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A Curvilinear Search Method for p-Harmonic Flows on Spheres*

Donald Goldfarbf, Zaiwen Wenf, and Wotao Yin!

Abstract. The problem of finding p-harmonic flows arises in a wide range of applications including color image
(chromaticity) denoising, micromagnetics, liquid crystal theory, and directional diffusion. In this
paper, we propose an innovative curvilinear search method for minimizing p-harmonic energies over
spheres. Starting from a flow (map) on the unit sphere, our method searches along a curve that lies
on the sphere in a manner similar to that of a standard inexact line search descent method. We
show that our method is globally convergent if the step length satisfies the Armijo—Wolfe conditions.
Computational tests are presented to demonstrate the efficiency of the proposed method and a
variant of it that uses Barzilai-Borwein steps.
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1. Introduction. We introduced an algorithm in this paper to efficiently solve the p-
harmonic flow problem, a functional minimization problem subject to a nonconvex constraint.
This problem has applications in color image (chromaticity) denoising [12, 30, 39, 40], micro-
magnetics [27], liquid crystal theory [1, 16, 17, 29], directional diffusion [35], etc.

Let | - | denote the Euclidean norm, SY~! denote the (N — 1)-sphere in RV, i.e., SN~1 :=
{U € RV : |U| = 1}, and Q denote an open subset of RM where M > 1 and N > 2. We
propose, for the case N = 3 and M = 2, simple and very efficient methods for solving the
minimization problem

(L1)  min B,(U) = /Q VUG dx,  subject to (s.t.) U € Whr(e, sV1),

where 1 < p < o0;

(1.2) WaP(Q, SN 1) = {U e WH(Q,RY) | Ux) € S¥ 'ae;Ulpg = no};
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| - |F is the Frobenius norm, ie., [Blp = /> ; sz; the operator V denotes differentiation,

i.e.,
oU1(x) oU1(x)
ox1 Tt ox
VU(x) =
dUN(x) 9UN (x)
ox1 Tt ox

is the Jacobian matrix of U at x; and ng is a given function from the boundary 99 to
SN=1 In what follows, we use the simpler notation |U| = 1 to represent the constraint
Ue Wﬁ(’)p (€2, SN=1). The mappings U that are stationary points of problem (1.1) are called
p-harmonic maps and, in particular, harmonic maps for p = 2. The analytical properties
of (1.1), including the existence, nonuniqueness, regularity, and singularities of minimizing
harmonic maps, have been intensively studied [13, 14, 15, 18, 24, 25, 26, 28].

Several types of numerical approaches have been proposed for solving problem (1.1). The
approach in [16, 17] solves the Euler-Lagrange equations for (1.1) iteratively, where at each
step the spherical constraints are ignored at first and then the solution V is renormalized by
setting U = % This renormalization approach is analyzed in [1], where it is shown that
the energy is decreased after each renormalized step and a convergent algorithm is proposed.
Related finite element methods are studied in [2, 3]. By modifying a discretization scheme for
the heat flow equations corresponding to (1.1), constraint preserving finite element methods
are developed in [7, 4]. A second approach [9, 10, 32] adds a penalty term to the objective
function in (1.1) to penalize violation of the spherical constraint, i.e., it forms

P.(U) :/QNU(X)V; dx+%/ﬂ(|U\2 —1)%dx,

and then solves a sequence of unconstrained minimization problems min P.(U) by letting € —
0. This approach is also used to solve the minimization of the Ginzburg—Landau functional.
A third approach [11, 41] is based on solving the unconstrained problem

" ()

18
A parameterization of the variable U is employed to derive a constraint preserving gradient
descent method.

We propose here a method for solving (1.1) that is faster than either of the above three
approaches. It generates a sequence {U™} based on an updating formula that preserves |U™| =
1 and does not involve renormalization, and also uses advanced line search techniques. Every
update from U™ to U™*! is determined by a descent direction on the manifold W&(’)p (Q,SN-1)
and a step size; however, the updating formula preserves [U"*!| = 1 for any direction and
step size. This important property allows us to directly apply classical optimization techniques
developed for use in Euclidean spaces such as line search methods and Barzilai-Borwein step
sizes to significantly accelerate convergence, resulting in a framework that we refer to as a
curvilinear method. In addition, at least for N < 3, we show that the updating formula is
simple and easy to compute. In contrast, the algorithms from [2, 3] require an additional fixed
point method to compute the new trial point. The algorithm for S' mappings proposed in

p
dx, st UeWar(Q,RY).
F

(1.3) min £,(U) = /Q

U
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[41] can be viewed as a special case of our method; however, for the S? case, the algorithm
in [41] requires the solution of a nonlinear system of equations at each step to maintain the
pointwise S? constraints.

This paper is organized as follows. In section 2.1, we derive a descent method that
preserves |U| = 1 from the Euler-Lagrange equations for (1.1). In section 2.2, we present
an equivalent representation of the unconstrained objective functional in (1.3) for the case
N = 3. We then introduce in section 2.3 a discrete counterpart of the descent method
described in section 2.1. In section 2.4, we present a curvilinear search method applied to
the discrete formulation and prove global convergence to a stationary point. In section 3 we
describe how to incorporate Barzilai-Borwein steps into our curvilinear search framework.
Finally a set of numerical results on both synthetic and real problems is presented in section
4 to demonstrate the efficiency of our algorithms.

2. Continuous and discrete descent methods.

2.1. A descent method that preserves |U™| = 1. We henceforth take IV to be 3, unless
otherwise specified. It is well known that the Euler-Lagrange equations (i.e., the first-order
optimality conditions) for problems (1.1) and (1.3) are the set of coupled PDEs (assuming
they are well defined)

VE,(U) := -A,U— |[VUPU = 0,
(2.1) U = 1 ae onQp,
Ulso = ny,

where VEP(U) denotes the Fréchet derivative of EP(U) with respect to U and A,U := V-
(|[VU|P~2 VU) and V- is the divergence operator. From |U| = 1 it follows that (VU)" U = 0;
hence from this and the product rule for differentiation we obtain

0=V- (|VU|p_2 (VUTU) ) —V. ((|VU|p‘2 vu)' U) = |VUJ + (U, A,U),
which implies that —|VU|P = (U, A,U) and
VE,(U) = —|[VU]P U — A,U = (U,A,U) U — (U,U)A,U = U x (U x A,U),

where the second equality follows from Lagrange’s formula a x (b x ¢) = (a,c)b — (a, b)c.
Given a current point U™ with |U™| = 1, the classical steepest descent method computes
a new trial point Ugf)r Las

(2.2) n (1) = U" — 7VE,(U") = U™ — 7U" x (U" x A,U"),

where 7 is a step size. In general, Ug,(7) does not satisfy |Ugp(7)| = 1. Inspired by [41], we
propose replacing the step direction

U" x (U™ x A,U")
by
U”(r) + U"

5 x (U™ x A,U"),
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which yields the following method for computing a new trial point U™ (7):

7_U (1)+U

(2.3) U"(r) =U" — 5

x (U™ x A,U").

We note that (2.3) can be viewed as a Crank-Nicolson (C-N) type of discretization for p-
harmonic heat flow 0U/01 = —VE,(U). In a standard C-N method the term U" x A,U"
would also be replaced by its average at the current and new points. Formula (2.3) gives a
simple and explicit updating scheme for U"*! := U"(7) with a step size 7 as we show in
Theorem 2.1 below. To obtain this result, we use the fact that the cross product in R? can
be expressed as a matrix-vector product. Specifically, if a = (al,ag,ag)T € R? and b € R3,
then a x b = a®)b, where the matrix at*) is defined by

0 —as a9
(2.4) a®=1a3 0 -a
—as ap 0

Using this result, we can obtain U"(7) explicitly.
Theorem 2.1. Let N = 3. For any vector H®(x) € R3, the solution of the update formula

U"(7) + U

(2.5) U'(r)=U" -1 x H"

with respect to U™(71) is

(2.6) U™ (1) = <I - %(H”)(X)>_l <I + %(H"W) U,

where I is the identity matriz in R®*® and (H")X) is the matriz of the form (2.4) correspond-
ing to H™. In addition, (2.6) satisfies

(2.7) (U™ (n)] = [U"].

Consequently, if |[U°| = 1, it follows that {U™} satisfies |U"| = 1 for all n > 0.
Proof. 1. Rearranging (2.5), we get

U™(r) - U" + gU”(T) x H" + gU” x H" = 0.

Using the matrix-vector form of the cross product (2.4) and the fact that ax b = —b x a and
collecting common terms, we obtain

~TEMO) un(r) = T ) yn
(2.8) (I S(H") )U(T) (I+2(H) )U.
Since (H")*) is skew symmetric, the matrix (I - %(H")(X)) is nonsingular for any H™; in

fact, det (I — %(H”)(X)) = 1+ 172||H"||2. Therefore, the system of equations (2.8) is solvable
and we obtain (2.6).
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2. Taking the inner product on both sides of (2.5) with w and rearranging terms

gives

o= (win) o POETY | (U U gy U0 207

(10" () - [U"*),

N =

where we have used the fact that the second term in the first equation is equal to zero because
of the following properties of the cross product: (a x b,c) = —(b,a xc)anda xa =0
for any a,b,c € R3. This result also follows from (2.6) and the fact that BB = I if
B= (I -K) I+ K) and K is skew symmetric. [ ]

Theorem 2.2. Let UL = Uy (7) and U™ = U™(7) be defined by (2.2) and (2.3),
respectively. The step U™ — U is a descent step if the steepest descent step Uggl - g
with the same step size T is a descent step.

Proof. It is easy to verify that

Un+1 o Ug—gl _ g(Hn)(X) (Un+1 - Un) 7

where H" = U” x A, U™ Since (H")*) is skew symmetric,
(Un+1 . Un)T (Un+1 o Uggl) —0.
Hence
(Un+1 _ Un)T (U?Sl]-gl _ Un) — (Un+1 _ Un)T (Ug—gl _ Un+1 + Un+1 _ Un)
= [U"H - U"* > 0,

since Unt! £ U if UL £U".  m

In [7] the authors take H™ as w x A,U""! in a finite element discretization for the
gradient flow equation and use a fixed point method to compute U"t!. Similar results are
also presented in [6, 5]

Remark 2.3. The updating formula (2.3) can be applied to solve the general minimization
problem

(2.9) min F(U), s.t. U € 52

From the theory of Riemannian manifolds, the Euler-Lagrange equations for problem (2.9),
given by the covariant derivative, are

(2.10) My (VF)=VF - (U VFIU=0, Uecs?

where IIy is the orthogonal projection from TyyR? onto the tangent space TyS? [12, 31]. From
the Lagrange formula a x (b x ¢) = (a,c)b — (a, b)c, we obtain

Iy (VF)=-Ux (UxVF), Uecs?

which implies that an updating formula similar to (2.3) can be used to solve (2.9).
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2.2. An equivalent objective functional. In this subsection, we present an objective
functional equivalent to (1.3) for introducing the discretization scheme in section 2.3.
By expanding the integral |V(‘—8‘) P in (1.3) for U = (u,v,w) € R3, we obtain

(2.11)
2 p/2
) dx,

min E,(U) / (
UeWaP (QRY)
which is equivalent to problems (1.1) and (1.3).

Although the minimization problems (1.1) and (1.3) (and, hence, (2.11) for N = 3) have
the same infimum, there are advantages to solving (1.3) (hence, (2.11)) instead of the equiv-
alent problem (1.1). In (1.1) the explicit constraints |U| = 1 are all nonconvex and thus
difficult to handle numerically; in contrast, problem (1.3) or (2.11) is unconstrained, and one
can directly apply nonlinear optimization methods to it. For (2.11), we give below a finite
difference discretization which preserves the results in Theorems 2.1 and 2.2 and for which we
derive a globally convergent and efficient iterative algorithm. Furthermore, we do not need to
renormalize U, either at every iteration or when our algorithm terminates (at a steady state).

Formula (2. 11) can be extended to higher dimensional spaces, i.e., N > 3, by expanding
the integral |V ( ‘U‘) explicitly. Also let us remark that (2.11) for N = 2 i.e., when U = (u,v)

maps to S, can be simplified. Needless to say, all formulas and results developed below for
N = 3 can also be simplified and applied to N = 2.

Remark 2.4. For p-harmonic mappings into S!, we simply take w = 0; hence problem (1.3)
becomes

vVw — wVo
u? 4+ v2 + w?

uVw — wVu |?
u? 4+ v? + w?

uVv —ovVu
u? + 02 + w?

_ P
min E,(U) = / M dx,
Q| u+v
which has a gradient flow governed by
(2.12) u+vH =0, v;—uH=0,

where H = uV - (|[VU]P=2Vv) — oV - (|[VU[P=2Vw).

Remark 2.5. For N = 2, i.e., mappings U = (u,v) into S*, Vese and Osher [41] parametrize
w and v by (r,0) using u = rcos(f) and v = rsin(f). It can be shown that \V(|U|) = |Vo|P.
The authors calculate the gradient flow of the functional fQ |VO|P dx with respect to §. Using
the transformation = tan™! (%) and the facts that u? +v? = 1 and V6 = “Zg;#’}“, they
reformulate the gradient flow in (u,v) as

uUs + Vv = O,
UV — VUt
Ty
u? + v? <
which they then further simplify into a set of equations similar to (2.12). From this, an
updating scheme similar to (2.3) is proposed. Our approach generalizes theirs for p-harmonic
maps into S2.

In the next subsection we take a “discretize-then-optimize” approach, where the objective
functional (2.11) is first discretized to obtain a standard nonlinear programming problem

uVv —ovVu
u? + v?

P=2 Vo — oVu
u?+02 7
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in a finite dimensional space and then one solves this problem by a nonlinear programming
algorithm. In an “optimize-then-discretize” approach, the updating formula (2.3), instead
of the objective functional (2.11), is the starting point of the discretization. Given a specific
discretization of (2.3), it is not easy to figure out the exact (discretized) objective function that
the discretized version of (2.3) minimizes, so it is not clear how to specify certain algorithmic
steps such as a line search and a convergence test.

Updating formula (2.3) and Theorem 2.1 provide guidelines for designing a discretized
energy function for problem (2.11) (i.e., problem (1.3)). If the gradient of the discretized
energy function at the point U™ can be represented in the form of U™ x H" for some quantity
H"” ¢ R3, an updating scheme similar to (2.3) can be derived and the pointwise constraint
|U”| =1 can be maintained at all of the iterations.

2.3. A finite difference discretization scheme. For simplicity, we assume that the domain
Q) is a rectangle and discretize it as the grid:

d . . . .
(2.13) Qp lef {(@i,ys) i = thg,y; = jhy,i=0,1,...,m; j=0,1,...,n},

where h;, h, are the grid widths in the x and the y directions, respectively. We let u;; =
w(xi, ¥i), vij = v(z,y;) and w; j = w(wx;,y;) at each grid point (z;,y;). A key aspect of our
discretization is the use of the mean operators (,u and (,u, which are defined as

Wi + Uizl
2 )

Wi + Uij—1

Collij = Cyltij = 5 ’

with respect to the x direction and y direction, respectively. To match the mean operators
Czu and (yu, the backward finite difference operators d,u and é,u, which are defined as

ha '

5:cuz',j = n )
y

Oyi,j =
are used to approximate the partial derivatives Vu. Similar mean operators and finite dif-
ference operators are defined for v and w. As shown in the following lemma, the property
(VU)T U = 0 for |U| = 1 holds for the U and VU given by the means and finite differ-
ences defined above, respectively. This result plays an important role in the derivation of the
Fuler-Lagrange equations and the cross-product form of the gradient.

Lemma 2.6. If |U; ;| = |(ui j,vij, wi ;)| = 1 for all i and j, then

(2.14) Cai 0z Ui 5 + CpVi jO0zV;j + Crw; j0w; j = 0,
(2.15) Cyti j0yij + Cyvi j0yvij + Guwi joyw; j = 0.

The proof is trivial.
Next, we define

o Cxui,j5xvi,j - vai,j(s:cui,j

(f1)ig = (f)ij(u,v) = =3 ,
2v

’LLZ"5’UZ"— ’UZ5’LLZ
(s = (il = LU IO,
%)
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where 7, = (G 1) +(Covig)? +(Gowi )® and Y5 = (Gyuij)? 4 (Cyig)* + (Gwsj)?. Similarly,
we define (f5)ij(u,w), (f3)ij(u,w), (f§)ij(v,w), and (f§)ij(v,w). The terms (f{);; and
(f]g)m for k =1,2,3 are well defined if S, # 0 or Sf{j # 0, and they are used to approximate

the terms
uVov —ovVu uVw — wVu vVw — wVo

w42 +w? w404+ w? w2402+ w?

in the z and y directions, respectively. Furthermore, we introduce

Fij; = ((ff)?; + (f%)?g + (f2w)12] + (fg)gg + (fg)gg + (f??)?] +¢& )p/Q,

where € (£ = 0 if p is even and £ > 0 if p is odd) is a small perturbation to avoid non-
differentiability. Using the above definitions, the objective functional in (2.11) is discretized
as

(2.16) 50 =33 F,

i=1 j=1

by abusing the notation and letting U = {(u; ;,v; j, w; )}

We show below in Lemma 2.7, proved in Appendix B, that the partial derivatives of the
discrete function E,(U) with respect to u; j, v; j, and w; ; can be represented in a cross-product
form similar to their continuous counterparts (2.2).

Lemma 2.7. Suppose |U;;| = 1 for all i and j. The partial derivatives of E,(U) with
respect to variables U; j = (u; j,v; j,w; ;) for eachi=1,....m—1and j=1,...,n—1 are

(217) (VEP(U))z,] = UZ'J' X Hi,ja

where H = (H,, Hy, H,) and

(2.18)
(Ho)i; = +p (_F:]TQ ((flw)i,j n (f%)i,j) +FPT?2 Uit +F% (ff/)i,jﬂ) 7

T Y i+1,5 T i,7+1 Y
heSi; hySi; haSTyq 4 hySij 1

(Hb)Z] =—D (—F.p.T2 <(f2w)7"] + (f2y)7"]> _|_FPT?2 (fo)iH-l,j 4 F% (fg)i,j-i—l)

7o\ heST; T hyS T he STy ST

= (Ui, Wi, 5 Uiy |, 5 ()i
H) . = _F. P 3/ 3/%] F P 31+l F? 3/4,7+ )
( a)w +p< ,J (hzsgfj + hyszy,j + i+1,7 hxsgﬁ—i-l,j + 1,j+1 hySzy,j—i-l

Remark 2.8. Forward finite differences or central finite differences can also be used, and
they give similar results with appropriate mean operators.

2.4. A discrete descent method and curvilinear search algorithm. In this subsection,
we describe a method for solving the unconstrained discretized problem (2.16), based on the
special structure of the gradient (2.17). Our updating scheme is analogous to (2.3). Essentially,
we define a curve from the current point U™ on the surface of the sphere S? and search along
it for a new point U™*!,
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The steepest descent method computes a new point U™(7) by the formula

(2.19) Ui(r) =U; =7 (VE,(U")), 5
where VE,(U") is given by (2.17). Since in general [U7;(7)| # 1, we modify (2.19) in the
same way as in Theorem 2.1 and obtain

UL+ 0y

which is clearly linear in U7, (7). Below we derive the candidate point U"(7) and its derivative
with respect to 7 and show that [U™(7)| = |U"| for any 7 similar to Theorem 2.1.
Theorem 2.9. For any 7, the solution U} () of the system of equations (2.20) with respect
to U, is
7]

-1
(2.21) Ui(m) = (WZ{) Wi UL,
where WZ";F =1+ %(sz)(x), Wiy =1- %(sz)(x), I is the identity matriz in R3*3, H},
is given in (2.18), and (sz)(x) is defined by (2.4). Moreover, U (7)| = [U},|, and the
derivative of U (1) with respect to T is

(2.22) (U7 ()

)

du?(r)
ziﬂza

-1
o Wi ) ) (U + U ().

Proof. Except for the derivation of (2.22), the proof is identical to the proof of Theorem
2.1 with U", U"(7), and H" replaced by Uy;, Ul (1), and H},, respectively. To obtain
(2.22) we differentiate both sides of (2.21) with respect to 7, which gives

]_ T dUn(T)
—_Z(H* ) Iun. _L(Hr )
2( 7,,]) z,](T) (I 2( 7,,]) > dr

1
= §(H21)(X)UZ¢ u
The matrix form of the updating formula (2.21) should be expanded to avoid inverting
the matrices WZ”J_ at each grid point (7, j). To simplify the notation, we temporarily drop the
subscripts (,j) and superscript n. Let (Hy,); ;, (Hyp)i ;, (H¢)i; be denoted by a,b, ¢, respec-
tively, and recall that U" = (u,v,w) and U"(7) = (u(7),v(7), w(7)). Then the solution given
by (2.21) can be expressed explicitly as

~ du+ Arbw — d1cv — 720%u + T2a%u — 722U + 272abv + 272%acw

(2.23) u(r) 44 72¢% + 7202 + 722 '

(2.24) o(r) = 4v 4+ 4reu — draw + 72020 — T26%0 — 7220 + 272 cbw + 27%abu
44 72¢% 4 7202 + 722 ’

(2.25) w(r) = 4w + Arav — 41bu — T20*w — 720w + 2w + 27%bcv + 2T2CLC’U,'

44+ 72¢% 4+ 7202 + 72p2

Since a direct verification is tedious, a symbolic “MATLAB script” is given in Appendix A.
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Remark 2.10. A curve u(7) : R — S? is a geodesic on the unit sphere S? if and only if

(2.26) fi = (fi, ) -

It can be verified that the curve U™ (7) defined by formula (2.21) is not a geodesic since it does
not satisfy (2.26). To further our understanding, we compare the curves generated by formula
(2.21) with the two curves generated by the traditional steepest descent method followed by
a projection onto S?, called the normalization method, and by the geodesic steepest descent
method on S2. Specifically, the curve generated by the normalization method is defined as

U — 7VE,(U")
U" — 7V E, (U]

(2.27) U"(r) =

The geodesic steepest descent method searches along the geodesic of S2 in the negative gradient
direction. We first make sure that the gradient VE,(U"™) lies on the tangent plane Ty S? by
computing d = Ilyn(VE,(U")), where IIyV = V — (V,U)U is the orthogonal projection
from the tangent space TyR? onto the tangent space Ty S?. Then the curve along the geodesic
of the unit sphere [12] is defined as

(2.28) 0" (r) = cos(r|d|)U" + sin(7\d|)%.
To obtain some intuition, we study Example 4.1 with p = 1 from section 4 on numerical
implementation. We choose U” as the initial point U° given by (4.1), choose a grid point (4, 7),
and then compute the points U™(7,,), U"(7,), and U™(r,) for 7, = k/3, k =1,...,30, on the
curves U™(7), U(7), and U"(7) defined by formulas (2.21), (2.27), and (2.28), respectively,
corresponding to that grid point. The left-hand side of Figure 1 is the result corresponding
to the grid point (11,11), and the right-hand side of Figure 1 is the result corresponding to
the grid point (11, 15). These plots show that the three curves are different.

It is well known that the steepest descent method with a fixed step size may not converge.
By choosing the step size wisely, we can guarantee convergence and even accelerate the speed
of convergence without greatly increasing the computational cost at each iteration. One
approach is to minimize the objective value E,(U) along the curve U"(7) with respect to 7,
i.e., to obtain an optimal 7* by solving

min £,(U" (1)

Since finding a global minimizer 7* is computationally expensive, one is usually satisfied with
an approximate minimizer such as a 7, satisfying the Armijo—Wolfe conditions [34, 38, 22]

(2.292) Ep(U" (1)) < Ep(U™(0)) + p17aF,(U"(0)),
(2.290) E(U"(r,)) > poEL(U"(0),
where £},(U"(0)) and E},(U"(7,,)) are the derivatives of E,(U"(7)) with respect to 7 at 7 = 0

and 7 = 7,, respectively, and 0 < p; < p2 < 1 are two parameters. To select a step size 7, to
satisfy the Armijo—Wolfe conditions (2.29a) and (2.29b), we refer to Algorithms 3.2 and 3.3 in
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Figure 1. Comparison of updating formulas: (left) the grid point (11,11); (right) the grid point (11,15).
The solid curve marked by * was generated by (2.21), the dash-dot curve marked by o was generated by the
normalization method, and the dashed curve marked by ¢ was generated by the geodesic steepest descent method.

Algorithm 1. A gradient descent method with curvilinear search.

STEP 0: Initialization. Given an initial point U? such that [U°| = 1. Set n =0, € > 0,
and 0 < p; < pa < 1.

STEP 1: Compute the step size 7,,. Call line search along the path U"(7) defined by
(2.21) to obtain a step size 7, that satisfies the Armijo—Wolfe conditions (2.29a)
and (2.29b).

STEP 2: Update. Set the new trial point U™ = U"(r,). If |[VE,(U")| < ¢, then
STOP. Set n =n + 1; goto STEP 1.

[34], which are based on interpolation and bisection. For a more detailed description of these
kinds of strategies, see, for example, [33]. To summarize, we describe the curvilinear search
approach in Algorithm 1.

Using the chain rule, the derivative of E,(U"(7)) with respect to 7 is

(2.30) E,(U"(7)) = [VE,(U"(r))]" (U")(r),

where the partial derivatives (U")(7) are given by (2.22). Using (2.22) we have

(231) (U}))'(0) = (H})) x U}, = —(VE,(U"))i
(2.32) E,(U™(0)) = —[|VE,(U")|]* < 0.

Moreover, (2.31) shows that the negative gradient is the direction of the trajectory U™(7) at
T =0.

Since E,(U(7)) is continuously differentiable and bounded from below, it is not difficult
to prove that there exists a 7, satisfying the Armijo-Wolfe conditions (2.29a) and (2.29b).
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Therefore, every iteration of Algorithm 1 is well defined. Formally, we have the following
lemma.

Lemma 2.11 (see [34, Lemma 3.1]). If 0 < p1 < p2 < 1 and E,(U"(0)) < 0, there ewist
intervals of step lengths satisfying the Armijo—Wolfe conditions (2.29a) and (2.29b).

To prove the global convergence of Algorithm 1, let us define the level set

(2.33) L ={U|Ey(U) < E,(U°%), [U};| =1, |Uy,| = 1},

which is a compact set. Starting from a point UY with \U?’ ;| =1, the sequence {U"} generated
by Algorithm 1 stays in the level set £ since £,(U") is decreasing and U™ always satisfies the
pointwise constraints [U} ;| = 1. We first show in Lemma 2.12 that lim,c i [[U"(7,)—U"(0)]| =
0 and limpex ||[(U™) (1,) — (U™)'(0)|| = 0 if 7, — 0 for any subsequence {U"},cx generated
by Algorithm 1.
Lemma 2.12. Suppose that {U"},cx is an infinite subsequence generated by Algorithm
1. Then the sequence {U™(1,)}nek defined by formula (2.21) satisfies lim,ck [[U™(1,) —
U™(0)|| =0 and lim,cx ||(U™) (1) — (U™ (0)|| = 0 if limpe g 7, = 0.
Proof. 1. It follows from (2.21) that
Uy, (7) — U25(0) = [(ngj—) 1wg}j+ - I] Uy, = WUy,
and hence that
UL (1) = Ui HW

Uil = w5,

_ 2n[HP |
wI /A rRHE P
for determining this norm). Therefore, we obtain

0 () = U O = 3107 SRHULESCHE

Since {H?] ek are continuous functions with respect to the variables U™, which stay in the
compact level set L, it follows that the sequences {H?J tner are uniformly bounded for all i
and j. This, together with the fact that lim,cx 7, = 0, gives lim,,¢ K(H?’j)2 = 0 and hence the
result lim,cx || U"(7,) — U™(0)|| = 0.

2. Tt follows from (2.21) and (2.22) in Theorem 2.9 that

where kI is the 2-norm of the matrix WZ”J (see Appendix A for a procedure

n n 1 n— n n mn n n
(Ui,j)/(T) - (Ui,j)/(o) = B} (W ) (H )(X) (Ui,j + Ui,j(T)) - (Hz‘,j)(X)Ui,j
_ -1
= |5 0v) e (14 vy ) ) - |
- Wn Un,]’

where the 2-norm of the matrix V,\\;an is

[
W\ TalHEE 1+ SR + 16
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Therefore, a proof similar to that in part 1 gives lim,cx [|[(U™)(7,) — (U™)'(0)]] = 0. [ ]
We now study the convergence properties of the sequence {U"} generated by Algorithm
1. Since {U™} stays in the compact level set £, there exists at least one accumulation point.
Moreover, the following result shows that the sequence of gradient {VE,(U™)} converges to
Zero.
Theorem 2.13. Let {U™} be the full sequence generated by Algorithm 1. Then

(2.34) lim |[VE,(U™)]| = 0.

Proof. For a proof by contradiction we suppose that (2.34) does not hold. Then there
exist a constant € > 0 and a infinite index set K C N such that

(2.35) IVE,(UY)|| > ¢ for all n € K.

It follows from Lemma 2.11 that a step size that satisfies the Armijo—Wolfe conditions (2.29a)
and (2.29b) is well defined for each iteration. Summing the inequalities (2.29a), we obtain
that

(2.36) S | VE,(UM|? < E,(U°) — lim E,(U"),
n=0
where the limit exists because of the descent property of E,(U™) and the boundedness of L.

Hence, we have 7,||VE,(U™)||> — 0, which implies that 7, — 0 for n € K because of (2.35).
Therefore, from Lemma 2.12, we have

(2.37) lim 07 (7,) = U"(0)]] = 0 and lim [|(U" () — (U")/(0)]] = 0.

Using relation (2.32) and the curvature condition (2.29b), we obtain that, for all n € K,
(1= p) IVE, (UM = (p2 = DE,(U™(0) < E,(U"(7y)) — £,(U™(0)).
Using relation (2.30), we have
E,(U"(1a)) — E,(U"(0))

= VE,(U"(m)) ' (U") (1) = VE,(U"(0)) " (U")(0)

= VE,(U"()) ' [(U") (1) = (U")(0)] + [VE,(U" () — VE,(U"(0))]" (U")'(0).
Therefore, it follows from the Cauchy—Schwarz inequality that
(2.38) (1= p)IVE,(UM)? < [IVE,(U" (7)) (U™ (1) — (U™ (0)]

+IVE, (U™ (1)) — VE,(U™(0))] I(T™) ()]

Since VE,(U) is continuous on the compact set £ and recalling (2.37), we have

lin [[VE,(U" (1)) = VE,(U™(0)]] = 0.

Furthermore, {||VE,(U")|}nek is bounded, and so is ||(U™)’(0)|| since by (2.31) ||[(U™)'(0)|| =
|VE,(U™)||. These facts together with (2.37) imply that the right-hand side in (2.38) con-
verges to zero as n € K tends to co. This, in turn, implies that lim,cx [|[VE,(U")| = 0,
which contradicts (2.35). [ |

Remark 2.14. If a backtracking line search is used in Algorithm 1, results similar to The-
orem 2.13 still hold.
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3. Accelerating the curvilinear search method. In this section we apply so-called Barzilai—
Borwein (BB) steps [8] for a significant acceleration of convergence. Calculating BB steps
requires less computation per iteration than performing a line search, and using them often
significantly reduces the required number of iterations in a gradient descent method.

The BB method for solving
(3.1) min f(z)

z€RN

has the form 2"! = 2" — a,,¢", where g" = V f(2") and o, is determined by the information

obtained at the points "~ and z". Let

n—1 n n—1 n

sTh=at et oyt =gt gt

Barzilai and Borwein choose the step size «, so that the matrix D" = «,I, which can
be viewed as an approximation to the Hessian of f at 2™, has the quasi-Newton property
D"yt = sn~1 This yields

(Sn—l)T 1

s

.2 L_ 2 J 2

(3.2) A (sn1)Tyn-1
or

(33) a2 _ (Sn—l)Tyn—l

n (yn—l)Tyn—l '

For the discretized problem (2.16), one can apply either one of the step sizes (3.2) or
(3.3), or use (3.2) and (3.3) alternatively on odd/even steps. On the very first iteration of the
algorithm, s” and y" do not exist so the BB steps ai and a2 are not defined and a line search
must be performed. Since the steepest descent method with inexact line search usually works

well in early iterations, our curvilinear search algorithm with BB steps uses this approach.
The result is Algorithm 2.

Algorithm 2. A curvilinear search method with BB steps.

STEP 0: Initialization. Given an initial point U® such that |U° = 1. Run Algorithm
1 for 7 steps to return another initial solution U”, where v > 2 is a prescribed
integer. Set n =y 4+ 1, € > 0.

STEP 1: Compute the step size 7,. If n is odd, compute 7,, by rule (3.2); otherwise,
compute 7, by rule (3.3).

STEP 2: Update. Set the new trial point U™ = U"(r,). If |[VE,(U")| < ¢, then
STOP. Set n =n + 1; goto STEP 1.

The BB method is a nonmonotone method since it does not decrease the objective value at
every iteration. We note that there are many ways to improve the BB method, incorporating it
into a globalization strategy while preserving its good features. For example, a nonmonotone
line search strategy that guarantees global convergence when combined with the BB method is
studied in [36]. An alternative step gradient method is proposed in [19]. For other references
on the BB method, see, for example [20, 21] and the references therein.
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Figure 2. Ezample 4.1.

4. Numerical results. In this section, we demonstrate the effectiveness of our curvilinear
search algorithms on two sets of test problems. We compared three algorithms: (1) the
gradient flow method with a fixed step size, denoted by “fixed-step,” (2) Algorithm 1 with
Armijo-Wolfe line search, denoted by “curve-1s,” and (3) Algorithm 2, denoted by “curve-
BB.” All codes were written in MATLAB (Release 7.3.0); the curvilinear search code is based
upon the code “DCSRCH” [33] with an initial step size of 1072 and parameters p; = 10~%
and py = 0.9 for Armijo-Wolfe conditions (2.29a) and (2.29b). In our first set of tests, we
also compared the performance of these three algorithms against the state-of-the-art nonlinear
programming software package “ipopt” (version 3.3) [42]. In our implementation, we omitted
the term h,, h, in the objective function. All experiments were performed on a Dell Precision
670 workstation with an Intel Xeon 3.4GHZ CPU and 6GB of RAM.

In the following examples, our tests are on mappings into S2.

Example 4.1 (see [2, 7, 37]). Let Q = (—1,1)2, and the initial solution U? : Q — S2 for
x € 2 be defined by

br2  forr <1,
b forr>1

]

and b = 2X. The Dirichlet boundary condition is taken as U(x) = (ﬁ,O) on 9. The grid

spacing is set to h = v/2/2%. We chose two cases p = 1 and 2. We terminated all algorithms
when the norm of the gradient was less than ¢ = 1075 and limited the total number of iterations
to 10000. For the “fixed-step” method, we set 7 = 1072 for p = 1 and 7 = 5% 10~ for p = 2 to
avoid a blow-up in the objective function. In Algorithm 2, the number of monotone curvilinear
search iterations vy was set to 20.

We plot the first two components of U(x) and the initial solution U®(x) in Figure 2. It is
casy to see that the initial solution UY(x) is not close to the original data U(x) by comparing
their two quiver plots at various grid points.

First, let us consider the p = 1 case. A summary of the computational costs for all
four methods is presented in Table 1 (please refer to the caption of this table for the detailed
meaning of the statistics “CPU,” “ITER,” “NFE,” “NGE,” “NEE,” “NJE,” “NHE,” “E,(U),”

(4.1) U(x) = <£sm¢(|x|),cos¢(|x|)> , where ¢(r) = {
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Table 1

Computational summary for Example 4.1. “CPU” denotes CPU time measured in seconds (for “ipopt,” the
first number is CPU time in “ipopt” without the function, gradient, and Hessian evaluations, and the second
number is the CPU time of these evaluations); “ITER” denotes the number of iterations; “NFE” denotes the
total number of function evaluations; “NGE” denotes the total number of gradient evaluations; “NEE” denotes
the total number of equality constraint evaluations; “NJE” denotes the total number of equality constraint
Jacobian evaluations; “NHE” denotes the total number of Hessian evaluations; E,(U) and ||[VE,| denote the
objective function value and the norm of the gradient, respectively, when the algorithm terminates.

P ipopt
CPU (sec.) | ITER | NFE/NGE/NEE/NJE/NHE E,(U) IVEL
1| 6.018/4.501 128 188/129/196/129/128 7.40e+01 | 7.91e-05
5.088/4.910 158 159/159/159/159/158 1.28e+01 | 8.15e-06
D fixed-step
CPU (sec.) | ITER | NFE E,(U) [VEL

1 8.086515 10000 | 10001 | 7.40e+01 | 2.79e-05
7.172569 10000 | 10001 | 1.79e+4-01 | 1.23e+-00

P curve-ls
CPU (sec.) | ITER | NFE E,(U) IVEL

1 5.478214 3308 3998 | 7.40e4+01 | 9.90e-06
1.763271 1085 1365 | 1.28e+01 | 9.92¢-06
P curve-BB
CPU (sec.) | ITER | NFE E,(U) IVE,|

1 0.371542 331 334 7.40e4+01 | 9.88e-06
0.177434 162 169 1.28e+01 | 9.73e-06

“|VEp|”). From the table, the superiority of the “curve-BB” method is obvious, especially
with respect to “ipopt.” The “curve-BB” method took less CPU time and fewer function
evaluations to achieve a point with similar accuracy than the “curve-lIs” method, which is bet-
ter than the “fixed-step” method. Although “ipopt” took fewer function evaluations than the
“curve-BB” method, it consumed much more CPU time (6.018 seconds without including the
time to compute function, gradient, and Hessian values) since “ipopt” is a second-order type
of method and the computational cost of matrix factorization is very expensive. It is worth
noting that the CPU time (4.501 seconds) for function, gradient, and Hessian evaluations in
“Ipopt” is not surprising since we used the AMPL [23] interface of “ipopt” to compute Ex-
ample 4.1 and the gradient and the Hessian are evaluated through automatic differentiation
in AMPL, which is very expensive. Hence, our effort to exploit the structure of the gradient
is highly rewarded.

We depict the performance of the curvilinear search methods in Figures 3(a), 3(b), 3(c),
4(a), and 4(b). From Figure 3, all of the three methods recovered the solution quite well.
Figure 4(a) shows the energy-versus-iteration histories. All three methods reduced the objec-
tive value quickly at early iterations. Then they all slowed down, yielding “L”-shaped curves.
However, it is obvious that “curve-BB” converges faster than “curve-ls,” which converges
faster than “fixed-step.” Figure 4(b) shows a portion of Figure 4(a) magnified. It shows that
the algorithm “curve-BB” quickly converged in fewer than 100 iterations.

The recovered solution and the energy-versus-iteration histories for p = 2 are given in
Figures 3(d), 3(e), 3(f), 4(c), and 4(d). These figures and Table 1 demonstrate that the
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Figure 3. Recovered solution for Example 4.1.

curvilinear search methods were effective and the BB step strategy significantly accelerated
convergence, while the method “fixed-step” did not converge within 10000 iterations. The
method “ipopt” provided a good solution, but it was far less efficient in terms of the CPU
time.

Next, we consider the application of RGB color image denoising. This involves solving
problem (1.1) with the Neumann boundary conditions %—Iﬁj lon = 0, where 11 denotes the exterior
unit normal to Q. Let I = (Ig,Ig,I5) € R? be an original color image, from which we

extracted the intensity or brightness |I| = 4/ 1122 + Ié + I% and the chromaticity

def T Ir Ig Ip
U \yp++n Jn+z+5 B3+ 13

f e S2.

In our tests, noise was added to the image, but only to the chromaticity f so that the noisy
chromaticity became f 0 = éigé, where £ ~ Normal(0,1) and [ was the noise level. We
then applied Algorithms 1 and 2 and obtained an optimal restoration f*. Finally, using the
original brightness |I|, we assembled the new image I,,c,, = £*|I].

Ezample 4.2. In Figure 5, we depict three color RGB images: (a) “pepper” (resolution:

135 x 198), (b) “clown” (resolution: 200 x 320), and (c¢) “fabric” (resolution: 300 x 300)
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Figure 4. Energy versus iterations for Example 4.1.

and their corresponding noisy versions (d), (e), and (f). The noise level 8 was set to 0.5.
We studied two cases p = 1 and 2. For the fixed step size method, 7 was set to 1073. Let
¢ = B|If — £O| 5, the scaled error between the original image and the initial solution. We
terminated the algorithm when the norm of the gradient was less than e, where ¢ = 0.8 for

p=1and e = 0.2\/€ for p = 2. (The solution will be oversmoothed if € is too small.) We also
limited the total number of iterations to 500.

The denoised solutions of the images “pepper,” “clown,” and “fabric” are depicted in
Figures 6, 7, and 8, respectively. They show that both the “curve-BB” method and the “curve-

lIs” method accurately recovered the image. Summaries of the computational performance for
the three methods are presented in Tables 2, 3, and 4, respectively. We did not run “ipopt”
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(a) “pepper” (original image) (b) “clown” (original image)

50 100 150 200 250 300 50 100 150 200 250

(d) “pepper” (initial solution) (e) “clown” (initial solution) (f) “fabric” (initial solution)

Figure 5. Original images and initial solutions for Example 4.2.

on these problems because it cannot solve such large problems efficiently (e.g., “fabric” has
270000 variables and 90000 nonlinear constraints).

5. Conclusion. In this paper, we present new gradient descent algorithms for the p-
harmonic flow problem on spheres. The algorithms are based on a simple updating formula
and a specialized finite difference scheme, which preserve the pointwise constraints |U| = 1.
One of the algorithms determines a step size by an inexact curvilinear search and is globally
convergent. The other algorithm uses Barzilai-Borwein step sizes and is nonmonotonic. While
not shown to converge in theory, the latter algorithm exhibits exceptional computational ef-
ficiency.

Our future work includes extending the proposed algorithmic framework to problems in
higher dimensional manifolds and adapting classical optimization techniques such as Newton’s
method and conjugate directions within this framework.

Appendix A. Symbolic computational procedure. Since a direct verification of Theorem
2.9 is tedious, we give a symbolic computational procedure, Listing 1, written in the lan-
guage of MATLAB. First, symbolic objects are declared to define the matrix (H?J)(X), where
a,b,c denote (Hg);j, (Hp)ij, (Hc)ij, respectively. Then “Wplus” and “Wminus” denote

the matrices WZ";F and WZ"J_, respectively. Finally, “Ut” is computed as the solution of (2.3),
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Figure 6. Recovered solution for the image “pepper” in Example 4.2.

Computational summary for the image “pepper” in Example 4.2.
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Table 2

(e) p =2, “curve-1s”

100

120]

(c) p=1, “curve-BB”

(f) p=2, “curve-BB”

P fixed-step

CPU (sec.) | ITER | NFE E,(U) [VEL|
1| 20.219459 500 501 | 1.52e403 | 1.06e+02
2 | 11.688046 500 501 | 2.07e4+07 | 1.34e+10
P curve-ls

CPU (sec.) | ITER | NFE | E,(U) IVE,|
1 2.445225 55 61 7.25e+02 | 5.72e+01
2 1.918936 47 62 1.70e+01 | 1.74e+00
p curve-BB

CPU (sec.) | ITER | NFE | E,(U) IVE,|
1 1.776940 38 42 9.02e4+02 | 6.24e+01
2 1.556385 41 49 1.29e+01 | 1.44e+400
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(a) p=1, “fixed-step”

150 200 250

(d) p =2, “fixed-step”
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(e) p =2, “curve-1s”

Figure 7. Recovered solution for the image “clown”

Table 3

150 200 250 300

(f) p=2, “curve-BB”

in Example 4.2.

Computational summary for the image “clown” in Example 4.2.

P fixed-step
CPU (sec.) | ITER | NFE E,(U) IVEL
1 | 51.430550 500 501 | 3.88e+403 | 1.71e+02
30.585574 500 501 | 6.22e4+07 | 2.39e+10
P curve-ls
CPU (sec.) | ITER | NFE | E,(U) IVE,|
1 9.945352 59 70 1.51e+03 | 9.17e+01
7.227943 63 90 2.21e+01 | 2.17e+400
p curve-BB
CPU (sec.) | ITER | NFE E,(U) [VEL|
1 8.250743 50 59 1.95e+03 | 9.65e+01
5.067317 47 63 2.14e+01 | 2.18e+00
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(¢) p=1, “curve-BB”

(d) p =2, “fixed-step”

(e) p =2, “curve-ls”

(f) p=2, “curve-BB”

Figure 8. Recovered solution for the image “fabric” in Example 4.2 with p = 1.

Table 4
Computational summary for the image “fabric” in Example 4.2.

P fixed-step
CPU (sec.) | ITER | NFE E,(U) [VEL|
82.922588 500 501 5.34e+03 | 1.91e+02
64.345355 500 501 1.98e+08 | 6.59e+11
curve-ls
CPU (sec.) | ITER | NFE E,(U) IV E,||
16.018488 64 70 2.15e+03 | 9.80e+01
19.517887 70 100 | 2.74e+01 | 2.20e+00
curve-BB
CPU (sec.) | ITER | NFE E,(U) [VEL|
10.120239 40 44 3.01e4+03 | 1.15e+02
18.441347 89 103 | 4.78e+01 | 2.06e+00




106 DONALD GOLDFARB, ZAIWEN WEN, AND WOTAO YIN

Listing 1
Verify Theorem 2.9.

% define symbolic objects

syms a b c uvwt

% define the matrix version of the cross product
H= [0 —c b; ¢ 0 —a; —b a 0];

% define intermediate matrix

Wminus = eye(3) — 0.5x%txH;

Wplus = eye(3) + 0.5xtxH;

% solve the system of linear equations

Ut = simplify (inv(Wminus)* Wplus * [u;v; w])

% compute the derivative of Ut with respect to ¢
simplify (diff (Ut, t"))

% check the determinant of the matrix Wminus
det (Wminus)

% check the 2—norm of the matrix Lemma 2.11
hatW = inv (Wminus)* Wplus — eye(3);
simplify (eig (hatW. xhatW))

tildeW = 0.5% inv(Wminus)+Hx*(eye(3) + inv(Wminus)* Wplus) — H;
simplify (eig(tildeW . xtildeW))

where “eye” is the function that generates an identity matrix, and “inv” is the function that
inverts a matrix. The function “simplify” helps us to get a simplified version of a function.

We use the function “det” to check the determinant of the matrix WZ"]_ , so that we actually

can invert it. Specifically, the command “det(Wminus)” returns 1+ 1/4 % t2 % a® + 1/4 % % %
4+ 1/4 %1% % b? which is 1+ %7'2||HZ]-||2 since ||H;"”]||2 = a? +b% + c®. To check the 2-norm of
the matrices needed in Lemma 2.12, we declare “hatW” and “tildeW” to denote the matrices

V/\Z”J and VNVZ”J , respectively. Then the function “eig” is called to compute their eigenvalues.

Finally, the returned results are further simplified by noting that ||H’fj||2 =a?+ b+ 2

Appendix B. Proof of Lemma 2.7.
We now compute the gradient of the discrete energy function E,(U) explicitly. Since

the variable u; ; appears only in the terms Fj;, where (k,1) corresponds to the grid points

(i,7), (i +1,7), and (4,5 + 1), the partial derivative %JZ—Z_(?) can be written as

)

(B.1) 9E,(U) _ OF;; + OFit1, + OF;j11
aui,j aui,j 8’&@'7]' aui,j

)

where, by the chain rule of differentiation,

oF;;  »2 o OUT)iy o Of5)iy o U5

dup, PE;; <(f1 )zum + (f3 )Z’]Tk,l + (f3 )Z’]Tk,l
OH)is Of)iy oY),

(T 2 s+ (5022 ).

Since (f{)s,; is a function of the variables w; j, u;—1j,v; ;, and v;_; j at a particular grid point
(4,7), it suffices to compute the partial derivatives of (f{);; with respect to these variables;
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all other components are zero. We compute explicitly as an illustration:

6(f{”)w . 1 6{xum ' 'aéxum gc
6um N (S;%)Q 5u i,j 590 Z’] CI,UZJ 6ui,j Si’j

(fl )zg
Wi, j

0Cuu;
Gttt ~ o) (260,250 ) ]
Us,j

Using (2.14), we obtain

[Cotti 70201 § — CovijOutti j] Cottij = (Cotti )2 005 — Covij(—Cavi 02035 — Cowi jO,wi ;)
= (S7;) 02vij + (Covij0owi j — Cow; j0,; ) Cowi .

2

8(fi””)z,] o 1 . 8(;,;11,,7] 8(5 Us 5
oy G | w2 STy, ) Bia

Together with E)g“”u—jijjj =1 we have

— (Cavi,j0xwij — CuWi,j020i 5) Q:cwz‘,j] :

Azpuij

It follows from the fact 852?? 0zij + CuUij Do hz v; ; that
(T )iy 1 1
B.2 Jo— iy - w;
(B2) Ou; j th;Tij o St < (f3)ijCawi;.
Similarly, we obtain
O(f3)iy 1
B. T = S Ui,
( 3) 8%.7]. thz Wij + G Sz (fS) ]C Vi, 5

Since only the term ngj in (f§);; is related to w; j, a direct calculation gives

(B.4) Os)is _ ——(f3) el j-

5ui7 7

Noting that —(f{)i;(f3)ijCewi; + (f3)i;(f3)i;Covi; = (fg)%(xu” and combining (B.2),

(B.3), and (B.4), we obtain

O(f1)ij O(f3)i o(f5)ij 1

(B.5) (f1)ij Dur, + (f9)i Dun, + (f3)i Dun :_hzsgfj ((fD)igvig + (fF)ijwiyg) -

Similarly to (B.5), we obtain for the y direction that

3(ff)m (f2) i,J (f3) . 1

(B.6) (/)i Dur + (f3)ig Dur + ()i dury ST, ((f)igvig + (f))ijwig) -
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Finally, by symmetry of the variables and noting the relationship (B.1), we can write out
the gradient explicitly as

0E,(U

ﬁ,j) = +ij(He)ij — wij(Hp)i
(B.7) a?z—? = —u;,;(He)ij + wij(Ha)ij,

0E,(U

ﬁ-,j) = +uij(Hp)ij — vij(Ha)ij,

which leads to the cross-product expression in the statement of Lemma 2.7.
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