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Outline

@ Proximal gradient method

@ Accelerated gradient method

@ Alternating direction methods of Multipliers (ADMM)
@ Linearized Alternating direction methods of Multipliers
@ Greedy methods

@ Algorithm unrolling

2/46



¢,-regularized least square problem

Consider |
min ¢ (x) := pljxll + 5 [|Ax — bI3

Approaches:
@ Interior point method: 11_Is
@ Spectral gradient method: GPSR
@ Fixed-point continuation method: FPC
@ Active set method: FPC_AS
@ Alternating direction augmented Lagrangian method
@ Nesterov’s optimal first-order method
@ many others
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Subgradient
recall basic inequality for convex differentiable f:
FO) = Fx) + V)T = ).
g is a subgradient of a convex function f at x € domf if
fO) = f(x) +g" (v —x),Vy € domy.
J)

Flan) + gl (@ —a0) | .
| f(@) + gf (2 — )

[ @) + gl — )

I To

g2, g3 are subgradients at x,, g, is a subgradient at x;.
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Optimality conditions — unconstrained
x* minimizes f(x) if and only

0 € 9f(x*)

Proof: by definition

Fy) = f(x") —1—0T(y —x")forally <= 0¢€df(x").
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Optimality conditions — constrained

min  fp(x)
st filx) <0,i=1,.

From Lagrange duality: if strong duality holds, then x*, \* are
primal, dual optimal if and only if

@ x* is primal feasible
@\ >0
@ complementary: \fi(x*) =0fori=1,...,m

@ x* is a minimizer of min £(x, \*) = fo(x) + >_; Affi(x), i.e

0 € 0uL(x, \*) = Ofp(x") + ZA*af,
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Proximal Gradient Method

Let f(x) = 1||Ax — b||3. The gradient Vf(x) = AT (Ax — b). Consider
min ¢, (x) = pllxl]s + /().
@ First-order approximation + proximal term:

. 1
A= argmin plxll + (VFO)) T (r =) + -l — 413
x€Rn 2T
) 1
= argmin pl|x[i + 5= x — (F =7V ()13
xR 2T
= shrink(x* — 7V ("), ur)
@ gradient step: bring in candidates for nonzero components
@ shrinkage step: eliminate some of them by “soft” thresholding
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Shrinkage (soft thresholding)

. . 1
shrink(y,v) : = argmin v|x|; + =[x — |3
xeR 2

= sgn(y) max(|y| — v,0)
{y —wsgn(y), if|y|>v

0, ntharwica
@ Chambolle, Devore, Lee and Lucier } shrink(y, V)

@ Figueirdo, Nowak and Wright

@ Elad, Matalon and Zibulevsky

@ Hales, Yin and Zhang 2 5 z -
@ Darbon, Osher

@ Many others

8/46



Proximal gradient method For General Problems

Consider the model
min F(x) := f(x) + h(x)

@ f(x) is convex, differentiable
@ h(x) is convex but may be nondifferentiable

General scheme: linearize f(x) and add a proximal term:

1
1 . INT (v kY L kg2
X = argmin A(x) + (V) (v —x0) + ol =2

B : ok kyy (12
arg min Th(x) + > [x = (" = 7VF(x)]]3
= prox,,(x** — 7VF(x"))

Proximal Operator

, I
prox; () = argmin A(x) + 5 [x = y|3.
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Convergence of proximal gradient method

to minimize f + h, choose x° and repeat
& =prox,, (=), k=1

assumptions

@ f convex with dom g = R"; Vf Lipschitz continuous with constant
L:

IVf(x) = VG2 < Lix —yl2 Vx,y
@ his closed and convex (so that prox,, is well defined)

@ optimal value F* is finite and attained at x* (not necessarily
unique)

convergence result: 1/k rate convergence with fixed step size
fth =1/L
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Gradient map

1
Gi(x) = ;(X — prox,,(x — tVf(x)))
G,(x) is the negative ‘step’ in the proximal gradient update

xt = prox,, (x — tVFf(x))
= x — 1Gy(x)
@ G;(x) is not a gradient or subgradient of F = g+ h
@ from subgradient definition of prox-operator
G(x) € Of (x) + Oh(x — 1tG,(x))
@ G,(x) = 0if and only if x minimizes F(x) = f(x) + h(x)
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Consequences of Lipschitz assumption

recall upper bound (lecture on "gradient method") for convex f with
Lipschitz continuous gradient

F0) <70+ V@0 =) + 5y -5l vy
@ substitute y = x — 1G(x):

2
flx —1Gy(x)) < f(x) = 1Vf(x) T Gi(x) + %lth(X)H%

e if0<t<1/L,then

Flr=1G(x) 1) = 1Y) TG + S IG@IE ()
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A global inequality

if the inequality (1) holds, then for all z,
t
F(x = 1Gy(x)) < F(x) + Gi(x) " (x — 2) — EHGz(x)Hﬁ )

proof: (define v = Gy(x) — Vf(x))

F(x = 1G,(%) < () ~ 9/ () Gy() + 2| Gi(x)[B + h(x — 1G(x))
< £@) + VW) (= 2) = 91 () T Gow) + 21Gi()1

h(z) +v' (x — z — 1G;(x))

£@)+ () + Gilx) (= 2) = S 1Gi()]3

—+

line 2 follows from convexity of f and h, and v € Oh(x — tG,(x))
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Progress in one iteration

xt =x — 1G,(x)

@ inequality (2) with z = x shows the algorithm is a descent
method:

F(+) < F(x) = 21G,@)3

@ inequality (2) with z = x*

F(xb) = F* < Gyx) (x —x") — %I!Gt(X)H%

1 ,
=, (=B~ r =2 =G )
1 *

= = (=" = " —'[3)

hence, ||xT — x*||3 < ||x — x*||3, i.e., distance to optimal set
2 2

decreases)
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Analysis for fixed step size

add inequalities (3) forx = x~!,xt =xt =1, =1/L

]
|
=

|

g
IN
2| —
M)~

. .
(W= =23 = [ = 2"[13)

i=1 i=1
1
iy (%% =213 = ¥ = 2*113)
1 0
< — _x))2
< 21—

since f(x) is nonincreasing,
4 1
F(x Z = %HXO—X*H%

conclusion: reaches F(x*) — F* < ¢ after O(1/e) iterations

= \
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Outline: Accelerated Gradient Method

@ Amir Beck and Marc Teboulle, A fast iterative shrinkage thresholding
algorithm for linear inverse problems

@ Paul Tseng, On accelerated proximal gradient methods for
convex-concave optimization

@ Paul Tseng, Approximation accuracy, gradient methods and error
bound for structured convex optimization
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FISTA: Accelerated proximal gradient

Consider the model
min F(x) := f(x) + h(x).
Givent = 1/L,y' = xo and 4! = 1, compute:

X = prox, (¥ — VF(y"))

1+ 4/1+42

Y+l = 2
-1

P = b Tk ke
Vi+-1

Complexity results:

2L — x*||3
— (k+1)?
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APG Variant 1

Acclerated proximal gradient (APG):
Setx ! =x% and 0_1 =6y =1:

o= Aol - DX

= prox, (0" — 1V ("))
\/ O + 407 — 02
Or1 = 5
Question: what is the difference between 6, and ~;? Show 6; <
for all k.
Complexity:

4L
(k+1)2

F(x) — F(x*) <

" = 20113

2
k—+2
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APG Variant 2

Another version of APG:

yk = (1 — ek)xk—FGka

2= prox, (& = tVF ("))
xk+1 = (l — Qk)xk —|-9ka+1

0 1402 — 62
Orr1 = >

y* is a convex combination of x* and ZX,
1 is a convex combination of x* and ZF+!.

Complexity:

F() = F(x) < —F

= (k+ 1>2||X* _ZO”%
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Outline: ADMM

@ Alternating direction augmented Lagrangian methods

@ Variable splitting method

@ Convergence for problems with two blocks of variables
References:

@ Wotao Yin, Stanley Osher, Donald Goldfarb, Jerome Darbon,
Bregman lterative Algorithms for I1-Minimization with
Applications to Compressed Sensing

@ Junfeng Yang, Yin Zhang, Alternating direction algorithms for
I1-problems in Compressed Sensing

@ Tom Goldstein, Stanely Osher, The Split Bregman Method for
L1-Regularized Problems

@ B.S. He, H. Yang, S.L. Wang, Alternating Direction Method with

Self-Adaptive Penalty Parameters for Monotone Variational
Inequalities
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Basis pursuit problem

Primal: min  ||x||;, st Ax=0b
Dual: max b'A, St AT Ao <1

The dual problem is equivalent to

max b' )\, st ATA=s, [|s]|le < 1.
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Augmented Lagrangian (Bregman) framework

Augmented Lagrangian function:

1
L, 5,x) = b A +x"(ATA—s) + 2—\|ATA —s|?
)

Algorithmic framework

@ Compute X+ and s**! at k-th iteration
(DL)  minys L£(A,5,x5), st s]lee <1
@ Update the Lagrangian multiplier:

T ykt1_ k1
Al =k ATX =

Pros and Cons:
@ Pros: rich theory, well understood and a lot of algorithms

@ Cons: L£()\,s,xk) is not separable in \ and s, and the subproblem
(DL) is difficult to minimize
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An alternating direction minimization scheme

@ Divide variables into different blocks according to their roles

@ Minimize the augmented Lagrangian function with respect to one
block at a time while all other blocks are fixed

)\k—H — argm/\jn [,(A,sk’xk)
Sk+1 = argmin E()\k—l—l’ijk), s.t. HSHOO < 1
s
gt g AN oS
)%
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An alternating direction minimization scheme

Explicit solutions:

)\k—‘rl

sk+ 1

eS|

(AAT) ! (u(AX* - b) + AsY)
argmin [ls — AT N — 1)) st [|s]|ee < 1
P(AT N 4 )

AT)\k-H k1
N

"
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ADMM for BP-denoising

Primal:
min ||x||;, S.t. |[Ax = Dbl <o

which is equivalent to
min ||x||;, St. Ax—b+r=0, ||r|2 <o
Lagrangian function:

Lix,r,\) = x|l — )\T(Ax —b+r)+n(||r]2— o)
= |xli— A" x+xlr= A r+b"A =70
Hence, the dual problem is:
maxb' A — 7o, St A Ao <1, M2 <7

which is equivalent to

maxb' A — oAz, St AT Ao < 1
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ADMM for BP-denoising
The dual problem is equivalent to:
maxb' A —ollull2, St.ATA=5, [[s]lec < L,LA=u

Augmented Lagrangian function is:

1
L=—b"Mollull2+x"(ATA=s HAT)\ sl +m T (A—u) @H)\—”Hz
ADMM scheme:
1 1
A in —[[ATA =2+ (AxF — b+ 7N+ — ||\ = K2
arg min ZH” s°° + ( +7m) A+ 2HH l
1

. - argmin o||ull + (Wk)T()\k+1 —u)+ Z”)\H—l - M”Z’

u
ST = argmin s — ATNT — |7, st [Is]|o0 < 1

N

= Prg@ A 4 )
T k+1
DA xkﬁﬂ’ gkl — gk l(/\kﬂ _ uk+1)
0 I
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ADMM for ¢;-regularized problem

Primal: |
min pjx| + > [lAx - b}

which is equivalent to

1
min p|x||; + EHrH%, st.Ax—b=r.

Lagrangian function:

1
Lo, A) =l + S lrlE = AT (Ax = b — 1)

1
pllxlls = (ATA) T+ Slirllz + ArbA

Hence, the dual problem is:

1
maxhTA = SINP, st 4T Ao < g
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ADMM for ¢;-regularized problem

The dual problem is equivalent to
max b1\ — %||A||2, St ATA =5, [[sl|oe < 1
Augmented Lagrangian function is:
L\, 5,x):=—b "X+ %||A||2 +x"(ATA—5) + 21u||AT)\ — |2
ADMM scheme:

XA = (AAT )T (A — b) + ASY)
st = argmin |s — ATNT — |12 st |Is]lee <
= Plopul (ATNH 4 )

AT K+ _ gkt
S B
W
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YALL1

Derive ADMM for the following problems:

BP: mingecr  ||Wx|w,1, St Ax=0b
1
L1/L1: min,ecn HWXHWJ + ;HAX—le
. 1
L1/L2: mingecr || Wx||w,1 + %HAx — b3
BP+:  minyepn [|x[[w,1, St Ax=b, x>0

1
L1/L1+:  mingepe |3t + —[|Ax — b]l1, St.x>0
1%

1
L1/L2+: mingere  ||x|lw1 + ZHAX —b|3, st.x>0

v,p>0,A€C™" beC"x e C"for the first three and x € R” for the
last three, W € C"™" is an unitary matrix serving as a sparsifying
basis, and ||x||y.1 := > wilxil.
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Variable splitting

Given A € R™*", consider min f(x) + g(Ax), which is
min f(x) + g(y), st. Ax=y

Augmented Lagrangian function:
1
L(x,y,A) =f(x) +g(y) = AT (Ax - y) + @HAx -3

(P): Xthi=argmin L(x,y" \),
x€X

(Py): YTli=argmin LTy, N,
yey
Axkt! — yk—H

(P)\) . )\k—H = Ak - "
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Variable splitting

split Bregman (Goldstein and Osher) for anisotropic TV:
. 1
min af|Dull; + Bl ulli + 5 [|Au —f13
Introduce y = Du and w = WYu, obtain
. 1 2
min ol|y||1 + Bl|w|i + §||Au —fll3, st.y=Du, w= Yu

Augmented Lagrangian function:
1 1
£ o= alylli+Blwlh + 5 llAu —fl —p" (Du—y)+ ZHDM -3

T (Wu—w) + ﬁnw — |}
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Variable splitting

@ The variable u can be otained by
1 1
(ATA + ;(DTD + 1)) u=A'f+ ;(DTy + 0w +Dp4+ Ty

If A and D are diagonalizable by FFT, then the computational
cost is very cheap. For example, A = RF, both R and D are
circulant matrices.

@ Variables y and w:

y = S(Du—pp,ap)
woi= S(Vu—pg,ap)

@ apply a few iterations before updating the Lagrangian multipliers
pand g
Exercise: isotropic TV

. 1
min o|[Dull2 + B[ Cull + 5 ||Au —f113
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FTVd: Fast TV deconvolution

Wang-Yang-Yin-Zhang consider:
. 1
min Y || Duf2 + @HKM AE
Introducing w and quadratic penalty:
1
win 35 (Il + 5 i = D) + - a1

Alternating minimization:
@ For fixed u, {w;} can be solved by shrinkage at O(N)
@ For fixed {w;}, u can be solved by FFT at O(N log N)
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Outline: Linearized ADMM

@ Linearized Bregman and Bregmanized operator splitting
@ ADMM + proximal point method

@ Xiaoqun Zhang, Martin Burgerz, Stanley Osher, A unified
primal-dual algorithm framework based on Bregman iteration
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Review of Bregman method

Consider BP:
min ||x||;, st Ax=0b

Bregman method:
© DY () 1= [llly = [¥lly = (p*,x = %)
@ X! := argmin, uD’}k(x,xk) + 1||Ax — b3
@ phtl = pk ¢ iAT(bfok“)
Augmented Lagrangian (updating multiplier or b):
o Xt .= argmin, ullx| + [|Ax — b3
@ Yl =p+ (b — AXFTT)
They are equivalent, see Yin-Osher-Goldfarb-Darbon
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Linearized approaches

Linearized Bregman method:

1
£ = argmin ,uD?k(x,xk)Jr(AT(Axkfb))T(xka)Jr—26||xka||§,
1 1
k+1 k k+1 k T k
= p——= )= AT @A — b
p p ué(x x) p (Ax" —b),

which is equivalent to

, 1
A= argmin pllx]s + i v

VI = W AT (AT — b)
Bregmanized operator splitting:

1
AT = argmin plx|l + AT (A =) T (x = X) +

L k||2
26

[lx — x"|I2

bk+l — b+ (bk fokH)

Are they equivalent?
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Linearized approaches

Linearized Bregman method:

1
£ = argmin ung(x,xk) + (AT A = b)) T (x— ) + % [lx — x*(13,
1 1
k1 k K1k Tk
= P (T o - CAT @A — b
P P M(x x) p (Ax" —b),

which is equivalent to

= SO, o) A= S(6A B, 1)
or
V= —sAT (AT — b) P = b4 (b — AT

Bregmanized operator splitting:

= SO —sAT(AX — bY), 1o) = SBATH + 4 — AT AX, o)
karl _ b+ (bk _Axk+l)
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Linearized approaches

Linearized Bregman:

@ If the sequence x* converges and p* is bounded, then the limit of
x* is the unique solution of

min u|x[; + 35 Htz s.t. Ax =b.

@ For i large enough, the limit solution solves BP.
@ Exact regularization if § > §
What about Bregmanized operator splitting?
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Primal ADMM for ¢,-regularized problem
Primal: min p||x||; + 1 [[Ax — b||3 which is equivalent to
: |
min pllx||; + EHrHZ, st.Ax—b=r.
Augmented Lagrangian function:
1 1
L£0x,r,A) = pllall + 51713 - AT(Ax—b—r)+ 5Ax — b~ rll3

ADMM scheme:

1 -
£ = argmin pf|x|i + %HAxf b—r“—38X|3 original problem
1 1
AT = argmin S| + < AT — b — = 6X3
ro 2 26
AL )\k+Axk+l —b— /!

)
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Primal ADMM for ¢,-regularized problem
Primal: min p|x|; + 4[lAx — b3 which is equivalent to
: 1
min pllx||; + §Hr||2, st.Ax—b=r.
Augmented Lagrangian function:
1 1
£0x,7,2) =l + 5 117E = AT(Ax = b= r) + > JlAx — b — 7|3

ADMM scheme:

) 1
S arg min il + (€97 (o — o) + EHx—ka%
1 1
AT = argmin S 4 S 1A — b —r - X3
A kg A —p—
é

Convergence of the linearized scheme?
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Outline: Greedy Methods

@ Orthogonal matching pursuit

@ CoSaOMP
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Orthogonal Matching Pursuit, OMP
@ gf=AT (A1 —b)

@ x* = argmin {||Ax — b||, : supp(x) C Sk}. 4= RIETEAT AR
XRIP& . MALAG IR ERTHE . FH
Targmin, {|[Agixge — bl|2 : supp(x) C S*}. B X #
Axse = (ALAg) 'ALD

Algorithm 1 OMP J- 7% 1E &

1: N Aba e RS =0,k = 1, % KRR EKkpax.
2: while k < k.« doO

3 WHA=AK b,

4:  THHG =AT

5. HSH = S Uargmax; |gf).

6

7

8:

. 7HAX* = argmin, {||Ax — b||, : supp(x) C S}.
k< k+1.
end while
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CoSaOMP

@ gk = argmin{|jx — g : [|x]lo < 25} R gh892s-18

Algorithm 2 CoSaOMP A £ 1E &

1A AP eR, S =0,k =145k e
2: while Hrk|| <edo

3 TWHA=AK b,

4 THHEg =ATA

5 I HS* = supp(x*~1) U supp(gh,).

6:

7

8:

9:

1t H ¢ = argmin, {||Ax — b||> : supp(x) C S*}.
THAX = ¢
k<« k+1.

end while
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Outline: Algorithm Unrolling

@ A Brief Introduction to Algorithm Unrolling

@ Learned ISTA
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Algorithm Unrolling (AU)

AU consists of two steps
@ Pick a classic iteration and unroll it to an Neural Network (NN)
@ Select a set of NN parameters to learn

LASSO example: assume b = Ax'""® + noise; recover x''® by

1
xlasso minimizeiHAx — bl5 + Alxl;
X

lterative soft-thresholding algorithm (ISTA):
= Ma (xk —aAT (Axk — b))
@ convergence requires a proper stepsize « or line search

e the gradient-descent step reduces 1||Ax — b||?
@ the soft-thresholding step 7. (-) reduces A||x||;
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Unrolled ISTA

@ Introduce scalar # = A\a and matrices W; = aA” and
Wy =1—aATA
@ Rewrite ISTA as
ka ="My (W]b + szk)
@ Unrolling: introduce 6%, W&, W, k = 0, 1,. .., as free parameters
and re-define
T =g (Wfb + Wlka)

which resembles a DNN:

b

NG E
$ a
L e K

Layer K

@ Once 0%, Wk, Wk are chosen, the algorithm is defined
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Train the Unrolled ISTA

@ Obijective: Find 6X, W&, W4 for k = 0,1, .., such that the
algorithm converges quickly for LASSO instances with the same
matrix A.

@ Setup and Training:
e Fix a random matrix A, generate sparse vectors x!'*® with varying
supports, and compute b; = Ax!""® + noise;. Form the training set
D = {(x}", b;)}.
e Fix a small K > 0, and train the parameters {6*, W, W5}&_ using
SGD to minimize:
minimize Z ||xK(b) —x*|

K

2

)

{ox,wk,wi} :
PP S =g (x*,b)ED

where xX(b) is the K-layer output of the neural network.
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Performance of the Learned ISTA (LISTA)

After the NN is trained with K = 16, the test performance is pretty
good:

—— ISTA(A=0.1)  -©—ISTA (A =0.025)
—— ISTA (1 =0.05) —*— LISTA

-10

-20

NMSE (dB)

o—60—60—0—06—0

-30

40 T T T T T T T 1
0 100 200 300 400 500 600 700 800
Tterations / Layers (k)

Figure: The trained unrolled ISTA is called Learned ISTA (LISTA)

LISTA is better than ISTA at any A\ and using a theoretical stepsize
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