Proximal gradient method
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Acknowledgement: this slides is based on Prof. Lieven Vandenberghes lecture notes
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Proximal mapping

the proximal mapping (prox-operator) of a convex function # is
defined as

1
prox,,(x) = argmin (h(u) + EHM - x”%)
u

examples
@ h(x) =0: prox,(x) = x
@ h(x) = Ic(x) (indicator function of C): prox,, is projection on C
prox, (x) = argmin ||u — x||3 = Pc(x)
ueC

@ h(x) = ||x||1: prox, is the ‘soft-threshold’ (shrinkage) operation

Xi — 1, Xi Z 1
prox,,(x); = 0, |xi| <1 =sgn(x;) max(|x;| — 1,0)
xi+1, x<-1
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Proximal gradient method

unconstrained optimization with objective split in two components
min  f(x) = g(x) + h(x)

@ g convex, differentiable, dom g = R”

@ /1 convex with inexpensive prox-operator (many examples in the
lecture on "proximal mapping")

proximal gradient algorithm

xK) = Prox,,, (x(k_l) - thg(x(k_l))>

t > 0 is step size, constant or determined by line search
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Interpretation

xt = prox,,(x — tVg(x))
from definition of proximal mapping:
1
xt = argmin (h(u) + 2—tHu —x+ th(x)H%)

— arguin () + ¢(x) + V) 2) + 5. —x13)

u

xT minimizes h(u) plus a simple quadratic local model of g(«) around
X
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Examples

min  g(x) + A(x)
gradient method: special case with i(x) =0

xT =x—1tVg(x)

gradient projection method: special case with i(x) = I¢(x)

x* = Pe(x — 1Vg(x)) o
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soft-thresholding: special case with i(x) = ||x||
xt = prox,,(x — tVg(x))

where prox,, (1) = sgn(u) max(|u| —t,0)

where

prox, (u);
U; — t Uy >t
prox,(u); = ¢ 0 —t<wu; <t
w+1t u; < —1
—1

Ui
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Proximal mapping

if 1 is convex and closed (has a closed epigraph), then

1
proxy(x) = argmin (h(u) + EHH - x”%)
u

exists and is unique for all x

@ from optimality conditions of minimization in the definition:

u=prox,(x) < x—ucoh(u)
S h(z)>hu)+(x—u)'(z—u) Vz
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Projection on closed convex set

proximal mapping of indicator function I is Euclidean projection on C

prox,c(x) = argmin |lu — xH% = Pc(x)
ueC

subgradient characterization

u = Pc(x)

)

(x—u)T(z—u)<0 VzeC

we will see that proximal mappings have many properties of

projections
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Nonexpansiveness

if u = prox,,(x), v = prox,(y), then
(u—=v)"(x=y) = [lu—v]3

rox; iS firmly nonexpansive, or co-coercive with constant 1
proxy y P

@ follows from characterization of page 9 and monotonicity

x—ucoh(u),y—vedh(v) = (x—u—y+v) (u—v)>0

@ implies (from Cauchy-Schwarz inequality)

[lprox,,(x) — prox;(y)[l2 < ||x — y||2

proxh is nonexpansive, or Lipschitz continuous with constant 1
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Convergence of proximal gradient method

to minimize g + h, choose x(¥ and repeat
0 = Pprox,, (x(k_l) — th(x(k_l))) , k>1

assumptions

@ g convex with dom g = R"; Vg Lipschitz continuous with constant
L:

IVe(x) = VeW)lla < Llx = yll2 vx,y
@ his closed and convex (so that prox,, is well defined)

@ optimal value f* is finite and attained at x* (not necessarily
unique)

convergence result: 1/k rate convergence with fixed step size
Iy = 1/L
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Gradient map

1
G(x) = ~(x = prox,,(x — 1Vg(x)))
G,(x) is the negative ‘step’ in the proximal gradient update

xt = prox,,(x — tVg(x))
= x — 1G,(x)

@ G,(x) is not a gradient or subgradientof f = g + &
@ from subgradient definition of prox-operator (page 9),

G;(x) € 0g(x) + Oh(x — tG;(x))
@ G,(x) = 0if and only if x minimizes f(x) = g(x) + h(x)
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Consequences of Lipschitz assumption

recall upper bound (lecture on "gradient method") for convex g with
Lipschitz continuous gradient

§0) < 800+ Ve =) + 2y — 23 Ve

@ substitute y = x — 1G,(x):

2
8l — 16, (1)) < 8(x) ~ 19500 Gilx) + LG W

@ if0<r<1/L,then

g(x —1Gy(x)) < g(x) — 1Vg(x) " Gi(x) + %HG:(X)H% (1)
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A global inequality

if the inequality (1) holds, then for all z,
fx=1Gi(x)) <f(xX) + Gi(x) (x = 2) — éIIGz(X)H% )

proof: (define v = G,(x) — Vg(x))

£ = 1Gi(x)) < 8(x) = V() TGi(x) + 3G9I} + A — 1G,())
< g(2) + Vg() (x — 2) = 198(1) " Gu(x) + S G ()3
+ h(z) + vT(x — 7 —1Gy(x))

8(2) + h(z) + Gi(x) (v = 2) = S G}

line 2 follows from convexity of g and h, and v € Oh(x — tG(x))
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Progress in one iteration

xT = x—1G,(x)

@ inequality (2) with z = x shows the algorithm is a descent
method:

Fot) < £0) = S1G) 13

@ inequality (2) with z = x*

fOF) = < Gi(n) T —x) — %HG:(X)H%

1 *

= 5; (= x"3 =[x = 2" = 1G(x)II2)
1
=2
(hence, ||xT — x*||3 < ||x — x*|)3, i.e., distance to optimal set
decreases)

b = (13 = [l = x*3)
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Analysis for fixed step size

add inequalities (3) for x = x(=1) x* =x0 t =1 = 1/L

k k

i % 1 i— * i *
S < 2> (WD = - 60 - )3)
i=1

i=1
1 * *
= = (16 =¥ = 5@ —x*|3)

1 .
< o KO — 273

since f(x9) is nonincreasing,

1K . 1
P9 = < 2 30 ) < 5O - 1B

conclusion: reaches f(x¥)) — f* < e after O(1/e) iterations
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Quadratic program with box constraints

min  (1/2)x"Ax+b'x
st. 0<x<1

(F@®y = /17

1075 10 20 30 20 50

n = 3000; fixed step size r = 1 /A\pax(A)
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1-norm regularized least-squares

. 1
min o |lAx — b3 + llxl

5
1075 20 20 60 80 100
k

randomly generated A € R2000%1000; step 1, = 1 /L with L = A\pax(ATA)
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Line search

@ the analysis for fixed step size starts with the inequality (1)

t
g(x — 1G/(x)) < g(x) — 1Vg(x) " Gi(x) + EHGz(X)H%
this inequality is known to hold for 0 <t < 1/L

@ if L is not known, we can satisfy (1) by a backtracking line search:
start at some ¢ := 7 > 0 and backtrack (¢ := Sz) until (1) holds

@ step size r selected by the line search satisfies
t > tmin = min{z, 3/L}

@ requires one evaluation of g and proxth per line search iteration

several other types of line search work

22/39



example: line search for projected gradient method

xT = Pc(x — tVg(x)) = x — tG,(x)

Po(x — tVg(z))

x—1iVg(x)y -

backtrack until x — tG,(x) satisfies "sufficient decrease’ inequality (1)
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Analysis with line search
from page 17, if (1) holds in iteration i, then f(x()) < f(x(=1) and

FEO) =77 < o (160 = ) = ) — 2 3)

1
2t;

< ( =1 12 ) 2)
<5 (I 3 16 — |3

@ adding inequalities for i = 1 to i = k gives
k

D) —fr <

i—1 - 2l‘min

(1 = x113)

@ since f(x() is nonincreasing, obtain similar 1/k bound as for
fixed #;:

1
)y e & 0) _ %2
1) = < s (K —'1B)
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Another Backtracking Line Search Scheme

Let i(x) = u||x||;, consider

min  £(x) = g(x) + h(x)

@ Compute x* = prox ., (x — 7*Vg(xk)), @ = ¥ — &,
A = V() d* + (h(#) — h(x"))

@ Choose a, > 0and o, p € (0,1). Choose oy = a,p" such that & is
the smallest integer that satisfies

FOE 4+ appd’) < f(5) + oa,pAF

@ Set X! = xk 4+ okdk.
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Improving Backtracking Line Search Scheme

Choosing 7*: Barzilai-Borwein method
@ skl =xk — x=land yv=1 = Vg(xk) — Vg(x¥ 1)

kBBl _ (s"=H)Ts! kBB2 _ (sf=H !
o7 =1 or T = )Ty

DTy

Choosing o*: Nonmontone Armijo-like Line search
g

FO* 4 ofdb) < CF + ok Ak

o Ct= Q" 'C! +f("))/0 0 =n@"" +1, C° = f(x) and
Q" = 1 (Zhang and Hager)

The continuation strategy
@ Choose ;X >pul >...>pl=p
@ Solve z(u') = argmin, g(x) + u!||x||; starting from z(u=1)
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Inertial Proximal Algorithm

Consider the problem

min f(x) = g(x) + h(x),

where Vg(x) is L-Lipschitz
@ Choose x°, set x~! = x°, choose 3 € [0, 1], set a < 2(1 — B)/L,
the inertial proximal algorithm computes:

A = prox,, (** — aVg(x*) + B(x* — 1))
@ The term B(x* — x*=1): inertial term

@ For h(x) = 0, the scheme is referred as the Heavy-ball method

@ Ref: Peter Ochs, Yunjin Chen, Thomas Brox, and Thomas Pock,
iPiano: Inertial Proximal Algorithm for Nonconvex Optimization, SIAM
J. IMAGING SCIENCES, Vol. 7, No. 2
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@ Conditional Gradient Method
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Conditional Gradient (CndG) Method: motivation

Let X be a compact set. Consider

min  f(x).

xeX

@ Proximal gradient method:

. 1
Xpy1 = argmin {f(xk) + (Vf(x),x — x) + o lly — kaz} )
xeX Ol

It is equivalent to the projected gradient method

Xer1 = Px (o — ax Vi (xr))-

o Difficulty: the computational cost of the projection Px(-) may be
expensive
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Conditional Gradient (CndG) or Frank-Wolfe Method

@ Given yp = xp and o4 € (0, 1], the CndG method takes

xp = argmin(Vf(yr—1),x),
xeX
i = (I —ou)yk—1 + ouxy
@ diminishing step sizes:

2

T

or by exact line search

ar = arg min  f((1 — a@)yk—1 + ax)
a€(0,1]
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Examples

ZERF LR | 4R DA,

min f(x) st x| <t
R &k R R A, &2 IUTEFFEA,

X, € aﬂg“min (Vf(yk=1),x)
x|| <t

= —t- <arg |1|f)ICIHaSX1 <Vf()’k—1)ax>>

= =10 Vf ()]s (4)

HEF|z|l« = sup{zlx, ||x|| < 1} & - || 89 2@Ed . ZEE(4) FHHE
HOF AR S T A AR R R o e RPH || A8y

RMBEWTTAEHREEX = {xeR": ||| <t} LB ERE, X
R RN T Y Ry &S
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Examples: ¢, &%k %) R 54

Tl AR BB A BEILR AR R Rz R AT

FA A
X, € —l"aHVf(yk—l)HOO‘

FIREB o B RBEAO|x] 0o = {v: (v, X) = ||X]|oe, V|1 < 1}> F
MR F T

iy € argmax |Vif (Vi—1)]

.....

X = —t- Sgn[ if Ok—1)] - i

E—‘?Vif(yk_l) AT @%Vf(yk_ﬂ Q&I NTE: e RTFINTEAL
OREET . TAKEHII] - oo 9 RAAA TR

SX = xR x|y <1} LORYEEBOM) BIHER LR, 128
FUHHEETRIATEAALREE ML L
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Examples: ¢, &2 R, 1 < p < oo

BT, BB EHAL, R A1 p+ 1 g =1, B EHH
RT3 DAL ENCE

xe € —t-9Vf(y—1)llg-

2510, BB KBEA|ll, = {v: (v,x) = |nllos W], < 1} FFIA
hr.

A = —Bsen [Vif n1)] - [Vif Qi) P/,
L FB AT x|y =t 893 —AF L. TAFE, Ridp=1200K
AR, SHHEFOTEATEE LA ABETEAASE
SX xR x|, <1} EORBERE. BABYHIEEERM
— AR AL TR AR .
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Example: %E % 4% 5% 4k £ R Ak AL 7] 2R
5B FEAZSE 2| - ||, 892148 HGR A H| - |0

min{m,n}
Xl = > oix), Xl =, max _ oi(X).
=t ’
At &M RO TRAAX, € —t-0||Vf(Yie1)|l2. *4E M H 89 R
W 0|X|| = {Y (Y, X) = | X]|, |Y]|« < 1} &u,v 25 ZE4E
V(Y1) RRFFMEA R 2. HHraE, 255,

W', Vf (Yie1)) = u V(Ve1)v = omax(VF(Yio1)) = [[VF (Y1) |12

BlwT|, =1, BB’ € 0||Vf(Yie1)|2- M &AHEZF H 85
0wy

X, € —t-w'. (5)
TOAA B, AR T RN A E B AR R KO F A
B E . ETREOE . WRRARYWHEE, EFFRARTAX B &
X eR™: ||X||, <t} 89B¥, FEMEERMETHAEAI>M TR
FREAMMBEER LIRS 35730



Convergence: Lemma
Ay € (0,1]> t=1,2,... HEF 7
'ﬁ"%fi}:ﬁq{At}zzo #H

At§ (1_’%‘)A[71+Bt t= 1727....

W 2AE F 89k RATVFA, A AT

k
B

Ap <Ty(1 —71)A0+szft~
=1
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Convergence
Let f(x) is convex, Vf(x) is L-Lipschitz, Dx = sup, ,cx [x — y||. Then

k
2L s 2L
— ) < N < D%,

Proof: 4 = k42r sy = (1 — vt + ke MARE

N -

Q=

1 Ry = argminf((1 — a)yr—1 + axy).

a€gl0,1]

+

yr = (1 — ag)yk—1 + x> BIVERAL () <fOn) - 2
By — it = mlu — yio1): Wf(x) € G (X)H

JOO <fG) < fOk—1) + (VS Or=1), I = ye—1) + %H?k — | (6)
L 2
< (=) + o) + (T Oret)ox =y + b =yt P ()
1L~?
< =W Oi) + ) + Sl =P, A rex. ®)
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Convergence

P RFX(7) 2B Ax € mingex (VI (yi—1),x)> & REEFERNT
AT Bl R & x € X A (x — xi, Vi(yk—1)) > 0 F& 1% X (8) ML,
siEFEx € X»

F0) = £ < (=Wl 1) = £ + 592l — il (9)

& 5| 7 fo

k

2
£~ F3) < Tl =) 00) 0] + 5857 sy
i=1 !

By = 20 = L AEID, = 2y &AITT USSR F X

k
2L
—yicl? < Dy.
guxz vl < D%
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