Lecture: The choice of metric in subgradient
methods

http://bicmr.pku.edu.cn/~wenzw/opt-2016-fall.html

Acknowledgement: this slides is based on Stephen Boyd & John Duchi’s lecture notes
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Mirror descent methods

subgradient method without using Euclidean steps

@ let 1 be a differentiable convex function, then associated
Bregman divergence is

Dy(y,x) = h(y) — h(x) = Vh(x)"(y = x)
@ mirror ( or non-linear) subgradient method

@ get subgradient g© € 9 (x)
@ update

1
% = argmin {(g(k))T(x -+ Dh(x7x(k))}
xeC Qg

generalizes projected subgradient decent (take i(x) = %HXH%)
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Convergence analysis

properties of h required: strong convexity with respect to norm || - ||
1
h(y) > h(x) + VAE)" (v = x) + S |lx =¥

For any x* € C,

FEE) =) < ()T (W — &)
_ (g(k))T(x(k+l) . x*) + (g(k))T(x(k) - x(kJrl))

Use optimality conditions for x(**+1):
(g™ + VhaEED) = waGE®NT (5 — x% D) > 0,vy € €
o (take y = x*)
QBT (k1) 32y < l(Vh( (1)) — Ph(x®))T (x* — x4 D)

(07
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Convergence analysis continued

identity for divergences
(VAGEED) = Ta(x®))T (- xE+1)y
— Du(x*,x®) — Dy, x*HD) = py(x ) D)
for any x* € C,
FEEY =ty < gOT (D gxy 4 o(OT (0 _ y(kt )
1

— Dy (xR xH1)
O ’

Qi

< i [Dh(x*,x(k)) —Dh(x*,x(kﬂ))} —

apply Fenchel-Young inequality (x"y < 5L {|x||* + £1[y[|?)
Ly ety
o ’

IN

1 [Dh(x*,x(k)) _ Dh(x*,x(’““l))} _
(674

2¢v
1
— [, 50 — Dy D) | 4 T g0 2
Q 2

oy 1
+ 7Hg(")\li + —ka(") —x{) 2

IN
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Convergence guarantees

with fixed stepsize oy = «,

k
1 : 1 a .
1 DY _ £y < Ly D) 1 &% ()2

in general, converges if

@ D;(x*,xV) < 00
@) ,ar=o00and oy — 0

@ forall g € 9f(x) and x € C, ||g]|+ < G for some G < o
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Mirror descent examples

@ Usual (projected) subgradient descent: A(x) = 3||x||3
@ With constrains of simplex, C = {x € R".|1"x = 1},use negative

entropy
n
= Z X IOg Xi
i=1

@ Strongly convex with respect to 7, —norm
@ With x() = 1/n, have Dy (x*,x() < logn for x* € C
Q If G > ||g]| for g € 9f(x) forx € C,

1
ogn_’_iGoo

best f = ak 2k

© Can be much better than regular subgradient decent...
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Example

Robust regression problem (an LP):

m

minimize f(x) = ||Ax — b||; = Z lal'x — b
i=1
subjecttox € C = {x € R%[1"x = 1}

subgradient of objective is g = " | sign(al x — b;)a;

@ Projected subgradient update (h(x) = (1/2)]x|[3) :
@ Mirror descent update (h(x) = > | x;logx;) :
i) _ 3 exp(—agl)
T ® ®
Zj:]xj eXp(_agj )

1
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Example

Robust regression problem with a; ~ N(0, I,,x,) and
bi = (ai1 + ai2)/2 + i where &; ~ N(0,1072),m = 20,n = 3000

— Entropy
— Gradient

6 L L L L L
o 10 20 30 40 50 60

stepsizes chosen according to best bounds (but still sensitive to

stepsize choice) oo



Variable metric subgradient methods

subgradient method with variable metric H; > 0:

@ get subgradient g®) e g7 (x®))
@ update (diagonal) metric H;
@ update x1) = x®) — g1k

@ matrix H, generalizes step-length oy

there are many such methods (Ellipsoid method, AdaGrad,...)
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Variable metric projected subgradient method

same, with projection carried out in the H; metric:

@ get subgradient g e 9f (x(*))
@ update (diagonal) metric H;
@ update xkt1) = Pi(x0) — 71 oK)

where

1 (y) = argmin ||x — y||F;
xex

and ||x||g = VxTHx.
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Convergence analysis

since H’;’k is non-expansive in the || - ||z, norm, we get

D — ([ = (1P (O — H ' g®) = PG,
< |w® — g™ — 2|3,
= [ — I, = 2(6™)" (W =) + |7
k

< =27, =209 =) + 1189117

using f* = f(x*) > f(x0) 4+ g®T (x* — x(0))
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apply recursively, use
S D) — ) = k(i — 1)

and rearrange to get

[lx(D) — x |15, + 300 1lgl HH—I
2k
S (160 =, — 16O = %13, )
+ 2%

fbest f*
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numeration of additional term can be bounded to get estimates

e for general H; = diag(h)

W<

. .
REH |+ 32 1182112 - R i |IH; — Hici ||
1 + =

2k
@ H; = diag(hy) with h; > h;_; for all i

(k)

SE gD 2
= H, +RolokHl

best _f = 2%

where max; << || — x*||00 < Roo

2k

2k
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converges if

® Ry, < o (e.g. if x is compact)

o Y0, llg®|? - grows slower than k

e S, ||H; — H;_||; grows slower than k or
h; > h;_ for all i and ||h||; grows slower than &
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AdaGrad

AdaGrad-adaptive subgradient method

@ get subgradient g®) ¢ 9f (x*))
@ choose metric H; :

o setS; = Y1, diag(g)?

e setHy = is,%

Q update xktD) = P (x0) — 71 oK)

where a > 0 is step-size
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AdaGrad-motivation

o for fixed H, = H we have estimate:

k
® L~ _ 1, T | « 1 D2
best —J S%(X()—X)H(X()—x)‘irzkz;’\g()HH1

@ idea: Choose diagonal H; > 0 that minimizes this estimate in

hindsight:

k
Hy = argmin max(x — y)"diag()(x =) + 3 189 Giagny
’ i=1

o Optimal H, = idiag <\/2le (ggi))z7 s \/Zé;l (gr(zi))2>

@ intuition: adapt step-length based on historical step lengths
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AdaGrad- convergence

by construction, H; = ldiag(h;) and h; > h;_y, so

k *
fb(es)z—fﬁ Zug 13- +—R2 el

< ;WlkHﬁ" RZ ||l

1
2k
(second line is a theorem)
also have (with o = R2_ ) and for compact sets C

k
. 2, . i
FO < Zinf { sup (x — )" diag(h)(x — y) + Y 118" [Ziag(n)- }
i=1

x,yeC
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Example

Classification problem:

e Data: {4;,b;},i =1, ...,50000
= RIOOO
e bhe{-1,1}
e Data created with 5% mis-classifications w.r.tw =1, =0
@ Obijective: find classifiers w € R!°? and v € R such that
eadw+r>1lifb=1
e adw+rv<lifb=-1
@ Optimization method:
e Minimize hinge-loss: Y, max(0, 1 — b;(alw + 1))
e Choose example uniformly at random, take sub-gradient step w.r.t
that example
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Best subgradient method vs best AdaGrad

)

&
(fiest

10'

sgm, o™ = 10—°
adagrad, o* = 10~!

nbr passes

Often best AdaGrad performs better than best subgradient method
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AdaGrad with different step-sizes a:

T T T
| a=10"
| a=10"2
a=10""
S
iy | \\
¥ b e
e M
10° H b
g . s
s
“_
1 L = Ii._ 1 S o - 1
0 1 3 4
nbr passes

Sensitive to step-size selection (like standard subgradient method)
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