Implementation of nonsymmetric interior-point methods
for linear optimization over sparse matrix cones

1401111495 77 3F
1100010676 #ki=
1401111493 B =8

2014.12.29

\.\\

I’l,}




o) e HY e

« Semidefinite program (SDP)

minimize C e X
subjectto A; e X =b;, i=1,...,m, (1a)
X >0

« dual problem

maximize b’ y

subject to Zy; Ai+85=C (1b)
i=1
S>0
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« S, : the symmetric matrices of order n with sparsity
pattern V

« X 2>_0: the sparse matrix X has a positive semidefinite

—C

completion
« R/(X) . the projection onS; of positive semidefinite
matrix X
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The pair of SDPs (1a)-(1b) is equivalent to

P: minimize C e X D: maximize b!y
subjectto A;jeX =b;, i=1,....m .
X >.0 subject to Zy;A;-|-S: C
i=1
S >0,

(2)
assume thatC, A,..., A eS)withy e R™, S € Sy.
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A sparsity pattern of a symmetric matrix is definited by the
set of positions (i,j) where the matrix is allowed to be
nonzero,i.e.X € §y; has sparsity pattern V if X; =X, =0
for (1,]) eV .

Y =R, (X),ie,Y; =X, if (i,])eV and otherwise Y, =0.




Chordal matrix cones

The sparsity pattern is chordal if the graph Gy is chordal,
I.e., every cycle of length greater than three has a chord
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Fig. 1 Examples of chordal sparsity patterns
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clique

A clique in Gy is a set of nodes that defines a maximal
complete subgraph.

A clique tree is a maximum weight spanning tree of the

clique graph.
Fig. 2 Clique tree of the third 4,13,17
chordal sparsity pattern in Fig. 1 /N
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Properties

The useful properties of chordal sparsity patterns follow
from a basic property known as the running intersection

property.

Suppose Gy has | cliques Wy, W, ... W,;,define
Uy =0,V =Wy, and, fori =2,....1,

U=W,nNnWiuWw,U---UW;_), Vi=W\(WUW,U.-.-UW;_).

Then the property states that
Ui = Wi 0" Woarii), Vi = Wi\ Whari).

where Wy ;) 1s the parent of W; in the clique tree.




Cholesky factorization

If S € Sy . ,.then there exists a permutation matrix P and a
lower triangular matrix L such that
P'sp=1LL"

and L + LT has the sparsity pattern V.




Value and gradient of dual barrier

logarithmic barrier function for Sy ,, defined
¢:S, - R, ¢(S)=—logdetS, dom¢p = ST
computer Cholesky factorization

$(S)=-2 logLi:.

i=1

V,++

The gradient of ¢ is given by

Vo(S) = —Py(S7H.




Hessian and inverse Hessian of dual barrier

The Hessian of ¢ at S,applied to a matrix Y € Sy ,
V2 (S)[Y] = Py(S~'ys™h.

The expression can be evaluated from the Cholesky
factorization of S and the projected inverse P, (S™1) via a
pair of adjoint linear operators

V2 (S)[Y] = Lagj(L(Y)),

V2 (S) YT = L7 (Log (V)




Maximum determinant positive definite completion

Given a matrix X € Sy ,find the positive definite solution Z

maximize logdet Z
subject to Py (Z) = X.

If V is chordal, the solution can be computerd from X [4,18,
25,31,38,53].

Equivalent computing the Cholesky factor of W = Z~! [16].

Py(W—hH=Xx.

wherel € S;;.
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Value and gradient of primal barrier -

b = (X €S| X = 0) = (S} )*

Use the Legendre transform of the barriei¢ of S{}[39].
For X >_ 0,the barrier function is defined

¢c(X) =sup(—X o5 —¢p(5)).
§=0

If the sparsity pattern is chordal,the solution S € S|} satisfies

Py(S$7) =X,




Evaluating ¢c

Computer the Cholesky factorization $ = LL" S is the
solution of Pv(S™) = X, then compute

n
dc(X) = logdet S —n = ZZngL“ —n.
i=1

Follows from properties of Legendre transforms that
Ve (X) = 8§,

and XeoeVp.(X) = —n.




Hesslian and inverse Hessian of primal barrier

the Hessian of the primal barrier function is
Ve (X) = V2 (5™,

Compute V?¢.(X)~'[Y] using the algorithm for evaluating the
dual Hessian.
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Primal and dual Newton Systems

m
AjeX=bi, i=1....m D yA+5=C  §=-uVp.(X)
=1

m
AieX=b, i=1....m D yAi+S=C,  X=—uVe(Q)
=1
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Primal and dual Newton Systems

m
AjeX=bi, i=1....m D yA+5=C  §=-uVp.(X)
=1

m
AieX=b, i=1....m D yAi+S=C,  X=—uVe(Q)
=1




Replacing X, y, Swith X +AX, y+Ay, S+AS

m
AjeAX =1, i=1...om > AyAi = pVi(X)[AX] =
i=1

where r; = b; — A; @ X and

m
R=C =D yiAi+uVec(X).
i=1

Vpe(X) = -8

Py(S~H=Xx

\.\\

I’l/}




HAy =g
Hij = Ao (V20cOT'[Aj]), ij=1,....m
gi = uri + A o (V2¢(X)"'[R])
V2pe(X) = V2 (8)~! Py(S~") =X

Hij = Aj o (V¢(SA;]), i,j=1,....m

Vip(S)[Y] = Py(Slys—




Method 1: Cholesky factorization

T1: U:=V2p.(X)"[A]]
fori = jtomdo
Hij — Af o U
end for




Aj = Z (Aj)pqepeg 20/33

(p.q)€l;
Hij= > (A)pg (A e (Ve(X) " lepe] )
(P.q)€l;
> (Apg (4i e Pr3le,el §7)
(P.q)€l]
> Ay (Aie @ TL  epel L7TLT)
(P.q)€l]

T2: Solve LLTup = ¢ fork € {i | Aje; # 0}
fori = j tom do

H;; := z (Aj)pquj;Aiup

(p,q)€l;

end for
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Method 2: QR factorization -

Hij = A; o (V26 (X)7'[4;1) = L(A) o L(A))

V2 (X) ™' = V2 (S) = Lagjo £

H=ATA

-D AT [Ax] [

A O Ay | | r
For sparse A, taking a sparse LDL' factorization
For dense A, taking a QR decomposition of A=D"?A"




Section 5: Implementation

+ A feasible-start path-following algorithm
» Feasible-start primal scaling method




Algorithm QOutline

« 1. Primal centering.
« 2. Prediction step.
« 3. Stopping criteria




Equations Solved in Each Iterations

A;-AX=0, i=1,..,m
m

ZAyiAi +AS=0,
=1
u? 2. (X)[AX] + AS = —R.
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Assumptions

e A ; are linearly independent.

* A chordal embedding is available. The clique tree has
been computed.

» Requires a strictly feasible starting point X and an initial
value of positive parameter p.

 Depends on parameters:
- 6 €(0,1)
- y € (0,0.5)
- p€(0,1)

— Tolerances €, and €,;.
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Step 1: Primal Centering

« Solve equations with R = C + uV¢.(X). Solution: AX ¢ ,
AYcnt, DSent
« Evaluate Newton decrement
A= AXcnt V2¢C(X) [Acht])l/z
e IfA <4, set

§S=C+ AScnt, Y = AYent
go to step 2




Step 1 (continued)

« Else update X := X + aAX_,,;, repeat Step1

a is a step size from a backtracking line search and
satisfies X + aAX .+ >, 0 and Armijo conditon

1
; (C- (X + alXonp)) + P (X + aAXopt)

< %(C - X) + ¢p.(X) — ayA?
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Step 2: Prediction Step

« Solve equationswith R = S
Solution: AX; , Ay,e, AS,;

P~

o X =X—AX.p
a = 098 sup{a € [0,1)|X + aAX, >0, S + alASy >, 0}

ﬁ o ()? + CKAXat) * (S + CZASat)

n

Update u = fi




Step 2(continued)

« Solve equations with u = /1 and
R=S+aVe.(X).
« Conduct a backtracking line search to find a primal step
size a,, satisfies

X + aAX >, 0 and Armijo condition, to find a dual step
size ag = maxi{B*|S + f*AS > 0}

« Update
- X=X + apAX,
-y =y +agly,

- 5:=5+ ajAS.




Step 3: Stopping Criteria

 Terminate if
XS < €4ps
or
min{C - X,—bTy} < 0

And
X-S

<
—min{C - X, —bTy} ~— Crel
Otherwise, setu = (X - S)/n, and go to step 1.




Remarks

* Finding the feasible-start point: Solve the least-norm

problem
min ||X]|¢*
S.t. Ai - X = bi
If the solution X;,, # . 0, solve phase | problem
min s

s.t.A; - X=b,tr(X) <M, X+ (s—€) >.0




Remarks

« Non-chordal sparsity patterns can be embedded in a

chordal sparsity pattern.

Embedding could enhance the performance.
* Numerical Stability

Table 1 DIMACS error
measures for controlé6 from
SDPLIB

Solver €] €3 €5 €6

Ml 1.63e—07 0.00e+00 1.04e—05 6.79e—06
M2 0.97e—14 0.00e+00 4.30e—10 3.63e—10
CSDP 5.67e—08 9.41e—09 3.66e—08 1.42e—08
SDPA 4.17e—07 1.81e—09 1.15e—06 1.03e—06
SDPT3 3.50e—07 1.80e—09 7.80e—07 7.40e—07
SEDUMI 1.45e—06 0.00e+00 —2.92e—08 3.28e—06
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