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Abstract. Subspace techniques such as Krylov subspace methods have been well known and extensively used in
numerical linear algebra. They are also ubiquitous and becoming indispensable tools in nonlinear opti-
mization due to their ability to handle large scale problems. There are generally two types of principals: i)
the decision variable is updated in a lower dimensional subspace; ii) the objective function or constraints
are approximated in a certain smaller functional subspace. The key ingredients are the constructions of
suitable subspaces and subproblems according to the specific structures of the variables and functions
such that either the exact or inexact solutions of subproblems are readily available and the corresponding
computational cost is significantly reduced. A few relevant techniques include but not limited to direct
combinations, block coordinate descent, active sets, limited-memory, Anderson acceleration, subspace
correction, sampling and sketching. This paper gives a comprehensive survey on the subspace meth-
ods and their recipes in unconstrained and constrained optimization, nonlinear least squares problem,
sparse and low rank optimization, linear and nonlinear eigenvalue computation, semidefinite program-
ming, stochastic optimization and etc. In order to provide helpful guidelines, we emphasize on high level
concepts for the development and implementation of practical algorithms from the subspace framework.
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1. Introduction. Large scale optimization problems appear in a wide variety of scien-
tific and engineering domains. In this paper, we consider a general optimization problem

(1.1) min f(x), s.t. x € X,

where z is the decision variable, f(z) is the objective function and X is the feasible set. Effi-
cient numerical optimization algorithms have been extensively developed for (1.1) with vari-
ous types of objective functions and constraints [111, 88]. With the rapidly increasing prob-
lem scales, subspace techniques are ubiquitous and becoming indispensable tools in nonlinear
optimization due to their ability to handle large scale problems. For example, the Krylov sub-
space methods developed in the numerical linear algebraic community have been widely used
for the linear least squares problem and linear eigenvalue problem. The characteristics of the
subspaces are clear in many popular optimization algorithms such as the linear and nonlin-
ear conjugate gradient methods, Nesterov’s accelerated gradient method, the Quasi-Newton
methods and the block coordinate decent (BCD) method. The subspace correction method
for convex optimization can be viewed as generalizations of multigrid and domain decompo-
sition methods. The Anderson acceleration or the direct inversion of iterative subspace (DILS)
methods have been successful in computational quantum physics and chemistry. The stochas-
tic gradient type methods usually take a mini-batch from a large collection samples so that
the computational cost of each inner iteration is small. The sketching techniques formulate a
reduced problem by a multiplication with random matrices with certain properties.

The purpose of this paper is to provide a review of the subspace methods for nonlinear
optimization, for their further improvement and for their future usage in even more diverse
and emerging fields. The subspaces techniques for (1.1) are generally divided into two cat-
egories. The first type is to update the decision variable in a lower dimensional subspace,
while the second type is to construct approximations of the objective function or constraints
in a certain smaller subspace of functions. Usually, there are three key steps.

o Identify a suitable subspace either for the decision variables or the functions.

e Construct a proper subproblem by various restrictions or approximations.

¢ Find either an exact or inexact solution of subproblems.
These steps are often mixed together using the specific structures of the problems case by
case. The essence is how to reduce the corresponding computational cost significantly.
During the practice in unconstrained and constrained optimization, nonlinear least squares
problem, sparse and low rank optimization, linear and nonlinear eigenvalue computation,
semidefinite programming, stochastic optimization, manifold optimization, phase retrieval,
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variational minimization and etc, the collection of subspaces techniques is growing ever rich.
It includes but not limited to direct combinations, BCD, active sets, limited-memory, Ander-
son acceleration, subspace correction, sampling and sketching. We aim to provide helpful
guidelines for the development and implementation of practical algorithms using the sub-
space framework. Hence, only high level algorithmic ideas rather than theoretical properties
of the subspace techniques are covered in various contexts.

1.1. Overview of Subspace Techniques. We next summarize the concepts and
contexts of a few main subspace techniques.

Direct Combinations. It is a common practice to update the decision variables using a
combination of a few known directions which forms a subspace. The linear and nonlinear
conjugate gradient methods [111, 88], the Nesterov’s accelerated gradient method [84, 85],
the Heavy-ball method [90], the search direction correction method [126] and the momentum
method [47] take a linear combination of the gradient and the previous search direction. The
main difference is reflected in the choices of the coefficients according to different explicit
formulas.

BCD. The variables in many problems can be split naturally into a few blocks whose sub-
spaces are spanned by the coordinate directions. The Gauss-Seidel type of the BCD method
updates only one block by minimizing the objective function or its surrogate while all other
blocks are fixed at each iteration. It has been one of the core algorithmic idea in solving
problems with block structures, such as convex programming [77], nonlinear programming
[9], semidefinite programming [129, 145], compressive sensing [72, 32], etc. A proximal
alternating linearized minimization method is developed in [10] for solving a summation of
nonconvex but differentiable and nonsmooth functions. The alternating direction methods of
multipliers (ADMM) [11, 27, 41, 45, 55, 125] minimize the augmented Lagrangian function
with respect to the primal variables by BCD, then update the Lagrangian multiplier.

Active Sets. When a clear partition of variables is not available, a subset of the variables
can be fixed in the so-called active sets under certain mechanisms and the remaining variables
are determined from certain subproblems for optimization problems with bound constraints
or linear constraints in [17, 18, 51, 81, 82], ¢;-regularized problem for sparse optimization
in [133, 105, 64] and general nonlinear programs in [19, 20]. In quadratic programming, the
inequality constraints that have zero values at the optimal solution are called active, and they
are replaced by equality constraints in the subproblem [111].

Limited-memory. A typical subspace is constructed from a number of history infor-
mation, for example, the previous iterates {xy}, the previous gradients {V f(xy)}, the dif-
ferences between two consecutive iterates {x; — x;_1}, and the differences between two
consecutive gradients {V f(xy) — Vf(xr_1)}. After the new iterate is formed, the oldest
vectors in the storage are replaced by the most recent vectors if certain justification rules are
satisfied. Two examples are the limited memory BFGS method [111, 88], and the limited
memory block Krylov subspace optimization method (LMSVD) [74].

Anderson Acceleration. For a sequence {x)} generated by a general fixed-point iter-
ation, the Anderson acceleration produces a new point using a linear combination of a few
points in {x }, where the coefficients are determined from an extra linear least squares prob-
lem with a normalized constraint [13, 4, 123]. A few related schemes include the minimal
polynomial extrapolation, modified minimal polynomial extrapolation, reduced rank extrap-
olation, the vector Epsilon algorithm and the topological Epsilon algorithm. The Anderson
acceleration is also known as Anderson mixing, Pulay mixing, DIIS or the commutator DIIS
[92, 93, 115] in electronic structure calculation. These techniques have also been applied to
optimization problems in [99, 147].

Subspace correction. For variational problems, the domain decomposition methods

4
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split the spatial domain into several subdomains and solve the corresponding problems on
these subdomains iteratively using certain strategies. The successive subspace correction
(SSC) and parallel subspace correction (PSC) methods [22, 36, 39, 38, 68, 112] are similar to
the Gauss-Seidel-type and Jacobian-type BCD methods, respectively. However, the subspace
correction is significantly different from BCD due to the strong connections between variables
in the subdomains. The PSC methods have been studied for LASSO in [36, 39, 29] and total
variation minimization in [37, 38, 39, 68].

Sampling. Assume that there are a large number of data. The general concept of sam-
pling is to randomly select a small set of samples with an appropriate probability distribution
with or without replacement. In the stochastic gradient descent type methods, the gradient in
expectation is approximated by a sum of sample gradients over a mini-batch [47]. Random
sampling is also helpful in many other contexts, for example, a greedy algorithm for a mixed
integer programming in volumetric modulated arc therapy [139].

Sketching. For huge data represented in matrices, the sketching technique builds low-
dimensional approximations using random linear maps [78, 136, 118]. It has been adopted
for nonlinear least squares problems in [141, 103] and large scale SDP problems in [144].
The Nystrdm approximation can be viewed as a special sketching scheme. An initial quasi-
Newton matrix can be constructed if a single Hessian-matrix multiplication is affordable in
[58].

1.2. Notation. Let 8™ be the collection of all n-by-n symmetric matrices. For any
matrix X € R"*", diag(X) denotes a column vector consisting of all diagonal entries of X.
For any vector x € R"™, Diag(z) is an n-by-n diagonal matrix whose i-th diagonal entry is
x;. Given two matrices A, B € C"*P, the Frobenius inner product is defined as (A, B) =
tr(A*B), and the corresponding Frobenius norm is defined as ||A||p = /tr(A*A). The
operation A ® B denotes the Hadamard product between two matrices A and B of the same
sizes. Let e,, be a vector of all ones in R™. For any matrix X € R™*?, Range(X) denotes the
subspace spanned by the columns of X. The subscript usually denotes the iteration number,
while the supscript is reserved as the index of a vector or matrix.

1.3. Organization. The rest of this paper is organized as follows. The subspace meth-
ods applied in general unconstrained optimization, nonlinear equations and nonlinear least
squares problem, stochastic optimization, sparse optimization, the domain decomposition,
general constrained optimization, eigenvalue computation, optimization problems with or-
thogonality constraints, semidefinite programming and low rank matrix optimization are dis-
cussed in Sections 2 to 11, respectively. Finally, a few typical scenarios are summarized in
Section 12.

2. General Unconstrained Optimization. In this section, we consider the uncon-
strained optimization

2.1 min f(z),

where f(x) : R™ — R is a differentiable function. The line search and trust region methods
are the two main types of approaches for solving (2.1). The main difference between them
is the order of determining the so-called step size and search direction. Subspace techniques
have been substantially studied in [26, 48, 140, 142, 143, 87, 128, 127, 49].

2.1. The Line Search Methods. At the k-th iteration z;, the line search methods
first generate a descent search direction dj, and then search along this direction for a step size
o, such that the objective function at the next point
(2.2) Tyl = Tk + apdy

5
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219  is suitably reduced. The step size «y is often selected by the monotone line search procedures
220 with the Armijo, Goldstein or the Wolfe-Powell rules. The nonmonotone line procedures are
221 also widely used. Interested readers are referred to [111, 88] for further information. Here,
222 we mainly focus on generating the direction dj, in a subspace &y, i.e.,

223 d e &y.

224 For simplicity, we often denote g, = V f(xx).

225 2.1.1. The Nonlinear Conjugate Gradient (CG) Method. The nonlinear CG methodli
226 is popular for solving large scale optimization problems. The search direction dy, lies in a par-
227 ticular subspace

228 (2.3) Sy = span{gy, dy—1},

229 which is spanned by the gradient g, and the last search direction di_;. More specifically, dj,
230 is a linear combination of —g;, and dj_, with a weight 8;_1, i.e.,

231 (2.4) dp = —gk + Br—1dk—1,
232 where dy = —gg and By = 0. A few widely used choices for the weight 3 are
T
233 By = 9% (F-R Formula),
9r_19k—1

98 gk — gr—1)

234 Br_1= ,  (H-S or C-W Formula),
dgq(gk — gk-1)
T _
235 By = w, (PRP Formula),
9r_19k—1
9 9k
236 Br_1= —dii, (Dixon Formula),
k—19k—1
9x 9k
237 Br_1 = k ., (D-Y Formula).

- d;—1(9k - gk—l)

239 It is easy to observe that these formulas are equivalent in the sense that they yield the same
240  search directions when the function f(z) is quadratic with a positive definite Hessian matrix.
241 In this case, the directions dy, . . ., di are conjugate to each other with respect to the Hessian
242 matrix. It can also be proved that the CG method has global convergence and n-step local
243 quadratic convergence. However, for a general nonlinear function with inexact line search,
244 the behavior of the methods with different 55 can be significantly different.

245 2.1.2. Nesterov’s Accelerated Gradient Method. The steepest descent gradient
246 method simply uses d = —gj in (2.2) for unconstrained optimization. Assume that the
247  function f(x) is convex, the optimal value f* of (2.1) is finite and it attains at a point 2*, and
248 the gradient f(x) is Lipschitz continuous with a constant L, i.e.,

249 IVf(x) = Vi)l < Lilz -yl

250 Let {z1}72, be a sequence generated by the gradient method with a fixed step size a, = %
251 Then it can be proved that the convergence of the objective function values is

L .
252 flag) — f(z¥) < ﬁ”%o —a*|?,
] |
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253 which is often described as a convergence rate at O(1/k).

254 A natural question is whether a faster convergence rate can be achieved if only the gra-
255 dient information is used. We now present the so-called FISTA method proposed by Beck
256 and Teboulle [5] which is equivalent to Nesterov accelerated gradient method [84, 85]. The
257 FISTA method first calculates a new point by an extrapolation of the previous two points,
258 then performs a gradient step at this new point:

259 Yk = Tk—1 + a1 (Tr—1 — TR—2),

260 T = yr — eV f(yr).

An illustration of the FISTA method is shown in Figure 2.1. Under the same assumptions as

xr =yr — tVI(yr)

Fig. 2.1 The FISTA method

261
262 the gradient method, the FISTA method with a fixed step size o = % has a convergence rate
263 of O(1/k?), i.e.,
264 flow) = 1 < sl — 2 P
26 k) — —|lzo — 27"

F = (k+1)2"°
265 Obviously, the FISTA method can also be interpreted as a subspace method whose subspace
266 1s

267 (2.5) Sy =span{zy_1,xr—2, Vf(yr)}

268 2.1.3. The Heavy-ball Method. The heavy-ball method [90] is also a two-step scheme:}}
269 di = =gk + Bdk—1,

270 Tpt1 = Tk + ady,

271 withpy =0and o, 5 > 0. If 8 € [0,1) and & € (O, %] and under the same assumptions
272 asin Sec. 2.1.2, it is established in [42] that

273 f(@p) — f* < %—H (l_ﬁﬁ(f(xo) — ")+ 12; |lzo —x*|2> ,

274 where T, = 14%1@ Zle x;. We can see that the Heavy-ball method is the same as the nonlin-
275 ear CG method (2.4) except that the parameter 3 is different.

276 2.1.4. A Search Direction Correction (SDC) Method. The search direction (2.4)
277 can also be modified by adding a non-trivial weight to gi. Let dy = 0. At the beginning of
278 the (k + 1)-th iteration, if a descent condition

279 (2.6) (gr>di) <0

7 I

This manuscript is for review purposes only.



288
289
290
291

292

293

294

295

296

297

298

299
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holds, we update

d
2.7 div1 = (1 - Br)dr — ’7k||||g:”|9k — Gk-
Then we update )1 and 741 as follows:
r r—3
2.8 L - 2
( ) Bk lk—l—f—T’ Yk lk—l—f—r,

where » > 3, {l;} is a sequence of parameters with of [y = 1 and 11 = I + 1. If the
criterion (2.6) is not met, we reset dy1, Sx+1 and Y41 as

di+1 = =9k, Brr1 = B Yer1 = 71, lkr1 = l1.
For more details, we refer the reader to [126].
2.1.5. Quasi-Newton Methods. The search directions of the limited-memory quasi-
Newton methods [111, 88] also lie in subsapces. Let By be the limited-memory BFGS (L-

BFGS) matrix and H, be its inverse matrix generated from a few most recent pairs {s;, y; },
where

Si = Ti+1 — Li,  Yi = Gi+1 — Gi-
Then the search direction is
2.9) di = =By 'gk = —Hygr,

which is usually computed by the two-loop recursion. In fact, both By, and H}, can be written
in a compact representation [21]. Assume that there are p pairs of vectors:

(2.10) Uk = [Sk—ps---+Sk—1) ER™P Y = [Yh—p,...,ys—1] € R"*P.
For a given initial matrix H 2, the H;, matrix is:

(2.11) Hy = H) + CyP.CY

where

Cr = [Ur, H)Y:] € R"*? D, = diag [sgfpyk,p, cey sgflyk,l]

P | B (D Y HY RS —RT R = Shepio1Yh—prj—1s 1<,
k -— 0 »( k)z,] -

~R;! 0, 0.W.

The initial matrix H is usually set to be a positive scalar 7, times the identity matrix, i.e.,
~iI. Therefore, we have

dy. € span{ gk, Sk—1,- -+ Sk—p, Yk—1- > Yk—p}-

2.1.6. Acceleration Techniques. Gradient descent algorithms may converge slowly
after certain iterations. This issue can be resolved by using acceleration techniques such
as Anderson Acceleration (AA) [4, 123]. An extrapolation-based acceleration techniques
proposed in [99] can be applied to overcome the instability of the Anderson Acceleration. To
be precise, we perform linear combinations of the points z;, every [ + 2 iterations to obtain a
better estimation T = Zi:[) ¢;Tr—1+i. Define the difference of [ + 2 iteration points as

U= [Th_141 = Th—ts--, Thy1 — Tp).
Then the coefficients ¢ = (¢, .. .,¢)7 is the solution of the following problem
(2.12) ¢ = argmin ¢ (UTU + M),
cTel+1:1

where A > 0 is a regularization parameter.
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2.1.7. Search Direction From Minimization Subproblems. We next construct
the search direction by solving a subproblem defined in a subspace Gy, as

(2.13) Inin Qr(d),
where Q(d) is an approximation to f(xy + d) for d in the subspace Sy. It would be de-
sirable that the approximation model Q) (d) has the following properties: (i) it is easy to be
minimized in the subspace Sy; (ii) it is a good approximation to f and the solution of the
subspace subproblem will give a sufficient reduction with respect to the original objective
function f.

It is natural to use quadratic approximations to the objective function. This leads to
quadratic models in subspaces. A successive two-dimensional search algorithm is developed
by Stoer and Yuan in [143] based on

min Qr(d).

despan{—gy,dx—1}
Let the dimension dim (&) = 7 and &, be a set generated by all linear combinations of

vectors pi,pa,...,pr, € R, i€,

Sy = span{p1,p2,...,pr. } -

Define Py, = [p1,Dp2, .., pr,]- Then d € &y, can be represented as d = P.d with d € R,
Hence, a quadratic function Q(d) defined in the subspace can be expressed as a function Qy,
in a lower dimension space R™ in terms of Qy,(d) = Qy(d). Since 7, usually is quite small,
the Newton method can be used to solve (2.13) efficiently.

We now discuss a few possible choices for the subspace G;. A special subspace is a
combination of the current gradient and the previous search directions, i.e.,

(2.14) &) = span{—gx, Sk—1, -+, Sk—m } -

In this case, any vector d in the subspace &, can be expressed as

m

(2.15) d=agr+Y Bisk—i= (=g sk-1, " > k-m)d
i=1
where d = (o, 81, -+, Bm) | € R™T1. All second order terms of the Taylor expansion of

f(xr + d) in the subspace G, can be approximated by secant conditions
(2.16) ki V(@) sk—j = Si_i¥h—j s k=i V2 F (@) = Yi_i9n

except g,;rV2 f(zx)gx. Therefore, it is reasonable to use the following quadratic model in the
subspace Gy:

2.17) Qu(d) = (~llgell* 9i sk-1." - gi Sk—m)d + %&TBM,
where
i —Tng Ykl - —Tng Yk—m
2.18) Bk; _ — 9k 'ylcfl yk_l'skfl e yk_nfskfl
_g];rz.Jy—m y;;r,m.é’k—l . y;;r,m-sk—m

9
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]
(oY)

with pr, =~ g V2f(zr)gx. Hence, once a good estimation to the term g V2 f(xy)gy is
available, we can obtain a good quadratic model in the subspace Gy.

There are different ways to choose py. Similar to the approach in [143], we can let
sT 2
(2.19) pr = Q(T’ﬁﬂ ,
Sk—1Yk—1
k-1

due to the fact that the mean value of cos?() is %, which gives

1 (i VA f(a)gn)® L (si_19x)?
cos? Oy, 3;1V2f(33k)8k—1 SZ,ly;H ’

(2.20) 90 V2 f (1) gk =

where 0, is the angle between (V2f(z1))2 g, and (V2f(2x))2sk_1. Another way to es-
timate g, (V2f(zx))gx is by replacing V2 f(z)) by a quasi-Newton matrix. We can also
obtain pj by computing an extra function value f(xy + tgx) and setting

2(f (zn + tgr) — flar) — tllgrll3)

@.21) pr = 5

By letting the second order curvature along g to be the average of those along sj_;(i =
1,...,m), we obtain

gkll3 <= Sk_i¥r—i
2.22 = .
(2.22) pr="" 2; T o
Similar to (2.14), a slightly different subspace is
(2.23) G = span{—gi, Yk—1, -, Yk—m } -

In this case, any vector in &y, can be represented as

(2.24) d=agk+ Y Biyk—i = Wid
i=1
where Wi, = [~gk, Yk—15 - Yk—m] € R7*(m+1)  The Newton step in the subspace &, is
Wyd;, with
_ -1
(2.25) dp = — (W V2 f(zi)Wi] W) V().

Thus, the remaining issue is to obtain a good estimate of dj,, using the fact that all the elements
of [W,[ (V2f(zy))~'Wy] is known except one entry g; V2 f (1) ' gk

2.1.8. Subspace By Coordinate Directions. We next consider subspaces spanned
by coordinate directions with sparsity structures. Let g;, be the i-th component of the gradient
gx- The absolute values |g},| are sorted in the descending order such that

(2.26) 921 2 1921 2 191 = -+ = |gir |
The subspace
(2.27) &), = span{e™, 2, ... e}

10

This manuscript is for review purposes only.



374
375
376

3717

379

384
385
386

391
392
393
394
395

396

397

398
399

is called as the T-steepest coordinates subspace, where ¢’ is a vector of all zeros except that
the i-th component is one. Then, the steepest descent direction in the subspace is sufficiently
descent, namely

dTgk T

(2.28) min —m—— < ’
de&y, ||d||2|lgx |2 n

When (g7 )2 < e > (g2, the following estimation can be established:

d’ 1
(2.29) min Ik < _

ey ||d||2llgkllz Tten—r1)

Consequently, a sequential steepest coordinates search (SSCS) technique can be designed
by augmenting the steepest coordinate directions into the subspace sequentially. For example,
consider minimizing a convex quadratic function

Qz)=g"z+ %xTBx.
At the k-th iteration of SSCS, we first compute g, = VQ(z ), then choose
i, = argmin{|g;|}.
Let &, = span{e’, ..., e'* }. The next iteration is to find

Thpr = arg min Q(z).
2.2. Trust Region Methods. The trust region methods for (2.1) compute a search
direction in a ball determined by a given trust region radius whose role is similar to the step
size. The trust region subproblem (TRS) is normally

1
. T T
min s)=g¢g. s+ =s' Bpd
(2.30) a Qr(s) = gy B k

st |lslla < Ag,

where By, is an approximation to the Hessian V2 f(x;,) and Ay, > 0 is the trust region radius.
A subspace version of the trust region subproblem is suggested in [101]:
min - Q(s)
s. t. ||SH2 < Ap, s€G6g.

The Steihaug truncated CG method [107] for solving (2.30) is essentially a subspace method.
When the approximate Hessian By, is generated by the quasi-Newton updates such as the SR1,
PSB or the Broyden family [111, 88], the TRS has subspace properties. Suppose B1 = ol
with o > 0, let s; be an optimal solution of TRS (2.30) and set xx+1 = =) + sg. Let
Gr = span{gi, 92, -+ ,gr}- Then it can be proved that s € G and for any z € Gy,
w € G+, itholds

(2.31) Byz € Gy, Bru=ou.

Therefore, the subspace trust region algorithm generates the same sequences as the full space
trust region quasi-Newton algorithm. Based on the above results, Wang and Yuan [128]

11 I
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400 presented a subspace trust region quasi-Newton method for large scale unconstrained opti-
401 mization. Similar results for the line search quasi-Newton methods were obtained by Gill
402 and Leonard [44, 43].
403 We next discuss a special trust region subproblem which can make good use of subspace
404  properties. If the norm ||.||2 is replaced by a general norm |||y in (2.30), we can obtain a
405 general TRS subproblem

min ¢'s+ 1STBS
406 seRn 2
st |Is|lw < A

Here, the subscript k in g; and By, is omitted for simplicity. Intuitively, we should choose
the norm |||y properly so that the TRS can easily be solved by using the corresponding
subspace properties of the objective function ¢"s + s’ Bs. Assume that B is a limited
memory quasi-Newton matrix which can be expressed as

B=ocl+PDPT, PeR™,

407 where PTP = I. Let PI be the projection onto the space orthogonal to Range(P). Then
408  the following function

100 (232) Isllp = max{|[P" s]loo, |2} ]2}

410 is a well-defined norm, which leads to a P-norm TRS:

1

min ¢'s+ =s' Bs
411 (2.33) seR” 2

s.t. |s]lp < A.
412 Due to the definition of the ||.|| p, the solution s of the TRS (2.33) can be expressed by
413 s = Ps1 + Py s9,
414 where s; and s can be computed easily. In fact, s; is the solution of the box constrained
415 quadratic program (QP):

1
min s' (P'g)+ =s' (6 + D)s
416 sER! 2
S.t |Isllee < A,
417 It can be verified that s; has a closed form solution:
—(PTg); ; T, g
(s1); = { el it 1(PTo)l < (7 + DA,

418
Asign(—(PTg);) otherwise ,

419 fori = 1,...,1. On the other hand, s is solution of the 2-norm constrained special QP

1
- T/pT T
min s (P + —0s's
420 seRn—1 (PLg) 2

st sl < A.

421  whose closed-form solution is

1 A T
422 52:—min(,>PJ_g.
o |P gl

423 Numerical results based on a trust region algorithm that uses the the W-norm TRS were
424 shown in [15].
12 I
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3. Nonlinear Equations and Nonlinear Least Squares Problem. In this sec-
tion, we consider the system of nonlinear equations

3.1) F(z) =0, z€R",

and nonlinear least squares problem:

(3.2) min [|F(z)]3,
where F(z) = (F(z), F%(x),...,F™(z))" € R™.

3.1. General Subspace Methods. Due to the special structures of nonlinear equa-
tions, several implementations of Newton-like iteration schemes based on Krylov subspace
projection methods are considered in [14]. Newton—Krylov methods with a global strategy
restricted to a suitable Krylov subspace are developed in [7]. Because the nonlinear least
squares problem (3.2) is also an unconstrained optimization problem, all the subspace tech-
niques discussed in Section 2 can be applied. For example, assume that there are iy lin-
early independent vectors {q}, g%, ..., q;" } which spans &y. Let Qi = [q}, g7, ..., ¢;*]. Then
d € &, can be expressed as Qyz with respect to a variable z € R, For (3.1), one can find a
subspace step from

3.3) F(zp + Qrz) =0.

The linearized system for subproblem (3.3) is

(3.4) F(zy) + JkQrz = 0,

where Jj, is the Jacobian of F' at xj, Similarly, one can construct a subspace type of the
Levenberg-Marquardt method for (3.2) as

) Ak
min - [|F(zx) + JeQrz||3 + 7”2”33

where )y is a regularization parameter adjusted to ensure global convergence.

3.2. Subspace by Subsampling/Sketching. We start from solving a linear least
squares problem on massive data sets:

(3.5) min ||Az — b||,

where A € R™*™ and b € R™. Although applying the direct or iterative methods to (3.5) is
straightforward, it may be prohibitive for large values of m. The sketching technique chooses
amatrix W € R™" with r < m and formulates a reduced problem

(3.6) min || (Az — b)||3.

It can be proved that the solution of (3.6) can be a good approximation to that of (3.5) in
certain sense if the matrix W is chosen suitably. For example, one may randomly select r
rows from the identity matrix to form W so that W A is a submatrix of A. Another choice is
that each element of W is sampled from an i.i.d. normal random variable with mean zero and
variance 1/r. These concepts have been extensively investigated for randomized algorithms
in numerical linear algebra [78, 136].
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For nonlinear equations, the simple sketching approach is to ignore some equations.
Instead of requiring the original system (3.1), we consider

(3.7) Fi(z)=0, i€y,

which is an incomplete set of equations. To solve the nonlinear equations (3.1) is to find a =
at which F' maps to the origin [141]. Let P,/ be a mapping from R™ to a lower dimensional
subspace. Solving the reduced system

(3.8) P/ F(z)=0

is exactly replacing F' = 0 by requiring its mapping to the subspace spanned by P to be
zero. Together with (3.3) yields:

(3.9) P F(x + Qrz) =0,
The linearized system for subproblem (3.9) is
(3.10) P [ F(xg) + JuQrz] =0.

Of course, the efficiency of such an approach depends on how to select Py and (). We can
borrow ideas from subspace techniques for large scale linear systems [98]. Instead of using
(3.10), we can use a subproblem of the following form:

(3.11) Pl F(zp) 4+ Jpz =0,

where jk € R¥* X% is an approximation to P,;r Jix Q. The reason for preferring (3.11) over
(3.10) is that in (3.11) we do not need the Jacobian matrix Jy, whose size is normally signifi-
cantly larger than that of J.

Similar idea has also been studied for nonlinear least squares problems. At the k-th
iteration, we consider minimizing the sum of squares of some randomly selected terms in an
index set I, C {1, ..., m} instead of all terms:

(3.12) min Y (F'(z))?.

This approach works quite well on the distance geometry problem which has lots of applica-
tions including protein structure prediction, where the nonlinear least squares of all the terms
have lots of local minimizers [103]. Combining subspace with sketching yields a counterpart
to (3.9) for nonlinear least squares:

1 in |P F 2.
(3.13) min [|PIF(wx + d)3

A projected nonlinear least squares method is studied in [57] to fit a model v to (noisy)
measurements y for the exponential fitting problem:

. o2
(3.14) min - [¥(z) -yl

where ¢(x) € R™ and n < m. Since computing the Jacobian of (3.14) can be expensive,
a sequence of low-dimensional surrogate problems are constructed from a sequence of sub-
spaces {W;} C R™. Let Pyy, be an orthogonal projection onto W, and W/ is an orthonormal
basis for W, i.e., Py, = WgWJ. Then it solves the following minimization problem:

min | Py, [6() — ][ = min [ 46 () — Wyl
14
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3.3. Partition of Variables. We now consider the partition of variables, which is also
a subspace technique for nonlinear least squares problem. Let [, be a subset of {1,...,n}.
The variables are partitioned into two group * = (Z, &), where z = (2%,i € I;) and
& = (2%, i & Iy). At the k-th iteration, the variables 2°(i & ) are fixed and 2% (i € I}) are
free to be changed in order to obtain a better iterate point. This procedure yields a subproblem
with fewer variables:

(3.15) min (F(Z,21))? .

It is easy to see that partition of variables use special subspaces that spanned by coordinate
directions. An obvious generalization of partition of variables is decomposition of the space
which uses subspaces spanned by any given directions.

3.4. —steepest Descent Coordinate Subspace. The T—steepest descent coor-
dinate subspace discussed in Section 2 can also be extended to nonlinear equations and non-
linear least squares. Assume that

(3.16) |F(zg)] > - > [Fir ()] > -

at the k—th iteration. If F'(x) is a monotone operator, applying the method in a subspace
spanned by the coordinate directions {e*/, j = 1,...,7} generates a system

(3.17) Fli(zp)+d " VF9(x,) =0, j=1,..,7.

For general nonlinear functions F(z), it is better to replace e*/ by the steepest descent coor-
dinate direction of the function F"i () at x, i.e., substituting ¢; by an index [; such that

OF (zk)
oxt

l; = argmax
t=1,...,n

However, it may be possible to have two different j at one I; so that subproblem (3.17) has no
solution in the subspace spanned by {e', ..., e!"}. Further discussion on subspace methods
for nonlinear equations and nonlinear least squares can be found in [141].

4. Stochastic Optimization. The supervised learning model in machine learning as-
sumes that (a, b) follows a probability distribution P, where a is an input data and b is the
corresponding label. Let ¢(a,x) be a prediction function in a certain functional space and
£(-,-) represent a loss function to measure the accuracy between the prediction and the true la-
bel. The task is to predict a label b from a given input a, that is, finding a function ¢ such that
the expected risk E[¢(¢(a, ), b)] is minimized. In practice, the real probability distribution
P is unknown, but a data set D = {(a1,b1), (az,b2), -+, (an,bn)} is obtained by random
sampling, where (a;, b;) ~ P1i.i.d. Then an empirical risk minimization is formulated as

| X
4.1) min f(z) := = Y fi(x),

where f;(z) = €(¢(a;;),b;)). In machine learning, a large number of problems can be
expressed in the form of (4.1). For example, the function ¢ in deep learning is expressed
by a deep neural network. Since the size N usually is huge, it is time consuming to use the
information of all components f;(x). However, it is affordable to compute the information at
a few samples so that the amount of calculation in each step is greatly reduced.
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4.1. Stochastic First-order Methods. In this subsection, we briefly review a few
widely used stochastic first-order methods [47]. Instead of using the full gradient V f(zy),
the stochastic gradient method (SGD) for (4.1) selects a uniformly random sample sj from
{1,..., N} and updates

4.2) Try1 = Tk — oV [5, (k).

A common assumption for convergence is that the expectation of the stochastic gradient is
equal to the full gradient, i.e.,

E[V s (zr) | z1] = Vf(z).

When f;(xy) is not differentiable, then its subgradient is used in (4.2). Note that only one
sample is used in (4.2). The mini-batch SGD method tries to balance between the robustness
of the SGD and the computational cost. It randomly selects a mini-batch I, C {1,...,N}
such that | I, | is quite small, then computes

(4.3) Tyt = Tp — %f' > Vialar).

sp€l

Obviously, subsampling defines a kind of subspace in terms of the component functions
{fi(z),..., fz(x)}. For simplicity, we next only consider extensions based on (4.2).

After calculating a random gradient V f,, () at the current point, the momentum method]j
does not directly update it to the variable xj. It introduces a speed variable v, which represents
the direction and magnitude of the parameter movements. Formally, the iterative scheme is

Vg1 = MV — @iV fs, (21),

4.4)
Th4+1 = Tk + V1.

This new update direction v is a linear combination of the previous update direction vy, and
the gradient V f5, (x)) to obtain a new vgy;. When py = 0, the algorithm degenerates to
SGD. In the momentum method, the parameter pi is often in the range of [0,1). A typical
value is p, > 0.5, which means that the iteration point has a large inertia and each iteration
will make a small correction to the previous direction.

Since the dimension of the variable x can be more than 10 million and the convergence
speed of each variable may be different, updating all components of x using a single step size
a, may not be suitable. The adaptive subgradient method (AdaGrad) controls the step sizes of
each component separately by monitoring the accumulation of the gradients elementwisely:

k
Gy = Z stqz (JEZ) © VfSi (931)7

i=1

where ® the Hadamard product between two vectors. The AdaGrad method is
— Oék

4.5) ST G+ een

Git1 =Gk + Vs, (@rt1) © Vs (Trt1),

O] vf5k+1 (xk+1)v

where the d1\./1s.1(.)n in s is also performed elementwisely. Adding the term €1, is to
prevent the division by zeros.
The adaptive moment estimation (Adam) method combines the momentum and AdaGrad

together by adding a few small corrections. At each iteration, it performs:

v = p1g—1 + (1 — p1)V fs, (21),

16 I
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Gr = p2Gr—1+ (1 = p2) Vs, () © V fs, (z1),

N Vk
Vg = 3
1—ph
N Gy
k= )
1—ph

823

T4l =T — —F7577—7——
VvV Gy, + eey,

where the typical values for p; and py are p; = 0.9 and py = 0.999. We can see that the
direction vy, is a convex combination of vi_1 and V f, (z1), then it is corrected to 0. The
value G}, is also obtained in a similar fashion. The main advantage of Adam is that after the
deviation correction, the step size of each iteration has a certain range, making the parameters
relatively stable.

The above algorithms have been implemented in mainstream deep learning frameworks,
which can be very convenient for training neural networks. The algorithms implemented
in Pytorch are AdaDelta, AdaGrad, Adam, Nesterov, RMSProp, etc. The algorithms im-
plemented in Tensorflow are AdaDelta, AdaGradDA, AdaGrad, ProximalAdagrad, Ftrl, Mo-
mentum, Adam and CenteredRMSProp, etc.

Q'ﬁka

4.2. Stochastic Second-Order method. The subsampled Newton method takes an

additional random set [ ,f C {1,..., N} independent to I;, and compute a search direction as
1 9 1
7] > Vi) | di = Tl > Vi (@),
k iell k spEly

Therefore, the subspace techniques in section 2 can also be adopted here.

Assume that the loss function is the negative logarithm probability associated with a
distribution with a density function p(y|a, =) defined by the neural network and parameterized
by x. The so-called KFAC method [79] is based on the Kronecker-factored approximate
Fisher matrix. Take an L-layer feed-forward neural network for example. Namely, each layer
je{1,2,...,L}is given by

(4.6) s;=Thwj_1, wj =;(s;),

where wy = a is the input of the neural network, wy,(z) € R™ is the output of the neural
network under the input a, the constant term 1 is not considered in w;_1 for simplicity, T} is
the weight matrix and 1), is the block-wise activation function. The jth diagonal block of F'
corresponding to the parameters in the jth layer using a sample set B can be written in the
following way:

4.7 FI=Qj_1,-1®G;;,
where

1 .
Qj-15-1= ] > wh o (wi)T,

i€B
1 SN (AT
Gj,j = ﬁ Z ]Ezwp(z\ai,w) [gj (Z)g] (Z) ]5
i€B
and g;i (2) := W. Therefore, the KFAC method computes a search direction in the
jth layer from ’
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where gi is the corresponding subsampled gradient in the jth layer.
5. Sparse Optimization.

5.1. Basis Pursuit. Given a matrix A € R"™*" and a vector b € R™ such that m <
n, basis pursuit is to find the sparsest signal among all solutions of the equation Ax = b. It
leads to a NP-hard problem:

(5.1 min ||z]lo, s.t. Az =19,

where ||z|lo = [{j | ; # 0}, i.e., the number of the nonzero elements of . An exact
recovery of the sparest signal often requires the so-called restricted isometry property (RIP),
i.e., there exists a constant §,. such that

(1= dn)lz]3 < [lAz]l3 < (1 + 6)l|=[|3, whenever [l[lo < r.

The greedy pursuit methods build up an approximation in a subspace at the k-th iteration.
Let T}, be a subset of {1,...,n}, 27 be a subvector of x corresponding to the set T} and
Ar, be a column submatrix of A whose column indices are collected in the set 7. Then the
subspace problem is

1
xf" =argmin | A2 — b3
x 2

Clearly, the solution is xz" = ATTk_ b where ATTk is the pseudoinverse of A7, . Since the size of
T}, is controlled to be small, A7, roughly has full rank column due to the RIP property. All
other elements of =, whose indices are in the complementary set of T}, are set to 0.

We next explain the choices of Tj. Assume that the initial index set Tp is empty. The
orthogonal matching pursuit (OMP) [116] computes the gradient

gr = AT(Aq x* —b),

then selects an index such that ¢, = argmax;—; .., |g;|]. If multiple indices attain the
maximum, one can break the tie deterministically or randomly. Then the index set at the next
iteration is augmented as

Thr1 = Tp U {tr}.

The CoSaMP [83] method generates an s-sparse solution, i.e., the number of nonzero com-
ponents is at most s. Let (1) s be a truncation of z, such that only the s largest entries in the
absolute values are kept and all other elements are set to 0. The support of (x) is denoted as
supp((zx)s). Then a gradient gy, is computed at the point (x ), and the set Tj,41 is updated
by

Tiot1 = supp((gr)2s) U supp((zk)s)-

5.2. Active Set Methods. Consider the ¢;-regularized minimization problem

(5.2) min Y,(x) = pllzfl + f(2),

where i > 0 and f(z) : R” — R is continuously differentiable. The optimality condition of

(5.2) is that there exists a vector

= —u, z; > 0,
5.3) (Vf(x)'{ = +u, z; <0,
€ [—p, ], otherwise.
18
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A two-stage active-set algorithm called “FPC_AS” is proposed in [133]. First, an active set
is identified by a first-order type method using the so-called “shrinkage” operation. Then,
a smooth and smaller subproblem is constructed based on this active set and solved by a
second-order type method. These two operations are iterated until convergence criteria are
satisfied. While shrinkage is very effective in obtaining a support superset, it can take a lot
of steps to find the corresponding values. On the other hand, if one imposes the signs of the
components of the variable x that are the same as those of the exact solution, problem (5.2)
reduces to a small smooth optimization problem, which can be relatively easily solved to
obtain . Consequently, the key components are the identification of a “good” support set by
using shrinkage and the construction of a suitable approximate smooth optimization problem.

The iterative shrinkage procedure for solving (5.2) is indeed a proximal gradient method.
Given an initial point x, the algorithm iteratively computes

. 1
e = argmin gzl + (2 - 2) T ge + 5l — 23,
x ak}

where gy, := V f(z1) and a, > 0. A simple calculation shows that
G4 Tpt1 = S (T — QkGr, pag)

where for y € R™ and v € R, the shrinkage operator is defined as

§(y,v) = axgmin vljall + 3z — 3
= sign(y) © max {[y| — v, 0} .

Note that the scheme (5.4) first executes a gradient step with a step size ay, then performs
a shrinkage. In practice, v can be computed by a non-monotone line search in which the
initial value is set to the BB step size. The convergence of (5.4) has been studied in [53]
under suitable conditions on oy, and the Hessian V2 f. An appealing feature proved in [53] is
that (5.4) yields the support and the signs of the minimizer z* of (5.2) after a finite number
of steps under favorable conditions. For more references related to shrinkage, the reader is
referred to [133].

We now describe the subspace optimization in the second stage. For a given vector

x € R™, the active set is denoted by A(z) and the inactive set (or support) is denoted by Z ()
as follows

(5.5  A(x):={ie{l,---,n}||z"| =0}and Z(x) := {i € {1,--- ,n}||2*| > 0}.

We require that each component x* either has the same sign as z, or is zero, i.., x is required
to be in the set

(5.6) Q(zy) := {z € R" :sign(a})z’ > 0,i € I(zx) and z' = 0,4 € A(zp)} .
Then, a smooth subproblem is formulated as either an essentially unconstrained problem
(5.7) rr%cin psign(zt) "o + f(x), s.t. 2t = 0,5 € A(xy)

or a simple bound-constrained problem

(5.3 min g sign(zt) et + f(x), 5.tz € Q(a).
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This manuscript is for review purposes only.



673
674
675
676
677
678
679

680

681
682

683

684
685
686
687
688
689
690
691
692

693

694

695
696
697
698
699
700
701

702

703
704

705

706
707
708
709
710
711
712

Since the size of the variables in (5.7) and (5.8) is relatively small, these two problems can be
solved efficiently by methods such as L-BFGS-B. If f(x) is quadratic, problem (5.7) can be
solved by the CG method for a system of linear equations.

The active set strategies have also been studied in [105, 64]. Specifically, the method
in [64] solves a smooth quadratic subproblem determined by the active sets and invokes a
corrective cycle that greatly improves the efficiency and robustness of the algorithm. The
method is globalized by using a proximal gradient step to check the desired progress.

6. The Domain Decomposition Methods.

6.1. A Two-level Subspace Method. Consider an infinite dimensional minimiza-
tion problem

6.1) gleig F(x),

where F is a mapping from an infinite-dimensional space V to R. Many large-scale finite
dimensional optimization problems arise from infinite dimensional optimization problems
[28]. Since explicit solutions for these problems are usually not available, we solve the dis-
cretized version of them from the “discretize-then-optimize” strategy by using the concept of
multilevel optimization.

Let V), be a finite dimensional subset of ) at the grid level &, for example, a standard
finite element space associated with the grid level h. For consecutive coarser levels, we
choose nested spaces, so that V; C --- C Vx—1 C VUx C V, where N is reserved for the
index of the finest level and 1 for the coarsest level. The functional F(x) restricted on V}, is
constructed as fj,(xp,) for x5, € Vy,. Therefore, the discretization of problem (6.1) is

(6.2) min  fr(xp).

XhEVh

Let xy, ;, be a vector where the first subscript /& denotes the discretization level of the
multigrid and the second subscript & denotes the iteration count. We next briefly describe a
two-level subspace method in [24] instead of simply finding a point xj, ;41 in the coarser grid
space Vg. We seek a point Xj, ;41 in &, 1, + Vg, satisfying some conditions, where Sy, 1, is
a subspace including the descent information, such as the coordinate direction of the current
iteration and the previous iterations or the gradient Dy, f (x, ) in the finite space V. Then,
we solve

(6.3) Gh.r = span{xp x—1,Xn,ks Pnf(Xnx)} € Vh.

When xj, 5, is not optimal on a coarse level H € {1,2,..., N}, we go to this level and
compute a new solution Xy, 31 by

(6.4) Xpk+1 ~argmin f(x), s.t. X € Sy + Vp.

Otherwise, we find a point xj, x4+1 € V), on level h.

The so-called full multigrid skill or mesh refinement technique can often help to generate
a good initial point so that the total number of iterations is reduced. Firstly, we solve the
target problem at the coarsest level which is computationally cheap. After an approximate
solution xj, at the current level is obtained, we prolongate it to the next finer level h + 1 with
interpolation as an initial point, and then apply the two-level subspace method at this new
level to find a solution xj, , ;. This process is repeated until the finest level is reached.
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6.2. The Subspace Correction Method. We next briefly review the subspace cor-
rection methods [112]. Given the current point xj, , the relaxation (or smoothing) procedure
is the operation on the current level h, namely, to find a direction dj, j to approximate the
solution of

(6.5) min fh(xh,k + Cl)7
devyy,
and the coarse grid correction procedure is the operation on the coarse level H, namely, to

find a direction d}, . to approximate the solution

. i .+ d).
(6.6) Jnin fn(xn K +d)

The concept of the subspace correction methods can be used to solve subproblems (6.5)
and (6.6). Let {¢§f )}?Ql be a basis for V},, where ny, is the dimension of V},. Denote V},

as a direct sum of the one-dimensional subspaces V), = V}(Ll) SRR V,(L""). Then for each
7 =1,---  ny in turn, we perform the following correction step for subproblem (6.5) at the
k-th iteration:

4y, = Jnin Fu(xnk +df})
6.7) d;/ vy

)"
Xk = Xnk +dj g

For subproblem (6.6), a similar strategy can be adopted by decompose space Vp into a di-
rect sum. Global convergence of this algorithm has been proved in [113] for strictly convex
functions under some assumptions. The subspace correction method can be viewed as a gen-
eralization of the coordinate search method or the pattern search method.

6.3. Parallel Line Search Subspace Correction Method. In this subsection, we
consider the following optimization problem

(6.8) min ¢(z) := f(z) + h(z),
where f(z) is differentiable convex function and h(z) is a convex function that is possibly
nonsmooth. The ¢;-regularized minimization (LASSO) [114] and the sparse logistic regres-
sion [100] are examples of (6.8). The PSC methods have been studied for LASSO in [36, 39]
and total variation minimization in [37, 38, 39, 68].

Suppose that R” is split into p subspaces, namely,

(6.9) R" = X'+ X2 4... + XP,

where .
X' ={z eR"supp(z) C J;}, 1<i<p,

P
such that 7 := {1,...,n}and J = |J J;. Forany i # j,1 < 4,5 < p, J;(J; = 0 holds in
i=1

a non-overlapping domain decomposition of R™. Otherwise, there exist ¢,j € {1,...,p} and
i # j such that 7; (| J; # 0 in an overlapping domain decomposition of R".

Let ¢! be a surrogate function of ¢ restricted to the i-th subspace at k-th iteration. The
PSC framework for solving (6.8) is:

(6.10) di = argmin ¢’ (d"),i=1,...,p,

dieX?
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p
746 Tkl = Tk + Z agdy,.
=1

747 The convergence can be proved if the step sizes af, (1 < i < p) satisfy the conditions:
748 Zle a}; < 1and a}; > 0 (1 < i < p). Usually, the step size a}; is quite small unde; these
749 conditions and convergence becomes slow. For example, the diminishing step size o}, = %
750 tends to be smaller and smaller as the number of subspaces increases.

751 A parallel subspace correction method (PSCL) with the Armijo backtracking line search
752 for a large step size is proposed in [29]. At the k-th iteration, it chooses a surrogate functions
755 ¢l and solves the subproblem (6.10) for each block, then computes a summation of the

754 direction dj, = Y ¢_, di. The next iteration is
755 Tpt1 = T + agdg,

756 where «y, satisfies the Armijo backtracking conditions. When h(z) = 0 and f(z) is strongly
757 convex, the surrogate function can be set to the original objective function ¢. Otherwise, it
758 can be a first-order Taylor expansion of the smooth part f(z) with a proximal term and the
759 nonsmooth part h(x):

760 (6.11) i(d) = V() Td + ¥ |d'||3 + h(xx + d), ford' € X"

761  Both non-overlapping and overlapping schemes can be designed for PSCL.

762 The directions from different subproblems can be equipped with different step sizes. Let
763 L = (d,lg, d%, . ,d,’;). The next iteration is set to

764 Tp41 = Tk + VAR

765  One can find o, as an optimal solution of

766 ap = argmin p(xp + Zpa).
a€cRP

767  Alternatively, we can solve the following approximation:

1
768 ar, ~argmin  Vf(zy)" Zra + —||Zrall3 + h(zy + Zra).
a€ERP th
769 The global convergence of PSCL is established by following the convergence analysis

770  of the subspace correction methods for strongly convex problem [112], the active-set method
771 for [, minimization [134] and the BCD method for nonsmooth separable minimization [119].
772 Specifically, linear convergence rate is proved for the strongly convex case and convergence
773 to the solution set of problem (6.8) globally is obtained for the general nonsmooth case.

774 7. General Constrained Optimization. In this section, we first present subspace
775 methods for solving general equality constrained optimization problems:
min  f(x)
776 (7.1) TER™
s.t.  c(z) =0,
777 where ¢(x) = (c1(x), - ,em(z)) T, f(x) and ¢;(x) are real functions defined in R” and at

778 least one of the functions f(z) and ¢;(z) is nonlinear. Note that inequality constraints can also
779 be added to (7.1) but they are omitted to simplify our discussion in the first few subsections.
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In the last subsection, we discuss methods for bound-constrained minimization problems.
Problem (7.1) is often minimized by computing solutions of a sequence of subproblems which
are simpler than (7.1) itself. However, they are still large-scale linear or quadratic problems
because normally subproblems are also defined in the same dimensional space as the original
nonlinear problem.

7.1. Direct Subspace Techniques. The sequential quadratic programming (SQP)
is an important method for solving (7.1). It successively minimizes quadratic approximations
to the Lagrangian function subject to the linearized constraints. Let Q(d) be a quadratic
approximation to the Lagrangian function of (7.1) at the k-th iteration:

1
(72) Qn(d) = grd+ 5d" Byd,

where g, = V f(x) and By, is an approximation to the Hessian of the Lagrangian function.
The search direction dy, of a line search type SQP method is obtained by solving the following
QP subproblem

(7.3) min - Qi(d)
(7.4) s.t. clzg) + Ald =0,

where Ay, = Ve(zy). Although the SQP subproblem is simpler than (7.1), it is still difficult
when the dimension n is large.

In general, the subspace SQP method constructs the search direction dj, by solving a QP
in a subspace:

min  Qx(d)

(7.5)
sit. e+ Ald=0, de&y,

where Gy, is a subspace. Lee et al. [70] considered the following choice:
Gk = Span{gk7 Sk—mmy s Sk—1, gk—mv ceey gk—17 vcl (:Ck)7 ceey vc’m,<xk)}7

where m is the memory size of the limited memory BFGS method for constructing By, in
(7.2), and ¥; is a linear combination of y; and B;s;. Let Uy, be a matrix of linearly independent
vectors in G. A reduced constrained version of (7.5) is

1
7.6) mzin (U gr) T2+ §ZTUJBkUkz
st Ty (cp + AL Upz) =0,

where T}, is a projection matrix so that the constraints are not over-determined.

7.2. Second Order Correction Steps. The SQP step dj can be decomposed into
two parts dy = hy + vi, where v, € Range(Ay) and hy, € (A]). Thus, vy is a solution of
the linearized constrained (7.4) in the range space of Ay, while hj is the minimizer of the
quadratic function Qy (v + d) in the null space of A} .

One good property of the SQP method is its superlinear convergence rate, namely when
xy, is close to a Karush—-Kuhn—Tucker (KKT) point 2* it holds

(7.7) T+ dp — 2" = o[z —2"]).
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However, a superlinearly convergent step d; may generate a point that seems “bad” since
it may increase both the objective function and the constraint violations. Even though (7.7)
holds, the Maratos effect shows that it is possible for the SQP step dj. to have both

f(@r + di) > f(an), le(r + di)ll > lle(ze)]l-

The second order correction step method [35, 80] solves a QP subproblem whose constraints
(7.4) are replaced by

(7.8) clxy +di) + AL (d—dy,) =0,

because the left hand side of (7.8) is a better approximation to ¢(zj + d) close to the point
d = dj. Since the modification of the constraints is a second order term, the new step can
be viewed as the SQP step dj, adding a second order correction step dy. Consequently, the
Maratos effect is overcomed. For detailed discussions on the SQP method and the second
order correction step, we refer the reader to [111].

We now examine the second order correction step from subspace point of views. It can
be verified that the second order correction step dy, is a solution of

min - Qu(di +d)

s. t. C(Ik+dk)+A;d:0.

Compute the QR factorization

Ay, = [Ya, Zi] { ]?)k }

and assume that Ry, is nonsingular. Therefore, the second order correction step can be repre-
sented as dj, = Oy + hy, where 9, = -YiR, Te(xy, 4 di,) and hy is the minimizer of
(7.9) min ~ Q(di + 0 + h) .

heNull(A])

Since dy, is the SQP step, it follows that g + Bydy € Range(Ayg), which implies that the
minimization problem (7.9) is equivalent to

(7.10) min l(vk +h) "By (i + h).
heNull(4]) 2

Examining the SQP method from the perspective of subspace enables us to get more
1ns1ghts If YTBka = 0, it holds hk = 0, which means that the second order correction
step di € Range(Ay) is also a range space step. Hence, the second order correction uses
two range space steps and one null space step. Note that a range space step is fast since it is
a Newton step, while a null space step is normally slower because By, is often approximated
by a quasi-Newton approximation to the Hessian of the Lagrangian function. Intuitively, it
might be better to have two slower steps with one fast step. Therefore, it might be reasonable
to study a correction step dj, € Null(A} ) in a modified SQP method.

7.3. The Celis-Dennis-Tapia (CDT) Subproblem. The CDT subproblem [23] is
often needed in some trust region algorithms for constrained optimization. It has two trust
region ball constraints:

. 1
N i Q) =gpd+ g B

sit. lew + Afdll2 < &, ||d]ls < A,
24
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where &, and Ay, are both trust region radii. Let Sy, = span{Z;}, Z,] Zx, = I, span{ A, gx} Clj
Sk and Byu = ou, Yu € S ,i- It is shown in [50] that the CDT subproblem is equivalent to
o ol
min - Qy(d) = gl d+ 5d' Byd
deRrr 2
st lew + ALd|l2 < &, |d]l2 < Ay,

where g, = Z,jgk, By, = Z;Bka and A;, = ZkTAk. Consequently, a subspace version of
the Powell-Yuan trust algorithm [91] was developed in [50].

7.4. Simple Bound-constrained Problems. We now consider the optimization
problems with simple bound-constraints:

min  f(x)
(7.12) zER™
s.t. [ <x<wu,

where | and w are two given vectors in R™. In this subsection, the superscript of a vector
denotes its indices, for example, z' is the ith component of x.

A subspace adaptation of the Coleman-Li trust region and interior method is proposed in
[12]. The affine scaling matrices Dy and CY, are defined from examining the KKT conditions
of (7.12) as:

Dy, = D(xy) = diag(|v(w)|""/?),  Cx = Dydiag(gr)Jy Dy
where J?(x) is a diagonal matrix whose diagonal elements equal to zero or &1, and

2t —ut, if¢g® < 0andu’ < +oo,
zt — 1", ifg' > 0and I’ > —o0,
—1, if g < 0and u’ = 400,
+1, if g > 0and’ = —oo0.

Let H}, be an approximation to the Hessian matrix V/(z,) and define
gr =Dy 'gr, My =D HyD; ' + diag(gx)J}-

Then the subspace trust region subproblem is

1
min g, s+ §ST(H;€ +Ci)s

s. t. HDkSHQ < Ak,s € 6.

(7.13)

If the matrix My, is positive definite, the subspace is taken as
S = span{Dlzzgk,wk},
where wy, is either §}1€v = — M N ! Jr. or its inexact version. Otherwise, Gy, is set to
span{ D sign(gx)} or span{D; *sign(gx), ws },

where Wy, is a vector of nonpositive curvature of Mj.
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869 A subspace limited memory quasi-Newton method is developed by Ni and Yuan in [87].
870  There are three types of search directions: a subspace quasi-Newton direction, subspace gra-
871 dient and modified gradient directions. The limited memory quasi-Newton method is used
872 to update the variables with indices outside of the active set, while the projected gradient
873 method is used to update the active variables. An active set algorithm is designed in [52].
874 The algorithm consists of a nonmonotone gradient projection step, an unconstrained opti-
875 mization step, and a set of rules for branching between the two steps. After a suitable active
876 set is detected, some components of variables are fixed and the method is switched to the
877 unconstrained optimization algorithm in a lower-dimensional space.

878 8. Eigenvalue Computation. The eigenvalue decompostion (EVD) and singular valuefl
879 decomposition (SVD) are fundamental computational tools with extraordinarily wide-ranging
880 applications in science and engineering. For example, most algorithms in high dimensional-
881 ity reduction, such as the principal component analyses (PCA), the multidimensional scaling,
882 Isomap and etc, use them to transform the data into a meaningful representation of reduced
883 dimensionality. More recently, identifying dominant eigenvalue or singular value decom-
884 positions of a sequence of closely related matrices has become an indispensable algorithmic
885 component for many first-order optimization methods for various convex and nonconvex opti-
886 mization problems, such as semidefinite programming, low-rank matrix computation, robust
887 principal component analysis, sparse principal component analysis, sparse inverse covari-
888 ance matrix estimation, nearest correlation matrix estimation and the self-consistent iteration
889 in electronic struture calculation. The computational cost of these decompositions is a major
890 bottleneck which significantly affects the overall efficiency of these algorithms.

891 For a given real symmetric matrix A € R™ "™, let A, Ao, -+, A, be the eigenvalues
892 of A sorted in a descending order: Ay > Ao > --- > A, and ¢1,...,q, € R"™ be the
893  corresponding eigenvectors such that Ag; = A\;q;, ||gill2 = 1,4 = 1,...,n and qiqu =0
894 for i # j. The eigenvalue decomposition of A is defined as A = Q,A,,Q,", where, for any
895 integeri € [1,n],

90 8.1 Qi=la, g2 - a] ER™Y, Ay =Diag(Ar, Ag, .., A) € RV,

897 and Diag(-) denotes a diagonal matrix with its arguments on the diagonal. For simplicity,
808 we also write A = QAQT where Q = @, and A = A,,. Without loss of generality, we
899 assume for convenience that A is positive definite (after a shift if necessary). Our task is to
900 compute p largest eigenpairs (Q,, A,) for some p < n where by definition AQ, = Q,A,
901 and Q; Qp = I € RP*P_Replacing A by a suitable function of A, say A{I — A, one can also
902 in principle apply the same algorithms to finding p smallest eigenpairs as well.

903 We next describe the Rayleigh-Ritz (RR) step which is to extract approximate eigenpairs,
904  called Ritz-pairs, from the range space R(Z) spanned by a given matrix Z € R™*™. This
905 procedure is widely used as an important component for an approximation to a desired m-
906 dimensional eigenspace of A. It consists of the following four steps.

907 (i) Given Z € R™*™, orthonormalize Z to obtain U € orth(Z), where orth(Z7) is the
908 set of orthonormal bases for the range space of Z

909 (ii) Compute H = U T AU € R™*™, the projection of A onto the range space of U.
910 (iii) Compute the eigenvalue decomposition H = VXV, where V'V = I and ¥ is
911 diagonal.

912 (iv) Assemble the Ritz pairs (Y, X) where Y = UV € R"*™ satisfies Y 'Y = I.

913 The RR procedure is denoted as a map (Y, X) = RR(A, Z) where the output (Y, X) is a Ritz
914  pair block.

915 8.1. Classic Subspace Iteration. The simple (simultaneous) subspace iteration (SSDHi
916 method [95, 96, 108, 110] is an extension of the power method which computes a single eigen-
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917 pair corresponding to the largest eigenvalue in magnitude. Starting from an initial matrix U,
918  SSI repeatedly performs the matrix-matrix multiplications AU, followed by an orthogonal-
919 ization and RR projection, i.e.,

920 (8.2) Z = orth(AU), U =RR(4,2).

921 The major purpose of orthogonalization is to guarantee the full-rankness of the matrix Z
922 since AU may lose rank numerically. The so-called deflation can be executed after each
923  RR projection to fix the numerically converged eigenvectors since the convergence rates for
924 different eigenpairs are not the same. Moreover, ¢ extra vectors, often called guard vectors,
925 are added to U to accelerate convergence. Although the iteration cost is increased at the initial
926 stage, the overall performance may be better.

927 Due to fast memory access and highly parallelizable computation on modern computer
928 architectures, simultaneous matrix-block multiplications have advantages over individual matrix-Jj
929  vector multiplications. Whenever there is a gap between the p-th and the (p + 1)-th eigen-
930 values of A, the SSI method is ensured to converge to the largest p eigenpairs from any
931 generic starting point. However, the convergence speed of the SSI method depends critically
932 on eigenvalue distributions. It can be intolerably slow if the eigenvalue distributions are not
933 favorable.

934 8.2. Polynomial Filtering. The idea of polynomial filtering is originated from a well-
935 known fact that polynomials are able to manipulate the eigenvalues of any symmetric matrix
936 A while keeping its eigenvectors unchanged. Due to the eigenvalue decomposition (8.1), it
937  holds that

08 (8.3) p(A) = Qp(M)Q" = p(\)aida!
=1

939 where p(A) = diag(p(A1), p(A2),...,p(Ay)). Ideally, the eigenvalue distribution p(A) is
940 more favorable than the original one.

941 The convergence of the desired eigen-space of SSI is determined by the gap of the eigen-
942 values, which can be very slow if the gap is nearly zero. Polynomial filtering has been used
943 to manipulate the gap in eigenvalue computation through various ways [97, 109, 150, 34] in
944  order to obtain a faster convergence. One popular choice of p(t) is the Chebyshev polynomial
945  of the first kind, which can be written as

946 (8.4) Tu(t) = cos(d arccost) <1,
16 (8. a(t) = Ht—vE=1D+ t+vVEE-1)Y |t >1,

947 where d is the degree of the polynomial. Since Chebyshev polynomials grow pretty fast
948 outside the interval [—1, 1], they can help to suppress all unwanted eigenvalues in this interval
949  efficiently. For these eigenvalues in a general interval [a, b], the polynomial can be chosen as

t— (b+a)/2)
DA

951  From an initial matrix U, the polynomial-filtered subspace iteration is simply

950 (8.5) p(t) =Ty <

952 (8.6) Z = orth(p(A)U), U =RR(4, 2).
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953 8.3. Limited Memory Methods. Finding a p-dimensional eigenspace associated with|]
954  p largest eigenvalues of A is equivalent to solving a trace maxmization problem with orthog-
955 onality constraints:

956 (8.7) nax tr(XTAX), s.t. XX =1.
c nxXp

957 The first-order optimality conditions of (8.7) are
958 AX = XA, X'X=1I,

959 where A = X TAX € RP*? is the matrix of Lagrangian multipliers. Once the matrix A
960 is diagonalized, the matrix pair (A, X) provides p eigenpairs of A. When maximization is
961 replaced by minimization, (8.7) computes an eigenspace associated with p smallest eigenval-
962 ues. A few block algorithms have been designed based on solving (8.7), including the locally
963 optimal block preconditioned conjugate gradient method (LOBPCG) [65] and the limited
964 memory block Krylov subspace optimization method (LMSVD) [74]. At each iteration, these
965 methods in fact solve a subspace trace maximization problem of the form

966 (8.8) YV =argmax {tr(X 'AX): XX =1, X € 6}.
XeRnXp

967 Obviously, the closed-form solution of (8.8) can be obtained by using the RR procedure.

968 The subspace G is varied from method to method. In LOBPCG, & is the span of the two
969 most recent iterations X;_1 and X;, and the residual AX; — X;A; at X;, which is essentially
970 equivalent to

971  (8.9) S =span{X;_1,X;, AX;}.

972 The term AX; can be pre-multiplied by a pre-conditioning matrix if it is available. The
973 LMSVD method constructs the subspace & as a limited memory of the current ¢-th iterate
974 and the previous ¢ iterates; i.e.,

975  (8.10) S =span{X;, X;—1,..., Xi—t}-

976 In general, the subspace & should be constructed such that the computational cost of solving
977  the subproblem (8.8) is relatively small.

978 8.4. Augmented Rayleigh-Ritz Method. We next introduce the augmented Rayleigh-Jj
979  Ritz (ARR) procedure. It is easy to see that the RR map (Y, X) = RR(A4, Z) is equivalent to
980  solving the trace-maximization subproblem (8.8) with the subspace & = R(Z), while requir-
981 ing Y T AY to be a diagonal matrix ¥. For a fixed number p, the larger the subspace R(Z)
982 is, the greater chance there is to extract better Ritz pairs. The augmentation of the subspaces
983 in LOGPCG and LMSVD is the main reason why they generally achieve faster convergence
984  than the classic SSI.

985 The augmentation in ARR is based on a block Krylov subspace structure, i.e., for some
986 integer t > 0,

0987 (8.11) & =span{X,AX, A%X,... A'X}.

988 Then the optimal solution of the trace maximization problemA(8;8), restricted in the sub-
989 space & in (8.11), is computed via the RR procedure using (Y,%) = RR(A4, K;), where
990 K; = [X,AX,A%X,..., A*X]. Finally, the p leading Ritz pairs (Y, ) is extracted from

991 (fﬂ >). This augmented RR procedure is simply referred as ARR. It looks identical to a
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block Lanczos algorithm. However, a fundamental dissimilarity is that the ARR is primarily
developed to compute a relatively large number of eigenpairs by using only a few augmenta-
tion blocks.

We next describe an “Arrabit” algorithmic framework with two main steps at each outer
iteration: a subspace update (SU) step and an ARR projection step, for computing a subset
of eigenpairs of large matrices. The goal of the subspace update step is finding a matrix
X € R"*P g0 that its column space is a good approximation to the p-dimensional eigenspace
spanned by p desired eigenvectors. Once X is obtained, the projection step aims to extract
from X a set of approximate eigenpairs that are optimal in certain sense. The SU step is
often performed on a transformed matrix p(A), where p(t) : R — R is a suitable polynomial
function. For a reasonable choice X € R"*?, it follows from (8.3) that p(A)X ~ Q,QT X
would be an approximate basis for the desired eigenspace. The analysis of ARR in [135,
Corollary 4.6] shows that the convergence rate of SSI is improved from |p(Ap+1)/p(Ap)] for
RR (t = 0) to [p(X(t+1)p+1)/p(Ap)| for ARR (¢ > 0). Therefore, a significant improvement
is possible with a suitably chosen polynomial p(-) such that |p(A(¢41)pt1)] < [p(Aps1)]-

In principle, the SU step can be fulfilled by many kinds of updating schemes without
explicit orthogonalizations. The Gauss-Newton (GN) algorithm in [75] solves the nonlinear
least squares problem:

min | XX — Al

For any full-rank matrix X € R"*P it takes the simple closed form
1
X, =X+a (I — 2X(XTX)‘1XT) (AX(XTX)' - X),

where the parameter o > 0 is a step size. The classic power iteration can be modified without
orthogonalization at each step. For X = [z} 2?2 ... 2™] € R™"*™, the power iteration is
applied individually to all columns of the iterate matrix X, i.e.,

i i '’

' =p(A)z' and =z 1=1,2,---,m.

el
This scheme is called a multi-power method.

8.5. Singular Value Decomposition. Computing the singular value decomposition
of a real symmetric matrix A € R™*"™ is equivalent to finding the eigenvalue decomposition
of AAT. Although the methods in the previous subsections can be applied to AA T directly,
the efficiency can be improved when some operations are performed carefully. We first state
the abstract form of the LMSVD method [74], then describe a few implementation details.

There are two main steps. For a chosen subspace &; with a block Krylov subspace
structure, an intermediate iterate is computed from

(8.12) X; = arg max ||ATXH%7 st. XTX =1 Xe6,.
XeRmxp

The next iterate X, is generated from a SSI step on Xi, ie.,
(8.13) X,.1 € orth (AATXi) .
We collect a limited memory of the last a few iterates in (8.10) into a matrix

(8.14) X = X! = [X;, X; 1, ..., Xi_q] € R™¥4
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where ¢ = (¢ + 1)p is the total number of columns in X}. For simplicity of notation, the su-
perscript and subscript of X! are dropped whenever no confusion would arise. The collection
matrix X is written in boldfaces to differentiate it from its blocks. Similarly, a collection of
matrix-vector multiplications from the SSI steps are saved in

(8.15) Y=Y =ATX! = [ATX;,ATX;4,..., AT X, ;] € R™*1,

Assume that X has a full rank and this assumption will be relaxed later. A stable ap-
proach for solving (8.12) is to find an orthonormal basis for &;, say,

Q = Q; € orth (X}).

Note that X € &, if and only if X = QV for some V' € R?*P. The generalized eigenvalue
problem (8.12) is converted into an equivalent eigenvalue problem

(8.16) max ||[RV[3, s.t. VIV =1,
VeRaxp

where

(8.17) R=R!:=A4TQ.

The matrix product R in (8.17) can be computed from historical information without any
additional computation involving the matrix A. Since Q € orth(X) and X has a full rank,
there exists a nonsingular matrix C' € R9%9 such that X = QC. Therefore, Q = XC !, and
R in (8.17) can be assembled as

(8.18) R=A"Q=A"X)C'=YC!,

where Y = AT X is accessible from our limited memory. Once R is available, a solution 14
to (8.16) can be computed from the p leading eigenvectors of the ¢ x ¢ matrix RTR. The
matrix product can then be calculated as

(8.19) AAT X, = ARV = AYC™'V.

We now explain how to efficiently and stably compute Q and R when the matrix X is
numerically rank deficient. Since each block itself in X is orthonormal, keeping the latest
block X;; intact and projecting the rest of the blocks onto the null space of X, yields
(8.20) Py =P = (I-XX)[Xis1 - Xi_p).

An orthonormalization of Px is performed via the eigenvalue decomposition of its Gram
matrix
(8.21) PPx = UxAxUy,

where Uy is orthogonal and A x is diagonal. If A x is invertible, it holds
1
(8.22) Q=Q! = [Xi, PXUXAXﬂ € orth (X!).

The above procedure can be stabilized by deleting the columns of Px whose Euclidean
norms are below a threshold or deleting the small eigenvalues in Ay and the corresponding
columns in Uy . The same notations are still used for Px, Ux and Ax after these possible
deletions. Therefore, a stable construction of Q is still provided by formula (8.22) and the
corresponding R matrix can be formulated as

(8.23) R=R! = [Y PyUxA}%} :

where Py = PZY := ATP x before the stabilization procedure but some of the columns of
Py may have been deleted due to the stabilization steps. Therefore, the R matrix in (8.23) is
well defined as is the Q matrix in (8.22) after the numerical rank deficiency is removed.
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1070 8.6. Randomized SVD. Given an m x n matrix A and an integer p < min(m,n), we
1071 want to find an orthonormal m x p matrix () such that

1072 A~ QQTA.

1073 A prototype randomized SVD in [54] is essentially one step of the Power method using an
1074 initial random input. We select an oversampling parameter [ > 2 and an exponent ¢ (for
1075 example, ¢ = 1 or t = 2), then perform the following steps.

1076 e Generate an n X (p + [) Gaussian matrix ).

1077 e Compute Y = (AAT)* AQ by the multiplications of A and AT alternatively.
1078 e Construct a matrix ) = orth(Y") by the QR factorization.

1079 e Form the matrix B = Q" A.

1080 e Calculate an SVD of B to obtain B = UEVT, and set U = Qf].

)82 can simply run the SSI (8.2) for only one step with an Gaussian matrix U. Assume that the
computation is performed in exact arithmetic. It is shown in [54] that

44/ l
1084 E|[A - QQ Al < [1 + lﬁ—:} Opt1s

(
1081 Consequently, we have the approximation A ~ UV T. For the eigenvalue computation, we
1€
108

1085 where the expectation is taken with respect to the random matrix 2 and 041 is the (p+1)-th
1086 largest singular value of A.

1087 Suppose that a low rank approximation of A with a target rank r is needed. A sketching
1088 method is further developed in [118] for selected p and ¢. Again, we draw independent
1089 Gaussian matrix 2 € R"*?P and ¥ € R**™, and compute the matrix-matrix multiplications:

1090 Y = AQ, W =WA,
1091  Then an approximation Ais computed:
1092 e Calculate an orthogonal-triangular factorization Y = QQ R where @@ € R™*P,
1093 e Compute a least-squares problem to derive X = (TQ)'W € RPxn
1094 e Assemble the rank-p approximation A = QX
1095 Assume that p = 2r + 1 and £ = 4r + 2. It is established that
1096 E||A—Alp < 2 min ||A Z||p-
ank(Z)<
1097 8.7. Truncated Subspace Method for Tensor Train. In this subsection, we con-

1098 sider the trace maximization problem (8.7) whose dimension reaches the magnitude of O(1042) ]
1099 Due to the scale of data storage, a tensor train (TT) format is used to express data matrices
1100 and eigenvectors in [148]. The corresponding eigenvalue problem can be solved based on the
1101 subspace algorithm and the alternating direction method with suitable truncations.

1102 The goal is to express a vector x € R™ as a tensor x € R™1%"2%"" X4 for some positive
1103 integers ni,...,ngq such that n = nins ... n4 using a collection of three-dimensional tensor
1104 cores X,, € R"#=1*"wX"u with fixed dimensions r,, ¢ = 1,...,dand rg = 74 = 1. A

1105 tensor x is stored in the TT format if its elements can be written as

1106 Liig...ig :Xl(il)XQ(ig)--'Xd(id)7

1107 where X,,(¢,,) € R™~1*" is the ¢,-th slice of X, fori, = 1,2,...,n,. The values r, are
1108  often equal to a constant r, which is then called the TT-rank. Consequently, storing a vector
1100 z € R™ only needs O(dn;r?) entries if the corresponding tensor x has a TT format. The
1110  representation of x is shown as graphs in Figure 8.1.
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rd.1
X x4 (Gq)

X1(i1)

X3(ig) Xd-1(ig-1)

Fig. 8.1 The first row is a TT format of u with cores X, . = 1,2,...,d. The second row is a representation of
its elements ;.. iy

1111 There are several ways to express a matrix X € R"*P with p < n in the TT format. A
1112 direct way is to store each column of X as tensors X1, X, . . . , X, in the TT format separately.
1113 Another economic choice is that these p tensors share all except one core. Let the shared
1114 cores be X, ¢ # p and the pu-th core of x; be X, ;, for¢ = 1,2,...,p. Then the i1z - - - g
1115 component of x; is

1116 (824) X(il, - ,7;”, R .,’id;j) = Xl(il) .. 'XH,j(iH) .. Xd(ld)

1117 The above scheme generates a block-pz TT (u-BTT) format, which is depicted in Figure 8.2.
1118 Similarly, a matrix A € R™*" is in an operator TT format A if the components of A can be
1119 assembled as

1120 (8.25) Aivigeigjije-ja = A1(i1,51) A2 (2, j2) - - - Aalia, ja),
1121 where A, (i, j,) € R™=1*" fori,, j, € {1,...,n,}.
o |
: X“’l ] "u+¥,

| Tyl ryl b 3
/X,y X | K| X

rg r1 +

Fig. 8.2 Demonstration of a u-BTT format.

1122 Assume that the matrix A itself can be written in the operator TT format. Let X € R"™*P
1123 with n = ning...nq whose BTT format is X, and Ty ., be the set of the BTT formats
1124 whose TT-ranks are no more than r. Then the eigenvalue problem in the block BTT format is

1125 (8.26) min tr(XTAX), st. X'X=TI,andX € Ty,

XeRnxp
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where X € T, ., means that all calculations are performed in the BTT format. Since
the TT-ranks increase dramatically after operations such as the addition and matrix-vector
multiplication in the TT formats, the computational cost and the storage becomes more and
more expensive as the TT-ranks increase. Therefore, the subspace methods in subsection 8.3
can only be applied with projections to T}, ., at some suitable places so that the overall
computational cost is still tractable.

In our truncated subspace optimization methods, solving the subproblem (8.8) is split
into a few steps. First, the subspace &, is modified with truncations so that the computation of
the coefficient matrix U T AU in the RR procedure is affordable. Let Pr(X) be the truncation
of X to the BTT format T, ;. ,,. One can choose either the following subspace

(8.27) ST = span{Pr(AX}), X, Xi 1},
or a subspace similar to that of LOBPCG with two truncations as
(8.28) SF = span{Xy, Pr(Rk), Pr(Py)},

where the conjugate gradient direction is Py, = X — X _1 and the residual vector is Ry, =
AX k — X kA k-
Consequently, the subspace problem in the BTT format is

(8.29) Y 1 = argmin tr(XTAX), s.t. X'X =1, X<€6&F,
XeRnXxp

which is equivalent to a generalized eigenvalue decomposition problem:

(8.30) min tr(VT(STAS)V), s.t. VISTSV =1,
€RIXP

Note that Y11 ¢ Ty, because the rank of Yy,; is larger than r due to several additions
between the BTT formats. Since Y is a linear combination of the BTT formats in 6;5,
problem (8.29) still can be solved easily but only the coefficients of the linear combinations
are stored.

We next project Y4 to the required space Ty, . ,, as

(8.31) X1 = arg_min [ X ~ Y%, st. X'X=1,, X€Tnrp
cRnXp

This problem can be solved by using the alternating minimization scheme. By fixing all
except the pth core, we obtain

(8.32) min X2,V = vee(Ypp1) |7, st VXL XL,V =1,

where
X#H = (XZM‘H- ® In“ & X§u71)7

and

Xep = [X1(i1) Xa(in) - - X (d),)] € R
Xop = [Xpu(i) X1 (pgr) - Xd(id)]T € RMuMtut1naXTu—1,

Therefore, after imposing orthogonality on X, (8.32) is reformulated as

(8.33) min |V — X, vec(Xpi1)||7, s.t. VIV =1,

whose optimal solution can be computed by the p-dominant SVD of X; Hvec(YkH).
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9. Optimization with Orthogonality Constraints. In this section, we consider the
optimization problem with orthogonality constraints [132, 59, 2]:

9.1 i X) st X'X=]
©.1) Jhin - f(X) s P

where f(X) : C"*? — R is a R-differentiable function [67]. The set St(n,p) := {X €
C™*P . X*X = I,} is called the Stiefel manifold. Obviously, the eigenvalue problem in sec-
tion 8 is a special case of (9.1). Other important applications include the density functional
theory [131], Bose-Einstein condensates [137], low rank nearest correlation matrix comple-
tion [121], and etc. Although (9.1) can be treated from the perspective of general nonlinear
programming, the intrinsic structure of the Stiefel manifold enables us to develop more effi-
cient algorithms. In fact, it can be solved by the Riemannian gradient descent, Riemannian
conjugate gradient, proximal Riemannian gradient methods [40, 104, 2, 59]. The Rieman-
nian Newton, trust-region, adaptive regularized Newton methods [120, 1, 2, 59] can used
when the Hessian information is available. Otherwise, the quasi-Newton types methods are
good alternatives [62, 61, 58].

The tangent space is Tx := {& € C"*P : X*£ 4+ ¢*X = 0}. The operator Projy(Z) :=
Z — Xsym(X*Z) is the projection of Z onto the tangent space T'x and sym(A) := (A +
A*)/2. The symbols V f(X) (V2f(X)) and grad f(X) (Hess f(X)) denote the Euclidean
and Riemannian gradient (Hessian) of f at X. Using the real part of the Frobenius inner
product R (A, B) as the Euclidean metric, the Riemannian Hessian Hess f(X) [31, 3] can be
written as

9.2) Hess f(X)[¢] = Projx (V?f(X)[¢§] — &sym(X*V f(X))),

where ¢ is any tangent vector in T'x. A retraction R is a smooth mapping from the tangent
bundle to the manifold. Moreover, the restriction Rx of R to T'x has to satisfy Rx (0x) = X
and DRx (0x) = idr, , where idr, is the identity mapping on T'x.

9.1. Regularized Newton Type Approaches. We now describe an adaptively reg-
ularized Riemannian Newton type method with a subspace refinement procedure [59, 58].
Note that the Riemannian Hessian-vector multiplication (9.2) involves the Euclidean Hessian
and gradient with simple structures. We construct a second-order Taylor approximation in the
Euclidean space rather than the Riemannian space at the k-th iteration:

1
9.3) mp(X) :=R(VF(Xp), X — Xp)+ §§R<Bk[X - Xi], X — Xg) + %kHX — X%,

where By, is either V2 f(X},) or its approximation based on whether V2 f(X},) is affordable
or not, and 7y, is a regularization parameter to control the distance between X and Xj. Then
the subproblem is

(9.4) min  mg(X) s.t. XX =1
XGCTLX})

After obtaining an approximate solution Zj, of (9.4), we calculate a ratio between the pre-
dicted reduction and the actual reduction, then use the ratio to decide whether X is set to
Z. or X}, and to adjust the parameter 7, similar to the trust region methods.

In particular, the model (9.4) can be minimized by using a modified CG method to solve
a single Riemannian Newton system:

9.5) gradmy(Xy) + Hessmy, (X)[€] = 0.
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A simple calculation yields:
(9.6)  Hessmy,(X)[¢] = Projx, (Bi[¢] — &sym((Xk)"Vf(Xy)) + 7€, € € Tk,

Hence, the regularization term shifts the spectrum of the Riemannian Hessian by 7;. The
modified CG method is a direct adaption of the truncated CG method for solving the classic
trust region subproblem, see [88, Chapter 5] and [2, Chapter 7] for a comparison. It is ter-
minated when either the residual becomes small or a negative curvature is detected since the
Hessian may be indefinite. During the process, two different vectors s and dj, are generated,
where the vector dj; represents the negative curvature direction and sy, corresponds to the con-
jugate direction from the CG iteration. The direction dj, is zero unless a negative curvature is
detected. Therefore, a possible choice of the search direction &, is

di ifd 0 d dmy (X
(97) Ek‘ = Sk + Tk k 1 k # ? Wlth Tk = < k7gra‘ mk( k)> .
Sk if d, = 0, (dy,, Hessmy (X)[dx])
Once the direction &, is computed, a trial point Z, is searched along &), followed by a retrac-
tion, i.e.,

(9.8) Zy, = Rx, (ax&).

The step size aj, = apd” is chosen by the Armijo rule such that & is the smallest integer
satisfying

9.9 mi(Rx, (a00"&r)) < pagd™ (gradmi(Xy), &),

where p,d € (0,1) and ag € (0, 1] are given constants.

The performance of the Newton-type method may be seriously deteriorated when the
Hessian is close to be singular. One reason is that the Riemannian Newton direction is nearly
parallel to the negative gradient direction. Consequently, the next iteration Xy, very likely
belongs to the subspace span{ Xy, grad f (X)}, which is similar to the Riemannian gradient
approach. To overcome the numerical difficulty, we can further solve (9.1) in a restricted
subspace. Specifically, a g-dimensional subspace Sy, is constructed with an orthogonal basis
Qr, € C"*(p < g < n). Then the representation of any point X in the subspace & is

X = QpM

for some M € C9%P. In a similar fashion to these constructions for the linear eigen-
value problems in section 8, the subspace &y, can be built by using the history information
{ Xk, Xk—1,...} {grad f(X%),grad f(Xk_1),...} and other useful information. Once a
subspace Gy, is given, (9.1) with an additional constraint X € G becomes

9.10 i M) s.t. M*M=1,.

(9.10) Jln o f(QeM) s b

Suppose that Mj, is an inexact solution of the problem (9.10) from existing optimization
methods on manifold. Then X1 = QMj, is a better point than Xj. For extremely difficult
problems, one may alternate between the Newton type method and the subspace refinement
procedure for a few cycles.

9.2. A Structured Quasi-Newton Update with Nystrom Approximation. The
secant condition in the classical quasi-Newton methods for constructing the quasi-Newton
matrix By,

9.11) Bi[Sk] = Vf(Xk) = Vf(Xr-1),
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where
Sk = Xk - Xk—l-

Assume that the Euclidean Hessian V2 f(X) is a summation of a relatively cheap part H°(X)
and a relatively expensive or even inaccessible part H°(X), i.e.,

9.12) V2f(X) = HO(X) + HE(X).

Then it is reasonable to keep the cheaper part H®(X) but approximate H¢(X) using the
quasi-Newton update &y. It yields an approximation By, to the Hessian V2 f(X},) as

(9.13) Bi = H(Xk) + &k,

Plugging (9.13) into (9.11) gives the following revised secant condition
(9.14) Ek[Sk] = Y,

where

(9.15) Y =V f(Xk) = VF(Xp-1) — H(Xp)[Sk]-

A good initial matrix £} to & is important to ensure the convergence speed of the limited-
memory quasi-Newton method. We assume that a known matrix f‘g can approximate the ex-
pensive part of the Hessian H°(X},) well, a very limited number of matrix-matrix products
involving 5’,8 is affordable but many of them are still prohibitive. We next use the Nystrom
approximation [117] to construct a low rank matrix. Let € be a matrix whose columns consti-
tute an orthogonal basis of a well-chosen subspace & and denote W = 52 [€2]. The Nystrom
approximation is

(9.16) EXU] = wW(W*Q)ITWw*U,

where U € C™*P is any direction. When the dimension of the subspace & is small enough,
the rank of W (W*Q)TWW* is also small so that the computational cost of £2[U] is significantly
cheaper than the original £Q[U]. Suppose the subspace & is chosen as

span{Xy_1, X},

which contains the element Sy. If £2[UV] = EY[U]V for any matrices U, V with proper
dimension (this condition is satisfied when 5',8 is a matrix), then the secant condition still
holds at £, i.e.,

EY[Sk] = Yi.

The subspace G can also be defined as
(9.17) span{Xk,l,Xk,EA,g[Xk]} or span{Xy_p,..., Xp—1, Xx}

with small memory length /. Consequently, we obtain a limited-memory Nystrom approxi-
mation.

9.3. Electronic Structure Calculations. The density functional theory (DFT) in
electronic structure calculation is an important source of optimization problems with orthog-
onality constraints. By abuse of notation, we refer to Kohn-Sham (KS) equations with lo-
cal or semi-local exchange-correlation functionals as KSDFT, and KS equations with hybrid
functionals as HF (short for Hartree-Fock). The KS/HF equations try to identify orthogo-
nal eigenvectors to satisfy the nonlinear eigenvalue problems, while the KS/HF minimization
problem minimizes the KS/HF total energy functionals under the orthogonality constraints.
These two problems are connected by the optimality conditions.
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9.3.1. The Mathematical Models. The wave functions of p occupied states can be
expressed as X = [z1,...,2p) € C"*P with X*X = I, after some suitable discretization.
The KS total energy functional is defined as

(9.18)

1 1 1 1 1
Eieo(X) 1= tr(X"LX) + S tr(X " VienX) + 5 SO Glagw? + ZpTLTp + §e;exc(p),

l

where L is a discretized Laplacian operator, the charge density is p(X) = diag(X X™), Vien

is the constant ionic
projection function,

pseudopotentials, w; represents a discretized pseudopotential reference
(; is a constant whose value is +1, and €, is related to the exchange

correlation energy. The Fock exchange operator V(-) : C**™ — C™*™ is usually a fourth-
order tensor [69] which satisfies the following properties: (i) (V(D1), D3) = (V(Ds), D1)
for any Dy, Dy € C™*™; (ii) V(D) is Hermitian if D is Hermitian. Then the Fock exchange

energy is

1

(9.19) Er(X) == (V(XX*)X, X) = i (V(XX*), XX*).

4

Therefore, the total energy minimization problem can be formulated as

(9.20)

min  E(X), st X'X=1I,
XeCnxr

where F(X) is Fxs(X) in KSDFT and

Ehf(X) = Eks(X) + Ef(X)

in HE. Computing E¢(X) is very expensive since a multiplication between an n X n X n. X n
fourth-order tensor and an n-by-n matrix is needed in V(-).
Denote the KS Hamiltonian Hys(X) as

©021) He(X):

1
= S L+ Viou + Y Guwf + Ding(RL')p) + Ding(sixc(p) en).
l

where fixc(p) = ‘%’573)("). Since Hys(X) is essentially determined by the charge density p(X),

it is often written as

(9.22)

Hys(p). The HF Hamiltonian is

th(X) = HkS(X) + V(XX*)

A detailed calculation shows that the Euclidean gradient of Fy(X) is

(9.23)

VErs(X) = His(X)X.

The gradient of E¢(X) is VE(X) = V(X X*)X. Assume that ex.(p(X)) is twice differen-
tiable with respect to p(X), the Hessian of Eys(X) is

(9.24)

V2Eks(X)[U] = HkS(X)U + R(‘X)[U]a

where U € C"*P and R(X)[U] := Diag ((?)‘ELJr + 8;;’2‘“ en)(XOU+X0 U)en> X. The

Hessian of F¢(X) is

(9.25)

V2E(X)[U] = V(XX*U + V(XU* + UX*)X.
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9.3.2. The Self-Consistent Field (SCF) Iteration. The first-order optimality con-
ditions for the total energy minimization problem are

(9.26) H(X)X = XA, X*X =1,

where X € C"*P, A is a diagonal matrix and H represents Hys in (9.21) or Hy¢ in (9.22). For
KSDFT, one of the most popular methods is the SCF iteration. At the k-th iteration, we first
fix the Hamiltonian to be Hys(px) for a given py and solve the following linear eigenvalue
problem

(9.27) He(po)X = XA, X*X =1,

The eigenvectors corresponding to the p smallest eigenvalues of Hy(py) is denoted as X1,
which leads to a new charge density pi+1 = p(Xg+1). It is then mixed with charge densities
from previous steps to produce the new charge density px; in order to accelerate the con-
vergence instead of using pg41 directly. This procedure is repeated until self-consistency is
reached.

A particular charge mixing scheme is the direct inversion of iterative subspace (DIIS) or
the Pulay mixing [92, 93, 115]. Choose an integer m with m < k. Let

W = (Apk, Apg—1,- -, Apk—m+1),  Apj =pj —pj-1.

The Pulay mixing generates the charge density pj by a linear combination of the previously

charge densities
m—1
Pk = E CiPk—j
§=0

where ¢ = (cg, ¢, - - ., Cmn—1) is the solution to the minimization problem:
min  |[W¢|?, s.t. ¢ ey =1.
(&3

Other types of mixing includes Broyden mixing, Kerker mixing and Anderson mixing, etc.
Charge mixing is widely used for improving the convergence of SCF even though its conver-
gence property is still not clear in few cases.

In HF, the SCF method at the k-th iteration solves:

HyX = XA, X*X =1,

where H & 1s formed from certain mixing schemes. Note that the Hamiltonian (9.22) can be
written as Hy¢ (D) with respect to the density matrix D = X X*. In the commutator DIIS
(C-DIIS) method [92, 93], the residual W; is defined as the commutator between Hy¢(D;)
and Dy, i.e.,

(9.28) Wj = Hun(D;)Dj — DjHue(Dy).
We next solve the following minimization to obtain a coefficient c:
2

m—1
min c; Wi s.t. cle, =1
i E Wi, st m .

j=0 F

Then, a new Hamiltonian matrix is obtained Hy = Z]m:_ol cjHj—;. Since an explicit storage
of the density matrix can be prohibitive, the projected C-DIIS in [60] uses projections of the
density and commutator matrices so that the sizes are much smaller.
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9.3.3. Subspace Methods For HF using Nystrom Approximation. Note that
the most expensive part in HF is the evaluation of E¢(X) and the related derivatives. We
apply the limited-memory Nystrém technique to approximate V (X X;) by V(XpX +). Let
Z =V (X, X}) Q where  is an orthogonal basis of the subspace such as

span{ Xy}, span{Xy_1, Xx} or span{Xy_1, X, V (Xp X;) X1 }.
Then the low rank approximation
(9.29) V(X X{) = 2zt z*

is able to reduce the computational cost significantly. Note that the adaptive compression
method in [73] compresses the operator V(X X}) on the subspace span{X}. Conse-
quently, we can keep the easier parts Ey but approximate E¢(X) by using (9.29). Hence, a
new subproblem is formulated as

: 1/ * *
(9.30) min - Ba(X) + <V(Xka)X,X> st XX =1,

The subproblem (9.30) can be solved by the SCF iteration, the Riemannian gradient method
or the modified CG method based on the following linear equation

V(X X7)E — Esym(X;V f(Xk))> = —grad Eye(X).

Projy, (VQEkS(Xk)[g] + %

9.3.4. A Regularized Newton Type Method. Computing the p-smallest eigenpairs
of Hys(p) is equivalent to a trace minimization problem

. 1 * ~ *
(9.31) (min | q(X) := itr(X H(p)X) s.t. X*X =1,

Note that ¢(X) is a second-order approximation to the total energy Eys(X) without consid-
ering the second term in the Hessian (9.24). Hence, the SCF method may not converge if this
second term dominates. The regularized Newton in (9.1) can be applied to solve both KSDFT
and HF with convergence guarantees. We next explain a particular version in [138] whose
subproblem is

1
(9.32) min  —tr(X*He(p)X) + 2| XXT - Xp X[ |2 st X*X =1,
XeCrxr 2 1

Since X, and X are orthonormal matrices, we have

IXXT = X3 X | = tr((XX T = Xp X ) (XX T = X3 X))
=2p — 2tr(X " X, X X).

Therefore, (9.32) is a linear eigenvalue problem:

(Hys(p) — i Xe X0 )X = XA,
X'X =1,
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9.3.5. Subspace Refinement for KSDFT. The direct minimization method in [138]
is a kind of subspace refinement procedure using

Y = [anP]kaL

where P, = X, — Xj—1 and Ry = Hys(X)) X — XiAg. Then the variable X can be
expressed as X = Y G where G € C3*P, The total energy minimization problem (9.20)
becomes:

mén E(YG), s.t. G'Y'YG = I,
whose first-order optimality condition is a generalized linear eigenvalue problem:
Y"Hs(YG)Y)G=Y'YGQ, GY'YG=I,

The subspace refinement method may help when the regularized Newton method does
not perform well. Note that the total energy minimization problem (9.20) is not necessary
equivalent to a nonlinear eigenvalue problem (9.26) for finding the p smallest eigenvalues of
H(X). Although an intermediate iterate X is orthogonal and contains eigenvectors of H (X),
these eigenvectors are not necessary the eigenvectors corresponding to the p smallest eigen-
values. Hence, we can form a subspace which contains these possible target eigenvectors. In
particular, we first compute the first vp smallest eigenvalues for some small integer . Their
corresponding eigenvectors of H (X} ), denoted by I'y, are put in a subspace as

(9.33) span{ Xy_1, X, grad E(Xy), Ty }.

Numerical experience shows that the refinement scheme in subsection 9.1 with this subspace
is likely escape a stagnated point.

10. Semidefinite Programming (SDP). In this section, we present two specialized
subspace methods for solving the maxcut SDP and the maxcut SDP with nonnegative con-
straints from community detection.

10.1. The Maxcut SDP. The maxcut problem partition the vertices of a graph into
two sets so that the sum of the weights of the edges connecting vertices in one set with these
in the other set is maximized. The corresponding SDP relaxation [46, 16, 56, 8] is

min  (C, X)
Xesn
(10.1) sct. XU=1, i=1,---.,n,
X =0.

We first describe a second-order cone program (SOCP) restriction for the SDP prob-
lem (10.1) by fixing all except one row and column of the matrix X. For any integer
i € {1,...,n}, the complement of the set {i} is i = {1,...,n}\{i}. Let B = X
be the submatrix of X after deleting its i-th row and column, and y = X" be the ith col-
umn of the matrix X without the element X**. Since X;; = 1, the variable X of (10.1) can

be written as . .
X = Ly = 1 v, .
y B y X

without loss of generality. Suppose that the submatrix B is fixed. It then follows from the
Schur complement theorem that X > 0 is equivalent to

¢—y' B ly>0.
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In order to maintain the strict positive definiteness of X, we require 1 —y' B~'y > v for a
small constant v > 0. Therefore, the SDP problem (10.1) is reduced to a SOCP:

min Ty
(10.2) yeRrR™™
s.t. 1—y ' Bly>v, ycRange(B),

where ¢ := 20", If v := &' B¢ > 0, an explicit solution of (10.2) is given by

1—v
Y

(10.3) y=— Be.

Otherwise, the solution is y = 0.

We next describe the RBR method [130]. Starting from a positive definite feasible so-
lution X7, it updates one row/column of X at each of the inner steps. The operations from
the first row to the last row is called a cycle. At the first step of the k-th cycle, the matrix B
is set to X ;C’lc and y is computed by (10.3). Then the first row/column of X}, is substituted
by X ;C’l := gy. Other rows/columns are updated in a similar fashion until all row/column
are updated. Then we set X4 := X}, and this procedure is repeated until certain stopping
criteria are met.

The RBR method can also be derived from the logarithmic barrier problem

104 )?élsnn ¢U-<X) =(C, X) — ologdet X
s.t. X"=1Vi=1,---,n, X >0.
Fixing the block B = X" gives
det(X) = det(B)(1 — (X)) TB~1X"7).
Therefore, the RBR subproblem for (10.4) is

(10.5) min ¢y —olog(l—y B ly).
yeR?—1

If v := ¢' B¢ > 0, the solution of problem (10.5) is

2 _
(10.6) y = A
Y
Consequently, the subproblem (10.2) has the same solution as (10.5) if v = 20 7”02%7

10.1.1. Examples: Phase Retrieval. Given a matrix A € C™*" and a vector b €
R™, the phase retrieval problem can be formulated as a feasibility problem:

find z, s.t. |[Az| = b.

An equivalent model in [122] is

1

. - A _ 2

pedhin 2|| r —yll3
8. t. ly| = b,
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which can be further reformulated as

1
min §||Ax — diag(b)u|?

(10.7) z€Cn,ueCm
s.t. |ul|=1,,i=1,...,m.
By fixing the variable u, it becomes a least squares problem with respect to z, whose explicit

solution is = Afdiag(b)u. Substituting x back to (10.7) yields a general maxcut problem:
min  u*Mu
UG(CTYL

s.t. |utl=1,4=1,...,m,

where M = diag(b)(I — AAT)diag(b) is positive semidefinite. Hence, the corresponding
SDP relaxation is

min  tr(UM)

Uesm

s.t. Ul=1,i=1,---,m, U>D0.
The above problem can be further solved by the RBR method.

10.2. Community Detection. Suppose that the nodes [n] = {1,...,n} of a network

can be partitioned into r > 2 disjoint sets {K7,..., K.}. A binary matrix X is called a
partition matrix if X% = 1 fori,j € Ky,t € {1,...,r} and otherwise X% = (. Let A be the
adjacency matrix and d be the degree vector, where d; =}, AY i € [n]. Define the matrix

(10.8) C=—(A-Xdd"),

where A = 1/||d||1. A popular method for the community detection problem is to maximize
the modularity [86] as:

(10.9) min (C, X) s.t. X € Py,

where P}, is the set of all partition matrices of 7 nodes with no more than r subsets. Since
the modularity optimization (10.9) is NP-hard, a SDP relaxation proposed in [25] is:

X?Riv{lxn (%)
s.t. X%=1,4=1,...,n,
0< X% <1,V 7,
X = 0.

(10.10)

The RBR method in subsection 10.1 can not be applied to (10.10) directly due to the compo-
nentwise constraints 0 < X% < 1.

Note that the true partition matrix X* can be decomposed as X* = ®*(®*)", where
®* € {0,1}™*" is the true assignment matrix. This decomposition is unique up to a permu-
tation of the columns of ®*. The structures of ®* leads to a new relaxation of the original
partition matrix X [146]. Define a matrix

U= [ul,...,u”}T e R,
We can consider a decomposition X = UU . The constraints X* = 1 and ®* € {0, 1}"*"
imply that ' .
[u=1, U=0, [u'llo<p,
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where the cardinality constraints are added to impose sparsity of the solution. Therefore, an
alternative relaxation to (10.9) is

min <C, UUT>

UeRnxr
(10.11) st Wflla=1i=1,...,n,
lullo <pi=1,...,n,
U >0.

Although (10.11) is still NP-hard, it enables us to develop a computationally efficient
RBR method. The feasible set for each block v’ is
U={ueR" | |lulls =1, w=>0, [ulo<p}.

Then, problem (10.11) can be rewritten as

(10.12) UglRi}LlXT fU)={(C,UUT), st. uelU.

For the ¢-th subproblem, we fix all except the i-th row of U and formulate the subproblem as

u' = argmin f(u', ..., u""?

. o .
min ,x,u”l,...,u")—k§||x—ul||2,

where the last part in the objective function is the proximal term and ¢ > 0 is a parameter.
Note that the quadratic term ||z||? is eliminated due to the constraint |lu|lz = 1. Therefore,
the subproblem becomes

(10.13) u' = argminb 'z,

zeUd
where b = 2C“*“U~" — g@*, and C*" is the i-th row of C' without the i-th component, U~
is the matrix U without the i-th row. Define by = max{b,0},b_ = max{—b, 0}, where the
max is taken component-wisely. Then the closed-form solution of (10.13) is given by

bP
TP ifb_ #£0,
(10.14) w=1{ T | 7
e/, with jo = argmin; ’, otherwise,

where b7 is obtained by keeping the largest p components in b_ and letting the others be
zero, and when ||b_||o < p, b = b_. Then the RBR method goes over all rows of U by
using (10.14).

We next briefly describe the parallelization of the RBR method on a shared memory
computer with many threads. The variable U is stored in the shared memory so that it can be
accessed by all threads. Even when some row v is updating in a thread, the other threads can
still access U whenever necessary. In the sequential RBR method, the main cost of updating
one row u' is the computation of b = 2C"*"U~% — o', where @' and U are the current
iterates. The definition of C' in (10.8) gives

(10.15) b = 245U 4 2X\dN(d) U — 0@t

where A"%" is the i-th row of A without the i-th component. The parallel RBR method is
outlined in Figure 10.1 where many threads are working simultaneously. The vector d' U
and matrix U are stored in the shared memory and all threads can access and update them.
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Fig. 10.1  An illustration of the asynchronous parallel proximal RBR method

Every thread picks up their own row v’ at a time and then reads U and the vector d' U. Then,
a private copy of b is computed. Thereafter, the variable u’ is updated and d' U is set to
d"U + d"U + d*(u® — u*) in the shared memory. It immediately proceeds to another row
without waiting for other threads to finish their tasks. Therefore, when a thread is updating
its variables, other blocks of variables 1/, j # 4 are not necessarily the most new version.
Moreover, if this thread is reading some row u/ or the vector d' U from memory and another
thread is just modifying them, the data of u’ will be partially updated. Since the memory
locking is removed, the parallel RBR method may be able to provide near-linear speedups.
See also the HOGWILD! [94] and CYCLADES [89] for the asynchronous methods.

11. Low Rank Matrix Optimization. Optimization problems whose variable is re-
lated to low-rank matrices arise in many applications, for example, semidefinite programming
(SDP), matrix completion, robust principle component analysis, control and systems theory,
model reduction [76], phase retrieval, blind deconvolution, data mining, pattern recognitions
[33], latent semantic indexing, collaborative prediction and low-dimensional embedding.

11.1. Low Rank Structure of First-order Methods. A common feature of many
first-order methods for the low rank matrix optimization problems is that the next iterate x5,
is defined by the current iterate x; and a partial eigenvalue decomposition of certain matrix.
They can be unified as the following fixed-point iteration scheme [71]:

(11.1) 41 =T (2, (B(ag))), =z €D,
where B : D — S™ is a bounded mapping from a given Euclidean space D to the n-
dimensional symmetric matrix space 8™, and 7 is a general mapping from D x S™ to D.

The spectral operator ¥ : S — S is given by

(11.2) U(X) = VDiag((A(X))V7,
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where X = VDiag(\y,...,\,)V T is the eigenvalue decomposition of X with eigenvalues
in descending order A\; > Ao -+ > A\, A(X) = (A, ..., A\,)7T, the operator ¢ : R® — R”
is a vector-valued symmetric mapping, i.e., (P\) = Pi(\) for any permutation matrix P.
The orthogonal projection of a symmetric matrix X on to a given Range(Q) with QT Q = I
is defined as:

(11.3) Po(X) := arg min [V - X2 =QQ"XQQ".
Y eS™, Range(Y)=Range(Q)

The operator U has the low-rank property at X if there exists an orthogonal matrix Vz €
R™*P (p <« n) that span a p-dimensional eigen-space corresponding to A\;(X),¢ € Z, such
that ¥(X) = ®(Py, (X)), where P is either the same as ¥ or a different spectral operator
induced by ¢, and Z is an index set depending on X. The low-rank property ensures that the
full eigenvalue decomposition is not needed.

The scheme (11.1) is time-consuming for large scale problems since first-order methods
often take thousands of iterations to converge and each iteration requires at least one full
or partial eigenvalue decomposition for evaluating U. However, ¥(5(z)) often lives in a
low-dimensional eigenspace in practice. A common practice is to use inexact method such as
the Lanczos method, LOBPCG, and randomized methods with early stopping rules [149, 6,
106]. The so-called subspace method performs refinement on a low-dimensional subspace for
univariate maximal eigenvalue optimization problem [66, 102, 63] and in the SCF iteration
for KSDFT [151]. In the rest of this section, we present approaches [71] which integrate
eigenvalue computation coherently with the underlying optimization methods.

11.2. A Polynomial-filtered Subspace Method. We now describe a general sub-
space framework for the scheme (11.1) using Chebyshev polynomials p(-) defined in (8.5).
Assume that z* is a limit point of the fixed-point iteration (11.1) and the low-rank property
holds for every B(xy) in (11.1). Consequently, the scheme (11.1) is equivalent to

(11.4) i1 = T (vx, ®(Pvz, (B(zr)))),

where V7, is determined by B(zy). Although the exact subspace Vz, usually is unknown,
it can be approximated by an estimated subspace U so that the computational cost of ¥
is significantly reduced. After the next point x4 is formed, a polynomial filter step is
performed in order to extract a new subspace U1 based on Uy. Therefore, combining the
two steps (8.6) and (11.4) together gives

(11.5) Tp1 = T (2, (Pu, (B(z1)))),
(11.6) Uk+1 = orth(pp" ! (B(2k41))Uy),

where ¢y, is a small number (e.g. 1 to 3) of the polynomial filter p(-) applied to Uy. The
Chebyshev polynomials are suitable when the targeted eigenvalues are located within an inter-
val, for example, finding a few largest/smallest eigenvalues in magnitude or all positive/neg-
ative eigenvalues.

The main feature is that the exact subspace V7, is substituted by its approximation Uy,
in (11.5). The principle angle between the true and extracted subspace is controlled by the
polynomial degree. Then the error between one exact and inexact iteration is bounded. When
the initial space is not orthogonal to the target space, the convergence of (11.5)-(11.6) is
established under mild assumptions. In fact, the subspace often becomes more and more
accurate so that the warm start property is helpful, i.e., the subspace of the current iteration
can be refined from the previous one.
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11.3. The Polynomial-filtered Proximal Gradient Method. We next show how
to apply the subspace update (11.5) and (11.6) to the proximal gradient method on a set of
composite optimization problems

(11.7) min h(z) := F(z) + R(z),

where F'(z) = f o A(B(z)) with B(z) = G + A*(x) and R(z) is a regularization term with
simple structures but need not be smooth. Here G is a known matrix in §”, the linear operator
A and its adjoint operator .4* are defined as

(11.8) AX) = (A1, X) o (A, I, A () = i,

for given symmetric matrices A; € S™. The function f : R™ — R is smooth and absolutely
symmetric, i.e., f(x) = f(Pz) for all x € R™ and any permutation matrix P € R™*".

Let U be a spectral operator induced by 1 = V f. It can be verified that the gradient of
Fin (11.7)is

(11.9) VEF(z) = AW (B(x))).

The proximal operator is defined by
1
(11.10) prox,p(x) :argminR(u)—&—%Hu—ng.

Consequently, the proximal gradient method is

(11.11) Tpy1 = prox,, g(zr — TRA(Y(B(zr)))),
where 7y, is the step size. Therefore, the iteration (11.11) is a special case of (11.1) with
T (x,X) = prox,, p(z — A(X)),
U(X) = VDiag(VF(MX))V .

Assume that the low-rank property holds at every iteration. The corresponding polynomial-
filtered method can be written as

(11.12) Tpy1 = prox,, g(zr — TRA(P(Pu, (B(zk)))),
(11.13) Ugs1 = orth(pi" ! (B(xy11))Uy).

11.3.1. Examples: Maximal Eigenvalue and Matrix Completion. Consider the
maximal eigenvalue optimization problem:

(11.14) mzlnF(x) + R(x) := M (B(z)) + R(z),

where B(z) = G 4+ A*(z). Certain specific formulations of phase recovery and blind decon-
volution are special case of (11.14). The subgradient of F'(x) is
OF (z) = {A(U,SUL) | S = 0,tx(S) = 1},

where U; € R™*" is the subspace spanned by eigenvectors of A\; (B(x)) with multiplicity
r1. For simplicity, we assume r; = 1 and A;(B(x)) > 0, which means that F (x) has only
one element and the function F'(x) is differentiable. Then the polynomial-filtered method is

Tpi1 = prox, p(zy, — TA(uruf ),
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where u; is the eigenvector of A1 (B(zy)). Hence, we have
T (2, W) = prox, g(z — TAW)), ¥(X)=ujul.
In addition, ¥(+) satisfies the low-rank property around z* with Z = {1} and

1, i=1,

0, otherwise.

(W) = (¢(N))i = {
Another example is the penalized formulation of the matrix completion problem:
. 1
(11.15) m1n||X||*+EH’PQ(X—M)H%,

where (2 is a given index set of the true matrix M, and Py : R™*™ — R™*™ denotes
the projection operator onto the sparse matrix space with non-zero entries on {2. Problem
(11.15) can be solved by the proximal gradient method. At the k-th iteration, the main cost
is to compute the truncated SVD of a matrix. Although (11.15) is not a direct special case of
(11.7), we can still insert the polynomial filter into the proximal gradient method to reduce
the cost of SVD.

11.4. The Polynomial-filtered ADMM Method. Consider the standard SDP:
min (C, X),
(11.16) s.t. AX =0,
X =0,

where C, A and b are given, the linear operator A and its adjoint are defined in (11.8).
Note that the ADMM on the dual problem of (11.16) is equivalent to the Douglas-Rachford
Splitting (DRS) method [30] on the primal SDP (11.16). Define F'(X) = 1;x+0}(X) and
G(X) = 1pax=n(X) + (C, X), where 1o(X) is the indicator function on a set Q. The
proximal operators prox,(Z) and prox,(Y") can be computed explicitly as
prox,(Z) = P4 (Z),
prox,(Y) = (Y + tC) — A*(AA") " (AY + tAC — b),
where P (Z) is the projection operator onto the positive semi-definite cone. Hence, DRS
can be formulated as
A
Zi+1 = Tors(Zk) = prox,q(2prox, p(Zk) — Zi) — proxyp(Zk) + Zi,
which is also a special case of (11.1) with
T(z,X) =prox,(2X —z) — X +x,
U(X) =P(X).
Note that P (X) is a spectral operator induced by v with the form
(¥(X)); = max{\;,0}, Vi.

It can be verified that ¥(X) = W(Py, (X)), where Z contains all indices of the positive
eigenvalues \;(X). The operator U(X) satisfies the low-rank property if X only has a few
positive eigenvalues. Hence, the polynomial-filtered method method can be written as
(1 117) Zk+1 = prOth(2P+ (PUk (Zk)) — Zk) - P+ (PUk (Zk)) + Zk,
(1118) U}C+1 = Ol"th(pzlfll (Z}C+1)Uk).
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1629 11.4.1. Examples: 2-RDM and Cryo-EM. The two-body reduced density matrix
1630 (2-RDM) problem can be formulated as a standard SDP. It has a block diagonal structure
1631 with respect to the variable X, where each block is a low rank matrix. Hence, the polynomial
1632 filters can be applied to each block to reduce the cost. As an extension, we can plug poly-
1633 nomial filters into multi-block ADMM for the nonlinear SDPs from the weighted LS model
1634  with spectral norm constraints and least unsquared deviations (LUD) model in orientation de-
1635 termination of cryo-EM images [124]. For these examples we only introduce the formulation
1636 of the corresponding model. The details of the multi-block ADMM can be found in [124].
1637 Suppose K is a given integer and S and W are two known matrices, the weighted LS
1638 model with spectral norm constraints is

max (WoS,G)Y,

1630 (11.19) 5.8 g“’;OIQ’
1G]z < aK,

1640 where G = (Gyj)ij=1...x € S*K is the variable, with each block G;; being a 2-by-2 small
1641 matrix, and || - ||2 is the spectral norm. A three-block ADMM is introduced to solve (11.19).
1642 The cost of the projection onto the semidefinite cone can be reduced by the polynomial filters.
1643 The semidefinite relaxation of the LUD problem is

min Zngng llcij — Gijcjillz,

1614 (11.20) 8- gifob’
G2 < aK

1645 where G, G, K are defined the same in (11.19), and ¢;; € R? are known vectors. The
1646 spectral norm constraint in (11.20) is optional. A four-block ADMM is proposed to solve
1647 (11.20). Similarly, the polynomial filters can be inserted into the ADMM update to reduce
1648  the computational cost.

1649 12. Conclusion. In this paper, we provide a comprehensive survey on various sub-
1650  space techniques for nonlinear optimization. The main idea of subspace algorithms aims
1651 to conquer large scale nonlinear problems by performing iterations in a lower dimensional
1652 subspace. We next summarize a few typical scenarios as follows.

1653 e Find a linear combination of several known directions. Examples are the linear and
1654 nonlinear conjugate gradient methods, the Nesterov’s accelerated gradient method,
1655 the Heavy-ball method and the momentum method.

1656 e Keep the objective function and constraints, but add an extra restriction in a cer-
1657 tain subspace. Examples are OMP, CoSaMP, LOBPCG, LMSVD, Arrabit, subspace
1658 refinement and multilevel methods.

1659 e Approximate the objective objective function but keep the constraints. Examples are
1660 BCD, RBR, trust region with subspaces and parallel subspace correction.

1661 e Approximate the objective objective function and design new constraints. Examples
1662 are trust region with subspaces and FPC_AS.

1663 e Add a postprocess procedure after the subspace problem is solved. An example is
1664 the truncated subspace method for tensor train.

1665 e Use subspace techniques to approximate the objective functions. Examples are sam-
1666 pling, sketching and Nystrém approximation.

1667 o Integrate the optimization method and subspace update in one framework. An ex-
1668 ample is the polynomial-filtered subspace method for low-rank matrix optimization.
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The competitive performance of the methods adopting the above mentioned subspace
techniques in the related examples implies that the subspace methods are very promising
tools for large scale optimization problems. In fact, how to choose subspaces, how to con-
struct subproblems, and how to solve them efficiently are the key questions of designing a
successful subspace method. A good tradeoff between the simplicity of subproblems and the
computational cost has to be made carefully. We are confident that many future directions are
worth to be pursued from the point view of subspaces.
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