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Subgradient method

to minimize a nondifferentiable convex function f : choose x(0) and
repeat

x(k) = x(k−1) − tkg(k−1), k = 1, 2, · · ·

g(k−1) is any subgradient of f at x(k−1)

step size rules

fixed step: tk constant

fixed length: tk‖g(k−1)‖2 constant (i.e., ‖x(k) − x(k−1)‖2 constant)

diminishing: tk → 0,
∑∞

k=1 tk =∞
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Assumptions

f has finite optimal value f ∗, minimizer x∗

f is convex, dom f = Rn

f is Lipschitz continuous with constant G > 0:

|f (x)− f (y)| ≤ G‖x− y‖2 ∀x, y

this is equivalent to

‖g‖2 ≤ G ∀g ∈ ∂f (x),∀x

(see next page)
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proof

assume ‖g‖2 ≤ G for all subgradients; choose
gy ∈ ∂f (y), gx ∈ ∂f (x):

g>x (x− y) ≥ f (x)− f (y) ≥ g>y (x− y)

by the Cauchy-Schwarz inequality

G‖x− y‖2 ≥ f (x)− f (y) ≥ −G‖x− y‖2

assume ‖g‖2 > G for some g ∈ ∂f (x); take y = x + g/‖g‖2:

f (y) ≥ f (x) + g>(y− x)

= f (x) + ‖g‖2

> f (x) + G
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Analysis

the subgradient method is not a descent method
the key quantity in the analysis is the distance to the optimal set
with x+ = x(i), x = x(i−1), g = g(i−1), t = ti:

‖x+ − x∗‖2
2 = ‖x− tg− x∗‖2

2

= ‖x− x∗‖2
2 − 2tg>(x− x∗) + t2‖g‖2

2

≤ ‖x− x∗‖2
2 − 2t(f (x)− f ∗) + t2‖g‖2

2

combine inequalities for i = 1, · · · , k, and define
f (k)best = min

0≤i≤k
f (x(i)):

2(
k∑

i=1

ti)
(

f (k)best − f ∗
)
≤ ‖x(0) − x∗‖2

2 − ‖x(k) − x∗‖2
2 +

k∑
i=1

t2
i ‖g(i−1)‖2

2

≤ ‖x(0) − x∗‖2
2 +

k∑
i=1

t2
i ‖g(i−1)‖2

2
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fixed step size

ti = t

f (k)best − f ∗ ≤ ‖x
(0) − x∗‖2

2
2kt

+
G2t
2

does not guarantee convergence of f (k)best

for large k, f (k)best is approximately G2t/2-suboptimal

fixed step length ti = s/‖g(i−1)‖2

f (k)best − f ∗ ≤ G‖x(0) − x∗‖2
2

2ks
+

Gs
2

does not guarantee convergence of f (k)best

for large k, f (k)best is approximately Gs/2-suboptimal
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diminishing step size ti → 0,
∑∞

i=1 ti =∞

f (k)best − f ∗ ≤
‖x(0) − x∗‖2

2 + G2∑k
i=1 t2

i

2
∑k

i=1 ti

can show that (
∑k

i=1 t2
i )/
∑k

i=1 ti → 0; hence, f (k)best converges to f ∗
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Example: 1-norm minimization

min ‖Ax− b‖1 (A ∈ R500×100, b ∈ R500)

subgradient is given by A>sign(Ax− b)

fixed length tk = s/‖g(k−1)‖2, s = 0.1, 0.01, 0.001
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diminishing step size tk = 0.01/
√

k, tk = 0.01/k
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Optimal step size for fixed number of iterations

from page 6: if si = ti‖g(i−1)‖2 and ‖x(0) − x∗‖2 ≤ R:

f (k)best − f ∗ ≤
R2 +

∑k
i=1 s2

i

2
∑k

i=1 si/G

for given k, bound is minimized by fixed step length si = s = R/
√

k

resulting bound after k steps is

f (k)best − f ∗ ≤ GR√
k

guarantees accuracy f (k)best − f ∗ ≤ ε in k = O(1/ε2) iterations
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Optimal step size when f ∗ is known

right-hand side in first inequality of page 6 is minimized by

ti =
f (x(i−1))− f ∗

‖g(i−1)‖2
2

optimized bound is

(f (x(i−1))− f ∗)2

‖g(i−1)‖2
2

≤ ‖x(i−1) − x∗‖2
2 − ‖x(i) − x∗‖2

2

applying recursively (with ‖x(0) − x∗‖2 ≤ R and ‖g(i)‖2 ≤ G) gives

f (k)best − f ∗ ≤ GR√
k
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Exercise: find point in intersection of convex sets

to find a point in the intersection of m closed convex sets C1, ...,Cm,

min f (x) = max{d1(x), · · · , dm(x)}

where dj(x) = infy∈Cj ‖x− y‖2 is Euclidean distance of x to Cj

f ∗ = 0 if the intersection is nonempty
g ∈ ∂f (x̂) if g ∈ ∂dj(x̂) and Cj is farthest set from x̂

subgradient g ∈ ∂dj(x̂) from projection Pj(x̂) on Cj:

g = 0 (if x̂ ∈ Cj), g =
1

d(x̂,Cj)
(x̂− Pj(x̂)) (if x̂ /∈ Cj)

note that ‖g‖2 = 1 if x̂ /∈ Cj



13/23

subgradient method with optimal step size

optimal step size for f ∗ = 0 and ‖g(i−1)‖2 = 1 is ti = f (x(i−1)).

at iteration k, find farthest set Cj (with f (x(k−1)) = dj(x(k−1))); take

x(k) = x(k−1) − f (x(k−1))

dj(x(k−1))
(x(k−1) − Pj(x(k−1)))

= Pj(x(k−1))

a version of the alternating projections algorithm

at each step, project the current point onto the farthest set

for m = 2, projections alternate onto one set, then the other
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LASSO问题求解

考虑LASSO问题

min f (x) =
1
2
‖Ax− b‖2 + µ‖x‖1, (1)

f (x)的一个次梯度为g = AT(Ax− b) + µsign(x),其中sign(x)是关于x逐分
量的符号函数．因此的次梯度算法为

xk+1 = xk − αk(AT(Axk − b) + µsign(xk)),

步长αk可选为固定步长或消失步长．
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LASSO问题求解

对于µ = 10−2, 10−3，采用连续化次梯度算法进行求解．若µt > µ，则
取固定步长 1

λmax(ATA)；若µt = µ，则取步长

1
λmax(ATA) · (max{k, 100} − 99)

,

其中k为迭代步数
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Figure: LASSO问题在不同正则化参数下的求解结果
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Example: Positive semidefinite matrix completion

some entries of X ∈ Sn fixed; find values for others so X � 0

C1 = Sn
+, C2 is (affine) set in Sn with specified fixed entries

projection onto C1 by eigenvalue decomposition, truncation

P1(X) =
n∑

i=1

max{0, λi}qiq>i if X =

n∑
i=1

λiqiq>i

projection of X onto C2 by re-setting specified entries to fixed
values
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算法的渐进收敛速度

设{xk}为算法产生的迭代点列且收敛于x∗

算法（点列）Q-线线线性性性收收收敛敛敛: 对充分大的k有

‖xk+1 − x∗‖
‖xk − x∗‖

≤ a, a ∈ (0, 1)

算法（点列）Q-超超超线线线性性性收收收敛敛敛: 对充分大的k有

lim
k→∞

‖xk+1 − x∗‖
‖xk − x∗‖

= 0,

算法（点列）Q-次次次线线线性性性收收收敛敛敛: 对充分大的k有

lim
k→∞

‖xk+1 − x∗‖
‖xk − x∗‖

= 1,

算法（点列）Q-二二二次次次收收收敛敛敛: 对充分大的k有

‖xk+1 − x∗‖
‖xk − x∗‖2 ≤ a, a > 0,
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算法的渐进收敛速度

我们举例来更直观地展示不同的Q-收敛速度，参见下图（图中对所考
虑的点列作了适当的变换）．点列{2−k}是Q-线性收敛的，点
列{2−2k}是Q-二次收敛的（也是Q-超线性收敛的），点列{1

k}是Q-次
线性收敛的．一般来说，具有Q-超线性收敛速度和Q-二次收敛速度的
算法是收敛较快的
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Figure:不同Q-收敛速度比较
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算法的渐进收敛速度

算法（点列）R-线线线性性性收收收敛敛敛: 设{xk}为算法产生的迭代点且收敛
于x∗，若存在Q-线性收敛于0的非负序列tk并且

‖xk − x∗‖ ≤ tk

对任意的k成立．类似地，可定义R-超超超线线线性性性收收收敛敛敛和R-二二二次次次收收收敛敛敛等
收敛速度．从R-收敛速度的定义可以看出序列{‖xk − x∗‖}被另一
趋于0的序列{tk}控制．当知道tk的形式时，我们也称算法（点
列）的收敛速度为O(tk)．

算算算法法法复复复杂杂杂度度度．设x∗为全局极小点，某一算法产生的迭代序
列{xk}满足

f (xk)− f (x∗) ≤ c√
k
, ∀ k > 0,

其中c > 0为常数。如果需要计算算法满足精度f (xk)− f (x∗) ≤ ε所

需的迭代次数，只需令
c√
k
≤ ε则得到k ≥ c2

ε2，因此该优化算法对

应的（迭代次数）复杂度为N(ε) = O
(

1
ε2

)
．



20/23

Optimality of the subgradient method

can the f (k)best − f ∗ ≤ GR√
k

bound on page 11 be improved?

problem class

f is convex, with a minimizer x∗

we know a starting point x(0) with ‖x(0) − x∗‖2 ≤ R

we know the Lipschitz constant G of f on {x|‖x− x(0)‖2 ≤ R}
f is defined by an oracle: given x, oracle returns f (x) and a
subgradient

algorithm class: k iterations of any method that chooses x(i) in

x(0) + span{g(0), g(1), · · · , g(i−1)}
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test problem and oracle

f (x) = max
i=1,··· ,k

xi +
1
2
‖x‖2

2, x(0) = 0

solution: x∗ = −1
k (1, · · · , 1︸ ︷︷ ︸

k

, 0, · · · , 0︸ ︷︷ ︸
n−k

) and f ∗ = − 1
2k

R = ‖x(0) − x∗‖2 = 1√
k

and G = 1 + 1√
k

oracle returns subgradient e̂ + x where
̂ = min{j|xj = maxi=1,...,k xi}

iteration: for i = 0, · · · , k − 1, entries x(i)i+1, · · · , x
(i)
k are zero

f (k)best − f ∗ = min
i<k

f (x(i))− f ∗ ≥ −f ∗ =
GR

2(1 +
√

k)

conclusion: O(1/
√

k) bound cannot be improved
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Summary: subgradient method

handles general nondifferentiable convex problem

often leads to very simple algorithms

convergence can be very slow

no good stopping criterion

theoretical complexity: O(1/ε2) iterations to find ε-suboptimal
point

an ’optimal’ 1st-order method: O(1/ε2) bound cannot be
improved
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