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Introduction

Linearly constrained multi-block convex composite optimization:

X1r7n|n Zh(x, —l—Zh x, s.t. ZAX,-i-Xn—b (P)

X €Ty i€y

@ hi: Xi — (—00,+00) is a convex and twice differentiable function with Lipschitz
continuous gradient for any i € 7;.

@ hj: Xj — (—o00,+00] is a proper closed convex function and may not be differentiable
for any i € 7».

@ A;: X; — YVisalinear map forany i=1,--- ,n—1, A, =T is the identity mapping,
be).

@ Covers a wide range of nonsmooth problems and applications.
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Goal: a unified second-order algorithmic framework

@ General conic programming: LP, SOCP, SDP, etc
min (¢, x) , A(x) = b,x € K,x € P.
X

The dual is:
min - —(b,y) +0p(~2)
st. A'(y)+s+z=c,sc K"
@ Image processing including denoising and deblurring

1
in  =||Au— b|]? D
min 2H u — b[|* + do(u) + Al[Dulls,

The dual is

1 )
min - Syl* + (. b) + 65(5) + 0o <r (1),

st. Aly+D's+pu=0.
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Goal: a unified second-order algorithmic framework
@ The corrected tensor nuclear norm (CTNN) model:
.1 2
min——|12[|° + 1 (12X 7w — (F(Xm), X)) + 0u(X)
st.z=y — Dq(X).
The dual is: m
min V]2~ (v.y) + 55(-W) + 5x(2)
st. Do(v) — Z+W = —uF(Xn),
@ Unified model: three block composite problem:

Xn€11iRn" f(Ax) + g(Bx) + h(x),

where the dual is:

min *(X) + g*(u) + h*(w), s.t. AXN+ B 1+ w =0.

AW
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Why semismooth Newton (SSN) methods?

Consider
min f(x) + h(x)
X

o First-order methods: proximal gradient, ADMM, primal-dual, etc
e Advantages: easy to implement; converge fast to a solution with moderate accuracy.

e Disadvantages: slow tail convergence, may fail on slightly more challenging problems.

@ Second-order methods: interior point or Newton methods:
o Advantages: converge fast to a solution with high accuracy

e Disadvantages: not easy to implement; usually smooth problem

@ Second-order methods: semismooth Newton method
e Advantages: nonsmooth problem; converge fast to a solution with high accuracy

o Disadvantages: not easy to implement; most state-of-the-art SSN methods essentially
only cover two blocks
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SSN based on ALM

@ The AL function: Li(x,z) = f(x) + em(x — tz) — 5|z|?
o Moreau envelope: e(x) := minyern h(y) + 3|ly — x||?
Proximal operator: prox,,(x) := argmin,cg» h(y) + Ly — x|?

@ The ALM framework is:

Xk+1 = argmin o(x; tk, zk) = L (X, 2k),
x€Rn

Zi 1 = Zk + (prOthh(Xk+1 — tkzk) — Xk+1)/tk.

SSN is applied to minimize each AL function:

1
Farm(x; zk) == VF£(x) + o (x — tzx — prox,(x — tkzx)) = 0.

Typical ALM based methods: SDPNAL, SDPNAL+, etc.

@ ALM: Dual ascent gradient method in terms of the multipliers.
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SSN based on residual mappings

Natural residual from the proximal gradient method:

TraMm(u) = prox,,(u — tVf(u))

The Douglas-Rachford splitting (DRS) residual:

Tors(u) = u + prox(2prox,(u) — u) — prox,(u)

The original problem is equivalent to the system

F(u) := (I — T)(u) = 0.

Apply the SSN method to F(u) = 0.
The construction of F(u) = 0 is case by case, not general.

Only cover two block problems in most cases.

Globalization of the SSN steps usually depends on the uderlying first-order method
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Contributions

A versatile SSN method for multi-block convex composite problems.
@ An easy-to-follow paradigm of semismooth system.

A tractable pure semismooth Newton strategy.

@ A rigorous global and local convergence analysis.

@ A promising performance on complicated applications.
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Time Time
(a) CT image restoration (b) CTNN
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Outline

@ A nonlinear system from the AL saddle point
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Step 1: a routine for writing the AL function

Recall our problem:

min Zh(x, +Zh(x, s.t. ZAX,+X,,—b
X1y 5

IEI1 €T,

The AL function:

)= hi)+ Y eo.h,-(x,-—g)

€1y iEIQ\n

i€y

1
+ eshp <b——ZAX/> —%ZHzina

where e, h;(x) := miny hi(y) + 5|ly — x||? is the Moreau envelope.

10/47



Derivation of the AL function

@ Introduce the auxiliary variables, original problem is recast as

min > " hi(x;) + Y _ hi(yi) + hn(xa),
i€y i€l
n—1
s.t. ZA,’X,’ +x,=b, x; =y, i € I\n.
i=1
@ The traditional AL function is given as follows:

Lol xmyiz) =S hi(x)+ 3 hiyi) + hn(xm) — % N

i€y iEIz\n i€Zy

n—1
o o
+ 5” Z.A,-x,- + X, — b+ z,/0]? + 5 Z x;i — y;i — zi/o||%.
i=1 i€r\n

@ Then ® can be obtained by | ®(x,z) := min L,(x, Xn, ¥; 2)
Y,Xn
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Explicit expression of the AL function

Proximal operator: prox,,(x) := argmin,cgn h(y) + %[y — x|

n—1
1
®(x; z) = hy(prox, /,(b — 2z, /0 — ZA,’X,‘)) ~ 5 Z 2|2
i=1 i€Zy
———
multipliers
g
+ 3 (hilproxs, o (xi = 23/)) + S |xi = 2i/7 = proxy,, (xi — zi/0)|)
i€Ir\n ~
Moreau envelope of h;
o n—1 n—1 2
+ ; h(x,-) + 5 ;A,’X,' + pI’Oth/J(b —2z,/0 — Z;.A,'X,') —b+2z,/0
1 1 1= 1=

St Aixitxa=b
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Theoretical foundation: Augmented Lagrangian duality

Problem (P) has an optimal solution x*. Furthermore, the Slater’s condition holds, i.e., there
exists x; € ri(dom(h;))(i = 1,--- , n) such that 7=} Aix; + x, = b.

Lemma (AL duality)

Suppose the assumption holds, given o > 0, the strong duality holds for ®(x, z), namely,

min max ®(x, z)= max min ®(x, z),
X z z X

where both sides are equivalent to (P).

AL duality is different from the Lagrangian duality.
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Step 2: construction of the semismooth system

e Problem (P) is equivalent to solving a nonlinear system:

F(w) = <VvXj’q§F’M2)> —0,  w=(x2)

@ The gradient of the function ® is:

n—1
Vi ®(w) =Vhi(x;) — Aj prox,,. (ab tzo—0) A,-x,-> , i€y,
i=1
n—1
Vi ®(w) :proxah?(ax,- —z)— A;‘proxah; <ab +z,—0 Z.A,-x,-) , 1 €Ir\n,
i=1
V,®(w) =—zj/o — prox,,«(ox; — z;) /o, i€ I\n,
n—1
V(W) = — 2,/0 + prox, - (cb + z, — 0 > _ Aixi)/o.
i=1
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Definition of generalized Jacobian and semismooth

@ Let F be a locally Lipschitz continuous mapping. Denote Df by the set of differentiable
points of F. The B-subdifferential of F at x is

OgF(w) := {kli_[r;OJ(wk) |lwk € D, wk — w},

where J(w) is the generalized Jacobian of F at w € Dg. The set OF(w) =
co(0gF(w)) is called Clarke’s generalized Jacobian.

e F is semismooth (or strongly semismooth) at w if F is directionally differentiable at
w and for any d and J € OF(w + d), it holds that

|F(w + d) — F(w) — Jd|| = o(|d]]) (or O([[d|[%)), d — 0.

We say F is semismooth (or strongly semismooth) if F is semismooth (or strongly
semismooth) for any w.
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Properties of the nonlinear operator F(w)

Assume that the functions {h;};cz, are twice continuously differentiable.

@ The nonlinear operator F(w) is monotone.
e F(w) is Lipschitz continuous.
o Each element of OF(w) is positive semidefinite for any w.

o If the proximal operators prox, are (strongly) semismooth, then the map F is (strongly)
semismooth.

*

@ w™ is the stationary point if and only if w* satisfies F(w*) = 0.

e For a € (0,1], the mapping T =/ —2aF /L is a-averaged.
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Outline

© A semismooth Newton method
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A primal-dual semismooth Newton step

o Take a Clarke's generalized Jacobian: J¥ € OF (w¥)

@ High level idea: obtain d* by solving a linear system

(K + 7 T)d* = —F(wh).

@ Tk: crucial for both algorithm efficiency and global convergence. Need to adjust 74
adaptively.

@ Comparisons between different semismooth Newton steps:
e Our algorithm: semismooth Newton steps for both primal variables x and dual variables z

o ALM SSN method: semismooth Newton steps only for the primal variables x, then update
the multiplier z in a standard way

o Residual mapping method: semismooth Newton steps on an intermediate variable u, and x
and z are recovered from u.
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A globalized semismooth Newton method

o Set 74, := r'[|[F(wk)|| for k >0 and v > 1

o Compute d*' by solving linear system

(J* + 71, T)dS = —F(w")

e Compute a trial SSN step: wk' = wk 4 d*/
e Globalization: for an integer ( > 1, v € (0,1), and 8 € (1/2,1], increase the integer i
starting from 0 gradually and check

F(wkh)| < F(w 1
IF (w )H—”max(l,krf?fl)ggk” (w)Il, (1)

Thk,i > kP, (2)

o When (1) or (2) holds, we set wk+1 = wk.
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Comparisons between different globalization strategies

o Early iteration: 7, can be large, ensure positive definiteness to speed up. Later iteration:
Tk should be small to guarantee accuracy.

o ||[F(w¥)|| may be increased, but |w* — w*|| may be decreased.

@ No need to switch to first order method: 7 ; > k? and Lipschitz continuity
guarantee decrease of ||F(w)]|*.

@ Other globalization strategies:
e Switch between first order and Newton step:

g u* +d* (Newton step)
B u* + F(u*) (First order step)

o Extra gradient strategy:

sk = xk 4+ pd*
xk = prox, ,(x+ad — X\, VF(z))
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Derivation of the Jacobian of F

e For any w, we define the generalized Jacobian of F(w) as

éF(W) = {( _7-;_)2)—} sz ) :ﬁh,- € Dh,- for all i/ € Iz} .
xz zz

@ The Clarke's generalized Jacobian of prox,,:(ox; + z;):

Tjh,— = V2h,'(x,'),i € 1,
Dy, := Oprox,,«(ox; — z;),i € Io\n,

n—1

D, := OproxX,p: (b + z, /0 — Z Ajix;)

i=1
@ The Fenchel conjugate function of a proper convex function h is
h*(z) = sup,{(x, z) — h(x)} and the subdifferential is
Oh(x) = {z: h(y)— h(x) = (z.y — x), Vy}.
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Derivation of the Jacobian of F (con's)

@ The matrix operators:

0’25/,1 + O'.AI'ZA)h".Al s O'AT’ZA)hnAnfl
Hxx = - )
O‘Aj;fl'ﬁhnftl cee 0'25/7”_1 + O‘AﬁflﬁhnAnfl

~ n—1 A
Hyz i= — {blkdiag <{Dh,} 1) (AL - f,_l)Dhn)T} ,

=

. 1 1. "
Hz, = blkdiag ( { =/ — =Dy, ,
g g i=1

where Dy, € Dy, for i € T,

and
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Key: solving the semismooth Newton system

The semismooth Newton system is:

Hxx —'I' TI sz dx _ _FX
~H] Hzz + 7L d, ) \ —-F )’

Apply the Gaussian elimination:
o First, take:
d; = Mz +77) 1 (Ha,dy — Fy).

@ Then the linear system is only with respect to dy:

Hrdx = Frv

where
Hy = (Hxx + Houz(Hzz +72)7YH), + 71),

Fr = sz(sz + 7_I)_l"__z — Fx.

@ We essentially only need to handle n — 1 blocks of variables.
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Efficiency: solving the semismooth Newton system

@ The definition of Hy, yields

Dp, + A;Dp, A1 -+ AiDp, An_q
= 5 - 5 :
AzflfhnAl e 5h,,,l + -A:flfhn-An—l

where 5},,. = Uﬁh,- + ﬁh,—yﬁh, = 25,,,.(%1 — %,lehi + TI)_lﬁhi.
@ Direct method: Sparse Cholesky factorization, SMW formula, etc.
@ lterative method: PCG, QMR, etc.

n—1

h,«l. = (Hrdx)i = 5h,'ClX,' + Afﬁhn Z Aidx,-,
i=1

where 27;11 Ajdy. only need to be computed once.
@ Dy, can further be used to improve the computational efficiency if the solution is sparse

or low-rank!
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Outline

© Convergence analysis
@ Global convergence
@ Local convergence
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Global convergence

Theorem (Global convergence)

Suppose that Assumption holds and let {w*} be a sequence generated. Then it holds

lim F(w*)=0.
k—o0

First prove ||F(w*)|| is bounded:
@ The steps using (1) are finite. Easy to prove.
@ The steps using (2) are finite. Easy to prove.
© let k1, ko, ... be the indices corresponding to the Newton steps with 7, ; < kf. We have
for any k, +1 <j < kpy1,

. , LM
V12 J—1y(2 k,,+1 24
[F(w’)[|* < [IF(w/ 7)) +7(J._1)25 < [[F(w™ ™) kEk +:1 kz,@

We then prove lim;_,o || F(wk+1)|| — 0.
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Local convergence: local smoothness

Main difficulty: The Jacobian is only positive semidefinite. It is singular at the optimal
solution. BD regularity does not hold.

e [Manifold identification] For a proper, closed,
and prox-regular function f: R” — R,
e M: identifiable manifold at X for y.
o f is CP-partial smooth (p > 2) at X for
y € 1i(9f(X)) relative to a CP-manifold M.

o [Local smoothness] For all sufficiently small
t > 0, the proximal mapping prox,s is
CP~l.smooth near X + ty.

Figure: Manifold identification.

Partial smoothness: Reduced to the regularized Newton method: (J* + p¥1)d* = —F(z¥)
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Error bound condition

Definition (LEB)

Let W* is the solution set of F(w) = 0. The local error bound (LEB) condition holds for F
if there exist € > 0 and v > 0 such that for any w with dist(w, W*) <,

IF(w)|| = ~dist(w, W*),

where dist(w, W*) := argmin,, ||w — u||.

If the functions h;,i =1, ..., n are proper, closed, convex, and piecewise linear-quadratic,
then the residual mapping F satisfies the local error bound condition.
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Strict Complementarity

e We can reformulate (P) as

Jmin 6(x) = > hi(xi) + Y hilx) + de(x).

i€y i€

where C := {x : 27;11 Aix; + x, = b}.

Definition (Strict Complementarity)

We say SC holds at X if 0 € ri (0¢(X)).

@ The SC holds at (X, Z) if and only if they satisfy KKT optimality and

5 € 1i(0hi(%)), i € To\n, 2, € —1i(Dhn(%n)).
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Local convergence

Assumption (partly smooth)

The functions h;,i = 1,...,n are CP-partly smooth.

Suppose that Assumptions hold. For any optimal solution (X, Z) , if the SC is satisfied, F is
locally CP~1-smooth in a neighborhood of (%, Z).

Theorem (Local superlinear convergence)

Suppose that Assumptions with p > 3 hold and F satisfies the LEB condition. If wy is close
enough to w € W* where the SC is satisfied, w converges to w Q-superlinearly.

30/47



Outline

e Applications
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Image restoration with two regularizations.

@ The dual problem of image processing is

. 1 N
min 5H¥||2+ (¥, b) +05(v) + 8. <r(p),
y’l"’7’/

st. Aly+D's+v=0, s=upu,
@ The corresponding AL function is:
1 1
o(y,s:q,u) = S|ly|? + (y.B) + 5~ |Po (u—o(ATy + D)) |
1
+ Sl (aso =) IP = o (llul® +lal?)

@ y,s are the primal variables and q, u are the Lagrangian multipliers.

e )(u) = sign(u) max {|u| — A, 0}, Pg is the projection operator.

32/47



Image restoration with two regularizations.

Then the nonlinear system has four terms as follows:

F(w) = (Fy, Fs, Fq, Fu) = (V,®(w) ", Vs®(w) ", —Vad(w) ", -V, d(w) )T,

The simplified semismooth Newton system is a two-block system

Hrdx = Ir,

(He)yy = AD;A" + (m+1)Z, (He)ys = AD:DT, (He)ss = DD:D" + D, + T,
(Fr)y = —ADy(D[*)™"Fu — Fy,(Fr)s = =DDy(D[*) "' Fu — D2(D;*) ™' Fq — Fu,
Dy € OPo(u — o(ATy + DTs)) and D, € 9y (g/c — s).

T1, T2, T3, T4 correspond to the regularization parameter of y, s, q, u.
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CT image restoration

I

|

(a) Radon transform of  (b) Sampled Radon (c) Restored image by (d) Restored image by
Phantom transform FBP ALPDSN

s

(e) Radon transform of  (f) Sampled  Radon (g) Restored image by . (h) Restored -image by
Carcinoma transform FBP ALPDSN 34 /47



CT image restoration: first row: A = 0.1, second row: A = 0.05
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Image deblurring
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Tensor notations

We define a block circular matrix from the frontal slices X() of X:

x@)  x(s)  .. x(©2)

x@  x@® .. x0)
beire(X) = _ . , .

x(m) xm-1) .. xO

Definition

The t-product of X € C"*XMXM and Y € C™X™M*M js 3 tensor Z € C™*™*M given by
Z = X x ) = fold(bcire(X) - unfold())), where unfold(X’) takes X" into a block nyn3 x ny
matrix:

unfold(X) := [(XM)T,(X®)T ... (xeNT]T,

and fold is the inverse of unfold : fold(unfold(X’)) = X. Moreover, X * Y = Z is equivalent
to XY =Z.

= = = = =
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CTNN model

Definition

The tensor nuclear norm of a tensor X € R™M*"%™ s defined as || X|ran = H%HXH*, where

|X ||« denotes the nuclear norm of X.

The dual of CTNN model is given by:

. om .
min_ EHVH2 —{(v,y) + 55(-W) + 6x(2)

st. DG(v) — Z+W = —uF(Xn),
where Dq : Rm*mxns _, RIQ| s the sampling operator, Q is the given sample region, y and

F(X,,) is the given observed term, $l := {X € RM*m*M|| X || < c}.
X = {X e Rmxm|||\X||,p < p}, where || - ||op is the dual norm of || - ||pnn.
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CTNN model
@ When introducing a slack variable Z = ), the AL function is :
O(v, Vi P, X) = ZIIvIP — (v.y) + T U S+ VT2
+ o rox 5, (X + o (F(X) + Da(v) ~ M) I~ 5o (11 + IPI)

@ The nonlinear system has four parts as follows:
F(w) = (Fy, Fy, Fp,Fx) = (Vv®(w) ", Vyd(w)", —Vpd(w)', —Vad(w) )",

@ The simplified semismooth Newton system is a two-block system:

Hrdx = Ir,

(He)w = DaD1D§ + (11 + 1)Z, (He)vy = —DaoD1, (H+)yy = D1+ Dy + 121,
(F)v = DaDy(DP*) " Fx — Fy, (Fr)y = —D1(D*) ™ Fax — Do(D3*) ™' Fp — Fy,

o Dy € dprox,s, (X + o(F(Xp) + Di(u) — V), Dy €0 (u £ &, x VT>,
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Description of the operation of D,

e Denote V = [V1, Vo], V1 € R™*XMXm 1)), ¢ R™*(m2=m)xns - Then applying D to a
tensor G € R™M*MXM yields

an+Qg—n Qgcf*Qﬁ—a
DyG) =Ux | =252 0 G+ 2T 0 G (U0 (G)) |+ VT
where o = [c(D ... 5(™)] is the tensor singular value of X

0 Gi=U"xGxV e R"W*MXm G, — YT %GV € RM*(m=m)xns and for the k-th
frontal slices, (Qf,ﬁg)(k) is defined by:

R C— 7 o) = o),
(Q55); = PrOqu.nl(Ufkl)—P“:qu»lu(U}k)) } . otherwise.
i T

Qs _» and 2, are defined analogously.
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CTNN model

Define 7, := max{my, 7y, 7w, 7.}, Where

Y = iF () = Da(v) = Wle v~y + Da()]le
L P @l ™ Lyl

R —proxs (X =Wl Y = proxs, (Y + X))lr

S B P Py 7 P S R o P Y P

and W = R + Lprox; (—oR) where R = =X — F(X,) — Dg(u) + V. We stop the
algorithms when 7, < 1077,

St e

(a) Texturel (b) Texture2 (c) Zebra (d) Butterfly




CTNN model
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Figure: Comparison of ALPDSN and sGs-ADMM on the CTNN model.
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SDP

o Conside the dual SDP:
min - <bay>7
y7s

st. ¢—A*(y) =s,
seSl,yeR".
@ The augmented Lagrangian function is defined as:
1 5 O N 1 .5
Lo(y: x) = = (b,y) + ds2(s) — o—[Ix[|” + 5 INs7 (A*(y) — ¢ + —x)|I*.
20 2 o
@ Therefore, the augmented Lagrangian dual problem can be formulated as:

max min L, (y; x).
x y
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Performance profiles of computational time and error
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Performance: SDP

i SSNCP SDPNAL+

Np ng iter  time Mp Nd iter  time
1dc.2048 | 1.3-7 2.0-7 65 897.5 | 9.8-7 5.6-7 113 959.8
let.1024 | 7.1-7 1.1-7 91 193.1 | 53-7 9.1-7 226 5583
let.2048 | 1.1-7 3.3-7 157 1621.8 | 8.2-7 6.3-7 692 2851.0
1tc.1024 | 2.5-7 7.6-7 160 273.1 | 1.0-6 6.7-7 1117 5545
1tc.2048 | 5.0-7 8.2-7 162 2409.6 | 2.4-12 1.0-6 1087 4284.4
1z¢.1024 | 2.1-7 3.3-7 32 16.6 | 2.9-7 507 107 446
12c.2048 | 3.3-8 588 50 181.7 | 1.6-7 7.0-7 105 3524
12c.4096 | 2.9-8 2.9-7 52 1624.7| 3.2-7 9.4-7 107 31712
2dc.1024 | 3.5-7 7.2-7 110 482.0 | 987 9.8-7 1137 1262.3
2dc.2048 | 3.3-7 8.9-7 114 2573.7| 9.8-7 9.7-7 1136 7203.1
G51.1000 | 9.9-8 9.0-7 149 85.8 |8.3-11 1.6-7 183 368.3
Gb52.1000 | 7.0-7 1.6-7 258 733.0 | 9.5-7 9.6-7 3771 1152.7
G53.1000 | 9.3-7 2.5-7 449 1051.4 | 9.3-7 7.7-7 6493 _1290.3

46 /47



Many Thanks For Your Attention!

o M R, P AFH, LEL R BB HEE5ER
http://bicmr.pku.edu.cn/~wenzw/optbook.html
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