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Caveat

Remark: Similar results does not hold for odd order
derivatives:

Recall that if a random variable X has moments up to k-th
order, then the characteristic function is k times
continuously differentiable on the entire real line.

However, if a characteristic function ϕX has a k-th
derivative at zero, then the random variable X has all
moments up to k if k is even, but only up to k − 1 if k is
odd.



When is a function the ch.f. of a probability measure?

Definition

Given ϕ and x1, . . . , xn ∈ R, we can consider the matrix with
(i, j) entry given by ϕ(xi − xj). Call ϕ positive definite if this
matrix is always positive semi-definite Hermitian.

Theorem (Bochner’s theorem (not required))

A function from R to C which is continuous at origin with
ϕ(0) = 1 is a ch.f. of some probability measure on R if and only
if it is positive definite.



Deviations, typical and atypical
Let X1, X2, · · · be i.i.d. with E[X1] = µ and let

Sn = X1 +X2 + · · ·+Xn.

According to CLT, the typical value of Sn − nµ is O(
√
n).

What about atypical deviations of Sn − nµ?
According to (W)LLN, we know that for any a > µ,

P (Sn > na)→ 0.

In this lecture, we consider the large deviation problem,
i.e., the speed that P (Sn > na) goes to 0 as n→∞.

Large deviation is in some sense a generalization of WLLN.
People are also interested in deviations in between the scale
Researches in this direction is called moderate deviation.

Theorem (Moderate deviations (not required))

Let Xi’s be absolutely integrable i.i.d. with mean µ, variance
σ2 > 0 and finite M.G.F. E[eθX1 ] <∞ for all θ ∈ R. Then

lim
n→∞

1

n2α−1
logP [Sn − ρn ≥ ynα] = − y2

2σ2
(y > 0,

1

2
< α < 1).



Moment generating function and large deviation

We will show that if the moment generating function

ψ(θ) = E[exp(θX1)] <∞
for some θ > 0, then P (Sn > na)→ 0 exponentially fast.

A crude observation: Sn has M.G.F. ψn(θ) and hence for
some θ > 0,

P (Sn ≥ na)eθna ≤ E[eθSn ] = ψn(θ) <∞.

In other words, P (Sn ≥ na) ≤ exp
[
n
(

logψ(θ)− θa
)]

, and

when “a is big”, we see there is an exponential decay in n.

Question: Recall that P (Sn ≥ na) ≤ exp
[
n
(

logψ(θ)− θa
)]

.

Do we really have exponential decay? Do we have a lower
bound on the probability (= upper bound on the rate)?



Supermultiplicativity

Let πn = P (Sn ≥ na). Then

πn+m ≥ P (Sn ≥ na, Sn+m − Sn ≥ ma) = πnπm.

So we let γn = log πn, γn+m ≥ γn + γm.

Lemma

As n→∞ the limit of γn exists and

lim
n→∞

γn
n

= sup
n∈Z+

γn
n
.

Proof: It suffices to show that for any m, and ε > 0,
γn/n ≥ γm/m− ε for all sufficiently large n.

Question: What if for some δn, we have δn+m ≤ δnδm?



Large Deviations

We define γ(a) = limn→∞ γn/n ≤ 0. Then for any
distribution and any n and a,

P (Sn ≥ na) ≤ enγ(a).

So we now want to prove γ(a) < 0 for a > µ.

In the rest of this lecture, we assume

ψ(θ0) = E[exp(θ0X1)] <∞

for some θ0 > 0.



Large Deviations

Recall that for some θ > 0, letting κ(θ) = logψ(θ), we have

P (Sn ≥ na) ≤ exp
(
− n[aθ − κ(θ)]

)
.

Lemma

If a > µ, then aθ − κ(θ) > 0 for all sufficiently small θ.

Proof: Note that κ(0) = 0. It suffices to prove

(i) ψ(θ) is right continuous at 0.

(ii) ψ(θ) is differentiable on (0, θ0).

(iii) κ′(θ)→ µ as θ → 0.

To check (iii), observe that κ′(θ) = ψ′(θ)/ψ(θ).



Large Deviations

With the lemma above, we will further strengthen our
upper bounds by finding the the maximum of

λ(θ) = aθ − κ(θ).

Let

θ+ = sup{θ : ψ(θ) <∞}, θ− = inf{θ : ψ(θ) <∞}.
Note that ψ(θ) <∞ for all θ ∈ (θ−, θ+).

Now since that ψ(θ) ∈ C∞ within (θ−, θ+), we have

λ′(θ) = a− ψ′(θ)

ψ(θ)
.

So the maximal point of θ must satisfy ψ′(θ)/ψ(θ) = a.

For the existence and uniqueness of such point(s), we
introduce a new distribution, and use a trick named
“tilting”.



Large Deviations
We now introduce the distribution Fθ by “reweighting F”:

Fθ(x) =
1

ψ(θ)

∫ x

−∞
eyθdF (y).

Then it is easy to compute its mean:∫
xdFθ(x) =

1

ψ(θ)

∫ ∞
−∞

yeθydF (y) =
ψ′(θ)

ψ(θ)
.

Take a another derivative, we have

ψ′′(θ) =

∫ ∞
−∞

x2eθxdF (x).

So we have

d

dθ

ψ′(θ)

ψ(θ)
=
ψ′′(θ)

ψ(θ)
−
(
ψ′(θ)

ψ(θ)

)2

=

∫
x2Fθ(x)−

(∫
xFθ(x)

)2

which is the variance of distribution Fθ and ≥ 0.



Large Deviations

Now we further assume that X1 is not a.s. a constant.
Then Fθ is not a Dirac-mass either.

By the calculation from the last slide, ψ′(θ)/ψ(θ) is strictly
increasing.

So λ(θ) is a concave function.

And note that a > µ, which implies λ′(θ) > 0 for all
sufficiently small θ > 0. This implies that the θ satisfying
ψ′(θ)/ψ(θ) = a has to be unique.

We denote such point (if exists) by θa.



Large Deviations

If such θa exists, we can show the upper bound at θa is
asymptotically sharp:

Theorem

For non-constant Xi’s such that

ψ(θ0) = E[exp(θ0X1)] <∞

for some θ0 > 0, suppose there further exists some θa such that
ψ′(θa)/ψ(θa) = a. Then as n→∞,

n−1 log[P (Sn ≥ na)]→ −λ(θa).

Proof: By earlier discussions, we have already proved that

lim sup
n→∞

n−1 log[P (Sn ≥ na)] ≤ −λ(θa).

So it suffices to concentrate on proving the other direction.



Large Deviations

We now prove

lim infn→∞ n
−1 log[P (Sn ≥ na)] ≥ −λ(θa).

Pick θ ∈ (θa, θ+) (we will see later why we require θ > θa);

Let Xθ
1 , X

θ
2 , . . . be i.i.d. with distribution Fθ;

write Sθn = Xθ
1 + · · ·+Xθ

n.

Recall that

Fθ(x) =
1

ψ(θ)

∫ x

−∞
eθydF (y).

For each A ∈ R,∫
A
eθydF (y) = 0 =⇒

∫
A
dF (y) = 0

Thus F is absolutely continuous with respect to Fθ (denoted
F � Fθ).



Radon-Nikodym Derivative

Theorem (Radon-Nikodym Theorem)

Let µ and ν be σ-finite measures on (Ω,F). If ν � µ, there is a
function f ∈ F so that for all A ∈ F ,∫

A
f dµ = ν(A).

This f is usually denoted dν/dµ and called the
Radon-Nikodym derivative.

Since F � Fθ, we see that the Radon-Nikodym derivative exists
and is given by

dF

dFθ
(x) = e−θxψ(θ).



Large Deviations
Now let Fnθ and Fn be the distributions of Sθn and Sn, we have

Lemma

Fn � Fnθ and dFn/dFnθ = e−θxψ(θ)n.

Proof: This lemma follows from induction and the convolution
formula. Suppose the result holds for all k ≤ n− 1, now

Fn(z) = Fn−1 ∗ F (z) =

∫ ∞
−∞

dFn−1(x)

∫ z−x

−∞
dF (y)

=

∫ ∞
−∞

e−θxψ(θ)n−1dFn−1
θ (x)

∫ z−x

−∞
e−θyψ(θ)dFθ(y)

= ψ(θ)n
∫
R2

e−θ(x+y)1x+y≤zdF
n−1
θ (x)dFθ(y)

= ψ(θ)n
∫ z

−∞
e−θtdFnθ (t).

Hence we can readily read the R-N derivative from above.



Intuition behind the tilting
Question: Why do we want to introduce the measure Fθ?

Intuitively, the new measure is like a “distorting mirror” –
it “distorts” our view on how each event is likely to happen.
So, when we want to estimate a rare event A under P ,
suppose

we can construct a new measure Q such that Q[A] is easily
calculable, e.g., Q[A] ≈ 1;
we have a uniform lower bound of the R-N derivative
dP/dQ ≥ c on A,

then we can conclude that P [A] =
∫
A
dP
dQdQ ≥ cQ[A].

In addition, if Q[A] ≈ 1, we can say that A is “realized”
when the randomness behind A behaves as if it were
governed by Q.

Example (A toy example of Boltzmann-Sanov Theorem)

Let Xi i.i.d. with P (X1 = 1) = P (X1 = −1) = 1/2 and consider
A = {Sn = n}. Then Pn(A) = 2−n. Introduce a new measure Q
s.t. Q[X1 = 1] = 1. Then Qn[A] = 1 and dPn/dQn = 2−n on A.



Large Deviations

Back to the proof of our theorem, for any ν > a,

P (Sn ≥ na) ≥
∫ nν

na
ψ(θ)ne−θtdFnθ (t)

≥ ψ(θ)ne−θnν [Fnθ (nν)− Fnθ (na)].

(1)

Recall that Xθ
i has mean ψ′(θ)/ψ(θ).

Since we have picked θ > θa, a < ψ′(θ)/ψ(θ).

Now pick ν such that ψ′(θ)/ψ(θ) < ν. By (weak) law of
large numbers,

Fnθ (nν)− Fnθ (na)→ 1,

which implies

lim infn→∞ n
−1 logP (Sn > na) ≥ −θν + log(ψ(θ)).

Now since we can choose ψ′(θ)/ψ(θ) and ν arbitrarily close to
a, the proof is complete.



Large Deviations

Example (Standard Normal Distribution)

ψ(θ) = E[exp(θX)] =
1√
2π

∫
eθx−x

2/2dx = exp(θ2/2).

Thus we have ψ′(θ) = θ exp(θ2/2), and λ′(θ) = a− θ, with
θa = a, γ(a) = −a2/2.

Remark 1: Recall the following calculation: for x > 0,

(x−1−x−3) exp(−x2/2) ≤
∫ ∞
x

exp(−y2/2)dy ≤ x−1 exp(−x2/2).

We can give a direct estimate (note that Sn ∼ N (0, n)):

P (Sn ≥ na) ∼ (
√

2πna)−1e−na
2/2,

which implies

n−1 logP (Sn ≥ na)→ −a2/2.



Large Deviations

Example (Standard Normal Distribution)

ψ(θ) = E[exp(θX)] =
1√
2π

∫
eθx−x

2/2dx = exp(θ2/2).

Thus we have ψ′(θ) = θ exp(θ2/2), and λ′(θ) = a− θ, with
θa = a, γ(a) = −a2/2.

Remark 2: Intuitively, the large deviation event {Sn ≥ na} is
realized by letting each Xi deviate to (a neighborhood of) a.
To have a more precise picture, consider the tilted measure
Fθa = Fa:

Fa(x) = (
√

2π)−1ea
2/2

∫ x

−∞
eaye−y

2/2dy.

This is exactly the distribution of N (a, 1). In other words, we
can roughly say that the large deviation event is realized when
each Xi is (independently) tilted to N (a, 1).



Exponential distributions

Example (Exponential distribution with mean 1)

The M.G.F. is finite for all θ < 1.

ψ(θ) = E[exp(θX)] =

∫
e(θ−1)xdx =

1

1− θ
.

Hence κ(θ) = − log(1− θ), κ′(θ) = 1/(1− θ). For a > 1,
θa = 1− a−1. And

γ(a) = −aθa + κ(θa) = −a+ 1 + log(a).

In this case,

Fθa(x) =
1

1− θa

∫ x

0
e(θa−1)ydy = a

∫ x

0
ey/ady.

I.e., Fθa(x) is the exponential distribution with mean a.

Remark: What can we say now?



Large Deviations

We know that k′(θ) = ψ′(θ)/ψ(θ) is increasing and k′(0) = µ.
We have treated the case where we can indeed find a solution
for ψ′(θ)/ψ(θ) = a. We now treat the cases where we cannot
find one.

Theorem (2.7.10 of Durrett)

Suppose xo = sup{x : F (x) < 1} =∞, θ+ <∞, and ψ′(θ)/ψ(θ)
increases to a finite limit a0 as θ ↑ θ+. If a0 ≤ a <∞

n−1 logP (Sn ≥ na)→ −aθ+ + logψ(θ+)

i.e., γ(a) is linear for a ≥ a0.

Remark: We will omit the proof (which can be found on p.110,
of Durrett), and only comment that θ+ is the supremum of θ
such that ψ(θ) <∞, this is as far as we can tilt.



LDP for bounded r.v.’s

There is also one possibility: xo = sup{x : F (x) < 1} <∞.

Theorem

Suppose xo = sup{x : F (x) < 1} <∞ and F has no mass at xo.
Then ψ(θ) <∞ for all θ > 0 and ψ′(θ)/ψ(θ)→ xo as θ →∞.

Proof: Note that P (X ≤ xo) = 1. So for any 0 ≤ θ <∞,

ψ(θ) =

∫ xo

−∞
eθxdF (x) ≤ eθxo <∞.

And for sufficiently large θ, almost all mass of ψ′(θ) and ψ(θ)
are concentrated around xo.
Remark: Using the same argument, when xo =∞ and
θ+ =∞, ψ′(θ)/ψ(θ)→∞ as θ →∞. This is the case where we
do have a solution.



Large Deviations
Finally we deal with the case where F admits some mass at xo.

Theorem

Suppose xo = sup{x : F (x) < 1} <∞. Then,

n−1 logP (Sn ≥ nxo) = logP (Xi = xo).

Now, we have shown the decaying asymptotic for ALL possible
situations:

If xo <∞:
When a < xo: exponential, rate=θa.
When a = xo: exponential if P (X1 = xo) > 0, 0 otherwise.
When a > xo: 0.

If xo =∞:
If θ+ =∞, exponential, rate=θa.
If θ+ <∞

If ψ′(θ)/ψ(θ)→∞ as θ → θ+, exponential,rate=θa.
If ψ′(θ)/ψ(θ)→ a0 as θ → θ+
• When a < a0: exponential, rate=θa.
• When a ≥ a0: exponential, rate=θ+.



Coin flips

We now see an example with xo <∞.

Example

Consider P (Xi = 1) = P (Xi = −1) = 1/2. Then

ψ(θ) = E[exp(θX)] = (eθ + e−θ)/2,
ψ′(θ)

ψ(θ)
=
eθ − e−θ

eθ + e−θ
.

When a > 1, θa does not exist; actually P (Sn ≥ na) = 0.

When a ≤ 1, θa = 1
2

(
log(a+ 1)− log(1− a)), and

γ(a) = −(1 + a) log(1 + a) + (1− a) log(1− a)

2
.



Cramér’s theorem

Let us restate our theorem in a form which usually appears in
other sources. Let X1, X2, . . . be a sequence of i.i.d. r.v.’s, with
M.G.F.

ψ(θ) = E[exp(θX1)].

Let I(a) be the Legendre transform of logψ(·) (sometimes
called the free energy):

I(a) := sup
θ∈R

(
θa− logψ(θ)

)
.

Theorem (Cramér’s theorem, baby form)

lim
n≥∞

1

n
logPn({Sn ≥ na}) = I(a).

We say that Xn satisfies a large deviation principle with
rate function I.



Cramér’s theorem
We want to go beyond events like Sn/n ∈ [a,∞), and claim
something like for any Borel A,

lim
n→∞

1

n
logP (Sn/n ∈ A) = − inf

x∈A
I(x).

However this is not true:

Example

Let Xi ∈ Z be i.i.d., and A := {m/p : m ∈ Z, p odd prime}.
Then P (Sn/n ∈ A) = 1 for n odd prime and = 0 for n = 2k.

Theorem (Cramér’s theorem, general form)

With the same notations, one has for any closed F ,

lim supn→∞ n
−1 logP (Sn/n ∈ F ) ≤ − infx∈F I(x);

while for any open G,

lim infn→∞ n
−1 logPn(Sn/n ∈ G) ≥ − infx∈G I(x).



Chernoff bound and Hoeffding’s inequality
M.G.F. and so-called “moment method” is very powerful. The
following bounds is a very common result for (not i.d.)
independent r.v.’s.

Lemma (Chernoff bound)

Let Xi be independent bernoulli r.v’s. Write
Sn = X1 + · · ·+Xn and let µ = E[Sn]. Then for δ > 0,

P
(
Sn > (1 + δ)µ)

)
≤ e−

δ2µ
2+δ ; P

(
Sn < (1− δ)µ)

)
≤ e−

δ2µ
2 .

Proof: Let pi = P (Xi = 1) and write Mi for the M.G.F. for Xi.
Write M for the M.G.F. of Sn. We only work out details for the
upper tail. Then

Mi(θ) = 1+pi(e
θ−1) ≤ epi(eθ−1), hence M(θ) =

n∏
i=1

Mi ≤ eµ(eθ−1).



Chernoff bound and Hoeffding’s inequality
Hence by Markov inequality, for any θ > 0,

P
(
Sn > (1 + δ)µ)

)
≤ e−θ(1+δ)µM(θ) ≤ eµ(eθ−1−θ(1+δ)).

Optimizing our choice of θ (minimal value of RHS attained at
θ = log(1 + δ)), hence we have

RHS ≤ e−
δ2µ
2+δ , or for δ ∈ (0, 1), RHS ≤ e−

δ2µ
3 .

The lower tail is complete analogous. The optimal θ is at
log(1− δ).

Theorem (Hoeffding’s inequality for bounded r.v.’s)

Let Xi be independent r.v.’s such that Xi ∈ [ai, bi] a.s. Write
Sn = X1 + · · ·+Xn and let µ = E[Sn]. Then for δ > 0,

P
(
|Sn − µ| ≥ δ)

)
≤ 2 exp

(
− 2n2δ2∑n

i=1(bi − ai)2

)
.



Generalization of Hoeffding’s inequality
For the case of martigales, Azuma-Hoeffding inequality
(not required) holds.

Alternatively, consider r.v.’s that are not bounded.

A random variable is sub-Gaussian, if and only if for some
C <∞ and c > 0,

P (|X| ≥ t) ≤ Ce−ct2 .
Equivalently, one can also define sub-Gaussianity through the
finiteness of ψ2-norm in Birnbaum-Orlicz space:

‖X‖ψ2 = inf{c ≥ 0 : E[eX
2/c2 ] ≤ 2}.

Theorem (Hoeffding’s inequality for sub-Gaussian r.v.’s)

Let Xi be independent zero-mean sub-Gaussian r.v.’s.Write
Sn = X1 + · · ·+Xn. Then there exists some c > 0 such that for
any δ > 0,

P
(
|Sn| ≥ δ)

)
≤ 2 exp

(
−cδ2

/∑n
i=1 ‖X‖ψ2

)
.



Concentration inequalities
In probability theory, concentration inequalities refer to
various bounds on how a random variable deviates from some
typical value (usually its mean). Examples include:

Markov inequality and Chebyshev inequality (and “simple”
corollaries of these inequalities);

LLN, CLT, moderate and large deviations;

Chernoff bound and Hoeffding’s inequality;

Paley-Zygmund inequality: if Z ≥ 0 is a r.v. with finite
variance, then for 0 ≤ θ ≤ 1,

P (Z > θE[Z]) ≥ (1− θ)2E[Z]2/E[Z2].

Efron-Stein inequality: if X1, . . . , Xn, X ′1, . . . , X
′
n’s are

independent such that Xi
d
= X ′i. Let Y = (X1, . . . , Xn) and

Yi = (X1, . . . , X
′
i, . . . , Xn). Then for a nice function f ,

var(f(Y )) ≤ 1
2

∑n
i=1E[(f(Y )− f(Yi)

2].

For specific distributions/models/questions, more specific
inequalities apply.



Wasserstein metric
Remark: The last statement is not true if we are working in
the continuum: in general, convergence in total variation
distance is stronger than weak convergence.

In various applications, we sometimes consider the
Wasserstein distance between measures, which comes
from transport theory.

The p-th Wasserstein distance between two probability
measures µ and ν on M with p-th moment is defined as

Wp(µ, ν) :=

(
inf

γ∈Γ(µ,ν)

∫
M×M

d(x, y)pdγ(x, y)

)1/p

,

where Γ(µ, ν) is the set of all couplings of µ and ν.

When p = 1, it is also called the earth mover’s distance.

One can show that Wp defines a metric and convergence
under Wp-metric is equivalent to weak convergence plus
convergence of the first p-th moments.



Poisson Process

We can also define the process in a more abstract way.

Let Ω = (Z+ ∪ {0})[0,∞) = {ω : [0,∞)→ Z+ ∪ {0}} , and Fo be
the σ-algebra generated by all finite-dimensional columns, i.e.
events in the following form:

{Nti ∈ Si, i = 1, . . . , k}0 ≤ t0 < t1 < t2 < · · · < tk,

with Si ⊆ Z+ ∪ {0}, i = 1, . . . , k.

We can always check the consistency of the distributions and
use a generalized form of Kolgomorov’s extension theorem to
construct a probability measure on the space above. But...

Question: Are the following sets

{ω : continuous}, {ω : monotone}

measurable with respect to Fo? (Exercise 7.1.4)



Poisson Process

The potential problem of using extension theorems directly is
we may need to introduce uncountable unions of events to
discuss properties w.r.t. the trajectory.

Solution:

Construct the process on Q, and let

N(t) = lim
s→t+, s∈Q

N(s).

See 7.1 for a similar definition for Brownian Motion.

Construction through Markov semi-group. We consider a
family of operators Sλ(·) from bounded maps Z+ → R to
itself:

Sλ(t)f(·) := E[f(·+Nt)], where Nt ∼ Poisson(λt).



Poisson Process

One can see that

Sλ(t)f(n) =

∞∑
k=0

(λt)ke−λt

k!
f(n+ k),

and has the following properties:

(I) Sλ(0) = Id;

(II) t→ Sλ(t)f(n) is right continuous for all bounded f ;

(III) Sλ(t+ s) = Sλ(t)Sλ(s) (Markov property);

(IV) Sλ(t)1 = 1;

(V) If f ≥ 0, Sλ(t)f ≥ 0.



Poisson Process

Definition

A family of operators S(t), t ≥ 0 satisfying (I)− (V) is call a
Markov Semigroup.

Theorem (Blumenthal and Getoor 1968, Gihman and
Skorohod 1975, Liggett, 1985)

If S(t) is a Markov semigroup. Then there exists a unique
Markov process ηt≥0 governed by Eη s.t.

S(t)f(η0) = Eη[f(ηt)].

Remark: Here the Markov process is defined on the path space
D[0,∞), the family of all functions that are right continuous
and have left limits (abbreviated as RCLL or càdlàg (=continue
à droite, limite à gauche in French) functions).



Poisson Thinning
One can also generalize the thinning arguments to define
inhomogenous Poisson process with finite transition rate
function:

Theorem

Suppose that in a Poisson process with rate λ, for a point that
lands at time s, we keep it with probability p(s). Then the result
is an inhomogenous Poisson process with rate λp(s).

Definition (Inhomogenous Poisson process as time change
of Poisson process)

For p(t), and the standard Poisson process Nt with rate λ, we
call

N̂(t) = N

(∫ t

0
λp(s)ds

)
be the inhomogenous Poisson process with transition rate
function λ(t) = λp(t).



Poisson Point Process

Question: Are there any other way(s) to define/ construct/
simulate a nonhomogeneous Poisson process?

Let (S,S, λ) be a measure space. A Poisson Point
Process (abbr. as PPP) is a random mapping from S to
{0, 1, 2, · · · ,∞}.
Though not mentioned in this book, such mappings are
usually required to additive.

In this case, ω can be written as a finite or countably
infinite point measure on S,

ω =
∞∑
i=1

δsi .

Here we use the convention δ∅ ≡ 0.

Let Ω(S) be the space of all such point measures, and A(S)
be the sigma algebra on Ω(S) generated by ω(A), A ∈ S.



Poisson Point Process

Now we construct a random mapping which is actually governed
by a probability measure on (Ω(S),A(S)) associated with λ.

Definition

Suppose λ is sigma-finite, we say a random measure µ is a
Poisson Point Process/ Poisson random measure with
intensity measure λ if

For all B ∈ S, µ(B) ∼ Poisson(λ(B)).

If B1, · · · , Bn are disjoint sets in S, then the random
variables µ(B1), · · · , µ(Bn) are also independent.

Theorem

Such random measure µ exists and is unique.



Poisson Point Process

Ideas of proof: Uniqueness: π − λ argument.

Existence: Suppose λ is a finite measure. Then ν = λ(·)/λ(S)
is a probability measure. Let X1, X2, · · · be i.i.d. with
distribution ν, and N ∼ Poisson(λ(S)). Then µ :=

∑N
i=1 δXi is

what we are looking for.

Suppose λ is an infinite but sigma-finite measure. We can
repeat the construction above on its partition.

Remark 1: Suppose λ is an infinite but sigma-finite measure.
The random measure µ is with probability one an infinite point
measure.

Remark 2: The regular Poisson process is a PPP on [0,∞)
with intensity measure λ∗Lebesgue measure.

Remark 3: The inhomogeneous Poisson process is a PPP on
[0,∞) where the Radon-Nikodym derivative of the intensity
measure with respect to Lebesgue measure is λp(t).



Central Limit Theorem: Berry-Esseen Bounds

Theorem (Berry-Esseen Bounds)

Let X1, X2, · · · be i.i.d. with E[Xi] = 0, E[X2
i ] = σ2, and

E[|Xi|3] = ρ <∞. Let N (x) is the distribution of the standard
normal distribution, then for all n ≥ 1 and x ∈ R

|Fn(x)−N (x)| ≤ 3ρ/σ3√n.

Remark: The third moment bound (E[|Xi|3] = ρ <∞) is
necessary for the O(n−1/2) error.)

Recall Pólya’s distribution:

Density hL(x) = (1− cos(Lx))/(πLx2)

Ch.f. ϕL(t) = (1− |t/L|)+.

We will write HL for its distribution function. Note that ϕL(t)
has compact support.



Central Limit Theorem: Berry-Esseen Bounds

Proof Idea: We will convolve Fn and N (x) with Pólya’s
distribution respectively, and

1 show that the difference between the distributions are
bounded by the difference of the convolved distributions;

2 observe that the ch.f. of the convolved distributions also
has compact support;

3 bound the difference between the convolved distributions.

Remark: In retrospect, looking at the calculation above from
the distributional side, we can say that vaguely speaking,
convolution with a smooth kernel improves regularity. While
from the ch.f. side, it is simply a story of truncation.



LCLT for lattice r.v.’s

Theorem

Let Xi be i.i.d. r.v.’s with E[Xi] = 0, E[X2
i ] = σ2 ∈ (0,∞).

Suppose in addition P (Xi ∈ b+ hZ) = 1, i.e. Xi are lattice with
span h. Let

pn(x) = P (Sn/
√
n = x) for x ∈ Ln = {(nb+ hZ)/

√
n},

and n(x) be the density of N (0, σ2). Then

lim
n→∞

sup
x∈Ln

∣∣∣∣√nh pn(x)− n(x)

∣∣∣∣ = 0.

Remark: Actually, we can even have explicit bounds on the
convergence rate. E.g., if |x| = O(

√
n), then we have

pn(x) = n−1/2hn(x)
(
1 +O(n−1)

)
.

For more details, see Chap. 2 of “Random walk, a modern
introduction” by Lawler and Limic.



Ch.f. for lattice r.v.’s, an example

Theorem

Let p
(d)
n (·) stand for the n-step transition probability for

d-dimensional simple random walk. Prove that p
(d)
2n (0) is

monotone decreasing in d.

Proof: Let Sn be the location of a d-dimensional SRW started
from 0 at time n. Then

ϕS2n(t1, . . . , td) = d−2n

(
d∑
i=1

cos ti

)2n

.

Hence

p
(d)
2n (0) = (2π)−d

∫
[−π,π]d

(
1

d

d∑
i=1

cos ti

)2n

dt1dt2 · · · dtn.



Ch.f. for lattice r.v.’s, an example

By Jensen’s inequality and the convexity of f(x) = x2n,

(
1

d

d∑
i=1

cos ti

)2n

≤ 1

d

d∑
k=1

 1

d− 1

d∑
i=1, i 6=k

cos ti

2n

.

The claim follows from the the observation that ∀1 ≤ k ≤ d,

p
(d−1)
2n (0) =

1

(2π)d−1

∫
[−π,π]d−1

 1

d− 1

d∑
i=1, i 6=k

cos ti

2n

dt1··d̂tk··dtn,

where d̂tk means dtk does not appear in the integral.



LCLT for nonlattice r.v.’s

Remark: For nonlattice r.v.’s, one does not have a good control
over its ch.f. in general. E.g., let X be a nonlattice r.v. s.t.

P (X = 1/n) = P (X = −1/n) = 2−n−1.

Then, letting tn = lcm(1, . . . , n), one can see that

ϕX(tn) =

∞∑
j=1

2−j cos(2πtn/j) ≥ 1− 2−n+1.

In other words, lim supt→∞ |ϕX(t)| = 1.



Stein’s Lemma, full version

Lemma

If Z ∼ N (µ, σ2), then for all absolutely continuous functions f
with E[f ′(Z)] <∞,

E[(Z − µ)f(Z)] = σ2E[f ′(Z)].

If the identity above holds for all absolutely continuous
functions s.t. ‖f ′‖ <∞, then Z ∼ N (µ, σ2).

Remark: Let’s think one step forward. For a random variable
W with E[W ] = 0, var(W ) = 1, if E[f ′(W )]− E[Wf(W )] is
close to zero for “many” functions f , then W should be close to
Z in distribution.

Proof: The first claim follows from partial integration.



Proof of Stein’s Lemma

For the second claim, WLOG assume E[Z] = 0, var(Z) = 1.
Observe that solution of the following differential equation

f ′(x)− xf(x) = g(x)

for some f such that limx→−∞ f(x)e−x
2/2 = 0 is given by

f(y) = ey
2/2

∫ y

−∞
g(x)e−x

2
dx.

Take g(x) = gx0(x) = 1x≤x0 − Φ(x0), then

0 = E[f ′x0(Z)− Zfx0(Z)] = P (Z ≤ x0)− Φ(x0).

So Z ∼ N (0, 1).

Remark: The form on the RHS of the last identity inspires us
to realize that this method can yield Berry-Esseen type bounds.



The crux of Stein’s method
In other words, the stein equation can give some
information on how a random variable deviates from
standard normal. More precisely, recall for
gx0(x) = 1x≤x0 − Φ(x0), and for random variables X ∼ P ,
Z ∼ N (0, 1),

|P (X ≤ x0)− P (Z ≤ x0)| = |E[f ′x0(X)−Xfx0(X)]|.
Now consider some metric between the distributions of X
and Z defined through

dH(X,Z) := sup
h∈H
|E[h(X)]− E[h(Z)]|,

where H is a certain collection of test functions. For any
h ∈ H, let fh solve

f ′h(w)− wfh(w) = h(w)− E[h(Z)].

Then
dH(X,Z) = sup

h∈H
|E[f ′h(X)−Xfh(X)]|.



More discussions on Wasserstein metric
Recall the Wasserstein-1 distance (earth mover’s distance) on
R:

For two random variables X ∼ µ and Y ∼ ν, with finite
first moment:

W1(µ, ν) := inf E[|X − Y |],

where inf runs over all couplings of X and Y .

Equivalently, let L be the set of Lipschitz-continuous
functions with Lipschitz constant 1:

L := {g : R→ R; |g(y)− g(x)| ≤ |y − x|},

then

W1(µ, ν) = supg∈L |E[g(Y )]− E[g(X)]|.
Question: Why are the two definitions equivalent?

Hint: In the special case of d = 1,

W1(µ, ν) =

∫ 1

0

∣∣F−1(z)−G−1(z)
∣∣ dz.



Sum of independent r.v.’s

Theorem

Let Xi be independent r.v.’s with E[Xi] = 0, var(Xi) = 1 and
E[|X4

i |] <∞. Let W = Sn/
√
n and Z ∼ N (0, 1). Then

W1(W,Z) ≤ 1

n3/2

n∑
i=1

E[|Xi|3] +
C

n

√√√√ n∑
i=1

E[|Xi|4].

Remark: In the i.i.d. case, one has

W1(W,Z) ≤ 1

n1/2

(
E[|Xi|3] + C

√
E[|Xi|4]

)
.

Proof: By the discussion above, we just need to bound
suph∈L |E[f ′h(X)−Xfh(X)]|. For a test function f = fh, we
claim that

E[f ′(W )−Wf(W )] ≤ ‖f
′′‖

2n3/2

n∑
i=1

E[|Xi|3] +
‖f ′‖
n

√√√√ n∑
i=1

E[|Xi|4].



Proof of CLT via Stein’s method

To see the claim

E[f ′(W )−Wf(W )] ≤ ‖f
′′‖

2n3/2

n∑
i=1

E[|Xi|3] +
‖f ′‖
n

√√√√ n∑
i=1

E[|Xi|4].

implies the theorem, note that the explicit solution

fh(y) = ey
2/2

∫ y

−∞

(
h(x)− E[h(Z)]

)
e−x

2/2dx

gives us the following bounds (after some calculation):

‖fh‖ ≤ 2‖h‖, ‖f ′h‖ ≤
√

2/π‖h′‖, and ‖f ′′h‖ ≤ 2‖h′‖,

and that h ∈ L implies ‖h′‖ ≤ 1.



Proof of CLT via Stein’s method
To prove the claim, let Wi = W −Xi/

√
n. One has

E[Wf(W )] = E

[
1√
n

n∑
i=1

(
Xif(W )−Xif(Wi)

)]
.

Hence,

E[Wf(W )] = E

[
1√
n

n∑
i=1

Xi

(
f(W )− f(Wi)− (W −Wi)f

′(W )
)]

+ E

[
1√
n

n∑
i=1

Xi(W −Wi)f
′(W )

]
= I + II.

So

|E[f ′(W )−Wf(W )]| ≤ |I|+

∣∣∣∣∣E
[
f ′(W )

(
1− 1√

n

n∑
i=1

Xi(W −Wi)

)]∣∣∣∣∣ .



Denouement

On the one hand, by Taylor expansion, we have

I ≤ ‖f
′′‖

2n1/2

n∑
i=1

E[|Xi(W −Wi)
2] =

‖f ′′‖
2n3/2

n∑
i=1

E[|Xi|3].

On the other hand, to bound

II′ :=

∣∣∣∣∣E
[
f ′(W )

(
1− 1√

n

n∑
i=1

Xi(W −Wi)

)]∣∣∣∣∣ ,
note that

II′ ≤ ‖f
′‖
n

E

[∣∣∣∣∣
n∑
i=1

(1−X2
i )

∣∣∣∣∣
]
≤ ‖f

′‖
n

√√√√var

(
n∑
i=1

X2
i

)
,

where in the last step we have used Cauchy-Schwarz. Finally,

note that the RHS≤ ‖f
′‖
n

√∑n
i=1E[|Xi|4].



Stein’s Method for Poisson r.v.’s

Fact: Z ∼ Poisson(λ)⇔ for all f : Z+ → R with
E[f(Z)] = 0, one has

E[λf(Z + 1)− Zf(Z)] = 0.

Hence for test indicator functions IA(·) = 1·∈A for A ∈ Z+,
consider the Stein equation

λg(j + 1)− jg(j) = IA(j)− P (Z ∈ A).

For some r.v. W we hence have

λg(W )−Wg(W ) = IA(W )− P (Z ∈ A).

Taking expectation, one has

dTV(W,Z) ≤ supg |E[λg(W + 1)−Wg(W )]|,
where sup is over all functions g which solve the Stein
equation.



Summary: general form of Stein’s method

Start with a target distribution µ.

Find characterization: some operator A such that X ∼ µ if
and only if for all test functions f ,

E[Af(X)] = 0.

For each function h find solution f = fh of the Stein
equation:

h(x)−
∫
hdµ = Af(x).

Then for any variable W ,

E[h(W )]−
∫
hdµ = E[Af(W )].

Finally, according to the type of convergence we want, give
bounds on the test function f (or its derivatives).



Review: Characteristic functions and moments

Theorem

If
∫
|x|nµ(dx) <∞, then its ch.f. ϕ has a continuous derivative

of order n given by

ϕ(n)(t) =
∫

(ix)neitxµ(dx).

In particular,
ϕ(n)(0) = E[(iX)n].

Lemma (See Lemma 3.3.19, p. 134 of Durrett)∣∣∣∣∣eix −
n∑

m=0

(ix)m

m!

∣∣∣∣∣ ≤ min

(
|x|n+1

(n+ 1)!
,

2|x|n

n!

)
.



Review: Characteristic functions and moments
When E[|X|n] <∞, take expectation, and use Jensen’s ineq.,∣∣∣∣∣ϕ(t)−

n∑
m=0

E[(iX)m]tm

m!

∣∣∣∣∣ ≤ E
∣∣∣∣∣eitx −

n∑
m=0

(itX)m

m!

∣∣∣∣∣
≤ CE

[
min(|tX|n+1, 2|tX|n)

]
.

In particular, we can conclude with the following theorem:

Theorem

If E|X|2 <∞ then

ϕ(t) = 1 + itE[X]− t2E[X2]/2 + o(t2).

Theorem

If

lim sup
h↓0

ϕ(h)− 2ϕ(0) + ϕ(−h)

h2
> −∞,

then E[X2] <∞.



Caveat

Remark: Similar results does not hold for odd order
derivatives:

Recall that if a random variable X has moments up to k-th
order, then the characteristic function is k times
continuously differentiable on the entire real line.

However, if a characteristic function ϕX has a k-th
derivative at zero, then the random variable X has all
moments up to k if k is even, but only up to k − 1 if k is
odd.



The moment problem (not required)
Consider a sequence of distributions Fn. Suppose there exist
(µk)k∈Z+ s.t. ∫

xkdFn(x)→ µk, ∀k ∈ Z+. (2)

The sequence of distributions is tight and hence every
subsequential limit has the same moments.

It is easy to see that this is true if F is concentrated on a
finite interval [−M,M ] since every continuous function can
be approximated uniformly on [−M,M ] by polynomials.

However, the result is false in general.

Theorem (not required)

If lim supk→∞ µ
1/2k
2k /2k <∞, then there is at most one

distribution F with moments µk. Suppose in addition there exist
distributions Fn satisfying (2), then Fn ⇒ F .



Example: Random matrices and semicircle law

Example

Let Zi,j, 1 ≤ i < j be i.i.d. N (0, 1) and Yi, 1 ≤ i be i.i.d.
N (0, 2), independent of each other. Consider the (symmetric)
N ×N matrix XN with entries

XN (i, j) = XN (j, i) =

{
Zi,j/

√
N if i < j;

Yi/
√
N if i = j.

These matrices are referred to as Gaussian orthogonal
ensemble (GOE) matrices.

Let λNi denote the order statistics of the (necessarily real)
eigenvalues of XN , with λN1 ≤ λN2 ≤ · · · ≤ λNN , define the
empirical distribution of the eigenvalues as the (random)
probability measure on R defined by

LN =
1

N

N∑
i=1

δλNi
.



Semicircle law
Let σ(x) = 1

2π

√
4− x21|x|≤2 be the density of the semicircle

distribution.

Theorem

The empirical distribution of eigenvalues LN converges weakly
a.s. to the semicircle distribution.

Remark: Note that here LN is a random measure; i.e., a r.v.
in M1(R), the space of probability measures on the real line,
and the topology (or notion of continuity) is provided by weak
convergence.

LN
P→ σ ∈M1(R) if, for every test function f ∈ Cb(R),∫

fdLN
P→
∫
fdσ;

LN
a.s.→ σ if, for every f ∈ Cb(R),∫

fdLN
a.s.→
∫
fdσ.



Semicircle law
Let σ(x) = 1

2π

√
4− x21|x|≤2 be the density of the semicircle

distribution.

Theorem

LN
a.s.→ σ.

Remark 1: This result is quite “universal” in the sense that it
holds for many models of random matrices under various setups.

Remark 2: This theorem has a number of proofs. We are only
going to see one of them, using the moment method.

Theorem (Eigenvalue interlacing inequality)

For any n× n Hermitian matrix An, let An−1 be its top-left
(n− 1)× (n− 1) minor. Then, one has

λi(An) ≤ λi(An−1) ≤ λi+1(An)

for all 1 ≤ i < n.



Moment calculation
Define the moments mk := 〈σ, xk〉 for the semicircle
distribution. One can check

m2k = Ck, m2k+1 = 0,

where Ck = (2k)!/(k + 1)!k! is the Catalan number.

Remark: As lim supk→∞m
1/2k
2k /2k <∞, we see that σ is

completely characterized by its moments.

Note that if UN ∼ LN , then

E[UkN ] =
1

N

N∑
i=1

(λNi )k =
1

N
E[tr(Xk

N )].

Note that for k odd, E[UkN ] = 0. By some calculation from
combinatorics,

E[tr(X2k
N )] = Ckn(n− 1) · · · (n− k)/nk =

(
Ck + ok(1)

)
n.



Discussion

The calculations from the last slide already shows weak
convergence.

To upgrade this convergence to a.s. convergence, recall the
eigenvalue interlacing inequality, it suffices to show it for
any sub-sequence nj s.t. nj+1/nj ≥ c > 1 for any j.

Finally, it suffices to obtain some second-moment bound,
e.g.

var(UkN ) = Ok(N
−ck)

for some ck > 0. This bound again comes from (very
careful) combinatorial calculations.

However, if we only want to show LN
P→ σ, it suffices to

prove the following: for all k ∈ N and ε > 0,

limN→∞ P
(∣∣〈LN , xk〉 − E[UkN ]

∣∣ > ε
)

= 0.

In the process of proving this, one still need to show
var(UkN ) = ok(1), which is slightly easier.
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