 + x% = 0 and we can assume X is singular

along the line C': g = 21 = x5 = 0. The equation of Y is of the form
[ =301 + z3zals + 303 + w31 + T4G2 + ¢ =0, (4.1)

where ¢; are linear, ¢; are quadric and ¢ is a cubic polynomial in zy,z; and z2. Then the
Jacobian of X on the line C' given by

Ty I3 0 0 0

of of of

on Bxl Bxg
has rank one. The only possibility is that all £; = 0. This gives the equation ().

0 0

ii) Take the quadric as above and we assume that X is singular along a smooth conic
C : w9 = w4 = 1123 + 5 = 0. The equation of a cubic hypersurface Y containing C is of the

form
Toq1 + g + (2123 + 23)0(21, T2, 23) = 0 (4.2)

for some quadric polynomials ¢; and go. Similarly as i), one can compute that the equation of
Y is of type (7).

iii) Take @ as above. If C'is an elliptic curve of degree 4, the span of C' is a three dimension
linear subspace, denoted by H. Note that H N X can not be a curve as C'is contained in H N X
with multiplicity at least 2. This means H N X is a surface and thus X is reducible. Such X is

of type (8).
iv) If C' is a twisted cubic, the defining equations of C' can be written as

re =0, x123— x% =0, xixe—x023=0, 2x0T2— x% =0.

Then the equations of a complete intersection X containing C' can be written as

Lo T1 X2
Q:|lr1 x2 x3]+ a4l =0,
al ag as
o T1 X2

Y :|zr we @3]+ 2aq(zo, w1, 20, 23) + 220 =0
by by U3
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for some linear polynomials /;, ¢, ¢’ and a quadric polynomial ¢. If X is singular along C, then
via computing the Jacobian of (4.3) , we get the equation (6).
vi) Without loss of generality, we can assume that the curve C is defined by equations
Ay =wmis — a3, Ay =a132 — xow3, Az = a2 — 27, (4.4)
Ay =woxy — a3, A5 =a0w3— 2174, D¢ = 2123 — Toa, .
and @ is defined by the equation 2A; — Ag = 0. As Y contains C, we may assume that the
equation of Y is given by

> LA =0 (4.5)

2

for some linear polynomial /;. As X is singular along C, the Jacobian matrix of X along C is

T4 I3 —41‘2 X1 Zo
S CTAVEN I
Z 4 dxo Z ti Oxq
2 3

Then via a computation, one can get the linear functions ¢; are of the form

2 2 3
ly = Zaﬁi, ls = Z biz; + agxs, Lo = Z ¢z + (ba — a1)za,
i=0 i—1

i=0

3 = crxo + (CQ — bo)d?g + (Cg +ag — b1)$4, (4'6)

1
b = 2(61:1?0 + (CQ — 2b0)$1 + (03 — 2b; + 3a0)x2 + (2&1 — b2)$3 + a2:z:4).

There are nine parameters a;,b; for i« = 0,1,2 and ¢; for j = 1,2,3. We left the details to
readers.

Finally, the assertion of stability follows directly from Theorem 3.1.

Proof of Theorem 1.2 It basically follows from the combination of Propositions 3.1-
3.3, 4.1 and Theorem 4.1. The strata «a, 3,7 are strictly semistable, which are described in
Propositions 3.1, 3.2 and 3.3 respectively. The dimension of these components can be computed
via Luna’s slice theorem as below.

With the notations as in Propositions 3.1-3.3, we have

dim o = dimP(VH1) /SO(3)(C) = 6,
dim = dimP(VH#2) jC* = 2, (4.7)
dim v = dim(P(V3) jC* = 2,

where V2 = (23 212073, mom273, v17274) and Vs = (23, 217923, 022, 222,4) parameterizing

the equations of type () and (v) respectively. For stable components, we can also compute
the dimension as follows:

1. For (, note that the NL-divisor D?,O parametrizing X containing a line has dimension
18. The general member in D?,o is of the form (4.1). Thus one can see that ¢ has codimension
7in DY, and it follows dim ¢ = 11.
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2. Similarly, the general equations of elements in DS)O,DgO and DE)O are given in (4.2),
(4.3) and (4.5) respectively. Then one can directly see that 1 has codimension 7 in DS , while
0 has codimension 15 in D§ ; and ¢ has codimension 16 in DS .

3. Let us consider B consisting of the union of a P? and a complete intersection of two
quadrics meeting along a degree 4 curve in P3. The elements in E are parameterized by the prod-
uct of two projective spaces P(V;) x P(Va), where Vi = H%(Q,Og(1)) and Vo = H*(Q, 0g(2)).
Hence its dimension is

dimP(V) + dim P(V3) — dim SO(5)(C) = 7.

4. For 0, it can be viewed as the quotient space P(V)/Gy, where V is the vector space
spanned by monomials in the equation (§) and G is the subgroup of SO(5)(C) fixing the
singular point pg and the hyperplane x5 = 0. AsdimV = 17 and dim G; = 5, we get dim § = 11.

5. Similar as above, € is the quotient space P(V')/G2 with dim V' = 14 and dim G2 = 5. Tt
follows that dime = 8.

5 Complete Intersection of Three Quadrics in P®

Let W = H°(P5, Ops(2)) be the space of global sections of Ops(2). Since every complete
intersection X is determined by a net of quadrics @1, Q2, @3, the complete intersection of three
quadrics are parametrized by the Grassmannian Gr(3,W). The moduli space of complete
intersections can be constructed as the GIT quotient Gr(3,W)** J/SLg(C). In this situation,
the complete GIT strata is very complicated. For example, see [7] for the GIT stability of a net
of quadrics in P*. However, we are satisfied with the following result.

Theorem 5.1 Let X be a complete intersection of three quadrics in P°. If X has at worst

simple singularities, then X is GIT stable.

5.1 Set up
We first make some notations. Given a net of quadrics {Q1, Q2, Q3}, the Pliicker coordinates
of {Q1,Q2,Q3} in IP’(/\3 W) can be represented by
{xh Tjy N TipTjy N xi?,xjs}
for three distinct pairs (ig, ji)-
Let A : C* — SLg(C) be a normalized one-parameter subgroup, i.e., A(t) = diag(t®°, %, ... ¢%5)

5
satisfying ap > a; > -+ > a5 and > a; = 0. We denote by
i=0

wx(zx;) == a; + a;

the weight of the monomial ;z; with respect to A. The weight of a Pliicker coordinate z;, x;, A

3
T, xj, N\ T, x5, with respect to A is simply kz wx (24,25, )
=1



Moduli of Quasi-Polarized K3 of Degree 6 and 8 445

5.2 Numerical criterion for nets

By the Hilbert-Mumford numerical criterion, a net of quadrics {Q1, Q2, @3} is not properly
stable if and only if for a suitable choice of coordinates, there exists a normalized 1-PS X :
t — diag(t®,t*1 .-+ %) such that the weight of all Pliicker coordinates of {Q1, Q2, @3} with
respect to A is not positive. We say that {Q1, Q2, @3} is not properly stable with respect to A.

Given a normalized 1-PS X : C* — SLg(C), we can define two complete orders on quadratic
monomials:

1. “>7 :x(2)>x0x1 >--->x0x5>x%>x1x2>--->x4x5>x§.

2. “>0\ 7 raury >y xpay if either wy(ziz5) > wa(xpa) or wy(xix;) = wa(zpa;) for a given
normalized 1-PS X and z;z; > xpay.

Since the 1-PS X\ : C* — SL¢(C) is normalized, x;x; > zpa; implies max{i, j} > min{k, {}.

7

We denote by m; the leading term of @); with respect to the order “ >, 7 and we say that
a monomial z,x; ¢ Q; if the quadratic polynomial @; does not contain xyz; term. Moreover,

we can always set
mi >x\ Mg >\ M3, (5.1)

up to replacing @1, @2, Q3 with a linear combination of the three polynomials. Then the term
m1 A mo A mg appears in the Pliicker coordinates of Q1 A Q2 A @3 and has the largest weight
with respect to A. Hence the net {Q1,Q2, @3} is not properly stable with respect to A if and
only if wy(my A ma Amg) <O0.

Lemma 5.1 With the notation above, let X be the complete intersection Q1 N Q2 N Q3.
Then X has a singularity with multiplicity greater than two if one of the following conditions
does not hold:

(1) my > zowa;

(2) ma >x x125 if my = x%, and mo >\ Toxs otherwise;

(3) m3 >x 23 if my <\ zoxs.

Moreover, X is singular along a curve if one of the following conditions does not hold:

(1) mq >x 22 if mg <x x175; or my >y max{z1x3, 23} if ma <) T124;

(2') ma >\ 23 if mg <\ T275; Mo >y max{zix4, 23} if m1 < 23; and ma >\ max{razy, ¥3}
otherwise;

(3') m3 >, max{xsws,z3}.

Proof Let py be the point [1,0,0,0,0,0] in P°. For (1) and (2), if either m; <) woz4 or
ma <x woxs and my <, x3, the surface X contains the point py and two quadrics Q2, Q3 are
both singular at pg. It follows that multiplicity of pg is greater than 2.

If my = 2% and ma <) 125, then X is singular along the two points

{Qr=20=23=24=125=0}

with multiplicity greater than 2. Similarly, one can easily check our assertion for (3).
For (1), (2') and (3), we will only list the singular locus of X and leave the proof to readers:
e X is singular along the line L : xo = 3 = x4 = x5 = 0 if condition (1') is invalid.
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e X is either reducible or singular along L or C} : 23 = 24 = x5 = Q1 = 0 if condition (2')
is invalid.

e X is either reducible or singular along the curve Cs : x4 = x5 = Q1 = Q2 = 0 if condition
(3') is invalid.

As before, we need to know the maximal set M<o(\) of triples of distinct quadratic monomi-
als {q1, g2, q3}, whose sum of their weights with respect to A is non-positive. Instead of looking
at all maximal subsets, we are interested in the maximal subset M <o(A) which contains a triple
{m1, ma, ms} satisfying the conditions (1)—(3) and (1')—(3’) in Lemma 5.1. It is not difficult to
compute that there are four such maximal subset. See Table 3 below.

Table 3 Maximal set M<o())

Cases A= (g, ,as5) Maximal triples {¢1, g2, g3}

q1 qz q3
(N1) (2,1,0,0,—1,-2) ToT2, T7 ToTs5, T1T4, T3 ToTs5, T3
(N2) | (3,1,1,-1,-1,-3) ToT3, T ToTs5, T1T3 T125, 73
(N3) | (4,1,1,—-2,-2,-2) ToT3, T7 ToT3,T7 x5
(N4 | (5,3,1,—1,-3,=5) | zoza,x123,75 | Tox5,T124, TaT3 | T1T5, Tola, T3

The lemma below gives a geometric description of X of type (N1/)—(N4').
Lemma 5.2 Let X be a general element of type (N1')~(N4'). Then X has an isolated simple
elliptic singularity.

Proof Obviously, X is singular at po = [1,0,0,0,0,0]. Moreover, py is an isolated hyper-
surface singularity when X is general. To show that it is simple elliptic, let us compute the
analytic type of py case by case.

If X is a general element of type (N1’), then the equations of @Q); can be written as

Q1 : wox2 +q(r1,-- - ,25) =0,
Q2 : xoxs + 2124 + ¢ (w2, T3, T4, 25) = 0,

Qs : 22 + xsl(wg, 23,24, 25) =0

up to a linear change of the coordinates. Let us take the local coordinates near pg:

Ty
i = . 5.2
Vi= (5.2)

From the first two quadratic equations, one can get

Y2 = fl(y17y3ay4)7
Ys = y1ya + bys + 0'ys f1(y1, y2, ya) + f2(y1, Y3, ya)

for some formal power series f1 € C[ly1,¥s, ya]]>2, fo € Cl[y1,y3,va]]>2 and some constants
b,b’ € C. Therefore, the local equation of pg is

Y3 + a1ys + aoysyi + azysy; + agyd + (> higher order terms) = 0 (5.3)
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for some complex number «;. According to Subsection 3.1, the singularity pg is simple elliptic
of type Es.
If X is a general element of type (N2'), we write the equations as

Q1 : woxs +q(x1, - ,25) =0,
Q2 : Toxs5 + w123 + X214 = 0,

Q3 : ¢ (w3, 24, 75) + x5l(21,22) = 0.

Still, we take the affine coordinate (5.2) near py and then we have

ys = [(Y1,92,94),  ¥s = —y1.f(Y1,Y2,Y4) — Y2Ya

for some f € C[[y1,y2,ya]]>2. Thus the local equation around py is

ayi + g1, ya) + yag' (Y1, y2,y4) = 0, (5.4)

where g € Clly1,v2]]>4, ¢’ € Cl[y1,y2,y4]]>2 and « € C is a constant. Hence py is simple elliptic
of type E, by Subsection 3.1.

One can similarly prove that X has a simple elliptic singularity pg of type E; when it is
general of type (N3'), and of type Es when it is general of type (N4).

5.3 Image of the period map

Let Us C Gr(3,W) be the open subset consisting of all complete intersections with at
worst simple singularities. By Lemma 5.2, we know that Ug is contained in the stable locus
of Gr(3,W). This proves Theorem 5.1. Moreover, similarly as Theorem 3.3, we can get the
following result.

Theorem 5.2 Let Mg = Us )/ SLs(C) be the moduli space of the complete intersection of
three quadrics in P> with simplest simple singularities. Then

(i) the boundary of Mg in Mg has codimension > 2;

(i) there is an open immersion Ps : Mg — Fg as the extended period map and the comple-
ment of Pg(Msg) in Fg is the union of three NL-divisors DY, D3 | and D§ ;. The Picard group
Picg(Fg) is spanned by {D§ |, 1 < d < 4}.

Proof For (i), let A C Gr(3, W) be the discriminant divisor which parameterizes singular
complete intersections. Then A is SLg(C)-invariant and irreducible (see [9]). Consider the GIT
quotient A/ SLg(C). By Theorem 5.1, the general members in A is stable, so the boundary
Mg\ Ms lies in the boundary of AJ/SLg(C) as a proper closed subset. It follows that Mg\ Mg
has codimension two in Ms.

For (ii), this follows from the same arguments as in Theorem 3.3.

6 Arithmetic Compactification of Locally Hermitian Symmetric Vari-
eties

Baily and Borel compactify the arithmetic quotient I'sp\ID to a normal projective variety
bb
I'2/\D by adding finitely many modular curves and singletons, which correspond to the classes
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of Q-isotropic subspaces of AS, of dimensions 2 and 1. In [14], Looijgenga gives an arithmetic
compactification of the completment of hyperplane arrangements in I';p\ID in the spirit of
Satake-Baily-Borel theory. In our situation, the hyperplane arrangement which we are interested
in will be the union of three NL-divisors D¢21,£1 ford=1,2,3.

6.1 A review of Looijenga’s work

Let & be a collection of elements in A. The orthogonal complement of g € € and hgy in A
defines a hyperplane Hs C P(AS,). Set D Hs; = DN Hg to be the hyperplane arrangement and

define
=D - | D,
pee
to be the complement of all subdomains obtained from €. The quotient I'yo\D$ is the comple-
ment of Heenger divisors.

Looijenga constructed the compactification I‘;\B‘é from the strata of decomposition of
rational cones. It can also be viewed as the natural blowdown of certain minimal normal
blowup of the Baily-Borel compactification I" ze\Dbb. The structure of the birational map is
explicitly provided that how the hyperplanes Hpg intersect inside the period domain . To
make it precise, we fix our temporary notation as follows:

e PO(€): The collection of subspaces M C AF, which are intersection of the hyperplane

arrangements from €. Denote by
T 2 P(AS,) — P(M) — P(A,/M)

the natural projection. The projection also defines a natural subdomain my/Dg C DG (see [14,
Section 7]).

e I(&): The collection of the common intersection of I and hyperplane arrangements from
@ containing I, where I is a Q-isotropic subspace of AS,.

The compactification Fm‘é can be interpreted as below: We define

De =D ) ] WMD U [ =Dz, (6.1)

MePO(¢ Vel(e)

then the compactification I'yo\Dg is isomorphic to the quotient I‘Qg\]IA), and boundary thus
decomposes into finitely many strata. A consequent of this description is that if the r-th self
intersection of hyperplane arrangements (I'2\ Ug DHﬂ)(T) # (), then

dim (oo \DS — T \D3) > 7 + 1. (6.2)

When the codimesion of I‘gg\]D)% —Fg@\D% is greater than one, there is an explicit description
of I'¢\D§ in terms of the algebra of automorphic forms: Let L be natural automorphic line
bundle on D and IL° be the restriction of L. to D¢, then

T2/\DS 2 Proj P HO (DG, (1L°)=F)= (6.3)
keZ

by [14, Corollary 7.5].
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6.2 Application to moduli problem via GIT

Let us discuss the possible geometric interpretation of I‘mg. For many known geometric
examples, such as Enrique surface, K3 surfaces of degree 2 and cubic fourfolds, the natural GIT
compactification is precisely Looijenga’s compactification (see [13-14]). So it is interesting to
investigate the relations between the compactifiations from GIT and arithmetic for K3 surfaces.
For K3 surface with Mukai models, Laza has first found that the two compactifications do not
necessarily coincide. This fails for quartic surfaces in P3. We can show that this actually
happens quite often.

In our case, let €y be the collection of elements 3 € A satisfying 32 = 0 and 3-hg = 1,2 or
3. Then Fgg\]D‘éu is the completement of three NL-diviosrs Dgfl for d = 1,2,3. The following

lemma gives a rough description of the dimension of the boundary strata of I'z,\Dg_ .

Lemma 6.1 When 2¢ =6 and 8, the boundary of qu — FQ[\D%2E has codimension 1.

Proof To understand the dimension of boundary, it suffices to consider the intersection of
hyperplane arrangements from €5,. Let M be an even lattice of signature (1,17) spanned by
hoe and elements ej, eq,- - , ey satisfying that e? = 0,eje; = 1 and hoee; = 3 for i # j. It is
easy to check that this lattice has signature (1,17) and thus can be embedded into A. Then the
lattice M can represent the intersection of 17 hyperplane arrangements from €5,. This proves
the assertion by (6.2).

Corollary 6.1 For 20 = 6 and 8, the GIT quoitent Moy is not isomorphic to Looijenga’s

compactification.

Proof Since Mgy is isomorphic to Fg@\D%zl, this is obtained by comparing the dimension
of the boundary of Mgy — Ma, and T'a\Dg,, — [2/\D,.

In general, we believe that natural GIT compactifications of K3 surfaces with Mukai models
constructed in [9] will not be the same as Looijenga’s compactification. This can be achieved
by a similar method.

Another interesting problem is to study the birational maps between sze and Moy.
In a sequel to this paper, the authors together with Greer and Laza will study the birational
geometry of Fg via the variation of GIT and Looijenga’s arithmetic approach.

Acknowledgement We are grateful to O’Grady and Laza for many useful comments.
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