Lecture: Convex Optimization Problems

http://bicmr.pku.edu.cn/~wenzw/opt-2019-fall.html

Acknowledgement: this slides is based on Prof. Lieven Vandenberghe’s lecture notes
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Introduction

@ optimization problem in standard form
@ convex optimization problems

@ quasiconvex optimization

@ linear optimization

@ quadratic optimization

@ generalized inequality constraints

@ semidefinite programming

@ composite program
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Optimization problem in standard form

@ x € R" is the optimization variable
@ fy : R" — R is the objective or cost function
@ fi: R" > R,i=1,...,m, are the inequality constraint functions

@ h; : R" — R are the equality constraint functions

optimal value:
= inf{fo(x)|fi(x) <0,i=1,....mhi(x) =0,i=1,...,p}

@ p* = oo if problem is infeasible (no x satisfies the constraints)

@ p* = —oc if problem is unbounded below 565



Optimal and locally optimal points

x is feasible if x € dom f; and it satisfies the constraints
a feasible x is optimal if fy(x) = p*; X, is the set of optimal points
x is locally optimal if there is an R > 0 such that x is optimal for

min(overz) fo(2)

s.t. filz) <0, i=1,..m
hi(z) =0, i=1,..,p
Iz —xl2 <R

examples (withn =1, m =p =0)
@ fo(x) =1/x,dom fy = R4y : p* =0, no optimal point
@ folx) =
@ fo(x) =xlogx, dom fy = Ry : p* = —1/e,x = 1/eis optimal
(x) =

@ folx

—logx,dom fy =R, : p* = -

x® —3x, p* = —o0 , local optimum at x = 1
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Implicit constraints

the standard form optimization problem has an implicit constraint

m )4
x €D ={")domfiN()dom h;,
i=0 i=1
@ we call D the domain of the problem
@ the constraints f;(x) < 0, h;(x) = 0 are the explicit constraints
@ a problem is unconstrained if it has no explicit constraints
(m=p =0)

example:
. k
min  fy(x) = — Zi:] log(b; — a! x)
is an unconstrained problem with implicit constraints a! x < b;
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Feasibility problem

find x
st filx) <0, i=1,..m
hi(x) =0, i=1,...,p

can be considered a special case of the general problem with
f()(x) =0:

min 0
st filx) <0, i=1,..m

@ p* = 0 if constraints are feasible; any feasible x is optimal

@ p* = o if constraints are infeasible
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Convex optimization problem

standard form convex optimization problem

min  fy(x)
st filx) <0, i=1,..m
alTx—b,, i=1,.,p

@ fu,f1,.--,/m are convex; equality constraints are affine

@ problem is quasiconvex if f; is quasiconvex (and fi, ..., f,, convex)
often written as

min  fo(x)
st filx) <0, i=1,..m
Ax=b>b

important property: feasible set of a convex optimization problem is
convex
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example

)
s.t. f](x):)q/(l —‘rX%) <0
hl(x) = (x1 —i-XQ)Z =0
@ fy is convex; feasible set {(x1,x2)x; = —x» < 0} is convex

@ not a convex problem (according to our definition): f; is not
convex, h; is not affine

@ equivalent (but not identical) to the convex problem

min x% —I—X%
st. <0
X1 +x=0
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Local and global optima

any locally optimal point of a convex problem is (globally) optimal

proof : suppose x is locally optimal and y is optimal with fo(y) < fo(x)
x locally optimal means there is an R > 0 such that

zfeasible, [z—xo <R = folz) >folx)
consider z = Ay + (1 — A)x with = R/(2||y — x||2)

@ |y—=xl2>R,s00<60<1/2

@ z is a convex combination of two feasible points, hence also
feasible

o z— x|, = R/2 and
fo(z) < Ofo(x) + (1 = 0)fo(y) < folx)

which contradicts our assumption that x is locally optimal
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Optimality criterion for differentiable f;

x is optimal if and only if it is feasible and

Vfo(x)T(y —x) >0 for all feasible y

if nonzero, Vf,(x) defines a supporting hyperplane to feasible set X at x
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@ unconstrained problem: x is optimal if and only if
x €domyfy, Vfo(x)=0
@ equality constrained problem
min  fp(x) st. Ax=b>
x is optimal if and only if there exists a v such that
xedomfy, Ax=b, Vfy(x)+ATv=0
@ minimization over nonnegative orthant
min  fo(x) st. x>0
x is optimal if and only if

Vi(x)i >0 x=0

x € dom fy, =0,
fO * {Vfo(x),‘—o x>0
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Equivalent convex problems

two problems are (informally) equivalent if the solution of one is
readily obtained from the solution of the other, and vice-versa

some common transformations that preserve convexity:
@ eliminating equality constraints

min  fo(x)
st filx) <0, i=1,..m
Ax=1D>

is equivalent to

min(overz)  fo(Fz+ xo)
s.t. filFz+x) <0, i=1,...m

where F and x( are such that

Ax=b <+ x=Fz+ xyforsomez
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Equivalent convex problems

@ introducing equality constraints
min fo(Agx + bo)
st filAx+b) <0, i=1,...m
is equivalent to

min(over x, y;) JoOo)
s.t. fiy) <0, i=1,...m
yvi=Ax+b;, i=01,....m
@ introducing slack variables for linear inequalities
min  fo(x)
st. d'x<b, i=1,..m
is equivalent to
min(over x,s)  fo(x)
s.t. alx+si=b;, i=1,...m
5;>0, i=1,.m
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Equivalent convex problems

@ epigraph form: standard form convex problem is equivalent to

min(over x, t) t
s.t. fo(x) =1 <0
fi

@ minimizing over some variables

min  fo(x1,x2)
s.t. f,‘(.X])SO, i=1,...m

is equivalent to

min fo(xl)
st fi(m) <0, i=1,..m

where ];0 (xl) = infofo(xl , )CZ)
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Quasiconvex optimization

min  fy(x)
st. f(x)<0, i=1,..m
Ax=1>b

with 1y : R” — R quasiconvex, fi, ..., f, convex

can have locally optimal points that are not (globally) optimal
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convex representation of sublevel sets of f;

if fo is quasiconvex, there exists a family of functions ¢, such that:

@ ¢(x) is convex in x for fixed ¢

@ r-sublevel set of f; is 0-sublevel set of ¢, ,i.e.,

folx) <t = () <0

example

fo(x) = plx)

~—

q(x)
with p convex, ¢ concave, and p(x) > 0, g(x) > 0 on dom f;
can take ¢;(x) = p(x) — 1q(x):

@ forz >0, ¢, convex in x
@ p(x)/q(x) < tifand only if ¢,(x) <0
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quasiconvex optimization via convex feasibility problems

di(x) <0, filx) <0, i=1,..m, Ax=0b> (1)

@ for fixed ¢, a convex feasibility problem in x

o if feasible, we can conclude that r > p*; if infeasible, ¢ < p*

Bisection method for quasiconvex optimization

given [ < p*, u > p*, tolerance ¢ > 0.
repeat

Q:r=(1I+uw)2.
@ Solve the convex feasibility problem (1).
@ if (1) is feasible, u :=1; else [ :== 1.

until u — I < e.

requires exactly [log,((u —[)/¢)] iterations (where u, [ are initial values)
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Linear program (LP)

min 'x+d
st. Gx<h
Ax=b
@ convex problem with affine objective and constraint functions

@ feasible set is a polyhedron
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Examples
diet problem: choose quantities xi, ..., x, of n foods

@ one unit of food j costs ¢; , contains amount a;; of nutrient i
@ healthy diet requires nutrient i in quantity at least b;

to find cheapest healthy diet,

min ¢/x

st. Ax>b, x>0
piecewise-linear minimization
min maxi:17,__,m(aiTx + by)

equivalent to an LP

min ¢
st. alx+b;<t, i=1,...,m
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Chebyshev center of a polyhedron

Chebyshev center of
P={xlalx<bii=1,..,m}
is center of largest inscribed ball

B = {xc+ul [lulla < r}

@ al'x < b; for all x € B if and only if
sup{a; (xc +u)| [|ull> < r} = af xc + rllaill2 < by
@ hence, x., r can be determined by solving the LP

max r

st ax.+rlal<b, i=1,.,m
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Problems with absolute values

min Y eilxi, assume ¢ > 0
i

st. Ax>b

@ Reformulation 1:

min Z CizZi min Z CiZi
i i
<~
st. Ax>b st. Ax>b
x| <z — %4 <X <z

1

@ Reformulation 2: x; = x™ — x

+
min Zci(x:r—l—x;)
j

st AxT —Ax > b,x+,x_ >0

X, x7 > 0. Then |x;| = x;" +x;
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Problems with absolute values

@ data fitting:
min  [|JAx — b/
X

min  [|Ax — b|;
X
@ Compressive sensing

min x|, st. Ax=b (LP)
min  pllx[l + 5l|Ax+ b (QP,SOCP)
min |Ax — b||, st x|l; <1
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Linear-fractional program

min  fo(x)
st. Gx<h
Ax=0>

linear-fractional program

- Ix+d

folx) = m, dom fy(x) = {x|eTx +f >0}

@ a quasiconvex optimization problem; can be solved by bisection
@ also equivalent to the LP (variables y, z)
min ¢y +dz
st Gy<hz
Ay = bz
eTy +fz=1

z2>0
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Quaderatic program (QP)

min  (1/2)x’Px +q'x+r
st. Gx<h
Ax=0b

@ P c§" , so objective is convex quadratic

@ minimize a convex quadratic function over a polyhedron

=V fo(z*)
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Examples

least-squares
min  |JAx — b||3

@ analytical solution x* = Ab (AT is pseudo-inverse)

@ can add linear constraints, e.g., I < x < u
linear program with random cost

min ¢’ x4 yx' x = Ec'x + ~yvar(c!x)
st. Gx<h, Ax=0b

@ cis random vector with mean ¢ and covariance X
@ hence, ¢’x is random variable with mean ¢’ x and variance x” “x

@ ~ > 0 is risk aversion parameter; controls the trade-off between
expected cost and variance (risk)
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Quaderatically constrained quadratic program (QCQP)

min  (1/2)x" Pox + gbx + ro
st (1/2x"Px+qlx+r <0, i=1,...m
Ax=1D>

@ P; € S ; objective and constraints are convex quadratic

e ifPy,..,P, €S, feasible region is intersection of m ellipsoids
and an affine set

26/66



Generalized inequality constraints

convex problem with generalized inequality constraints

min  fo(x)
st filx) 2k 0, i=1,...m
Ax=10>

@ fy: R" — R convex; f; : R" — Rk K;-convex w.r.t. proper cone K;

@ same properties as standard convex problem (convex feasible
set, local optimum is global, etc.)

conic form problem: special case with affine objective and

constraints ,

min ¢ x
st Fx+g=x0
Ax=0>b

extends linear programming (K = R”') to nonpolyhedral cones
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Conic quadratic programming

@ second-order (quadratic) cone (SOC):

_ X
QZ{xeR”+1|||X||2<xl, :H}

@ rotated quadratic cone

X1
— ) i
0 {x e R"™ | [|x|lz < 2x1x2,x1,x2 >0, x |:x2] }
X

@ rotated quadratic cone ||%||* < x1x2, where x;,x, > 0, is

equivalent to
|2 <o
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Second-order cone programming

min fTx
st |JAx+bl<cIx+d, i=1,.,m
Fx=g

(A; € R">" F € RP*™)
@ the inequalities:
(Ax + b;, cTx + d;) € second-order cone in R !
@ for n; = 0, reduces to an LP; if ¢; = 0, reduces to a QCQP

@ more general than QCQP and LP
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Quadratic Programming (QP)

min g(x) =x' QOx+a'x+f3

st. Ax=b
x>0

@ g(x) = |la|>+ B8 - LaTQ 'a, where u = Q'/2x + 1071 /2a.

@ equivalent SOCP

assume Q>0,0=0"
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Quadratic constraints

q(x) = x'B'Bx+a'x+8<0

is equivalent to
(uo, ) =0 0,

where

_ Bx l—a'x—
2
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Norm minimization problems

Letv; = A;x + b; € R™.
@ min, ) ,||vi]| is equivalent to

min E Vio

i
s.t. vi=Ax+b;
(vio, Vi) =0 0

@ min, max;<;<,||vi|| is equivalent to

min ¢
st. vi=Ax+b;
(tv ‘_)l') aafo) 0
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Norm minimization problems

Letv; = Aix + b; € R™,
® [[vjyll;---, [V are the norms [vi]f,..., |v,|| sorted in
nonincreasing order
® min, Y, |9yl is equivalent to

m

min Z u; + kt

i=1

S-t. T/l:Al_x—i—b” i:lj‘_"m
il <wui+t, i=1,....m
>0, i=1,....m
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Rotated Quadratic Cone

@ Minimize the harmonic mean of positive affine functions
min Z 1/(a/x+B), st a'x+6 >0
i
is equivalent to

min E U;
i

st. v = a,Tx + B
1 S Uu;ivi
u; Z 0
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Logarithmic Tchebychev approximation

min  max |In(a x) — Inb;|
X 1<i<r

Since | In(a;' x) — In b;| = Inmax(a;' x/b;, b;/a; x), the problem is
equivalent to

min ¢

st 1< (ax/b)t
a;—x/b,- <t
t>0

Inequalities involving geometric means

n 1/n
(H(a;—x + bi)) >t

i=1
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@ n=4

max w3
st a/x—b;>0
4 T T 2
a,x—>by)(a,x—by) >w
max H(a?x—b,-) = ( IT 2 ZT 2) 2 ;
i=1 (a3 x — b3)(as x — bs) > w3
wiwy > w%
wi Z 0
@ This can be extended to products of rational powers of affine
functions
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Robust linear programming

the parameters in LP are often uncertain

min c¢'x

s.t. a;—x < b;
There can be uncertainty in ¢, a;, b.

two common approaches to handling uncertainty (in g;, for simplicity)
@ deterministic model: constraints must hold for all a; € &;

min ¢ x

st a/x<b, foralla; € &
@ stochastic model: g; is random variable; constraints must hold
with probability n

min c¢'x

s.t. prob(a,-Tx <bj)>n
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deterministic approach via SOCP

@ Choose an ellipsoid as &;:
E=A{ai+Pu||lul <1}, aeR", P eR™

@ Robust LP

min ¢ x

st a'x <b, forall g €&
is equivalent to the SOCP

min c¢'x

st a'x+ [P x| < b
since
sup (a; + Piu)Tx = Zz;rx + HP;—tz

[[ull2<1
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stochastic approach via SOCP

@ g, is Gaussian with mean a;, covariance %; (a; ~ N (a;, ;)
@ a/ x is Gaussian r.v. with mean g, x, variance x' %;x; hence

b, —alx
T N — L
prob(a; x < b;)) = ® <H21/2xH2>

where ®(x) = (1/v2x) [*__e"/?dris CDF of N'(0, 1)

@ robust LP

min c¢'x

s.t.  prob(a] x < b)) > 17
is equivalent to the SOCP

min ¢ x

st @ x+ @71 (n)|=V x|, < by
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Power cone

https://docs.mosek.com/modeling—-cookbook/powo.html
@ Form<nand a; +---+ a,, = 1, the power cone is

Py = {x € RY | T >

The left-hand side is the weighted geometric mean of the x;
@ The boundary of P$"'~* for & = 0.1,0.2,0.35,0.5
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Examples of power cone: x”

powers: x”
@ forp > 1,1 > |xP is equivalent to /7 > |x|:

t> xff = (t,1,x) € Pé/”’l_l/”
@ for0 < p < 1, x” is concave for x > 0:
t< xP,x >0 (x,1,1) € Pg’l_p

@ for p < 0, x” is convex for x > 0

1> |xfP = MUPxP/0P) — (1.x,1) € Pé/(lfp)’*”/(l*p)
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Examples of power cone: p-norm

p-norm: [|x[|P = 3=, [lxil”
@ p-norm cones forp > 1:

{(t,x) e R™ [ 1> [|x]],}
Since t > ||x||, can be written as ¢ > >, |x;|? /#~!, we obtain:

_ . 1 1-1
rt > x5l (e, (riyt,xi) € PYPITUPY)

Zr,’:t

i
@ For 0 # p < 1, we can consider:

{(t,x) € Rn+l | 0<t< (fo)l/p,xi > O}
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Splitting of general power cone

@ Consider the general power cone: ), o; = 1,

a 7...7am
Pl = Lo [ x>zl x> 0
Lets = oy +---a,_1. we can split P17 as
(07 N /S
xll/ "'Xm/ >t x, - X >0

£xpm > z|, x, > 0.

sOm

Hence, P, L/,"" can be expressed using two power cones
?r‘l]/vy 3Oy — ]/Y and P?;,Oém'

@ Proceeding by induction shows that it can be expressed the
basic three-dimensional cones P°‘1 @
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Non-homogenous constraints

@ Consider . o; < g and «; > 0 and
XS x8m > 2P > 0
@ equivalent to

(xl)x% s Xmy 172) € Pranl-llﬁ’ som/B,s

wheres=1-> . ;/f8

I
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Exponential cone

https://docs.mosek.com/modeling—-cookbook/expo.html
@ The exponential cone is a convex subset of R? defined as

Kexp = {(X],XQ,X3) | x) > xgex3/x2,xz > 0}
U {(x1,0,x3) | x; > 0,x3 <0}.
It is the closure of the set of points which satisfy
x; > xz,xzex3/x2,x1,x2 >0

@ The boundary of the exponential cone. The red isolines are
graphs of x, — x; log(x; /x2) for fixed x;

Tl
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Examples of exponential cone

@ Exponential: t > ¢* <= (t,1,x) € Kexp
@ Logarithm: r <logx <= (x,1,1) € Kexp
@ Entropy
t < —xlogx <=t <xlog(l/x) < (1,x,1) € Kexp
@ Relative entropy D(x,y) = xlog(x/y)
t > D(x,y) <= —t < xlog(y/x) <= (y,x,—1) € Kexp
@ Softplus function
t>log(l+e) <=+ ' <1,
can be written as

u+v<1, (u,1,x —1) € Kexp, (v,1,—1) € Kexp
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Examples of exponential cone

@ Log-sum-exp

t>log(e" +--+ M) =T+ LM<

can be written as

Zuig 17 (Mialaxi*

i

@ Log-sum-inv

t>log (1/xi + -

can be written as

t > log(e +---+ &™)

1) € Kexp,i=1,---

+1/x,), x>0

xize—)’i’ i:1,"'

,n

, 1.
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Examples of exponential cone

@ Arbitrary exponential: let a; be arbitrary positive constants
1> oy e o

n

which can be written as

t> eXpr,- log o <= (1,1, in log ;) € Kexp
i i

@ Lambert W-function is the unique function satisfying
W(x)e" ™ = x.
We have:
{6, ) [0<x,0<t < W)} = {(x,0) | x> te =t}
can be written as
(x,t,u) € Kexp  (i.e.,x > texp(u/t))
(1/2,u,t) € Q (i.e,u>1)
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Geometric programming

SN

@ monomial function: f(x) = cx{'x5% - - - x3» with ¢ > 0 and «; are
arbitrary real numbers. Let x; = ¥, then

ce®V .. % = exp(a’y + logc)

@ A posynomial (positive polynomial) is a sum of monomials.

@ A geometric program (GP): fy, - - - ,f» are posynomials:

min ¢t
st 1 I logc <t
min  fy(x) og(Xk: exp(agy +log o)) <1,
st. fin) <1, i=1,....m, <= ’
x>0, j=1,...,n log(D _ exp(al ;y + logcix)) < 0
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SDP Standard Form

@ S"={XeR X" =X},S1 ={Xe8"|X =0},
S, ={Xe8"|X~0}

@ Define linear operator A : S" — R™:
A(X): (<A17X>77<Am7X>)T7 XES”

Since AX)Ty =" vi (Ai, X) = O, vidi, X), the adjoint of A:

A'(y) =Y vidi
i=1
@ The SDP standard form:
(P) min (C,X) (D) max b'y
st. AX)=b st. A*(y)+S=C

X=0 S=0
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Facts on matrix calcuation

@ IfA,B € R™" then Tr(AB") = Tr(B'A)
e If U,V € 8" and Q is orthogonal, then (U, V) = (0T UQ, Q" UQ)
@ If X € S",then U = Q" AQ, where Q" Q =1 and A is diagonal.

Matrix norms: [[X|[r = [[A(X)|2, [[X]l2 = [A(X)lcos A(X) = diag(A)

@ X>0= v Xv>forallveR" <= \X)>0+=X=B'B

The dual cone of &% is S}

If X =0, then X;;i > 0. If X;i=0, then X=X, =0 for all .

If X > 0, then PXP" > 0 for any P of approriate dimensions

X1 X2
If X = = 0, then X;; = 0.
<xg X22> = =

@ X = 0 iff every principal submatrix is positive semidefinite (psd).
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Facts on matrix calcuation

A B
c;LetU-(BT C

> with A and C symmetric and A >~ 0. Then
U=0(or =0) <= C-B'A"'B=0(or ~0).

The matrix C — B"A~!'B is the Schur complement of A in U:

A B\ (I 0\/A 0 I A™'B
B" ¢/ \B'A7' 1)\0 C-B"A"'B)J\0 I

@ IfAc 8" thenx'Ax = <A,xxT>

@ If A > 0, then (A, B) > 0 for every nonzero B = 0 and
{B>0|(A,B) < 3} is bounded for g > 0

@ IfA,B >~ 0,then (A,B) =0iff AB=0

@ A, B € 8" then A and B are commute iff AB is symmetric, iff A

and B can be simultaneously diagonalized
52/66



Semidefinite program (SDP)

min bTy
s.t. y1A1 +y2A2 +---+ ymAm =C
By=d

with 4;, C € S
@ inequality constraint is called linear matrix inequality (LMI)
@ includes problems with multiple LMI constraints: for example,
XiFy 4 xgFy G20, xiFy 4 x,F G <0

is equivalent to single LMI

. F10+x F20+_”+x F,
"o F |7 0 By "l o0 F,

=]
+
S Q)
Qe
A

(=



LP and SOCP as SDP

LP and equivalent SDP

LP: min c¢'x SDP: min c¢'x

st. Ax<b st diag(Ax —b) < 0

(note different interpretation of generalized inequality <)

SOCP and equivalent SDP

SOCP: min fTx
st. |Ax+bila<c'x+d, i=1,...m

SDP: min fTx
(ciTx + d,)[ A,‘X + b,‘

st Ax+b)T Ix+a | —

=0, i=1,..
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Eigenvalue optimization
@ minimizing the largest eigenvalue \yax (Ao + >, xiA;):
min - Apax(Ao + inAi)

can be expressed as an SDP
and its dual is

min z max (Ao, Y)
st 2= xAi = Ag st (A,Y) =k
' (1Y) =
Y >0

@ follows from
Amax(A) <t<= A=t
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Eigenvalue optimization

@ LetA; € R™". Minimizing the 2-norm of A(x) = Ag + ), xiA;:

min A9

can be expressed as an SDP

min t
Xt

s.t. (A(;I)T At(;‘)> =0

@ Constraint follows from

Al <t <= ATA=<7I, >0

= <A(;I)T Afﬁ) =0
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Eigenvalue optimization

@ Let A4(A) indicate sum of the k largest eigenvalues of A. Then
minimizing Ax(Ao + Y _; xiA;):

min Ak(Ao + inAi)

1
can be expressed as an SDP
min  kz + Tr(X)
st d+X-) xAi=A
i
X>0
since

MA) <t<—=1t—kz—Tr(X) > 0,2 + X = A, X =0
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The following problems can be expressed as SDP
@ maximizing sum of the k smallest eigenvalues of A + ), x;A;

@ minimizing sum of the k absolute-value-wise largest eigenvalues

@ minimizing sum of the k largest singular values of Ay + ) _, x;A;

58/66



Quadratically Constrained Quadratic Programming
Consider QCQP
min x'Apx+2bjx+cy  assumeA; € S"
st x'Ax+2b/x+¢; <0, i=1,....m
@ IfAy~0andA; =B/B;,i=1,...,m, thenitis a SOCP
@ If A; € S" but may be indefinite
xTAix + Zb,-Tx +c = <A,~,xxT> + 2b,-Tx + ¢
@ The original problem is equivalent to

min  TrAoX + 2bJ x + ¢o
st. TAX+2b/x+¢ <0, i=1,...,m

X =xx'
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QCQP

@ If A; € S" but may be indefinite

A; b; X x - 5
— (A, X
xAix+2bl-x+c,- = <(bl~l c;>’< 1)>.—< iy >

X > 0is equivalentto X > xx"
@ The SDP relaxation is

min TrAoX + 2b3— x4+ co
st. TAX+2b/x+¢ <0, i=1,...,m
X = xx !

@ Maxcut: max x' Wx, st x2=1

1

@ Phase retrieval: |a,' x| = b;, the value of 4, x is complex
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Max cut

@ For graph (V, E) and weights w;; = w;; > 0, the maxcut problem is

max = E W,j

1<j
@ Relaxation:
max 2 S w1
viER"
i<j

@ Equivalent SDP of (P):

DP) =
(0P a3 vl

—xixj), st x;e{-1,1}

V Vj s.t. HV,‘HZ =1

X,, st. X; =1,X>0
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Max cut: rounding procedure

Goemans and Williamson’s randomized approach

@ Solve (SDP) to obtain an optimal solution X. Compute the
decomposition X = VTV, where

V=1[1,v2,..., V]

@ Generate a vector r uniformly distributed on the unit sphere, i.e.,
Irfl2 =1

@ Set

1 vr>0
X, =
' —1 otherwise
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Max cut: theoretical results

@ Let W be the objective function value of x and E(W) be the
expected value. Then

1
E(W) = - Z wy arccos(v; v;)
i<j

@ Goemans and Williamson showed:

>a EwU vvj

1<j

where 5 9
a=min ——— > 0.878
0<fr w1 — cos
@ Let Z(SDP) and Z(*Q) be the optimal values of (SDP) and (Q)

E(W) > oZiyyp) > aZiy,
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SHhAL A

BAMALR R — R T IAR T A4 TH K .
min 4(x) = £(x) + h(x),

xeR"
H b f(x) ZRFRE h(x) TRAIERFG (tb&aﬁl,miif_ﬁ"l . 4
REEGTERE, IANGEEAE) - Ah(x) = pllx|:

@ /) EAEMAE R f(x) = ||Ax—b||§é2||Ax—b||1.

o () BAENAFEHRE EFEA: f(x) = 37, log(1 + exp(—b; - al x)).
@ () EEEMAXF@EMN: f(x) =CY ", max{l — bal x,0}.

@ /A ENALAE BAEE AT f(x) = — (logdet(X) — trXS) .

@ ML & FIA . f(X) = |X]|..
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& Ak B Tk B

O RIEMEM PHACRTLEY TIRGES
o AR E

min rank(X)
XeRmXﬂ

s.t. X,'j = M,'j, (l,]) e Q.
B A 7o F) AR

®
S
R\

@#

/

min - {|X]].,
XeRan

s.t. X,'j = M,'j, (l,]) € Q.

0 R HFI X .

- 1
Join X5 D (X - My)*
(ij)eQ
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& AL AL 19] AR

® EAUALAL FIR T A& R A A TR X

min Ec[f(x, £)] + h(x),
APXCR' AT ARTEXx O TITR, ¢ RPN EE (OFK
—RRAAREY) A TENMERHE f(x, &) ARHEARE L9 %
KA Ly o EMIRh(x) ARRIEBGEFFER - T EEESH
8 kg bE, LI BEf(x, &) — A RTHEY . A T35 Bir &
AL 6 — N EBAF 06T, EFRFAR FAEEA R E 692 % 5/ %k
RELEEHH .

o BIRAN MEREL &, ... v Bfi(x) =f(x, &), EAVFEIT @8y
A 18] ZR

XEX

|
min  f(x) := N Zf,(x) + h(x),
i=1

B AL ARAE 2290 R A% IS0 9] RR 3 A RAE P 3 A% L 1R AR .
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