Tensor Principal Component Analysis
via Convex Optimization
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Introduction of PCA

e X& ™""jis a matrix which consists of n sample of p variables.

* When p is very large and most of p variables are similar for n samples,
we can do PCA to generate the Principal Component and reduce the
dimension of samples.

* Principal Component is|v: = X/, | where € 7 is the weights of p
variables. : satisfies that Var(y,) is as much as possible and COV(yl-,yj)

equals 0.




Introduction of PCA

Var(y,) =Var(X1) =1 Y],
Cov(y,,y,)=Con(X1,XI,) = zfzzj

> =(0,),, = E[(X - EQ))" (X - EX)]
* ¥ is covariance matrix of p variables.
* Find first PC: max IiTEli
s.t.

* [ is eigenvector,Opt =4, .



Introduction of PCA

e When B =4"4 is a symmetric matrix.

e« D=X'BX A=UYV' wmmmm) D, =% V=X

diagonalize SVD Eigenvalue Singular value
max x Bx | ), max x" Ay min HA —oxy’ H
s.t. Hx” =1 s.t. Hx” =1, yH =1 St HXH =1, yH =1

* PCA problem is equal to find maximal singular value problem!
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Tensor PCA Definition

* Definition of Tensor PCA
min HA—/1x1®x2®“°®me
s.t. AER,HxiH =1i=12,...m

* Ais a tensor, which is a high dimensional array of real data.
e A = (A

iy .. )
F2m /oy xn, x..xn,

e




Tensor PCA Definition

 We often encounter multidimensional data, such as images, video,
range data and medical data such as CT and MRI.

* Color Image(3D), Color Video(4D)

e It is more reasonable to treat the multidimensional data as a tensor
instead of unfolding it into a matrix.

* Images obtained by tensor PCA technique have higher quality than
that by matrix PCA.

H. Wang and N. Ahuja. Compact representation of multidimensional data using tensor rank-one
decomposition.

In Proceedings of the Pattern Recognition, 17th International Conference on ICPR, 2004.



Tensor PCA Definition

Tensor Matrix
min HA - Ax' ®x’ ®°~®me min HA - OxyTH
s.t. AER,Hx"H=1,i=1,2,...,m | I St |x|| =1,||y|| =1
A=2/1i(x1®x2®...®x”1) ﬁ A=20,-xiyf
CP-rank=r rank=i’=
max Aéxl®x2®”'®xm) ﬁ max x' Ay = AixyT)
st |¥|=Li=12,...m st. |1 =1]y|=1




Tensor PCA Definition

Tensor

>> perms([1,1,2])

ans =

Super-symmetric

— . = = B DD
[ I e
L o T O B S =

max F{x®x® - @x)
s.t. ||x||=1 ﬁ

max F(x,x,'“,x)

s.t. ||x|| =1

nm
F;liz...im = Fyz(iliz...im) SA ﬁ

Matrix
XT=xes”

max x Ax = Agxx")

s.t. ||x|| =]



Tensor PCA Definition

Tensor

2d
A

maXF(!x,x,m,xj <:::>

s.t. ||x|| =1

Find maximal Z-eigenvalue

max FgX -—)

d!

k 'X12k122k2mn2kn
j .

s.t. =1= ||x||2d =Tr(X)

n
kEK (n,d) Hj:l

xes” ,cp—rank(X) =1
K(n,d) = {k = (kyok VEZ"| ikj =d}

Matrix

max x' Ax = Agxx")

s.t. ||x|| =1

Find maximal eigenvalue

max AgX = Agxx")
st. Tr(X)=Tr(xx") = ||x||2 =1
rank(X) = LXES”
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Reformulate Tensor PCA as Matrix Optimization

* Hard to solve the problem directly in tensor form

max FgX

!
st. Tr(X)= 2 nd' 2 TR =1
kEKn,d) Hj:]kj !

XES”M,CP—mnk(X) =1

K(n,d) = {k = (k,,.k YEZ" | ikj - d}



Reformulate Tensor PCA as Matrix Optimization

* Matrix rearrangement:
M(F)kl = F;l...ididn' '

iy LS e lysly e lyy <1

d 2d
k = 2 G, -Dn' +1L1="Y (i, -’ +1
j=1 j=d+1
e \Vectorization:
V(F)k = F;L_im )

k = E(z‘j -Dn" +L1<i,...,i =n
J=1



Reformulate Tensor PCA as Matrix Optimization

e Suppose AER", Then the following two statements are equivalent:
(i) AES" and rank(4)=1
(i) A® A€ S™

* Suppose X, ES" and X =M(X,)ER" ™, Then we have
CP-rank(X,) < rank(X) =1



Reformulate Tensor PCA as Matrix Optimization

* Reformulate Tensor PCA as Matrix Optimization

max EgXt max TI"(FX)
d! st. Tr(X)=1M ' (X)ES""

st. Tr(X))= }; (X)) sty 2, =1
n ! 1712752 p=n Py
SRRl | > XES"™ ,rank(X) =1

XtES”M,CP—mnk(Xt) =1

K(n,d) = {k = (ks b, )EZ" | Yk, = d} ....................................
7=1
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Nuclear Norm Penalty Approach

+Initial Problem:

max Tr(FX)
s.r. TrX) =1,M~'(x)e s"",

2d ,,2d

XesS" " rank(X) =1

] k X ° ° ] ”XH* o °
min k@) s equivalent to ™ with high
s CX)=b s COO=bh

+*Problem

probability under certain randomness hypothesis.



Nuclear Norm Penalty Approach

Add nuclear norm term of X to initial problem to penalize high rank:

max Tr(FX) — pliXIl,
s.t. TriX)=1,M"'(X) e S"
X E SnZanZd

If the optimal solution of the above problem (denoted by X *) is rank-one, then
IX*, =Tr(X*) =1



Semidefinite Programming Relaxation

« Replace the rank-one constraint by SDP constraint:

max Tr(FX)
s.t. Tr(X) =1,

M-1(X)e S . X >0



Numerical Results

* To solve a super-symmetric tensor PCA problem, three
steps are needed:

« 1, Create the super-symmetric tensor.
« 2, Unfold the tensor into a square matrix.

# 3. Solve the corresponding SDP or NNP convex
problem.



Results for Two Examples

“ Example 1:

Fi111 = 0.2883,  Fi112 = —0.0031, Fi113 = 0.1973,  Fi199 = —0.2485,  Fi193 = —0.2939,
Fiizz3 = 0.3847,  Fio0o = 0.2972, Fio03 = 0.1862, Fio33 = 0.0919,  Fi333 = —0.3619,
Fooog = 0.1241,  Fogoz = —0.3420,  Foo3zz = 0.2127, Foz33 = 0.2727,  F3333 = —0.3054.

* Example2

0.74694x7 —  0.435103x3xo +  0.454945x3x3 + 0.0657818x125 + 5
+ 0.37089z5z3 — 0.29883zfwoxs — 0.795157x 2523 +  0.139751x3x3 + 1.24733z%x2
+  0.714359z1 2075 +  0.31626425205 —  0.397391z123 —  0.405544z9x3 +  0.79486973.

« Solution difference: WX ,piicarion — X pmax(1X pupiicasion 7 1)

Examplel Example2
Sol.Dit ~ 2.5056E-04 1.3822E-04



Frequency of rank-one solution

* The tensors are randomly generated with order 2d and dimension
n, the entries are uniformly distributed between [-2, 2]

* Computed by CVX 2.1 (SeDuMi 1.34)

SDP NNP (rho = 10) NNP (rho = 100)
n rankl CPU n rankl CPU n rank1 CPU
3 100 | 0.2376 3 100 0.3758 3 100 | 0.3555
4 100 0.4907 4 80 1.0314 4 100 0. 897
5 100 1.3044 5 7 2.711 5 100 | 2.3344
6 100 3.0026 6 0| 3.1877 6 100 3.0793
7 100 | 5. 2464 7 0 8.617 7 100 8.1737
8 100| 6.2614 8 0| 26.469 8 100 | 25. 866
9 100 | 10. 3896 9 0| 80.822 9 100 | 81.6773




Comparison of NNP and SDP

Inst Sol Dif Time NNP Time SDP
1 3. 94E-05 1.13 0.53
2 3. 12E-05 0.93 0.51
3 2. T6E-05 0. 94 0. 57
4 2. 43E-05 0.95 0.52
9 4. 23E-05 1. 05 0. 65
6 6. 19E-05 1.01 0. b4
7 2. 37TE-05 0. 94 0. 52
8 5. 43E-05 0. 94 0. 54
9 6. 74E-06 0.99 0. 53
10 3. T6E—05H 0.93 0. 53
1 2. 33E—05H 2. 21 1.13
2 5. 84E-05 2. 36 1.13
3 1. 24E-05 2. 52 1.11
4 2. 03E-05 2. 36 1.12
5 1. 57E-06 2. 48 1.12
6 4. 81E-06 2. 49 1.11
7 1. 32E-05 2. 49 1.13
8 4. 94E-05 2. 21 1.12
9 4. 24E-06 2.51 1.32
10 H. 21E-06 2. 74 1.12
1 3. 92E-05 3. 49 2. 19
2 1. 20E-05 3.03 2. 45
3 2. b4E-05 3.3 2. 31
4 2. 36E-05 3. 24 2. 39
5 7. 62E-05 3. 45 2. 27
6 2. 06E-05 3. 47 2.49
7 2. 41E—0b 3. 76 2. 19
8 1. 97E-05 2. 97 2. 24
9 5. 28E-05 3.59 2. 18
10 5. 85E-05 3. 62 2. 17




Comparison of CVX and ADMM

Inst Sol Dif ADMM. Iter
1 1. 36E-05 243
2 3. 51E-05 262
3 0. 000113833 244
4 3. T9E-05 243
5 2. 68E-05 239
6 9. 27E-05 249
7 7. 40E-05 236
8 2. 26E—05 233
9 1. 56E-06 238
10 7. 36E-06 241
1 3. 03E-05 500
2 0. 000146228 470
3 9. 63E-05 474
4 0. 000151246 471
5 8. 77E-06 479
6 5. 14E-05 468
7 9. 73E-05 475
8 5. 66E-05 468
9 0.000141543 518
10 0. 000187851 473
1 5. 04E-05 734
2 1. 92E-05 716
3 2. 61E-05 733
4 3. 03E-05 711
5 9. 31E-06 744
6 5. 90E-05 718
7 5. T0E-05 717
8 7. 96E-06 740
9 6. 81E-06 734
10 1. 87E-05 711



Outline

* Tensor Principal Component Analysis Model

* Nuclear Norm Penalty and SDP Relaxation Methods with Numerical
Results

e ADMM Solution and Experiments



ADMMA HE T 2

minzerr yerer f(x) + g(y)
s.t. Ax+ By = b (21)
relC, ye D,

k1l .= argmin_ -~ L, (x, y*: AF)
y*t1 = argmin,cp Lu(zFT1 y; AF) (22)
Ak_*—l — )‘k . (AIk+l 4 Byk+l . I))//l.,

1
L,(x,y; A) == f(x) +9(y) — (A, Az + By — b) + 2—“||A11-' + By — b||”



% IE'J DET it&}?/

argminycc —Tr (FY®) + p||Y*||l. — (AF, X — Y*) + 2# X — Y*||%
argmin —Tr (FY) + p||Y||l. — (AF, XFF1 V) + 55 = || X+ —Y||%
Ak (Xk+l _ Yk+l)//.l.,

X* 1 .— argmin —||X — (Y* 4+ puAM)|%
Xel

min || X — Z||%
s.t. Tr(X) =1, (27)
M-1(X) e s

(24)



ADMM for Nuclear Norm Penalty Problem

J5 ] 5
max 1Ir(FX) — pl||X]||-
s.t. Tr(X)=1, M Y(X) e S™™, (15)

d

d «
no x
X eSS "

I
min —Tr (FY) + p||lY||-
s.t. X —Y =0, (23)
X € C,

C:={X e S"">n" | Tr(X) =1, M~ (X)) € S*™}.



- |r] R - A% V2L

Xkl = argminyce —Tr (FYF®) 4+ p||Y*|l. — (AF, X — YF) + %“HX — Y¥|%
Y+l = argmin —Tr(FY) + p||Y|l. — (A*, XFH1 — V) + || X — Y| (24)
Ak+1 = Ak _ (Xk+1 _ }/k-*_l)/l-ls

matrix shrinkage operation

. 1 , -
YA+l .— argmin  pup||Y||. + Sy — (XFFL — (AR — )% (26)
Y

Y5+l .= UDiag (max{oc — up,0} )V T,

where UDiag (o)V T is the singular value decomposition of matrix X*+1 — ,(AF — F).



? IE'J Dﬁ it&}?/

: 2
min || X — Z||% min ||X — Z||%

s TEO =1, Iy st E s = L
M~H(X) e S™. keK(nd) —=0
X c Sn‘zd

I — {(il - dgg) € w(12F1 ... p2kn) | 6 = (k1,--- .kpn) € K(n,d)}.

"
2| |7(21 - - - 22a)| Xiy-ing — S Z ) Zjr--jea | = 0, if (21 ---2q) € L,
4 Jr---Jea€7(i1---124)
2 1) L VI, _ (d)!
\ 2k, 12k1 k jl___jzdeﬂ(]_Z'Zkl_”nzkn) F1-Fod A m 0, otherwise.
{ Xi‘l"'iZd = Ziy-izas if (21 ---i24) € L, 29
Xl"zkl n2kn = % t(k d) + Z1"k1 n2kn s otherwise . (29)

A=2(1— > n(d)! Z o, . n,_,kn)/ (' o
kelK(n.d) Hj=1 (kj)! 1= et H;’l=1 ()¢ (k,d),



ADMM for SDP Relaxation

(SDR)

min
s.t.

Xk.+l -—
Yk+l

Ak+ 1

max Tr (FX)
st. Tr(X)=1, (16)
M- Y(X)es™, X =o0.

—Tr (FY)
Tr(X)=1, M 1(X)es™ (30)
X —-Y =0, Y >O0.

argminyxee —Tr (FY*) — (A%, X — Y*) + || X — Y*||3
argminy, o —Tr (FY) — (AF, Xk+1 —y) 4 L x*+1 — v |3, (31)
Ak (Xk+1 _ Yk"'l)/,u,

y#*+! .— UDiag (max{c,0})U " —



CSHGH &

error

15 =

5-/\ |
o t Il 3 1 1 1 1 1 1

o 20 40 60 30 100 120 140 160 180 200

I X* — X* e

+ IX*F —Y*||p <107°
x| I =




