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Why Reduce Dimensions?

Why reduce dimensions?
Discover hidden correlations/topics

Words that occur commonly together

Remove redundant and noisy features
Not all words are useful

Interpretation and visualization

Easier storage and processing of the data
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SVD - Properties

Theorem: SVD
If A is a real m-by-n matrix, then there exits

U = [u1, . . . , um] ∈ Rm×m and V = [v1, . . . , vn] ∈ Rn×n

such that UTU = I, VTV = I and

UTAV = diag(σ1, . . . , σp) ∈ Rm×n, p = min(m, n),

where σ1 ≥ σ2 ≥ . . . ≥ σp ≥ 0.

Eckart & Young, 1936
Let the SVD of A ∈ Rm×n be given in Theorem: SVD. If
k < r = rank(A) and Ak =

∑k
i=1 σiuivT

i , then

min
rank(B)=k

‖A− B‖2 = ‖A− Ak‖2 = σk+1.
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Outline

1 Principal Component Analysis (PCA)

2 Maximum variance unfolding

3 Graph Realization and Sensor Network Localization

4 Low-Rank Adaptation (LoRA)

5 Matrix Factorization
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Dimensionality Reduction

Assume we have a dataset represented in an p× N matrix X
consisting of N data vectors xi with dimensionality p.
xi is the ith column of X.

Assume further that this dataset has intrinsic dimensionality q
(often q� p).

Dimensionality reduction techniques transform dataset X with
dimensionality p into a new dataset Y with dimensionality q, while
retaining the geometry of the data as much as possible.
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PCA

Assume p < N. For a collection of data x1, x2, . . . , xN ∈ Rp, we
want to represent them by a rank q linear model

u(µ, λ,M) = µ+ My,M ∈ Rp×q,∀q ≤ p,

where µ is local vector and M>M = I.

We write X = [x1, . . . , xN ] ∈ Rp×N and Y = [y1, . . . , yN ] ∈ Rq×N .
The new representation of the data is:

U = [u1, . . . ,uN ] ∈ Rp×N , ui = µ+ Myi.

Consider the model

min
µ,yi,M

F(µ, yi,M) =

N∑
i=1

‖xi − µ−Myi‖2
2, s.t. M>M = I.
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PCA

Let x̄ = 1
N

∑
i xi and ȳ = 1

N

∑
i yi.

∂F
∂µ = 0 =⇒ µ = x̄−Mȳ (1)

∂F
∂yi

= 0 =⇒ yi = M>(xi − µ) =⇒ ȳ = M>(x̄− µ) (2)

Hence, we must have µ = x̄ and have yi = M>(xi − x̄).

After partially optimizing y and µ, the origianl problem reduce to

min
M

F(M) =

N∑
i=1

‖(xi − x̄)−MM>(xi − x̄)‖2
2, s.t. M>M = I.
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PCA

Let x̄i = xi − x̄ and X̄ = [x̄1, x̄2, . . . , x̄N ]. In fact,

X̄ = X− 1
N

X11>.

Then, we have

F(M) =

N∑
i=1

‖x̄i −MM>x̄i‖2
2

= ‖X̄−MM>X̄‖2
F

= Tr(X̄>X̄)− Tr(X̄>MM>X̄)

= Tr(X̄X̄>)− Tr(M>X̄X̄>M).

Let cov(X) = X̄X̄>. Thus the problem is equivalent to

max
M∈Rp×q

Tr(M>cov(X)M), s.t. M>M = I.
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PCA

PCA constructs a low-dimensional representation of the data
that describes as much of the variance in the data as possible.

Let x ∈ Rp be a random vector with mean µ and covariance Σ.

Find y = zTx such that the variance of y is maximized.

Var(y) = E[(zTx− E(zTx))(zTx− E(zTx))]

= E(zTx− zTEx)(zTx− zTEx)T

= zTE[(x− Ex)(x− Ex)T ]z = zTcov(X)z

Model problem:

max zTcov(X)z, s.t. ‖z‖2 = 1.

Find the maximal eigenpair (λ1, v1) of cov(X).
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Principal Component Analysis (PCA)

find a linear mapping M that maximizes data variance

max
M

Tr(M>cov(X)M)

s.t. M>M = I

Lagrangian function:

L(M,Λ) = Tr(M>cov(X)M)−
〈

Λ,M>M− I
〉

Stationary point (KKT condition) at

cov(X)M = MΛ

M>M = I

Thus PCA essentially requires eigenvalue decomposition
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PCA

Let X̄ = X− 1
N X11>, where 1 is a column vector of all ones

SVD: X̄ = UΣVT , Σ = [diag(σ1, . . . , σp), 0], UTU = I, VTV = I .
Eigen: X̄X̄> = UΛU>, Λ = diag(λ1, . . . , λp), and λi = σ2

i

PCA computes

max
M

Tr(M>cov(X)M), s.t. M>M = I.

Then the optimal solution M = Uq.

Therefore, we have: yi = µ+ MM>(xi − x̄), i.e.,

Y = µ1> + MM>X̄ = µ1> + MΣqV>q .

The matrix M>X̄ = ΣqV>q ∈ Rq×N is called the first q principal
components of X̄.
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Classical MDS

Known data points xi ∈ Rp, i = 1, . . . ,N.
compute pairwise distance matrix D(X) with

dij(X) = ‖xi − xj‖2

Let D2(X) = (d2
ij(X)). MDS: Find yi ∈ Rq such that

min
Y

‖HD2(X)H − HD2(Y)H‖2
F

Lemma
Let D2(X) = (d2

ij(X)) of X =
(
x1, . . . , xN

)
, H = IN − 1

N 11T . Let
B = −1

2 HD2(X)H and X̄ = X− 1
N X11T . Then we have B = X̄>X̄.
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Classical MDS

Proof: Define K = X>X, Kij = x>i xj. Then

D2(X)ij = (xi − xj)
>(xi − xj) = x>i xi + x>j xj − 2x>i xj.

Define w = diag(K). Then

D2(X) = w1T + 1wT − 2K.

Thus

B = −1
2

H(w1T + 1wT − 2K)H = HX>XH = X̄>X̄,

since H1wT = 1wT − 1T 1
N 1wT = 0 and 1wTH = 0.
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Classical MDS

Let B = X̄>X̄ and SVD: X̄ = UΣV>, Σ = [diag(σ1, . . . , σp), 0].
The eigenvalue decomposition: B = VΛV>, λi = σ2

i .

Assume that Y is centered, i.e., −1
2 HD2(Y)H = Y>Y, then

Classical MDS is equivalent to

min
Y

‖B− Y>Y‖2
F

The optimal solution Y = Λ
1
2 V>

Classical MDS: take X̃ = Λ
1
2
q V>q = ΣqV>q

PCA and classical MDS are equivalent!
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Extension of MDS

Known data points xi ∈ Rp, i = 1, . . . ,N.
Given norms ‖ · ‖x, ‖ · ‖y, compute pairwise distance matrix

dij(X) = ‖xi − xj‖x, dij(Y) = ‖yi − yj‖y

Find yi ∈ Rq such that

min
Y

‖Dx(X)− Dy(Y)‖2
F

or with centering matrix H = IN − 1
N 11T and D2x(X) = (d2

ij(X)):

min
Y

‖HD2x(X)H − HD2y(Y)H‖2
F

Kernel PCA: Kij = κ(xi, xj)

‖xi − xj‖2
x = ‖xi‖2

x + ‖xj‖2
x − 2 〈xi, xj〉x

(Dx(X)ij)
2 = Kii + Kjj − 2Kij

Isomap: geodesic distance for X and F-norm for Y
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Outline

1 Principal Component Analysis (PCA)

2 Maximum variance unfolding

3 Graph Realization and Sensor Network Localization

4 Low-Rank Adaptation (LoRA)

5 Matrix Factorization
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Maximum variance unfolding

PCA and MDS are linear dimensionality reduction methods that
compute mappings to preserve Euclidean distances between all
pairs of data points

Based on the notion of isometry, maximum variance unfolding
(MVU) considers the much larger class of nonlinear
transformations that only preserve the geometric properties of
local neighborhoods

We say that the data sets are k-locally isometric if for every
point xi, there exists a rotation and translation that maps xi and
its k nearest neighbors {xj1, xj2, . . . , xjk} precisely onto the points
yi and {yj1, yj2, . . . , yjk}

The notion of isometry can be translated into various sets of
equality constraints of inputs {xi}n

i=1 and outputs {yi}n
i=1
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MVU - constraints

Inputs {xi}N
i=1 and outputs {yi}N

i=1 are locally isometric if
whenever xi and xj are themselves neighbors or common
neighbors of another point in the data set, we have:

‖yi − yj‖2 = ‖xi − xj‖2

We also constrain the outputs yi to be centered on the origin:∑
i

yi = 0

this simply removes a translational degree of freedom from the
final solution
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MVU - objective function

Any "fold" between two points on a manifold serves to decrease
the Euclidean distance between the points

This suggests an optimization that we can perform to compute
the outputs yi that unfold a manifold sampled by inputs xi.

Maximize the sum of pairwise squared distances between
outputs:

Φ =
1

2N
‖yi − yj‖2

We pull the outputs as far apart as possible, subject to the
constraints in the previous slide

It can be verified that the objective function is indeed bounded

Intuitively, the constraints to preserve local distances prevent a
divergence to pull the outputs infinitely far apart
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MVU - optimization

Let G = (V, E) denotes the graph formed by pairwise connecting
each input to all of its k-nearest neighbors

Then, in terms of the squared distance matrix Dij = ‖xi − xj‖2,
the optimization can be written as:

max
∑

ij ‖yi − yj‖2

s.t.
∑

i yi = 0,

‖yi − yj‖2 = Dij, ∀(i, j) ∈ E

This problem is not convex, as it involves maximizing a quadratic
form subject to quadratic equality constraints
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MVU - reformulation

The inner product matrix Kij = yi · yj determines the outputs up to
rotation

Expanding the square in the distance constraint we obtain

Kii − 2Kij + Kjj = Dij

Likewise, the centering constraint can be expressed as

0 = ‖
∑

i

yi‖2 =
∑

ij

yi · yj =
∑

ij

Kij

Both are now linear equality constraints on the elements of K

We may view our original problem as an optimization over inner
product matrices Kij rather than vectors yi

Only symmetric matrices with nonnegative eigenvalues can be
interpreted as inner product matrices, therefore

K = K> � 0
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MVU - reformulation

For the objective function:

Φ =
1

2N

∑
ij

(‖yi‖2 + ‖yj‖2 + 2yi · yj)

=
∑

i

‖yi‖2

=
∑

i

Kii

= Tr(K).

We will obtain a low dimensional embedding by maximizing the
trace of the inner product matrix
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MVU - reformulation

We rewrite the MVU problem as:

max Tr(K)

s.t. K = K> � 0,

1>K1 = 0,

Kii − 2Kij + Kjj = Dij, ∀(i, j) ∈ E

This is a semidefinite program
The domain is the cone of psd matrices intersected with
hyperplanes (equality constraints)
The objective function is bounded above and linear
The problem is guaranteed to be feasible because the constraints
are trivially satisfied by the Gram matrix Gij = xi · xj

The reformulation into SDP not only allows global and efficient
solution of the MVU problem, but also gives the extra capability
of estimating the intrinsic dimension
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MVU - reformulation

From the inner product matrix K∗ solved by this SDP, the outputs
yi can be recovered by applying MDS on K∗

Let Vαi denote the ith element of the αth eigenvector, with
eigenvalue λα

Then the inner product matrix can be written as

K∗ij =
N∑
α=1

λαVαiVαj

The embedding is obtained by identifying the αth element of the
output yi as

Yαi =
√
λαVαi

A low dimensional embedding that is approximately locally
isometric is given by truncating the elements of yi
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The dual MVU problem

Examining the dual of an optimization problem often gives further
insight and offers theoretical and computational advantages

The MVU problem is no exception

For notational convenience, write the last set of equality
constraints as

Tr(KE{i,j}) = Dij, (i, j) ∈ E

where the N × N matrix E{i,j} has only four nonzero elements:
E{i,j}ii = E{i,j}jj = 1,E{i,j}ij = E{i,j}ji = −1

In forming the Lagrangian, we associate the dual variables
Z = Z> � 0, ν ∈ R and Wij for ∀(i, j) ∈ E



26/59

The dual MVU problem

The Lagrangian:

L(K,Z, ν,W) = Tr(K) + Tr(KZ)− ν1>K1

−
∑

(i,j)∈E

Wij(Tr(KE{i,j})− Dij)

= Tr[K(I + Z − ν11> −
∑

(i,j)∈E

WijE{i,j})]

+
∑

(i,j)∈E

DijWij

The dual function is obtained as

g(Z, ν,W) = sup K=K>L(K,Z, ν,W)

=

{ ∑
(i,j)∈E DijWij if I + Z − ν11> −

∑
(i,j)∈E WijE{i,j} = 0

+∞ otherwise
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The dual MVU problem

Eliminating Z from the equality, the feasibility condition in the
above equation becomes

I − ν11> − L � 0, L =
∑

(i,j)∈E

WijE{i,j}

Note that L is a weighted Laplacian of the graph G. The above
linear matrix inequality is equivalent to

ν ≥ 1
N
, λN−1(L) ≥ 1

where λN−1 denotes the second smallest eigenvalue of a
symmetric matrix (Here λN(L) = 0 with associated eigenvector 1)
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The dual MVU problem

The dual MVU problem is:

min
∑

(i,j)∈E DijWij

s.t. λN−1(L) ≥ 1,

L =
∑

(i,j)∈E WijE{i,j}

This is a convex optimization problem because the function
λN−1(L) is concave under the implicit constraint λN(L) = 0

Note that the dual variable ν does not appear in the problem
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Duality

The following duality results hold for the primal MVU problem
and the dual MVU problem

Weak duality: For any primal feasible K and any dual feasible W,
we have

Tr(K) ≤
∑

i,j

DijWij

(Note that Wij = 0 if (i, j) 6∈ E) This can be seen by checking the
duality gap
Strong duality: There exist a primal-dual feasible pair (K∗,W∗)
with zero duality gap, i.e.

Tr(K∗) =
∑

i,j

DijW∗ij

Strong duality follows from Slater’s condition for constraint
qualification
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Optimality conditions

A pair (K∗,W∗) is primal-dual optimal iff they satisfy the following
KKT conditions

primal feasibility

K∗ � 0, 1>K∗1 = 0
K∗ii − 2K∗ij + K∗jj = Dij,∀(i, j) ∈ E

dual feasibility

L∗ =
∑

(i,j)∈E

W∗ij E
{i,j}, λN−1(L∗) ≥ 1

complementary slackness

L∗K∗ = K∗ (why?)
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Optimality conditions

Note that we always have λN−1(L∗) ≥ 1, thus the complementary
slackness condition L∗K∗ = K∗ means that the range of K∗ lies in
the eigenspace (e.s.) of L∗ associated with λN−1

Since K∗ is a dense Gram matrix while L∗ is a sparse weighted
Laplacian, L∗K∗ = K∗ means precisely

top e.s. of dense K∗ ⊆ bottom e.s. of sparse L∗

where "bottom e.s." means the eigenspace associated with λn−1
(discard the eigenvector 1 and λN = 0)

Another direct consequence is

r ≤ rank(K∗) ≤ multiplicity of λN−1(L∗)

where r is the dimension of the low dimensional representations
obtained by performing MDS on K∗
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Outline

1 Principal Component Analysis (PCA)

2 Maximum variance unfolding

3 Graph Realization and Sensor Network Localization

4 Low-Rank Adaptation (LoRA)

5 Matrix Factorization
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Sensor Network Localization Problems

Input: m known points (anchors) ak ∈ R2, k = 1, . . . ,m, and n
unknown points (sensors or targets) xj ∈ R2, j = 1, . . . , n. For
some pair of two points, we have a Euclidean distance measure
dkj between ak and xj , or distance measure dij between xi and xj

Output: Position estimation for all unknown points, and
confidence measures on reliability of each position estimation

Objective: Robust, fast and accurate
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Figure: 50-Sensor Network with Radio Range .3
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Euclidean Distance Geometry Model

‖xi − xj‖2 = d2
ij,∀(i, j) ∈ Nx, i < j,

‖ak − xj‖2 = d2
kj, ∀(k, j) ∈ Na

d2
ij(d2

kj) connects xi to xj (ak to xj) with an edge whose length is dij(dkj)

Does the system has a localization or realization of all xjs?

Is the localization unique?

Is the localization reliable or trustworthy?

Is the system partially localizable?
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Global and Nonlinear Least Squares

min
∑

i,j∈Nx

(‖xi − xj‖2 − d2
ij)

2 +
∑

k,j∈Na

(‖ak − xj‖2 − d2
kj)

2

min
∑

i,j∈Nx

(‖xi − xj‖ − dij)
2 +

∑
k,j∈Na

(‖ak − xj‖ − dkj)
2

For example, Moré and Wu (1997)
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Matrix representation

Let X = [x1, x2, . . . , xn] be the 2× n matrix that needs to be
determined. Then

‖xi − xj‖2 = (ei − ej)
>X>X(ei − ej),

‖ak − xj‖2 = (ak;−ej)
>[I X]>[I X](ak;−ej)

where ej is the vector of all zero except 1 at the jth position

(ei − ej)
>Y(ei − ej) = d2

ij, ∀i, j ∈ Nx, i < j,

(ak;−ej)
>
(

I X
X> Y

)
(ak;−ej) = d2

kj,∀k, j ∈ Na,

Y = X>X
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SDP relaxation and analysis

Change Y = X>X to Y � X>X, which is equivalent to (e.g., Boyd
and Vandenberghe 2005)

Z =

(
I X

X> Y

)
� 0

Find a symmetric matrix Z ∈ R(2+n)×(2+n) such that

Z1:2,1:2 = I,

(0; (ei − ej))(0; (ei − ej))
> • Z = d2

ij,∀(i, j) ∈ Nx, i < j,

(ak;−ej)(ak;−ej)
> • Z = d2

kj, ∀(k, j) ∈ Na,

Z � 0.

Any matrix solution for the SDP relaxation has rank at least 2
If every sensor point is connected, directly or indirectly, to an
anchor point, then the solution set must be bounded
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Outline

1 Principal Component Analysis (PCA)

2 Maximum variance unfolding

3 Graph Realization and Sensor Network Localization

4 Low-Rank Adaptation (LoRA)

5 Matrix Factorization
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Transformer

Transformer架构具有编码器和解码器两个部分．并且用到的自注
意力相关结构大体上可分为三个部分：输入多头自注意力，输出
多头自注意力及输入-输出多头自注意力．

设编码器部分的输出为X[1]，解码器部分中经过掩盖多头自注意力
机制处理的部分为Y [1]，则在输入-输出多头自注意力机制结构
中，自注意力机制的结构变为

Q = X[1]WQ,K = X[1]WK ,V = Y [1]WV , (1)

即查询矩阵Q与键矩阵K的信息是来自于X[1]，值矩阵来自于Y [1].

在图中，N×表示这个模块进行N次，并且在自注意力输出部分往
往需要做与输入相加并且层归一化的操作．最后，在训练
好Transformer模型后，我们输入起始信息Y0

P，得到输出Y1
P，依此

进行下去，直到得到终止信号，这样就完成了整个输出过程．
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Transformer

Figure 1: The Transformer - model architecture.

wise fully connected feed-forward network. We employ a residual connection [10] around each of
the two sub-layers, followed by layer normalization [1]. That is, the output of each sub-layer is
LayerNorm(x + Sublayer(x)), where Sublayer(x) is the function implemented by the sub-layer
itself. To facilitate these residual connections, all sub-layers in the model, as well as the embedding
layers, produce outputs of dimension dmodel = 512.

Decoder: The decoder is also composed of a stack of N = 6 identical layers. In addition to the two
sub-layers in each encoder layer, the decoder inserts a third sub-layer, which performs multi-head
attention over the output of the encoder stack. Similar to the encoder, we employ residual connections
around each of the sub-layers, followed by layer normalization. We also modify the self-attention
sub-layer in the decoder stack to prevent positions from attending to subsequent positions. This
masking, combined with fact that the output embeddings are offset by one position, ensures that the
predictions for position i can depend only on the known outputs at positions less than i.

3.2 Attention

An attention function can be described as mapping a query and a set of key-value pairs to an output,
where the query, keys, values, and output are all vectors. The output is computed as a weighted sum
of the values, where the weight assigned to each value is computed by a compatibility function of the
query with the corresponding key.

3.2.1 Scaled Dot-Product Attention

We call our particular attention "Scaled Dot-Product Attention" (Figure 2). The input consists of
queries and keys of dimension dk, and values of dimension dv . We compute the dot products of the

3
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Why PETuning and LoRA?

When we want to develop large models, like language model of GPT,
we need to do large scale pre-training.
Problems and observations:

It is very time-consuming to full fine-tuning the model by
calculate gradient for each parameter when training.
Experiments shows that even if we do full fine-tuning, the result
of fine-tuning only have significant impact on a low rank
subspace of the parameter space.

⇒ Only fine-tuning on a low rank subspace.

Such kind of method is called Parameter-Efficient Tuning
(PETuning).
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LoRA: A typical way

LoRA: a kind of PETuning.

Basic form:
Suppose W0 is a pre-trained weight matrix, the traditional way is to
update it by W0 + ∆W, where ∆W ∈ Rd×k and can be trained. In
LoRA, we update it by W0 + BA, where B ∈ Rd×r,A ∈ Rr×k, and the
rank r � min(d, k). A and B are trainable.

Reduce the amount of trainable parameter to r × (d + k)

Initialization of training:
A: Random Gaussian
B: Zero matrix
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LoRA: A typical method
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LoRA: Benifits

Empirical Result:

Reduction in memory and storage.
higher efficiency.
Switch between task at lower cost.
higher interpretability
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Limitations and Improvement of LoRA

Limitations:
Not able to batch inputs to different tasks with different A and B
in a single forward pass
The choice of initialization of A and B: Gaussian and zero may
not be good.
The choice of r: we do not know which r is the best.
Theoretical explanation of why the method works.

Improvements:
PST: to further reduce the calculation, we adapt sparsity method
to LoRA - In each iteration we use sparsity approximation to the
matrix W.
PVP: if D′ ⊂ D is the dataset for a specific problem, we can
pre-train A and B with datas in D.
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Outline

1 Principal Component Analysis (PCA)

2 Maximum variance unfolding

3 Graph Realization and Sensor Network Localization

4 Low-Rank Adaptation (LoRA)

5 Matrix Factorization
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K-均值聚类

聚类(clustering)不同于分类(classification)，在聚类问题中我们仅仅知
道数据点本身，而不知道每个数据点具体的标签。聚类分析的任务就
是将一些无标签的数据点按照某种相似度来进行归类，进而从数据点
本身来学习其内蕴的类别特征。
给定p维空间中n个数据点a1, a2, · · · , an，聚类问题就是要寻找k个不相
交的非空集合S1, S2, · · · , Sk，使得

{a1, a2, · · · , an} = S1 ∪ S2 ∪ · · · ∪ Sk,

并且使得组内距离平方和最小，即

min
S1,S2,··· ,Sk

k∑
i=1

∑
a∈Si

‖a− ci‖2,

s.t. S1 ∪ S2 ∪ · · · ∪ Sk = {a1, a2, · · · , an},
Si ∩ Sj = ∅, ∀i 6= j,

(2)
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K-均值聚类的等价表述一

为了表示聚类方式S1, S2, · · · , Sk，一个很自然的想法是使用一个向
量φi ∈ Rk来表示点ai 所处的类别．具体地，定义φi为

(φi)j =

{
1, ai ∈ Sj,

0, ai /∈ Sj,

则聚类问题可以等价描述为

minΦ,H ‖A− ΦH‖2
F,

s.t. Φ ∈ Rn×k,每一行只有一个元素为1，其余为0,
H ∈ Rk×p.

(3)

在这里Φ的第i行的向量就是φT
i．
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K-均值聚类的等价表述二

首先定义1St , 1 ≤ t ≤ k为n维空间中每个分量取值0或1的向量，且

1St(i) =

{
1, ai ∈ St,

0, ai /∈ St.

可以证明，第t类St 中每个点到其中心点的距离平方和可以写
成 1

2nt
tr(D1St 1T

St
)，其中D ∈ Rn×n 的元素为Dij = ‖ai − aj‖2．

因此，我们将问题(2)转化为

min
S1,S2,··· ,Sk

1
2

tr(DX),

s.t. X =

k∑
t=1

1
nt

1St 1
T
St
,

S1 ∪ S2 ∪ · · · ∪ Sk = {a1, a2, · · · , an},
Si ∩ Sj = ∅, ∀i 6= j.

(4)



51/59

K-均值聚类的等价表述二

对半定矩阵X进行分解X = YYT,Y ∈ Rn×k，我们可以进一步得到如下
矩阵优化问题（这里1是n维向量且分量全为1）：

min
Y∈Rn×k

tr(YTDY),

s.t. YYT1 = 1,

YTY = Ik, Y ≥ 0.

(5)
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ONMF

Sn,k
+ := {X ∈ Rn×k : X>X = Ik, X ≥ 0}

Orthogonal NMF (ONMF), Ding, Li, Peng & Park (2006)

Data matrix A ∈ Rn×r
+ , n data samples, each with r features, k

clusters
A ≈ XY>,X ∈ Sn,k

+ ,Y ∈ Rr×k
+

Xij

{
> 0, if sample i ∈ cluster j
= 0, otherwise

ONMF model
min

X∈Sn,k
+ ,Y∈Rr×k

+

‖A− XY>‖2
F (6)

Orthonormal projective NMF (OPNMF) model, Yang & Oja (2010)

min
X∈Sn,k

+

‖A− XX>A‖2
F (7)

K-indicators model, Chen, Yang, Xu, Zhang & Zhang (2019)

min
X∈Sn,k

+ ,Y>Y=I
‖UY − X‖2

F s.t. ‖Xi,:‖0 = 1, i ∈ [n], (8)

where U is the features matrix extracted from the data matrix A.
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Subspace clustering

Subspace clustering: self-representation of data

min
X,E

rank(X) + λ‖E‖0

s.t. A = AX + E

Convex relaxation

min
X,E

‖X‖∗ + λ‖E‖1

s.t. A = AX + E

Essentially: A = AX with unknown X, solve for sparse/other
conditions on X
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Non-Negative matrix factorization (NMF)

Non-negative matrix factorization (NMF): A = DX with unknown
D and X, solve for elements of D,X > 0

min
D,X

‖A− DX‖2

s.t. D ≥ 0

X ≥ 0

Nonconvex problem; alternating minimization
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Robust PCA

Robust principal component analysis (RPCA)

min
X,E

rank(X) + λ‖E‖0

s.t. A = X + E

Matrix factorization view: A = X + E with a low rank component X
and a sparse component E

Convex relaxation

min
X,E

‖X‖∗ + λ‖E‖1

s.t. A = X + E



56/59

Stable Principle Component Pursuit (SPCP)/ Noisy
Robust PCA

RPCA is limited to the low-rank component being exactly
low-rank and the sparse component being exactly sparse

In real world applications the observations are often corrupted by
noise

Introducing entry-wise noise N: A = X + E + N with X,E,N
unknown, solve for X low rank, E sparse

Optimization problem

min
X,E

‖X‖∗ + λ‖E‖1

s.t. ‖A− X + E‖F ≤ δ
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Sparse PCA

A = DX with unknown D and X, solve for sparse D

Sparsity in number of basis vectors

Optimization form

min
D,X

‖A− DX‖2
F + λ‖D‖1

s.t. ‖xi‖2 ≤ 1
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Dictionary learning

A = DX with unknown D and X, solve for sparse X

Sparsity in representation coefficients

Optimization form

min
D,X

‖A− DX‖2
F + λ‖X‖1

s.t. ‖di‖2 ≤ 1
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Summary

Matrix factorization: A = DX

Utilizing different structural properties on D and/or X
Low-rank factorization: D and X have few columns/rows
Dictionary Learning / Sparse PCA: either D or X has few
non-zeros
Clustering: sparse binary X
nonnegative matrix factorization: element-wise positivity
...

Algorithms
Convex relaxation: (A)PG, ALM, ADMM
Jointly nonconvex problems: alternating minimization, BCD
...
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