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AvLcorITHM 1. A practical CG algorithm (C'G(7, imax))-
Given 2° = 0 and 7% = b.
While (||7¢]| > 1) or (i < imax)
Step1.1. 1 =71+ 1
Step 1.2, If i = 1; pt =% else; 5; = |72/ |IP* 2|12, p* = v~ 1 + B p* ™1 end
Step 1.3. a; = |72/ (p*, Ap*)
Step 1.4. 2* = 271 + a;p°
Step 1.5. 7t =71 — a; Ap’
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ProprosITION 3.2. Suppose that the problem (56) satisfies condition (7). Let
(9, 2) € R™ x 8™ be a pair that satisfies the KKT conditions (57), and let P be an or-
thogonal matriz such that Z and Z — (X —o(A*y—C)) have the spectral decomposition
as in (14). Then the following conditions are equivalent:

(i) The constraint nondegenerate condition

Alin(Tsz (Z)) = R™
holds at Z, where lin(Tsr (Z )) denotes the lineality space of Tsn(Z ) i.e.,
lin(Tsy (Z)) = {B € 5" | [Ps P,]" B[Ps P,) = 0}.

(ii) Ewvery Vy € 329(1}) is symmetric and positive definite.

(iii) L‘;}O € ()Qp(gr) is symmetric and positive definite.
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ALGORITHM 2. A semismooth Newton-CG algorithm (NCG(y°, X, 0)).
Step 0. Given p € (0,1/2), 7€ (0,1), 7 € (0,1], 71,72 € (0,1), and § € (0, 1).

Step 1. For j =0,1.2,...
Step 1.1. Given a maximum number of CG iterations n; > 0, compute

n; := min(7, | Ve(y?)[|717).

Apply the practical CG algorithm, Algorithm 1 (CG(n;,n;)), to find an
approximation solution ¢’ to

(Vi + i) d = =Vo(y'),

where V; € 0%p(y7) is defined in (54) and ¢; := 7 min{7a, [|[Vio(y9)||}.
Step 1.2. Set a; = 0™7, where m; is the first nonnegative integer m for which

ey’ +6md) < o(y?) + ud™(V(y?). d).

Step 1.3. Set /™1 =7 +a; d’,
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PROPOSITION 3.3. For every j > 0, the search direction d? generated in Step 1.2
of Algorithm 2 satisfies

1 (=Ve(y?), d?) 1
Amax (Vi) ~ IVe@)IZ = Aam(V;)

o~

where f;; = V; 4+ ;1 and /\max(f}j) and Amin(Vj) are the largest and smallest eigen-
values of IZ;, respectively.
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THEOREM 3.4. Suppose that problem (56) satisfies condition (7). Then Algo-
rithm 2 is well defined and any accumulation point y of {y?} generated by Algorithm 2
is an optimal solution to the inner problem (46).
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THEOREM 3.5. Assume that problem (56) satisfies condition (7). Let y be an
accumulation point of the infinite sequence {y’} generated by Algorithm 2 for solving
the inner problem (46). Suppose that at each step j > 0, when the practical CG

algorithm, Algorithm 1, termunates, the tolerance 1); is achieved (e.qg., when n; =
m+1); ie.,

IVoly”) + (Vj +e5I) d || < .

Assume that the constraint nondegenerate condition (58) holds at 7 = Hsn (X —
o(A*y — C)). Then the whole sequence {y’} converges to y and

Iy = gll = O(lly” —glI*™™).
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Since HSi (+) is strongly semismooth [36], it holds that for all j sufficiently large,
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(A) or(y*1) —infop < €220k, e >0, > 1o, er < oo
(B) wr(y*™1) —inf @r < (67 /20%)|| Xt — XF||2) 6, >0, Y0 0k < o0.
(B) [IVor(s )] < (54/ow) |XFH1 — XK[,0.< 5, — 0.
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Step 0. Given (3", X?) € R™ x St, 09 > 0, a threshold @ = 0¢ > 0, and p > 1.
Step 1. For k=0,1,2,...
Step 1.1. Starting with y* as the initial point, apply Algorithm 2 to ¢i(-) to
find y*t1 = NCG(y*, X*,0;) and X*T1 = ILsy (XF — o (A*yAT — )
satisfying (A), (B), or (B’).
Step 1.2. If o < 7, Op+1 = pOok OF Okpy+1 = Ok.
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(69) A2 - C = 0,
7) A 8™ = R™ is onto,
( 3 X, € 8™ such that A(Xo) = b, Xo > 0,

(23) A*R™ + conv ( U (’]’Z;E{Av:y — ) ﬁfl)) - 8",

(36) AR™ + lin(Ts (A5 — C)) = S™.

(58) Alin(Tsz (Z)) = R™
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THEOREM 4.2. Let Algorithm 3 be erecuted with stopping criteria (A) and (B).
Assume that (D) satisfies condition (69) and (P) satisfies condition (7). If the ex-
tended strict primal-dual constraint qualification (23) holds at X, where X is an op-
timal solution to (P), then the generated sequence {X*} C ST is bounded and {X*}
converges to the unique solution X with max(P) = min(D), and

| XFTE X < 0r||X* —X|| V k sufficiently large,
where

Or = [ag(aﬁ + o) TH? —|—5.rf] (1—68x)" 1 = 00 = ag(aﬁ 102 )TY2 21 as o s O

and a, is a Lipschitz constant of —(0g)~' at the origin (cf. Proposition 2.1). The
conclusions of Theorem 4.1 about {y*} are valid.

Moreover, if the stopping criterion (B') is also used and the constraint nondegen-
erate conditions (36) and (58) hold at ij and X, respectively, then, in addition to the
above conclusions, the sequence {y*} — y, where i is the unique optimal solution to

(D), and one has
||yk—|—1 — gl < g;ﬁ”Xk"'l — Xk|| YV k sufficiently large,

where 0, = a;(140}.)/0r — 0o = a1/0 and a; is a Lipschitz constant of TE_I at the
OTLGLN.
FE LA 200 55— HR 70Uk W 2 B DCHR32, 3345 Fram i fG T, S A i KR T RIS R T
e LipschitziE 2L VA SCHR 7453 H 1 8 B 3 8 ik B
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where S = (Isz (W) — W) /o with W = X — g(A*y — C)
® FAE R, SPDNALFVERIZ RN A:

max{Rp,Rp} < 1075,

choose the initial iterate 4 = 0, X" =0, and oy = 10,
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random sparse

TaBLE 1
Results for the SDPNAL algorithm on the random sparse SDP problems considered in [19].
Problem m | ngng it| itsub| pecg (C, X) by Rp| Ep| gap Time
Rn6mb50p3 50000 | 600; 10| 50| 58.2 -3.86413001 2 _3.86353173 2 | 2.8.-T| B.5-T| -T.7-5 7:53
Rn6m60p3 60000 | 600; 9| 47| 48.3  6.41737682 2 £.41803361 2 | 5.0-T| 8.7-7| -5.1-5 T:00
RBnTmb50p3 50000 | T0O; 12| 52| 31.6  3.13203609 2  3.13240876 2 | 7.4-T| 5.4-T| -5.9-5 6:18
RnTm70p3 70000 | 700; 10| 48] 41.6 -3.69557843 2 -3.69479811 2 | 2.4-T| 8.7-T| -1.1-4 B:48
Bn8m70p3 TO00O | 800; 11| 51| 33.3  2.33139641 3  2.33149302 3 1.8-T| 9.9-T| -2.1-5 9:37
Rn8ml00p3 100000 | 800, 10| 52| 55.8  2.25928848 3  2.25937157 3 1.3-7| 7.3-T| -1.8-5 18:49

TABLE 2

Results obtained by the boundary-point method in [19] on the random sparse SDP problems
considered therein. The parameter ap is set to 0.1, which gives better timings than the default initial

value of 1.

Problem m | nainy it (C, X} bTy Rp| Rp| gap Time
Rn6m50p3 50000 | 600; [ 142 -3.86413897 2 -3.86413511 2| 9.9-7| 5.7-8| -5.0-T  1:21
Rn6m60p3 60000 | 600; | 137 6.41736718 2 6.41736746 2 | 9.9-7| 3.0-8| -2.2-8  2:09
RnTmb50p3 50000 | 700; | 165 3.13202583 2 3.13205602 2 | 9.9-7| 1.1-7| -4.8-6  2:07
RnTmT70p3 70000 | 700; | 136 -3.69558765 2 -3.69558700 2 19.9-7| 4.2-8| -8.9-8  2:10
Rn8m70p3 70000 | 800; | 158 2.33139551 3  2.33139759 3 | 9.9-7| 8.3-8| -4.5-T  2:54

Rn8m100p3 100000 | 800; | 135 2.25928693 3  2.25928781 3 | 9.4-7| 2.9-8| -1.9-T  4:16
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TasLE 3
Results for the SDPNAL algorithm on the FAPs.

Problem m | ng;ng it| itsub| pcg (C, X) b.'!.‘_r.,l Rp| Rp| gap Time
fap09® 15225 | 174; 14025 22| 120] 38.4 1.07978114 1 1.07978423 1 B.9-7| 9.6-7| -1.4-6 41
faplD 14479 | 183; 13754 23] 140] 57.4 9.67044948-3 0.74974306-3 1.5-7| 9.3-7| -7.8-5 1:18
fapll 24292 | 252; 23275 25| 148] 69.0 2.97000004-2  2.98373402-2 | 7.7-T| 6.0-7| -1.3-4 3:21
fapl2 26462 | 369; 24410 25| 169] 81.3 2.73251961-1 2.73410714-1 | 6.0-7| 7.8-7| -1.0-4 D:07
fap25 322024 | 2118; 311044 24| 211] 34.8 1.28761356 1 1.28789892 1 | 3.2-6] 5.0-7] -1.1-4 10:53:22
fapd6 1154467 | 4110; 1112293 | 17| 197] 87.4 6.98561787 1 6.98506286 1 T.7-T| B.7-T| -2.5-5  65:25:07

TABLE 4

Results obtained by the boundary-point method in [19] on the FAPs. The parameter og is set
to 1 (better than 0.1).

Problem m | ma;mn, it {C, X By Hp| Bp| zap Time
fap0@ 15225 | 174; 14025 2000 1.07978251 1 1.07982902 1 9.2-7| 9.8-6| -2.1-5 59
faplld 14479 | 183; 13754 2000 1.70252739-2 2.38972400-2 | 1.1-5| 1.1-4| -6.6-3 1:25
fapll 24202 | 252; 23275 2000 4.22711513-2 5.94650102-2 | B8.8-6| 1.4-4| -1.8-2 2:31
fapl2 26462 | 360; 24410 2000 2.03446247-1 3.26163363-1 | 6.0-6| 1.5-4| -2.0-2 4:37
fap25 322024 | 2118; 311044 2000 1.31895665 1 1.35910052 1| 4.8-6] 2.0-4| -1.4-2 8:04:00
fap36 1154467 | 4110; 1112293 | 2000 7.03339309 1 T7.09606078 1| 3.9-6| 1.4-4| -4.4-3 46:59:28
fap09 15225 | 174; 14025 300 1.08257732 1 1.09208378 1| 1.7-4| 7.2-4| -4.2-3 09
fapl0 14479 | 183; 13754 300 5.54148690-2 9.98476591-2 | B.3-5| 6.9-4| -3.8-2 12
fapll 24292 | 252; 23275 300 1.33930656-1 1.82368305-1 | 2.4-4| 7.9-4| -3.7-2 22
fapl2 26462 | 360; 24410 300 4.11473718-1 5.69735006-1 | 1.2-4| 8.4-4| -B.D0-2 41
fap25 322024 | 2118; 311044 300 1.47010392 1 1.69017693 1| 1.1-4| 1.2-3| -6.8-2 1:10:36
fap36 1154467 | 4110; 1112293 300 T.28509749 1 T.6T380018 1| B.6-5| 8.9-4| -2.86-2 6:53:36
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