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Optimization Problems
In this paper, we consider two prototype optimization problems:
the unconstrained problem (problem 1):

min - f(x) +g(x) (1)

the linearly constrained variant (problem 2):

Lmin. () + g(y) @)
st. Ax+By=»b (3)
where b € G, H1,H>, G are Hilbert spaces and
A Hi—G (4)
B:Ho—G ()

are linear operators.
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Proximal Operator, Reflection Operator

Definition 1 (Proximal Operator, Reflection Operator)

For any point x € ‘H and any scalar~ € R, we define the
proximal operator as

i 1
prox.(x) = argmin f(y)+ 5 lly - x| (6)
yeH Y

and reflection operator as
refl ;.= 2prox.; — hy (7)

where l; : H — H denote the identity map.
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Peaceman-Rachford Splitting(PRS) operator
Definition 2 (PRS operator)
We define the PRS operator:
Tprs := reflsorefl.g. (8)
Definition 3 (fixed-point residual)
We call the quantity
| TprsZ" — 2|12 9)

the fixed-point residual (FPR) of the relaxed PRS algorithm.
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Subgradient,Subdifferential

Definition 4 (subgradient,subdifferential)

Given a closed, proper, and convex function f : H — (—o0, o],
the set 0f(x) denotes its subdifferential at x and

Vi(x) € 0f(x) (10)

denotes a subgradient.
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Forward Backward Splitting(FBS) Algorithm

Suppose that the function g in Problem (1) is differentiable and
Vg is (1/5)-Lipschitz. The FBS algorithm is: given z° € #, for
all k >0,

2K = prox. (2" — vV g(2¥)). (1)
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Dauglas-Rachford splitting(DRS) algorithm

Starting from an arbitrary z° € 4, repeat

Xg = Prox.q(z¥) (12)
xf = prox.s(2x5 — z); 1
2 = 2K 4 (xk — ) (14)

where ~ is a positive constant (simply scales the objective).
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Peaceman-Rachford splitting(PRS) algorithm

Starting from an arbitrary z° € 4, repeat

ZKH1 = Tpps(2¥) (15)
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Lemma 1.1
Let z € 1. Define auxiliary points xg := prox.q4(z) and
Xi := prox.s(refl,g(z)). Then the identities hold:

Xg =2z — 7V g(Xg) (16)
Xr = Xg — YV (Xg) — YVI(x) (17)

In addition, each relaxed PRS step z* = (Tpgrs)A(2) has the
following representation:

z" —z=2\(x — Xg) = —2M(Va(xg) + VI(x7))  (18)
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Equivalent operator of DRS

The DRS has the equivalent operator-theoretic and subgradient
form

1 _ -
ZK = 5(/7{+TPRS)(ZK) = 2Ky (VI(xf)+V9(x)), k=0,1---.

where V£(xK) € 0f(xf) and Vg(xk) € ag(x§).
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Relaxed PRS

In the DRS algorithm, we can replace the (1/2)-average of /y
and Tprs with any other weight and this results the relaxed

PRS algorithm:
2K = (1 = \)Z¥ + Acrefl s o refl,g(2¥) (19)

The special cases \x = 1/2 and \x = 1 are called the DRS and
PRS algorithms, respectively.
The relaxed PRS algorithm can be applied to problem (2).
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ADMM and Relaxed ADMM

ADMM is equivalent to DRS applied to the Lagrange dual of
Problem 2.
If we let

L(x,y,w):=f(x)+9(y)-<w,Ax+By—-b> (20)
di(w) := F*(A*w) (21)
dg(w) :=g"(B*w)— < w,b> (22)

Relax ADMM is equivalent to relaxed PRS applied to the
following problem:

welg di(w) + dg(w) (23)
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ADMM and Relaxed ADMM

Applying the relaxed PRS algorithm to (23) according to

Lemma (1.1)
Wy, = ProX,q,(2"); (24)
Wg, = prox,q,(2wy, — z); (25)
2T = 2K 4 20wy, — wi). (26)
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refl,4(z)

—¥V f(zy)

—7Vg(zy) —7V f(zy)

2Azy —xg)




Sitx.y) =max{ i Ix - yI2 FIT100 - TR} (27)
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Strong convexity

Assume: one of the functions is strong convex and the
sequence (\j);j>o0 C (0, 1] is bounded away from zero.

Theorem 1 (Auxiliary term bound)

Suppose that (/) >0 Is generated by Algorithm 1. Then for all
k>0,

8YAK(SH(xf, x*) + Sqlxg, x*)) <l|2 — 2|2 = | 24T — z*|2+

1
PR R R
(1= 5 )1 =2

Therefor, 8y Y723 M(St(X}, x*) + Sqg(xg, x*)) < ||2° — z*|?, and

(28)
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1. Best iterate convergence: If \ .= infj>q \; > 0, then

0 _ %2
Sf(xbest )"I‘Sg( beSt,X )< ”Z z ”

Seaken

and thus

1 1
best x\ __ xbest
St(Xg ’X)_O<k+1) and  Sg(xg%, x*) = o(k+1> (30)

2. Ergodic convergence: Let Y’f‘ =(1/N\g) ZLO Aixi and
= (1/A¢) g Aixt,. Then

Se(xf, x*) + Sg(x¥, x*) < 12—z (31)
fAAf > 9g\"g» = 8’YAk
where
Si(xK, x*) := max {Lguxff - H/\ ZVf xK) }
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3. Nonergodic convergence: If T = infi~o \j(1 — )\;) > 0, then

SH(xXf, x*) + Se(xt,x*) < B ksl (33)
A I T 4y /r(k+1)
and thus
Si(xk x7) + Sy(xk, x7) = o<\/k1?> (34)

It is not clear whether the "best iterate" convergence results of
Theorem can be improved to a convergence rate for the entire
sequence because the value Sy(x, x) and Sg(xg, x) are not
necessarily monotonic.

#T. HIA. EEA School of Mathematical Sciences Peking University




Lipschitz derivatives

Assumption 4 The gradient of at least one of the functions f
and g is Lipschitz.

m In general, we can only deduce the summability and not
the monotonicity of the objective errors in Problem 1, we
can only show that the smallest objective error after k
iterations is of order o(1/(k + 1)).

m If \x = 1/2, the implicit stepsize parameter ~ is small
enough, and the gradient of g is (1/5)-Lipschitz, we show
that a sequence that dominates the objective error is
monotonic and summable, and deduce a convergence rate
for the entire sequence.
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Theorem 2 (Best iterate convergence under Lipschitz
assumption)

Letz € H, let zt = (Tprs)r2, let z* be a fixed point of Tpgs,
and let x* = prox. ,(z*). Suppose that T = infj>o A\;(1 — A;) > 0,
and let A\ = infj>o \;. If VT (respectively Vg) is (1/3)-Lipschitz,
and xk = x¥ (respectively x* = xf), then

flto) 4 glxko) — 1x7) — gx) = o (15 ). (@9)

The main conclusion of Theorem is that as long as = > 0, the
"best" relaxed PRS iterate convergence with rate o(1/(k + 1))
for any input parameters. This result is in stark contrast to the
FBS algorithm, which may fail to converge if + is too large.

School of Mathematical Sciences Peking University




Assumption 5: The function g is differentiable on

dom (f) ndom (g), the gradient Vg is (1.5)-Lipschitz, and the
sequence of relaxation parameters (););>o is constant and
equal to 1/2.

With this assumptions, we will show that for a special choice of
0*(Lemma 5) and for v small enough, the following sequence is
monotonic and summable(Proposition 7 and 9):

. , i} , . 1 _p*
(23(ftxd a1 -g00 ) 407121V a0 )T a2+ 2
(36)
We then use Lemma 1 to deduce

f(x}) + g(x}) — f(x) — g(x) = o(1/(k + 1)).

School of Mathematical Sciences Peking University




Lemma 3 (Extra contraction of derivative operaots)

Suppose that Vg is (1/5)-Lipschitz, and let x,y € H. If
x*t = prox.4(x) and y* = prox «(y), then

IVa(x™) = vg(y)|? < —yl2 (37)

— X
72 + 62

Corollary 4 (Joint descent theorem)
If g is differentiable and Vg is (1/5)-Lipschitz, then for all pairs
X,y € dom (g) N dom (f). points z € dom (g), and

subgradients Vf € 0f(x), we have

1(0+9(x) < HY}+(y)+ < X-y. TG@I+TI(X) > + 512X
(38)

School of Mathematical Sciences Peking University




Lemma 5 (maximizing ~ range)
Let 5 > 0, and let

3

1 92
K= sup{gyfy > 0,0 €[0,1],64° < (27ﬁ_%>’ (526)7 S(;g%_

Then « is the positive root of x3 + x2 — 2x — 1. Therefore,

(v, 8%) = (5B, 1 = 1/K2).
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Lemma 6 (Gradient sum bounded)

Forallv >0
Vg(x}) — Va(xtt|? < 20— 282, 40
IZ;II (Xg) = Va(xg )l 72+52|| | (40)
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Lemma 7 (Summability)
Ifv < kB, choose 6 = 6* as in Lemma 5; otherwise, setf = 1.

Then
3 (2v(f<xfk) L a(x) — f(x*) — g(x))
i=0
1—0)y2
02Vt — Vig(x) 2 + (thuxg“ Xk H2>
<

(41)
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Theorem 8 (Differentiable function convergence rate)
Let p ~ 2.2056 be the positive real root of x> — 2x?> — 1. Then

Fxg2=) + g(xg™=) — f(x*) — g(x*)

< 1 ||X_3 - x*|3, ) ify < pB;
“2y(k+1) | X = X2+ g (F — 298 - B7)12° — z*||?,  otherwise.
(42)
and 1
f(X;(besr) _|_ g(X;(besr) _ f(X*) _ g(X*) — o(ﬁ) (43)
Furthermore, ifv < k8, then
)+ gO) — 1(x7) — g(x) < Lo X (44)
— 2vy(k+1)

and




Theorem 9 (Differentiable function FPR rate)
Suppose that v < k3. Then for all k > 1, we have

Blxg —x*|1?

Kk k+1y2
L e (e e B

and ]
2k = 2412 = o ). (47)
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Linear convergence

Assumption The gradient of at least one of the functions f and
g is Lipschitz, and at least one of the functions fand g . In
symbols: (ur + pg)(Br + Bg) > 0. Linear convergence of relaxed
PRS is expected whenever Assumption is true. In addition, by
the strong convexity of f + g, the minimizer of Problem 1 is
unique.
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Theorem 10 (Consequences of linear converge)

Let (Cj)j>0 C [0, 1] be a positive scalar sequence, and suppose that
forall k > 0,

|24 — 27| < G| 2 - z7||. (48)
Fix k > 1. Then

k—1
Ixg = x"I2 +2IVg(x§) = Va(x*)I? < |12° =z |2 [] ¢ (49)
i=0

k—1
X = X2+ P VHxF) = V)2 < (|2 =z |2 [[ G2 (50)
i=0
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If X\ < 1, then the FPR rate holds:

k—1
A .
[(Tems)az* — 2 <[ 725121 [T €2 (1)
i=0

Consequently, if the gradient V f (respective/y Vg), is (1/8)-Lipschitz
and x* = x¥ (respectively x* = x{), then

10 .9 — 1) = ()
LR s HCQ (" ity < 6 (52

14+ %7, otherwise.
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At least one of the functions f and g will carry both regularity
properties. In symbols: 137 + p1gBg > 0.

Theorem 11 (Linear convergence with regularity of g)
Let z* ne a fixed point of Tpgrs, let x* = proxyg(z*), and
suppose that jigf3g > 0. Forall X € [0 1], let

C(A) := (1 — 4y ug/(1 +7/Bg) ) . Then for all k > 0,

1241 = 27| < COwW) 124 — 2. (53)
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Remark
m For all A € [0, 1], the constant C(\) is minimal when
v = Bg, i.e. C(\) = (1 — AkpgBq)'/2.
m Furthermore, for any choice of +, we have the bound
C(1) < C(N).
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The following theorem deduces linear convergence of relaxed
PRS whenever f carries both regularity properties. Note that
linear convergence of the PRS algorithm (A = 1) does not
follow.

Theorem 12 (Linear convergence with regularity of f)

Let z* be a fixed point of Tpgs, let x* = prox, ,(z*), and
suppose that v¢f3s > 0. For all A € [0,1], let

e = (1~ (2ymin {4me/(1 + /8021~ 0}) " (54)

Then for all k > 0,

1247 = 2% < C(w) 12 — 27 (55)
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Theorem 13 (Linear convergence: mixed case)

Let z* be a fixed point of Tpgs, let x* = prox. ,(z*), and
suppose that Vg, (respectively V), is (1/5)-Lipschitz and f,
(respectively g), is pu-strongly convex. For all \ € [0,1], let

C(\) := (1 = (4)/3)min{~, i1, B/~,(1 = \)})/2. Then for all
k>0,

|ZfF — 2. (56)
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