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Linear Programming (LP)

Primal Dual
min cix1+ ...+ cuxp myax biyi + ...+ bpym

st. apxi+...+awux, = b st anyvi+...+amyn < ci

amix1 + ...+ QunXn = by aipy1 + .o+ QGupym < Cp
Xi 20
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Linear Programming (LP)

more succinctly

Primal (P) Dual (D)
min ¢'x max bTy
X V$
st. Ax=b st. Aly+s=c

x>0 s>0
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Problems with absolute values

min Y eilxi, assume ¢ > 0
i

st. Ax>b

@ Reformulation 1:

min Z CizZi min Z CiZi
i i
<~
st. Ax>b st. Ax>b
x| <z — %4 <X <z

1

@ Reformulation 2: x; = x™ — x

+
min Zci(x:r—l—x;)
j

st AxT —Ax > b,x+,x_ >0

X, x7 > 0. Then |x;| = x;" +x;
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LLM: GPT4

For a given matrix $A$ and vector $b%$, consider the basis pursuit problem:
S\min lIxlI_1, st. Ax = b.$

Please convert it to a standard linear programming problem.

ChatGPT
The Basis Pursuit problem is a fundamental optimization problem that seeks to find the sparsest
solution to a linear system. Formally, for a given matrix .4 = IR™>™ and a vector b = IR™, the

problem is defined as:

min [[z[lx  subject to Az —

where [|z|l, — 3%

components of x.

x;| denotes the I1-norm of =, which is the sum of the absolute values of the

To convert this problem into a standard Linear Programming (LP) form, we leverage the property

that the absolute value function can be represented using auxiliary variables and additional

constraints. The I1-norm objective ||x||1 can be linearized as follows:

Introduce Auxiliary Variables: For each variable x; in @, introduce two non-negative auxiliary
variables w; and v; where x; — w; — v; and u;, v; = 0. This decomposition allows us to

represent both posi

ive and negative values of ; using non-negative variables, as required in LP
formulations.

Objective Function Transformation: The l1-norm ||=||1 = 3_° | |a;| can now be rewritten in
terms of w; and v: as > ;- 4 (w: | w:).since |w;| = w: | w; by construction.
Constraint Adaptation: The original constraint Ax = b must be adapted to reflect the

introduction of w; and v;. Since &; — w; — v;, We can rewrite Ax A(u — v) — b, where

and 2 are vectors consisting of the variables 71; and 2, respectively.
Therefore, the Basis Pursuit problem can be reformulated as a standard LP problem:

ulg{ll“g Z;(ui —+ ;)

subject to  A(u — v)

1,...,m,
Vi — 1, ..., 7.
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LLM: GPT4

Gireat! Please provide alternative formulation by introducing a new variable $z%$. and enforcing S|
x_il<= z_i%

ChatGPT

To reformulate the Basis Pursuit problem by introducing a new variable = and enforcing |xz:| = =z:
for each component i of the vector . we can take advantage of the relationship between the ;-
norm objective and these new variables. This approach aims to directly model the {; -norm
minimization within a linear programming framework by explicitly capturing the absolute value
constraints.

The original Basis Pursuit problem is given by:

min ||=|l1 subject to Az —
where ||=||y P £
Reformulation Steps:
MNew Vari For cach @; in the vector @, introduce a corresponding variable =;

intendcd to capture the absolute value of @, i.e., || <= =;. The variable =; is non-negative tor all
#, since it represents the magnitude of a;.

o Fu & The obj ive becomes the minimization of the sum of the new variables =,
which represent the absolute values of the components of . Hence, the objective function is
nin SO, =

Constraints: In add

ion to the original equal

¥ constraint 4. b, we add constraints to ensure

|az:| = = for all i. This is achieved by adding the following inequal,

2s for each
x; = zi. to capture the case when x; is positive or zero.

—@: = =:.to capture the case when x; is negative.

Together, these incqualitics ensure that =; is at lcast as large as the absolute value ot @,
effectively modeling || =X =

Linear Programming Formulation:
The Basis Pursuit problem can now be reformulated as:
J2ip. > e

subject to  _Ax — b
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Problems with absolute values

@ data fitting:

min  [|JAx — b|
X
min  ||[Ax — b1
X
@ Compressive sensing

min Ix|[1, st. Ax=b (LP)
min  plxlli + 3]|Ax =5[> (QP,SOCP)
min |Ax —b||, st. x| <1
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An example of linear programming: >k &

YUNDA
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* Online assignment problem

« Control based method

* Online linear programming
Ref: Agrawal, Shipra, Zizhuo Wang. and Yinyu Ye.
“A dynamic near-optimal algorithm for online
linear programming.” Operations Research 62.4
(2014): 876-890.




Optimal transport

— images, vision, graphics and machine learning, ...
E

Monge Kantorovich Koopmans ~Dantzig ~ Brenier Otto McCann  Villani Figall

s ol
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Optimal transport: LP

m n
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Weak duality

Suppose
@ xis feasible to (P)
@ (y,s) is feasible to (D)

Then
0 < x's becausex;s; >0
= x'(c—ATy)
= ¢'x—(Ax)"y
= ¢'x— bTy

= duality gap
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Key Properties of LP

@ Strong duality: If both Primal and Dual are feasible then at the

optimum

c'x= bTy —x's=0

@ complementary slackness: This implies
x's = xisi+...+x, =0 and therefore

XiS;i — 0
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complementarity

@ Putting together primal feasibility, dual feasibility and
complementarity together we get a square system of equations

Ax = b, x>0,
Aly+s = ¢, s>0,
xisi = 0 fori=1,...,n

@ At least in principle this system determines the primal and dual
optimal values
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Outline

e Semidefinite Programming (SDP)
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Semidefinite Programming (SDP)

@ X > Y means that the the symmetric matrix X — Y is positive
semidefinite

@ X is positive semidefinite
a'Xa > 0 for all vector a < X = B'B —

all eigenvalues of X is nonnegative
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SDP

@ For simplicity we deal with single variable SDP:

Primal (P) Dual (D)
, T
mn (CX) e
st. (A,X)=b s.t. ZyiA,- +85=C
(A, X) = by $=0
X=0

@ A single variable LP is trivial
@ But a single matrix SDP is as general as a multiple matrix
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Facts on matrix calcuation

@ IfA,B € R™" then Tr(AB") = Tr(B'A)
@ If U,V € §" and Q is orthogonal, then (U, V) = (QTUQ, Q" UQ)
@ If X € 8", then U = QT AQ, where QT Q =TI and A is diagonal.

Matrix norms: [[X|[r = [A(X) 12, [X]l2 = [A(X)]loc, A(X) = diag(A)

@ X-0«=viXv>forallve R" <= A\(X)>0«<= X=B'B

The dual cone of & is S'}

If X =0, then X;; > 0. If X;; =0, then X;; = X;; = 0 for all .

If X > 0, then PXP' > 0 for any P of approriate dimensions

X1 X2
= - hen X;; = 0.
If X (XF—Z X22) > 0, the 1n=0

X = 0 iff every principal submatrix is positive semidefinite (psd).
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Facts on matrix calcuation

A B

oLetU:<BT C

) with A and C symmetric and A > 0. Then

U=0(or =0) <= C-B'A"'B>=0(or ~0).

The matrix C — BTA~'B is the Schur complement of A in U:

A B\ _ I 0\ /A 0 I A7'B
B" ¢) \B"A' 1J\0 c—BTA"'B)\O0O I

@ IfAecS" thenx'Ax = <A,xxT>

@ IfA > 0, then (A, B) > 0 for every nonzero B > 0 and
{B>0|(A,B) < p} is bounded for 5 > 0

@ IfA,B > 0,then (A,B) =0iff AB=0
@ A, B € 8", then A and B are commute iff AB is symmetric, iff A

and B can be simultaneously diagonalized
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Eigenvalue optimization
@ minimizing the largest eigenvalue \yax(Ao + >, xiA;):
min  Apax(Ag + ZXiAi)

can be expressed as an SDP
and its dual is

min z max (Ag,Y)
st =) xiA; = Ag st (AnY) =k
i (,Y)=1
Y >0

@ follows from
Amax(A) <t <= A <1l
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Eigenvalue optimization

@ LetA; € R™". Minimizing the 2-norm of A(x) = Ag + > _; xiA;:

min A9

can be expressed as an SDP

min ¢t
Xt

s.t. (A(;I)T AI(;C)> =0

@ Constraint follows from

Al <t <= ATA<AI, >0

PN ( t A(x)>t0

AX)T
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Quadratically Constrained Quadratic Programming
Consider QCQP
min x'Apx+2bjx+cy  assumeA; € S"
st x'Ax+2b/x+¢; <0, i=1,....m
@ IfAy~0andA; =B/B;,i=1,...,m, thenitis a SOCP
@ If A; € S" but may be indefinite
xTAix + Zb,-Tx +c = <A,~,xxT> + 2b,-Tx + ¢
@ The original problem is equivalent to

min  TrAoX + 2bJ x + ¢o
st. TAX+2b/x+¢ <0, i=1,...,m

X =xx'
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QCQP

@ If A; € 8" but may be indefinite

A b X o
xTAix+2b x4+ ¢ = <<b‘lr c’> , <xT )lc)> = (A;,X)
i i

X > 0is equivalent to X > xx"

@ The SDP relaxation is

min TrAgX
st. TAX<0, i=1,....m
X>0

@ Maxcut: max x' Wx, st x?=1

@ Phase retrieval: |a,' x| = b;, the value of 4, x is complex
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Max cut

@ For graph (V, E) and weights w; = w;; > 0, the maxcut problem is

max > ZWU —xxj), st xe{-1,1}
i<j

@ Relaxation:

max *ZWU —viv), st il =1

ViR i<j
@ Equivalent SDP of (P):
(SDP) max Zw,, X;), st Xi=1,X>0

Xesn
i<j
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Max cut: rounding procedure

Goemans and Williamson’s randomized approach

@ Solve (SDP) to obtain an optimal solution X. Compute the
decomposition X = VTV, where

V=1[1,v2,..., V]

@ Generate a vector r uniformly distributed on the unit sphere, i.e.,
Irfl2 =1

@ Set

1 vr>0
X, =
' —1 otherwise
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Max cut: theoretical results

@ Let W be the objective function value of x and E(W) be the
expected value. Then

1
E(W)= = Z wy arccos(v; v;)
i<j

@ Goemans and Williamson showed:

>O¢ E W,] VV]

l<]

where 5 0
a = min ——— > 0.878
0<0r w1 — cosf
@ Let Z(SDP) and ZZ*Q) be the optimal values of (SDP) and (Q)
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Weak duality in SDP

@ Justasin LP
(Xv S> = <C>X> - bTy

@ Also if both X > 0 and S > 0 then
(X,8) = Tr(XS'/28'?) = Tr(8'/?x5'/%) > 0
because S'/2x5'/? - 0

@ Thus
<X75> = <C7X> - bTy >0
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Complementarity Slackness Theorem

@ X>0and S>> 0and (X,S) = 0implies
XS=0

@ Proof:
(X,S) = Tr(XS'/28'/%) = Tr(S'/?x8'/?)

Thus Tr(S'/2x5'/?) = 0. Since §'/2x5'/? » 0, then

S1/2x§1/2 — g — §1/2x1/2x1/261/2 —
X281/ == XS =0
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Equivalent complementarity slackness

@ For reasons to become clear later it is better to write
complementary slackness conditions as

XS+ SX
-

@ It can be shown that if X = 0 and S > 0, then XS = 0 iff

0

XS+S8SX=0
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Constraint Qualifications

@ Unlike LP we need some conditions for the optimal values of
Primal and Dual SDP to coincide

@ Here are two:

o If there is primal-feasible X > 0 (i.e. X is positive definite)
o If there is dual-feasible S = 0

@ When strong duality holds (X,S) =0
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KKT Condition

@ Thus just like LP, the system of equations are

<AiﬂX> = bi7 Xtoa
> yiAi+S = C, S=0,
i

XoS = 0.

It gives us a square system.
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Q Second Order Cone Programming (SOCP)
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Second Order Cone Programming (SOCP)

@ For simplicity we deal with single variable SOCP:

Primal (P) Dual (D)
min ¢'x max bTy
st. Ax=0b> st. Aly+s=c
x0=0 so =0

@ the vectors x, s, ¢ are indexed from zero
@ Ifz=1(z0,21,...,2,) andz = (z1,...,24) "

20>0<= 20> |z
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[llustration of SOC

X

Q={zlz = [}
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Quadratic Programming (QP)

min g(x) =x' QOx+a'x+f3

st. Ax=b
x>0

@ g(x) = |la|>+ B8 - LaTQ 'a, where u = Q'/2x + 1071 /2a.

@ equivalent SOCP

assume Q>0,0=0"
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Robust linear programming

the parameters in LP are often uncertain

min c¢'x

s.t. a;—x < b;
There can be uncertainty in ¢, a;, b.

two common approaches to handling uncertainty (in g;, for simplicity)
@ deterministic model: constraints must hold for all a; € &;

min ¢ x

st a/x<b, foralla; € &
@ stochastic model: g; is random variable; constraints must hold
with probability n

min c¢'x

s.t. prob(a,-Tx <bj)>n
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deterministic approach via SOCP

@ Choose an ellipsoid as &;:
Ei:{c_li—l—Piu| ||MH2 < 1}, aiERn,PiERnxn

@ Robust LP

min ¢'x

s.t. a,Tx < b, for all g; € &;
is equivalent to the SOCP

min c¢'x

s.t. Zzl-Tx+ ||P,-TxH2 < b;
since

sup (@ 4+ Pu) ' x =a] x + ||P x||»
llull2<1
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stochastic approach via SOCP

@ ¢, is Gaussian with mean a;, covariance %; ( a; ~ N (a;, ;)

@ a/ x is Gaussian r.v. with mean &' x, variance x ' ¥;x; hence

b; —a x
Ty <p) = e N
prob(a; x < b)) = ® 15725

where ®(x) = (1/v27) [*__ e "/%dris CDF of N'(0, 1)

@ robust LP

min c¢'x

s.t. prob(aiTx <bj)>n
is equivalent to the SOCP

min ¢ x

st a x+ () ||="%x]|, < b
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Weak Duality in SOCP

@ The single block SOCP is not as trivial as LP but it still can be
solved analytically

@ weak duality: Again as in LP and SDP

x's=c'x—b"y= duality gap

If x,5 =0 0, then

x's = X050 +x's

%[l - [Is]] + x5 since x,s =g 0
x'5|+x'5 Cauchy-Schwartz inequality
0

(AVAR VARV,
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Complementary Slackness for SOCP

@ Givenx =9 0,s =g 0and x's = 0. Assume xy > 0 and sy > 0

@ We have

n
() =) x5
i=1

(xx) S%ZE si2<:>x(2)25 ’20
S,
i=1 i=1 “0
T 2xsix
i SiX0
(s * ) sz:O<:>—x0s0:E xisi<:>—2x(2):E =
- S0

i i=1

2
@ Adding (*), (*), (***), we get0 > >"" , (x,- + m)

S0
@ This implies
xiso +x05; =0, fori=1,...,n
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[llustration of SOC

When x =¢ 0, s =¢ 0 are orthogonal both must be on the boundary in
such a way that their projection on the x1, ..., x, plane is collinear
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Strong Duality

@ at the optimum

c'x=b"ye=x"s=0

@ Like SDP constraint qualifications are required
@ If there is primal-feasible x >~ 0

@ If there is dual-feasible s >~¢ 0
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Complementary Slackness for SOCP

@ Thus again we have a square system

Ax = b, x=90,

ATy +s5s = ¢, s§s=00,
x's = 0
Xo8; +sox; = 0
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