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• Motivation

– Minimizing the sum of two convex functions:

min
𝑥∈ℜ𝑁

𝐹 𝑥 ≝ 𝑓 𝑥 + Ψ 𝑥 ,

where 𝑓 is differentiable on ℜ𝑁, and Ψ has a block 

separable structure:

Ψ 𝑥 = 

𝑖=1

𝑛

Ψ𝑖 𝑥𝑖 ,

where each 𝑥𝑖 denotes a subvector of 𝑥 with cardinality 𝑁𝑖 , 

and each Ψ𝑖: ℜ
𝑁𝑖 → ℜ∪ {+∞} is a closed convex function.
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• Iteration

– Given the current iterate 𝑥𝑘, the RBCD method picks a block 
𝑖 ∈ 1,… , 𝑛 uniformly at random.

– Solving a block-wise proximal subproblem:

𝑑𝑖 𝑥
𝑘 ≔ arg min

𝑑𝑖∈ℜ
𝑁𝑖

𝛻𝑖𝑓 𝑥𝑘 , 𝑑𝑖 +
𝐿𝑖
2

𝑑𝑖
2 +Ψ𝑖 𝑥𝑖

𝑘 + 𝑑𝑖 ,

where 𝛻𝑖𝑓 𝑥 denotes the partial gradient of 𝑓 with respect to 𝑥𝑖, and 
𝐿𝑖 is the Lipschitz constant of 𝛻𝑖𝑓 𝑥 .

– Setting the new iterate as

𝑥𝑗
𝑘+1 =  

𝑥𝑖
𝑘 + 𝑑𝑖 𝑥

𝑘 , 𝑗 = 𝑖

𝑥𝑗
𝑘 , 𝑗 ≠ 𝑖
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• Related works

– Nesterov (2012) 

• Studying RBCD methods for two special cases

• Proposing an accelerated RBCD (ARCD) method for the problem with Ψ ≡ 0

– Richtarik and Takac (2014) 

• Extending Nesterov's RBCD methods to the general form 

• Establishing a high-probability type of iteration complexity

• Contributions

– Obtaining sharper convergence rates for the RBCD method and for the 
ARCD method in the case Ψ ≡ 0 by developing the randomized 
estimate sequence technique

– Obtaining a better high-probability type of iteration complexity
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• Assumption 0. Problem min
𝑥∈ℜ𝑁

𝐹 𝑥 ≝ 𝑓 𝑥 + Ψ 𝑥 has a minimum (𝐹∗ >

−∞) and a nonempty optimal solution set, denoted by 𝑋∗,

min
𝑥∈ℜ𝑁

𝐹 𝑥 ≝ 𝑓 𝑥 + Ψ 𝑥

• Permutation

– For any partition of 𝑥 ∈ ℜ𝑁 into 𝑥𝑖 ∈ ℜ𝑁𝑖: 𝑖 = 1,… , 𝑛 , there is an 𝑁 × 𝑁
permutation 𝑈 partitioned as 𝑈 = 𝑈1⋯𝑈𝑛 , where 𝑈𝑖 ∈ ℜ𝑁×𝑁𝑖, such that

𝑥 =  𝑖=1
𝑛 𝑈𝑖𝑥𝑖,    and    𝑥𝑖 = 𝑈𝑖

𝑇𝑥, 𝑖 = 1,… , 𝑛. 

– For any 𝑥 ∈ ℜ𝑁, the partial gradient of 𝑓 with respect to 𝑥𝑖 is defined as

𝛻𝑖𝑓 𝑥 = 𝑈𝑖
𝑇𝛻𝑓 𝑥 , 𝑖 = 1,… , 𝑛. 

• Assumption 1. The gradient of function 𝑓 is block-wise Lipschitz continuous 

with constants 𝐿𝑖, i.e.,,

𝛻𝑖𝑓 𝑥 + 𝑈𝑖ℎ𝑖 − 𝛻𝑖𝑓 𝑥 ≤ 𝐿𝑖 ℎ𝑖 ,    ∀ℎ𝑖 ∈ ℝ𝑁𝑖, 𝑖 = 1,… , 𝑛, 𝑥 ∈ ℝ𝑁.  
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• Norm ∙ 𝐿 and norm ∙ 𝐿
∗

– Define a pair of norms in the whole space 𝑥 ∈ ℜ𝑁:

𝑥 𝐿 =  

𝑖=1

𝑛

𝐿𝑖 𝑥𝑖
2

1/2

, ∀𝑥 ∈ ℜ𝑁,

𝑔 𝐿
∗ =  

𝑖=1

𝑛
1

𝐿𝑖
𝑔𝑖

2

1/2

, ∀𝑔 ∈ ℜ𝑁.

• Convexity parameter 

– The convexity parameter of a convex function 𝜙: ℜ𝑁 → ℜ∪ {+∞} with 
respect to the norm ∙ 𝐿, denoted by 𝜇𝜙, is the largest 𝜇 ≥ 0 such that 

for all 𝑥, 𝑦 ∈ dom𝜙,

𝜙 𝑦 ≥ 𝜙 𝑥 + 𝑠, 𝑦 − 𝑥 +
𝜇

2
𝑦 − 𝑥 𝐿

2,    ∀𝑠 ∈ 𝜕𝜙 𝑥 .

Clearly, 𝜙 is strongly convex if and only if 𝜇𝜙 > 0.
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• Lemma 1. Suppose that Φ 𝑥 =  𝑖=1
𝑛 Φ𝑖 𝑥𝑖 . For any 𝑥, 𝑑 ∈ ℜ𝑁, if we pick 

𝑖 ∈ 1, … , 𝑛 uniformly at random, then

𝐄𝑖 Φ 𝑥 + 𝑈𝑖𝑑𝑖 =
1

𝑛
Φ 𝑥 + 𝑑 +

𝑛 − 1

𝑛
Φ 𝑥 .

• Proof. Since each 𝑖 is picked randomly with probability 1/𝑛, we have

𝐄𝑖 Φ 𝑥 + 𝑈𝑖𝑑𝑖 =
1

𝑛
 

𝑖=1

𝑛

Φ𝑖 𝑥𝑖 + 𝑑𝑖 + 

𝑗≠𝑖

Φ𝑗 𝑥𝑗

=
1

𝑛
 

𝑖=1

𝑛

Φ𝑖 𝑥𝑖 + 𝑑𝑖 +
1

𝑛
 

𝑖=1

𝑛

 

𝑗≠𝑖

Φ𝑗 𝑥𝑗

=
1

𝑛
Φ 𝑥 + 𝑑 +

𝑛 − 1

𝑛
Φ 𝑥 .

• For notational convenience, the author defines

𝐻 𝑥, 𝑑 ≔ 𝑓 𝑥 + 𝛻𝑓 𝑥 , 𝑑 +
1

2
𝑑 𝐿

2 +Ψ 𝑥 + 𝑑 .
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• Assume 𝜇𝑓 ≥ 0 and 𝜇Ψ ≥ 0 with respect to the norm ∙ 𝐿 respectively. 

Then 𝜇𝐹 ≥ 𝜇𝑓 + 𝜇Ψ. By Assumption 1, we have

𝑓 𝑥 + 𝑈𝑖ℎ𝑖 ≤ 𝑓 𝑥 + 𝛻𝑖𝑓 𝑥 , ℎ𝑖 +
𝐿𝑖

2
ℎ𝑖

𝟐, ∀ℎ𝑖 ∈ ℝ𝑁𝑖, 𝑖 = 1,… , 𝑛, 𝑥 ∈ ℝ𝑁,

Which implies that 𝜇𝑓 ≤ 1.

• Lemma 2. Suppose 𝑥, 𝑑 ∈ ℜ𝑁. If we pick 𝑖 ∈ 1, … , 𝑛 uniformly at random,

𝐄𝑖 𝐹 𝑥 + 𝑈𝑖𝑑𝑖 − 𝐹 𝑥 ≤
1

𝑛
𝐻 𝑥, 𝑑 − 𝐹 𝑥 .

• Proof. According to Lemma 1 and inequality (*), we have

𝐄𝑖 𝐹 𝑥 + 𝑈𝑖𝑑𝑖 − 𝐹 𝑥 =
1

𝑛
𝐹 𝑥 + 𝑑 − 𝐹 𝑥

≤
1

𝑛
𝑓 𝑥 + 𝛻𝑓 𝑥 , 𝑑 +

1

2
𝑑 𝐿

2 +Ψ 𝑥 + 𝑑 − 𝐹 𝑥

=
1

𝑛
𝐻 𝑥, 𝑑 − 𝐹 𝑥 .

(*)
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• Block-wise composite gradient mapping

– There exists a subgradient 𝑠𝑖 ∈ 𝜕Ψ𝑖 𝑥𝑖 + 𝑑𝑖 𝑥 such that
𝛻𝑖𝑓 𝑥 + 𝐿𝑖𝑑𝑖 𝑥 + 𝑠𝑖 = 0

– Let 𝑑 𝑥 =  𝑖=1
𝑛 𝑈𝑖𝑑𝑖 𝑥 , we then have 

𝑑𝑖 𝑥 ≔ arg min
𝑑𝑖∈ℜ

𝑁𝑖
𝛻𝑖𝑓 𝑥 , 𝑑𝑖 +

𝐿𝑖
2

𝑑𝑖
2 +Ψ𝑖 𝑥𝑖 + 𝑑𝑖 ⟺ 𝑑 𝑥 = arg min

𝑑∈ℜ𝑁
𝐻 𝑥, 𝑑 .

– We define the block-wise composite gradient mappings as

𝑔𝑖 𝑥 ≝ −𝐿𝑖𝑑𝑖 𝑥 , 𝑖 = 1,… , 𝑛,

𝑔 𝑥 =  𝑖=1
𝑛 𝑈𝑖𝑔𝑖 𝑥 .

– Then we obtain

−𝛻𝑖𝑓 𝑥 + 𝑔𝑖 𝑥 ∈ 𝜕Ψ𝑖 𝑥𝑖 + 𝑑𝑖 𝑥 ,

−𝛻𝑓 𝑥 + 𝑔 𝑥 ∈ 𝜕Ψ 𝑥 + 𝑑 𝑥 ,

𝑔 𝑥 , 𝑑 𝑥 = − 𝑑 𝑥 𝐿
2 = − 𝑔 𝐿

∗ 2.
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• Lemma 3. For any fixed 𝑥, 𝑦 ∈ ℜ𝑁, if we pick 𝑖 ∈ 1, … , 𝑛 uniformly at random, 

1

𝑛
𝐹 𝑦 +

𝑛 − 1

𝑛
𝐹 𝑥 ≥ 𝐄𝑖 𝐹 𝑥 + 𝑈𝑖𝑑𝑖 𝑥 +

1

𝑛
𝑔 𝑥 , 𝑦 − 𝑥 +

1

2
𝑔 𝑥 𝐿

∗ 2

+
1

𝑛

𝜇𝑓

2
𝑥 − 𝑦 𝐿

2 +
𝜇Ψ
2

𝑥 + 𝑑(𝑥) − 𝑦 𝐿
2 .

• Proof. By convexity of 𝑓 and Ψ and −𝛻𝑓 𝑥 + 𝑔 𝑥 ∈ 𝜕Ψ 𝑥 + 𝑑 𝑥 , 

𝐻 𝑥. 𝑑 𝑥 = 𝑓 𝑥 + 𝛻𝑓 𝑥 , 𝑑 +
1

2
𝑑 𝐿

2 +Ψ 𝑥 + 𝑑

≤ 𝑓 𝑦 + 𝛻𝑓 𝑥 , 𝑥 − 𝑦 −
𝜇𝑓

2
𝑥 − 𝑦 𝐿

2 + 𝛻𝑓 𝑥 , 𝑑 𝑥 +
1

2
𝑑 𝐿

2 + Ψ 𝑦

+ −𝛻𝑓 𝑥 + 𝑔 𝑥 , 𝑥 + 𝑑 𝑥 − 𝑦 −
𝜇Ψ
2

𝑥 + 𝑑 𝑥 − 𝑦 𝐿
2

= 𝐹 𝑦 + 𝑔 𝑥 , 𝑥 − 𝑦 −
1

2
𝑔 𝑥 𝐿

∗ 2 −
𝜇𝑓

2
𝑥 − 𝑦 𝐿

2 −
𝜇Ψ
2

𝑥 + 𝑑(𝑥) − 𝑦 𝐿
2.
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• Corollary 1. Given 𝑥 ∈ ℜ𝑁, if we pick 𝑖 ∈ 1,… , 𝑛 uniformly at random, 

then

𝐹 𝑥 − 𝐄𝑖 𝐹 𝑥 + 𝑈𝑖𝑑𝑖 𝑥 ≥
1 + 𝜇Ψ

2
𝑔 𝑥 𝐿

∗ 2 =
1 + 𝜇Ψ

2
𝑑 𝑥 𝐿

2.

• Corollary 1 also holds block-wise without taking expectation:

𝐹 𝑥 − 𝐹 𝑥 + 𝑈𝑖𝑑𝑖 𝑥 ≥
1 + 𝜇Ψ

2
𝐿𝑖 𝑑𝑖 𝑥

2.

• If we do not have knowledge on 𝜇𝑓 or 𝜇Ψ,

• Corollary 2. For any fixed 𝑥, 𝑦 ∈ ℜ𝑁, if we pick 𝑖 ∈ 1,… , 𝑛 uniformly at 

random, then

1

𝑛
𝐹 𝑦 +

𝑛 − 1

𝑛
𝐹 𝑥

≥ 𝐄𝑖 𝐹 𝑥 + 𝑈𝑖𝑑𝑖 𝑥 +
1

𝑛
𝑔 𝑥 , 𝑦 − 𝑥 +

1

2
𝑔 𝑥 𝐿

∗ 2 .
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• Algorithm

– Define the observed realization of the random variable after 𝑘
iterations

𝜉𝑘−1 ≝ 𝑖0, 𝑖1, … , 𝑖𝑘−1 .

– Define the distance between 𝑥0 and the optimal solution set

𝑅0 ≝ min
𝑥∗∈𝑋∗

𝑥0 − 𝑥∗ 𝐿 ,

where 𝑋∗ is the set of optimal solutions of problem

min
𝑥∈ℜ𝑁

𝐹 𝑥 ≝ 𝑓 𝑥 + Ψ 𝑥 .
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• Improvement to Nestrov (2012)

– Extending the function Ψ from the indicator function of a block-separable 
closed convex set to the general case by employing the block-wise composite 
gradient mapping

• Theorem 1. Let 𝐹∗ be the optimal value, 𝑥𝑘 be the sequence generated by 

the RBCD method, and 𝐄𝜉−1 𝐹 𝑥0 = 𝐹 𝑥0 . Then for any 𝑘 ≥ 0, the 

iterate 𝑥𝑘 satisfies

𝐄𝜉𝑘−1 𝐹 𝑥𝑘 − 𝐹∗ ≤
𝑛

𝑛 + 𝑘

1

2
𝑅0
2 + 𝐹 𝑥0 − 𝐹∗ .

Furthermore, if at least one of 𝑓 and Ψ is strongly convex, i.e., 𝜇𝑓 + 𝜇Ψ > 0, 

then

𝐄𝜉𝑘−1 𝐹 𝑥𝑘 − 𝐹∗ ≤ 1 −
2 𝜇𝑓 + 𝜇Ψ

𝑛 1 + 𝜇𝑓 + 𝜇Ψ

𝑘
1 + 𝜇Ψ

2
𝑅0
2 + 𝐹 𝑥0 − 𝐹∗ .
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• Theorem 2. Let 𝑥𝑘 be the sequence generated by the RBCD method. Let 0 < 𝜖 <
𝐹 𝑥0 − 𝐹∗and 𝜌 ∈ 0,1 be chosen arbitrarily. 

(i) For all 𝑘 ≥ 𝐾, there holds

𝑷 𝐹 𝑥𝑘 − 𝐹∗ ≤ 𝜖 ≥ 1 − 𝜌,

where 𝐾 ≔
2𝑛𝑐

𝜖
1 + ln

𝑅0
2+2 𝐹 𝑥0 −𝐹∗

4𝑐𝜌
+ 2 − 𝑛.

(ii) Furthermore, if at least one of 𝑓 and Ψ is strongly convex, i.e., 𝜇𝑓 + 𝜇Ψ > 0, then inequality (*) 

holds when 𝑘 ≥  𝐾, where  𝐾 ≔
𝑛 1+𝜇𝑓+2𝜇Ψ

2
ln

1+𝜇Ψ 𝑅0
2+2 𝐹 𝑥0 −𝐹∗

2𝜌𝜖
.

• Theorem 3. Let 𝑟 = ln 1/𝜌 . Suppose we run the RBCD method starting with 𝑥0 for 

𝑟 times independently, each time for the same number of iterations 𝑘. Let 𝑥 𝑗
𝑘 denote 

the output by the RBCD method at the 𝑘th iteration of the 𝑗th run. Then there holds:

𝑷 min
𝟏≤𝒋<𝒓

𝐹 𝑥 𝑗
𝑘 − 𝐹∗ ≤ 𝜖 ≥ 1 − 𝜌,

For all 𝑘 ≥ 𝐾, where 𝐾 ≔
𝑒𝑛

𝜖

1

2
𝑅0
2 + 𝐹 𝑥0 − 𝐹∗ − 𝑛.

(*)
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• Comparison table to RBCD method

Richtarik and Takac (2014) (𝜶) Lu and Xiao (2014) (𝜷)
Comparison 
(𝜷/𝜶)

General
setting

2𝑛𝑐 𝐹 𝑥0 − 𝐹∗

𝑘 𝐹 𝑥0 − 𝐹∗ + 2𝑛𝑐

𝑛

𝑛 + 𝑘

1

2
𝑅0
2 + 𝐹 𝑥0 − 𝐹∗ ≤

3

4

Special 
case

1 −
2 𝜇𝑓 + 𝜇Ψ

𝑛 1 + 𝜇𝑓 + 𝜇Ψ

𝑘

1 + 𝜇Ψ
2

𝑅0
2 + 𝐹 𝑥0 − 𝐹∗

1 −
𝜇𝑓 + 𝜇Ψ
𝑛 1 + 𝜇Ψ

𝑘

(𝐹 𝑥0 − 𝐹∗)

For sufficient 
large 𝑘, 

≪ 1

General
setting

2𝑛𝑐

𝜖
1 + ln

𝑅0
2 + 2 𝐹 𝑥0 − 𝐹∗

4𝑐𝜌

+ 2 − 𝑛

2𝑛𝑐

𝜖
1 + ln

1

𝜌
+ 2 −

2𝑛𝑐

𝐹 𝑥0 − 𝐹∗

𝛽 − 𝛼

≤ −
2𝑛𝑐

𝜖
ln
4

3

Special 
case

𝑛 1 + 𝜇𝑓 + 2𝜇Ψ
2

ln
1 + 𝜇Ψ 𝑅0

2 + 2 𝐹 𝑥0 − 𝐹∗

2𝜌𝜖

𝑛 1 + 𝜇Ψ
𝜇𝑓 + 𝜇Ψ

ln
𝐹 𝑥0 − 𝐹∗

𝜌𝜖

For sufficient 
small 𝜌 and 𝜖,

≤ 1

C
o

n
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ce
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• Problem 
definition

– An unconstrained 
smooth 
minimization 
problem

min
𝑥∈ℜ𝑁

𝑓 𝑥 ,

where 𝑓 is convex in 
ℜ𝑁 with convexity 
parameter 𝜇 = 𝜇𝑓 >

0 with respect to the 
norm ∙ 𝐿 and 
satisfies Assumption 1, 
and then 𝜇 < 1.
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descent (ARCD) (2/4)
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• Existence of 𝛼𝑘 and 𝛾𝑘
– In the ARCD algorithm

𝛼𝑘
2 = 1 −

𝛼𝑘
𝑛

𝛾𝑘 +
𝛼𝑘
𝑛
𝜇,

and 

𝛾𝑘 = 1 −
𝛼𝑘
𝑛

𝛾𝑘 +
𝛼𝑘
𝑛
𝜇.

– Let 𝛾 > 0 be arbitrarily given and define

ℎ 𝛼 ≔ 𝛼2 − 1 −
𝛼

𝑛
𝛾 −

𝛼

𝑛
𝜇, ∀𝛼 ≥ 0.

We have

ℎ 0 = −𝛾 < 0, ℎ 𝑛 = 𝑛2 − 𝜇 ≥ 0.

By continuity of ℎ, there exists some 𝛼∗ ∈ 0, 𝑛 such that ℎ 𝛼∗ = 0.

Moreover, if 𝜇 = 0, we have 0 < 𝛼∗ < 𝑛.
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Accelerated randomized coordinate 
descent (ARCD) (3/4)
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• Algorithm after notation simplification

– At each iteration 𝑘, the ARCD method generates 𝑦𝑘,𝑥𝑘+1and 𝑣𝑘+1, 
where 𝑥𝑘+1and 𝑣𝑘+1 depend on the realization of the random variable 
𝜉𝑘 = 𝑖0, 𝑖1, … , 𝑖𝑘 , while 𝑦𝑘 depends on the realization of 𝜉𝑘−1.
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Accelerated randomized coordinate 
descent (ARCD) (4/4)
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• Theorem 4. Let 𝑓∗ be the optimal value of problem 

min
𝑥∈ℜ𝑁

𝑓 𝑥 , and 𝑥𝑘 be the sequence generated by the ARCD 

method. We define 𝐄𝜉−1 𝑓 𝑥0 = 𝑓 𝑥0 . Then for any 𝑘 ≥ 0, 

there holds:

𝐄𝜉𝑘−1 𝑓 𝑥𝑘 − 𝑓∗ ≤ 𝜆𝑘 𝑓 𝑥0 − 𝑓∗ +
𝛾0𝑅0

2

2
,

where 𝜆0 = 1 and 𝜆𝑘 =  𝑖=0
𝑘−1 1 −

𝛼𝑖

𝑛
. In particular, if 𝛾0 ≥ 𝜇, then

𝜆𝑘 ≤ min 1 −
𝜇

𝑛

𝑘

,
𝑛

𝑛 + 𝑘
𝛾0
2

2

.
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• Comparison table of the convergence rate for the ARCD

𝜇 > 𝟎 𝜇 = 𝟎

Nestrov
(2014) (𝜶)

𝜇 2𝑅0
2 +

1

𝑛2
𝑓 𝑥0 − 𝑓∗

1 +
𝜇

2𝑛

𝑘+1

− 1 −
𝜇

2𝑛

𝑘+1 −2 𝑛

𝑘 + 1

2

2𝑅0
2 +

1

𝑛2
𝑓 𝑥0 − 𝑓∗

Lu and Xiao
(2014) (𝜷)

min 1 −
𝜇

𝑛

𝑘

,
𝑛

𝑛 + 𝑘
𝛾0
2

2

𝑓 𝑥0 − 𝑓∗ +
𝛾0𝑅0

2

2

𝑛

𝑛 + 𝑘
𝛾0
2

2

𝑓 𝑥0 − 𝑓∗ +
𝛾0𝑅0

2

2
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Comparison with Nestrov (2012)(2/2) 

𝜇 > 𝟎 𝜇 = 𝟎

Nestrov
(2014) (𝜶)

𝑂 1 +
𝜇

2𝑛

−2𝑘

 2𝑛2𝑅0
2 + 𝑓 𝑥0 − 𝑓∗ 𝑘2

Lu and Xiao
(2014) (𝜷)

𝑂 1 −
𝜇

𝑛

𝑘

 2𝑛2𝑅0
2 +

4𝑛2

𝛾0
(𝑓 𝑥0 − 𝑓∗) 𝑘2

Comparison 1 +
𝜇

2𝑛

−2

> 1 −
𝜇

𝑛

When 𝛾0 > 4𝑛2, 
< 1
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Randomized estimate sequence (1/7)
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• Improvement to Nestrov (2004)

– Extending the estimate sequence framework from for 
accelerated full gradient methods to for a RBCD setup.

• Definition 1. Let 𝜙0 𝑥 be a deterministic function and 

𝜙𝑘 𝑥 be a random function depending on 𝜉𝑘−1 for all 𝑘 ≥ 1, 

and 𝜆𝑘 ≥ 0 for all 𝑘 ≥ 0. The sequence 𝜙𝑘 𝑥 , 𝜆𝑘 𝑘=0
∞ is 

called a randomized estimate sequence of the function f(x) if 

𝜆𝑘 → 0

and for any 𝑥 ∈ ℜ𝑁 and all 𝑘 ≥ 0 we have

𝐄𝜉𝑘−1 𝜙𝑘 𝑥 ≤ 1 − 𝜆𝑘 𝑓 𝑥 + 𝜆𝑘𝜙0 𝑥 ,

where 𝐄𝜉−1 𝜙0 𝑥 ≝ 𝜙0. 



2014/12/31

Randomized estimate sequence (2/7)
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• Lemma 4. Let 𝑥∗ be the optimal solution to 

problem min
𝑥∈ℜ𝑁

𝑓 𝑥 and 𝑓∗ be the optimal value. 

Suppose that 𝜙𝑘 𝑥 , 𝜆𝑘 𝑘=0
∞ is a randomized 

estimate sequence of the function f(x). Assume that 

𝑥𝑘 is a sequence such that for each 𝑘 ≥ 0, 

𝐄𝜉𝑘−1 𝑓 𝑥𝑘 ≤ min
𝑥

𝐄𝜉𝑘−1 𝜙𝑘 𝑥 ,

where 𝐄𝜉−1 𝑓 𝑥0 ≝ 𝑓 𝑥0 . Then we have

𝐄𝜉𝑘−1 𝑥𝑘 − 𝑓∗ ≤ 𝜆𝑘 𝜙0 𝑥∗ − 𝑓∗ → 0.
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Randomized estimate sequence (3/7)

• Proof.

𝐄𝜉𝑘−1 𝑓 𝑥𝑘 ≤ min
𝑥

𝐄𝜉𝑘−1 𝜙𝑘 𝑥

≤ min
𝑥

1 − 𝜆𝑘 𝑓 𝑥 + 𝜆𝑘𝜙0 𝑥

≤ 1 − 𝜆𝑘 𝑓 𝑥 + 𝜆𝑘𝜙0 𝑥
= 𝑓∗ + 𝜆𝑘 𝜙0 𝑥∗ − 𝑓∗

𝜆𝑘 → 0
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Randomized estimate sequence (4/7)
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• Lemma 5. Let Assume that 𝑓 satisfies Assumption 1 with convexity parameter 𝜇 ≥ 0. 

In addition, suppose that

– 𝜙𝑘 𝑥 is an arbitrary deterministic function on ℜ𝑁;

– 𝑦𝑘 𝑘=1
∞ is a sequence in ℜ𝑁 such that 𝑦𝑘 depends on 𝜉𝑘−1;

– 𝛼𝑘 𝑘=1
∞ is independent of 𝜉𝑘 and satisfies 𝛼𝑘 ∈ 0, 𝑛 for all 𝑘 ≥ 0 and  𝑘

∞𝛼𝑘 = ∞.

Then the pair of sequences 𝜙𝑘 𝑥 𝑘=0
∞ and 𝜆𝑘 𝑘=0

∞ constructed by setting 𝜆0 = 1
and

𝜆𝑘+1 = 1 −
𝛼𝑘
𝑛

𝜆𝑘 ,

𝜙𝑘+1 𝑥 = 1 −
𝛼𝑘
𝑛

𝜙𝑘 𝑥

+𝛼𝑘
1

𝑛
𝑓 𝑦𝑘 + 𝛻𝑖𝑘𝑓 𝑦𝑘 , 𝑥𝑖𝑘 − 𝑦𝑖𝑘

𝑘 +
𝜇

2𝑛
𝑥 − 𝑦𝑘

𝐿

2
,

is a randomized estimate sequence of 𝑓(𝑥).
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Randomized estimate sequence (5/7)

• Proof.

ln 𝜆𝑘 = 𝑖=0
𝑘−1 ln 1 −

𝛼𝑖

𝑛
≤ −

1

𝑛
 𝑖=0
𝑘−1𝛼𝑖 → −∞

𝐄𝜉−1 𝜙0 𝑥 = 1 − 𝜆0 𝑓 𝑥 + 𝜆0𝜙0 𝑥 ,

𝐄𝜉𝑘 𝜙𝑘+1 𝑥 = 𝐄𝜉𝑘−1 𝐄𝑖𝑘𝜙𝑘+1 𝑥

≤ 𝐄𝜉𝑘−1 1 −
𝛼𝑖

𝑛
𝜙𝑘 𝑥 +

𝛼𝑖

𝑛
𝑓(𝑥)
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Randomized estimate sequence (6/7)
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• Lemma 6. Let 𝜙0 𝑥 = 𝜙0
∗ +

𝛾0

2
𝑥 − 𝑣0 𝐿

2. Then the randomized estimate sequence 

constructed in Lemma 5 preserves the canonical form of the functions, i.e., for all 

𝑘 ≥ 0,

𝜙𝑘 𝑥 = 𝜙𝑘
∗ +

𝛾𝑘
2

𝑥 − 𝑣𝑘
𝐿

2
,

where the sequences 𝛾𝑘 , 𝑣𝑘 and 𝑣𝑘 are defined as follows:

𝛾𝑘+1 = 1 −
𝛼𝑘
𝑛

𝛾𝑘 +
𝛼𝑘
𝑛
𝜇,

𝑣𝑘+1 =
1

𝛾𝑘+1
1 −

𝛼𝑘
𝑛

𝛾𝑘𝑣
𝑘 +

𝛼𝑘
𝑛
𝜇𝑦𝑘 −

𝛼𝑘
𝐿𝑖𝑘

𝑈𝑖𝑘𝛻𝑖𝑘𝑓 𝑦𝑘 ,

𝜙𝑘+1
∗ = 1 −

𝛼𝑘
𝑛

𝜙𝑘
∗ +

𝛼𝑘
𝑛
𝑓 𝑦𝑘 −

𝛼𝑘
2

2𝛾𝑘+1𝐿𝑖𝑘
𝛻𝑖𝑘𝑓 𝑦𝑘

𝐿

2

+
𝛼𝑘 1 −

𝛼𝑘
𝑛

𝛾𝑘

𝛾𝑘+1

𝜇

2𝑛
𝑦𝑘 − 𝑣𝑘

𝐿

2
+ 𝛻𝑖𝑘𝑓 𝑦𝑘 , 𝑣𝑖𝑘

𝑘 − 𝑦𝑖𝑘
𝑘 .
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Randomized estimate sequence (7/7)

• Proof.

𝛻2𝜙𝑘+1 𝑥 = 𝛾𝑘+1𝑑𝑖𝑎𝑔 𝐿1𝐼𝑁𝑖 , ⋯ , 𝐿𝑛𝐼𝑁𝑛

𝛻𝜙𝑘+1 𝑣𝑘+1 = 0

𝜙𝑘+1 𝑦𝑘 = 𝜙𝑘+1
∗ +

𝛾𝑘+1
2

𝑦𝑘 − 𝑣𝑘+1
𝐿

2

𝜙𝑘+1 is  quadratic,  thus

𝜙𝑘+1 𝑥 = 𝜙𝑘+1
∗ +

𝛾𝑘+1
2

𝑥 − 𝑣𝑘+1
𝐿

2
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Proof of Theorem 4 (1/3)

• Set up

1. 𝜙0 𝑥 = 𝑓(𝑣0) +
𝛾0

2
𝑥 − 𝑣0 𝐿

2

2. 𝑦𝑘 , 𝛼𝑘 𝑏𝑒 𝑔𝑒𝑛𝑒𝑟𝑎𝑡𝑒𝑑 𝑖𝑛 𝑡ℎ𝑒 𝐴𝑅𝐶𝐷 𝑚𝑒𝑡ℎ𝑜𝑑

3. 𝜙𝑘 𝑥 , 𝜆𝑘 𝑘=0
∞ be the randomized estimate 

sequence of  𝑓 𝑥 𝑔𝑒𝑛𝑒𝑟𝑎𝑡𝑒𝑑 as in Lemma 5 using 

𝑦𝑘 , 𝛼𝑘
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Proof of Theorem 4 (2/3)

𝐄𝜉𝑘−1 𝑓 𝑥𝑘 ≤ 𝐄𝜉𝑘−1 𝜙𝑘
∗ = min

𝑥
𝜙𝑘 𝑥

𝐄𝜉𝑘−1 𝑓 𝑥𝑘 ≤ min
𝑥

𝐄𝜉𝑘−1 𝜙𝑘 𝑥
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Proof of Theorem 4 (3/3)

Decay of 𝝀𝒌 (assume 𝛾0 ≥ 𝜇)

• 𝛾𝑘+1 = 1 −
𝛼𝑘

𝑛
𝛾𝑘 +

𝛼𝑘

𝑛
𝜇 ≥ 𝜇 𝛼𝑘 = 𝛾𝑘+1 ≥ 𝜇

Thus 𝜆𝑘 =  𝑖=0
𝑘−1 1 −

𝛼𝑖

𝑛
≤ 1 −

𝜇

𝑛

𝑘

• 𝛾𝑘+1 ≥ 1 −
𝛼𝑘

𝑛
𝛾𝑘 ≥ 1 −

𝛼𝑘

𝑛
𝛾0𝜆𝑘 = 𝛾0𝜆𝑘+1

𝛼𝑘 = 𝛾𝑘+1 ≥ 𝛾0𝜆𝑘+1

Since {𝜆𝑘} is a decreasing sequence,

1

𝜆𝑘+1
−

1

𝜆𝑘
≥

𝛼𝑘
𝑛

2 𝜆𝑘+1
≥

𝛾0
2𝑛

, 𝜆0 = 1

We obtain           
1

𝜆𝑘
≥ 1 +

𝑘 𝛾0

2𝑛

Therefore 𝜆𝑘 ≤
𝑛

𝑛+𝑘
𝛾0
2

2
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