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ABSTRACT

First-order Methods For Semidefinite Programming

Zaiwen Wen

Semidefinite programming (SDP) problems are concerned mitiimizing a linear
function of a symmetric positive definite matrix subjectiteebr equality constraints. These
convex problems are solvable in polynomial time by intepoint methods. However,
if the number of constraints in an SDP is of orde©(n?) when the unknown positive
semidefinite matrix i® x n, interior point methods become impractical both in termthef
time (O(n®)) and the amount of memord(n?)) required at each iteration to form thex
mpositive definite Schur complement matkixand compute the search direction by finding
the Cholesky factorization d¥1. This significantly limits the application of interior-pi
methods. In comparison, the computational cost of eadctiter of first-order optimization
approaches is much cheaper, particularly, if any sparsithe SDP constraints or other
special structure is exploited. This dissertation is dedab the development, analysis and
evaluation of two first-order approaches that are able teeslalge SDP problems which
have been challenging for interior point methods.

In chapter 2, we present a row-by-row (RBR) method based onmgplisequence
of problems obtained by restricting timedimensional positive semidefinite constraint on
the matrixX. By fixing any (n— 1)-dimensional principal submatrix of and using its
(generalized) Schur complement, the positive semidefoatestraint is reduced to a sim-

ple second-order cone constraint. When the RBR method is dpjglisolve the max-



cut SDP relaxation, the optimal solution of the RBR subprobtenly involves a single
matrix-vector product which leads to a simple and very afficimethod. To handle linear
constraints in generic SDP problems, we use an augmentedrgign approach. Special-
ized versions are presented for the maxcut SDP relaxatidmhenminimum nuclear norm
matrix completion problem since closed-form solutionsfier RBR subproblems are avail-
able. Numerical results on the maxcut SDP relaxation andxr@mpletion problems are
presented to demonstrate the robustness and efficiency afgarithm.

In chapter 3, we present an alternating direction methoddas the augmented La-
grangian framework for solving SDP problems in standardchfoft each iteration, the al-
gorithm, also known as a two-splitting scheme, minimizesdbhal augmented Lagrangian
function sequentially with respect to the Lagrange mu#igl corresponding to the linear
constraints, then the dual slack variables and finally thregdivariables, while in each min-
imization keeping the other variables fixed. Convergencedsqd by using a fixed-point
argument. A multiple-splitting algorithm is then propodedhandle SDPs with inequal-
ity constraints and positivity constraints directly withidransforming them to the equality
constraints in standard form. Numerical results on freqgua&ssignment, maximum stable
set and binary integer quadratic programming problemsyghat our algorithm is very

promising.
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Chapter 1

Introduction

1.1 Background and Motivation

Semidefinite programming (SDP) problems are concernedmitiimizing a linear func-
tion of a symmetric positive semidefinite matrix subjectit@ér equality constraints. Al-
though the positive semidefinite constraint is nonlinear @monsmooth, these convex prob-
lems are solvable in polynomial time by interior point meth$52, 56, 59]. Consequently,
SDPs have been a very successful and powerful tool for magletany applications aris-
ing from combinatorial optimization, nonconvex quadrgrogramming, eigenvalue and
nonconvex optimization, systems and control theory, sirat design, matrix completion
problems, and problems in statistics and engineering sireckate 1980s and 1990s.
Unfortunately, however, in practice large scale SDPs aite giifficult to solve because
of the very large amount of work required by each iteratioraofinterior point method.

Most of these methods form a positive defimite< m matrix M, wherem is the number



of constraints in the SDP, and then compute the search idinelay finding the Cholesky
factorization ofM. Sincem can beO(n?) when the unknown positive semidefinite matrix
is nx n, it can takeO(n®) arithmetic operations to do this. Consequently, this besome
impractical both in terms of the time and the amount of menteguired O(n?)) when

n is much larger than one hundred amds much larger than a few thousand. Moreover
forming M itself can be prohibitively expensive unlasds not too large or the constraints
in the SDP are very sparse [23].

On the contrary, although the computational complexityheffirst-order optimization
methods is not polynomial, each of their iterations can beceted much more cheaply
than in an interior point algorithm. This enables them twsalery large SDPs efficiently.
In particular, first-order augmented Lagrangian approsidtave been proposed for both
the primal and dual formulations of SDPs, and different wagge been used to minimize
the augmented Lagrangian function depending on how théymsemidefinite constraints
are handled. In [11, 12], the positive definite variaKlés replaced byRR" in the primal
augmented Lagrangian function, wh&#s a low rank matrix, and then nonlinear program-
ming approaches are used. In [64], the positive semideftoitstraint is represented im-
plicitly by using a projection operator and a semismooth devapproach combined with
the conjugate gradient method is proposed to minimize tteé dugmented Lagrangian
function. The regularization methods [42] (and the reldteandary point method [46]) are
also based on a dual augmented Lagrangian approach andsthay eigenvalue decompo-
sition to maintain complementarity. In [9, 14], a coordmdescent method and eigenvalue

decomposition are used to minimize the primal augmenteddragan function. A gen-



eralized version of the augmented Lagrangian method is usf¥’] by constructing a
special penalty function for matrix inequalities.

This dissertation is devoted to the development, analysisewaluation of two first-
order approaches based on an augmented Lagrangian frakndwachapter 2, we present
a row-by-row (RBR) method. By fixing anyn{ 1)-dimensional principal submatrix of
and using its Schur complement, the positive semidefinitesttaint is reduced to a sim-
ple second-order cone constraint and then a sequence afdsecder cone programming
problems constructed from the primal augmented Lagrarfgirastion are minimized. Spe-
cialized versions are presented for the maxcut SDP retaxatnd the minimum nuclear
norm matrix completion problem since closed-form solutidor the RBR subproblems
are available. In particular, when the RBR method is appliezbtee the maxcut SDP re-
laxation, the optimal solution of the RBR subproblem only imes a single matrix-vector
product which leads to a simple and very efficient method.

In chapter 3, we first present an alternating direction netbosolving SDP problems
in standard form. At each iteration, the algorithm, alsownas a two-splitting scheme,
minimizes the dual augmented Lagrangian function secaiintfirst with respect to the
Lagrange multipliers corresponding to the linear constsaiand then with respect to the
dual slack variables while keeping the other variables fixadter which it updates the
primal variables as in a standard augmented Lagrangianoshefmultiple-splitting algo-
rithm is then proposed to handle SDPs with inequality cansts and positivity constraints

directly without transforming them to the equality consttain standard form.



1.2 Preliminaries

1.2.1 Basic Notations

We denote the set of real numbers Ryand the set of vectors with components iR

by R". The superscriptT” denotes the transpose operation. The inner product betwee

vectorsx € R" andy € R" is defined as
n
xy) =x"y="S xy;.
=1

X
The/,-norm of a vectox is given by||x||2 = VX" x. The vector obtained by stacking

y
the vectorx € RP on the top of the vectoy € RY%is also denoted bjk;y] € RPA.

The set of real matrices witim rows andn columns is denoted big™". The operator

norm ||Al|2 of A€ R™" s defined as

AX
|A]2:= max IAX]2.
0#£xeRM ||X[|2

The notationX > 0 (X > 0) means that every component of the ma¥ixs nonnegative

(positive). A matrixX € R™" is said to be positive definite (semidefinite), denoted by

X=0(X>=0),ify"Xy>0 (" Xy>0),forall0£ycR".
The set ofn x n symmetric matrices is denoted I9) and the set oh x n symmetric

positive semidefinite (positive definite) matrices is dedadbyS] (S).). The trace oiX,



i.e., the sum of the diagonal elementsgis denoted byt (X). The inner product between

two matricesA € R™" andB € R™" is defined as
(AB) = zAjkajvk =Tr(A'B).
J

The Frobenius norm of a matrik e R™" is defined ag/A||r := \/TAIZJ The identity
matrix is denoted by. We write diagX) for the vector of diagonal entries &f € S, and
diag(x) for the diagonal matrix with the vectore R" on its diagonal. Let vegX) be a
vector that contains the columns of the maiixstacked each on top of the next in the

order that they appear in the matrix, and (mabe a matrixX such thak = veq X).

1.2.2 Semidefinite Programming

In this dissertation, we mainly consider the standard foBRS

min  (C,X)
Xes (1.2.1)

st. 4(X)=b, X0,

where the linear magl(-) : ' — RMis defined as

A(X) = (<A(1),X>,--- ,<A(m),x>)T, (1.2.2)



the matricelC,Al) € §,i =1,.--,m, and the vectob € R™ are given, and the unknown

matrix X € S}. Note that the equatiod(X) = b is equivalent toAveqX) = b, where

T
A= (VGC(A(]')), R 7Vec(A(m))) S Rmxnz‘

Furthermore, we introduce the following three operatolateel to4(-). The adjoint oper-

ator4* : RM — S of 4 is defined as
m -
a(y) = ZlyiA(') = matA'y).
i=
The operator1.2* : R™ — R™Mis defined as
A(A*(y)) = (AAT)y
and the operatafi*4 : S' — S is defined as

a*(A(X)) = mat( (ATA> veo(X)) :
The dual problem associated with (1.2.1) is

max_ b'y
YERTSES (1.2.3)

st. 4*(y)+S=C, Sx0.

We denote the feasible sets for the primal (1.2.1) and dual3)Lby ¥, and 74, respec-



tively; that is,

Fo = {XeS|Aa(X)=bX=0},

Fa = {(%9]A"(y)+S=C,S=0}.
The duality gap, which is defined as the difference betweerptimal and dual objective
values at the feasible solutions of (1.2.1) and (1.2.3)pimegative.

Lemma 1.2.1. (weak duality, [17,52,59]) For any X %, and(y,S) € %4,

Tr(CX)—b'y=Tr(X9 >0.

Corollary 1.2.2. Let X € Fp, (v,S) € Fq4, and (X,S) = 0. Then(X,y,S) is optimal for

problemg(1.2.1)and (1.2.3)

The optimal objective values of (1.2.1) and (1.2.3) are remtessary equal for every
SDP problem, and even if they are, the optimal solution dfezif1.2.1) or (1.2.3) may not

be attainable. The following theorem states sufficient @t for strong duality to hold.

Theorem 1.2.3.(Strong duality, [17, 52, 59]) Letf, and #4 be nonempty and have an
interior feasible solution. Then X is optimal f¢t.2.1)if and only if X& ¥, and there

exists(y,S) € Fq4 such that{C,X) =b'y or Tr (XS = 0.
We conclude this subsection by summarizing the SDP duadifpléows.

Theorem 1.2.4.(SDP duality therorem, [17,52,59])



i) If (1.2.1)and (1.2.3) both have feasible solutions, then both problems have aptim

solutions and the optimal objective values may have a quagép;

i) If one of (1.2.1)and (1.2.3)has a strictly or interior feasible solution and has a finite

optimal value, then the other is feasible and has the sanmmaptalue;

iii) If one of (1.2.1)and(1.2.3)is unbounded, then other has no feasible solution.

1.2.3 Augmented Lagrangian method

The augmented Lagrangian method (or the method of multg)ligas proposed originally
for solving nonlinear programming problems [43,50]. By aaucing explicit Lagrange
multiplier estimates to a quadratic penalty function, éegthods combine both the prop-
erties of the Lagrangian function and the quadratic perfaltgtion and often yield less
ill-conditioned subproblems than the quadratic penaltjhoe.

We now briefly introduce an augmented Lagrangian methoddleimgy the primal SDP
(1.2.1). By taking into consideration only the general lineanstraints4(X) = b, the

augmented Lagrangian function is defined as:
1
L(X, T W) i= (C,X) =Tt (A(X) —b) + 2100~ bl|3, (1.2.4)

wherem e R™M is the vector of Lagrangian multipliers apd> 0 is the penalty parameter.

Starting fromret = 0 and ! € (0, +0) at the first iteration, our augmented Lagrangian



method iteratively solves at theth iteration
XX:=arg rgl(inL(X,nk,pk), s.t.X =0, (1.2.5)

chooseg™! e [y, K], wherey € (0,1), and then updates the vector of Lagrange multi-

pliers by

rﬂ‘“::rﬂ‘—%’. (1.2.6)

The following Slater condition for (1.2.1) is assumed tochttiroughout this disserta-

tion.

Assumption 1.2.5.Problem(1.2.1)satisfies the Slater condition:

4.3 — RMis onto,
(1.2.7)

Xt e 9}, such thata(X?!) =b.

The convergence of our augmented Lagrangian framewortawslifrom the standard
theory for the augmented Lagrangian method for minimizinggrectly convex function
subject to linear equality constraints [4,5, 48]. For comtghess of this dissertation, we

present the following convergence result and provide i®pin Appendix Al.

Theorem 1.2.6.Suppose that the Slater conditih2.7)holds, then any limit point of the
sequencé XK} generated by the iterative procedyfie2.5)(1.2.6)is a global minimizer of

problem(1.2.1)
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Chapter 2

Row by row methods for SDP

2.1 Introduction

In this chapter we present a new first-order method for sglggemidefinite programming
problems. Although the computational complexity of the meethod presented here is not
polynomial, each of its iterations can be executed much robeaply than in an interior
point algorithm. This enables it to solve very large SDP<fdfitly. Preliminary numerical
testing verifies this. For example, variants of our new metphmduce highly accurate
solutions to maxcut SDP relaxation problems involving meats of size 400& 4000 in
less than 5.25 minutes and nuclear norm matrix completioRsSiDvolving matrices of
size 1000x 1000 in less than 1 minute on a 3.4 GHZ workstation. If only srately
accurate solutions are required (i.e., a relative accustlye order of 103) then less than
45 and 10 seconds, respectively, is needed.

Our method is based upon the well known relationship betweemositive semidefi-
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niteness of a symmetric matrix and properties of the Schompdement of a sub-matrix of
that matrix [62]. We note that Schur complements play an nt@mb role in semidefinite
programming and related optimization problems. For exantpley are often used to for-
mulate problems as SDPs [8, 56]. In [1, 26, 27] they are usedftobmulate certain SDP
problems as second-order cone programs (SOCPs). More Isgedbey have been used
by Banerjee, El Ghaoui and d’Aspremont [2] to develop a mefbodolving a maximum
likelihood estimation problem whose objective functiomadlves the log determinant of a
positive semidefinite matrix. That method is closely ralatethe method proposed here.
As in the method proposed in Banerjee et. al [2], we use Schuplmnents to develop
anoverlappingblock coordinate descent method. The coordinates (i.eablas) in each
iteration of our method correspond to the components of glesirow (column) of the
unknown semidefinite matrix. Since every row (column) of egyetric matrix contains
one component of each of the other rows (columns), the blimoégr method overlap. The
convergence properties of block coordinate descent mstf®@8, 29, 40, 55], which are
also referred to as nonlinear Gauss-Seidel methods angatdsorrection methods [51],
have been intensively studied. In the case of (single) éoate descent, convergence is
not guaranteed for nonconvex functions [47]. Convergenndegroved under fairly mild
conditions when the objective function is convex. As we lséex below, the convergence
resultin [6] can be extended to the case of overlapping Isloelowever, they do not apply

to the case where constraints couple the variables betwteredt blocks.
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2.1.1 Preliminaries

Our row-by-row RBR) method is motivated by the following fact about the Schuneo

plement of a positive definite matrix. Assume the ma¥ix S" can be partitioned as

X = , (2.1.1)

where€ € R,y € R™ ! andB € S™1 is nonsingular. SincX can be factorized as

1 y'B1) [¢&—y'Bly O 1 0
X = , (2.1.2)

0o | 0 B/ \Bly I

the positive definite constraitd > O is equivalent to

X>0«<=Bs>0and(X/B):=&—y' B ly>0, (2.1.3)

where (X/B) is called the Schur complement ¥fwith respect toB. If the matrixB is

singular, the generalized Schur complemerBai X is defined as

(X/B):=&—y'Bly, (2.1.4)

whereB' is the Moore-Penrose pseudo-invers@efnd the following theorem generalizes

(2.1.3).

Theorem 2.1.1.( [62], Theorems 1.12 and 1.20) LetXS" be a symmetric matrix parti-
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tioned as(2.1.1)in which§& is a scalar and B= S, The generalized Schur complement
of B in X is defined aéX/B) := & —y' By, where B is the pseudo-inverse of B. Then the
following holds.

1) If B is nonsingular, then X%- 0 if and only if both B~ 0 and (X/B) > 0.

2) If B is nonsingular, then X 0 if and only if both B~ 0 and (X/B) > 0.

3) X=0ifand only if B> 0, (X/B) > 0and ye R (B), whereR (B) is the range space of

B.

We adopt the following notation in this chapter. Given a ima&k € R"™", we de-
note the(i, j)-th entry of A by eitherA; j or A(i, j). Leta andp be given index sets, i.e.,
subsets off1,2,--- \n}. We denote the cardinality af by |a| and its complement by
a®:={1,2,---,n}\a. Let Ay denote the submatrix ok with rows indexed bya and

columns indexed b3, i.e.,

Aargr - Ay, Big|

Agp:
A“\a\vﬁl A“\a\vﬁwm

Without introducing any confusion, we writdor the index se{i} and denote the comple-
ment of{i} byi®:={1,2,--- ,n}\{i}. Hence Acc is the submatrix oA that remains after
removing itsi-th row and column, andc; is theith column of the matriA without the
elementA ;.

The rest of this chapter is organized as follows. In secti@n\ie present a prototype of



14

the RBR method for solving a general SDP. In section 2.3, the RBiRodes specialized
for solving SDPs with only diagonal element constraints.ilterpret this RBR method in
terms of the logarithmic barrier function in section 2.3ntl@rove convergence to a global
minimizer. To handle general linear constraints, we agpdyRBR method in section 2.4 to
a sequence of unconstrained problems using an augmenteahigsn function approach.
Specialized versions for the maxcut SDP relaxation and themam nuclear norm matrix
completion problem are presented in sections 2.4.2 and,2ekpectively. Finally, numer-
ical results for the maxcut and matrix completion problene, @resented in section 2.5 to

demonstrate the robustness and efficiency of our algorithms

2.2 A row-by-row method prototype

Consider the semidefinite programming (SDP) problem

min  (C,X)
Xes' (2.2.1)

st. A(X)=b, X=0.

Given a strictly feasible solutioXk - 0, we can construct a second-order cone program-
ming (SOCP) restriction for the SDP problem (2.2.1) as folowFix then(n—1)/2
variables in the(n— 1) x (n— 1) submatrixB := Xf; ;c of X¥ and let¢ andy denote the

remaining unknown variableX; 1 and Xic 1 (i.e., row 1/column 1), respectively, that is

gy’ &y’ . .
X:= = . It then follows from Theorem 2.1.1 tht > O is equiv-

y B y X e
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alent to€ —y'B~ly > 0, and hence, the SDP problem (2.2.1) becomes

min ¢ [&;
[€;y]eR" &Y
st. A[Ey =b, (2.2.2)
E-y'Bly>0,
wherev > 0, €, A andb are defined as follows using the subscript 1:
1 1 1
] AT A by — (Ac)e.B)
c=| |, A=| ... .. |andb:= . (223)
2 (m) (m)
m m m
A e bm — <Ai°,ic’ B>

If we letLL" = B be the Cholesky factorization 8fand introduce a new varialte= L1y,
the Schur complement constraiéit-y' B~y > 0 is equivalent to the linear constraint
Lz=y and the rotated second-order cone constdaa'h% < €. Furthermore, positive defi-
niteness of the solutiod can be maintained if we replace the 0 on the right hand sidwseof t

Schur complement constraint in subproblem (2.2.2) by0, i.e., if we replace subproblem

(2.2.2) by
; <Trz.
emin, © [€:Y]
st. A[Ey]=h, (2.2.4)

E—y' B ly>v.
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Clearly, similar problems can be constructed if for any = 1,---,n, all elements of
XX other than those in theth row/column are fixed and only the elements in tké

row/column are treated as unknowns.

Remark2.2.1 For anyi € {1,---,n}, the Schur complement &cc in X is (X/Xc c) :=
Xii— (xicJ)TXiIJcXic,i. There exists a permutation matfxof the rows and columns of

that putXic jc into the lower right corner aX, leaving the rows and columns Xfjc andXic

L T,
o Ci

in the same increasing order ¥ that isP"XP = . Therefore, the Schur

Kiej  Xjc
complement o¥c jc in X is ((PTXP)/Xcc).

We now present our row-by-ronRBR) method for solving (2.2.1). Starting from a
positive definite feasible solutiox!, we update one row/column of the soluti¥rat each
of ninner steps by solving subproblems of the form (2.2.4). phacedure from the first
row to then-th row is called aycle At the first step of thé&-th cycle, we fixB := X{%?lc, and
solve subproblem (2.2.4), whose solution is denoted€by]. Then the first row/column
of XX is replaced byX{; := & andX{; ; :=y. Similarly, we seB := X . in thei-th inner
iteration and assign the parametera andb according to (2.2.3). Then the solutigy]
of (2.2.4) is used to setf := & andX; :=y. Thek-th cycle is finished after the-th
row/column is updated. Then we $€t+1 := XK and repeat this procedure until the relative
decrease in the objective function on a cycle becomes sntlhia some tolerance Our
RBR method prototype is outlined in Algorithm 1.

We also denote bk the solutionXX at the end of the-th inner iteration in the

k-th cycle and use the convention thédt? := Xk andXk+1 := Xk". Our RBR method is
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Algorithm 1: A row-by-row (RBR) method prototype
Setx! > O v 0,k := 1 ande > 0. Compute~° := (C,X*) and seF?!:=

while W’”Tl} >¢edo
fori=1,---,ndo
SetB = X, ¢jc and the parametets A andb according to (2.2.3).
Solve the SOCP subproblem (2.2.4) whose solution is dengtédahdy.
UpdateX := &, Xf; ;== yandX¥. :=y".
ComputeF* := (C,XK). Setxk*1:= Xk andk := k+ 1.

similar to a blockGauss-Seidehethod for solving a system of linear equations and a block
coordinate descent method (sometimes referred to as aneanlGauss-Seidel method)
for nonlinear programming, except that because of the symymoé X, the blocks in our
method overlap. Specifically, exactly one of the varialbhesriy two inner iterations of the
RBR method overlap. For examplg, » is a variable in the three dimensional problem in

both the first and second inner iterations:

ki ki1 ki k,1 k,2 k,1

X1,1 X1,2 X1,3 X1,1 X1,2 X173

XK1 | k1l kO kO xk2 - — k2 k2 k2
X1,2 X2,2 X273 ’ X172 X2,2 X2,3

ki kO kO k1 k,2 k,0

X1,3 X2,3 X3,3 X173 Xz,s X3,3

2.3 The RBR method for SDP with only diagonal element

constraints

In this section, we consider an SDP whose constré&iti) = b are of the formX; ; = by,

whereb; > 0,i=1,---,n. Without loss of generality, we assume that 1, fori=1,---,n,
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and study the problem

min  (C,X)
XeS
st. Xi=1 i=1,---,n, (2.3.1)

Note that (2.3.1) is the well known SDP relaxation [3,1032539] for the maxcut problem,
which seeks to partition the vertices of a graph into two sethat the sum of the weighted
edges connecting vertices in one set with vertices in theratht is maximized.

We now present the RBR subproblem for solving (2.3.1). Througthe algorithm the
diagonal elements of are kept fixed at 1. At thigh step of thek-th cycle, we fixB = Xi'éJc,
whereXK is the iterate at th@ — 1)-th step of thek-th cycle. Here, we do not assume tBat
is positive definite and use the generalized Schur completoeonnstruct the second-order

cone constraint. Hence, the subproblem (2.2.4) for geisie is reduced to

min ¢'y

yeRnt (2.3.2)
st. 1-y'Bly>v, ye®g(B),

whereC:= 2Cic; andv < 1. Fortuitously, the optimal solution of (2.3.2) is detenex by a

single matrix-vector product as we can see from the follgigmma.

Lemma 2.3.1.1f y:=¢'BC > 0, the solution of probler(2.3.2)is given by

y=—|——BG (2.3.3)
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Otherwise, the solution is3¢ 0.
Proof. Since the matriXB € S] is real symmetric and the rank &isr > 0, B has the
spectral decomposition

Ar O u

B=QAQ' = <Qr Q|> = QAQ/ (2.3.4)

0 o/ \Q'

whereQ is an orthogonal matrix) = diag(A1,--- ,Ar,0,---0), andA; > Az > --- > A, > 0.

Hence, the Moore-Penrose pseudo-inverss isf

) At o) [Qf L
&'~ (o Q) —ang
0 0o/ \Qf
Letz=Q"y=:[z;z]. Sincey € R (B) andR® (B) = R (Qr), 2 = 0; hence, problem (2.3.2)
is equivalent to

min  (Q/¢) z
zeR (2.3.5)

st. 1-z Az >v,

whose Lagrangian function &z ,A\) = (Q€) "z — 5(1—v—2z' A~'z), where\ > 0. At

an optimal solutiorg; to (2.3.5),
Oz4(%,N) = Q[ C+ NN 7 =0,

which impliesz' = —A;Q¢/A*. Sincez is on the boundary of the constraint, i.e+1
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(z')TA~'z' = v, we obtain

AN TIAQTE

! a2 e

Hence, ify > 0, we obtail\* = /y/(1—v) and

1-v 1-v
g r —_ — r/\r ;l—/\:— —BA
Y =Qz = -/ v Q C=—y/ v c

OtherwiseA* = 0 andy* = 0. O

We present the RBR method for (2.3.1) in Algorithm 2.

Algorithm 2: A RBR method (PURE-RBR-M) for problem (2.3.1)
SetX! > 0,v > 0,k:=1ande > 0. ComputeF? := (C,X!) and seF! := +.
. Fk_lka
while m > € do
fori=1,---,ndo
Computex := X ;cCic;j andy:= X' Cic. SetX := 1.
if y>0then computexf; = —,/5x, else setxf; := 0.

| ComputeFk:= (C,XK). Setx¥+1:= Xk andk:=k+1.

Algorithm 2 is extremely simple since only a single matretor product is involved at
each inner step. Numerical experiments show Algorithm Ze/fine if the initial solution
X is taken as the identity matrix even if we take= 0. However, the followingis a 3 3
example which shows that if started at a rank one point thaitigptimal, the RBR method

usingv = 0 either does not move away from the initial solution or it @&t a non-optimal
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Table 2.1: Feasible rank-one and optimal solutions of §2.3.

solution (X,Y,2) 3(C.X)=3x—y-z
XD (1,1,1) -5/4
X®@ (-1,1,-1) -3/4
X®) (-1,-1,1) -3/4
X@ (1,-1,-1) 11/4
X®) 1 (-1/9,2/3,2/3) -17/12

rank-one solution and stays there. Let

1 xvy 0 3/4 -1
X=|x 1 z|andC=|3/4 0 -1]-: (2.3.6)
y z1 -1 -1 O

The rank-one feasible solutioX$?, X(@, X (3 andX (¥ and the rank-two optimal solution
X ) for this example are given in Table 2.1. Startingk&, each row-by-row minimization
step leaves the matrix unchanged. Starting@t, X3 or X4, the row-by-row method
moves to the poink Y and then remains there. Interestingly, Algorithm 2 is ablértd the
optimal solution if the off-diagonal elementsy andz of the rank-one solutions in Table

2.1 are scaled by.999 (or even by a number much closer to 1).

2.3.1 Interpretation of Algorithm 2 in terms of the logarithmic barrier
function

In this subsection, we interpret Algorithm 2 as a varianthef tow-by-row method applied

to a logarithmic barrier function approximation to (2.3.1)
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Lemma 2.3.2 below relates the optimal solution (2.3.3) efRBR subproblem (2.3.2)
to the solution of the following logarithmic barrier funoti minimization

min_ ¢'y—olog(1-y'Bly), styeR(B). (2.3.7)
yeRN—

Lemma 2.3.2.1f y:=¢' B¢ > 0, the solution of probler(2.3.7)is

2 _
VO YT Ops (2.3.8)

C.
Y

024+y—0

Hence, the subproble(®.3.2)has the same solution é2.3.7)if v =20 v

Proof. Similarly to Lemma 2.3.1, we have the spectral decomposi{3.4) ofB. Let
z=Q'y=:[z;z]. Sinceyc %(B) andR(B) = ®(Qr), we obtainz = 0 and hence

y = Qrz. Therefore, problem (2.3.7) is equivalent to

min (Q/¢)'z ~olog(1 -7 Az), (2.3.9)

whose first-order optimality conditions are

2001z
1-(z) N7

Qle+ =0, and 1- () "N\ 1Z > 0. (2.3.10)

— TA-1 - TN _ eAQTe -
Let®=1-(z) A "Z. Then equation (2.3.10) implies thgt= —==—. Substituting

this expression fog; into the definition of6, we obtainE)erz2 +06—-1=0, which has a
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204/ 02+y—202
Y

024+y—0

v BC. Since

positive rootd = . Hencey* = —

1-(Z) Az =1-(y) By =1-

Y

2
(\/02+y— O-> _ 20 /0-2+y_202 -0
Y Y

and0%@s(y) = 0, y* is an optimal solution of (2.3.7). Furthermore, problem$(2) and

(2.3.7) are equivalent if

V02+y—0 1-v

Y Y
that isv = ZG#. O
Remark2.3.1 Note from (2.3.8) that lig_oy = _BT?/'

We now consider the logarithmic barrier problem for (2.31.38),

min  @y(X) := (C,X) —ologdetX
Xes' (2.3.11)

st. Xj=1Vi=1---,n, X>0,

where we define logdéX) to be negative infinity foiX not positive definite. Given a row

i and fixing the blockB = X;c jc, we have from (2.1.2) that

detX) = det(B)(1— X ;B 1 Xc,),

which implies that

@ (X) := € Xicj — olog(1— xi{iB—lmi) +w(B),
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whereC = 2Cic; andw(B) is a function ofB (i.e., a constant). Hence, problem (2.3.11)

becomes the unconstrained minimization problem

min  ¢'y—olog(1—y'Bly), (2.3.12)
yeR"1

which is a special version of problem (2.3.7). Thereforé&libws from Lemma 2.3.2 that
Algorithm 2 is essentially a row-by-row method for solvingpplem (2.3.11), if in that
algorithmv is replaced by Q—Vc’z;ry_o.
Our RBR method can be extended to solve
min  Ye(X) := f(X) —ologdetX

XeS (2.3.13)

st. Xex:={XeS|L<X<U,X=0}.

wheref (X) is a convex function oK, the constant matricésU € S satisfyL <U andL <

X means thak; j <X j foralli,j=1,---,n. Note that problem (2.3.13) includes problem
(2.3.11) as a special caselifi =Ujj =1 fori =1,--- ,nandLjj = —c andU;j j = oo,
otherwise. Starting from the poidt >~ 0 at thek-th cycle, we fix then(n — 1) /2 variables

in the (n—1) x (n— 1) submatrixB := Xi'éJc of Xk and let¢ andy denote the remaining

&y’

unknown variables j andXc; (i.e., rowi/columni), respectively; ie.XK: i~
y B



25

Hence, the RBR subproblem of (2.3.13) becomes

F B yTr-1
min - f(&y)—~clog—y B™y)
Lii & Ui (2.3.14)
s.t. < <
Lici y Uic;
wheref~(E,y) := f(XX). Inspired by Proposition 2.7.1 in [6], we now prove a basioven-

gence result for the RBR method applied to problem (2.3.13).

Theorem 2.3.3.Let {XX} be a sequence generated by the row-by-row method for solving

(2.3.14) Then every limit point of X} is a global minimizer 0{2.3.14)

Proof. Clearly, our RBR method produces a sequence of nondecreagawiab function

values
llJo(Xk) > LIJo(Xk’l) > ch;(Xk’z) > > ch:(Xk’n_l) > wo(karl)- (2.3.15)

Let X be a limit point of the sequenciXK}. It follows from equation (2.3.15) that the
sequencegPs (X}, {We(X*D)}, -, {Pe(XkN—1)} all converge topg(X). Hence,X
must be postitive definite becauXeis the limit point of a sequence of matrices that all
lie in the compact level sdiX € X|Ws(X) < We(X?)}, all of whose members are positive
definite. We now show that minimizespg(X).

Let {Xki} be a subsequence ¢XK} that converges t&. We first show tha{x*i-t —

Xk} converges to zero as— . Assume on the contrary, thakkit — Xk} does not
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converges to zero. Then there exists a subsequﬁz](}eof {kj} and somey > 0 such
thatyk =[xkt — xKi||g > yfor all j. Let S := (xkit — xKi) jyki. Thusxkit = Xk +
Yigad, || 952 = 1 andS-L differs from zero only along the first row/column. Sirgfe?
belongs to a compact set, it has a limit pcﬁ?’nt Hence, there exists a subsequenc(al?q)}
of {Ej} such tha-1 converges t&!. Consider an arbitrarye [0,1]. Since 0< ty < ykl
xki 1 tg-1 lies on the segment joining* and Xk +ykigki1 = xki.1 and belongs tor
sinceX is a convex set. Moreover, sindei-L uniquely minimizesps(X) over all X that

differ from Xki along the first row/column, it follows from the convexity ¢f(X) that

ch(xkj’l> = qjo(xr(j —l—VRj g?,-.,l) < lIJG(XRj ‘HVRj é(j’l) < LUG(XRJ)- (2.3.16)

Since Yg(Xki-1) converges tag(X), it follows (2.3.16) thatps(X) < Po(X +tySt) <
W (X), which implies thatps(X) = We(X +tySt) for all t € [0,1]. SinceyS! # 0, this
contradicts the fact thapg(X) is strictly convex; henc&i-1 — Xi converges to zero and
Xki-1 converges teX.
From the definition (2.3.13), we hayg;(XKi1) < g (X),VX € VX1, where
Vil &y 3 cmn Li1 . & - U1

k.
Y X e y Lica y Uic1



27

Taking the limit asj tends to infinity, we obtain tha[uc()?) < Yo (X),VX € V1, where

VL. &y’ 3 R L11 - & - U1

y XlC,lc y Lic1 y Ui

which implies that, foranp € {1,--- ,n},
lIJO'(X> S LIJO' (X) 5 VX € Vl anprCJ_ == Xpﬂl,

i.e., all components of the first row and colur&yy| other than thep-th are fixed. Since

X lies in the open convex s& _, we obtain from the optimality conditions that, for any

pe {]_,... ,n}’
<Dqu(>~(),X . >~<> >0, WXeViandXpq = Xp1,
which further gives that, for ang € {1,--- ,n},

(Dws(X)) ) (Xp1—%p1) 0. ¥Xpasuchthalpy<Xpa<Ups  (2:3.17)

)

Repeating the above argument shows thai fo2, - - - , n, the pointsxki-' also converges to
X and

(Dwo(i)) . (xp,i _ >~<p,i> >0, Ylpi <Xpi <Upi, (2.3.18)
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foranype {1,---,n}. Therefore, for anX € X, it follows from (2.3.17) and (2.3.18) that

5]

(OWo(X), X ~X) = > (we(X)) (X ~%,) >0,
i,j=I,---,n

which implies thaiX is a global minimizer. m

2.4 An RBR method for SDP with general linear constraints

We now consider SDP with general linear constraints. Unofately, in this case, the RBR
method may not converge to an optimal solution of probler®.3. This is similar to the

fact that (block) coordinate descent method may not comvezgan optimal solution for

a linearly constrained convex problem [28]. It has long bkeown that the coordinate
descent method for general nonlinear programming may notecge [47]. Here is a 2-

dimensional example that shows that for general lineartcainss the RBR method may
not converge to a global minimizer. Consider the SDP

min X171+ Xp2 —logde(X)
(2.4.1)

st Xi1+Xo>4, X>0.

Starting from a poink, whereX;1 = 1, X12 = 0 andXy2 = 3, the RBR subproblems are

min X371 —log(3X11— Xlzz), s.t. X1 >1,
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and

min Xz —log(Xo2 — X&), s.t.Xo2 > 3,

since logdetX) = log(X11X22 — Xlzz). It is readily verified that optimal solutions to these

subproblems are, respectiveKi1 = 1, X120 = 0 andX;2 = 0, Xo2 = 3; hence, the row-by-

2 0
row method remains at the initial point, while the true ogirsolution isX =

0 2
To overcome this type of failure, the coordinate descenhotkts usually applied to a

sequence of unconstrained problems obtained by penatizéngpnstraints in the objective
function. We adopt a similar approach here by embedding tine RBR method in an
augmented Lagrangian function framework. We then intredspecialized versions of this
algorithm for the SDP relaxation of the maxcut problem (B.&nd the minimum nuclear

norm matrix completion problem.

2.4.1 An RBR augmented Lagrangian method

In this subsection, we first introduce an augmented Lagamnigiethod and then combine
it with the row-by-row method for solving the standard foriaf5(2.2.1).
As is well known (see chapter 12.2 in [21]), the augmented-d&agian method (1.2.5)

is equivalent to minimizing a quadratic penalty function:
k. : K Ky - 1 k)2
X*:=arg min F (X, %) == (C,X) + 2—uk||ﬂl(X) —b%|5, s.t. X =0, (2.4.2)

wherebX = b+ k1€ and the difference betweet( X, T, J¥) (defined in (1.2.4)) angr (X, bX, k)
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: k : : :
is the constan%%||nk||§. Hence, we consider an alternative version of the augmerged

grangian method which solves (2.4.2) and updhldsy

k+1
T

bl .= b+ <bk—le(Xk)>, (2.4.3)

whereb! := b. We now apply the RBR method to minimize (2.4.2). Starting fribw
point XX - 0 at thek-th iteration, the RBR subproblem corresponding to the quiads®P
(2.4.2) that is obtained by fixing all elementsX¥ other than those in thieth row and
column results in a minimization problem with two conic coasits. Specifically, we fix
then(n—1)/2 variables in thén— 1) x (n— 1) submatrixB := 'lé’ic of XX and let¢ and

y denote the remaining unknown variabks andX;c; (i.e., rowi/columni), respectively.
Hence, the quadratic SDP problem (2.4.2) becomes, affgdgaiag the zero on the right
hand side of the Schur complement constraints by0 to ensure positive definiteness of
XK,

2

TEJFLKE—B

min ] C 2K
(&y)eR y H y ) (2.4.4)
st. E—y'Bly>v,

where€, A andb are given by (2.2.3) withp; fori =1,---,m replaced byb}‘. If we let

LLT = B be the Cholesky factorization 8fand introduce a new variahte= L1y, problem
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(2.4.4) can be written as:

Lz
2
|t N (2.4.5)
S.t. A —bl| <1
Lz
2
1Z|5<&—

Therefore, each step of our RBR augmented Lagrangian methold@s solving an SOCP
with two rotated second-order cone constraintd3 i only positive semidefinite, we can
derive a similar SOCP by using the spectral decompositidd. dfor references on solv-
ing SOCPs, see [1] for example. Our combined RBR augmented hgigramethod for

minimizing (2.2.1) is presented in Algorithm 3.

Algorithm 3 : Row-by-row augmented Lagrangian method
SetX! >~ 0,b!=b,n € (0,1),v >0, u >0 £,€,6r > 0andk:=1.
ComputeF0 — <C X1) and sefF?!:=
while m >egor ||ﬂl(X") sz > g do
Computef <C XKy + o L1]4(X¥) —bX||2 and setf! := 4.
. fkfl

while m > Ef do

fori=1---,ndo

st SetB:= XI" K . and comput&, A andb from (2.2.3) withb replaced byb.
S2 Solve the SOCP (2.4.4) and denote its solutiorg laydy.
s3 SetX =&, Xf; :=yandX¥. :=y'.

ComputeF* := (C, X"> and fK:= FX4 2 [1A(X) — b3,

s4 Updatebk+1 =b+ “—ur (b= a(X¥)).
| Choosaltt € [nuk, uk] and setxk+1:= Xk andk := k+ 1.

The RBR method applied to problem (2.4.2) converges by The@@883 since solv-
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ing the RBR subproblem (2.4.4) essentially corresponds tanmzimg the unconstrained
function obtained by subtractinglog(Z — y"B~1y) from the objective function in (2.4.4)

using an argument analogous to the one made in section 2.3.1.

2.4.2 Application to SDPs with only diagonal element constraints

Since the constraints in problem (2.3.1) &y¢= 1 fori = 1,--- ,n, the quadratic term in

the objective function of the RBR subproblem simplifies to

2

and problem (2.4.4) reduces to

1
min  cE4+¢'y+ — (E —bK)?
(&y)ern Y Zuk( | ) (2.4.6)

st. E—y'Bly>v,

wherec:=C;;, C:= 2Cic; andbi1 = 1. The first-order optimality conditions for (2.4.6) are

£ = b+ (-0

1
y_—ﬁBc

£ > y'Bly+v, A>0andE-y'Bly—v)A=0.
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If €= 0, theny = 0 and = max{v, bik— pkcl. Otherwise is the unique real root of the
cubic equation:

D(A) := 4N+ 4(bK — ke —v)AZ —y =0, (2.4.7)
which is positive. This follows from the continuity d@f(A) and the facts thap(0) =
—CTBC< 0, limy_ . d(N) = +o0 and

d'(A) = 12402 +8(bK — e — v)A > 4p<A?

since€ = bk — pkc+ P\ > v, which implies thaty’(0) = 0 and¢’(\) > 0 for A # 0. We
now present a specialized version of the RBR augmented Lagrangethod for problem

(2.3.1) as Algorithm 4.

Algorithm 4: Row-by-row augmented Lagrangian method (ALAG-RBR-M) for
problem (2.3.1)
This is a specialized version of Algorithm 3. In Algorithm 3,

1. replaceq(XX) by diag X¥);
2. replace stepS1-S3by the following steps:

Setc:=Cj;, C:=2Cc; andB := Xilé’ic.

If €= 0, setx = max{v, bk — i}, Xf; = (Xo) " =0.
Otherwise, compute the positive solutidof (2.4.7), and set
XK = b+ P\ —c), X§; = —5BCandXfc = (X£;) .
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2.4.3 Matrix Completion

Given a matrixM € RP*9 and an index set

Qg{(|7j)||€{177p}7j 6{1,"',(:]}},

the nuclear norm matrix completion problem is

Minycroxa  |[W][«

(2.4.8)
st. W =Mij, V (i, ) € Q.
An equivalent SDP formulation of (2.4.8) is
minxecs  Tr(X)
XD w
st. X:= =0 (2.4.9)
wT Xx@

VVIJ :Mij,V(i,j)EQ,

wheren = p+ q and the number of linear constraintsns= |Q|. Let Mq be the vector
whose elements are the component$§d ; | (i, j) € Q} obtained by stacking the columns
of M from column 1 to columig and then keeping only those elements that ate.irlence,
Mgq corresponds to the right hand sidef the constraints in the general SDP (2.2.1).
We now present the RBR subproblem (2.4.4) corresponding tagmo(2.4.9). First,

the vectoly can be partitioned into two subvectors whose elementsespectively, in and
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not in the sef:

<

y:~ ) V:: X(X,iv andy:: XB,i?

where, the index sets andf3 are

. {i+p,|jea}, wherea:={j|(i,j)€Q,j=1,---,q}, ifi <p,
B:=i%0, a:=

{J ‘ (],|)€Q,j:1,7p}7 if p<|§n
(2.4.10)

Hence, it follows from the special constraift = M;j, (i, j) € Q in (2.4.8) that the norm

of the residual of each RBR subproblem (2.4.4) is

] - AT
Al 7| =Bl = |*ai=B| = Iy-Bl.

y
where
MK T, ifi<p,
b= ’ (2.4.11)
ME, o ifp<i<n,

andM?! = M. Therefore, the SOCP (2.4.4) becomes

min

(&y)eRn ZUI‘Hy_ H

(2.4.12)
st. E—y'Bly>v,
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Xia Xip

xé(?a xé(’ B

Lemma 2.4.1. The optimal solution of the RBR subprob(@m.12)is given by

where the matrixB =

1 .+~
EZZ kyT(b_y)+v7
H (2.4.13)

~ -1 ~ 1 ~
y= <2Uk| ‘l‘x(lx(,a) xtlu(,orb7 y= 2_“kxfl3(7a(b_y)-

Proof. Note that the optimal solutiofd;y] = [€;¥,¥] of (2.4.12) must satisf§ =y B~ ly+

v. Hence, (2.4.12) is equivalent to an unconstrained quiadrahimization problem

1 112
L To—1 N
B —H —b‘ : 2.4.14
miny B~y + 24k y=—b|, ( )
whose optimality conditions are
-1
XEa X y| 1 (VD
o b o —0, (2.4.15)
k k v
%o %ep) Y 0
which implies that
y n 1 Xé((,a G 1 thx(,cx B
i BREIT S ZE I
y ,a ,a

Thereforey = ﬁﬁxga (5—37), wherey can be computed from the system of linear equations

<2Hk|+x(|x(,a>y = Xcl;,cxb
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Then, it follows from& = y'B~1ly+v and (2.4.15) that

T 1
y XEq XK y

= 4 b +v (2.4.16)
v \Xa Xap y

.
1 [Y b-y .
— Z_p.k N +V—ﬁy (b—y>+v
y 0

O

Note from (2.4.13) that we only need to solve a single systénmnear equations,
whose size is the number of sample elements in the row ancehexpected to be small,
to obtain the minimizer of the RBR subproblem (2.4.12). Thegieed RBR method for

minimizing (2.4.9) is presented in Algorithm 5.

2.5 Numerical Results

Although the numerical results that we present in this sactire limited to two special
classes of SDP problems, they illustrate the effectivenéssir RBR algorithmic frame-
work. Specifically, they show that large scale SDPs can bhesdoh a moderate amount of
time using only moderate amount of memory. Moreover, oustssow that the number

cycles taken by our algorithm grows very slowly with the siz¢he problem.



38

Algorithm 5: The RBR method (RBR-MC) for problem (2.4.9)
SetX!~0,b' =b,n € (0,1),v >0, >0,¢,¢,e¢ >0 andk:= 1.
ComputeFO Tr(Xl) and seF!:= +o.
while —F > g or |[|X§ —Mql2 > & do

XK) + L X5 — M 3 and setf ! == oo

max {|Fk lA)l}
Computef

fh—1_fk
while — ‘f ST > g do

fori=1,---,ndo

Seta andp by (2.4.10), and by (2.4.11).

if |a] = Othen SetXX =0, Xf; = 0andx¥. =0

else
ComputeX¥; == (21K + X¥ o)~ "X X5 zix&a(B—xg,i);
X = 20" (b—Xg;)+v and setk. = (Xk;)".

ComputeF* := Tr(X¥) and f*:= F*+ || X§ — M§|13.

k+l

Updatel\/l"+l Mg + 5 (M — X).
| Choosaltt € [nuk, k] and seX*t1:= xXkKandk :=k+ 1.

2.5.1 The maxcut SDP relaxation

In this subsection, we demonstrate the effectiveness oRBIR methods Algorithms 2
(PURE-RBR-M) and 4 (ALAG-RBR-M) on a set of maxcut SDP relaxatiorbpgms and
compare them with the code DSDP (version 5.8) [3]. The DSDdeémplements a dual
interior point method that is designed to take advantagbestructure of such problems.
The main parts of our code were written in C language MEX-fitlgMATLAB (Release
7.3.0), and all experiments were performed on a Dell Preci§i’O workstation with an
Intel Xeon 3.4GHZ CPU and 6GB of RAM.

The test problems are based on graphs generated by “rudygcaine independent
graph generator written by G.Rinaldi. These graphs rangeeéfsomn = 1000 ton =

4000 and the arguments of “rudy” are similar to those usetténG Set of graphs tested
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in [3, 33]. Specifically, for sizen = 1000, we produced five different graphs “R1000-1",
.-+, “R1000-5" with a density of 1% (895 edges) and with random edge weights from

{-1,1} by using the command

rudy -rnd_graph n 1 seed -randomO0 1 seed -tines 2 -plus -1,

where seed- 10n+i,i=1,---,5, respectively. The graphs from “R2000-1" to “R4000-5"
were generated in a similar fashion. We also tested “alnyaatiar graphs having as their
edge set the union of the edges of two (almost maximal) plgregshs with random edge

weights from{—1,1}; that is, the graphs “P1000-1" to “P4000-5" were generatgthle

command

rudy -planar n 99 seedl -planar n 99 seed2 + -random0 1 seed3 -times 2 -plus -1,

where seed% 10n+i+4, seed2= 10n+i+5 and seed3 10n+i, forn=100Q-- - ,4000
andi =1,---,5. In all cases the cost matitixwas the Laplace matrix of the graph divided
by4,ie.C= —%(diag(Ae) —A), whereA was the weighted adjacency matrix of the graph.
The parameters of DSDP were set to their default values. @rengeten in the RBR
methods was set to 16. We ran PURE-RBR-M with two different tolerances, i.e.,
was set to 10° (moderately accurate) and 19(highly accurate), respectively. Similarly,
we ran ALAG-RBR-M with two different tolerance settings, thatd, ., were all set
to 10°1 and 104, respectively. For practical considerations, we terngdaninimizing
each augmented Lagrangian function if the number of cyclas greater than 5. The
initial penalty parametep! in ALAG-RBR-M was set to 5 and was updated bt =

max(0.5p%,1071).
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Figure 2.1: Relationship between the computational cost3DE matrix dimension for
the maxcut SDP relaxation

A summary of the computational results is presented in Talde In the table, “obj”
denotes the objective function of the dual problem compbie®SDP, “rel-obj” denotes
the relative error between the objective function value potad by the RBR methods and
“obj”, “CPU” denotes CPU time measured in seconds, and “cyadéeiotes the total number
RBR cycles. From the table, we can see that both RBR methods arallve the maxcut
SDP relaxation very efficiently. The number of cycles regdiwas almost the same for all
of the problems, no matter what their size was.

To illustrate the relationship between the computationat of the RBR methods and
the dimension of the SDP matrices, we plot the average of tHe¢ @Re versus the di-
mension in Figure 2.1 (a) and the average of the number oésyarsus the dimension in
Figure 2.1 (b). Somewhat surprisingly, our augmented Lragjean RBR algorithm solved
the maxcut SDP problems as efficiently as our pure RBR algorfthma given relative

error.



Table 2.2: Computational results for the maxcut SDP relarati

DSDP PURE-RBR-M ALAG-RBR-M

£e=10"73 £e=10"° e=g =6;=10"1[e=¢ =€ =107

Name obj CPU|rel-obj CPU cyclerel-obj CPU cyclgrel-obj CPU cyclg rel-obj CPU cycle
random graphs
R1000-1] -1.4e+3 52.6/4.9e-3 0.6 13|3.0e-5 39 90|54e-3 0.6 13|3.2e-5 3.7 87
R1000-2 -1.4e+3 57.0{5.0e-3 0.6 13|3.6e-5 41 96[(4.9e-3 0.6 14|4.2e-5 3.7 88
R1000-3 -1.5e+3 50.8/5.0e-3 0.6 13|3.8e-5 43 99(4.9e-3 0.6 14|4.0e-5 4.2 99
R1000-4 -1.4e+3 51.3{5.0e-3 0.6 13|3.2e-5 4.0 94|(4.8e-3 0.6 14|3.3e-5 3.9 92
R1000-5 -1.5e+3 50.1/4.6e-3 0.6 13|3.5e-5 3.7 87|4.1e-3 0.6 14|3.6e-5 34 81
R2000-1] -4.1e+3 607.65.0e-3 3.9 14|3.7e-5 265 97|5.9e-3 3.8 14|1.9e-5 335 121
R2000-2 -4.1e+3 602.35.2e-3 3.9 14|3.6e-5 275 1015.5e-3 4.2 15|1.9e-5 354 127
R2000-3 -4.2e+3 680.55.1e-3 4.3 14|34e-5 264 97|53e-3 4.2 15|1.6e-5 33.7 123
R2000-4 -4.2e+3 646.715.2e-3 3.9 14[3.2e-5 26.1 96(5.2e-3 4.2 15|1.4e-5 32.3 118
R2000-5 -4.1e+3 661.54.9e-3 3.9 14[{3.9e-5 26.1 96(5.9e-3 3.8 14|2.0e-5 345 12§
R3000-1] -7.7e+3 2576 5.0e-3 12.8 15|4.1e-5 90.0 103 5.1e-3 139 16|2.1e-5 110.8 127
R3000-2 -7.7e+3 2606 5.2e-3 13.2 15|3.7e-5 89.4 1055.2e-3 14.1 16|2.1e-5 111.2 128
R3000-3 -7.9e+3 2530 5.0e-3 13.0 15|/4.0e-5 914 107/5.1e-3 14.0 16|2.5e-5 109.8 127
R3000-4 -7.9e+3 2518 5.1e-3 13.6 15|4.0e-5 98.0 107/5.2e-3 13.9 16|2.3e-5 110.3 128
R3000-5 -7.7e+3 2514 5.3e-3 129 15|/3.7e-5 91.8 107/ 5.4e-3 14.0 16|1.9e-5 109.8 128
R4000-1] -1.2e+4 6274 5.9e-3 36.5 15|4.0e-5 261.1 108 6.2e-3 39.0 16|2.4e-5 316.5 130
R4000-2 -1.2e+4 6310 5.7e-3 36.3 15|3.9e-5 265.7 108 6.0e-3 39.0 16|2.1e-5 313.5 130
R4000-3 -1.2e+4 6529 5.8e-3 36.0 15|4.1e-5 264.1 1105.9e-3 39.5 16|2.5e-5 313.5 130
R4000-4 -1.2e+4 7018 5.8e-3 36.6 15|3.7e-5 261.3 10§ 6.1e-3 39.3 16|2.1e-5 315.3 13Q
R4000-5 -1.2e+4 5994 5.6e-3 36.7 15|3.8e-5 270.1 1125.1e-3 41.6 17|2.5e-5 309.8 129
random planar graphs

P1000-1 -1.4e+3 45.1/5.0e-3 0.6 13[4.0e-5 49 102 4.1e-3 0.7 15|3.8e-5 4.3 96
P1000-2 -1.4e+3 45.5(4.4e-3 0.6 13|(29e5 42 89|33e-3 0.6 14|23e-5 39 87
P1000-3 -1.5e+3 42.6|/4.6e-3 0.6 13|3.5e-5 4.2 88|3.0e-3 0.7 15|2.7e-5 4.2 93
P1000-4 -1.4e+3 44.1/4.7e-3 0.6 13[3.8e-5 47 97|3.4e-3 0.7 14|3.8e-5 4.3 96
P1000-5-1.4e+3 44.6|4.4e-3 0.6 13|3.2e-5 47 93|28e-3 0.7 15(24e-5 46 102
P2000-1 -2.9e+3 386.15.5e-3 3.0 14|3.7e-5 21.6 10254e-3 3.0 15(25e-5 225 114
P2000-2/-2.8e+3 362.85.8e-3 2.9 14[39e-5 22.1 1095.8e-3 3.2 16(2.9e5 234 119
P2000-3 -2.9e+3 359.05.4e-3 2.9 14|3.7e-5 222 1054.9e-3 3.2 16|2.5e-5 23.0 117
P2000-4 -2.9e+3 348.25.5e-3 2.9 14|4.0e-5 22.8 11114.9e-3 3.0 15|2.9e-5 23.7 121
P2000-5-2.9e+3 377.95.6e-3 29 14|39e-5 21.3 1044.7e-3 3.2 16|3.2e-5 21.2 108
P3000-1 -4.3e+3 1400 6.0e-3 7.3 15[/4.0e-5 56.3 1176.2e-3 7.0 15|3.0e-5 583 127
P3000-2 -4.3e+3 1394 6.5e-3 7.0 14|4.7e-5 57.2 1195.1e-3 75 16(3.3e-5 59.1 129
P3000-3 -4.4e+3 1351 6.3e-3 6.8 14[(4.3e-5 57.0 1185.2e-3 7.4 16|3.5e-5 58.1 128
P3000-4 -4.3e+3 1647 6.7e-3 7.0 14|(4.8e-5 60.6 1256.2e-3 7.4 16|4.0e-5 58.6 129
P3000-5-4.3e+3 1757 6.7e-3 6.9 14|4.4e-5 57.0 11757e-3 75 16(3.3e-5 57.2 125
P4000-1 -5.7e+3 368§ 6.5e-3 14.3 15|4.3e-5 114.2 124 6.0e-3 15,5 16|3.0e-5 123.6 130
P4000-2-5.9e+3 3253 6.5e-3 14.4 15|4.9e-5 116.7 126 6.2e-3 159 16|4.1le-5 125.2 130
P4000-3 -5.8e+3 3790 6.3e-3 14.2 15|4.8e-5 115.1 1265.6e-3 15.3 16|3.8e-5 120.1 12§
P4000-4 -5.8e+3 3474 6.8e-3 14.3 15|4.6e-5 118.8 128 6.5e-3 155 16|4.1e-5 123.8 131
P4000-5 -5.9e+3 3389 6.1e-3 14.3 15|4.4e-5 111.9 1205.5e-3 154 16|3.6e-5 121.1 129

41
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2.5.2 Matrix Completion

In this subsection, we evaluate the RBR method Algorithm 5 (RBR-MIC}he matrix
completion problem (2.4.9). Note that the pure RBR method egadlifiectly applied to this
problem. However, preliminary numerical testing showed this approach is much slower
(i.e., converges much more slowly) than using RBR-MC. Randomicesatvl € RP*9 with
rankr were created by the following procedure [41]: we first geteetaandom matrices
ML € RP*T and Mg € R9" with i.i.d. Gaussian entries and then $&t= M._MFI; then
we sampled a subs& of m entries uniformly at random. The ratim/(pq) between
the number of measurements and the number of entries in ttrecnsadenoted by “SR”
(sampling ratio). The ratio(p+ q—r)/mbetween the dimension of a ranknatrix to the
number of samples is denoted by “FR”. In our tests, the raakd the sampling entm
were taken consistently so that according to the theory3htlie matrixM is the optimal
solution of problem (2.4.9). Specifically, FR was set t& @nd 03 andr was set to 10.
We tested five square matrickbwith dimensiong = q € {100,200, -- ,500} and set the
numbermto r(p+q—r)/FR. All parameterg,q,r,m and the random seeds “seed” used
by the random number generators “rand” and “randn” in MATLAR: reported in Table
2.3.

All parameters of RBR-MC were set to the same values as thosarnugedG-RBR-
M. A summary of the computational results is presented iferal8. In the table, “rel-X”

denotes the relative error between the true and the reabweagrices, which is defined as

[X=M][¢

rel-X :=
Ml

, and “rel-obj” denotes the relative error between the dbjedunction
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Table 2.3: Computational results for the matrix completioobem

FR=0.2 FR=0.3
e=10"1 e=10" e=10"1 e=10"7
seed | rel-X rel-obj CPU cyclg rel-X rel-obj CPU cycle rel-X rel-obj CPU cyclg rel-X rel-obj CPU cyclg
p=0g=100; r=10; m=9500; SR=0.95 p=g=100; r=10; m=6333; SR=0.63

68521 |1.7e-6 7.7e-3 0.5 8|3.3e-7 2.5e-4 2.8 42/51e-5 1.0e-3 0.3 104.3e-7 5.0e-5 1.7 51
56479|8.4e-7 3.7e-3 0.5 3.0e-7 2.9e-4 2.4 3554e-5 49e-4 0.3 103.9e-7 50e-5 1.4 44
115727/1.3e-6 4.0e-3 0.5 3.4e-7 24e-4 24 37/38e-5 7.4e-4 0.3 10/4.5e-7 4.7e-5 14 43
27817 |1.2e-6 4.6e-3 0.5 3.2e-7 2.4e-4 2.8 4253e-5 1.0e-3 0.3 10/4.1e-7 5.4e-5 1.7 53
9601 [1.1e-6 4.1e-3 0.6 3.1e-7 2.4e-4 2.7 40/3.1e-5 6.2e-4 0.3 104.1e-7 52e-5 1.6 49
p=q=200; r=10; m=19500; SR=0.49 p=q=200; r=10; m=13000; SR=0.33
68521|7.5e-5 1.1e-4 1.7 9|2.5e-7 6.4e-5 9.6 50/1.0e-3 4.9e-4 1.0 10/3.6e-7 1.9e-5 6.8 73
56479|6.0e-5 1.1e-4 1.8 9(2.3e-7 6.8e-5 8.1 42/15e-3 7.7e-4 09 10 3.3e-7 2.3e-5 8.1 87
115727/6.8e-5 2.1e-4 1.7 9|2.4e-7 6.8e-5 11.6 592.4e-3 6.0e-4 1.0 10 3.4e-7 2.0e-5 7.5 80
9
9

8
8
8
8

27817 |5.3e-5 6.5e-4 1.7 2.3e-7 8.5e-5 14.0 742.5e-4 54e-4 0.9 10 3.2e-7 2.3e-5 7.8 84

9601 |6.3e-5 3.3e-4 1.7 2.3e-7 8.0e-5 12.1 646.6e-4 50e-4 1.0 103.3e-7 2.1e-5 7.6 81

p=0=300; r=10; m=29500; SR=0.33 p=0=300; r=10; m=19666; SR=0.22

68521 |1.0e-4 2.1e-4 3.3 9|2.0e-7 4.0e-5 21.7 591.0e-3 49e-4 20 11/3.0e-7 1.4e-5 17.7 96

56479|1.0e-4 2.8e-4 3.3 9|2.0e-7 3.8e-5 20.8 563.3e-4 4.3e-4 23 123.1e-7 13e-5 17.2 93

115727|9.4e-5 1.4e-4 33 9|2.0e-7 4.2e-5 247 671.2e-2 7.5e-4 2.4 133.2e-7 13e-5 155 83
9
9

27817(9.7e-5 7.1e-4 3.3 2.0e-7 3.7e-5 104 283.8e-3 5.0e-4 2.1 112.9e-7 1.3e-5 18.0 9§

9601 |1.0e-4 2.3e-3 3.3 1.9e-7 35e-5 95 26/1.8e-3 4.7e-4 2.2 12/2.9e-7 1.3e-5 17.2 93

p=g=400; r=10; m=39500; SR=0.25 p=g=400; r=10; m=26333; SR=0.16

68521 |1.0e-4 1.2e-3 5.6 9|1.8e-7 2.6e-5 28.3 439.8e-3 6.2e-4 4.8 155.4e-6 9.2e-6 29.3 92

56479|9.9e-5 2.1e-4 58 9|1.8e-7 3.2e-5 48.1 713.0e-3 5.5e-4 45 14 2.7e-7 1.0e-5 31.8 101

115727/9.9e-5 1.0e-3 56 9|1.8e-7 2.7e-5 31.6 502.0e-3 5.0e-4 45 1427e-7 1.0e-5 32.3 101
9
9

27817 |2.2e-4 4.1e-4 5.8 1.8e-7 3.0e-5 37.9 578.3e-3 6.5e-4 45 14 28e-7 9.7e-6 32.6 100
9601 |1.0e-4 1.3e-3 5.8 1.8e-7 2.5e-5 26.7 4(08.0e-3 5.5e-4 4.9 1528e-7 9.6e-6 31.3 9§
p=0=500; r=10; m=49500; SR=0.20 p=0=500; r=10; m=33000; SR=0.13

68521 |2.4e-4 8.6e-4 9.1 9|1.7e-7 2.1e-5 56.0 565.3e-3 6.1e-4 8.2 16/ 2.6e-7 7.6e-6 54.4 10}
56479 |1.1e-4 8.5e-4 8.9 9]1.6e-7 2.3e-5 53.7 535.4e-3 59e-4 8.0 16/2.6e-7 7.2e-6 54.4 109
115727|1.1e-4 9.4e-4 9.4 9]1.6e-7 2.3e-5 49.8 488.2e-3 58e-4 8.1 16/2.6e-7 7.5e-6 54.4 108
27817 |3.3e-4 1.5e-3 9.1 9|1.6e-7 2.1e-5 53.6 539.2e-3 6.7e-4 8.2 16/2.6e-7 7.6e-6 53.6 104
9601 |1.1e-4 1.5e-3 9.9 9|1.6e-7 2.4e-5 549 532.1e-3 4.2e-4 8.0 16/2.5e-7 7.6e-6 57.3 111
1
value obtained an{M||., which is defined as rel-obj T IMI-| - pSpp is not in-

M.

cluded in this comparison because it takes too long to sdlygablems. To illustrate the
relationship between the computational cost of the RBR methad the dimension of the
matrices, we plot the average of the CPU time versus the diorensthe SDP matrix (i.e.,
p+q) in Figure 2.2 (a) and the average of the number of cyclesugdiss dimension in

Figure 2.2 (b).
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Figure 2.2: Relationship between the computational cost3DE matrix dimension for
nuclear norm matrix completion problems

2.6 Conclusion

In this chapter, we presented a new first-order algorithmaengéwork, the row-by-row
(RBR) method, for solving semidefinite programming problemselaon replacing the
positive semidefinite constraii€ > 0 by requiring nonnegativity of the Schur comple-
ment of any(n— 1)-dimensional principal submatrix of, which is temporally fixed. By
doing this, the positive semidefinite constraint is redutced simple second-order cone
constraint. The pure RBR method is extremely effective iniaghan SDP whose only
constraints are that the diagonal elementXaire constant, since only a single matrix-
vector product is involved at each inner step. To handle rgereeral linear constraints in
an SDP, we apply the pure RBR method to a sequence of uncomrstraioblems by us-
ing an augmented Lagrangian approach. Our method is efipetidable for solving the
maxcut SDP relaxation and nuclear norm matrix completiarblgms since closed-form

solutions for the RBR subproblems are available.



45

Chapter 3

Alternating Direction Augmented

Lagrangian Methods for SDP

3.1 Introduction

In this chapter we present an alternating direction methagk8 on an augmented La-
grangian framework for solving SDP problems. Alternatimgction methods have been
extensively studied to minimize the augmented Lagrangiantfon for optimization prob-
lems arising from partial differential equations (PDES),[24]. In these methods, the vari-
ables are partitioned into several blocks according ta ttodes, and then the augmented
Lagrangian function is minimized with respect to each blbgKixing all other blocks at
each inner iteration. This simple idea has been applied toynogher problem classes,
such as, variational inequality problems [31, 32], lineargpamming [19], nonlinear con-

vex optimization [7, 16, 36, 38, 54], maximal monotone opens[20] and nonsmooth
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minimization arising from compressive sensing [57,60,&3][61], an alternating direction
method for SDP is presented by reformulating the compleamgigbndition as a projection
equation.

Our algorithm applies the alternating direction methodchwita dual augmented La-
grangian framework. When our method is applied to an SDP mdsta form, at each
iteration it first minimizes the dual augmented Lagrangianction with respect to the
Lagrange multipliers corresponding to the linear constsaiand then with respect to the
dual slack variables while keeping the other variables fisdigr which it updates the pri-
mal variables. This algorithm is very closely related to tégularization method in [42].
While the theoretical algorithm in [42] updates the primaliaible X only after a certain
condition is satisfied, the actual algorithm implementefi] (i.e., Algorithm 5.1 in [42])
updates the primal variabk immediately after all other blocks are updated at each iter-
ation, which is exactly our alternating direction methocheTalgorithms in [42] cannot
be applied directly to SDPs with inequality constraintsg &am particular, with positivity
constraints, i.e., every componentXfis nonnegative. In order to preserve the structure
of these inequality constraints, such as sparsity and gothality, we do not transform
them to equality constraints but add some extra steps toli@unating direction method to
minimize the dual augmented Lagrangian function with resfmethe Lagrange multipliers
corresponding to the inequality constraints. This gives usultiple-splitting alternating
direction method. Numerical experiments on, for exampéxjdency assignment problems
show that the performance of our method is significantlydseéttan those in [42, 64].

Our contributions are as follows. Although the techniquesahalyzing the alternating
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direction methods for variational inequalities in [31] andlass of nonlinear optimization
problems in [7] can be applied to analyze our algorithm foilPSDn standard form, we
present a different and simple convergence proof by fortimgaour algorithm as a fixed
point method. We note that the convergence properties oa¢heal implementation of
the regularization method in [42] has not been studied. B\ee we present a multiple-
splitting alternating direction method to solve SDPs witlequality constraints directly
without transforming them into SDPs in standard form byadtrcing a lot of auxiliary

variables and constraints.

The rest of this chapter is organized as follows. We preserdlt@rnating direction
augmented Lagrangian method for SDP in standard form inestios 3.2.1 and analyze
its convergence in subsection 3.2.2, and then extend thisatiéo an expanded problem
with inequality and positivity constraints in subsectia2.3. We discuss practical issues
related to the eigenvalue decomposition performed at éaidtion, strategies for adjusting
the penalty parameter, the use of a step size for updatingrittnal variableX, termination
rules and how to detect stagnation to enhance the perfoerainour methods in section
3.3. Finally, numerical results for frequency assignmerdximum stable set and binary
integer quadratic programming problems are presentedcitiose3.4 to demonstrate the

robustness and efficiency of our algorithm.
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3.2 Alternating direction augmented Lagrangian methods

3.2.1 A two-splitting scheme for standard form SDPs

Consider the standard form SDP

min  (C,X)
Xes' (3.2.1)

st. A(X)=b, X=0.

We make the following assumption throughout our presestati

Assumption 3.2.1.The matrix A has full row rank and the Slater condition holds f

(3.2.1) that is, there exists a matriX - 0 satisfying4(X) = b.

The dual problem of (3.2.1) is

min —b'y
yeRM ScS (32.2)

st. 4*(y)+S=C, S>0.

The augmented Lagrangian function for the dual SDP (3.28ksponding to the linear

constraints is defined as:
* 1 *
Lu(X,y,S) = —b'y+(X,4 W) +S-C)+ 5,014 (y)+S—C|2,

whereX € S" andu > 0. Starting fromX® = 0, the augmented Lagrangian method solves
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on thek-th iteration

min XKyS). st S=0 3.2.3
yeRm’SEsplﬂ( Y, 9), >0, ( )

for yt1 andSt1, and then updates the primal variabl&™! by

A1) + g1 —C
- _

(3.2.4)

Since solving problem (3.2.3) exactly is very expensive,comsider instead an alter-
nating direction method. Starting froX® and<° at the first iteration, we update on the
kth iteration the variableg, SandX by first minimizing £,(X, y, S) with respect toy to
obtainy*+1 with X := XX andS:= S fixed; then minimizingZ, (X, y, S) with respect t&
subject toS > 0 to obtainS** with X := XK andy := y¥t1 fixed; and finally, updatingck

by (3.2.4); that is, we compute

vt = arg min LXKy, 9, (3.2.53)
yeRM
gt = argsreng]Lu(Xk, ytl's), s=o0, (3.2.5h)
* +1 +1
Xkl o xk+ﬂ(yk ):SK c (3.2.5¢)

The first-order optimality conditions for (3.2.5a) are

Oy LXKy & = 2(X¥) — b+ l—llﬂl(ﬂl* Y +s—c)=o.
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Since by Assumption 3.2.4.4* is invertible , we obtainy<*1 := y(S, X¥), where
Y(SX) = —(24") " (W(A(X) —b) + 4(S-C)). (3.2.6)

By rearranging the terms Qf,p(Xk,yk“,S), it is easily verified that problem (3.2.5b) is
equivalent to
2

min HS—V"+1H7 S+ 0, (3.2.7)
ST F

whereVkt1 = v (¢ XK) and the functioV (S, X) is defined as
V(SX):=C—a*(y(SX))—puX. (3.2.8)
Hence, we obtain the solutigt! := V;‘“ = QTZ+QI, where

T 2+ 0 Qt
o' - (o o)
o =) \Q{

is the spectral decomposition of the matvit!, andZ, and>_ are the nonnegative and

negative eigenvalues b1, It follows from the updating equation (3.2.5c¢) that

% (yk+1) + g+l_c
K

1

XKL= XK+ — (gt vty _ Lype, (3.2.9)
u T
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WhereVi"Jrl = —Q¢Z_Q¢T. Note thatx**1 is also the optimal solution of

2
min pr+v'<+1H . X0 (3.2.10)
Xed F

From the above observation, we arrive at the alternatiregtion augmented Lagrangian

method in Algorithm 6, below.

Algorithm 6 : Alternating direction augmented Lagrangian method foPSD
SetX% > 0andS > 0.
fork=0,1,--- do
Computey*+1 according to (3.2.6).
Computevktl and its eigenvalue decomposition, andSet! := V;}‘*l.

ComputeXt* = (81 —vkil),

Remark3.2.1 In the boundary point method [46] and regularization metf], XK is
fixed until (S —V**1) is nearly feasible. However, the actual regularizationhoet

implemented in the numerical experiments in [42] is exastlyorithm 6.

Remark3.2.2 If 24* =1, as is the case for many SDP relaxations of combinatori&l opt
mization problems, such as the maxcut SDP relaxation, ther8@xation of the maximum
stable set problem and the bisection SDP relaxation, st@b€3, i.e., (3.2.6), is very in-
expensive. 1f2.4* #£ 1, we can computel.2* and its inverse (or its Cholesky factorization)
prior to executing Algorithm 6. If computing the Cholesky taization of 2.4* is very
expensive, the strategies in [16,20] can be used to computpgroximate minimizey*t!

in step (3.2.5a).
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3.2.2 Convergence analysis of Algorithm 6

Although the techniques for analyzing the convergencegngs of the alternating direc-
tion methods for optimization problems arising from PDE§4], variational inequalities
in [31] and a class of nonlinear optimization problems in¢@h be applied to our algo-
rithm, we present here a different and simple argument byddating our algorithm as a
fixed point method. For any matrix € S, let the matrix(VT,Vj;) be denoted byP(V).

Hence, each iteration of Algorithm 6 can be expressed as
Y= y(s¢, xK) and (g<+17 uX"“) = PV = (v (S, XN)). (3.2.11)

We first describe a result of the orthogonal decomposition.

Lemma 3.2.2.(Theorem 3.2.5 in [34], J.-J. Moreau) Let K be a closed cors@xe and
K¢ be the polar cone of K, that is, K= {s€ R": (s,x) < Ofor all x € K}. For the three

elements x,xand » in R", the properties below are equivalent:
(i) x=x1+x2withx; € K and % € K®and (x1,x2) = 0;

(i) x1 =Pk (x) and % = Pk (x),

where R (x) is the projection of x on K.

The next lemma shows that any optimal solution of (3.2.1)figexd point of the equa-

tions (3.2.11).

Lemma 3.2.3. Suppose Assumption 3.2.1 holds. Then, there exist prindadlaal optimal

solutions(X,y, S) for (3.2.1)and(3.2.2)and the following two statements are equivalent:
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(i) (X,y,S) satisfies the KKT optimality conditions

(i) (X,y,S) satisfies

y=y(SX) and (s ux) — PV(SX)).

Proof. The proof here is similar to Proposition 2.6 in [42]. Since tBlater condition
holds, there exists primal and dual optimal soluti@ny, S) for (3.2.1) and (3.2.2) so that
statement (i) is true. Direct algebraic manipulation shtvesy = y(S X) from statement

(1). It follows from Lemma 3.2.2 that
S—puX=V(§X), X=0, S>=0, SX=0,
is equivalent taS = V;+(S,X) andpuX = V;(S X). Hence, statement (i) implies statement
(ii).
Now, suppose statement (ii) is true; i.8= V+(S X) anduX =V4(S X). SinceS—pX =

V(§ X), it follows fromV (S X) = C— 4*(y) — uX thatS= C — 2*(y). Fromy = y(S X),

we obtain
(A2°)y = u(b— A(X)) + A(C— ) = p(b— A(X)) +(22")y.

which implies that4(X) = b. Hence, statement (ii) implies statement (i). ]
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We now show that the operat@(V) is nonexpansive.

Lemma 3.2.4.Forany V.V € 9,
|2v) 20| <V -V, (3.2.12)

with equality holding if and only if ¥V = 0 and \{ V; = 0.

Proof. We denoteV; — Vi by W; andV; — Vi by W;. SinceV, Vs = 0 andV,'V; = 0, we
obtain—W,"W; = V,"V; +V,V;. The positive semidefinitess of the matrisesVs, Vi, Vi -

0 implies thafTr (V, V) > 0 andTr (V; V4) > 0. Expanding terms of —V, we obtain

112
HV—VHF — T <(WT—W¢)T(WT—W¢)>:Tr (WTTWT+W§W¢>—2Tr (Wﬁwi)

~ |12 ~ o~
— HLP(V) - fP(V)HF +27r (VY vs)
2

o200

Vv

which proves (3.2.12). ]
The following lemma shows that the opera¥{(S, X) is nonexpansive.

Lemma 3.2.5.For any SX,S X € g,

(3.2.13)

IV(SX) =V (SX)||F < H (s—§u<><—>?))

F

A~

with equality holding if and only if V-V = (S— §) — (X = X).
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Proof. From the definition of/(S X) in (3.2.6), we have

VEX)-¥(SX) = (A7)} (WX -X)+A(S-9).

which together with (3.2.8) gives

V(SX)-V(SX) = (C—Aa*(y(SX))—puX)—(C—a*(y(SX))—kX)
= A (YSX)-Y(SX))+HX—X)

- mat(—u(l —M)vegX — X) + MveqS— §)) . (3.2.14)

whereM := AT(AAT)~1A. SinceM is an orthogonal projection matrix whose spectral

radius is 1, we obtain from (3.2.14) that

“V(SX)—V(QX)((E - Hu(l—M)vec(x—i)—Mveo(s—é)Hz
< [lwedX —X)|5+ |vedS—9)|3 (3.2.15)
2

(o)

Y

which proves (3.2.13).

If the equality in (3.2.13) holds, it also holds in (3.2.18at is,

I(1 = M)vedX —X)|5 -+ |[MveaS— S)||3 = [wveoX - X) |3+ |vedS—S)|3.

This implies thatMved X — X) = 0 and(l — M)veqS—S) = 0. Using this relations in
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(3.2.14), we obtain
V(SX)-V(§X) = mat(veo(s— S — wvedX — 2)) 7

which proves the second statement. m

Lemma 3.2.6.Let (X*,y*,S"), where y = y(S*,X*), be an optimal solution of3.2.1)and

(3.2.2) Under Assumption 3.2.1, if

I20v(8)) - 20v(S XDl = (-5 ux—x) )| - (3.2.16)

F

then, (S uX) is a fixed point, that is(S uX) = P(V(S X)), and hence(X.,y,S), where

y =Y(S X), is a primal and dual optimal solutions ¢8.2.1)and(3.2.2)

Proof. From Lemma 3.2.3, we hav&*,uxX*) = P(V(S,X*)). From Lemmas 3.2.4 and
3.2.5, we have

V(§X)=V(S,X") = (S=S) — X -X7),

which implies thatV (S X) = S— pX. SinceS andX are all positive semidefinite, and

S"X = 0, we obtain from Lemma 3.2.2 thé§, uX) = P(V(S X)). O

Given Lemmas 3.2.4, 3.2.5 and 3.2.6, we can prove conveegehAlgorithm 6 by

following the proof of Theorem 4.5 in [30].

Theorem 3.2.7.The sequencé(XX,y¥ S} generated by Algorithm 6 from any starting
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point (X%,y°, %) converges to a solutio(X*,y*,S*) € X*, wherex* is the set of primal

and dual solutions 0{3.2.1)and (3.2.2)

Proof. Since both?(-) andV(-,-) are non-expansiveP(V(-,-)) is also nonexpansive.
Therefore { (S, uX¥)} lies in a compact set and must have a limit point, Saylim . S

andX = lim_ XX Also, for any(X*,y*,S") € X*,

H(§<+1’ka+1) — (S, X" i

= ||lPv (s - v (s x|

F

V(S uXK) =V (S, ux*)

IN

F

(§(7 ka) - (Sk, “X*)

IN

)

which means that the sequerdgS<, ux¥) — (S, uX*)||r } is monotonically non-increasing.
Therefore,

i 8.0 5.0

= [[(SX) — (S", pX") (3.2.17)

e

where (S uX) can be any limit point of (S, ux¥)}. By the continuity of?(V(-,-)), the

image of(S, pXx),

)) = lim 2V (S9,uXK)) = lim (S92 pxkitt,

] —00 ]—>oo

P(V(S

is also a limit of { (S, uxK)}. Therefore, we have

|2(V(S X)) = PV (S',1X) [ = [[(S 1K) = (S, 1X) |
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which allows us to apply Lemma 3.2.6 to get tfét;?, u)?), wherey = y(S:)Z), is an optimal

solution to problems (3.2.1) and (3.2.2). Finally, by S&iS*, pX*) = (S pX) in (3.2.17),

we get that
lim (86,15 = (S ) | _ = Jim [}(89,1509) — (S wx) | _ =0,
i.e., {(S,uxk)} converges to its unique limit dfS, px). O

We now describe the relationship between the primal inflétgi || 2(Xk+1) — b||, and

dual infeasibility||C — 2* (y*t1) — S| and the difference between the matri¢¥&}.
Corollary 3.2.8. Let{(XK y¥,S9} be a sequence generated by Algorithm 6. Then
1. A(X<H) —b = La(5H — &) and|| A(XKHL) bl < LAl [yt vk
2. C—a(yt) — g = Xk - X1 and [C— 2% (Y<+1) — ST |r < IVEFE - VK|,
3. VM - VK[| < VK-V

Proof. 1). It follows from (3.2.6), (3.2.8) and Assumption 3.2.Ath
ﬂ(xk—l—l) —b = ;_Ll“q(§<+l _Vk+1) —b

— LA =0)+ AN ~b (b—A(X)+ L AC S

N
= uﬂl(§‘ ).
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Since the projectiohq'fJrl IS nonexpansive, we obtain
All2 A2
0 ~ bl < 1212 et - gy, < B2 kst vk

2) Rearranging the terms of (3.2.5c), we obtain the first plastatement 2. The non-

expansiveness of the projecti\n@i+ 1 gives
IC—a(yh) = S o = Ve = Vf e < IV = VE e

3) From Lemmas 3.2.4 and 3.2.5, we obtain

A

Vv < (g gt xen)

= k k—1 \/k k—1
[Taa—

< IVK=VE .

F

F

3.2.3 A multiple-splitting scheme for an expanded problem

Although SDP problems with inequality constraints can be ipto the standard form
(3.2.1), it is often more convenient to treat the inequatitystraints directly in order to
preserve special structure of the constraints, such asigpand orthogonality. We now

extend our alternating direction method (3.2.5a)-(3.2tédcolve an expanded SDP prob-
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lem, that includes, in particular, positivity constraimts the elements of the matriX;
i.e.,

min €X), st AX)=b, B(X)>d, X=0, X=>0, (3.2.18)
S

whered € R9 and the linear mag(-) : S’ — RYis defined as

@00::(<Bugx>,.w<3mxx>)T, BDegi=1--.q (3.2.19)

As we did for the operatafl, we define the operato®*, BB* andB*B by introducing

T
B= (Vqu(l)), . ,Vqu(Q))) € qunz.

We also make the following assumption.

Assumption 3.2.9.The matrices A and B have full row rank and a refined Slater ttmmd

holds for(3.2.18) that is, there exists a positive definite matﬁxsatisfyingﬂl()?) =D,

The dual of problem (3.2.18) is

min —b'y—d'y,
YyERMVERY, Se, ZeS
st. A%(y)+B*(v)+S+Z=C, (3.2.20)

v>0, S=0, Z>0.

The augmented Lagrangian function for the dual SDP (3.280ksponding to the linear
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constraints is defined as:

LXK, YVZ,9) = —b'y—dTv+ (X, 2%(y)+ B*(V)+S+Z—-C) (3.2.21)

1
+Zl\|ﬂl*<y> +B*(V)+S+Z-C|,

whereX € §" andp > 0. Starting fromX° = 0, ° > 0, 2% > 0 andS” > 0, our alternat-
ing direction method computes new iterates similar to theeg@dure (3.2.5a)-(3.2.5¢) as

follows

Yl o argyrenﬁgm Lu(XK y, W ZK ), (3.2.22a)
V= argvrenﬂég LXKy v ZK g9 v>0, (3.2.22b)
pALEES arg min LXK Y VL 7 89 2>, (3.2.22¢)
S* = arg Srenépzﬂ(xk, yerl KLzl g s, (3.2.22d)
Xkl = x"+ﬂ*(ym)+$*(Vk+2+g(+l+zk+l_c. (3.2.22¢)

Note thaty**1, 1 andXk*! can be computed in the same fashion as in (3.2.6), (3.2.7)
and (3.2.9), respectively. By rearranging the termsLgfX¥ y<+1 v, ZK &), it is easily

verified that problem (3.2.22b) is equivalent to the styictbnvex quadratic program

. 1 T
min (Qs (xk+ —Yk“) — d> V+—V' (BB*), v>0, (3.2.23)
VERN M 2

whereY*+1:= g% (y**+1) 1 <+ ZK—C. By rearranging the terms af, (XK, y<*1 V<1 7 &),
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it is easily verified that problem (3.2.22c) is equivalent to

min HZ—U"Jrl

2
VASSE H

, 220,
F
whereUK+1 := C — g*(y<1) — B*(V+1) — S — uxk. Hence, the solution of problem

(3.2.22¢) iszk1 = U™, the positive part obl*t2, that is, (U™ ; := max U™, 0).

3.3 Practical Issues

In this section, we discuss practical issues related to idenealue decomposition per-
formed at each iteration, strategies for adjusting the peparameter, the use of a step
size for updating the primal variabk¢, termination rules and how to detect stagnation to
enhance the performance of our methods. Our focus is on guoee (3.2.5a)-(3.2.5c¢) for

problem (3.2.1), but our discussion applies equally to #paaded problem (3.2.18).

3.3.1 Eigenvalue decomposition

One of the bottlenecks of our alternating direction mettsothé computation of the eigen-
value decomposition. Fortunately, for many problems ircfica, either the primal solution
X or the dual solutior®bis a low rank matrix. For example, the primal varialflen the max-
cut SDP relaxation often has low rank while the dual varigbie frequency assignment
problem often has low rank. Moreover, since the optimaltimiupair (X,y, S) satisfies the

complementary conditioX S= 0, the matriceX andSshare the same set of eigenvectors
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and the positive eigenvalues ¥f(S) correspond to zero eigenvalues®X). Therefore,
we only need to compute eith‘é@‘, the part corresponding to the positive eigenvaludsgof
orVi", the part corresponding to the negative eigenvalu&&pét iterationk. Specifically,
the following adaptive scheme can be used at the end ofidarkat- 1 to decide whether
V{ or V¥ should be computed. Suppose thigt * has been computed and let (V1) be
the total number of the positive eigenvalues/éf L. If k, (VK1) < 3, this suggests that
S might have low rank and we compui. Otherwise, it is possible tha® has low rank
and we comput¥{. If the total number of the negative eigenvalueVk~1) of Vk-1is
known, a similar strategy can be used.

There are two types of methods, direct and iterative, formaimg selected eigenvalues
and eigenvectors of a real symmetric mavixDirect methods, which redu&éto tridiag-
onal form and then compute the required eigenvalues andwigtors from the tridiagonal
matrix, are suitable for small and medium sized matricesicé&n is less than 5000 in
our numerical experiments, the code “DSYEVX” in LAPACK workesrly well. Iterative
methods, such as the Lanczos algorithm (for example, “ARPACKfuire only matrix-
vector products and hence they are suitable for sparseaesior matrices for which the
required matrix-vector products are cheap. If the mati@esd 72*(y) are sparse or have
low rank, then advantage can be taken of these structures\éin= C — 2*(y) — uX.

Note from Corollary 3.2.8 that the primal infeasibilitya (Xk+1) — b||> and dual infea-
sibility ||C— 2*(y**1) — S1||r are bounded by the differeng¥* —Vk+1||r which is non-
increasing. Hence, when the alternative direction metlogerges slowlyjVk — V&1

is often quite small. Hence, the spectral decompositionfot is close to that of/*. How-
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ever, neither the direct nor the iterative methods mentai®ve can take advantage of a
good initial guess. Assume thetf := Q=X (Q¥)T has low rank. Sinc¥¥ is the optimal
solution of mins-o||S—VK||2, we can use nonlinear programming approaches, such as the
limited-memory BFGS method, to obtaRf* := arg mirgegn«« |RRT —VK1||2 starting

from R:= Q¥(=X )3, and se§*! := RAL(R) T, wherek := k (VX). Similarly, since

prk is the optimal solution of mip-o||Y +VK||Z, we can c:omputéa’i"+1 from the optimal

solution of Mirkegn<« ||RR" + V2|12, wherek := k_(VX).

3.3.2 Updating the penalty parameter

Although our analysis shows that our alternating directiethod Algorithm 6 converges
for any fixed penalty parametgr> 0, numerical performance can be improved by ad-
justing the value ofi. We next present a strategy for doing this dynamically. &itine
complementary conditiokS¢ = 0 is always satisfied, the paixk, y¥, §) is close to opti-
mal if the primal and dual infeasibilitigsa (X 1) — b||2 and||C — 2% (y<*1) — S| are
small. Hence, we can tuneso that the primal and dual infeasibilities are balanceat, th
is, || 4(X*H1) —b||2 ~ ||C — a* (Y<1) — SHL||. Specifically, we have from Corollary 3.2.8

that
axXh —p= ﬁﬂl@(” — &) andC — a* (Y1) — §FL = p(xk — xk+1y,

which suggests that the primal and dual infeasibilitiesprogortional to%l andp, respec-

tively. Therefore, we decrease (increagedy a factory (\—1/), 0<y< 1, if the primal
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infeasibility is less than (greater than) a multiple of theblinfeasibility for a number of
consecutive iterations. In additiop,is required to remain within an intervlmin, kmax/,

where 0< Pmin < Hmax < .

3.3.3 Step size for updating the primal variableX

For many alternating direction methods [16, 22, 24, 31, 8658], numerical performance
is often improved if a step size is added to the update of thygdrege multiplier. Here, we

replace step (3.2.5c) by

OV R
91
_ (1_ p)Xk+ E(§(+l _Vk+1>

Xk o= X (3.3.1)

= (1-p)X*+pxKHL,

wherep € (0,25/5) and X¥+1 := SS9tV Convergence of this variant of the
algorithm can be proved in the same fashion as in [31]. Spadifj the following property

holds.

Theorem 3.3.1.Let(X*,y*,S") be an optimal solution of3.2.1)and(3.2.2) p € (0, ”T‘E)
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and T=2-1(1+p—p?). Then, we have

X=X+ B89 - SR + R A () + Sl (3.3.2)
< XK= X[+ 5| — 57|12 + P2 A (6 + S —C 2

A2
_(l+gup )P (||ﬂ*(yk+1)+§<+1—CH% + HS‘_SKHH%) .
Hence, we obtain
lim (|27 (1) + S41—CJ2 + S - 812 ) =0 (3.3.3)

Based on Theorem 3.3.1, we can show that both the primal andirdaasibilities
and the violation of the complementary condition convemedro. From statement 1 of

Corollary (3.2.8), we have

12X —bll2 < A = bll2+ X — AKX |2 (3.3.4)

1
< qlAlz IS =S+ A2 [IXFE = X
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We obtain from (3.3.1) that

IXISHe = (1-p)lIX ST (3.3.5)
< (@-p) (1K= XS+ XS )
= (1-p)l(X* - XS

< (=)l =X R [SH e
It follows from (3.3.1) and (3.3.3) that

lim IX*1—xK|r =0, lim IX*1 - xK|r =0, lim IX¥F1_x*1r=0.  (3.3.6)
Combining (3.3.3)-(3.3.6), we obtain

limco [ 2° (Y +SF—C|2 =0,
iMoo [|A(X") — bl =0,

limge  [|XISHLE = 0.

3.3.4 Termination rules and detection of stagnation

Since the rate of convergence of first-order methods canditevn as the iterates approach
an optimal solution, it is critical to detect this stagnatend stop properly. However, it is
difficult to predict whether an algorithm can get out of a oggin which it is temporarily

trapped and then resume a fast rate of convergence. Hemasitally beneficial to allow
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some flexibility in the termination rules. Similarly to thées used in the Seventh DIMACS
Implementation Challenge, we measure the infeasibilitres @doseness to optimality for
the primal and dual problems as follows

|A(X) — b2
1+b||

_IC+S+Z-a%(y)|r _|bTy—{C.X)|
- 9 gap_ T .
1+ICfl 1+[b'y[+(C,X)

(3.3.7)

pinf = , dinf

We stop our algorithm when

0 := max{pinf, dinf, gap <¢,

for € > 0. We use “itstag” to count the number of consecutive iterations drdtes not de-

crease below the best value obtained thus far and stop ibtlosving criteria are satisfied:

(it_stag> h; andd <= 1Ce) or (it_stag> h andd <= 10%¢) (3.3.8)

or (it_stag> hz andd <= 10%),

where 1< h; < hy < hg are integers representing different levels of difficulty.

The complete pseudo-code for our algoritl®DPAD (SDP Alternating Direction) is
presented in Algorithm 7.SDPAD uses eleven parameters, the values of only a few of
which are critical to its convergence and performance. Tiaudt value of the termination
tolerancee is 108, andhy, h, andhg are used to detect stagnation. The following parame-

ters are for adjusting the penalty parametethe initial value ofuis 5, and its minimal and
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maximal valueginin andpmay are set to 10* and 10, respectively, the factor for reducing
(increasinguis y= 0.5, and this is done if there am consecutive iterations in which the
ratio of the primal to the dual infeasibility is less than qual ton; (greater tham>). The
step sizep for updatingX is set to 16. We choose the initial iteratg® = 1 and<® = 0.
Note thatSDPAD can be extended naturally to the expanded problem (3.2:M83hall also

refer to the resulting algorithm &DPAD .

Algorithm 7 : SDPAD

Set 0< pmin < M < Hmax < +0, € > 0,y € (0,1), 0< N1 <Nz < %, p € (0,145,
1< hy < hy < hgandhy > 1. SetX? = 0 andS® - 0. SeteigS=true, ref = +oo,
it_stag=0,it_pinf =0 andit_dinf =0.
for k=0,1,--- do
s1 | Update y¥+1, S+1 and X<t+1:
Computey**1 according to (3.2.6) and*+1 according to (3.2.8).
if eigS == truethen
Computevy™, setd 1 = Vit andX*Ht = 2(gF1 —vkil),
if K(VfT) > Jthen seteigS= false

else
ComputeVy™, setS*1 := ViHL Ly and Xkt = ﬁv¢k+1.
if K(VfT) > Jthen seteigS= true.

SetXktl:= (1— p)Xk4 pxKk+l,
S2 Check optimality and detect stagnation:
Computed := max{pinf, dinf, gag.
if & <& thenreturn the solution.
if d<ref then setref :=d andit_stag= 0 else setit_stag= it_stag+ 1.
if condition(3.3.8)is satisfiedhen return the solution.
S3 Update penalty parameter p:
if pinf/dinf <njthen
Setit_pinf =it_pinf+1 andit_dinf =0.
| if it_pinf > hg then setp = max(yW, Umin) andit_pinf = 0.
else ifpinf/dinf > n, then
Setit_dinf =it _dinf+ 1 andit_pinf = 0.
if it_dinf > hythen setp= min(\—llu, Hmax) andit _dinf = 0.
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3.4 Numerical Results

Although the numerical results that we present in this saddre limited to three special
classes of SDP problems, they illustrate the effectiveaksar alternating direction meth-
ods. The main parts of our code were written in C Language MEX-in MATLAB

(Release 7.3.0), and all experiments were performed on aHdetlision 670 workstation

with an Intel Xeon 3.4GHZ CPU and 6GB of RAM.

3.4.1 Frequency assignment relaxation

In this subsection, we demonstrate the effectiveneD&AD on the SDP relaxations of
frequency assignment problems and compare the resultsrestiits obtained using the
code SDPNAL [64]. These problems (see equations (4) andnfage 363 in [13], or
equation (2) on page 5 of [45]) arise from wireless commuiooanetworks and contain
both equality and inequality constraints. I&t (V, E) be an undirected graph with vertex
setV ={1,---,r} and edge seE CV xV, and letW € S be a weight matrix foG such
thatw; ; = wj i is the weight associated with edgej) € E. For those edge€, j) ¢ E,

we assumev; j = wji = 0. LetT C E be a given edge subset. These problems can be
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formulated as:

min {ZdiagWe + ¥2w, X)
st. Xij> =%, V(,j) €E\T,
“ (1) eB (3.4.1)
XI :k_l V(|,J)€T,

diagX)=¢e, X >0.

Using the matrices corresponding to the edgeB and the constraint dig¥ ) = eto con-
struct the operatafl, and the matrices corresponding to the edgds\in to construct the
operatorB, we can formulate (3.4.1) as the expanded problem (3.2.it8put the posi-

tivity constraintsX > 0. We replaced the constraiig = 5 by Xi;/v2= and

)

Xij > == by Xij/v2> , hence, 24* =, BB* = and4 and‘B are orthogonal to

)
each other. Therefore, the optimal solution of the subjrmisi(3.2.22a) and (3.2.22b) are

explicitly available:

Yerti= = (WA~ b)+ A(S - C))

and

VL= max(_ (p.(fB(Xk) —d) + B( —C)> ,o) .
To accommodate the inequality constraints, the primabisitality was measured by

14(X) — bfl2+ [[min(B(X) —d,0)]]2.

inf =
P 1+ o],
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Since the matrices corresponding to the operatbend B do not have to be stored, the
memory required by our implementation is quite small.

The parameters of SDPNAL were set to their default value® ifération counter set
pointshy, ho andhs were set to 20, 150 and 300, respectively, the iteration teoig for
changingu was set to 50 and the ratigg andn, were set to 1. We stoppe&DPAD when
the total number of iterations reached 2000. All other patans were set to their default
values. A summary of the computational results is presentddble 3.1. In that tablen ™
denotes the total number+ g of equality and inequality constraints, “itr” denotes tbat
number of iterations performed and “cpu” denotes the CPU teperted in the format of
“hours:minutes:seconds”. Since running SDPNAL on “fap2bd “fap36” is very time
consuming (for example, in the results reported in [64], SBP took more than 65 hours
to solve problem “fap36”), we did not run SDPNAL on our own qauter on these two
problems and the results presented here were taken frora 3abl[64]. Note that the nu-
merical results of SDPNAL on problems from “fap01” to “fapi@ Table 3.1 are slightly
different from those reported in Table 3 in [64]. Since thsutes in [64] were obtained
from a PC with Intel Xeon 3.2GHZ and 4GB of RAM which has a venmyitar perfor-
mance profile to the computer that we used, the numbers egpiorour table and Table 3
in [64] are very similar and the comparison between them iammgful. From these two
tables, we can see thabPAD is faster than SDPNAL for achieving a duality gap of almost
the same order. The results of the boundary point methodwimprreported in Table 4
in [64] are much worse than those 8DPAD . Since the implementation in “mprw.m” is

essentially an alternating direction method applied to SDFstandard form, we can con-
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Table 3.1: Computational results on computing frequencigasgent problems

SDPAD SDPNAL
name n nt pobj dobj pinf  dinf itr | gap cpu | gap cpu
fap01l 52 1378(3.28730e-2 3.28826e-2 2.78e-7 3.94e-7 ®0F6e-6 0.35 |1.39e-76.31
fap02 61 1866 |1.07696e-3 1.02391e-3 2.18e-6 1.94e-5 6B9%-5 0.49 |1.15e-54.12
fap03 65 2145(4.94123e-2 4.94107e-2 5.89e-6 4.30e-6 @408e-6 0.75 |2.27e-67.44
fap04 81 3321|1.74875e-1 1.74845e-1 3.09e-6 2.21e-6 2188e-5 1.21 |1.53e-519.69
fap05 84 3570(3.08288e-1 3.08302e-1 3.49e-6 3.76e-6 [B684e-6 1.32 |1.09e-531.59
fap06 93 4371(4.59362e-1 4.59379e-1 5.69e-65.72e-6 BW8le-6 1.07 |1.73e-529.84
fap07 98 4851(2.11763e+ 2.117686e+ 4.54e-6 4.95e-6 M89%e-6 1.26 |5.75e-6 29.88
fap08 120 7260|2.43583e+ 2.43633e+ 1.76e-58.74e-6 /B89%e-5 1.57 |5.93e-625.25
fap09 174 152251.07978e+11.07978e+17.99e-7 9.98e-7 R086e-7 4.77 |2.86e-6 59.67
fapl0 183 144799.25963e-3 9.76489e-3 3.22e-6 5.46e-6 128®e-4 14.93|7.93e-5 1:50
fapll 252 242922.93137e-2 2.98421e-2 3.26e-6 3.21e-6 1699e-4 49.57|1.89e-45:15
fapl2 369 264622.72774e-1 2.73768e-1 2.59e-6 3.19e-6 20@Be-4 2:34 |1.60e-413:14

fap25 2118 3229241.28632e+1 1.28802e+1 1.40e-5 1.63e-5 20@0e-4 7:17:081.1e-4 10:53:2
fap36 4110 115446[6.98284e+1 6.98594e+1 2.03e-5 1.48e-5 20Q0e-4 53:14:12.5e-5 65:25:0

N

~J

clude that treating inequality constraints directly caeagly improve the performance of
such methods.

We now compare the numerical results of our alternatingctloe methods obtained
usingp = 1 andp = 1.6 by using performance profiles as proposed in [18]. Spetifica
performance plots for the duality gap and the CPU time aresptted in Figures 3.1(a) and
(b), respectively. These figures show that the variant ugiagl.6 is both faster than the

variant usingp = 1 and achieves a smaller duality gap.
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Figure 3.1: Performance profiles of two variantsSofPAD for frequency assignment prob-
lems

% of probig
% of probig

not more than 2" times worse than the best not mor " times worse than the best

(a) gap (b) cpu
3.4.2 The SDP relaxation of the maximum stable set problem

Given a graplG with edge seE, two SDPs relaxations of the maximum stable set problem

are
8(G) := max <CT,X>
st. Xj=0, (i,j)€E, (I,X)=1, (3.4.2)
X >0,
and

st. X;=0, (i,j))€E, (,X)=1, (3.4.3)
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whereC = ee’. We scaled the constraints so tta* =1, i.e., we replaced the constraints
Xij =0byXj/vV2=0and(l,X) =1 by\% (I,X) = % The matrixC was also scaled
by n. The tests problems were taken from [35, 49, 53]. The numibegns, andhs were
set to 20, 50 and 150, respectively, the iteration coumjdor changingu was set to 100
and the ratios); andn, were set to 1. We stoppesbPAD when the total number of it-
erations reached 1000. All other parameters were set tode&ult values. Summaries
of the computational results f&(G) and6..(G) are presented in Tables 3.2 and 3.3, re-
spectively. In these tables, the duality “gap” was measiurdide original scale, but “pinf”
and “dinf” were computed for the scaled problems. Since ingpn®DPNAL on all the test
problems is very time consuming (for example, in the res@ported in [64], SDPNAL
took almost 81 hours to compude (G) on problem “1et.2048”), we did not run SDPNAL
on our own computer on any of tl¢G) and0., (G) or BIQ (see next subsection) problems.
Hence, the SDPNAL results in Tables 3.2 and 3.3 are taken Traloes 5 and 6 in [64].
Because the computer used to obtain the results in [64] hgsirailar performance char-
acteristics to the computer that we used, the comparis@epted in Tables 3.2 and 3.3 is
meaningful. Specifically, when we run SDPNAL on smaller aadier problems, such as
“fap01”-“fapl2”, on our computer, the cpu time differed mndhose reported in [64] by an
insignificant amount. From Table 3.2, we can see S8RAD achieves approximately the
same level of duality gap as SDPNAL on problems such as “tloato “thetal23”, “c-
fat200-1" and “brock400-1". Although SDPNAL is faster th8DPAD on problems such
as “hamming-10-2” and “G43” to “G47"SDPAD is faster than SDPNAL on “2dc.512".

From Table 3.3, we can see tlT&DPAD is faster than SDPNAL on most problems except
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Table 3.2: Computational results on computt{&)

SDPAD SDPNAL
name n n pobj dobj pinf dinf itr gap cpu gap cpu
thetal02 500 37467-3.8390626e+1 -3.8390551e+1 8.76e-7 6.27e-7 PH67e-7 47 1.6-8 50
thetal03 500 62516-2.2528588e+1 -2.2528572e+1 2.85e-7 9.42e-7 P%B3e-7 57 4.6-8 1:00
thetal04 500 8724%-1.3336159e+1 -1.3336141e+1 3.40e-7 9.72e-7 P663e-7 48 7.6-8 58
thetal23 600 9002(-2.4668678e+1 -2.4668655e+1 3.42e-7 9.71le-7 PHS7e-7 1:43 |4.1-8 1:34
MANN-a27 378 703 |-1.3276623e+2 -1.3276388e+2 8.45e-7 3.50e-6 BB®Ble-6 27 8.3-8 07
sanr200-0.7 200 6033-2.3836177e+1 -2.3836162e+1 7.83e-7 9.98e-7 PA94e-7 04 1.4-7 04
c-fat200-1 200 18367-1.2000003e+1 -1.1999980e+1 1.00e-6 1.76e-7 [E@25e-7 04 8.5-8 09
ham-10-2 1024 23041-1.0239734e+2 -1.0239930e+2 4.72e-7 3.16e-6 B®Ble-6 22:8 |9.0-8 02
ham-8-3-4 256 16129-2.5599950e+1 -2.5599909e+1 9.92e-8 9.94e-7 [i®94e-7 05 1.3-8 10
ham-9-5-6 512 53761-8.5332165e+1 -8.5334776e+1 5.70e-7 4.51e-6 1QMRe-5 2:48 |1.4-6 1:33
brock400-1 400 20078-3.9701971e+1 -3.9701904e+1 9.75e-7 8.06e-7 [5&0e-7 25 1.7-8 26

keller4 171 5101|-1.4012231e+1 -1.4012258e+1 5.06e-7 9.88e-7 [Mi82e-7 03 1.3-8 05

p-hat300-1 300 33918-1.0067984e+1 -1.0067963e+1 7.58e-7 6.8le-7 [&B86e-7 37 5.3-7 1:45
G43 1000 9991|-2.8063120e+2 -2.8062688e+2 2.84e-6 3.91le-6 IBB8e-6 21:17 |4.2-8 1:33
G44 1000 9991|-2.8058951e+2 -2.8058568e+2 3.65e-6 4.21e-6 9382e-6 21:02 |3.3-7 2:59
G45 1000 9991|-2.8017918e+2 -2.8018294e+2 4.02e-6 3.88e-6 9&70e-6 21:27 |5.6-8 2:51
G46 1000 9991|-2.7984557e+2 -2.7984014e+2 3.18e-6 5.46e-6 [R2BY%-6 21:02 (2.3-7 2:53
G47 1000 9991|-2.8190252e+2 -2.8189748e+2 4.86e-6 6.0le-6 BBOle-6 19:41 |1.3-7 2:54

2dc.512 512 54896¢-1.1777815e+1 -1.1770773e+1 2.24e-5 2.57e-5 1Q0re-4 551 |1.7-4 32:16
1dc.1024 1024 24064-9.6053190e+1 -9.5999280e+1 7.82e-5 5.10e-5 [fA79e-4 24:26 |2.9-6 41:26
let.1024 1024 9601 -1.8460646e+2 -1.8434339e+2 1.93e-4 1.32e-4 ©ED31e-4 20:03 |1.8-6 1:01:14
1tc.1024 1024 7937|-2.0705051e+2 -2.0663863e+2 4.16e-4 5.21e-4 @93e-4 21:47 |2.2-6 1:48:04
1zc.1024 1024 16641-1.2866647e+2 -1.2866658e+2 9.72e-7 3.78e-7 ©B086e-7 23:15 |3.3-8 4:15
2dc.1024 1024 1691631.8654205e+1 -1.8641209e+1 1.85e-5 2.71e-5 18(8Pe-4 49:05 |9.9-5 2:57:56
1dc.2048 2048 58368-1.7527338e+2 -1.7492237e+2 2.82e-4 2.16e-4 ¢F89%e-4 2:50:441.5-6 6:11:11
let.2048 2048 22529-3.4297575e+2 -3.4229432e+2 1.78e-4 4.05e-4 [PDP3e-4 4:54:578.8-7 7:13:55
1tc.2048 2048 1894%-3.7567281e+2 -3.7486271e+2 1.79e-4 4.48e-4 1Q0WBe-3 5:15:147.9-6 9:52:09
1zc.2048 2048 39425-2.3739409e+2 -2.3739845e+2 1.42e-6 3.10e-6 S417e-6 6:39:071.2-6 45:16
2dc.2048 2048 5044523.0698999e+1 -3.0679246e+1 1.88e-5 8.37e-6 1680D7e-4 7:12:504.4-5 15:13:19

“hamming-9-5-6”, “hamming-10-2", “1zc.1024” and “1zc 28’ while achieving almost
the same level of duality gap. Finally, performance plotsrfomerical results obtained
usingp = 1 andp = 1.6 for computingd(G) and6..(G) are presented in Figures 3.2(a) and
(b), and Figures 3.3(a) and (b), respectively. When both tia diuality gap and CPU time
are considered, these plots again show that using a fixesiziepfp = 1.6 is preferable

toastepsizeobp=1.



Table 3.3: Computational results on computthg G)

SDPAD SDPNAL
name n ni pobj dobj pinf dinf itr gap cpu gap cpu
thetal02 500 37467-3.8066274e+1 -3.8066252e+1 2.94e-7 9.58e-7 [ZB84e-7 1:.01 | 8.4-8 3:31
thetal03 500 62516-2.2377445e+1 -2.2377422e+1 3.27e-7 9.52e-7 [246385e-7 1:.01 | 2.3-8 3:28
thetal04 500 87245-1.3282631e+1 -1.3282610e+1 3.57e-7 9.55e-7 PZBB5e-7 52 1.6-7 2:35
thetal23 600 90020-2.4495182e+1 -2.4495152e+1 3.77e-7 9.43e-7 [X®02e-7 1:39 | 1.2-7 6:44
MANN-a27 378 703 |-1.3275956e+2 -1.3276174e+2 8.98e-7 4.08e-6 BSRB07e-6 32 1.6-7 35
sanr200-0.7 200 6033-2.3633314e+1 -2.3633293e+1 8.61le-7 9.57e-7 PR87e-7 05 29-7 11
c-fat200-1 200 18367-1.2000012e+1 -1.1999991e+1 4.71e-7 2.04e-7 [Rd0e-7 04 2.1-7 36
ham-8-3-4 256 16129-2.5599951e+1 -2.5599909e+1 9.91e-8 9.94e-7 [1895e-7 05 2.7-10 05
ham-9-5-6 512 53761-5.8666560e+1 -5.8666522e+1 6.49e-8 7.58e-7 #3I25e-7 2:19 | 2.6-7 42
ham-10-2 1024 23041-8.5333069e+1 -8.5333237e+1 4.99e-8 5.49e-7 BB3I8e-7 27:58 | 4.2-7 4:35
brock400-1 400 20078-3.9331005e+1 -3.9330926e+1 9.98e-7 7.54e-7 [2583e-7 29 3.5-9 145
keller4 171 5101|-1.3466089e+1 -1.3466006e+1 3.61le-6 9.0le-6 [3B98e-6 05 3.7-7 43
p-hat300-1 300 33918-1.0020244e+1 -1.0020212e+1 1.34e-6 5.93e-7 5BBOe-6 29 7.9-7 6:50
G43 1000 9991|-2.7972840e+2 -2.7973289%e+2 4.40e-6 5.45e-6 [8&B82e-6 20:22 | 2.1-7 52:00
G44 1000 9991|-2.7975221e+2 -2.7974864e+2 4.95e-6 4.36e-6 [BR36e-6 21:14 | 5.7-8 49:32
G45 1000 9991|-2.7931027e+2 -2.7931528e+2 5.11e-6 4.08e-6 [BO6e-6 22:54 | 2.4-8 50:25
G46 1000 9991|-2.7904079e+2 -2.7903549e+2 4.34e-6 5.19e-6 [@B@7e-6 22:48 | 3.3-8 44:38
G47 1000 9991|-2.8089994e+2 -2.8089501e+2 6.05e-6 5.66e-6 [@BF6e-6 21:11 | 5.1-9 40:27
2dc.512 512 54896-1.1385823e+1 -1.1383769e+1 9.43e-6 9.09e-6 1808Me-5 5:10 | 3.8-4 2:25:15
1dc.1024 1024 24064-9.5563960e+1 -9.5552471e+1 2.13e-5 8.50e-6 16(@Be-5 57:20 | 1.4-5 5:03:49
let.1024 1024 9601 -1.8229378e+2 -1.8210159e+2 1.18e-4 2.16e-4 @mP6e-4 36:04 | 1.1-5 6:45:50
1tc.1024 1024 7937|-2.0440122e+2 -2.0425679e+2 1.65e-4 2.67e-4 [[®83e-4 49:13 | 8.7-4 10:37:57
1zc.1024 1024 16641-1.2813904e+2 -1.2800286e+2 5.71e-5 1.80e-5 HBBOe-4 28:22 | 1.6-7 40:13
2dc.1024 1024 1691631.7711337e+1 -1.7709936e+1 3.81le-6 2.37e-6 1GMbe-5 50:34 | 7.3-4 11:57:25
1dc.2048 2048 58368-1.7477173e+2 -1.7442175e+2 2.0le-4 9.45e-5 HAB9%e-4 4:25:17 9.7-5 35:52:44
let.2048 2048 22529-3.3883524e+2 -3.3837436e+2 1.76e-4 2.66e-4 ©B5H80e-4 5:15:09 4.0-5 80:48:17
1tc.2048 2048 18945%-3.7115486e+2 -3.7070213e+2 1.86e-4 3.97e-4 B&P9%e-4 6:35:38 1.4-3 73:56:01
1z¢.2048 2048 39425-2.3739370e+2 -2.3739764e+2 3.58e-7 4.60e-6 9¥/27e-6 7:14:2]1 2.3-7 2:13:04
2dc.2048 2048 5044522.8789604e+1 -2.8786706e+1 4.84e-6 2.79e-6 1@0ibe-5 5:45:2% 2.7-3 45:21:42

Figure 3.2: Performance profiles of two variantssofPAD for computingd(G)
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Figure 3.3: Performance profiles of two variantssefPAD for computingd.. (G)
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3.4.3 Binary Integer Quadratic Programming Problem

In this subsection, we report on haBDPAD performs on SDP relaxations of binary in-
teger quadratic programming problems and compare thegksés those obtained using

SDPNAL. These problems have the form:

(R
min X
00

st. Xi—X,i=0,i=1,---,n-1,

(3.4.4)
Xmm=1, X>=0, X>0,

whereQ € R(™1x("-1) e replaced the constraintg — X, = 0 by \/g (Xij —Xni) =0
and the matriXQ was scaled by its Frobenious norm. The computational sesbtained on
the BIQ instances described in [58] are presented in TablevBidre “best upper bound” is

the best known upper bound reported in [58], and “Y%pgap” &ddgap” were computed
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Figure 3.4: Performance profiles of two variantssafPAD for the BIQ problems

gap p

9 of problems
% of probl

as
best upper bound pobj
0 0,
Yopgap best upper bound < 100%
best upper bound dobj
0, 0,
%dgap best upper bound ‘ < 100%

The number$y, h, andhs were set to 50, 400 and 500, respectively, the iterationteobn

for changinguwas set to 0 and the rating andn, were setto 1 and 100, respectively. We
stoppedSDPAD when the total number of iterations reached 10000. The numirpenalty
parametepmin is set to 01. All other parameters were set to their default values.il\ga
we did not run SDPNAL on our own computer but presented thalteeseported in Table

8 in [64] in Table 3.4. From this table, we can see tBBPAD is faster than SDPNAL

for achieving comparable lower bounds. Finally, perforoeaplots for numerical results
obtained using = 1 andp = 1.6 are presented in Figures 3.4(a) and (b). When both the
final duality gap and CPU time are considered, these plotsaew that using a fixed

step size op = 1.6 is preferable to using a step sizepof 1.



Table 3.4: Computational results on the BIQ problems

SDPAD SDPNAL
name n pinf dinf gap itr | best upper bound %pgap %dgap cpu%dgap cpu
be200.3.1 201 7.09e-7 5.17e-7 9.99e-7 2484-2.5453000e+4 8.891 8.891 32| 8.891 10:29
be200.3.3 2018.73e-6 1.42e-6 6.43e-6 2296-2.8023000e+4 5.194 5195 31| 5192 12:09
be200.3.5 201 2.66e-6 3.45e-8 3.55e-8 4782-2.6355000e+4 6.519 6.519 1:04 6.519 10:38
be200.3.7 2018.88e-6 1.78e-6 9.97e-6 2447-3.0483000e+4 3.730 3.732 32| 3.730 9:43
be200.3.9 201 1.00e-6 1.75e-8 1.50e-8 6940-2.4683000e+4 7.106 7.106 1:31 7.106 8:28
be200.8.1 201 1.93e-6 3.06e-8 2.77e-8 4267-4.8534000e+4 4.812 4.812 57| 4.811 941
be200.8.3 2018.79e-6 1.03e-6 1.00e-5 2107-4.3207000e+4 7.051 7.053 28| 7.052 10:53
be200.8.5 2018.60e-6 1.48e-6 9.99e-6 1885-4.1482000e+4 6.725 6.723 25| 6.723 9:53
be200.8.7 2018.59e-6 4.73e-7 9.97e-6 2186-4.6828000e+4 5394 5391 28| 5392 4:30
be200.8.9 2015.57e-6 7.95e-7 4.60e-6 2146-4.3241000e+4 5213 5214 29| 5213 12:16
be250.1 251 9.99e-7 3.10e-8 8.74e-9 5923-2.4076000e+4 4.334 4.334 2:14 4332 16:41
be250.3 251 6.12e-6 4.58e-6 7.82e-6 2747-2.2923000e+4 4.698 4.697 1.02 4.698 17:17
be250.5 251 9.98e-7 2.21e-8 1.03e-8 6326-2.1057000e+4 6.258 6.258 2:24 6.254 14:30
be250.7 251 2.30e-6 5.18e-8 7.88e-9 52%6-2.4095000e+4  4.250 4.250 1:5} 4.250 14:00
be250.9 251 1.00e-6 5.61e-8 8.25e-9 6582-2.0051000e+4  6.713 6.713 2:30 6.713 17:13
bgp250-1 251 6.41e-6 2.57e-6 9.97e-6 30(5-4.5607000e+4 4.509 4.507 1:08 4508 17:42
bgp250-3 251 3.18e-6 2.06e-6 7.68e-7 3006-4.9037000e+4 4.159 4.159 1:054.160 10:36
bgp250-5 251} 7.80e-6 1.10e-6 9.08e-6 3129-4.7961000e+4 4.260 4.261 1:10 4.260 19:03
bgp250-7 251 5.63e-7 3.21e-7 9.98e-7 48(1-4.6757000e+4 4.630 4.630 1:46 4.630 16:36
bgp250-9 251 6.64e-6 3.47e-6 9.24e-6 3006-4.8916000e+4 5277 5279 1.065276 16:12
bgp500-1 501 2.36e-7 3.92e-7 1.00e-6 8960-1.1658600e+5 8.044 8.044 19:448.045 1:00:59
bgp500-3 501 2.42e-7 3.61e-7 1.00e-6 8824-1.3081200e+5 5.842 5.841 19:046.842 1:01:47
bgp500-5 501 4.44e-7 4.03e-7 9.99e-7 8288-1.2548700e+5 6.857 6.857 18:416.857 1:36:43
bgp500-7 501 2.75e-7 4.83e-7 9.99e-7 91%3-1.2220100e+5 7.603 7.602 20:167.603 1:25:26
bgp500-9 501 2.82e-7 4.88e-7 1.00e-6 8439-1.2079800e+5 7.856 7.856 18:547.857 1:24:4Q
gka2e 201 9.99e-7 1.65e-8 2.07e-8 4375-2.3395000e+4 6.508 6.508 57| 6.506 7:23
gkade 201 8.35e-6 2.75e-7 3.42e-6 2785-3.5594000e+4 4.583 4582 36| 4.582 11:25
gkalf 501| 4.43e-7 5.83e-7 9.99e-7 8106-6.1194000e+4  7.133 7.133 17:577.133 1:28:54
gka3f 501| 3.43e-7 5.27e-7 9.99e-7 7785-1.3803500e+5 8.778 8.777 17:08.778 1:31:34
gkasf 501| 3.78e-7 7.40e-7 1.00e-6 8849-1.9050700e+5 8.612 8.612 18:58.613 1:25:48

80
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3.5 Conclusion

In this chapter, we presented alternating direction augeadnagrangian methods for solv-
ing semidefinite programming (SDP) problems. At each integation, the algorithm min-

imizes the dual augmented Lagrangian function with resfmeetach block of dual vari-

ables separately while other blocks are fixed and then updageprimal variables. For
the version of our algorithm that uses a unit step gize 1, complementary is enforced
by computing partial eigenvalue decompositions at eachtiten. The special structure of
the constraints, such as sparsity and orthogonality, cam dfe used to simplify the com-
putation when solving the subproblems. Our method can ke®0Ps with inequality and

positivity constraints directly without transforming theo equality constraints. Since in
our numerical experience the low rank structure of the ogitisolution is often exposed
after relatively few iterations, we plan to explore how tkeadvantage of this to improve

the efficiency of our algorithm.
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Appendix A

Al. Analysis of the augmented

Lagrangian approach

We now present a convergence proof of our augmented Lagnaagproach (1.2.5)-(1.2.6).
Let {X*} be the sequence generated by the iterative procedure)(12256). The first-

order optimality conditions of (1.2.5) are
B (X, XK) = <DL(Xk7le, 1), X —x"> - <C— Pk X — x"> >0, (A.1)

wherepk = ﬁlkﬁl*(pknkJr b— 4(Xk)), for all X € S!. Similar to Proposition 3.2 and Theo-
rem 3.3 in [44], we have the following results on the convargeof the sequendg (X¥)},

whereH (X) := ||.4(X) — b]|3,

Theorem A.0.1. The iterates{XX} generated by the iterative procedu¢e.2.5)(1.2.6)

satisfies the following:

88
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1) Monotonic decreasing in H: BXKH) < H(XKk+1) 4 2pkt1pP (xk+1 xky < H (XX for

k> 1.
2) B (X, XK) + P (XK k1) 4 FH(XK) < ZHX) + BP (X, Xk1) for k > 2.
3) If X minimize HX) and<C,)?> < o, then HXX) < ﬁ;H()A() +k“71173p1(>?,x1) fork > 2.

Proof. 1) The first part of statement one is obvious sim%k(xkﬂ,xk) > 0. We now

prove the second part of statement one. Using the updatinguifa (1.2.6), we obtain

k+1 P k41 vk
2Hk+1H<X )+ BY (X X6

1

_ k+1 2 k+1 k
= oA~ b+ (C X - xk)

+ <&ﬁl*(ﬁl(xk) —b— pk), XKL xk>

IN

et 109 ~BIE+(C.X) — (1) (1(x4) —b)

- <c, x'<> +(mh T —b)+ <%z*(q(xk) —b— ), X< — xk>

1

(X)—b|f5 = 20T

1 k
WHJZ[ H(X"),

where the inequality uses the fact tbét! is the optimal solution at iteratiok+ 1.

2) From the definition ofBP«(-,-), we have:

k—1

B (X, %K)+ 37 (X X - P X = (P pox - XF) . (A)
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We obtain from the definition of* that

plopk = %ﬁl* (uk‘lnk‘l +b— ﬂ(Xk‘1)> - &/‘2{* (p"nk +b— ﬂ(X"))
_ %(W(ﬂ@ﬂ—@)- (A.3)

It follows from the convexity oH (X), (A.2) and (A.3) that

1 1. vk 1 _. Ky vk
FHOO = (X)+<Jﬂ (JZL(X) b),x x>
1
= RO+ (P X xE),

which gives the statement 2.

3) We takeX := X and summarize the inequality in statement 2 floa 2 arriving at

k )
B (X, XK) + j; (@p’l(xi,xi—l) + &H (xhy — %H(X)) <BP (X, XY).  (A4)

SinceB” (X, xK) >0, 8P ' (xi,xi-1) > 0forj =2, -+, k, the monotonicity oH (X)) and
j j+1 _ 1 Ky _ 1y Pl w1 :
W > W+t we further conclude thak — 1) (le(x ) leH(X)) < BP*(X,X%), which

completes the proof. ]

We now present the proof of Theorem 1.2.6.
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Proof. The optimality condition (A.1) axK gives

<c, x"> < (CX)+ <&ﬁl*(ﬁl(xk) —b— k), X — x'<>

1
LK

= CX)+y <ﬂt(xk) —b— K, A(X) — }ZL(X")> . (A.5)

Since the Slater condition holds,(X) = 0 is attainable. Hence, statement 3 of Theorem
A.0.1 implies that lim_. A(X¥) = b. LetX be a limit point of the sequendé&*}. Taking

limits on both sides of (A.5), we obtain
<C,>?> < (C,X)+ <TL",JZL(X) _ b> ,

which gives<C,)?> < (C,X) for any X satisfying4(X) = b; Therefore X is an optimal

solution of (1.2.1). m



