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Introduc6on  of  PCA 
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  Component	
  and	
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Introduc6on  of  PCA 

•  	
  	
  	
  	
  is	
  covariance	
  matrix	
  of	
  p	
  variables.	
  
•  Find	
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Introduc6on  of  PCA 

• When	
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  matrix.	
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• PCA	
  problem	
  is	
  equal	
  to	
  find	
  maximal	
  singular	
  value	
  problem! 
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Tensor  PCA  Defini6on 

• Defini;on	
  of	
  Tensor	
  PCA	
  

• A	
  is	
  a	
  tensor,	
  which	
  is	
  a	
  high	
  dimensional	
  array	
  of	
  real	
  data.	
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Tensor  PCA  Defini6on 

• We	
  oTen	
  encounter	
  mul;dimensional	
  data,	
  such	
  as	
  images,	
  video,	
  
range	
  data	
  and	
  medical	
  data	
  such	
  as	
  CT	
  and	
  MRI.	
  

• Color	
  Image(3D),	
  Color	
  Video(4D)	
  
•  It	
  is	
  more	
  reasonable	
  to	
  treat	
  the	
  mul;dimensional	
  data	
  as	
  a	
  tensor	
  
instead	
  of	
  unfolding	
  it	
  into	
  a	
  matrix.	
  

•  Images	
  obtained	
  by	
  tensor	
  PCA	
  technique	
  have	
  higher	
  quality	
  than	
  
that	
  by	
  matrix	
  PCA. 

H.	
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  Compact	
  representa0on	
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  mul0dimensional	
  data	
  using	
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  rank-­‐one	
  
decomposi0on.	
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  on	
  ICPR,	
  2004. 



Tensor  PCA  Defini6on 
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Tensor  PCA  Defini6on 
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Tensor  PCA  Defini6on 
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Reformulate  Tensor  PCA  as  Matrix  Op6miza6on 

• Hard	
  to	
  solve	
  the	
  problem	
  directly	
  in	
  tensor	
  form 
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Reformulate  Tensor  PCA  as  Matrix  Op6miza6on 

• Matrix	
  rearrangement:	
  

• Vectoriza;on:	
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Reformulate  Tensor  PCA  as  Matrix  Op6miza6on 

•  Suppose	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  .	
  Then	
  the	
  following	
  two	
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Reformulate  Tensor  PCA  as  Matrix  Op6miza6on 
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Nuclear Norm Penalty Approach  

❖Initial Problem:

❖Problem                       is equivalent to                       with high 

 probability under certain randomness hypothesis.



Nuclear Norm Penalty Approach  

❖ Add nuclear norm term of X to initial problem to penalize high rank:



Semidefinite Programming Relaxation  

❖ Replace the rank-one constraint by SDP constraint:



Numerical Results

❖ To solve a super-symmetric tensor PCA problem, three 
steps are needed:

❖ 1、Create the super-symmetric tensor.

❖ 2、Unfold the tensor into a square matrix.

❖ 3、Solve the corresponding SDP or NNP convex 
problem.



Results for Two Examples
❖ Example 1:

❖ Example2

❖ Solution difference: 

Example1 Example2

Sol.Dif 2.5056E-04 1.3822E-04



Frequency of rank-one solution
❖ The tensors are randomly generated with order 2d and dimension 

n, the entries are uniformly distributed between [-2, 2]

❖ Computed by CVX 2.1 (SeDuMi 1.34)

SDP NNP (rho = 10) NNP (rho = 100)

n rank1 CPU n rank1 CPU n rank1 CPU

3 100 0.2376 3 100 0.3758 3 100 0.3555

4 100 0.4907 4 80 1.0314 4 100 0.897

5 100 1.3044 5 7 2.711 5 100 2.3344

6 100 3.0026 6 0 3.1877 6 100 3.0793

7 100 5.2464 7 0 8.617 7 100 8.1737

8 100 6.2614 8 0 26.469 8 100 25.866

9 100 10.3896 9 0 80.822 9 100 81.6773



Comparison of  NNP and SDP
Inst Sol_Dif Time_NNP Time_SDP

n = 4

1 3.94E-05 1.13 0.53
2 3.12E-05 0.93 0.51
3 2.76E-05 0.94 0.57
4 2.43E-05 0.95 0.52
5 4.23E-05 1.05 0.65
6 6.19E-05 1.01 0.54
7 2.37E-05 0.94 0.52
8 5.43E-05 0.94 0.54
9 6.74E-06 0.99 0.53
10 3.76E-05 0.93 0.53

n = 5

1 2.33E-05 2.21 1.13
2 5.84E-05 2.36 1.13
3 1.24E-05 2.52 1.11
4 2.03E-05 2.36 1.12
5 1.57E-06 2.48 1.12
6 4.81E-06 2.49 1.11
7 1.32E-05 2.49 1.13
8 4.94E-05 2.21 1.12
9 4.24E-06 2.51 1.32
10 5.21E-06 2.74 1.12

n = 6

1 3.92E-05 3.49 2.19
2 1.20E-05 3.03 2.45
3 2.54E-05 3.3 2.31
4 2.36E-05 3.24 2.39
5 7.62E-05 3.45 2.27
6 2.06E-05 3.47 2.49
7 2.41E-05 3.76 2.19
8 1.97E-05 2.97 2.24
9 5.28E-05 3.59 2.18
10 5.85E-05 3.62 2.17



Comparison of CVX and ADMM
Inst Sol_Dif ADMM.Iter

n = 2

1 1.36E-05 243
2 3.51E-05 262
3 0.000113833 244
4 3.79E-05 243
5 2.68E-05 239
6 9.27E-05 249
7 7.40E-05 236
8 2.26E-05 233
9 1.56E-06 238
10 7.36E-06 241

n = 3

1 3.03E-05 500
2 0.000146228 470
3 9.63E-05 474
4 0.000151246 471
5 8.77E-06 479
6 5.14E-05 468
7 9.73E-05 475
8 5.66E-05 468
9 0.000141543 518
10 0.000187851 473

n = 4

1 5.04E-05 734
2 1.92E-05 716
3 2.61E-05 733
4 3.03E-05 711
5 9.31E-06 744
6 5.90E-05 718
7 5.70E-05 717
8 7.96E-06 740
9 6.81E-06 734
10 1.87E-05 711
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ADMM标准形式 



子问题-投影 



ADMM  for  Nuclear  Norm  Penalty  Problem

原问题 

变形 



子问题-核范数 

matrix shrinkage operation 



子问题-投影 



ADMM  for  SDP  Relaxa6on
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