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J SUMEST HL b9 2 S

BEOCR'AZAE, F: Q> R'REHFELHEELY, R
#Rademacher© ¥, FZ/LFRAL TGy, HILERATT A AT Uk
DEIBRA .

BF:Q 5> R"Z R ELEAREL DpZFA& TR AR E 4,
FAExt B-4 =T VAR & LA

OpF(x) := { lim F'(X)|x* € Dp,x* — x} .
k—o0
RERLT LETHR LA A B & 6,

OF (x) = co(0pF(x))
HFcoHhé.
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F-SUME ST b6 PR i

For a monotone and Lipschitz continuous mapping F : R* — R"
and any x € R", each element of JzF(x) is positively semidefinite.
Proof: We first show that, at a differentiable point x, F'(x) is positively
semidefinite. Suppose that there exist « > 0 and d € R" with ||d||, = 1
such that (d, F/(x)d) = —a. For any t > 0, let

O(1) := F(x + td) — F(%) — tF (¥)d.

Since F is differentiable at x, we have | ®(¢)|, = o(t) as t — 0. The
monotonicity of F indicates that

0 <(td,F(x+1td)—F(x)) = (td,tF(x)d + ®(r))
< —ar? +1l|d|2| @ (1)l = —ar® + o(?),

which leads to a contradictory.

For any x € R"” and each J € JgF(x), there exists a differentiable point
sequence x* — x such that F'(x*) — J. Since every F'(x*) is positively
semidefinite, we have that J is also positively semidefinite.
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IS AT Rh e R

0 kg AR kit B ML B, ¢* AL EEHK, N

OB (Prox. g« (x)) = {J=1-0]0 € 8B(proxg/7(x/7))},
A(prox. - (x)) = {J =1 — Q|Q € d(prox,,. (x/7))}-

TERH . A FlMoreau 2 M &EA1H

(1)

Prox. . (x) = x — Yprox, . (x/7). (2)

AR EXARE LS BB H—AF X (B8R A Hprox,,. A&
RANEETSHEHE) - B

co{l — Q|Q € dg(prox, . (x/7))} = I — conv(dg(prox, ., (x/7))), (3)
BEANAHAFE B =ANF K
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I SUHE T pep] F

o ¥R F@ED = {x|[Ax =0}, LFAcR™". L{HBk
HTIp(x) = x — AT(Ax — b), EFAT HA ¥9Moore-Penrose /3L
W RARIp ZAMERA, HELLATE, &
d(Ip(x)) = ds(Ip(x)) = VIIp(x) = {I — ATA}. 4)

@ 1Zx; = max{0,x} - ¥ FTFZHD = {xla"x <b}> &MA

Ty
Ip(x) =x — (M)a, (5)
llallz
VAR
{I - ||a||2} #alx > b,
o(Ilp(x)) = < {1}, % a'x<b, (6)

co{l,I — i Hz} #a'x=b.
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I AT sl T

© EB = {x||x|, =1} 4 BEHK, MERYBRS

o F x> 1,
L(x) = {x/ux\z Iz

X, & |lx]l2 < 1.

R Lw = x/ |« MAMA

ey B> 1
a0 = 0 % el < 1,
o o ey = 1.

B
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I SUHE T pep] F

® (1, x) ERxR". FXZKHK = {(t,x)|||x]» < 1} - WIxE
F(x) eRxRY, #
V € g (k) ((1,x)), (9)
MEEYV =0, REAV =110 BV TART R
1 w
(L), (10

EbywecR A3 fawE, MmH c RV F 4 FH X

H=0+a)l,—aww', |a/<1. (11)

8/71



I AT sl T

© g = |[x[2> M

(1— = >
prox. Vi # ez,
0, Z [lxll2 <.

/lai'lprox,yg( x) &k KA é’] HEB- Ry TABIE >/ KE
T rAEIE B, AR, 54w = x/|x|ps M

{I—~/lIxl2d =wwh)}, & lx]2 >,
dg(prox,,(x)) = ¢ {0}, % |xll2 <7, (13)
{I—=~/llxl2( =wwT),0}, & |lx]2 =~
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I SUHE T pep] F

o g = |lx|i M

prox. (x); = (sign(xi)(|xil = v)+)i, 1<i<n. (14)

% Flprox ,(x) T 58, Etog(prox,,(x)) T 8&ENTEHNA

xt A FETE
wa = {illx| >~} B={illu| =~} §={illx| <~}

%J € dg(prox. (x)). M&AMA

1, %ica,
Ji=1e{0,1}, #iep, (15)
0, & ic.
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I AT sl T

o R G(X) = h(\X)), XeS", EFS" XTAMAn M FExHRE
MR EE, NS — R 4FAEAE 5 AN K B ]~ 690 5 HE
5o h:R" > RU{o0} R—AESHME KL, BCLXTEE
ARG, BPh G AR AR T ZMF THRFRE .

@ WHKGRRTh T LMHR, Hlin

prox, (X) = Qdiag(prox,,(A(X)))Q ", (16)

A4 X = Odiag(\(X))QT & % =t ARIEFEX 6955 .

o M TEEX cS" #P c dg(prox.)(X): A

P(S)=0(Q0(Q750)Q", Vvses", (17)
HPo £ ~Hadamard A2, @mEEQ c R 9 EAN T EZR AT H
EW- S

Ai— A ’

proxwg()\i)—proxwg()\j) e A A
QU _ f 1 7& \J o (18)
S B(proxyg()\,-), B N = >‘j'
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I AT sl T

o ¥FIET4eEs = R
HS’_’,_(X) = Qdiag((Al)-l—a"'7()‘Vl)+)QT7 (19)

A X = Qdiag(\(X))QT & F 2 FRIETEX 695 A -
/’ila—{\)\ >0} fra {‘)\ <0} ] &{]]ﬁQCQBHgi(X)’

£
Qaa kao?
Q= ( S ) : (20)

E ¥ O € Rlellol 8572 %241, Fkeg € RloIXI6l A% 1
5| kA

=l
e
~.

i

A= N

i€a,jeEa. (21)
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@ RF:Q > R"ERARELAHELY, R T @ &4FH AN
RFAExEAEFREG
(a) FlixiBA 76 %4,
(b) s FE&E AT € OF (x +d), F @8 % 7 M

IF(x+d) — F(x) = Jd|l» = o(||d|]) % d—0.
R (b) HEHRT @ XA
IF(x+d) — F(x) = Jd|l2 = O(||d|[3) % d — 0.

AR AARFAEx EABF LT .
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o HAFBIAL, A—LUMFFFAFGELFE R T L (a), X
T HEAVL B @89 H ik RA AR G Hoh

o F B HA R E AT A A R 0 R . E R R A
BILE SR . Rt L AEETARHMY .

0 LB FTA I BA, TR R AR IR
BA ARG TR pIadk - [, 2 B 2R
BEREN . — A FASHLELEN (RBERFY) S8
125 45 AL S AR R (BB R H) .

o RE [ LILT LA F A EAFe 32 F AR

e The proximal mapping of ||x||; and ||x||~ is strongly semi-smooth.
The projection over a polyhedral set is strongly semi-smooth.
The projections over symmetric cones are strongly semi-smooth.
In many applications, the proximal mapping is shown to be
piecewise C' and hence semi-smooth.
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ki3 (BP) F&
# & 5] A

min ||x||; st Ax=0b.
x€Rn

H xR AL
min by, st [ATye < 1.

yeR™
B FINT Fs, LR FRTAF AT R
min by, st ATy—5=0, ||s||le < 1. (22)
yER™ s€R"

SINAZMEA B RFANS B Fo, BRI EGIE T 354880 B KA
Lo(y,5,0) = BTy + AT(ATy =) + ZATy = 5[, sl < 1.
A2, B A& B RECKGERERN
O = fﬁﬁfﬁ {bTy + %HATy —s+ :;H%} ,

Ak+1 _ )\k + O,(ATyk+1 _Sk+l)
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i (BP) FA&
Bl 5y SRR % F st oA 19 243 5]
T A
S =Plsllo<t (A Y+ PR (23)
Fos 9 RE KRNI 324680 B Hfd . KAVFE
2 )\2

o A
Ly(y,\) =b"y + > H@Z) <ATy + >
o

M
, 20

H Fp(x) = sign(x) max{|x| — 1,0} o #HFZs093F 7 20 B R EA .
)
? (24)
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Yy = argmin {bTy + z Hw (ATy + A)
Y 2 o

)\k-‘rl — O_w (ATyk+l + if)



A %

@ HIKL,(y, \) X Fy ZELETHE), BLBEN
k /\k
VyLo, (y, \Y) = b + 04AY <ATy + > .
Ok

0 HHML, (v, \)FHTRZZNTHE, 2RV L, (v, )& LT A
FRE, E—AT UIET4EEA

Je = AD;AT,
Edp AL, SFHTA

A k

(Dr)ii = L&A+ Gl > 1,
- k

0 F|ATYH +20)| < 1.
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F R A %

o X H A A B KAL) FRF SRR AT
yk+1,l+1 — yk+1,l + Ozdl
o FAREBEFMA m .
(Je + pl)d" = =V, Lo, (¥ 06
o A A AN A RD, ¢S LE
o MR
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SDP

A reference is: Zhao, Xin-Yuan, Defeng Sun, and Kim-Chuan Toh. “A

Newton-CG augmented Lagrangian method for semidefinite
programming." SIAM Journal on Optimization 20.4 (2010):
1737-1765.

http://epubs.siam.org/doi/abs/10.1137/080718206.

@ Consider the semi-definite programming (P)

min (C,X)
sit. AX=0b,
X>=0

@ The dual problem (D) is

max b'y
st. Ay+S=C,
S>0
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SDPNAL

@ the augmented Lagrangian function:
Lo(y,8.X5) = =bTy + (X,8 = Ay +C) + Z[|S — Ay + Cl;

@ Starting from X°, the augmented Lagrangian method solves the
dual problem (D) by

kH,SkH):arg min Lo(y,S,Xk),

§>0,y€R™

(v

@ The variable S is eliminated as S**' = Ils: (A*y**!' — C — X*/0),
where Ils is the projection on semidefinite matrix cone.
Consequently, SDPNAL solves an equivalent form

YU = argmin L i (y, X¥) (25)
XH = g (X — (A = 0)), (26)

where L, (v, X) = b7y + 5 (||t (X — o (A*y = O)[IF — |IX][7)-
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SDPNAL

@ Then the subproblem (25) is minimized by using a semismooth
Newton method to certain accuracy. The gradient and an
alternative element of the generalized Hessian of L, (y, X) with
respect to y is

ViLo(y,X) = b—Alls: (X —o(A*y - C)), (27)
V e oAdlls (X —o(ATy —C)A".  (28)

@ For fixed y and X, the corresponding semi-smooth Newton step is
(V+el)d =V,L,(y,X), (29)

where ¢ is a small constant.
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Composite convex program

Consider the following composite convex program

min - f(x) + h(x),

where f and & are convex, f is differentiable but 2 may not

Many applications:

@ Sparse and low rank optimization: h(x) = ||x||; or || X||. and many
other forms.

@ Regularized risk minimization: f(x) = >, fi(x) is a loss function of
some misfit and 4 is a regularization term.

@ Constrained program: h is an indicator function of a convex set.
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A General Recipe

Goal: study approaches to bridge the gap between first-order and
second-order type methods for composite convex programs. J

key observations:

@ Many popular first-order methods can be equivalent to some
fixed-point iterations: x**! = T(x*);
e Advantages: easy to implement; converge fast to a solution with
moderate accuracy.

o Disadvantages: slow tail convergence.

@ The original problem is equivalent to the system
F(x):= (I —T)(x)=0.

@ Newton-type method since F(x) is semi-smooth in many cases

@ Computational costs can be controlled reasonably well
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An SDP From Electronic Structure Calculation

system: BeO

1 02 T T T T T T T 1 O 0 T T T T
—— primal infeasibility — primal infeasibility
: ——dual infeasibility —— dual infeasibility
100¢ relative gap relative gap
E 10-2 L
10 A/\/\
5 _ 510%¢
10}
A ¥
6 Y LY
10 N\ - ——— X 10 \
1 O-B 8

1000 2000 3000 4000 5000 6000 7000
iter

(a) ADMM, CPU: 2003s

iter

(b) Semi-smooth Newton, CPU: 635s

102000 2010 2020 2030 2040 2050 2060 2070
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Operator splitting and fixed-point algorithm

Examples:
o forward-backward splitting(FBS).

@ Douglas-Rachford splitting(DRS).
@ Peaceman-Rachford splitting(PRS).
@ alternating direction method of multipliers(ADMM).

Advantages:

@ easy to implement;

@ converge fast to a solution with moderate accuracy.
Disadvantages:

@ slow tail convergence.
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Forward-backward splitting (FBS)

@ Consider )rcrelliRg f(x) + h(x)
@ the proximal mapping of f is defined by
prox, (x) = awgmin{f () + 5 — +/3}.
@ Proximal gradient method or the FBS is the iteration
A = prox, (¢ — 1VA(x)),k=0,1,---
@ Equivalent to a fixed-point iteration

ka = TFBS (xk) .

where
TrBs 1= Prox, o (I —tVh).
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Douglas-Rachford splitting (DRS)

@ DRS is the following update:

= prox,, (zk),

yk—H = prox, (2xk+l _ Zk),

Zk Z +y

k+1 k+1.
@ Equivalent to a fixed-point iteration
= Tprs(2Y),

where
Tprs := I + prox,s o (2prox,, — 1)

— Proxy,.
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Semi-smooth Newton system

Solve F(z) = T(z) —z =0 and T(z) is a fixed-point mapping.
Ji € OpF(Z¥): positively semidefinite.
regularized Newton’s method

(Jx + il )d = —Fy,

where Fy = F(ZX), i = \i||Fi| and A\« > 0 is a regularization
parameter.

solve the linear system inexactly.
= (Jx + el )d* + Fy.
seek to step d* by solving the system approximately such that
el < 7 oin{ 1, Ael[Fll - a3,

where 0 < 7 < 1 is some positive constant.
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Semi-smooth Newton method
@ SelectO<v<,0<m<m<landl <y <7m.A>0
@ A trial point uf = 7% + d*

@ Define a ratio

— (F(u),d")
Pk=""1 k2
][
@ Update the point
N R Ol Vmax(l,lgl?i-(l)ﬁjﬁk|| (@)lF, [Newton]
¥, otherwise. [failed]

@ Update the regularization prameter

(Av )‘k)7 if pr > 1m0,
)\k""l € [)\kaﬁyl)\k]v if g < pe < Mo,
(V1 Ak, 72 \], otherwise,.
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Ensuring global convergence |

@ If the residual F is not reduced sufficiently or certain other
conditions are not met, switching to first order methods. Note
that F itself is a first order methods

@ construct another point from the Newton step?

@ X. Xiao, Y. Li, Z. Wen, L, Zhang, A Regularized Semi-Smooth
Newton Method with Projection Steps for Composite Convex
Programs, Journal of Scientfic Computing, 2018, Vol 76, No. 1,
pp 364-389

@ Y. Li, Z. Wen, C. Yang, Y. Yuan, A Semi-smooth Newton Method
For semidefinite programs and its applications in electronic
structure calculations, SIAM Journal on Scientific Computing, Vol
40, No. 6, 2018, A4131A4157
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Ensuring global convergence Il: projection step

@ d* =0, then x; is the optimal solution.

@ A trial point
uf = 25 + d~.

@ d; is small enough,
(F(u"), 2 —uby = — (F(d"),d") > 0.
@ By monotonicity of F, for any optimal solution z*
(F(uh),z* —u*) <.
@ Therefore the hyperplane
Hy = {z € R"|(F(u*),z — u*) = 0}

strictly separates z* from the solution set Z*.
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Ensuring global convergence Il: projection step

@ Define a ratio
— (F(u*),d")
Pe= "2
1|
@ If p; is big enough,

k+1 _ k (F(ub), 2" —u") U
=T R T

which is the projection onto the hyperplane H;.
@ If py is too small, ! = ¥ and increase the parameter.
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Ensuring global convergence Il: projection step

@ Select some parameters0 <y <m<land1 <y <7.A>0
is a small positive constant.

@ Update the point

ko <F(uk),zk—uk> k . >
Zk+1 _ < IREIIE F(M )a if Pk _.nla
Z, otherwise.

@ Update the regularization prameter

(Av )‘k)a if pr > m,
Mt € 4 Pomdd, ifm < pe <,
(71 M\, 72 Ak],  otherwise,.

@ For any z* € Z* and any successful iteration
[ =2 < 1 = 22 = A = 2P
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Global convergence

Assumption:

@ Assume that F : R" — R”" is strongly semi-smooth and
monotone.

@ Suppose that there exists a constant ¢; > 0 such that ||Ji|| < ¢;
for any k > 0 and any J; € 9gF(Z").

Global Convergence

The sequence {z*} generated by our algorithm converges to some
point z such that F(z) = 0 from any initial point.
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Local Quadratic convergence

Assumption:

@ The mapping F is BD-regular at z*, that is, all elements in 9pF(z*)
are nonsingular.

Local Quadratic convergence

For any Newton step and z* € N(z*, ;) with some ¢, > 0, we have

k+1

12— ¥ < ea]l 2 = 2|13,

where ¢, is some positive constant.

@ If ¥ is close enough to z*, the condition ||F(u¥)||> < v||F(ZX)]) is
always satisfied.

@ Our algorithm turns to a second-order Newton method in a
neighborhood of z*.
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I1-regularized optimization problems
Applications to the FBS Method
@ Consider the ¢;-regularized optimization problem of the form
min g+ b, b0 = 3 lAx bl
@ Letf(x) = pllx||i. The system of nonlinear equations is
F(x) = x — prox,s(x — tVh(x)) = 0.
@ The generalized Jacobian matrix of F(x) is
J(x) =1 —M(x)(I — t8*h(x)),

where M(x) € dprox,(x — rVh(x)) and 9%h(x) is the generalized
Hessian matrix of a(x).
@ M(z) is diagonal matrix whose diagonal entries are

1, if ‘Z,” > ut,
0, otherwise.

(M(2));; = {
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I1-regularized optimization problems

@ introduce the index sets

T(x) 1= {it [0 — (VRGN > 1) = {i 2 (M(),; = 1),
O() := {i+ |(x — (VA < i} = {i 2 (M), = 0},

@ The Jacobian matrix can be represented by

J(.X) _ (f(azl’l(xi))l,'(,x)l'(x) [(82//1(X)I)I(X>O(x)> '

@ LetZ = Z(x*) and O = O(x*). Then one can reduce the Newton
system to a small system.
1
k
E— Fi o,
b0 T 9
(t(@zh(x))ﬂ + ,ul)sé = *Fk,I — l‘(azh(x))zoslb.
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I1-regularized optimization problems

Table: Total number of A- and A”- calls N, and CPU time (in seconds)
averaged over 10 independent runs with dynamic range 20 dB

method €: 1070 €: 1072 e: 1077 €:107°

time Ny time N, time Ny time Ny

SNF 1.12 84.6 3.19 2542 3.87 307 4.5 351
SNF(aCG) 1.11 846 3.19 2542 419 3312 43 351.2
ASSN 1.15 89.8 22 173 3.15 246.4 3.76 298.2
SSNP 252 199 8.05 649.4 20.7 1679.8 29.2 2369.6
ASLB(2) 0.803 57 1.66 121 2.79 2024 3.63 264.6

ASLB(1) 0586 422 129 92 254 1814 385 275
FPC-AS 1.45 109.8 7.08 5104 10 719.8 10.3 743.6
SpaRSA 546 5172 59 539.8 6.75 627 9.05 8444
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I1-regularized optimization problems

sr . . . . . 5 : : : .
10 —ASLB() 10 —ZASLB(1)
—ASSN —ASSN
SSNP SSNP
100t —SNF 10° —SNF
- - SNF(aCG))| . - - SNF(aCG)
Y, SpaRSA '\ ~——SpaRSA
~ "y o .
3 108 o 5 10° Ny,
& & 4
= = 4,
10_10 | 10»10
\
1075¢ 107 '
0 100 200 300 400 500 0 200 400 600 800 1000
no. of A calls no. of A calls
(c) 20dB (d) 40dB

Figure: residual history with respect to total number of A- and A”- calls N4
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I1-regularized optimization problems

5 : . s ‘ ‘ ‘ ‘ : :
10 —CASLB(]) 10 —CASIB())
—ASSN - ——ASSN
SSNP SSNP
10° —SNF 1 100+ —SNF
e - - SNF(aCG) - - - SNF(aCG)
S SpaRSA x\ SpaRSA
) SR AL = 5 %,
= in5 R V| - 10 e
£ 1 & ey
= = L,
N
-10 Y,
10710 10 \‘J‘i-\,
-15
107 1 107
0 20 40 60 80 100 0 50 100 150 200 250 300 350
iteration iteration
(a) 20dB (b) 40dB

Figure: residual history with respect to total number of iterations
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Numerical results

Applications to the FBS Method
@ The fixed-point mapping

F(x) = prox,(x — tVh(x)) — x.
@ The generalized Jacobian matrix of F(x) is
J(x) = M(x)(I — t0?h(x)) — I,

where M(x) € dprox(x — tVh(x)) and 0%h(x) is the generalized
Hessian matrix of i(x).
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LASSO Regression

@ The Lasso regression problem
1 2
min §||Ax —bll5 st |lx]|1 < A,

where A € R™*" b € R™ and A > 0 are given.
® (x) = [l Ax— bl and f(x) = Io(x), where & = {x | [lxl|; < A}.
@ Foragivenz € R", let |z)| > |zpp| > ... > [z}, the Jacobian

matrix M(z)
1 if o <0,j=i
M(z); = ) ) . .
1 — asign(z)sign(z)/p,  if[zi| 2 aand > 0,j=[1],..., [p].

where « be the largest value of (Zf;l |zp9] — /\) Jk,k=1,...,n,
and p be the corresponding k of «.
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LASSO Regression

'

; i.

i *

il [

H FBS | FBS

o —©—Adaptive FBS '* -6-Adaptive FBS

!* —8-Accelated FBS él —8-Accelated FBS

15 —%-FBS-LM | 10710 —FBS-LM
10 -g-FBS-Newton - FBS-Newton
0 20 40 60 80 0 100 200 300 400
iteration iteration
(@) k=50 (b) k = 150

Figure: residual history of LASSO on n = 1000, m = 500 and p = 0.9]|x||;
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Logistic Regression

@ Sparse logistic regression problem
min plx([; + h(x),
where > log(eh™ + 1) — bl Apx.

@ The proximal mapping corresponding to f(x) = p/|x|1

(proxg{-(z))i = sign(z;) max(|z;| — put,0).

@ the Jacobian matrix M(z) is diagonal matrix whose diagonal
entries are

1, if|z| > pt,

0, otherwise.

(M(2));; = {
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Logistic Regression

17(z) = =ll2
3

[

1040

FBS
—-6—Adaptive FBS
—8-Accelated FBS
¥ FBS-LM
-8 FBS-Newton

|2

[1#(=)

1070

—6—Adaptive FBS |_
—8-Accelated FBS
¥ FBS-LM

-8 FBS-Newton

0 50 100 150
iteration

(a) k = 200

200 250 300

50

100 150 200 250 300

iteration

(b) k = 600

Figure: residual history of the logistic regression problem on n = 2000,

m = 1000 and p =1
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General Quadratic Programming

@ The general quadratic programming

1
min —x7 Ox + ¢’x, s.t. Ax < b,
x€R" 2

where Q € R"*" is symmetric positive definite, A € R™*" and
b e R™
@ The dual problem is
1 T T T
= Ax—b
max min ox Qx + c'x +y (Ax —b),

which is equivalent to

1
min ~y" (A0~ 'AT)y + (AQ "¢ + b)Ty.
y>0 2
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General Quadratic Programming

[[£(z) —

—o—Adaptive FBS —o—Adaptive FBS
—&—Accelated FBS|q i —&—Accelated FBS|]
—¥-FBS-LM —¥-FBS-LM
-8 FBS-Newton -8 FBS-Newton

1 -8 . . . I 10° . . . I 4

0 0 200 400 600 800 1000 0 200 400 600 800 1000

iteration iteration
(a) LISWETT (b) LISWET2

Figure: residual history of quadratic programming
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Applications to the DRS Method

@ Optimization problems
min f(x), s.t. Ax = b,
where A € R™*" s of full row rank and » € R™.
@ h(x) = 1q(x), where Q = {x | Ax = b}.
@ The proximal mapping with respect to A(x) is
prox,(x) = Pa(x) = (I — Par)x + (AT(AAT) 1),

where P,r = AT(AAT)~A.
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Applications to the DRS Method

@ The DRS fixed-point mapping reduces to
F(z) = prox((2D —I)z+25) — Dz — 3,

where
D=1I1-P,; and g=(AT(AAT)"")p.

@ The generalized Jacobian matrix of F(z) is in the form of
J(z) =M(z)(2D — 1) — D = V(z) — ®(2)Pyr,

where M(z) € Oprox,((2D —I)z +203), ¥(z) = M(z) — I and
D(z) =2M(z) — I
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Basis Pursuit

Applications to the DRS Method
@ The ¢; minimization problem:

min ||x|;, s.t.  Ax=0b.
x€R"

@ Letf(x) = 1n(Ax — b) and h(x) = ||x||;, where the set 2 = {0}.

The system of nonlinear equations is
F(z) = prox,,(z) — proxzf(2prox,h(z) —z)=0.
@ Hence, a generalized Jacobian matrix of F(z) is in the form of
J(z) =M(z) + D(I — 2M(z2)).

@ A generalized Jacobian matrix M(z) € dprox,,(z) is a diagonal
matrix with diagonal entries

=L @il >
Mi(2) _{ 0, otherwise.
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Basis Pursuit

@ Make the assumption that AAT = I. Then we can obtain
prox,(z) =z — AT (Az —b).

A generalized Jacobian matrix D € Oprox,((2prox,,(z) —z)) is
taken as follows
D=1-A"A.

@ Let W= (I—-2M(z)) and H =W + M(z) + pl. The diagonal
entries of matrix W and H are

Walo) _{ 1—71, @il >t g H,~~(z)—{ , (2)i] > 1,

otherwise 1+, otherwise.
@ Using the binomial inverse theorem, we obtain the inverse matrix

(@) +pn~" = (H-ATAW)™!
H ' +H'AT(I - AWH'AT) " 1AwH 1,
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Basis Pursuit

@ Then WH™! = 1+
diagonal entries

1 1

s (@i >t
S:(7) = po Ip K
i(2) { 0, otherwise.

— 8, where S is a diagonal matrix with

© Hence, I —AWH 'AT = (1 — )] +ASAT.
@ Define the index sets

Z(x):={i:|(2)i] >t} ={i: Mi(x) =1},
O(x) :={i: [(2)i| <t} = {i: Mj(x) = 0}

@ Az, denote the matrix containing the column Z(x) of A, then we

have | |
ASAT = (= + — A7 AL .
<M + 1+/1) I(x)A7(n)

55/71



Basis Pursuit

Table: Total number of A- and A”- calls N4, CPU time (in seconds) and
relative error with dynamic ranges 60dB and 80dB

method e: 1072 e: 1074 €:107°

time Ny rerr time N, rerr time Ny rerr
ADMM 7.44 599 1.90e-03 13.5 980 2.50e-06 18.7 1403 2.91e-08
ASSN 5.48 449 1.32e-03 9.17 740 1.92e-06 10.2 802 1.93e-08
SPGL1 55.3 2367 5.02e-03 70.7 2978 5.02e-03 89.4 3711 5.02e-03
method e: 1072 e: 1074 €:107°

time Ny rerr time Ny rerr time Ny rerr
ADMM 7.8 592 5.38e-04 13.8 1040 2.48e-06 17.7 1405 2.35e-08
ASSN 4.15 344 5.19e-04 792 618 1.21e-06 8.74 702 5.62e-09
SPGL1 32.2 1368 4.86e-04 56.1 2396 4.86e-04 67.4 2840 4.86e-04
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Basis Pursuit
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Figure: residual history with respect to the total number of A- and A”- calls
Ny
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Basis Pursuit
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SDP

@ Consider the semi-definite programming(SDP)

min (C,X)
st AX=b,
X=0

@ f(X) = (C,X) + 1 ax—p}(X)-
@ h(X) = 1x(X), where K = {X : X = 0}.

@ Proximal Operator:
1
prox;;(2) = argmin - [|X — Z|[7 + th(X)

@ Let Z = 0X0Q7 be the spectral decomposition
prox,(Y) = (Y +1C)— A"(AY +1AC —b),
proxy, (Z) = Qa Ya Qg )
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Semi-smooth Newton System

@ assumption: AA* =1
@ The binomial inverse theorem yields the inverse matrix

e +mD)™ = (H—ATAW)™!
H '+ H'AT(1 — AwH AT 'AWH L,

@ computational cost O(rn? min{r, |n — r|}), where r is the rank of
primal variable.

@ computational cost O(3"; n? min{r;, |n; — ri|}), if there is a block
diagonal structure.
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Semi-smooth Newton method

@ Define T = QLQ", where L is a diagonal matrix with diagonal entries

17 (A)ii = 1)
Li(z) = e Wi=uw,
07 (A)ii =
1_ 1_ 1 1 1
@ Then H™ M+11+ e +1)Tand WH~ +u1_(ﬁ+m)T'
@ Hence,

J(2Z)+p1)~!

1 T W
= —— (W +T)I+A
u(/H—l)(/"L ) (Z/H—l w1

@ ATATd = AQ(Q o (QT(D)Q))QT, where D = A*d,
ao loai
QO = |:§‘£a 0 :| )

. . _ ki
and E,, is a matrix of ones and [; = HHikU

@ computational cost O(|a|n?)

1+ATAT) A5 P11
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Switching between the ADMM and Newton steps

the reduced ratios of primal and dual infeasibilities

meank_5§j§k77f]

meany_os<j<k—207y

meanys<;j<k
N = —’—n‘{’.andw":

w, g

meany_»s<j<k—207p

Repeat:

@ Semi-smooth Newton steps (doSSN == 1)
Select J; € 9pF(Z*) and solve the Newton system approximately.
Compute U* = Z* + s*. Then update Z**! and A\ ;.
If Newton step is failed, set Ny = Ny + 1.
If Ny > Ny or the Newton step performs bad
Set doSSN = 0 and parameters for the ADMM steps

@ ADMM steps (doSSN == 0)
Perform an ADMM step. Equivalently, it defines
Zk+1 — Zk _ F(Zk).
If the ADMM step performs bad
Set doSSN = 1, Ny = 0 and parameters of the Newton steps
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Comparison on electronic structure calculation

@ The data set are used in the paper of Nakata, et al. Thanks Prof.
Nakata Maho and Prof. Mituhiro Fukuta for sharing all data sets on
2RDM

@ solver:

o SDPNAL: Newton-CG Augmented Lagrangian Method proposed
by Zhao, Sun and Toh

o SDPNAL+: Enhanced version of SDPNAL by Yang, Sun and Toh

o SSNSDP: the semi-smooth Newton method using stop rules
<3 x107%andn; <3 x 1077.

@ all experiments were performed on a computing cluster with an Intel
Xeon 2.40GHz CPU that processes 28 cores and 256GB RAM.

@ main criteria:
_ JAX) b Ay —C Sl

b max(1, |[b])2) max(1,[|Cl|F)
[Ty — tr(CTX)|

————— = err=>b"y—ener
max(1, tr(CTX)) y Y fullCl

Mg
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Comparison on electronic structure calculation

1 0 0 T T T T T T T 1 0 0 T T T
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S A | M“”“‘“mn

108 ‘ 108 : : ‘ ‘ : :
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Figure: SSNSDP: Relative gap, primal infeasibility and dual infeasibility
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Comparison on electronic structure calculation
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Figure: Comparison between ADMM and SSNSDP
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Comparison on electronic structure calculation

SSNSDP SDPNAL SDPNAL+
system | err | np | ma | Mg it t err | np | ma | ng | it nd | ng it t
HoO |-1.3-314.2-7]2.7-7|5.1-6/1605| 3788 |-1.9-3[7.4-5(4.9-7| -4{266)| 8.9-7(1.1-5] 3420 [ 9253
H3z [-2.6-59.9-7|8.4-7|6.2-6|1511| 42 [-3 9.7-7|7.5-6|163| 9.4-7|11.9-6/ 1026 | 39
HF  |-1.8-3|1.0-6/9.3-7|6.7-62589| 1500 6.9-7|7.5-5[236)| 9.6-7|1.2-5| 3062 | 3208
HLi2 |-8.0-5[8.2-7/4.9-7|2.3-6|1624| 791 5(7.7-7|2.2-5[260)| 1.0-6|2.0-7| 3820 | 1941
HN2+ -2.0-3(9.9-7|6.6-7|1.4-6|1742| 645 7.8-7|1.1-5|187 8.3-7|1.2-6| 1532 | 886
HNO |-1.2-34.7-7|3.8-7(8.2-7]2065| 1984 7.1-7 -5[213| 9.3-7|1.8-6| 1286 | 1753
Li |-1.9-51.9-7]8.3-7|2.1-6/ 410 | 36 6.8-7|1.8-6|145 1.1-6[2.5-6/ 1123 | 14
Lio |-7.3-5/4.3-7|4.4-7|2.2-6(1636| 363 6.9-7|2.5-5[262] 1.0-6/8.9-6| 5826 | 1319
LiF  |-5.9-4{7.4-7/]1.0-6|2.0-62813| 598 6.2-7|1.1-5217| 9.0-7|1.5-6| 1830 | 833
LiH(1) |-3.0-5/4.6-72.4-7|1.8-6|1715| 2273 7.4-7|1.8-5[253] 5.9-5|4.6-5(17840|10001
LiH(2) |-2.3-509.9-7|8.5-7|2.0-6]2154| 42 6.9-7|4.9-6|232] 9.8-7|4.5-6| 1455 | 56
LiOH |-9.7-4(1.0-6/9.7-7|2.4-6[2340 809 5(5.4-7|1.5-5203| 7.0-7|7.0-7| 2098 | 1499
N -2.2-4(4.2-7|3.6-7|2.1-6/1608| 385 5.0-7|6.6-5[229| 3 1.4-6[1.1-5]20144| 2663

N S SRl SN

RN NNoLaWIN= o= b= i~

N; -2.6-3|1.0-6(9.2-7|1.1-6[2434| 328 7.6-7|1.1-5|187| 7.6-7(1.0-6/2.0-7| 3939 | 820
N2  |-1.6-3[8.0-7|5.7-72.4-6|1036( 177 4.4-7 6|180 5.1-14{1.5-6|3.3-6]20058( 2513
NH(1) |-9.0-4(7.4-7|6.1-7|4.0-6|1599| 1468 5|5.1-7|7.3-5[264 1.6-13|1.0-6(8. 3434|3595
NH(2) |-5.1-4[2.9-72.2-7|3.0-6/1607| 1614 5.2-7|1.6-4|253| 6.9-13(9.5-7|2.8-6| 4046 | 3909
NH5 (1)|-1.3-38.0-7|3.1-7|6.1-6|1402| 3283 5.0-7|1.3-4|255 9.4-7|1.0-6|7.7-6| 2602 | 8306
NH; (2)[-1.9-4{4.9-79.2-7/1.3-6| 906 | 44 [-1.6-4/1.5-6/4.8-7|1.8-6(171 2.0-719.8-7|1.1-6| 817 | 46
NH; -3.5-4/6.6-7|5.0-7|]1.0-6{1096| 93 |-3.7-4(1.3-6|5.6-7|1.7-6|195 8.9-78.0-7/4.3-7| 854 | 133
NH3 |-8.7-4/6.4-7|1.4-7|4.3-6|1307(11463|-1.6-3(9.6-6|5.8-7|1.7-5[259|13 9.3-6 |4.2-6|1.3-6| 298 (10220,
NHZr -5.2-4{1.0-6|6.5-7|1.3-6{1603| 173 |-6.1-4(1.9-6/6.3-7|1.8-6|182| 4.6-719.8-7|12.4-6/ 1228 | 196
Na  |-4.4-4|1.0-6/8.3-7(1.2-6|1575| 127 |-5.2-4/4.4-6|6.4-7|3.9-6(184 1.2-719.5-7]1.1-6| 724 | 105
NaH |[-6.1-4{1.0-6/8.5-7|1.6-6(1782| 371 |-7.9-4/5.4-6(7.2-7|6.2-6/199 6.3-718.4-7|12.8-7| 1161 | 513
Ne [-2.1-3[1.0-6/8.4-7|8.6-61967| 264 |-2.5-3|2.0-5|7.7-73.4-5|208| 3 8.6-7(9.2-7|1.2-5/ 2370 | 495
O(1) |-1.5-3/9.7-7|]1.7-72.0-6|1587| 332 -5[216| 5.1-10{1.0-6|1.0-5| 2651 | 736
O(2) [-9.1-4/9.5-7/19.8-7|4.6-62599| 326 9.1-5|217| 3 5.9-719.5-7|1.0-5| 1661 | 542
O(3) |-1.9-3|8.8-7|1.4-7|2.0-6(1575| 333 2.0-5|235 8.2-7 [1.0-6|1.0-5| 2696 | 707
O;r -2.3-3(9.9-7|7.8-7|1.6-7|]1729| 232 6.5-6|172] 3.6-7(9.7-7|1.6-6| 939 | 246
123 -2.8-4(3.3-7|7.3-7|1.7-7|1675| 1484 7.0-6|208| 3.5-13(1.0-6|7.2-7| 640 |2188
SiH4 |-1.1-3]|1.0-6(7.3-72.1-6|1657| 1471 4.6-6(185| .5-13[1.0-6|1.8-6| 817 |2322
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Comparison on electronic structure calculation

max{ﬁp,ﬂd,ng} | lﬁax{ﬂp,nq}
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Comparison on electronic structure calculation
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Comparison on electronic structure calculation

success: max{n,n4} < 107°

SSNSDP SDPNAL SDPNAL+
case number  percentage | number percentage | number  percentage
slicoess 276 100% 53 192% | 265 9%
fastest 00 T43% 30 10.9% 4] 14.9%
fastest under success 20 81% ] 1.09% 4] 14.9%
not slower 1.2 times 26 85.5% i 25.1% § 31.5%
not slower 1.2 times under sucoess | 251 90.9% 1.81% §1 31.5%

Figure: Comparison between SDPNAL, SDPNAL+ and SSNSDP
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Linear Programming

@ The classic linear programming problem

min  ¢'x, st. Ax=b, x> 0.
xeR”

@ Letf(x) = cTx+ lx(x) where K := {x | x > 0}.
@ Every element of the generalized Jacobian 0Pk at (2D — I)z+ 8
is a diagonal matrix with diagonal entries

=1, (2D —-1I)z+ B); > 0,
M,‘,‘(Z) =0, ((2D—I)Z+ﬁ)i <0,
€ [07 1]7 ((2D—I>Z+B)l:0
@ Choose M(z) such that M;;(z) = 1 when ((2D —I)z+ 8); = 0.
@ we have

\Ilii(z) = 07 (I)ii(z) = 1, (<2D — I)Z + B)l Z O,
\If,'l'(Z) =—1, ‘1)1','(2) =—1, ((2D — I)Z+ B)l < 0.
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Linear Programming

I1F(2) = =ll2
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Figure: residual history of the LP problem on n = 1000
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