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Abstract

Given a collection of: functions defined ofR¢, and a polyhedral se® c R¢, we consider the problem of minimizing the
sum of thek largest functions of the collection ovg}. Specifically we focus on collections of linear functions and several
classes of convex, piecewise linear functions which are defined by location models. We present simple linear programming
formulations for these optimization models which give rise to linear time algorithms when the dimehgdixed. Our
results improve complexity bounds of several problems reported recently by Tamir [Discrete Appl. Math. 109 (2001) 293-307],
Tokuyama [Proc. 33rd Annual ACM Symp. on Theory of Computing, 2001, pp. 75-84] and Kalcsics, Nickel, Puerto and Tamir
[Oper. Res. Lett. 31 (1984) 114-127].
00 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction in the collection are linear, an@ is the intersection
of p half spaces. Tokuyama presents a very complex

Given a collection{g; (x)};_, of n functions de-  (.anqomized) algorithm which finds the optimal solu-

fined onR?, and a polyhedral se@ C R_dv_ inthis pa- tion in O(p + nlogn) time whend is fixed. We show
per we consider the problem of minimizing the sum of o to use our formulation to improve this bound. We
thek largest functions of the collection ovex. Specif- obtain a deterministic @ + n) algorithm. In the lo-

ically we focus on collections of linear functions and = ¢ation models that we consider, each functigir)
several classes of convex, piecewise linear functions represents a (weighted) distance xoffrom a given
which are defined by location models. We present sim- point v’ € R?. The distance function is defined either
ple linear programming formulations for these opti- by the/; or I, norms. These problems are called the
mization models which give rise to linear time algo-  -centrum location models. Again, whefris fixed our
rithms when the dimensiad is fixed. TOkUyama [22] linear programming formulations lead taq o+ n) al-
has recently discussed the case where all the functionsgorithms which find optimal solutions.
In Section 2 we formally define the optimization
*Corresponding author. model an_d pres_ent thg linear programming formula-
E-mail addresses: ogryczak@ia.pw.edu.pl (W. Ogryczak), tion, leading to linear time algorithms. In the last sec-
atamir@post.tau.ac.il (A. Tamir). tion we discuss extensions to more general problems.
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2. A linear programming formulation subject to
+ - + - ;

To facilitate the discussion we first introduce some % % =Y —%H d7.d >0, i=1...m.

notation. For any real number define (z)+ = Substitutingd. :dl.+ — yi +t, we obtain

maxz, 0). Let y = (y1,..., yn) be a vector inR™. m

Defined (y) = (61(y), 62(y), . .., 0, (¥)) to be the vec- O (y) = min(kt + Zd;r)

tor in R™, obtained by sorting the: components of izl

y in nonincreasing order, i.e91(y) > 62(y) > -+ >

N subject to
0 (). 6; (y) will be referred to as théth largest com- . . .
ponent ofy. Finally, fork =1, ..., m, define®;(y) = dtzyi—t, d" 20, i=1....m.
>°%_16:(y), the sum of the largest components of. Given the collection of functiongg; (x)}"_,, and

the polyhedral sep c R?, defined in the introduction,

Lemmal. For anyvector ye R" andk =1, ..., m, let g(x) = (g1(x), ..., gn(x)). The problem of mini-

1 m o mizing ®; (g(x)), the sum of th& largest functions of
Ok(y) = —|k Z yi + man[k(t — Yi)+ the collection ovelQ, can now be formulated as
m -1 teR Py
- - n
min{ kr +) df
+<m—k)<yi—t)+]>. ( ; )

N . - subject to
Moreover, t* = 6;(y) is an optimizer of the above

minimization problem. df > gi(x)—t, df 20, i=1....n,
x=(x1,...,x9) € Q0.

Proof. Defineh(r) =Y /L1 [k(t —yi)++ (m—k)(yi—

)+]. This function is piecewise linear and convex. 2.1. Minimizing the sum of the k largest linear

It is easy to verify that the one sided derivatives at fynctions

t* = 6 (y) are of opposite signs, and therefateis

a minimum point ofA(r). Substitutingr* = 6 (y) in Consider the linear case. Foe 1, ...,n, gi(x) =
the expression fok (7) we obtain a'x + b;, wherea' = (d},...,a}) e R?, and b; €

m RL. With the above notation the problem can be
h(6k(y)) = k Z (O () — 6: () formulated as the following linear program:

i=k+1 n
min(kt + Zdﬁ)

k
—(m—k) Y _(6k(y) = 0:(»)) P

=t subject to
k m d+> i . -
=m0 =k 6 (). Falxdbi—1, i=1..,n,
= =t d,-+20, i=1...,n,

Hence/i(0k(y)) = mOk(y) —k 3 /L yi,andtherefore _ (, x,)e0.

- Note that this linear program has+ d + 1 variables,
' di,....df x1,...,x4,t,and 2 + p constraints. This

formulation constitutes a special case of the class

It follows from the above lemma tha@ (y) can of linear programs defined as the duals of linear

be represented as the solution value of the following Multiple-choice knapsack problems. Therefore, using
linear program. the results in [24], whed is fixed, an optimal solution

can be obtained in @ +n) time. (See also [13].) This

O (y) = mini Z[kdi_ +(m— k)d;“ +kyi] bound improves upon the(@+n logn) bound in [22]
m\ = by a factor of Qlogn).

1 m
©) =—\|k i+ minh(t
() m( ;HIGR (t)
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2.2. Solving therectilinear k-centrum location
problem

For each pair of pointst = (u1,...,uq), v =
(v1,...,vq) in RY let d(u, v) denote the rectilinear
distance betweem andv,

d
dw,v) = |vj —uj].

j=1

Given is a sefv', ..., v"} of n points inR¢. Suppose
thatv’, i =1,...,n, is associated with a nonnegative
real weightw; . For each point € R? define the vector
D(x) € R" by D(x) = (wid (x, vY), ..., wpd(x, v")).

For a givenk =1, ..., n, the single facility rectilinear
k-centrum problem iR? is to find a pointx € R?
minimizing the objectivef; (x) = Zf-‘zl 0;(D(x)). (To

the best of our knowledge the concept df-aentrum
was first defined by Slater [18] and Andreatta and
Mason [1,2].) Note that the cage= 1 coincides with
the classical (weighted) rectilinear 1-center problem
in RY, while the casek = n defines the classical
(weighted) rectilinear 1-median problem, proposed
by Hakimi [5,6]. It is well known that the last two
problems can be formulated as linear programs. The
center problemi = 1) is formulated as,

min ¢

subject to

t> wid(x,vi), i=1,...,n,
x=(x1,...,Xxq) eRY,

To obtain a linear program we replace each one of
the n nonlinear constraints > w;d(x, v’), by a set
of 2¢ linear constraints. For = 1,...,n, let A
(8%,....8%) be a vector all of whose components are
equal to+1 or —1. Consider the set of2inear con-
straints,r > _Zj?_zla;.w,- (xj —vh), 8f e (=11}, j =
1,...,d. This linear program hagd + 1 variables,
t,x1,...,x4, and Zn constraints. Therefore, wheh
is fixed, it can be solved in @) time by the algorithm
of Megiddo [12].

Similarly, the median problenk(= ») is formu-
lated as,

n
minZzi
i=1

119
subject to
d . .
=y Shwi(x; —vh),
j=1

Sie{-11}, j=1...d i=1...n,
x=(x1,...,%xq) e R4,

This linear program has+d variableszs, ..., z,,

x1,...,xq4, and Zn constraints. This formulation is
also a special case of the class of linear programs
discussed by Zemel [24]. Therefore, wheris fixed,

an optimal solution can be obtained in(A) time.
The above formulation of the median problem can be
replaced by another, where the number of variables is
nd + d and the number of constraints is only2

n d
minZZy,-,j

i=1j=1
subject to

yij zwi(xj—vh), j=1...

y,-,j>—w,-(xj—v§-), j=1...

x:(xl,...,xd)eRd.

The latter compact formulation is also solvable in

O(n) time by the procedure of Zemel whdris fixed.

In fact, it is easy to see from this formulation that the

d-dimensional median problem is decomposable into
d 1-dimensional problems. Therefore, it can be solved
in O(dn) time.

We note in passing that whehis fixed even the
1-centdian objective function, defined by Halpern [7—
9] and Handler [10], as a convex combination of the
center objectivef1 (x) and the median objectivg, (x)
can be solved in linear time (see [20]).

To the best of our knowledge for a general value
of k, no linear time algorithms are reported in the
literature even ford = 1. In [19] the casal =1 is
treated as a special case of a tree network. In particular,
this one dimensional problem is solved irxQ time
when k is fixed, and in @Qnlogn) time whenk is
variable. Subquadratic algorithms for any fixéénd
variablek are given in [11]. For example, far= 2 the
algorithm there has @ log® n) complexity.
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Using the above results we can now formulate the
rectilineark-centrum problem irR? as the following
optimization problem:

n
min(kt + Zd;“)

i=1

subject to
dl-+ > wid(x, vi) —t, dl-+ >0, i=1,...,n,
xX=(x1,...,Xq) cRe.

As above, to obtain a linear program we re-
place each one of the nonlinear constraintg;” >
w;d(x,v') —t, by a set of ¢ linear constraints. The
rectilinear k-centrum problem is now formulated as
the linear programming problem,

n
min(kt + Zdﬁ)
i=1
subject to

d
d;’—f-t = Z83~wi(xj —v;),
j=
’ J=

1
aje{—l,l} 1,....d,i=1,...,n,
dt >0,

Note that the linear program hast+ d + 1 variables,
df,....d} x1,....,xq,t, and Zn + n constraints.
This formulation is again a special case of the class
of linear programs defined as the duals of linear
multiple-choice knapsack problems. Therefore, using
the results of Zemel [24], whedh is fixed, an optimal
solution can be obtained in@) time.

We note in passing that the results for the recti-
linear problem can be extended to other polyhedral
norms. For example, if we use the norm, and let the
distance between, v € R¢ be defined by (u, v) =

i=1...,n.

tion for the respectivé-centrum problem:

n
min(kt + Zd;“)

i=1
subject to

dl*—l—t}w,-(xj—v;), j=1...,d,i=1...,n,
dﬁ'—i—t}—wi(xj—v;),
j=1,...,d,i=1,...,n.
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3. Related problemsand extensions

Recently, a new type of objective function in
location modeling, called ordered median function,
has been introduced and analyzed. See, for example,
[15,17,14,4]. (This criterion was introduced already
in [23] in the context of multi-criteria decision mak-
ing.) In our context this objective function generalizes
thek-centrum objective. We extend the formulation in
Section 2 to the rectilinear ordered median problem.
To define this general model we first need to intro-
duce some notation. Given is a nonnegative vecter
(A, ..., Ap) € R™ satisfyinghq > - -+ > A,,. For con-
venience defing,, .1 = 0. For eachy = (y1, ..., ym)
define

m
A = Mibi(y).
i=1
Although A(y) may also be considered for arbitrary
sequences Of(A1,...,A,) [23], the monotonicity
assumptioniy > --- > A, is important whitin the
location analysis context since it guarantees the so-
called equitable properties of solutions [16]. (Note that
if A is the vector whose firgt components are equal to
1 and the others are equal to 0, th&fy) = O (y).)
For each vectok satisfying the above we have the
following expression,
m
AW =)0k = D) Ok ().
k=1
Using the results in Section 2, due to the monotonic-
ity assumptionj1 > --- > A, > 0, we can represent
A(y) as the solution value of the following linear pro-
gramming:

Ay)=min Y (O — A1)
k=1

m
(ktk + Zd{k)
=1

subject to
dh=yi—t, 45 >0i=1....m k=1..,m.

The latter formulation can be used to generalize the
results in Sections 2.1 and 2.2. For example, consider
a generalization of the rectiline@rcentrum problem,
called therectilinear ordered median problem, defined

as follows:

Find a pointx € R? minimizing the objective func-
tion A(D(x)). (To use the above model set=n.)
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This problem can now be formulated as a linear pro-

gram.

min Z(?»k — Me+1)

k=1

(ktk + Zd

i=1

subject to

d
—i—tk Z

536{—1,1}, j=l.di=1.
k=l, , 1,
dl.fk}O, i=1...,n k=1,...,n.

Note that this linear program ha& + d + n vari-
ables{d Whik=1. c Iy X1, ..., X, 11, ..., Iy, and
2912 4+ n? constraints.

The best known algorithm to solve the above
rectilinear ordered median in a fixed dimensidrs
the Qnlog??n) procedure described in [11]. This
procedure is actually a direct application of the general
algorithm of Cohen and Megiddo [3]. At this point
in time we do not yet know whether the above
linear programming formulation, which involves a
guadratic number of variables, can be used to improve
the bounds reported in [11]. Nevertheless, for some
special cases of the vectbe= (A1, ..., A,), the above
problem can still be solved in linear time. Specifically,
if the components of can take on a constant, say
number of distinct values, the above problem reduces
to a linear program withyn + d + n variables and
2gn + gn constraints. Therefore, it can be solved
in O(n) time when bothd and g are fixed. As an
example, consider the centdian problem mentioned in
Section 2.2. In this case= (1, u, ..., ), whereu is
a positive number bounded above by 1.

Finally, we address the solvability of the rectilin-
ear ordered median problem when the dimengios
variable. (Note that the formulation given above has
2¢n2 4 n? constraints.) Consider the alternative for-
mulation:

min Z(Ak — hk+1)

k=1

(ktk + Zd

i=1
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subject to

d
dfe+n=) yij, i=L...nk=1...n,

j=1
yi,jkwi(xj—vé), j=1...,d,i=1,...,n,
yi,jk—w,-(xj—vj-), j=1...,d,i=1,...,n,
dt >0 i=1....n,k=1,...,n

ik

This linear program has? + (n 4+ 1)d + n variables
and 2:° + 2nd constraints. Therefore, the problem
is polynomially solvable. Moreover, ifv; = w, i =
1,...,n, for some positive constanp, it follows
from [21] that the problem can be solved in strongly
polynomial time.
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