Lecture: Dimensionality Reduction

http://bicmr.pku.edu.cn/~wenzw/bigdata2018.html

Acknowledgement: Some of these slides are based on Prof. Jure Leskovec’s and Prof.
Yinyu Ye’s lecture notes
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Why Reduce Dimensions?

Why reduce dimensions?
@ Discover hidden correlations/topics
e Words that occur commonly together

@ Remove redundant and noisy features
o Not all words are useful

@ Interpretation and visualization

@ Easier storage and processing of the data
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SVD - Properties

If A is a real m-by-n matrix, then there exits
U=[u,...,up] ER™"and V =[vy,...,v,) € R
such that UTU =1, VIV = I and

UTAV = diag(o, ... ,0p) € R™"  p =min(m,n),

where oy > 02 > ... > 0, > 0.

Eckart & Young, 1936

Let the SVD of A € R™*" be given in Theorem: SVD. If
k <r=rank(A) and Ay = Zle ouv!, then

ranllg%}}r)l:k H HQ‘ H kHZ Ok+1
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Outline

Q Principal Component Analysis (PCA)
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Dimensionality Reduction

@ Assume we have a dataset represented in an p x N matrix X
consisting of N data vectors x; with dimensionality p.
x; is the ith column of X.

@ Assume further that this dataset has intrinsic dimensionality ¢
(often ¢ < p).

@ Dimensionality reduction techniques transform dataset X with
dimensionality p into a new dataset Y with dimensionality ¢, while
retaining the geometry of the data as much as possible.
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PCA
@ Assume p < N. For a collection of data x;,x»,...,xy € R?, we
want to represent them by a rank ¢ linear model
u(p, A, M) = p+My,M € R'* Vg < p,
where p is local vectorand MM = I.

@ We write X = [x,...,xy] € RN and Y = [yy,...,yn] € ROV,
The new representation of the data is:

U=[u,...,uy) € Y, w = p+ My,

@ Consider the model

=

“H;_igqF(m yio M) =[x = — Myi[5, st MM =1.
Wiy [:1
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PCA

o Letx=1>,x;andy= > ;v

o -0=p=x-My (1)

oF

o f=0=y=M(xi—p)=y=M'(x—pn) (2)

@ Hence, we must have 1 = x and have y; = M (x; — X).

@ After partially optimizing y and , the origianl problem reduce to
N

min F(M) = D ll(xi —%x) — MM (x; — %)[3, st MM = 1.
i=1
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PCA

@ Letx; =x; —xand X = [x;,%,...,Xy]. In fact,
_ 1 -
X=X--=-X11".
N

Then, we have

N
F(M) =[x — MM ;3
i=1

= X - MM Xz
=Tr(X'X) — Tr(X ' MM "X)
=Tr(XX") — Tr(M"XX"M).

@ Let cov(X) = XX . Thus the problem is equivalent to

max Tr(M'cov(X)M), s.t. MM =I.
MeRP*4
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PCA

@ PCA constructs a low-dimensional representation of the data
that describes as much of the variance in the data as possible.

@ Let x € R” be a random vector with mean p and covariance X.

@ Find y = z'x such that the variance of y is maximized.

Var(y) = E[("x— E(z"x))(Z"x - E(z"x))]
= E(z'x—'Ex)(Ix — T Ex)T
= Z'E[(x — Ex)(x — Ex)T]z = zl cov(X)z

@ Model problem:
max z' cov(X)z, St |zl =1.
Find the maximal eigenpair (A1, v;) of cov(X).
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Principal Component Analysis (PCA)

@ find a linear mapping M that maximizes data variance
max Tr(M ' cov(X)M)
s.t. MM =1/

@ Lagrangian function:
L(M, A) = Tr(M" cov(X)M) — <A, MM — 1>
@ Stationary point (KKT condition) at

cov(X)M = MA
MM = |

@ Thus PCA essentially requires eigenvalue decomposition
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PCA

@ LetX =X - 1XI11", where 1 is a column vector of all ones

@ SVD: X = UxVT, ¥ = [diag(oy,...,0,),0, UTU =1, VIV =1 .
Eigen: XX = UAUT, A = diag(\y,..., ), and \; = o?

l.
@ PCA computes
max Tr(M'cov(X)M), st. M'M=1.
Then the optimal solution M = Uj,.
@ Therefore, we have: y; = 4+ MM (x; — X), i.e.,
Y=pl" +MM'X =pul" +ME,V, .

@ The matrix M'X = %,V € RN is called the first ¢ principal
components of X.
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Classical MDS

@ Known data points x; e R?, i=1,...,N.
compute pairwise distance matrix D(X) with

dij(X) = |[xi = xjl2

@ Let D,(X) = (d%(X)). MDS: Find y; € RY such that

min  ||HD2(X)H — HD>(Y)H||%

Let Dz(X) = (di(X)) of X = (Xl, 500 ,XN), H=1Iy— %llT. Let
B = —3HD;(X)H and X = X — +X117. Then we have B = X'X.

12/59



Classical MDS

@ Proof: Define K = X'X, K;; = x;' x;. Then
Dy(X); = (xi—x%) (xi —%) =X/ % +x % — 2%/ x;.
Define w = diag(K). Then
Dy(X) = wil 4+ 1w! — 2K.
Thus

1 — —
B=—H(wl" + 1w" —2K)H = HX'XH = XX,

since Hlw" = 1w” — L11w" = 0 and 1w"H = 0.
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Classical MDS

@ LetB=X"Xand SVD: X =UXV', ¥ = [diag(oy, . . .,0,),0].
The eigenvalue decomposition: B = VAV, \; = o2

@ Assume that Y is centered, i.e., —3HD»(Y)H = Y'Y, then
Classical MDS is equivalent to

min B - YTY|}

@ The optimal solution Y = Az2VT
N 1
@ Classical MDS: take X = AZV,] = %,V

@ PCA and classical MDS are equivalent!
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Extension of MDS

@ Known data points x; e R?,i=1,...,N.
Given norms || - ||, || - |ly, compute pairwise distance matrix

dij(X) = [[xi = xllx,  dy(Y) = [lyi — yjlly
@ Find y; € R? such that
min  [D(X) - DY)}
or with centering matrix H = Iy — 3117 and D»(X) = (d5(X)):
min  [|HD(X)H — HDoy(Y)H |
@ Kernel PCA: K;; = r(x;,X;)

i =xill2 = xillE + Il = 2 (i, 0),

(D«(X)y)* = Ki+Kj—2Kj

@ Isomap: geodesic distance for X and F-norm for Y
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Outline

9 Maximum variance unfolding
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Maximum variance unfolding

@ PCA and MDS are linear dimensionality reduction methods that
compute mappings to preserve Euclidean distances between all
pairs of data points

@ Based on the notion of isometry, maximum variance unfolding
(MVU) considers the much larger class of nonlinear
transformations that only preserve the geometric properties of
local neighborhoods

@ We say that the data sets are k-locally isometric if for every
point x;, there exists a rotation and translation that maps x; and
its k nearest neighbors {x;i,X;p, ..., Xj} precisely onto the points

yiand {y;ji,y¥p2,- .., ¥}

@ The notion of isometry can be translated into various sets of
equality constraints of inputs {x;}?_, and outputs {y;}",
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MVU - constraints

@ Inputs {x;}Y_, and outputs {y,;}¥_, are locally isometric if
whenever x; and x; are themselves neighbors or common
neighbors of another point in the data set, we have:

lyi = il = lIxi = %]

@ We also constrain the outputs y; to be centered on the origin:
Z yi=0

this simply removes a translational degree of freedom from the
final solution
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MVU - objective function

@ Any "fold" between two points on a manifold serves to decrease
the Euclidean distance between the points

@ This suggests an optimization that we can perform to compute
the outputs y; that unfold a manifold sampled by inputs x;.

@ Maximize the sum of pairwise squared distances between
outputs:

1
= —|y—yi|?
2N”y vl

@ We pull the outputs as far apart as possible, subject to the
constraints in the previous slide

@ It can be verified that the objective function is indeed bounded

@ Intuitively, the constraints to preserve local distances prevent a
divergence to pull the outputs infinitely far apart

19/59



MVU - optimization

@ Let G = (V, &) denotes the graph formed by pairwise connecting
each input to all of its k-nearest neighbors

@ Then, in terms of the squared distance matrix D;; = ||x; — x;||%,
the optimization can be written as:

max > llyi = yill?
s.t. Ziyi =0,
lyi — y;|I> = Dy, V(i,j) € €

@ This problem is not convex, as it involves maximizing a quadratic
form subject to quadratic equality constraints
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MVU - reformulation

@ The inner product matrix K;; = y; - y; determines the outputs up to
rotation

@ Expanding the square in the distance constraint we obtain
K,’i — 2Kij + [{jj = Dij

@ Likewise, the centering constraint can be expressed as
0= ZYI'HZ = ZYi Y= ZKij
i ij ij

@ Both are now linear equality constraints on the elements of K

@ We may view our original problem as an optimization over inner
product matrices Kj; rather than vectors y;

@ Only symmetric matrices with nonnegative eigenvalues can be
interpreted as inner product matrices, therefore

K=K >0
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MVU - reformulation

@ For the objective function:

1 2 2
@ = oo S (I + Iyl + 2% )

ij
= > lvilP
i
= ZKii
i

= Tr(K).

@ We will obtain a low dimensional embedding by maximizing the
trace of the inner product matrix
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MVU - reformulation

@ We rewrite the MVU problem as:

max Tr(K)
s.t. K=K" >0,
1TK1 =0,

@ This is a semidefinite program
e The domain is the cone of psd matrices intersected with
hyperplanes (equality constraints)
e The objective function is bounded above and linear
e The problem is guaranteed to be feasible because the constraints
are trivially satisfied by the Gram matrix G; = x; - x;

@ The reformulation into SDP not only allows global and efficient
solution of the MVU problem, but also gives the extra capability

of estimating the intrinsic dimension
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MVU - reformulation

@ From the inner product matrix K* solved by this SDP, the outputs
y; can be recovered by applying MDS on K*

@ Let V,, denote the ith element of the ath eigenvector, with
eigenvalue )\,

@ Then the inner product matrix can be written as

@ The embedding is obtained by identifying the ath element of the

output y; as
Yai =V )\aVai

@ A low dimensional embedding that is approximately locally
isometric is given by truncating the elements of y;
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The dual MVU problem

@ Examining the dual of an optimization problem often gives further
insight and offers theoretical and computational advantages

@ The MVU problem is no exception

@ For notational convenience, write the last set of equality
constraints as N
Tr(KEU) = Dy, (i,)) € €
where the N x N matrix £/} has only four nonzero elements:
El{[l;/} — E[‘_{jl:/} — 17E1{jl:/} — EI‘_{I_’:/} =1
@ In forming the Lagrangian, we associate the dual variables
Z=27">0,veRand W;for V(i) € £
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The dual MVU problem

@ The Lagrangian:

L(K,Z,v,W) = Tr(K)+ Tr(KZ) — 1K1
— 3 Wy(Te(kEWY) — Dy)

(ij)e€
= TKI+Z—-vil' — Z WiEU)]

(iy)e€
+ D DiW;
(ij)e€
@ The dual function is obtained as

g(Z,v,W) =sup g_gTL(K,Z,v, W)

Yjee DiWy if 1+Z—vI1T =3 WiEU} =0
+00 otherwise
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The dual MVU problem

@ Eliminating Z from the equality, the feasibility condition in the
above equation becomes

I—v11T =L =0, L= Y Wl
(ij)e€
@ Note that L is a weighted Laplacian of the graph G. The above
linear matrix inequality is equivalent to

1
> —, _i(L)>1
V_N7 Nl()_

where \y_; denotes the second smallest eigenvalue of a
symmetric matrix (Here \y(L) = 0 with associated eigenvector 1)
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The dual MVU problem

@ The dual MVU problem is:

s.t. )\Nfl(L) >1,
L= Z(u)eg WE/E{i‘i}

@ This is a convex optimization problem because the function
Av—1(L) is concave under the implicit constraint A\y(L) = 0

@ Note that the dual variable v does not appear in the problem
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Duality

@ The following duality results hold for the primal MVU problem
and the dual MVU problem

o Weak duality: For any primal feasible K and any dual feasible W,
we have

Te(K) < ) DyW;
ij
(Note that W; = 0if (i,j) ¢ &) This can be seen by checking the
duality gap

e Strong duality: There exist a primal-dual feasible pair (K*, W*)
with zero duality gap, i.e.

Te(K*) = > DyW;
i

Strong duality follows from Slater’s condition for constraint
qualification
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Optimality conditions

@ A pair (K*, W*) is primal-dual optimal iff they satisfy the following
KKT conditions
e primal feasibility

K*>0, 1'K*1=0
K; —2K; + K;; = Dy,V(i,j) € €

e dual feasibility

L= 3 WpEW () > 1
(iy)€eE

e complementary slackness

L*K* = K* (why?)
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Optimality conditions

@ Note that we always have A\y_;(L*) > 1, thus the complementary
slackness condition L*K* = K* means that the range of K* lies in
the eigenspace (e.s.) of L* associated with Ay_;

@ Since K* is a dense Gram matrix while L* is a sparse weighted
Laplacian, L*K* = K* means precisely

top e.s. of dense K* C bottom e.s. of sparse L*

where "bottom e.s." means the eigenspace associated with \,_;
(discard the eigenvector 1 and Ay = 0)

@ Another direct consequence is
r < rank(K™) < multiplicity of Ay_;(L")

where r is the dimension of the low dimensional representations
obtained by performing MDS on K*
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Outline

e Graph Realization and Sensor Network Localization
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Sensor Network Localization Problems

@ Input: m known points (anchors) a; € R k=1,...,m,and n
unknown points (sensors or targets) x; € R?2j=1,...,n. For
some pair of two points, we have a Euclidean distance measure
dy; between g, and x; , or distance measure d;; between x; and x;

@ Output: Position estimation for all unknown points, and
confidence measures on reliability of each position estimation

@ Objective: Robust, fast and accurate
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Figure: 50-Sensor Network with Radio Range .3
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Euclidean Distance Geometry Model

lx; — xjl|* = djj, V(i.j) € Niyi <,
lax —xi1* = dig, ¥ (k. j) € N
d7(d};) connects x; to x; (4 to x;) with an edge whose length is d;;(dy;)
@ Does the system has a localization or realization of all x;s?
@ Is the localization unique?
@ Is the localization reliable or trustworthy?

@ |s the system partially localizable?
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Global and Nonlinear Least Squares

min Y (v —gl* —dp)* + Y (lae — x5 - dy)?

ijEN; kjEN,
min Y (|6 — x5 = dy)* + > (lax — xil| — dig)?
ijeN: kjeEN,

For example, Moré and Wu (1997)
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Matrix representation

Let X = [x1,x2,...,x,] be the 2 x n matrix that needs to be
determined. Then

lxi = %[> = (e — ¢) X X(e; — ¢),
lax = x1* = (ax; —e) T X]TH X](ax; —e))
where ¢; is the vector of all zero except 1 at the jth position
(ei — ej)TY(ei — ej) = d?j,Vi,j € ./\/;C,l' <J,
I X .
(a; —¢;) (XT Y> (ax; —¢j) = di;, Vk,j € Na,

Y=X'X
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SDP relaxation and analysis

@ Change Y = X" X to Y = X' X, which is equivalent to (e.g., Boyd
and Vandenberghe 2005)

I X
— —
“ (XT Y) =0

Find a symmetric matrix Z € R2+)x 2+ sych that

Zinga =1,

(0: (e: — €))(0; (ei — ) T @ Z = d7,¥(i,j) € Ny,i <,
(ax; —ej)(ax; —e)) " © Z = df;, Y (k. j) € N,

Z = 0.

@ Any matrix solution for the SDP relaxation has rank at least 2

@ If every sensor point is connected, directly or indirectly, to an
anchor point, then the solution set must be bounded
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Outline

@ Low-Rank Adaptation (LoRA)
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Transformer

o TransformerZ#) LA %l XA R R R Ao . FELAF AL
BEHMREMRERLETSAZATY: MASKAEEN, Wk
ﬂJ‘E]/i%’:ﬁ&ffﬂl)\%Jiu'ﬂ E]/.-E%:ﬂ

o XHMEFRN>HEAX, MEERI>PEEHESLAEES
BBl e ey IR A YL, WA - & % KAEZT I EH
b, AEZEIMBGEHTHA

0 = xwy, k = xWNwg, v = ylllwy, (1)
PrEErEQLEsERKZ AR R A TXY, sk A Ty,
0 ERYT, Nx A REINMERBITNK, HELEBEZE A MBHEI>E

EERBEMA A AWFRLE RE—GRE. RE, AV

HFTransformeriE B /G, &A1 AALE LYY, FEMmdy), &Kt
#ATTH, ABFHALES, BHRDART EA M ELA.
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Why PETuning and LoRA?

When we want to develop large models, like language model of GPT,
we need to do large scale pre-training.
Problems and observations:
@ ltis very time-consuming to full fine-tuning the model by
calculate gradient for each parameter when training.
@ Experiments shows that even if we do full fine-tuning, the result
of fine-tuning only have significant impact on a low rank
subspace of the parameter space.

= Only fine-tuning on a low rank subspace.

Such kind of method is called Parameter-Efficient Tuning
(PETuning).
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LoRA: A typical way

@ LoRA: a kind of PETuning.

Basic form:

Suppose W, is a pre-trained weight matrix, the traditional way is to
update it by Wy + AW, where AW € R?*k and can be trained. In
LoRA, we update it by W, + BA, where B € R¥*" A ¢ R"™**, and the
rank r < min(d, k). A and B are trainable.

@ Reduce the amount of trainable parameter to r x (d + k)
Initialization of training:
@ A: Random Gaussian

@ B: Zero matrix
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LoRA: A typical method

Pretrained
Weights

W & R{ixd

o =2 = E £ 9Hae 44/59



LoRA: Benifits

Empirical Result:

WikisSQL MultiNLI-matched

0.75 0.92
:,7 - NRH=F * e
5 0.70 ¥ =
g * o0 Fwx :
£ * * Method
< 0.65 * « Fine-Tune 0.88 r *
= PrefixEmbed
2 0.60 * PrefixLayer 0.86
S % Adapter(H)

055 LoRA 0.84

6 7 8 9 10 11 6 7 8 9 10 11
logyo # Trainable Parameters logyq # Trainable Parameters

@ Reduction in memory and storage.
@ higher efficiency.

@ Switch between task at lower cost.
@ higher interpretability
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Limitations and Improvement of LORA

Limitations:

@ Not able to batch inputs to different tasks with different A and B
in a single forward pass

@ The choice of initialization of A and B: Gaussian and zero may
not be good.

@ The choice of r: we do not know which r is the best.
@ Theoretical explanation of why the method works.
Improvements:

@ PST: to further reduce the calculation, we adapt sparsity method
to LoRA - In each iteration we use sparsity approximation to the
matrix W.

@ PVP:if D' C D is the dataset for a specific problem, we can
pre-train A and B with datas in D.
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Outline

e Matrix Factorization
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ONMF

@ st ={XeR":X'X=1I, X >0}
@ Orthogonal NMF (ONMF), Ding, Li, Peng & Park (2006)

o Data matrix A € R*", n data samples, each with r features, k

clusters
o AmXYT X e S\ Yy e R
>0, if sample i € clusterj

= 0, otherwise
o ONMF model

min A= xYT|R ©)
Xesyh yer?

@ Orthonormal projective NMF (OPNMF) model, Yang & Oja (2010)

min [|A — XX A7 @)

Jk
Xes”+

@ K-indicators model, Chen, Yang, Xu, Zhang & Zhang (2019)

min  |UY — X[} st [[Xi.lo=1,i€ [n], 8)

XGS'jr’k,YT y=I

where U is the features matrix extracted from the data matrix A.
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Subspace clustering

@ Subspace clustering: self-representation of data
i k(X) + A||E
min - rank(X) + Al[Ello
s.t. A=AX+E
@ Convex relaxation
min X, + A|[E];
X,E
st. A=AX+E

@ Essentially: A = AX with unknown X, solve for sparse/other
conditions on X
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Non-Negative matrix factorization (NMF)

@ Non-negative matrix factorization (NMF): A = DX with unknown
D and X, solve for elements of D, X > 0

min ||A — DX|?
DX

s.t. D>0
X>0

@ Nonconvex problem; alternating minimization
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Robust PCA

@ Robust principal component analysis (RPCA)

min rank(X) + A||E||o
XE

’

s.t. A=X+E

@ Matrix factorization view: A = X + E with a low rank component X
and a sparse component E

@ Convex relaxation
min || X[, + A[E[)
X,E
s.t. A=X+E
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Stable Principle Component Pursuit (SPCP)/ Noisy
Robust PCA

@ RPCA is limited to the low-rank component being exactly
low-rank and the sparse component being exactly sparse

@ In real world applications the observations are often corrupted by
noise

@ Introducing entry-wise noise N: A = X + E + N with X, E, N
unknown, solve for X low rank, E sparse

@ Optimization problem
min 11X« + Al E||:
X,E

)

st. |A-X+E[|F<$
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Sparse PCA

@ A = DX with unknown D and X, solve for sparse D
@ Sparsity in number of basis vectors
@ Optimization form
. A o 2
min |4 — X[} + AID]|

s.t. Ix;]l < 1
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Dictionary learning

@ A = DX with unknown D and X, solve for sparse X
@ Sparsity in representation coefficients
@ Optimization form
: _ 2
min |4~ DX[7+ AX]|
s.t. IIdi|l2 <1
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Summary

@ Matrix factorization: A = DX

@ Utilizing different structural properties on D and/or X
e Low-rank factorization: D and X have few columns/rows
e Dictionary Learning / Sparse PCA: either D or X has few
non-zeros
o Clustering: sparse binary X
@ nonnegative matrix factorization: element-wise positivity
o ...

@ Algorithms

e Convex relaxation: (A)PG, ALM, ADMM
e Jointly nonconvex problems: alternating minimization, BCD
o ...
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