Lecture on ADMM

Acknowledgement: this slides is based on Prof. Wotao Yin’s lecture notes
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Outline

@ standard ADMM
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Separable objective and coupling constraints

Consider a convex program with a separable objective and coupling
constraints

n}iznf(x) +g(z) st. Ax+Bz=b

Examples:

minf(x) + g(x) = ming,{f(x) + g(z) : x —z = 0}
minf(x) + g(Ax) = miny ,{f(x) + g(z) : Ax —z = 0}
min{f(x) : AX € C} = miny,{f(x) + lc(z) : Ax —z = 0}
min XY, fi(x) = mingyg {ZY, fi(xi) : x; —z = 0, Vi}
each x; is a copy of x for f;, not a subvector of x.
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Alternating direction method of multipliers(ADMM)

Let f and g be convex. They may be nonsmooth, can take the
extended value. Consider

win /(%) + £(2)
s.t. Ax+Bz=>b.

Define the augmented Lagrangian function:
Lo(x.2 W) = f(x) + 8(z) ~ W (Ax + Bz —b) +  |Ax + Bz — b3

Standard ADMM iteration
Q@ X! = argming Lg(x,z
k+1

k Wk)
Q@ 7! = argmin, Ls(x*!, 2, wk),
e Wk+1 — wk _ 6(Axk+1 + sz+l o b)
Be careful about the form of the augmented Lagrangian function
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Alternating direction method of multipliers(ADMM)

Consider

win /(%) + £(2)
s.t. Ax+Bz=b>b.

ADMM variants:
Q ' = argmin, f(x) + g(2") + 5| Ax + Bz — b — ¥},
Q 7! = argmin, f(x*) + g(2) + 5|[AXH! + Bz — b — y¥ 3,
Q yH! = yk— (AXFT! 4+ B! — ).

Dates back to Douglas, Peaceman, and Rachford (50s-70s, operator
splitting for PDEs); Glowinsky et al.80s, Gabay’'83; Spingarn’85;
Eckstein and Bertsekes’92, He et al’02 in variational inequality.
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Alternating direction method of multipliers(ADMM)

Comments:
@ y is the scaled dual variable, y = w/j3
@ y-update can take a large step size v < $(v5+ 1)

yk+1 — yk _ ’7(AXk+1 + sz+l _ b)

@ Gauss-Seidel style update is applied to x and z of either order

@ If x and z are minimized jointly, it reduces to augmented
Lagrangian iteration:

(1) = argminf(x) +g(z) + 5| Ax+ Bz~ by}
X,Z
yk+1 — yk . (Axk+l 4 sz+1 o b)

@ it extends to multiple blocks (a few questions remain open)

@ it extends to Jacobian (parallel) updates with damping the
update of y
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Why is ADMM liked

@ Split awkward intersections and objectives to easy subproblems
e X > 0,X > 0 — seperate projections
e ||L|l« + B|IM — L||; — separate subproblems with ||-||.. and |||
e | Vx||; — decouple ||-||; and V to separable subproblems
@ Y||x(g;ll2 — decouple to subproblems of individual groups
e XX fi(x) — K parallel subproblems(coordinated by
gather-scattering or gossiping between neighbors)
@ #iterations is comparable to those of other first-order methods,
so the total time can be much smaller(not always though)

@ Quite easy to implement, be (nearly) state-of-the-art for a few
hours’ work
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Outline

e Summary of convergence results
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KKT conditions

Recall KKT conditions (omitting the complementarity part):
(primal feasibility) Ax*+Bz" =b
(dual feasibility T) 0 € of(x*) + ATy*
(dual feasibility II) 0 € dg(z*) + B'y*
Recall z**! = argmin, g(z) + gHAka + Bz — b — y|I3
= 0 € dg(z"+!) + BT (AxAH! £ BZ! — b — yb) = 9g(z"1) + BTyk+!

Therefore, dual feasibility Il is maintained.
Dual feasibility | is not maintained since

= 8f(Xk+1) +AT(yk+1 + B(Zk _ Zk+1))

But, primal feasibility and dual feasibility | hold asymptotically as
k — oo.
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Convergence of ADMM

ADMM is neither purely-primal nor purely-dual. There is no known
objective closely associated with the iterations. Recall via the
transform

k k
y = prOXBdIW s

ADMM is a fixed-point iteration

1
Wk+l — (

1
51 + Ereﬂﬂdl reﬂgdz)wk,

where the operator is firmly nonexpansive.

Convergence
@ Assumptions: f and g convex, closed, proper, and 3 KKT point
@ Ax' + BzF — b, f(xK) + g(zF) — p*, y* converge
@ Inaddition, if (x*, y*) are bounded, they also converge
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Rate of convergence

@ simplified cases, exact updates, f smooth, and V£ Lipschitz —
objective~ O(1/k), O(1/k?)

@ at least one update is exact —
ergodic: objective error +(u* — u*)TF(u*) ~ O(1/k)
non-ergodic: |[u* — uft!|| ~ O(1/k)

@ f strongly convex and Vf Lipschitz + some full rank conditions
— both solution and objective ~ O(1/c*), ¢ > 1

@ applied to LP and QP — (asymptotic) strongly convex
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Outline

© Variants of ADMM
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Variants of ADMM

@ An ADMM subproblem is easy, if it has a closed-form solution;

@ If a subproblem is difficult, it may be not worth solving it exactly.
This motivates variants of ADMM.
A few approaches of inexact ADMM subproblems:
1.Iteration limiter: limited iterations of CG or L-BFGS applied to

minf(x) + 2 |Ax — v|3

where v = b — Bz~ + y*.
e Applicable to quadratic f, perhaps other C? functions as well
e Does not apply to nonsmooth subproblems
e Practically efficient, but lacking theoretical guarantees for now
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Variants of ADMM

2.Cached factorization: For quadratic subproblem
f(x) = 1||Cx — d|)3, x—subproblem solves

(CTC + BATA)X/H-I — ( i )

@ cache the Cholesky or LDLT decomposition to(CTC + SATA)
@ later, in each iteration, solve simple triangle systems
@ changing g generally requires re-factorizatio

e if (CTC + BATA) has a (simple+low-rank) structure, apply the
Woodbury matrix inversion formula
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Variants of ADMM

3.Single gradient step. Simplify x—update from
X! = argmin f(x) + gHAX +Bz" — b — y¥|3

to
X1 — ¢ K(TF(x) + BAT (Ax + Bz — b — yb))

@ applicable to C! subproblems only
@ convergence requires reduced update to y

@ gradient update cf and y—update step sizes v depend on
spectral properties of A
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Variants of ADMM

4.Single proximal gradient step. Simplify x—update from

X1 = argminf(x) + gHAx + Bz — b — y*||3

to
1
X! = argming(x) + {g,x) + - [x — X[},
where 5
g = Vx(5Ax' + B2 —b —¥|}3)

@ similar to the proximal gradient method

@ applicable to nonsmooth f

@ convergence requires reduced y—update

@ ¢, 3,step size v of y—update, and spectral properties of A are

related
@ also applicable to the other subproblem simultaneously
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Variants of ADMM

5.ApproximatingA” A by nice matrix D. As an example, repalce

k+1

x " = argminf(x) + —HAx—i—By b —z|3

by

X = argminf(x)+§\|Ax + By*—b — zkH%—i—g

@ also known as "optimization transfer"
reduces to the prox-linear step if D = 21
@ useful if

minf(x) + ngDx

is computationally easier than

minf(x) + 5 x! (ATA)x.

@ applications: A is an off-the-grid Fourler transform

(x — Xk)T(D —

ATA)(x — xb
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e Examples
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LASSO

* I8 o) 48 |
min - ||Ax — bH% + Allx||1,
x 2

& B A5 Hy 4o T A,
1
min —||Ax — b||3 + Alzll1,
Xz 2
st. x—-z=0,
T EA, IR T ERTFEERA
1
1 = argmin <2||Ax —b|3+ (§)||x — 7+ ukH%) ,
X
= (ATA + pD) "N (ATD + p(z" — uY)),
21 = argmin (Al + (§)I! =z +|3)
¥4

k41 k
= ProxX(x .y & +ut),
whtl = gk (Rt — gk,
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LASSO
%* J& 17 A3 X
min 5 Az — b3+ Al
245 9] AR
min {~BTy + 2113+ 47y < 1)

4,

min {57y + S I01 + Iy - ATy +2=0)
248 7] AR 69 3 ) Fi A& B B 2K

L0,53) =BTy + S 1B + Tjepzs + 5 14Ty + 2=

ERZRT mRTFEEN TH

= 77||.||Oo§1(x —ATyk)

Y = (A + pAAT) TN (AR — ) ),

xk+1 _ zk_,y(ATyk+1+zk+l)_
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SDP

Consider
min  (C,X)
Xesr
st <A(i),X> b =1,
X>~0

The dual problem

min —bly
(D) yeERM Sesn

st. A*(y)+S=C,

Augmented Lagrangian function:

S0,
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ADMM for SDP

Y= argmin £,(x%, y, $),
yeRrm®

—(AA) ! (u(AX) = b) + A(S* ~ 0))

Sl = arg min L, (xk, yFs), s=0,
e n
Yo xh gy AF () 4 kT C'
7]

@ The S-subproblem:
min HS Vk+1HF, S >0,
Sesn
where VA1 .= v(sk x*) =
@ Hence, the solution is
S =Vt = 03, 0f

C — A*(y(8*,X*)) — pX*.

. 0 [0
where VK1 = QEQT (QT Qi) < 0 > <Qir> 22/64



ADMM for SDP

Updating the Lagrange multiplier X*+!
@ Updating formula:

A*(ykJrl) +Sk+l -C
7

XA xk
@ Equivalent formulation:

1V§+1
"

9

Yk l(Sk-H yEHY =
i

where Vit .= —0;% 0.
@ Note that X**! is also the optimal solution of

. k+1]|2
}I{rélsr% HuX—i—V HF, X >=0.

23/64



Example: total variation
Let x represent a 2D image.
min TV (x) + %HAX b2

Applications
@ Denoising: A =1
@ Deblurring and deconvolution:A is circulant matrix or convolution
@ MRI CS: A = PF downsampled Fourier transform; P is a row
selector,F is Fourier transform
@ Circulant CS:A = PC downsampled convolution; P is a row
selector, C is a circulant matrix or convolution operator
Challenge: TV is the composite of /; and Vx, defined as

V() = [V = ]H* ]
plxels R

2
Opportunity: assuming the periodic boundary conditon, V- is a

convolution operator. 24/64



Example: total variation
Decouple I; from Vux:
min %HAX — b))%+ |z]1, st. Vx—z=0

where ||z||; = %i||zi]|».
ADMM
@ x—update is quadratic in the form of

X1 = argmin x” (UATA + BV V)x + linear terms
X

If A is identity, convolution, or partial Fourier, then
F(uATA 4+ pVTV)F™!

is a diagonal matrix. So, x—update becomes closed-form.

@ z—subproblem is soft-thresholding
This splitting approach is often faster than the splitting

min TV(x) + %HAZ —b|3, st.x—z=0

because the x—update is not in closed form.
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Example: transform /; minimization

Model
min|[Lx| + £ [Ax— b}
where examples of L include
@ anisotropic finite difference operators
@ orthogonal transforms:DCT, orthogonal wavelets
@ frames: curvelets, shearlets
New models

min %HAX —b|? +|lz]i, st. Lx—z =0,

or
min||Lx||; + %HAZ — b, st.x—z=0.
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Example: [ fitting

Model
min||Ax — b||;
X
New model
min||z||;, s.t. Ax+z=b.
ADMM

@ x—update is quadratic
@ z—update is soft-thresholding
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Example: robust(Huber-function) fitting

Model
min H(Ax — b) = Z h(a]x — b;)

where ,
=, 0< |yl <pu,
h(y) =92,
=5, [yl >p

Original model is differentiable, amenable to gradient descent. Split
model

min H(z), st. Ax+z=Db.

Xz
ADMM

@ x— update is quadratic, involving AA”

@ z— update is component-wise separable
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B T £ S

ngn Tr(SX) — logdet X + A||X||1,

AP, BEX S, |||\ RXLAEEITA T E LA
SIAMAX =7, MEHFQRT 5~ ABERS

X! = argmin (Tr(SX) — logdet X + (p/2)||X — Z* + U*||3),
X
! = argmin (Mzlly + (/211X —Z + UH7)

= prox( |y (X + UY),
Uk+1 —_ Uk + (Xk+l _Zk+1).
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in |IL||, + S|,
min L] + S

B

st. L+S=M,
Sble| R 69 3E 7 3Bl B R A A

Ly(L,S;¥) = Ll + S| + (V.L+S = M) + L +5 - M|}

AT @ RTFHEEN
L4 = axgmin |ILI|. + ZIL+8* =M + ¥ pl 7,
L

S = argmin S|+ SIL 48 M+ ¥/l

Yk+1 — Yk+p(Lk+l +Sk+l —M)
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© Distributed ADMM
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Block separable ADMM

Suppose x = (x1,X2, -+ ,Xy) and f is separable, i.e.,

fx) =filxi) +hax2) + -+ fv(xw).

Model
min - f(x) + g(2)
s.t. Ax 4+ Bz =b.
where
A 0
A
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Block separable ADMM

The x—update
1 min f(x) + gHAx—i— By* — b — 2|3
is separable to N independent subproblems

X e min fi(x)) + gHA1X1 + (By —b — 2,3,

Xy min fy(xy) + gHANXN + (By* — b —2")]I3.

No coordination is required.
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Example: consensus optimization

Model

N

min Zfi(x)

i=1
the objective is partially separable.
Introduce N copies xi, - - -, xy Of x. They have the same dimensions.
New model: N

min Zfi(xi), st.x;—z=0,Vi

{X,‘},Z i—=1

A more general objective with function g is - | fi(x) + g(z).
New model:

manflx, +g(z : — | :1z=0.

{xi} :y
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Example: consensus optimization

Lagrangian
L({xi},z; {yi}) Z(ﬁ Xi) |Xt*Z vill3)

where y; is the Lagrange multipliers to x; — z = 0.

ADMM
= argminfix) + 5[ -2 - Y= 1 N,
X
1 N
R
i=1
yfc—i-l _ yi_c_(xfg+1_zk+l),i:17...’N.
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The exchange problem

Model xi,--- ,xy € R",
N N
min Zfi(x,-), s.t. in =0.
i=1 i=1

@ it is the dual of the consensus problem
@ exchanging n goods among N parties to minimize a total cost
@ our goal: to decouple x;,—updates

An equivalent model

N N
min Zﬁ(xi), s.t. x; — x;- =0,Vi, Zx; = 0.

i=1 i=1
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The exchange problem

ADMM after consolidating the x; update:

X = argmingix) + 5 b~ ( — mean{xt} — o)

X

vt = ot mean{xF11.

Applications: distributed dynamic energy management
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Distributed ADMM |

1 X1 1

{mme,X, +g(z), s.t. : — | :|lz=0.
X,,
' I xy I

Consider N computing nodes with MPI (message passing interface).

@ x; are local variables; x; is stored and updated on node i only
@ z is the global variable; computed and communicated by MPI
@ y; are dual variables, stored and updated on node i only
At each iteration, given y* and z*
@ each node i computes x: !
@ each node i computes P; := (xi™! — 3~1yk)
@ MPI gathers P; and scatters its mean, z*!, to all nodes
@ each node i computes y**!
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Example: distributed LASSO

Model 8
minx||; + 7 [Ax — b3,

Decomposition

Ay b;

Aj b,
Ax = . x,b = .

AN bN

N

B s Bl 2N
Cjax b3 =3 Jjax—n3 = 3 )
i=1

i=1

LASSO has the form

and thus can be solved by distributed ADMM.
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Example: dual of LASSO

LASSO 3
min x| + 5[ Ax b3,

Lagrange dual
. %
min{b’y + Z[lyll> : [A"ylloo < 1}
equivalently,

. 1
Hyllzﬂ{—bTy + EHYH% + U<ty : ATy +2 =0}

lloo

Standard ADMM:
@ primal x is the multipliers to ATy +z = 0
@ z—update is projection to [/, —ball; easy and separable
@ y—update is quadratic
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Example: dual of LASSO
@ Dual augmented Lagrangian (the scaled form):
ce) _ W M2 ﬁ T 2
L(y, %) = by + S¥[13 + g ccr + SIIATY +2— I

@ Dual ADMM iterations:

20 = Proj i (x = ATYY),
YU = (ul+ BAAT) T (BA(XE — 2 — ),
Xk+1 — Zk _ ,}/(ATykJrl + ZkJrl)'

and upon termination at step K, return primal solution
x* = pxK (de-scaling).

@ Computation bottlenecks:
o (ul + BAAT)"!, unless AA" =Tor AAT ~ 1
o A(x* —zF 1) and ATy, unless A is small or has structures
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Example: dual of LASSO

Observe L
Tglizn{bTy + §||YH§ + U<ty ATy +2 =0}

@ All the objective terms are perfectly separable
@ The constraints cause the computation bottlenecks
@ We shall try to decouple the blocks of A"
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Distributed ADMM I

A general form with inseparable f and separable g

HXnZnZ(ﬁ +g/(z)), st. Ax+z=Db

@ Make L copies x;,xp, -+ , Xz Of x
@ Decompose

A1 7 b]

@ Rewrite Ax+2z=0as

Axi+z,=b,x,—x=0,[=1,--- L.

43/64



Distributed ADMM I

New model:

L
min Z(fz(Xz) + gi1(z1))
=1

x,{x},2

s.t. Ax+z,=b,x,—x=0,/=1,---,L.

@ x;’s are copies of x
@ z;'s are sub-blocks of z

@ Group variables {x;},z, x into two sets

e {x;}: given z and x, the updates of x; are separable
e (z,x): given {x;}, the updates of z; and x are separable
Therefore, standard (2-block) ADMM applies.

@ One can also add a simple regularizer h(x)
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Distributed ADMM I

Consider L computing nodes with MPI.
@ A, is local data store on node I only
@ x;,7; are local variables; x; is stored and updated on node [ only
@ x is the global variable; computed and dispatched by MPI

@ y,;, y; are Lagrange multipliers to A;x; + z; = b; and
x; — x = 0,respectively, stored and updated on node [ only

At each iteration,
@ each node / computes x, !, using data A,
@ each node / computes z; !, prepares P; = (- - )
@ MPI gathers P; and scatters its mean, x**!, to all nodes !
@ each node / computes y; !, yit!
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Example: distributed dual LASSO

Recall i
D;lizﬂ{bTY + §\|Y||§ + <ty : ATy +2 =0}

Apply distributed ADMM I
@ decompose AT to row blocks, equivalently, A to column blocks.
@ make copies of y

@ parallel computing + MPI(gathering and scatting vectors of size

dim(y))
Recall distribute ADMM |

@ decompose A to row blocks.
@ make copies of x

@ parallel computing + MPI (gathering and scatting vectors of size
dim(x))
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Between | and Il, which is better?

o If Ais fat
e column decomposition in approach Il is more efficient
o the global variable of approach Il is smaller

o If Ais tall

e row decomposition in approach | is more efficient
e the global variable of approach | is smaller
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Distributed ADMM I

A formulation with separable f and separable g

N M
min Z]j(x]) + Zg,-(zi), s.t. Ax+z=b,

=1 i=1
where
X = (X1,X2,  ,XN), 2= (Y1,¥2, ", YMm)-

Decompose A in both directions as

A Ap o Aw b,
A— Ay A - Aoy Lalso b = b_z
Avi Am2 - Amn b
Same model:

N M N
min Zﬁ(X]) + Zgi(li), s.t. ZAI"]'X]' +1z; = b,‘,i = 1, cee ,M.
j=1 i=1 j=1
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Distributed ADMM Il

A;xjs are coupled in the constraints. Standard treatment:
Pij = AyX;.

New model:

N M N .
. Z'—] pi'+zi:bi7vh
min » fi(x;) + Y gi(z), st. =1 D
jzl I ; pij — Ajx; = 0,Vi,j.
ADMM
@ alternate between {p;} and ({x;}, {z})
@ p;—subproblems have closed-form solutions
@ ({x;},{z:})-subproblem are separable over all x; and z;

e x;,—update involves f; and AlTjAm o AliAw
e z,—update involves g;.

@ ready for distributed implementation

Question: how to further decouple f; and ATA;, - - - , A Ay;? e



Distributed ADMM IV

For each x;, make M identical copies:xy;, Xa;, - - - , X;.
New model:

N M Zjvzl pij+zi :bi7 vz7
min Zf](X]) + Zgi(zi), s.t. P — Aijxij = 0, Vi,j,
Jj=1 i=1 Xj — Xjj = 0, VI,J

ADMM

@ alternate between ({x;}, {p;}) and ({x;}, {z})
@ ({x;}, {pij})-subproblem are separable

e x;—update involves f; only; computes prox,
@ p;—update is in closed form
@ ({x;},{z})-subproblem are separable
o x;—update involves (af + SAfA;);
e y;—update involves g; only; computes prox,,.
@ ready for distributed implementation
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© Decentralized ADMM
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Decentralized ADMM

After making local copies x; for x, instead of imposing the consistency
constraints like
X;i—x=0,i=1,--- M,

consider graph G = (V, ¢) where V={nodes} and e={edges}

and impose one type of the following consistency constraints
x;—x; =0, V(i,j)e€e, or
X — Zjj = O,Xj —Zjj = 0 V(l,]) ceg, or
mean{x;: (i,j) €} —x; =0, Vie .
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Decentralized ADMM

@ Decentralized ADMM run on a connected network

@ There is no data fusion / control center
@ Applications:

o wireless sensor networks
e collaborative learning

@ ADMM will alternative perform the followings
e Local computation at each node
e Communication between neighbors or broadcasting in
neighborhood
@ Since data is not shared or centrally store, data security is
preserved
@ Convergence rate depends on

e the properties (e.g., convexity, condition number) of the objective
function
e the size, connectivity, and spectral properties of the graph
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Outline

e ADMM with three or more blocks
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Example: latent variable graphical model selection

V. Chandrasekaran, P.Parrilo, A. Willsky
Model of regularized maximum normal likelihood

min(R, Sx) — log det(R) + «l|S||; + BTr(L), st. R=S—L,R > 0,L > 0,
where X are the observed variables, 2;1 ~R=S—-1L,Sisspare, Lis
low rank. First two terms are from the log-likelihood function

I(K;X) = log det(K) — tr(KX).

Introduce indicator function
Z(L = 0) := {

Obtain the 3-block formulation

min(R, Sx) —log det(R) + «||S||; + STr(L) + Z(L > 0), s.t. R—S+L = 0.

0, ifL>0
400, otherwise.

55/64



Example: stable principle component pursuit

Model
i Ll + plIS
min (L[} + IS

"y

s.t. L+S+Z=M
1Z]|F < o,
M = low-rank + sparse + noise.

For quantities such as images and videos, add L > 0 component
wise.

New model:
' * < (K >
juine L+ plISh + Z(1ZIlF < o) + T(K 2 0)

L—-—K=0.
Block-form constraints:

(1o)(5)+(0 2)(8)=(F):
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Example: mixed TV and [; regularization

Model
min TV (x) + «||Wx||;, s.t. ||[Rx — bl < 0.
X

New model:

min - B|zifl2 + o [Wxllt + Z(|lyll2 < o)
s.t. zi=Dx,Vi=1,--- /N
y=Rx—b.

If use two sets of variables, x vs (y, {z:})

R y b
D 21 0

. X — - . 9
Dy N 0

x—subproblem is not easy to solve.

57/64



Example: alignment for linearly correlated images

Model:

min ||I°), + \|E||1, st. Tor=1°+E
DE,T

Linearize the non-convex termIo7:Io (1 +07)~loT+ VI - Ar.
New model

min |1, + \||E|l1, st. ToT +VIAT =1° + E
IV E AT
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Two solutions to decouple variables

To solve a subproblem with coupling variables
1. apply the prox-linear inexact update, or

2. introduce bridge variables, as done in distributed ADMM.
For example, consider

min (f] (X]) +f2(X2)) + g(y), s.t. (A]X] + AzXz) + By =b.

X1,X2,y

In the ADMM (x,, x,)—subproblem,x; and x;, are coupled.
However, the prox-linear update is separable
1 X1 . Xllc
X2 Xé

2{13(’[1("1) +f(x2)) + <[ ; ] ’ [ 2 ]> + 21t

2

2
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Outline

© Nonconvex problems
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Af &b 49 R 7] AR
& 84 T Y RALAC AR
min f(x),
s.t. x €S8,
Hbfgheg, [22SEEL . TG LR RAMEE Y .
min - f(x) +Ls(z),
st. x—z=0,
RET@RFE® Ao TENA:

k1 — argmln (Fx) + (p/2)|]x — 2" +u*|)3),

X
=T (M +ut),
WL — gk g (P )

Ed, [Is() KRB ENESST . BAFRDE, BT LR
PRGFEM, A2 R F R o — AL ESGRY -



3E 0L 249 R 9] A

—fr ki, ZARFRAETHE, 22 AET @I B X LFsRER P T
AR A R AR
@ A¥: RS = {x|card(x) < ¢}, EPcard(v)&R TIEETE G
B, RAlls(v)RFAMRGLERE, AT ETAO.
Blho el ja ikt (L 4FIEEE) FIA .

min |4x — b3,
X
s.t. card(x) < c.

o B do RSRMAACHIEIN KL, A Acard(V)T AR it VT
FEPME, V= > ouul s REREGAHKRGFTAMEETHAEE,
BPlls(V) = Yois o]

o FARHR . 4o RS = [xlr; € {0, 1)} T ATLs(v)ihA i £ Hode i
ANTETAO P ECEHLGH.
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3E B 4B % 4 fg Fo AL 4
AE R 45 e - fd An Ah A PR T A B e T X
min  [[Po(XY - M),
s.t. Xl'j >0, Yl'j > O,Vi,j,

L, QRFEEMTHCRAEOTIES, PoA) k=48 —
%ﬁﬁm,ﬁTﬁE%%Q?%%ﬁ&%i?%fﬁ%A%ﬁfm?
ETHIAEELSQPHHx R TEHNO. &R, XIAFMZIED
.

ATHARAXZFTGRTEOESE, KNEZETHENH X

|

pmin SIXY = Z|Z,
st. X=UY=V,
U>0,V>0,

Pa(Z —M) = 0.
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Ik 0 JE 1 5 R Am b 2

1
Los(X,Y,Z,U,V, A TD) =2 |[XY — Z|} + A e (X - U)
« 2, B 2
+He (Y = V)+ SlIX - Ulls + SI¥Y = VI,
XM = argmin L, g(X, Y*, Z¥, U*, vk AF TTF),
X
Y = argmin L, g(X* ¥, ZF, U%, vF AR TIF),
Y

ZM = argmin L, p(X*TY VAT Z UK VE AR TTF),

Pa(Z—M)=0
U = argmin L, g(X¥H1 y¥1 20 U v AR TIF),
U>0
VA = argmin L, (X1 YA ZHH gkt v AR TIY),
V>0

Ak+l — Ak +Ta(Xk+l _ UkJrl)’
Hk+1 — Hk + Tﬁ(Yk+1 _ Vk+1).

64/64



	Standard ADMM
	Summary of convergence results
	Variants of ADMM
	Examples
	Distributed ADMM
	Decentralized ADMM
	ADMM with three or more blocks
	Nonconvex problems

