
Introduction to Dynamic Programming

http://bicmr.pku.edu.cn/~wenzw/bigdata2018.html

Acknowledgement: this slides is based on Prof. Mengdi Wang’s and Prof. Dimitri
Bertsekas’ lecture notes

1/79

http://bicmr.pku.edu.cn/~wenzw/bigdata2018.html 


2/79

Goals: reinforcement learning

We aim to introduce
the language and notation used to discuss the subject,

a high-level explanation of what RL algorithms do (although we
mostly avoid the question of how they do it),

and a little bit of the core math that underlies the algorithms.

In a nutshell, RL is the study of agents and how they learn by trial and
error. It formalizes the idea that rewarding or punishing an agent for
its behavior makes it more likely to repeat or forego that behavior in
the future.
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What Can RL Do?

RL methods have recently enjoyed a wide variety of successes. For
example, it’s been used to teach computers to control robots in
simulation
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What Can RL Do?

It’s also famously been used to create breakthrough AIs for
sophisticated strategy games, most notably ‘Go‘ and ‘Dota‘, taught
computers to ‘play Atari games‘ from raw pixels, and trained
simulated robots ‘to follow human instructions‘.

Go: https://deepmind.com/research/alphago

Dota: https://blog.openai.com/openai-five

play Atari games: https://deepmind.com/research/dqn/

to follow human instructions: https://blog.openai.com/
deep-reinforcement-learning-from-human-preferences

https://deepmind.com/research/alphago
https://blog.openai.com/openai-five
https://deepmind.com/research/dqn/
https://blog.openai.com/deep-reinforcement-learning-from-human-preferences
https://blog.openai.com/deep-reinforcement-learning-from-human-preferences


5/79

Main characters of RL: agent and environment

environment: the world that the agent lives in and interacts with.
At every step of interaction, the agent sees a (possibly partial)
observation of the state of the world, and then decides on an
action to take. The environment changes when the agent acts on
it, but may also change on its own.

agent: perceives a reward signal from the environment, a
number that tells it how good or bad the current world state is.
The goal of the agent is to maximize its cumulative reward,
called return. Reinforcement learning methods are ways that the
agent can learn behaviors to achieve its goal.
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Key characteristics

Let’s look at a few things that make reinforcement learning different
from other paradigms of optimization, and other machine learning
methods like supervised learning.

Lack of a "supervisor": One of the main characteristic of RL is
that there is no supervisor no labels telling us the best action to
take, only reward signals to enforce some actions more than
others. For example, for a robot trying to walk, there is no
supervisor telling the robot if the actions it took were a good way
to walk, but it does get some signals if form of the effect of its
actions - moving forward or falling down which it can use to guide
its behavior.
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Key characteristics

Delayed feedback: Other major distinction is that the feedback is
often delayed: the effect of an action may not be entirely visible
instantaneously, but it may severely affect the reward signal
many steps later. In the robot example, an aggressive leg
movement may look good right now as it may seem to make the
robot go quickly towards the target, but a sequence of limb
movements later you may realize that aggressive movement
made the robot fall. This makes it difficult to attribute credit and
reinforce a good move whose effect may be seen only many
steps and many moves later. This is also referred to as the
"credit assignment problem".
Sequential decisions: Time really matters in RL, the
sequence in which you make your decisions (moves) will
decide the path you take and hence the final outcome.
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Key characteristics

Actions effect observations: And, finally you can see from these
examples that the observations or feedback that an agent makes
during the course of learning are not really independent, in fact
they are a function of the agents’ own actions, which the agent
may decide based on its past observations. This is very unlike
other paradigms like supervised learning, where the training
examples are often assumed to be independent of each other, or
at least independent of learning agents’ actions.

These are some key characteristics of reinforcement learning which
differentiate it from the other branches of learning, and also make it a
powerful model of learning for a variety of application domains.
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Examples

Automated vehicle control: Imagine trying to fly an unmanned
helicopter, learning to perform stunts with it. Again, no one will
tell you if a particular way of moving the helicopter was good or
not, you may get signals in form of how the helicopter is looking
in the air, that it is not crashing, and in the end you might get a
reward for example a high reward for a good stunt, negative
reward for crashing. Using these signals and reward, a
reinforcement learning agent would learn a sequence of
maneuvers just by trial and error.
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Examples

Learning to play games: Some of the most famous successes of
reinforcement learning have been in playing games. You might
have heard about Gerald Tesauro’s reinforcement learning agent
defeating world Backgammon Champion, or Deepmind’s Alpha
Go defeating the world’s best Go player Lee Sedol, using
reinforcement learning. A team at Google Deepmind built an RL
system that can learn to play suite of Atari games from scratch
by just by playing the game again and again, trying out different
strategies and learning from their own mistakes and successes.
This RL agent uses just the pixels of game screen as state and
score increase as reward, and is not even aware of the rules of
the game to begin with!
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Examples

Medical treatment planning: A slightly different but important
application is in medical treatment planning, here the problem is
to learn a sequence of treatments for a patient based on the
reactions to the past treatments, and current state of the patient.
Again, while you observe reward signals in the form of the
immediate effect of a treatment on patients’ condition, the final
reward is whether the patient could be cured or note, and that
can be only observed in the end. The trials are very expensive in
this case, and need to be carefully performed to achieve most
efficient learning possible.
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Examples

Chatbots: Another popular application is chatbots: you might
have heard of Microsoft’s chatbots Tay and Zo, or intelligent
personal assistants like Siri, Google Now, Cortana, and Alexa.
All these agents try to make a conversation with a human user.
What are conversations? They are essentially a sequence of
sentences exchanged between two people. Again, a bot trying to
make a conversation may receive encouraging signals
periodically if it is making a good conversation or negative
signals some times in the form of human user leaving the
conversation or getting annoyed. A reinforcement learning agent
can use these feedback signals to learn how to make good
conversations just by trial and error, and after many
conversations, you may have a chatbot which has learned the
right thing to say at the right moment!
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Outline

1 Online Learning and Regret

2 Dynamic Programming

3 Finite-Horizon DP: Theory and Algorithms

4 Experiment: Option Pricing
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Multi-Arm Bandits - Simplest Online Learning Model

Suppose you are faced with N slot machines. Each bandit distributes
a random prize. Some bandits are very generous, others not so
much. Of course, you don’t know what these expectations are. By
only choosing one bandit per round, our task is devise a strategy to
maximize our winnings.
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Multi-Arm Bandits

The Problem: Let there be K bandits, each giving a random prize with
expectations

E[Xb] ∈ [0, 1], b ∈ 1, . . . ,K.

If you pull bandit b, you get an independent sample of Xb.

We want to solve the one-shot optimization problem:

max
b∈1,...,K

E[Xb],

but we can experiment repeatedly.

Our task can be phrased as “find the best bandit, and as quickly
as possible.”

We use trial-and-error to gain knowledge on the expected values.
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A Naive Strategy

For each round, we are given current estimated means X̂b,
b ∈ 1, . . . ,K

1 With probability 1− εk, select the currently known-to-best bandit

bk = arg max X̂b.

2 With probability εk, select a random bandit (according to the
uniform distribution) to pull

3 Observe the result of pulling bandit bk, and update X̂bk as the
new sample average. Return to 1.

Exploration vs. Exploitation
The random selection with probability εk guarantees exploration
The selection of current best with probability 1− εk guarantees
exploition
Say εk = 1/k, the algorithm increasingly exploits the existing
knowledge and is guaranteed to find the true optimal bandit.
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Bayesian Bandit Strategy

For each round, we are given the current posterior distributions of all
bandits’ mean returns.

Sample a random variable Xb from the prior of bandit b, for all
b = 1, . . . ,K

Select the bandit with largest sample, i.e. select bandit

b = arg max Xb.

Observe the result of pulling bandit b, and update your prior on
bandit b. Return to 1.
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How bandits related to real-time decision making?

Each bandit is a possible configuration of the policy parameters.
Bandit strategy is online parameter tuning.
Evaluation of goodness:

Regret = T max
b=1,...,K

E[Xb]−
T∑

t=1

E[Xbt ]

Regret of a reasonable learning strategy is usually between log T and√
T
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Learning in Sequential Decision Making

Traditionally, sequential making problems are modeled by
dynamic programming.

In one-shot optimization, finding the best arm by trial-and-error is
known as online learning.

Let’s combine these two:

DP + Online Learning = Reinforcement Learning
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Outline

1 Online Learning and Regret

2 Dynamic Programming

3 Finite-Horizon DP: Theory and Algorithms

4 Experiment: Option Pricing
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Approximate Dynamic Programming (ADP)

Large-scale DP based on approximations and in part on
simulation.
This has been a research area of great interest for the last 25
years known under various names (e.g., reinforcement learning,
neuro-dynamic programming)
Emerged through an enormously fruitful cross-fertilization of
ideas from artificial intelligence and optimization/control theory
Deals with control of dynamic systems under uncertainty, but
applies more broadly (e.g., discrete deterministic optimization)
A vast range of applications in control theory, operations
research, finance, robotics, computer games, and beyond (e.g.,
AlphaGo) ...
The subject is broad with rich variety of theory/math, algorithms,
and applications. Our focus will be mostly on algorithms ... less
on theory and modeling
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Dynamic Programming

Basically, we want to solve a big problem that is hard

We can first solve a few smaller but similar problems, if those can
be solved, then the solution to the big problem will be easy to get

To solve each of those smaller problems, we use the same idea,
we first solve a few even smaller problems.

Continue doing it, we will eventually encounter a problem we
know how to solve

Dynamic programming has the same feature, the difference is that at
each step, there might be some optimization involved.
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Shortest Path Problem

You have a graph, you want to find the shortest path from s to t

Here we use dij to denote the distance between node i and node j
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DP formulation for the shortest path problem

Let Vi denote the shortest distance between i to t.
Eventually, we want to compute Vs

It is hard to directly compute Vi in general

However, we can just look one step

We know if the first step is to move from i to j, the shortest distance
we can get must be dij + Vj.

To minimize the total distance, we want to choose j to minimize
dij + Vj

To write into a math formula, we get

Vi = min
j
{dij + Vj}
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DP for shortest path problem

We call this the recursion formula

Vi = min
j
{dij + Vj} for all i

We also know if we are already at our destination, then the distance
is 0. i.e.,

Vt = 0

The above two equations are the DP formulation for this problem
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Solve the DP

Given the formula, how to solve the DP?

Vi = min
j
{dij + Vj} for all i, Vt = 0

We use backward induction.
From the last node (which we know the value), we solve the
values of V ′s backwardly.
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Example

We have Vt = 0. Then we have

Vf = min
(f ,j) is a path

{dfj + Vj}

Here, we only have one path, thus Vf = 5 + Vt = 5

Similarly, Vg = 2
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Example Continued 1

We have Vt = 0,Vf = 5 and Vg = 2

Now consider c, d, e. For c and e there is only one path

Vc = dcf + Vf = 7, Ve = deg + Vg = 5

For d, we have

Vg = min
(d,j) is a path

{ddj + Vj} = min{ddf + Vf , ddg + Vg} = 10

The optimal way to choose at d is go to g
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Example Continued 2

We got Vc = 7,Vd = 10 and Ve = 5. Now we compute Va and Vb

Va = min{dac + Vc, dad + Vd} = min{3 + 7, 1 + 10} = 10

Vb = min{dbd + Vd, dbe + Ve} = min{1 + 10, 2 + 5} = 7

and the optimal path to go at a is to choose c, and the optimal
path to go at b is to choose e.
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Example Continued 3

Finally, we have

Vs = min{dsa + Va, dsb + Vb} = min{1 + 10, 9 + 7} = 11

and the optimal path to go at s is to choose a

Therefore, we found the optimal path is 11, and by connecting
the optimal path, we get

s→ a→ c→ f → t
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Summary of the example

In the example, we saw that we have those Vi’s, indicating the
shortest length to go from i to t.

We call this V the value function

We also have those nodes s, a, b, . . . , g, t

We call them the states of the problem

The value function is a function of the state

And the recursion formula

Vi = min
j
{dij + Vj} for all i

connects the value function at different states. It is known as the
Bellman equation
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Dynamic Programming Framework

The above is the general framework of dynamic programming
problems.

To formulate a problem into a DP problem, the first step is to define
the states

The state variables should be in some order (usually either time
order or geographical order)
In the shortest path example, the state is simply each node

We call the set of all the state the state space. In this example, the
state space is all the nodes.

Defining the appropriate state space is the most important step in DP.

Definition
A state is a collection of variables that summarize all the (historical)
information that is useful for (future) decisions. Conditioned on the
state, the problem becomes Markov (i.e., memoryless).
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DP: Actions

There will be an action set at each state
At state x, we denote the set by A(x)

For each action a ∈ A(x), there is an immediate cost r(x; a)

If one exerts action a, the system will go to some next state s(x; a)

In the shortest path problem, the action at each state is the path
it can take. There is a distance for each path which is the
immediate cost. And after you take a certain path, the system
will be at the next node
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DP: Value Functions

There is a value function V(·) at each state. The value function
denotes that if you choose the optimal action from this state and
onward, what is the optimal value.

In the shortest path example, the value function is the shortest
distance between the current state to the destination

Then a recursion formula can be written to link the value functions:

V(x) = min
a∈A(x)

{r(x, a) + V(s(x, a))}

In order to be able to solve the DP, one has to know some terminal
values (boundary values) of this V function

In the shortest path example, we know Vt = 0

The recursion for value functions is known as the Bellman
equation.
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Some more general framework

The above framework is to minimize the total cost. In some cases,
one wants to maximize the total profit. Then the r(x, a) can be viewed
as the immediate reward.

The DP in those cases can be written as

V(x) = min
a∈A(x)

{r(x, a) + V(s(x, a))}

with some boundary conditions
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Stochastic DP

In some cases, when you choose action a at x, the next state is not
certain (e.g., you decide a price, but the demand is random).

There will be p(x, y, a) probability you move from x to y if you
choose action a ∈ A(x)

Then the recursion formula becomes:

V(x) = min
a∈A(x)

{r(x, a) +
∑

y

p(x, y, a)V(y)}

or if we choose to use the expectation notation:

V(x) = min
a∈A(x)

{r(x, a) + EV(x, a))}
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Example: Stochastic Shortest Path Problem

Stochastic setting:
One no longer controls which exact node to jump to next
Instead one can choose between different actions a ∈ A
Each action a is associated with a set of transition probabilities
p(j|i; a) for all i, j ∈ S.
The arc length may be random wija

Objective:

One needs to decide on the action for every possible current
node. In other words, one wants to find a policy or strategy that
maps from S to A.

Bellman Equation for Stochastic SSP:

V(i) = min
a

∑
j∈S

p(j|i; a)(wija + V(j)), i ∈ S
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Bellman equation continued

We rewrite the Bellman equation

V(i) = min
a

∑
j∈S

p(j|i; a)(wija + V(j)), i ∈ S

into a vector form

V = min
µ:S→A

gµ + PµV, where

average transitional cost starting from i to the next state:

gµ(i) =
∑
j∈S

p(j|i, µ(i))wij,µ(i))

transition probabilities

Pµ(i, j) = p(j|i, µ(i))

V(i) is the expected length of stochastic shortest path starting
from i, also known as the value function or cost-to-go vector
V∗ is the optimal value function or cost-to-go vector that solves
the Bellman equation
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Example: Game of picking coins

Assume there is a row of n coins of values v1, ..., vn where n is an
even number. You and your opponent takes turn to

Either pick the first or last coin in this row, obtain that value. That
coin is then removed from this row

Both player wants to maximize his total value



41/79

Example: Game of picking coins 2

Example: 1, 2, 10, 8
If you choose 8, then you opponent will choose 10, then you
choose 2, your opponent chooses 1. You get 10 and your
opponent get 11.

If you choose 1, then your opponent will choose 8, you choose
10, your opponent choose 2. You get 11 and your opponent get
10

When there are many coins, it is not very easy to find the optimal
strategy

As you have seen, greedy strategy doesn’t work
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Dynamic programming formulation

Given a sequence of numbers v1, ..., vn. Let the state be the
remaining positions that yet to be chosen.

That is, the state is a pair of i and j with i ≤ j, meaning the
remaining coins are vi, vi+1, ..., vj

The value function V(i, j) denotes the maximum values you can take
if the game starts when the coins are vi, vi+1, ..., vj (and you are the
first one to move)

The action at state (i, j) is easy:
Either take i or take j

The immediate reward function
If you take i, then you get vi

If you take j, then you get vj

What will be the next state if you choose i at state (i, j)?
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Example continued

Consider the current state (i, j) if you picked i.

Your opponent will either choose i + 1 or j.
When he chooses i + 1, the state will become (i + 2, j)
When he chooses j, the state will become (i + 1, j− 1)

He will choose to make most value of the remaining coins, i.e.,
leave you with the least value of the remaining coins
Similar argument if you take j

Therefore, we can write down the recursion formula

V(i, j) = max {vi + min{V(i + 2, j),V(i + 1, j− 1)},
vj + min{V(i + 1, j− 1),V(i, j− 2)}}

And we know V(i, i + 1) = max{vi, vi+1} (if there are only two coins
remaining, you pick the larger one)
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Dynamic programming formulation

Therefore, the DP for this problem is:

V(i, j) = max {vi + min{V(i + 2, j),V(i + 1, j− 1)},
vj + min{V(i + 1, j− 1),V(i, j− 2)}}

with V(i, i + 1) = max{vi, vi+1} for all i = 1, . . . , n− 1

How to solve this DP?

We know V(i, j) when j− i = 1

Then we can easily solve V(i, j) for any pair with j− i = 3

Then all the way we can solve the initial problem
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code

If you were to code this game in Matlab:

function [value, strategy] = game(x)
[~, b] = size(x);
if b <= 2

[value, strategy] = max(x);
else

[value1, ~] = game(x(3:b));
[value2, ~] = game(x(2:b-1));
[value3, ~] = game(x(1:b-2));
[value, strategy] = max([x(1) + min([value1, value2]), x(b) + min([value2, value3]));

end

It is very short.

Doesn’t depend on the input size

All of these thanks to the recursion formula
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Summary of this example

The state variable is a two-dimensional vector, indicating the
remaining range

This is one typical way to set up the state variables

We used DP to solve the optimal strategy of a two-person game
In fact, for computers to solve games, DP is the main algorithm

For example, to solve a go or chess game. One can define the state
space of the location of each piece/stone.

The value function of a state is simply whether this is a win state
or loss state

When it is at certain state, the computer will consider all actions.
The next state will be the most adversary state the opponent can
give you after your move and his move

The boundary states are the checkmate states
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DP for games

DP is roughly how computer plays games.
In fact, if you just use the DP and code it, the code will probably
be no more than a page (excluding interface of course)

However, there is one major obstacle - the state space is huge
For chess, each piece could take one of the 64 spots (and also
could has been removed), there are roughly 3265 states
For Go (weiqi), each spot on the board (361 spots) could be
occupied by white, black or neither. There are 3361 states

It is impossible for current computers to solve that large problem
This is called the “curse of dimensionality”
To solve it, people have developed approximate dynamic
programming techniques to get approximate good solutions
(both the approximate value function and optimal strategy)
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More Applications of (Approximate) DP

Control of complex systems:
Unmanned vehicle/aircraft
Robotics
Planning of power grid
Smart home solution

Games:
2048, Go, Chess
Tetris, Poker

Business:
Inventory and supply chain
Dynamic pricing with demand learning
Optimizing clinical pathway (healthcare)

Finance:
Option pricing
Optimal execution (especially in dark pools)
High-frequency trading
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Outline

1 Online Learning and Regret

2 Dynamic Programming

3 Finite-Horizon DP: Theory and Algorithms

4 Experiment: Option Pricing
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Abstract DP Model

Descrete-time System
state transition

xk+1 = fk(xk, uk,wk) k = 0, 1, . . . ,N − 1

xk : state; summarizing past information that is relevant for future
optimization
uk : control/action; decision to be selected at time k from a given
set Uk

wk : random disturbance or noise
gk(xk, uk,wk): state transitional cost incurred at time k given
current state xk and control uk

For every k and every xk , we want an optimal action. We look for
a mapping µ from states to actions.
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Abstract DP Model

Objective - control the system to minimize overall cost

minµ E

{
gN(xN) +

N−1∑
k=0

gk(xk, uk,wk)

}
s.t. uk = µ(xk), k = 0, . . . ,N − 1

We look for a policy/strategy µ, which is a mapping from states to
actions.
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An Example in Revenue Management: Airfare Pricing

The price corresponding to each fare class rarely changes (this is
determined by other department), however, the RM department
determines when to close low fare classes

From the passenger’s point of view, when the RM system closes
a class, the fare increases

Closing fare class achieves dynamic pricing



53/79

Fare classes

And when you make booking, you will frequently see messages like

This is real. It means there are only that number of tickets at that fare
class (there is one more sale that will trigger the next protection level)

You can try to buy one ticket with only one remaining, and see
what happens
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Dynamic Arrival of Consumers

Assumptions
There are T periods in total indexed forward (the first period is 1
and the last period is T )
There are C inventory at the beginning
Customers belong to n classes, with p1 > p2 > ... > pn

In each period, there is a probability λi that a class i customer
arrives
Each period is small enough so that there is at most one arrival
in each period

Decisions
When at period t and when you have x inventory remaining,
which fare class should you accept (if such a customer comes)
Instead of finding a single optimal price or reservation level, we
now seek for a decision rule, i.e., a mapping from (t, x) to
{I|I ⊂ {1, ..., n}}.
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Dynamic Arrival - a T-stage DP problem

State: Inventory level xk for stages k = 1, ...,T

Action: Let u(k) ∈ {0, 1}n to be the decision variable at period k

u(k)i =

{
1 accept class i customer
0 reject class i customer

decision vector u(k) at stage k, where u(k)i decides whether to
accept the ith class

Random disturbance: Let wk, k ∈ {0, ...,T} denotes the type of
new arrival during the kth stage (type 0 means no arrival). Then
P(wk = i) = λi for k = 1, . . . ,T and P(wk = 0) = 1−

∑n
i=1 λi
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Value Function: A Rigorous Definition

State transition cost:

gk(xk, u(k),wk) = u(k)wk pwk

where we take p0 = 0. Clearly, E[gk(xk, u(k),wk)|xk] =
∑n

i=1 u(k)i piλi

State transition dynamics

xk+1 =

{
xk − 1 if u(k)wk wk 6= 0 (with probability

∑n
i=1 u(k)i λi)

xk otherwise (with probability 1−
∑n

i=1 u(k)i λi)

The overall revenue is

max
µ1,...,µT

E

[
T∑

k=0

gk(xk, µk(xk),wk)

]

subject to the µk : x→ {u} for all k
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A Dynamic Programming Model

Let Vt(x) denote the optimal revenue one can earn (by using the
optimal policy onward) starting at time period t with inventory x

Vt(x) = max
µt,...,µT

E

[
T∑

k=t

gk(xk, µk(xk),wk)|xt = x

]

We call Vt(x) the value function (a function of stage t and state x)

Suppose that we know the optimal pricing strategy from time
t + 1 for all possible inventory levels x.

More specifically, suppose that we know Vt+1(x) for all possible
state x. Now let us find the best decisions at time t.
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Prove the Bellman Equation

We derive the Bellman equation from the definition of value function:

Vt(x)

= max
µt,...,µT

E

[
T∑

k=t

gk(xk, µk(xk),wk)|xt = x

]

= max
µt,...,µT

E

gt(xt, µt(xt),wt) +
T∑

k=t+1

gk(xk, µk(xk),wk)|xt = x


= max

µt,...,µT
E

gt(xt, µt(xt),wt) + E

 T∑
k=t+1

gk(xk, µk(xk),wk)|xt+1

 |xt = x


= max

µt
E

gt(xt, µt(xt),wt) + max
µt+1,...,µT

E

 T∑
k=t+1

gk(xk, µk(xk),wk)|xt+1

 |xt = x


= max

µt
E [gt(xt, µt(xt),wt) + Vt+1(xt+1)|xt = x]

The maximization is attained at the optimal polity µ∗t for the t-th stage
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Tail Optimality

Bellman Equation:

Vt(x) = max
µt

E [gt(xt, µt(xt),wt) + Vt+1(xt+1)|xt = x]

Key Property of DP: A strategy µ∗1, . . . , µ
∗
T is optimal, if and only if

every tail strategy µ∗t , . . . , µ∗T is optimal for the tail problem starting at
stage t.
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Bellman’s Equation for Dynamic Arrival Model

We just proved the Bellman’s equation. In the airfare model,
Bellman’s equation is

Vt(x) = max
u

{
n∑

i=1

λi(piui + uiVt+1(x− 1)) + (1−
n∑

i=1

λiui)Vt+1(x)

}

with VT+1(x) = 0 for all x and Vt(0) = 0 for all t

We can rewrite this as

Vt(x) = Vt+1(x) + max
u

{
n∑

i=1

λiui(pi + Vt+1(x− 1)− Vt+1(x))

}

For every (t, x), we have an equality and an unknown. The Bellman
equation bears a unique solution.
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Dynamic Programming Analysis

Vt(x) = Vt+1(x) + max
u

{
n∑

i=1

λiui(pi −∆Vt+1(x))

}
Therefore the optimal decision at time t with inventory x should be

u∗i =

{
1 pi ≥ ∆Vt+1(x)

0 pi < ∆Vt+1(x)

This is also called bid-price control policy

The bid-price is ∆Vt+1(x)

If the customer pays more than the bid-price, then accept

Otherwise reject
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Dynamic Programming Analysis

Of course, to implement this strategy, we need to know ∆Vt+1(x)

We can compute all the values of Vt+1(x) backwards

Computational complexity is O(nCT)

With those, we can have a whole table of Vt+1(x). And we can
execute based on that

Proposition (Properties of the Bid-prices)
For any x and t, i) ∆Vt(x + 1) ≤ ∆Vt(x), ii) ∆Vt+1(x) ≤ ∆Vt(x)

Intuitions:

Fixed t, the value of the inventory has decreasing marginal
returns

The more time one has, the more valuable an inventory worth

Proof by induction using the DP formula
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From DP to Shortest Path Problem

Theorem
i) Every deterministic DP is a SSP; ii) Every stochastic DP is a
stochastic SSP

Shortest Path Problem (SSP): Given a graph G(V,E)

V is the set of nodes i = 1, ..., n (node = state)
E is the set of arcs with length wij > 0 if (i, j) ∈ E (arc = state
transition from i to j) (arc length = state transition cost gij )

Find the shortest path from a starting node s to a termination node t.
(Minimize the total cost from the first stage to the end)
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Finite-Horizon: Optimality Condition = DP Algorithm

Principle of optimality
The tail part of an optimal policy is optimal for the tail subproblem

DP Algorithm
Start with JN(xN) = gN(xN), and go backwards for k = N − 1, . . . , 0
using

Jk(xk) = min
uk∈Uk

Ewk {gk(xk, uk,wk) + Jk+1(fk(xk, uk,wk))}

Proof by induction that the principle of optimality is always satisfied.
This DP algorithm is also known as value iteration.
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Finite-Time DP Summary

Dynamic programming is a very useful tool for solving complex
problems by breaking them down into simpler subproblems

The recursion idea gives a very neat and efficient way to
compute the optimal solution

Finding the states is the key, you should have a basic
understanding of it and once the states are given, be able to
write down the DP formula.

It is very important technique in modern decision making
problems

Main Theory:
Tail Optimality and Bellman equation

Backward induction is value iteration
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Option Pricing

Option is a common financial product written/sold by sellers.

Definition
An option provides the holder with the right to buy or sell a specified
quantity of an underlying asset at a fixed price (called a strike price or
an exercise price) at or before the expiration date of the option.

I Since it is a right and not an obligation, the holder can choose
not to exercise the right and allow the option to expire.

I Option pricing means to find the intrinsic expected value of the
right. There are two types of options - call options (right to buy)
and put options (right to sell).

I The seller needs to set a fair price to the option so that no one
can take advantage of misprice.
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Call Options

A call option gives the buyer of the option the right to buy the
underlying asset at a fixed price (strike price or K). The buyer pays a
price for this right.

At expiration,
If the value of the underlying asset (S)> Strike Price (K), Buyer
makes the difference: S - K
If the value of the underlying asset (S) < Strike Price (K), Buyer
does not exercise

More generally,
the value of a call increases as the value of the underlying asset
increases
the value of a call decreases as the value of the underlying asset
decreases
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European Options vs. American Options

An American option can be exercised at any time prior to its
expiration, while a European option can be exercised only at
expiration.

The possibility of early exercise makes American options more
valuable than otherwise similar European options.

Early exercise is preferred in many cases, e.g.,

when the underlying asset pays large dividends.

when an investor holds both the underlying asset and deep
in-the-money puts on that asset, at a time when interest rates
are high.
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Valuing European Call Options

Variables
Strike Price: K, Time till Expiration: T, Price of underlying asset:
S, Volatility: σ

Valuing European options involves solving a stochastic calculus
equation, e.g, the Black-Scholes model.

In the simplest case, the option is priced as a conditional expectation
relating to an exponentiated normal distribution:

Option Price = E[(ST − K)1ST≥K ]

= E[(ST − K) | ST ≥ K] Prob (ST ≥ K)

where
log

ST

S0
∼ N (0, σ

√
T)
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Valuing American Call Options

Variables
Strike Price: K, Time till Expiration: T, Price of underlying asset:
S, Volatility, Dividends, etc

Valuing American options requires the solution of an optimal stopping
problem:

Option Price = S(t∗)− K,

where
t∗ = optimal exercising time.

If the option writers do not solve t∗ correctly, the option buyers will
have an arbitrage opportunity to exploit the option writers.
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DP Formulation

Dynamics of underlying asset: for example, exponentiated
Browning motion

St+1 = f (St,wt)

state: St, price of the underlying asset
control: ut ∈ {Exercise, Hold}
transition cost: gt = 0

Bellman Equation
When t = T,Vt(ST) = max{ST − K, 0}, and when t < T

Vt(St) = max{St − K,E[Vt+1(St+1)]},

where the optimal cost vector Vt(S) is the option price at the tth day
when the current stock price is S.
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A Simple Binomial Model

We focus on American call options.
Strike price: K

Duration: T days
Stock price of t-th day: St

Growth rate: u ∈ (1,∞)

Diminish rate: d ∈ (0, 1)

Probability of growth: p ∈ [0, 1]

Binomial Model of Stock Price

St+1 =

{
uSt with probability p
dSt with probability 1− p

As the discretization of time becomes finer, the binomial model
approaches the Brownian motion model.
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DP Formulation for Binomial Model

Given S0,T,K, u, r, p.

State: St, finite number of possible values

Cost vector: Vt(S), the value of option at the t-th day when the
current stock price is S.

Bellman equation for binomial option

Vt(St) = max{St − K, pVt+1(uSt) + (1− p)Vt+1(dSt)}
Vt(ST) = max{ST − K, 0}
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Use Exact DP to Evaluate Options

Exercise 1
Use exact dynamic programming to price an American call option.
The program should be a function of S0,T, p, u, d,K.
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Algorithm Structure: Binomial Tree
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Algorithm Structure: Binomial Tree

DP algorithm is backward induction on the binomial tree
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Computation Results - Option Prices

Optimal Value Fucntion (Option Price at given time and stock price)
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Computation Results - Exercising strategy
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