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Abstract

This article is an expository account of the basics of adelic line bundles on quasi-
projective varieties, arithmetic positivity of adelic line bundles, and applications of
positivity to an equidistribution theorem and the uniform Bogomolov conjecture.
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1 Introduction

Diophantine geometry studies rational points (or integral points, algebraic points) of alge-
braic varieties over number fields. The most crucial tool to study this topic is heights of
algebraic points originally introduced by Weil [Wei51]. Arakelov geometry, introduced by
Arakelov [Ara74] and further developed by Deligne [Del85] and Gillet–Soulé [GS90], is an
intersection theory over arithmetic varieties over Z by combining intersection numbers on al-
gebraic schemes and integrals on complex analytic spaces. In particular, heights of algebraic
points are naturally interpreted as arithmetic intersection numbers in Arakelov geometry,
and thus can be understood by geometric intuition.

Among works in the 20th century, the following are probably the three most significant
applications of Arakelov geometry to Diophantine geometry:

(1) the proof of the Mordell conjecture by Faltings [Fal83],

(2) the discovery of an equidistribution theorem by Szpiro–Ullmo–Zhang [SUZ97],

(3) the proof of the Bogomolov conjecture by Ullmo [Ull98] and Zhang [Zha98].

In the 21st century, all these three topics have substantial developments, which include:

(4) the extension of the equidistribution theorem to semipositive metrics and all places by
Chambert-Loir [CL06] and Yuan [Yua08],

(5) the proof of the geometric Bogomolov conjecture by Gubler [Gub07], Yamaki [Yam16,
Yam18, Yam17], Cantat–Gao–Habegger–Xie [CGHX21], and Xie–Yuan [XY22],

(6) the proof of the uniform Bogomolov conjecture by Dimitrov–Gao–Habegger [DGH21]
and Kühne [Kuh21], which implies the uniform Mordell conjecture by combining the
work of Vojta [Voj91].

To apply Arakelov geometry to Diophantine geometry and algebraic dynamics, it is very
common to vary integral models of projective varieties or even take limiting information
from an infinite sequence of integral models. For this purpose, Zhang [Zha95a] introduced
an intersection theory of adelic line bundles on projective varieties over number fields. In
fact, all the above works on equidistribution theorems and Bogomolov conjectures are based
on this theory. On the other hand, Zhang’s theory is not applicable to similar problems
on quasi-projective varieties over number fields, which appear in many natural situations
involving moduli spaces, degenerations and varieties over finitely generated fields. For this
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purpose, Yuan–Zhang [YZ26] introduced an extension of the theory of [Zha95a] to quasi-
projective varieties over number fields. As a consequence, Yuan–Zhang [YZ26] extended the
equidistribution theorem to quasi-projective varieties, and Yuan [Yua26a] gave a theoretical
proof of the uniform Bogomolov conjecture originally proved by Dimitrov–Gao–Habegger
[DGH21] and Kühne [Kuh21].

In these works, arithmetic positivity of adelic line bundles is the theoretical foundation
for our applications of Arakelov geometry to Diophantine geometry. The most commonly
used theorems in this direction are the arithmetic Hilbert–Samuel formula originally due to
Gillet–Soulé [GS92, GS91], Bismut–Vasserot [BV89], and Zhang [Zha95b], and the arithmetic
Siu inequality originally due to Yuan [Yua08].

The goal of this expository article is to introduce the above works of Yuan–Zhang [YZ26]
and Yuan [Yua26a]. More precisely, we will cover the following topics.

(a) In §2, we review the basic theory of adelic line bundles, their analytification and inter-
section theory.

(b) In §3, we sketch the arithmetic positivity theory of adelic line bundles. The notions
include nefness, bigness, and volumes of adelic line bundles.

(c) In §4, we study height functions associated to adelic line bundles, and introduce funda-
mental inequalities relating arithmetic positivity to algebraic points of small heights.

(d) In §5, we prove an equidistribution theorem of small points over quasi-projective vari-
eties. The proof is based on the theory in the previous three sections.

(e) In §6, we introduce the admissible canonical bundle for a relative curve as an adelic
line bundle, and prove its bigness in the case of maximal variation.

(f) In §7, we apply the bigness of the admissible canonical bundle to prove the uniform
Bogomolov conjecture.

The contents of §2-§5 are from Yuan–Zhang [YZ26], and the contents of §6-§7 are from Yuan
[Yua26a].

Almost all definitions and results over number fields in this article have direct counter-
parts over function fields. We only treat the case of number fields for simplicity, while many
original references actually cover function fields. We leave interested readers to find them in
the references or work them out themselves.

This article starts with the most basic intersection theory of hermitian line bundles on
arithmetic varieties, but the article may be difficult to read without familiarity with basic
Arakelov geometry (including Zhang’s theory of adelic line bundles on projective varieties).
For quick access to these topics, we refer readers to our previous expository article [Yua12].

Notations and terminology

By a variety over a field k, we mean an integral scheme, separated of finite type over k. By
a curve over a field k, we mean a variety of dimension 1 over a field k.
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By a line bundle on a scheme, we mean an invertible sheaf on the scheme. We often write
tensor products of line bundles additively, so aL− bM means L⊗a ⊗M⊗(−b) for line bundles
L,M and integers a, b.

To treat adelic line bundles of [YZ26], we follow the uniform terminology of [YZ26, §1.5].
In particular, most of the time, our base ring k is Z or a field.

By a number field K, we mean a finite extension of Q. Denote byMK the set of places of
K. For any place v of K, normalize the absolute value | · |v on the completion Kv as follows.

(1) If v is an archimedean place, take | · |v to be the usual absolute value on Kv
∼= R,C;

(2) If v is a non-archimedean place, set |a|v =
(
#(OKv/aOKv)

)−1
for any a ∈ OKv .

The valuations satisfy the product formula∏
v∈MK

|a|ϵvv = 1, ∀ a ∈ K×.

Here ϵv = 1 for all real or non-archimedean places v; ϵv = 2 for all complex places v.
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2 Adelic line bundles

In [Ara74], Arakelov introduced an arithmetic intersection theory of hermitian line bundles
(and arithmetic divisors) on arithmetic surfaces. Following ideas of [Del85, Elk90], Arakelov’s
construction can be generalized to top intersection numbers of hermitian line bundles on
arithmetic varieties. In [GS90], Gillet–Soulé introduced arithmetic Chow cycles on arithmetic
varieties and extended the intersection theory to arithmetic Chow groups.

All the above theories work on arithmetic varieties, but as we will see, these are inconve-
nient or insufficient for applications in Diophantine geometry and arithmetic dynamics. In
[Zha95a], Zhang introduced a notion of adelic line bundles on projective varieties over num-
ber fields. In [YZ26], Yuan–Zhang further extended the theory to quasi-projective varieties
over number fields or constant fields. The goal of this section is to sketch the theory of adelic
line bundles of [YZ26].

2.1 Intersection of hermitian line bundles

Let us introduce some terminology of intersection of hermitian line bundles developed by
Arakelov [Ara74], Deligne [Del85], and Gillet–Soulé [GS90]. We refer to [YG26] for more
details.
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2.1.1 Hermitian line bundles

Let X be an arithmetic variety of dimension d+ 1, i.e. a projective and flat integral scheme
over Spec(Z) of absolute dimension d+ 1.

A hermitian line bundle on X is a pair L = (L, ∥ · ∥), where L is a line bundle on X ,
and ∥ · ∥ is a smooth hermitian metric of L(C) on the complex variety X (C) invariant under
the complex conjugation. If X (C) is singular, the smoothness of the metric means that the
metric is locally equal to the pull-back of a smooth metric via a closed embedding into a
smooth complex manifold.

The Chern form c1(L) of L is a (1, 1)-form on X (C) determined as follows. For any pair
(U, sU) of an open subset U of X (C) together with an everywhere non-vanishing holomorphic
section sU of L(C) on U , we have the restriction

c1(L)|U =
1

πi
∂∂̄ log ∥sU∥.

We say that the hermitian metric ∥ · ∥ is semipositive if c1(L) is positive semi-definite every-
where.

Denote by P̂ic(X ) the group of isometry classes of hermitian line bundles on X . There
is an intersection pairing

P̂ic(X )d+1 −→ R

as follows.
If dimX = 1 and X is normal, then X = Spec(OK) for some number field K, and L is an

OK-module of rank 1 and the hermitian metric ∥ · ∥ is a collection (∥ · ∥σ)σ:K→C of metrics
on the complex line Lσ(C). Let s be any nonzero element of L. The arithmetic degree of L
is defined as

d̂eg(L) = log#(L/sL)−
∑

σ:K→C

log ∥s∥σ.

It is independent of the choice of s by the product formula. The intersection pairing is just
the arithmetic degree map

d̂eg : P̂ic(X ) −→ R.

In general, let L1,L2, · · · ,Ld+1 be d + 1 hermitian line bundles on X , and let sd+1 be
any nonzero rational section of Ld+1 on X . The arithmetic intersection number is defined
inductively by

L1 · L2 · · · Ld+1 = L1 · L2 · · · Ld · wdiv(sd+1)−
∫
X (C)

log ∥sd+1∥c1(L1) · · · c1(Ld).

The right-hand side depends on the Weil divisor wdiv(sd+1) linearly, so it suffices to explain
the case that D = wdiv(sd+1) is irreducible (and reduced).

If D is horizontal in the sense that it is flat over Z, then

L1 · L2 · · · Ld · D = L1|D · L2|D · · · Ld|D
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is an arithmetic intersection on D defined by the induction hypothesis. If D is a vertical
divisor in the sense that it is a variety over Fp for some prime p, then

L1 · L2 · · · Ld · D = (L1|D · L2|D · · · Ld|D) log p.

Here the intersection is the usual intersection on the projective variety D over Fp. The
definition does not depend on the choice of the rational section sd+1. It gives a symmetric
and multi-linear intersection pairing

P̂ic(X )d+1 −→ R.

When d = 0, it is just the arithmetic degree map.
In general, for any closed integral subscheme Y of X , we denote

LdimY · Y = (L|Y)dimY .

By linearity, this notation extends to Chow cycles Y of X .
Let X be an arithmetic variety and L = (L, ∥ · ∥) be a hermitian line bundle on X .

We say that L is nef if its hermitian metric is semipositive and the intersection number
L · C ≥ 0 for any 1-dimensional closed integral subscheme C of X . As a consequence of the
arithmetic Nakai–Moishezon criterion of Zhang [Zha95b], this implies that the intersection

number LdimY · Y ≥ 0 for any closed integral subscheme Y of X . We refer to [Mor00, Prop.
2.3] and [YZ26, Cor. A.4.3] for this arithmetic version of Kleiman’s theorem.

2.1.2 Arithmetic divisors

Let X be an arithmetic variety. An arithmetic divisor on X is a pair D = (D, gD), where D
is a Cartier divisor on X , and gD is a Green function of D(C) on X (C), invariant under the
action of complex conjugation. For the regularization of the Green function, we require that

gD : X (C) \ |D(C)| −→ R

is smooth, and that for any pair (U, fU) of an open subset U of X (C) together with a rational
function fU on U with div(fU) = D(C)|U , the function gD + log |fU | extends to a smooth
function on U .

A principal arithmetic divisor on X is an arithmetic divisor of the form

d̂iv(f) := (div(f),− log |f |)

for any rational function f ∈ Q(X )× on X .

Denote by D̂iv(X ) the group of arithmetic divisors on X , and by P̂r(X ) the group of
principal arithmetic divisors on X . Then we have the arithmetic divisor class group

ĈaCl(X ) = D̂iv(X )/P̂r(X ).
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An arithmetic divisor D = (D, gD) ∈ D̂iv(X ) is effective (resp. strictly effective) if D
is an effective Cartier divisor on X and the Green function gD ≥ 0 (resp. gD > 0) on
X (C) \ |D(C)|.

There is a canonical map

D̂iv(X ) −→ P̂ic(X ), D 7−→ O(D),

which induces an isomorphism

ĈaCl(X ) −→ P̂ic(X ).

The inverse image of a hermitian line bundle L is represented by the divisor

d̂iv(s) = d̂iv(X ,L)(s) := (div(s),− log ∥s∥),

where s is any nonzero rational section of L on X .

2.2 Adelic line bundles on quasi-projective varieties

The goal of this subsection is to sketch the notion of adelic line bundles on quasi-projective
varieties of Yuan–Zhang [YZ26], which generalizes the more classical adelic line bundles of
projective varieties over number fields of Zhang [Zha95a].

2.2.1 Adelic divisors

We take the uniform terminology of [YZ26, §1.5]. Let k be either Z or a field. Let U be a
quasi-projective and flat integral scheme over k. Let us first recall the definition of adelic
divisors on U/k.

Let X be a projective model of U over k, i.e., a projective integral scheme over k with an
open immersion U → X over k. In the spirit of [YZ26, §2.2], take the fiber product

D̂iv(X ,U) = D̂iv(X )Q ×Div(U)Q Div(U),

whose elements are arithmetic divisors of mixed coefficients. In the arithmetic case (where

k = Z), D̂iv(X ) is the group of arithmetic divisors on X , where the Green’s functions are
assumed to be continuous (away from the singularities). In the geometric case (when k is a

field), D̂iv(X ) means the usual Div(X ).
By abuse of terminology, in the following, if k is a field, then “arithmetic divisor” (resp.

“hermitian line bundle”) means “divisor” (resp. “line bundle”).
Define the group of model adelic divisors by

D̂iv(U/k)mod = lim−→
X

D̂iv(X ,U).

Here the limit is over the system of projective models X of U over k. An element of
D̂iv(U/k)mod is effective if it is the image of an effective element of some D̂iv(X ,U), where
an element of D̂iv(X ,U) is effective if its images in D̂iv(X )Q and Div(U) are both effective.
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Fix a boundary divisor (X0, E0) of U , i.e., a projective model X0 of U and a strictly
effective arithmetic divisor E0 on X0 such that the support of the finite part E0 is exactly
X0 \ U . We have a boundary norm

∥ · ∥E0
: D̂iv(U/k)mod −→ [0,∞]

by
∥D∥E0

:= inf{ϵ ∈ Q>0 : −ϵE0 ≤ D ≤ ϵE0}.
Here the inequalities are defined in terms of effectivity. It further induces a boundary topology
on D̂iv(U/k)mod, which does not depend on the choice of (X0, E0).

Let D̂iv(U/k) be the completion of D̂iv(U/k)mod with respect to the boundary topology.

An element of D̂iv(U/k) is called an adelic divisor on U/k.
By definition, an adelic divisor is represented by a Cauchy sequence in D̂iv(U/k)mod, i.e.,

a sequence {Di}i≥1 in D̂iv(U/k)mod satisfying the property that there is a sequence {ϵi}i≥1

of positive rational numbers converging to 0 such that

−ϵiE0 ≤ Di′ −Di ≤ ϵiE0, i′ ≥ i ≥ 1.

There is a canonical map

D̂iv(U/k) −→ Div(U), {Di}i≥1 7−→ D1|U .

We usually write D = {Di}i≥1 and D = D1|U , and call D the underlying divisor of D.

2.2.2 Adelic line bundles

Let k be either Z or a field. Let U be a quasi-projective and flat integral scheme over k.
Let X be a projective model of U over k. In the spirit of [YZ26, §2.2], let P̂ ic(X ) be the

category of hermitian line bundles on X , and P̂ ic(X )Q be the category of hermitian Q-line

bundles on X . In the arithmetic case (when k = Z), P̂ ic(X ) is the category of hermitian

line bundles with continuous metrics on X . In the geometric case (when k is a field), P̂ ic(X )
means the usual P ic(X ).

As a convention, categories of various line bundles are defined to be groupoids; i.e., the
morphisms in them are defined to be isomorphisms (or isometries) of the line bundles. To

illustrate the category of various Q-line bundles, take P̂ ic(X )Q for example. An object of

P̂ ic(X )Q is a pair (a,L) (or just written as aL) with a ∈ Q and L ∈ P̂ ic(X ), and a morphism
of two such objects is defined to be an element of

Hom(aL, a′L′) = lim−→
m

Hom(amL, a′mL′),

where m runs through positive integers such that am and a′m are both integers, so that amL
and a′mL′ are viewed as objects of P̂ ic(X ), and “Hom” on the right-hand side are viewed

in P̂ ic(X ).

Let (X0, E0) be a boundary divisor as above. Define the category P̂ ic(U/k) of adelic line

bundles on U/k as follows. An object of P̂ ic(U/k) is a pair (L, (Xi,Li, ℓi)i≥1) where:
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(1) L is an object of P ic(U), i.e., a line bundle on U ;

(2) Xi is a projective model of U over k;

(3) Li is an object of P̂ ic(Xi)Q, i.e. a hermitian Q-line bundle on Xi;

(4) ℓi : L → Li|U is an isomorphism in P ic(U)Q, where Li is the underlying Q-line bundle
of Li on Xi.

The sequence is required to satisfy the Cauchy condition that the sequence {d̂iv(ℓiℓ−1
1 )}i≥1 is

a Cauchy sequence in D̂iv(U/k)mod under the boundary topology. Here ℓiℓ
−1
1 : L1|U → Li|U

is viewed as a rational section of the underlying line bundle of Li −L1, so that d̂iv(ℓiℓ
−1
1 ) is

a well-defined element of D̂iv(U/k)mod.

A morphism from an object (L, (Xi,Li, ℓi)i≥1) to another (L′, (X ′
i ,L

′
i, ℓ

′
i)i≥1) is an isomor-

phism ι : L → L′ of the integral line bundles on U such that the sequence {d̂iv(ℓ′iιℓ−1
i )}i≥1 of

D̂iv(U/k)mod converges to 0 in D̂iv(U/k) under the boundary topology. Note that the model

arithmetic divisor d̂iv(ℓ′iιℓ
−1
i ) is equal to d̂iv(ℓ′iℓ

′−1
1 )− d̂iv(ℓiℓ

−1
1 ) + d̂iv(ℓ′1ιℓ

−1
1 ).

An object of P̂ ic(U/k) is called an adelic line bundle on U . Define P̂ic(U/k) to be the

group of isomorphism classes of objects of P̂ ic(U/k).
There is a canonical forgetful functor

P̂ ic(U/k) −→ P ic(U), (L, (Xi,Li, ℓi)i≥1) 7−→ L

We usually write L = (L, (Xi,Li, ℓi)i≥1) and call L the underlying line bundle of L.
There is a canonical surjection

D̂iv(U/k) −→ P̂ic(U/k), D 7−→ O(D).

The kernel is the image of the group of principal arithmetic divisors on projective models of
U .

An adelic divisor is called effective if it is equal to a limit of effective arithmetic divisors
(of mixed coefficients). An adelic line bundle is called effective if it is the image of an
effective adelic divisor. An adelic line bundle (resp. adelic divisor) is called strongly nef if
it is isomorphic (resp. equal) to a limit of nef hermitian line bundles (resp. adelic divisors)
under the boundary topology. An adelic line bundle (resp. adelic divisor) L on U is nef
if there exists a strongly nef adelic line bundle (resp. adelic divisor) M on U such that
aL+M is strongly nef for all positive integers a. An adelic line bundle (resp. adelic divisor)
is integrable if it is isomorphic (resp. equal) to the difference of two strongly nef ones.

Denote by P̂ ic(U/k)nef (resp. P̂ ic(U/k)int) the subcategory of P̂ ic(U/k) consisting of nef

(resp. integrable) adelic line bundles. Denote by P̂ic(U/k)nef (resp. P̂ic(U/k)int) the subsets
of nef (resp. integrable) elements in P̂ic(U/k).

If π : U ′ → U is a morphism of quasi-projective and flat integral schemes over k, then
there are functorial pull-back maps

π∗ : P̂ ic(U/k) −→ P̂ ic(U ′/k), π∗ : P̂ic(U/k) −→ P̂ic(U ′/k).
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The maps send nef (resp. integrable) adelic line bundles to nef (resp. integrable) adelic line
bundles.

If the base ring k is clear, we usually omit the dependence on k of the groups or categories
of adelic objects. For example, D̂iv(U/k), P̂ ic(U/k), P̂ic(U/k) are written as D̂iv(U), P̂ ic(U),
P̂ic(U).

If k is a field, to emphasize the geometric situation, we may also write D̂iv(U/k),
P̂ ic(U/k), P̂ic(U/k) as D̃iv(U/k), P̃ ic(U/k), P̃ic(U/k).

2.2.3 Intersection theory

The intersection theory in [YZ26, §4.1] introduced absolute intersection numbers and Deligne
pairings in the relative situation. Let us first review the absolute case.

Let k be either Z or a field. Let U be a quasi-projective and flat integral scheme over k
of absolute dimension d. There is an absolute intersection pairing

P̂ic(U/k)dint −→ R, (H1, · · · ,Hd) 7−→ H1 · · ·Hd,

defined as limits of the arithmetic (or geometric) intersection pairings on projective models.
In particular, the top intersection numbers of nef adelic line bundles are nonnegative.

If d = 1, we actually have P̂ic(U/k)int = P̂ic(U/k). In this case, the intersection pairing
is just a degree map

d̂eg : P̂ic(U/k) −→ R.

2.2.4 Deligne Pairing

To recall the Deligne pairing for adelic line bundles, we first consider more classical situations.
Let f : X → Y be a finite and flat morphism of noetherian schemes. Then f∗OX is

locally free over OY and thus there are norm maps f∗OX → OY and f∗(O×
X) → O×

Y . To
define the map, it suffices to consider the local situation that X = SpecA and Y = SpecB,
where A is a free B-module of finite rank. Then the norm of an element a ∈ A is just the
determinant of the multiplication map a : A → A of B-modules. This eventually gives a
canonical norm functor

NX/Y : P ic(X) −→ P ic(Y ).

This is introduced in detail in [EGA, II, §6.5].
The Deligne pairing can be viewed as a high-dimensional generalization of the norm

functor. To illustrate an idea, we consider the nice situation that f : X → Y is a projective
and flat morphism of relative dimension n ≥ 0 of smooth varieties X and Y over a field k.
Then there is a composition

Pic(X)n+1 −→ CHn+1(X)
f∗−→ CH1(Y )

∼−→ Pic(Y ).

We will see that the Deligne pairing is a functorial pairing refining this composition signifi-
cantly.
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Now we relax the condition drastically. Let f : X → Y be a projective and flat morphism
of noetherian schemes of pure relative dimension n. The Deligne pairing is a multi-linear
functor

P ic(X)n+1 −→ P ic(Y ), (L1, · · · , Ln+1) 7−→ f∗⟨L1, · · · , Ln+1⟩.
The functor refines the above two constructions. It satisfies many natural functorial proper-
ties, including the base change property, the multi-linearity, the symmetry, and the induction
formula. The existence of the Deligne pairing for arbitrarily singular Y is a miracle in some
sense.

For a brief history of the pairing, the case n = 0 is just the norm functor NX/Y . Deligne
[Del85] constructed the functor for n = 1 and speculated a similar pairing for general n.
Deligne’s major motivation is to formulate an arithmetic Riemann–Roch theorem for families
of curves. For general n, the pairing was constructed by Elkik [Elk89] for any f which is
projective, flat, and further Cohen–Macaulay, by Muñoz Garcia [MG00] for any f which is
projective, equi-dimensional and of finite Tor-dimension (which implies the projective and
flat case), and by Shiquan Li [Li24] for any f which is projective and equi-dimensional.

If X and Y are smooth varieties over C and f is smooth, and if L1, · · · , Ln+1 are endowed
with smooth hermitian metrics, then the metrics transfer to a canonical smooth hermitian
metric on ⟨L1, · · · , Ln+1⟩, as constructed by Deligne [Del85] and Elkik [Elk90]. The metric
construction was further generalized to the projective and flat case by [YZ26], and in this
case, the Deligne pairing transfers continuous metrics to continuous metrics. Finally, a
further limit process by [YZ26] transfers the construction to adelic line bundles as follows.

Let k be either Z or a field. Let f : U → V be a projective flat morphism of relative
dimension n of quasi-projective and flat integral schemes over k. Assume that V is normal.
There is a relative intersection pairing

f∗ : P̂ ic(U/k)n+1
int −→ P̂ ic(V/k)int, (L1, · · · ,Ln+1) 7−→ f∗⟨L1, · · · ,Ln+1⟩.

This is defined as the limit of the Deligne pairing. Moreover, the pairing is compatible with
base changes of the form V ′ → V , where V ′ is a normal quasi-projective and flat integral
scheme over k such that U ′ = U ×V V ′ is also integral.

The pairing of nef adelic line bundles is still nef. For simplicity, we may abbreviate
f∗⟨L1, · · · ,Ln+1⟩ as ⟨L1, · · · ,Ln+1⟩ if no confusion can occur.

Finally, the Deligne pairing refines the absolute intersection pairing in the sense that if
dimV = 1, then the composition

P̂ ic(U/k)n+1
int

f∗−→ P̂ ic(V/k)int
d̂eg−→ R

is equal to the absolute intersection pairing.

2.2.5 Quasi-projective varieties over number fields

By further direct limits, the above definitions and notations are extended to flat and essen-
tially quasi-projective integral schemes over k in [YZ26]. The notion of “essentially quasi-
projective scheme” is introduced in [YZ26, §2.3], which can be realized as an intersection of
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(possibly infinitely many) open subschemes of a quasi-projective scheme. We do not need
this generality in this paper, but we only need the following case of quasi-projective varieties
over a number field.

Here we restrict to the arithmetic case k = Z. Let K be a number field. Let X be a
quasi-projective variety over K, which is viewed as a scheme over Z. By a quasi-projective
model U of X over Z, we mean a quasi-projective and flat integral scheme U over OK ,
together with an open immersion X → UK over K. Define

D̂iv(X/Z) = lim−→
U

D̂iv(U/Z),

P̂ic(X/Z) = lim−→
U

P̂ic(U/Z),

P̂ ic(X/Z) = lim−→
U

P̂ ic(U/Z).

Here the limits are over all quasi-projective models U ofX over Z. For the last direct limit, an
object of P̂ ic(X/Z) is a pair (L,U), where U is a quasi-projective model of X over Z and L is

an object of P̂ ic(U/Z). A morphism (L,U) → (L′
,U ′) between two objects of P̂ ic(X/Z) is an

isomorphism ι : L|X → L′|X in P ic(X) satisfying the property that for some quasi-projective
model V of X over Z endowed with open immersions ψ : V → U and ψ′ : V → U ′ extending
the identity morphism X → X, the isomorphism ι : L|X → L′|X can be extended to an

isomorphism L|V → L′|V in P ic(V) and induces an isomorphism L|V → L′|V in P̂ ic(V/Z).
Here we take the convention L|X = (L|U)|X , and if L = (L, (Xi,Li, ℓi)i≥1) in P̂ ic(U/Z), then
L|V = (L|V , (Xi,Li, ℓi|V)i≥1) in P̂ ic(V/Z).

An element of D̂iv(X/Z) is called an adelic divisor on X/Z; an object of P̂ ic(X/Z) is
called an adelic line bundle on X/Z. Again, we often abbreviate

D̂iv(X/Z), P̂ ic(X/Z), P̂ic(X/Z)

as
D̂iv(X), P̂ ic(X), P̂ic(X).

The notions of effectivity, nefness and integrability of adelic line bundles (or adelic divi-
sors) are also transferred to quasi-projective varieties over K by taking direct limits. The
intersection pairing

P̂ic(X)dimX+1
int −→ R

is valid in the current situation by taking direct limits. Similarly, the Deligne pairing

P̂ ic(X)n+1
int −→ P̂ ic(Y )int

is valid for any projective and flat morphism f : X → Y of quasi-projective K-varieties of
relative dimension n.

There is a functorial map

P̂ic(X/Z) −→ P̃ic(X/K), L 7−→ L̃.
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The image L̃ is called the geometric part of L. The map is induced via a limit process by
the natural map

P̂ic(X ) −→ Pic(XK), L 7−→ LK .

for arithmetic varieties X over OK .

2.3 Analytification by Berkovich spaces

Adelic line bundles have an interpretation in terms of metrized line bundles on Berkovich
spaces. This subsection sketches this interpretation.

2.3.1 Berkovich spaces

Berkovich spaces are best known as analytic spaces associated with varieties over non-
archimedean fields, whose foundation was introduced by Berkovich [Ber90]. By Berkovich
[Ber09, §1], the base fields are relaxed to be Banach rings, and the old construction works
similarly. The latter case plays an important role in the theory of adelic line bundles in
[YZ26]. Here we review the basics of Berkovich spaces following the terminology of [YZ26].

Let (R, | · |Ban) be a commutative Banach ring. Namely, R is a commutative ring with
unity 1, and | · |Ban : R → R≥0 is a map satisfying the following properties:

(1) (norm property) |a|Ban > 0 for all nonzero a ∈ R;

(2) (triangle inequality) |a+ b|Ban ≤ |a|Ban + |b|Ban for all a, b ∈ R;

(3) (sub-multiplicativity) |ab|Ban ≤ |a|Ban · |b|Ban for all a, b ∈ R;

(4) (completeness) R is complete under the topology induced by | · |Ban.

In our applications, we will always have one of the following 4 cases:

(a) R is an archimedean field, i.e. R is isomorphic to R or C with the standard absolute
value;

(b) R is a non-archimedean field, i.e. a complete field with a non-trivial non-archimedean
valuation;

(c) R is a constant field, i.e., R is a field and | · |Ban is the trivial valuation | · |0;

(d) R = Z, and | · |Ban is the usual archimedean absolute value | · |∞.

To refer to the last two cases, in the uniform terminology of [YZ26, §1.5], we will always say
that let k be either Z or a field.

Let A be a commutative ring over R. Then the Berkovich space M(A/R), sometimes
abbreviated as M(A), is the set of multiplicative semi-norms on A whose restriction to R
is bounded by | · |Ban. Namely, a point x ∈ M(A/R) is given by a map | · |x : A → R≥0

satisfying:
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(1) (boundedness) |a|x ≤ |a|Ban for any a ∈ R,

(2) (triangle inequality) |f + g|x ≤ |f |x + |g|x, ∀f, g ∈ A,

(3) (multiplicativity) |fg|x = |f |x · |g|x, ∀f, g ∈ A.

Any f ∈ A induces a map

|f | : M(A/R) −→ R, x 7−→ |f |x.

Endow M(A/R) with the coarsest topology such that |f | is continuous for all f ∈ A.
Let X be a scheme over R. Assume that X is covered by an affine open cover {SpecAi}i.

Then the Berkovich space (X/R)an, sometimes abbreviated asXan, is the union ofM(Ai/R),
glued canonically. The topology of (X/R)an is the weakest one such that each M(Ai/R) is
an open subspace of (X/R)an.

Note that in the affine case X = SpecA, the definition gives (X/R)an = M(A/R). We
have the following extra concepts.

(1) Residue field. For each x ∈ M(A/R), the corresponding semi-norm | · |x induces a norm
on the integral domain A/ ker(| · |x). The completion of the fraction field of A/ ker(| ·
|x) is called the residue field of x and denoted by Hx. Denote by | · | the valuation
(multiplicative norm) on Hx induced by | · |x. Then | · |x : A → R is equal to the
composition

A −→ Hx
|·|−→ R.

We write the first map as f 7→ f(x), which is compatible with the convention |f |x =
|f(x)|. The notation Hx generalizes to any scheme X over R.

(2) Contraction. There is a canonical contraction map κ : (X/R)an → X. It suffices
to describe it in the case X = SpecA. For each x ∈ M(A), the kernel of the map
| · |x : A→ R is a prime ideal of A, and thus defines an element κ(x) ∈ SpecA.

(3) Functoriality. Any morphism ϕ : X → Y over R induces a continuous map

ϕan : (X/R)an −→ (Y/R)an.

For any point v ∈ Y an, the fiber

Xan
v = (X/R)anv = (ϕan)−1(v),

is a subspace of (X/R)an, and is canonically homeomorphic to the Berkovich space
(XHv/Hv)

an.

By [Ber09, Lem. 1.1, Lem. 1.2], we have the following basic topological properties:

(1) If X is separated and of finite type over R, then (X/R)an is Hausdorff.
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(2) If X is of finite type over R, then (X/R)an is locally compact.

(3) If X is projective over R, then (X/R)an is compact.

In the definition, we do not assume that X is reduced. This does not bring much trouble,
since there is always a canonical homeomorphism (Xred/R)

an → (X/R)an, whereXred denotes
the reduced structure of X. Moreover, we can further write (Xred/R)

an as a union of the
Berkovich spaces associated to the irreducible components of Xred.

Assume that R is an archimedean field as in case (a), and assume that X is quasi-
projective over R. If R = C, then (X/C)an is homeomorphic to the complex analytic space
X(C). If R = R, then (X/R)an is homeomorphic to the quotient of the complex analytic
space X(C) by the action of the complex conjugation.

2.3.2 Arithmetic divisors and metrized line bundles

Let X be an integral scheme over commutative Banach ring R. Let Xan = (X/R)an be the
Berkovich space defined above.

Let D be a Cartier divisor on X. By a Green function of the divisor D on Xan, we mean
a continuous function g : Xan \ |D|an → R with logarithmic singularity along D in the sense
that, for any rational function f on a Zariski open subset U of X satisfying div(f) = D|U ,
the function g + log |f | can be extended to a continuous function on Uan.

The pair D = (D, g) is called an arithmetic divisor on Xan. An arithmetic divisor is
called effective if D is an effective Cartier divisor on X and g ≥ 0 on Xan \ |D|an. An
arithmetic divisor is called principal if it is of the form

d̂ivXan(f) := (div(f),− log |f |)

for some nonzero rational function f on X.
Denote by D̂iv(Xan) the group of arithmetic divisors on Xan, and by P̂r(Xan) the group

of principal arithmetic divisors on Xan. Denote the class group of arithmetic divisors as

ĈaCl(Xan) := D̂iv(Xan)/P̂r(Xan).

Notice that for any arithmetic divisor D = (D, g) on Xan, the algebraic part D is a
Cartier divisor on X (instead of Xan), and g is a function on Xan. We take this ad hoc
definition to avoid defining general Cartier divisors on Xan because of the lack of a good
theory of analytic functions on Xan.

We can also define metrized line bundles. Let L be a line bundle on X. At each point
x ∈ Xan, denote by x̄ the image of x in X. The fiber Lan(x) of L at x is defined to be the
Hx-line L(x̄) ⊗k(x̄) Hx, or equivalently the completion of the fiber L(x̄) of L on x̄ for the
semi-norm | · |x. By a metric ∥·∥ of L on Xan we mean a continuous metric on

∐
x∈Xan Lan(x)

compatible with the semi-norms on OX . More precisely, to each point x ∈ Xan, we assign a
norm ∥ · ∥x on the Hx-line L

an(x) which is compatible with the norm | · |x of Hx in the sense
that

∥fℓ∥x = |f |x · ∥ℓ∥x, f ∈ Hx, ℓ ∈ Lan(x).
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We always assume that the metric ∥ · ∥ on L is continuous in the sense that, for any section
ℓ of L on a Zariski open subset U of X, the function ∥ℓ(x)∥ = ∥ℓ(x)∥x is continuous in
x ∈ Uan.

The pair (L, ∥ · ∥) above is called a metrized line bundle on Xan. An isometry from a
metrized line bundle (L, ∥ · ∥) to another one (L′, ∥ · ∥′) is an isomorphism i : L→ L′ of line
bundles on X such that ∥ · ∥ = i∗∥ · ∥′.

Denote by P̂ ic(Xan) the category of metrized line bundles on Xan, where the morphisms

are isometries. Denote by P̂ic(Xan) the group of isometry classes of metrized line bundles
on Xan.

There is a canonical isomorphism

ĈaCl(Xan) −→ P̂ic(Xan).

In fact, given any arithmetic divisor, (D, g) on Xan, the term e−g defines a metric on O(D),
and thus we obtain a metrized line bundle on Xan. Conversely, for any metrized line bundle
(L, ∥ · ∥) on Xan, if s is a rational section of L, then

d̂ivXan(s) := (div(s),− log ∥s∥)

defines an arithmetic divisor on Xan. Both processes keep the properties of being norm-
equivariant.

2.3.3 Analytification map

Let k be either Z or a field. If k = Z, view it as a Banach ring under the usual archimedean
absolute value; if k is a field, view it as a Banach ring with the trivial norm. Let U be
a quasi-projective and flat integral scheme over k. We have the Berkovich analytic space
Uan = (U/k)an as above. It is Hausdorff, path-connected and locally compact.

By [YZ26, Prop. 3.3.1, Prop. 3.4.1], there are injective analytification maps

D̂iv(U/k) −→ D̂iv(Uan),

P̂ic(U/k) −→ P̂ic(Uan),

and a fully faithful analytification functor

P̂ ic(U/k) −→ P̂ ic(Uan).

Note that the left-hand sides are the adelic objects defined as limits of model objects, and
the right-hand sides are objects on the analytic space Uan.

To introduce the idea, we only explain the analytification map

P̂ ic(U/k) −→ P̂ ic(Uan).

We first consider the case that U = X is projective over k. Let L be a hermitian line bundle
on X . We need to define a metric of L on X an. The metrics of the fibers of L at the
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archimedean points x ∈ X an are given by the original hermitian metric. For the metric of L
at a non-archimedean point x ∈ X an, let ϕ◦

x : SpecOHx → X be the k-morphism extending
the k-morphism ϕx : SpecHx → X under the valuative criterion. Then (ϕ◦

x)
∗L is a free

module over OHx of rank 1. Let sx be a basis of this free module. Define the metric of
L(x) = ϕ∗

xL by setting ∥sx∥ = 1. It takes some effort to prove that this metric is continuous
on X an.

If U is quasi-projective over k, the functor is obtained by approximation as follows. Recall
that an object of P̂ ic(U/k) is a Cauchy sequence L = (L, (Xi,Li, ℓi)i≥1). Note that each Li

induces a metric ∥ · ∥∗i of Li on X an
i by the above projective case. By the isomorphism

ℓi : L → Li|U , and by restriction, we get a metric ∥ · ∥i of L on Uan. The Cauchy condition
implies that these metrics converge pointwise to a continuous metric ∥ · ∥ of L on Uan. Then

Lan
:= (L, ∥ · ∥) defines an object of P̂ ic(Uan), which is the desired image of the functor.

2.3.4 Example: invariant adelic line bundles

A polarized algebraic dynamical system (or dynamical system) over a noetherian scheme S
consists of a triple (X, f, L, q) where:

(1) X is a projective and flat scheme with integral fibers over S,

(2) f : X → X is an algebraic morphism over S,

(3) L is a line bundle on X, relatively ample over S, and polarizing f in the sense that
f ∗L ∼= L⊗q for some integer q > 1.

While the case S = SpecF for a field F gives a single dynamical system over F , the general
case gives an algebraic family of dynamical systems.

Now we consider our adelic situation. Let k be either Z or a field. Let S be a flat and
quasi-projective integral scheme over k. Let (X, f, L, q) be a dynamical system over S. Fix
an isomorphism τ : f ∗L → L⊗q. In [YZ26, §6.1.1], Yuan–Zhang constructed a canonical
extension of L to an adelic line bundle Lf over X/k which is f -invariant in the sense that

the isomorphism τ : f ∗L → L⊗q extends to an isomorphism f ∗Lf → L
⊗q

f in P̂ ic(X/k).

Moreover, Lf is nef over X/k.
To illustrate the idea, choose a projective model π : X → S of X → S, i.e. a projective

model S of S over k and a flat morphism π : X → S of projective varieties over k whose base
change by S → S is isomorphic to X → S. Choose a hermitian line bundle L = (L, ∥ · ∥) on
X such that (XS,LS) ≃ (X,L).

For each positive integer i, consider the composition X
f i

→ X → X . Denote the normal-
ization of the composition by fi : Xi → X , and denote the induced map to S by πi : Xi → S.
Denote Li = q−if ∗

i L, which lies in P̂ ic(Xi)Q. With some extra effort, we can complete the
sequence {(Xi,Li)}i≥1 to an adelic line bundle Lf = (LV , (Xi,Li, ℓi)i≥1) on a quasi-projective
model U of X over k.

Denote by L
an

f = (L, ∥ · ∥f ) the analytification of Lf , which is a metrized line bundle
on Xan. We can also describe the metric ∥ · ∥f of L on Xan. In fact, the isomorphism
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τ : f ∗L→ L⊗q induces an isomorphism f ∗Lf → L
⊗q

f , which in turn induces an isometry

τ : f ∗(L, ∥ · ∥f ) → (L, ∥ · ∥f )⊗q.

This uniquely determines the metric ∥ ·∥f . Therefore, we can construct ∥ ·∥f via Tate’s limit

∥ · ∥f = lim
n→∞

((τ ◦ f ∗)n∥ · ∥0)
1
qn ,

where ∥·∥0 is any continuous metric of L on Xan. To see the convergence and the uniqueness
of the limit, it suffices to consider the restriction of the metric to the fiber Xan

s of Xan over
every s ∈ San. Here Xan

s is the Berkovich space of X ×S SpecHs over the valuation field Hs.
The problem is reduced to the dynamical system (XHs , fHs , LHs , q) over the valuation field
Hs. This can be treated as in [Yua12, §4] or [YG26, Lem. 8.2.3].

2.3.5 Quasi-projective varieties over number fields

Let K be a number field. Denote by MK the set of places of K. We normalize the absolute
value | · |v for every v ∈MK as in §1.

Let X be a quasi-projective variety over K. Recall that the adelic divisors and adelic line
bundles on X/Z are defined as direct limits of the corresponding objects on quasi-projective
models U of X over Z. Then we still have injective analytification maps

D̂iv(X/Z) −→ D̂iv(Xan),

P̂ic(X/Z) −→ P̂ic(Xan),

and a fully faithful analytification functor

P̂ ic(X/Z) −→ P̂ ic(Xan).

Here the analytic space Xan = (X/Z)an is defined as above.
Recall that M(Z) = (SpecZ)an is the set of all multiplicative semi-norms of Z, since the

boundedness condition is automatic in this case. This space is too large and contains many
“redundant” points, and as a result Xan is also too large. Now we introduce the restricted
versions.

Define the restricted analytic space Xr-an = (X/K)r-an associated to X/K to be the
disjoint union

Xr-an =
∐

v∈MK

Xan
v ,

where Xan
v = (XKv/Kv)

an is the Berkovich space associated to XKv over the complete field
Kv. The topology on Xr-an is induced by the disjoint union so that each Xan

v is both open
and closed in Xr-an. There is a natural injection Xr-an → Xan, under which Xr-an is viewed
as a closed subspace of Xan.

Define an arithmetic divisor on Xr-an to be a pair (D, gD), where D is a Cartier divisor on
X, and gD is a Green function of D on Xr-an, i.e. a continuous function g : Xr-an\|D|r-an → R
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with logarithmic singularity alongD in the sense that, for any rational function f on a Zariski
open subset U of X satisfying div(f) = D|U , the function g + log |f | can be extended to a
continuous function on U r-an.

An arithmetic divisor on Xr-an is called principal if it is of the form

d̂ivXr-an(f) := (div(f),− log |f |)

for some nonzero rational function f on X.
Denote by D̂iv(Xr-an) (resp. P̂r(Xr-an)) the group of arithmetic divisors (resp. principal

arithmetic divisors) on Xr-an. Define

ĈaCl(Xr-an) := D̂iv(Xr-an)/P̂r(Xr-an).

Define a metrized line bundle on Xr-an to be a pair (L, ∥ · ∥), where L is a line bundle on
X, and ∥ · ∥ is a continuous metric on the fibers of L on Xr-an. This is similar to the original
case; we omit the details.

Denote by P̂ic(Xr-an) the group of isometry classes of metrized line bundles on Xr-an, and

P̂ ic(Xr-an) the category of metrized line bundles on Xr-an whose morphisms are isometries.
There is a canonical isomorphism

ĈaCl(Xr-an) −→ P̂ic(Xr-an).

By the natural injection Xr-an → Xan, we have canonical maps

D̂iv(Xan) −→ D̂iv(Xr-an),

P̂ic(Xan) −→ P̂ic(Xr-an),

P̂ ic(Xan) −→ P̂ ic(Xr-an).

By composition, we obtain analytification maps

D̂iv(X) −→ D̂iv(Xr-an),

P̂ic(X) −→ P̂ic(Xr-an),

P̂ ic(X) −→ P̂ ic(Xr-an).

These maps are still injective by [YZ26, Prop. 3.5.1].
In explicit terms, a metrized line bundle on Xr-an is a pair

L = (L, (∥ · ∥v)v∈MK
)

where L is a line bundle on X, and ∥ · ∥v is a continuous metric of LKv on Xan
v . This

interpretation is close to the original notion of adelic line bundles on projective varieties
developed by Zhang [Zha95a]. We refer to [YZ26, §3.5] for more details of this connection,
and an explanation of the equivalence of the notions for projective X.

We have the following nice result derived from the definitions.
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Lemma 2.1. Suppose X = Spec(K) for a number field K. Let L be an adelic line bundle
on X. Then L induces a metrized line bundle (L, (∥ · ∥v)v∈MK

) on Xr-an. Note that the line
bundle L on X is just a vector space over K of dimension one. We simply have

d̂eg(L) = −
∑
v∈MK

ϵv log ∥s∥v.

Here s is any non-zero element of L, and the degree is independent of the choice of s by the
product formula.

3 Arithmetic positivity

In algebraic geometry, the linear series of a line bundle is closely related to positivity proper-
ties of the line bundle in intersection theory. The involved positivity notions of line bundles
include effectivity, ampleness, nefness, and bigness. We refer to Lazarsfeld [Laz04a, Laz04b]
for a thorough introduction in this area.

Most of these positivity results can be proved (by much more effort) for hermitian line
bundles on arithmetic varieties, and further for adelic line bundles on quasi-projective vari-
eties. In this section, we are going to review some of these positivity results. Their applica-
tions will be given in the next sections.

3.1 Positivity in algebraic geometry

We first recall some basic facts on positivity in algebraic geometry. The basic references for
this topic are Debarre [Deb01] and Lazarsfeld [Laz04a, Laz04b].

Throughout this subsection, let X be a projective variety of dimension d ≥ 1 over a field
k. Denote by Pic(X) the group of isomorphism classes of line bundles on X. We have an
intersection pairing

Pic(X)d −→ Z.

For a closed subvariety Y of dimension e in X and for line bundles L1, . . . , Le on X, we
usually write

L1 · L2 · · ·Le · Y = (L1|Y ) · (L2|Y ) · · · (Le|Y ).

If L1 = L2 = · · · = Le = L, then the left-hand side is further written as Le · Y .

3.1.1 Ampleness and nefness

Let L be a line bundle on X. Denote h0(X,L) = dimkH
0(X,L). We say that L is effective

if h0(X,L) > 0; i.e. L is linearly equivalent to an effective Cartier divisor on X.
We say that L is ample if for every coherent sheaf F on X, the sheaf F ⊗L⊗n is globally

generated for all sufficiently large n. The Nakai–Moishezon criterion asserts that L is ample
if and only if

LdimY · Y > 0
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for every closed subvariety Y of X. See [Deb01, §1, Thm. 1.21] or [Laz04a, Thm. 1.2.23].
We say that L is nef if

LdimY · Y ≥ 0

for every closed subvariety Y ofX. By Kleiman’s theorem, it is enough to check this condition
for curves Y . See [Deb01, §1, Thm. 1.26] or [Laz04a, Thm. 1.4.9, Exa. 1.4.16].

3.1.2 Volumes and bigness

Let L be a line bundle on X. Define the volume

vol(L) = vol(X,L) = lim
n→∞

d!

nd
h0(X,nL).

Here the additive notation nL means L⊗n, and we will take similar convention in the fol-
lowing. The existence of the limit is a consequence of Fujita’s approximation theorem. See
[Laz04b, Thm. 11.4.7] or [LM09, Thm. A].

If L is nef, then the Hilbert–Samuel formula gives the especially simple identity

vol(L) = Ld.

See [Deb01, §1, Prop. 1.31] or [Laz04a, Cor. 1.4.41].
We say that L is big if vol(L) > 0. Thus, for nef line bundles, bigness is equivalent to

positivity of the top self-intersection number. Moreover, ample line bundles are always big.
If L and M are nef line bundles on X, then Siu’s inequality asserts that

vol(L−M) ≥ Ld − dLd−1 ·M.

See [Siu93, Cor. 1.2] or [Laz04a, Thm. 2.2.15]. The theorem is very useful due to the precise
bound of the right-hand side, and the bound is accurate if M is “much smaller” than L. Its
arithmetic analogue will be a main tool of this paper.

3.1.3 More properties of volumes

To introduce more results, it will be convenient to employ the notion of Q-line bundles, i.e.
objects of P ic(X)Q. For the purpose here, it suffices to consider a Q-line bundle on X as
an element of Pic(X)Q = Pic(X)⊗Z Q. We extend the previous positivity notions to Q-line
bundles as follows.

For a Q-line bundle L on X, we say that L is ample (resp. effective, nef, or big) if
L = aL0 in Pic(X)Q for some strictly positive rational number a and some L0 ∈ Pic(X)
which is ample (resp. effective, nef, or big).

We extend the volume function vol : Pic(X) → R to a volume function

vol : Pic(X)Q −→ R

by the homogeneity property

vol(aL0) := advol(L0), a ∈ Q>0, L0 ∈ Pic(X).
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Then a Q-line bundle L on X is big if and only if vol(L) > 0.
Similarly, a (Cartier) Q-divisor on X is an element of Div(X)Q. All the above definitions

extend to Q-divisors by the same method.
The notion of Q-line bundles brings lots of conveniences to the theory. For example, we

can “realize” nef line bundles as “limits” of ample Q-line bundles. In fact, let L be a nef line
bundle on X, and let A be any ample line bundle on X. Then L is the “limit” of L+ tA for
positive rational numbers t→ 0, where each term L+ tA is ample.

Finally, we list many other properties of the volume function in the following.

Theorem 3.1. Let X be a projective variety of dimension d > 0 over a field k. Let L and
M be line bundles on X. Then the following are true.

(1) (birational invariance) If ψ : X ′ → X is a birational morphism of projective varieties
over k, then vol(ψ∗L) = vol(L).

(2) (log-concavity) If L and M are effective, then

vol(L+M)1/d ≥ vol(L)1/d + vol(M)1/d.

(3) (Fujita approximation) If L is big, then for any ϵ > 0, there exist a projective variety
X ′ over k with a birational morphism ψ : X ′ → X and an ample Q-line bundle A on X ′

such that ψ∗L− A is effective on X ′ and

vol(A) ≥ vol(L)− ϵ.

(4) (continuity) The volume function vol : Pic(X)Q → R is continuous in the sense that for
t ∈ Q,

lim
t→0

vol(L+ tM) = vol(L).

(5) (differentiability) If L is big, then for t ∈ Q, the limit

d

dt

∣∣∣
t=0

vol(L+ tM) = lim
t→0

1

t
(vol(L+ tM)− vol(L))

exists. If L is big and nef, then for t ∈ Q,

d

dt

∣∣∣
t=0

vol(L+ tM) = dLd−1 ·M.

Proof. For (1) and (4), see [Laz04a, Prop. 2.2.43, Thm. 2.2.44]. For (2) and (3), see [Laz04b,
Thm. 11.4.9, Thm. 11.4.4]. Part (5) is proved by Boucksom–Favre–Jonsson in [BFJ09, Thm.
A], and we refer to the loc. cit. for an expression of the derivative for a general big L in
terms of the positive intersection number.
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3.2 Effective sections and volumes

Here we introduce effective sections and volumes of adelic line bundles, and then list many
important properties of the volume functions.

3.2.1 Volumes of Hermitian line bundles

Let L be a hermitian line bundle on an arithmetic variety X of dimension d. The corre-
sponding arithmetic linear series is the finite set

H0(X ,L) :=
{
s ∈ H0(X ,L) : ∥s∥sup ≤ 1

}
.

Here
∥s∥sup := sup

z∈X (C)
∥s(z)∥

is the usual supremum norm on H0(X ,L)C. An element of H0(X ,L) is called an effective
section of L on X , and L is called effective if H0(X ,L) is nonzero.

Denote
h0(L) = log#H0(X ,L).

The volume of L is defined as

v̂ol(L) = v̂ol(X ,L) = lim
n→∞

h0(nL)
nd/d!

.

The limit exists by Chen [Che08]; and see [Yua09] for a different proof using Okounkov

bodies. We say that L is big if v̂ol(L) > 0.
Most properties of the volume function listed above work for hermitian line bundles, and

also work for adelic line bundles by taking limits, so we will skip the statements for hermitian
line bundles but make formal statements for adelic line bundles in the following.

3.2.2 Volumes of adelic line bundles

Here we recall the notions of volume and bigness of adelic line bundles in [YZ26, §5.1-5.2].
Let k be either Z or a field. If k is a field, let X be a quasi-projective variety over k of

dimension d. If k = Z, let X be either a quasi-projective and flat integral scheme over k of
absolute dimension d, or a quasi-projective variety over a number field K of dimension d−1.

Let L be an adelic line bundle on X with underlying line bundle L on X. Define

Ĥ0(X,L) := {s ∈ H0(X,L) : ∥s(x)∥ ≤ 1, ∀x ∈ Xan}.

Here the metric ∥s(x)∥ on the Berkovich space Xan is defined via the analytification functor

P̂ ic(X) → P̂ ic(Xan). An element of Ĥ0(X,L) is called an effective section of L on X, and

L is called effective if Ĥ0(X,L) is nonzero.
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In the case k = Z with X a quasi-projective variety over a number field K of dimension
d− 1, we further have

Ĥ0(X,L) = {s ∈ H0(X,L) : ∥s(x)∥ ≤ 1, ∀x ∈ Xr-an}.

Then we can further write

Ĥ0(X,L) = {s ∈ H0(X,L) : ∥s∥v,sup ≤ 1, ∀v ∈MK}.

Here the supremum norm at v ∈MK is given by

∥s∥v,sup = sup
x∈Xan

v

∥s(x)∥, s ∈ H0(XKv , LKv).

If k = Z, then Ĥ0(X,L) is a finite set, and we denote

ĥ0(X,L) := log#Ĥ0(X,L);

if k is a field, then Ĥ0(X,L) is a finite-dimensional vector space over k, and we denote

ĥ0(X,L) := dimk Ĥ
0(X,L).

Define the arithmetic volume

v̂ol(L) = v̂ol(X,L) = lim
n→∞

d!

nd
ĥ0(X,nL).

The adelic line bundle L is said to be big on X if v̂ol(L) > 0.
The following result is from [YZ26, Thm. 5.2.1], which converts the convergence of the

arithmetic volumes for adelic line bundles to those for hermitian line bundles.

Theorem 3.2. (1) The limit v̂ol(X,L) exists.

(2) If L is represented by an adelic line bundle (L, (Xi,Li, ℓi)i≥1) on U for a quasi-projective
model U of X over k, then

v̂ol(X,L) = lim
i→∞

v̂ol(Xi,Li).

On the right-hand side, v̂ol(Xi,Li) is the volume of Li as a hermitian Q-line bundle on

Xi, defined by homogeneity. By the theorem, the definition of v̂ol(X,L) extends to adelic
Q-line bundles on X by homogeneity.

As in the geometric case, we have the following arithmetic Hilbert–Samuel formula from
[YZ26, Thm. 5.2.2].

Theorem 3.3 (arithmetic Hilbert–Samuel formula). Let L be a nef adelic line bundle on
X. Then

v̂ol(L) = L
d
.
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The theorem is reduced to the projective case by Theorem 3.2. Historically, the corre-
sponding result for hermitian line bundles on arithmetic varieties is a combination of the
arithmetic Riemann–Roch theorem of Gillet–Soulé [GS92], an estimate of analytic torsions
by Bismut–Vasserot [BV89], the Riemann–Roch theorem on lattice points by Gillet–Soulé
[GS91], the arithmetic Nakai–Moishezon theorem by Zhang [Zha95b], and some further re-
finements by Zhang [Zha95b] and Moriwaki [Mor09]. See [Yua08, Cor. 2.7] for more details.

We also have the following arithmetic Siu inequality from [YZ26, Thm. 5.2.2], where the
case of hermitian line bundles is proved by Yuan [Yua08].

Theorem 3.4 (arithmetic Siu inequality). Let L and M be nef adelic line bundles on X.
Then

v̂ol(L−M) ≥ L
d − dL

d−1
M.

3.2.3 More properties of volumes

Let k be either Z or a field. Let X/k and d be as above. Then X is either quasi-projective
over k or quasi-projective over a number field K (for k = Z), and d is the dimension of a

quasi-projective model of X over k. The definition of v̂ol(L) extends to adelic Q-line bundles
on X by homogeneity.

We have the following arithmetic counterpart of Theorem 3.1 from [YZ26, §5.2.5].

Theorem 3.5. Let L and M be adelic line bundles on X. Then the following are true.

(1) (birational invariance) If ψ : X ′ → X is a birational morphism over k, then v̂ol(ψ∗L) =

v̂ol(L).

(2) (log-concavity) If L and M are effective, then

v̂ol(L+M)1/d ≥ v̂ol(L)1/d + v̂ol(M)1/d.

(3) (arithmetic Fujita approximation) If L is big, then for any ϵ > 0, there exist a birational
morphism ψ : X ′ → X and a nef adelic Q-line bundle A on X ′ such that ψ∗L − A is
effective on X ′ and

v̂ol(A) ≥ v̂ol(L)− ϵ.

(4) (continuity) The volume function v̂ol : P̂ic(X)Q → R is continuous in the sense that for
t ∈ Q,

lim
t→0

v̂ol(L+ tM) = v̂ol(L).

(5) (differentiability) If L is big, then for t ∈ Q, the limit

d

dt

∣∣∣
t=0

v̂ol(L+ tM) = lim
t→0

1

t
(v̂ol(L+ tM)− v̂ol(L))

exists. If L is big and nef, then for t ∈ Q,

d

dt

∣∣∣
t=0

v̂ol(L+ tM) = dL
d−1 ·M.
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Proof. All these results can be reduced to the projective case by Theorem 3.2. Then the
results for the case that k is a field are just Theorem 3.1. Now we explain the corresponding
results for hermitian line bundles on arithmetic varieties. Parts (1) and (4) for hermitian
line bundles are due to Moriwaki [Mor09, Thm. 4.3, Thm. B]. Part (2) for hermitian line
bundles is due to Yuan [Yua09, Thm. B]. Part (3) for hermitian line bundles was proved
independently by Chen [Che10] and Yuan [Yua09]. Part (5) for hermitian line bundles is
due to Chen [Che11].

4 Height functions

In this section, we study height functions in terms of both classical terminology and adelic
line bundles. The key results of this section are the fundamental inequalities, which will be
useful for our applications later. We will also see that these fundamental inequalities become
very powerful when combined with positivity results.

4.1 Classical height functions

Let us briefly recall the notion of Weil heights on projective varieties, canonical heights
on polarized algebraic dynamical systems, and Néron–Tate heights on abelian varieties and
curves. The basic references are [Ser89, HS00, BG06, Yua12, YG26].

Let K be a number field throughout this subsection. Denote by MK the set of places of
K. We normalize the absolute value | · |v for every v ∈MK as in §1.

4.1.1 Weil heights on projective varieties

Let Pn be the projective space of dimension n over K. The standard height function h :
Pn(K) → R is defined to be

h(x0, x1, · · · , xn) =
1

[K ′ : Q]

∑
w∈MK′

ϵw logmax{|x0|w, |x1|w, · · · , |xn|w},

where K ′ is a finite extension of K containing all the coordinates xi. It is independent of
the choice of the homogeneous coordinates by the product formula.

Let X be a projective variety over K, and let L be an ample line bundle on X. Let
i : X → Pn be any morphism such that i∗O(1) ∼= L⊗e for some positive integer e ≥ 1. We
obtain a height function

hL,i =
1

e
h ◦ i : X(K) −→ R

as the composition of i : X(K) → Pn(K) and 1
e
h : Pn(K) → R. It depends on the choices of

e and i.
More generally, let L be any line bundle on X. We can always write L = A1⊗A

⊗(−1)
2 for

two ample line bundles A1 and A2 on X. For k = 1, 2, let ik : X → Pnk be morphisms such
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that i∗kO(1) ∼= A⊗ek
k for some positive integer ek. We obtain a height function

hL,i1,i2 = hA1,i1 − hA2,i2 : X(K) −→ R.

It depends on the choices of (A1, A2, i1, i2). However, the following result asserts that it is
unique up to bounded functions.

Theorem 4.1 (Weil’s height machine). The above construction L 7→ hL,i1,i2 gives a group
homomorphism

H : Pic(X) −→ {functions ϕ : X(K) → R}
{bounded functions ϕ : X(K) → R}

.

A function hL : X(K) → R in the class H(L) in the theorem is called a Weil height
function associated to L.

The most important property of Weil heights is the following Northcott property.

Theorem 4.2 (Northcott property). Let X be a projective variety over a number field K.
Let hL : X(K) → R be a Weil height function associated to an ample line bundle L on X.
Then for any real numbers C1 and C2, the set

{x ∈ X(K) : deg(x) < C1, hL(x) < C2}

is finite.

Here deg(x) denotes the degree of the residue field (or coefficient field) K(x) of x over
K. The theorem is easily reduced to the standard height function on projective spaces, for
which the property can be obtained explicitly.

4.1.2 Canonical heights in algebraic dynamics

Let S be a quasi-projective variety over a number field K. Let (X, f, L, q) be a polarized
algebraic dynamical system over S as in §2.3.4.

Let us first assume S = SpecK. Let hL : X(K) → R be any Weil height corresponding
to L. The canonical height function (or the Call–Silverman height function)

ĥL : X(K) −→ R

is defined by Tate’s limit argument

ĥL(x) = lim
n→∞

1

qn
hL(f

n(x)).

The limit ĥL(x) always exists and is independent of the choice of the Weil height hL. It has
the following basic properties.

(a) ĥL(f(x)) = qĥL(x) for any x ∈ X(K),
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(b) ĥL(x) ≥ 0 for any x ∈ X(K), and the equality holds if and only if x is preperiodic in
the sense that fm(x) = fn(x) for some m > n ≥ 0.

The function ĥL : X(K) → R is the unique Weil height corresponding to L and satisfying
(a), and thus is independent of the choice of hL. We refer to [Yua12, YG26] for more details.

Now let S be a general quasi-projective variety over K. For any closed point s ∈ S, the
fiber (Xs, fs, Ls, q) is a dynamical system over s = SpecK(s). This gives a canonical height
function ĥLs : Xs(K(s)) → R. Varying s, we obtain a canonical height function

ĥL : X(K) −→ R,

which still satisfies properties (a) and (b).
Alternatively, we can start with a projective model (X ′, L′) of (X,L) over K, choose

a Weil height function hL′ : X ′(K) → R associated to L′, and consider the restriction
h′L : X(K) → R of hL′ to X(K). Then Tate’s limit argument transfers h′L : X(K) → R to

the canonical height ĥL : X(K) → R.

4.1.3 Néron–Tate heights on abelian varieties

Let A be an abelian variety over a number fieldK. Denote by [m] : A→ A the multiplication
by an integer m. Let L be a symmetric and ample line bundle on A. Here L is called
symmetric if [−1]∗L ∼= L, which implies [m]∗L ∼= L⊗(m2) for all integers m. Then (A, [2], L, 4)
forms a dynamical system over K. The canonical height function

ĥL : A(K) −→ R

is also called the Néron–Tate height function. We further have the following quadraticity
and positivity properties.

Theorem 4.3 (quadraticity). (1) The height ĥL(x) ≥ 0 for any x ∈ A(K), and the equality
holds if and only if x is torsion.

(2) The function ĥL : A(K) → R is quadratic in the sense that it satisfies the parallelogram
rule

ĥL(x+ y) + ĥL(x− y) = 2
(
ĥL(x) + ĥL(y)

)
, ∀x, y ∈ A(K).

Moreover, we have

ĥL(mx) = m2ĥL(x), ∀m ∈ Z, ∀x ∈ A(K).

(3) The quadratic form
ĥL : A(K)R −→ R

on the real vector space A(K)R = A(K) ⊗Z R, induced by the height function ĥL :
A(K) → R via the quadraticity, is positive definite.
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Similar results hold for abelian schemes over quasi-projective varieties over K, but we
omit the statements here.

Define the Néron–Tate height pairing

⟨x, y⟩ : A(K)R × A(K)R −→ R
by

⟨x, y⟩ = 1

2

(
ĥ(x+ y)− ĥ(x)− ĥ(y)

)
, x, y ∈ A(K)R.

The associated norm of the pairing is given by

|x| :=
√
ĥ(x), x ∈ A(K)R.

The angle ∠(x, y) between x, y ∈ A(K)R is defined as

∠(x, y) := arccos

(
⟨x, y⟩
|x| · |y|

)
.

The left-hand side is set to be 0 if x = 0 or y = 0.

4.1.4 Néron–Tate heights on curves

Let C be a geometrically integral smooth projective curve of genus g ≥ 2 over a number
field K. Denote by J the Jacobian variety of C over K. As the multiplication

[2g − 2] : J(K) −→ J(K)

is surjective, there is a line bundle α0 on CK such that (2g − 2)α0 is isomorphic to the
canonical sheaf ω. Replacing K by a finite extension if necessary, we can assume that α0

is actually a line bundle on C. This process does not change our definition of heights, and
neither does the choice of α0.

Consider the Abel–Jacobi embedding

iα0 : C −→ J, x 7−→ x− α0.

Recall that the theta divisor on J is given by

θα0 = iα0(C) + · · ·+ iα0(C)︸ ︷︷ ︸
g−1 copies

.

It is well-known that θα0 is ample and gives a principal polarization of J . By [Ser89, p. 74,
eq. (1)], θα0 is symmetric in the sense that [−1]∗θα0 is linearly equivalent to θα0 . It defines
a Néron–Tate height function

ĥ = ĥθα0
: J(K)R −→ R.

We apply ĥ(·), | · |, ⟨·, ·⟩ and ∠(·, ·) to C(K) via the embedding iα0 : C → J . For example,
for x ∈ C(K), we have a Néron–Tate height function

ĥ : C(K) −→ R
given by

ĥ(x) = ĥ(iα0(x)) = ĥ(x− α0) = ĥθα0
(x− α0).
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4.2 Heights by adelic line bundles

In this subsection, we introduce heights defined by adelic line bundles, compare them with
the classical heights, and then introduce fundamental inequalities of heights.

4.2.1 Heights by adelic line bundles

Let X be a quasi-projective variety over a number field K. Let L be an adelic line bundle
on X. Define the height function hL : X(K) → R associated to L by

hL(x) = hL(x
′) =

1

deg(x)
L · x′, x ∈ X(K).

Here x′ is the closed point of X corresponding to the algebraic point x.
If L is integrable, the height of any closed subvariety Y of XK associated to L is defined

by

hL(Y ) = hL(Y
′) =

L
dimY+1 · Y ′

(dimY + 1)(L̃dimY · Y ′)
.

Here Y ′ is the closedK-subvariety ofX corresponding to Y , i.e. the image of the composition
Y → XK → X. The geometric part L̃ of L is the image of L under the functorial map

P̂ic(X/Z) → P̃ic(X/K). The definition is meaningful only if the denominator is nonzero.
In particular, the height of the ambient variety X is

hL(X) =
L
dimX+1

(dimX + 1) L̃dimX
.

Roughly speaking, heights are just the arithmetic degrees divided by the geometric degrees.
In terms of rational sections of L, we can write the height of a point x ∈ X(K) as a sum

of “local heights”. For this purpose, we introduce some extra notation. Denote by x′ ∈ X
the closed point corresponding to x as above. For any place v of K, the base change gives
an injection x′ ×K Kv → XKv , whose image is a finite set of closed points of XKv . Via
analytification, this finite set corresponds to a finite set Ov(x) of classical points of Xan

v ,
which is called the Galois orbit of x in Xan

v . For each z ∈ Ov(x), the degree deg(z) denotes
the degree of z as a closed point of XKv over Kv.

Lemma 4.4. For any x ∈ X(K), we have

hL(x) = − 1

deg(x)

∑
v∈MK

∑
z∈Ov(x)

ϵv log ∥s(z)∥deg(z)v .

Here s is any rational section of L regular and non-vanishing at x.

Proof. If x ∈ X(K), this follows from Lemma 2.1. The general case is obtained by an
argument of base change.
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The relation between height functions associated with adelic line bundles and classical
Weil heights is given by the following nice theorem. We refer to [Yua12, Thm. 9.7] or [YG26,
Thm. 8.4.3] for a proof.

Theorem 4.5. Let X be a projective variety over a number field K. For any adelic line
bundle L on X, the height function [K : Q]−1hL : X(K) → R is a Weil height function
corresponding to the line bundle L on X.

4.2.2 Canonical heights

Resume the setting of §4.1.2. Namely, let S be a quasi-projective variety over a number
field K. Let (X, f, L, q) be a polarized algebraic dynamical system over S. Then we have a
canonical height function

ĥL : X(K) −→ R

defined by Tate’s limit argument.
On the other hand, as in §2.3.4, we have an f -invariant adelic line bundle Lf over X/Z

extending L. This gives a height function

hLf
: X(K) −→ R.

Now we have the following theorem.

Theorem 4.6. ĥL = [K : Q]−1hLf
.

Proof. By taking fibers over S, it suffices to prove the case S = SpecK. Then the result
follows from Theorem 4.5 and the invariant properties of both height functions.

Note that we can also apply Lf to define canonical heights of closed subvarieties of X,
which will be important for applications in arithmetic dynamics.

4.2.3 The fundamental inequality

Let X be a quasi-projective variety over a number field K. Let L be an adelic line bundle
on X/Z. This gives a height function hL : X(K) → R. Zhang’s essential minimum of L on
X is given by

e1(X,L) = sup
U

inf
x∈U(K)

hL(x),

where U runs through open subvarieties of X.
The following theorem from [YZ26, Thm. 5.3.3] generalizes a part of Zhang’s theorem of

successive minima in [Zha95a] from the projective case to the quasi-projective case.

Theorem 4.7 (fundamental inequality I). Let X be a quasi-projective variety of dimension

d over a number field K. Let L be a nef element in P̂ic(X/Z) such that its image L̃ in

P̃ic(X/K) is big. Then

e1(X,L) ≥ hL(X) ≥ 1

d+ 1
e1(X,L).
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We will only use the first inequality of the theorem, which is a consequence of the arith-
metic Hilbert–Samuel formula in Theorem 3.3 by the following result from [YZ26, Lem.
5.3.4].

Lemma 4.8 (fundamental inequality II). Let X be a quasi-projective variety of dimension d

over a number field K. Let L be an element of P̂ic(X/Z), and let L̃ be its image in P̃ic(X/K).

(1) Let s ∈ H0(X,nL) be a nonzero element for some positive integer n. Then for any
x ∈ (X \ |div(s)|)(K), we have

hL(x) ≥ − 1

n

∑
v∈MK

log ∥s∥v,sup.

(2) For any positive integer n such that ĥ0(X,nL) > 0,

e1(X,L) ≥
ĥ0(X,nL)

n ĥ0(X,nL̃)
− 2

n
[K : Q]

if the right-hand side is strictly positive.

(3) If v̂ol(L) > 0, then v̂ol(L̃) > 0 and

e1(X,L) ≥
v̂ol(L)

(d+ 1)v̂ol(L̃)
.

Proof. Part (1) is a consequence of Lemma 4.4.

For part (2), note that Ĥ0(X,nL) generates a K-subspace of H0(X,nL) of dimension

at most Ĥ0(X,nL̃). Then a Minkowski type of argument implies that there is a nonzero

element s ∈ Ĥ0(X,nL) such that

− log ∥s∥v,sup ≥ ĥ0(X,nL)

[K : Q]ĥ0(X,nL̃)
− 2

for every archimedean place v of K.
The inequality in (3) is the limit of (2) as n→ ∞. To prove v̂ol(L̃) > 0, take an adelic line

bundle M on X/Z with v̂ol(M̃) > 0, which can be chosen as a nef model adelic line bundle
for example. By the continuity of the volume function in Theorem 3.5, there still exists a
rational number ϵ > 0 such that v̂ol(L− ϵM) > 0. Then (some positive multiple of) L− ϵM

is effective, and thus L̃− ϵM̃ is also effective. As a consequence, v̂ol(L̃) ≥ v̂ol(ϵM̃) > 0.

A key result in the proof of the uniform Mordell conjecture by Dimitrov–Gao–Habegger
[DGH21] is a height inequality over abelian schemes, which also plays a fundamental role
in the further work of Kühne [Kuh21]. The following height inequality from [YZ26, Thm.
5.3.7] can be viewed as a theoretical version of that of [DGH21].
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Proposition 4.9 (height inequality). Let π : X → S be a morphism of quasi-projective

varieties over a number field K. Let L ∈ P̂ic(X/Z) and M ∈ P̂ic(S/Z) be adelic line
bundles. If L is big on X/Z, then there exist ϵ > 0 and a non-empty open subvariety U of
X such that

hL(x) ≥ ϵ hM(π(x)), ∀x ∈ U(K).

Proof. As in the proof of Lemma 4.8, there exists a rational number ϵ > 0 such that v̂ol(L−
ϵπ∗M) > 0. In fact, if L and M are nef, this is a consequence of Theorem 3.4, which asserts

v̂ol(L− ϵπ∗M) ≥ L
d − dϵL

d−1 · π∗M.

In general, the result follows from the continuity of the volume function in Theorem 3.5.
By Lemma 4.8(3), there is a non-empty open subvariety U of X such that

hL−ϵπ∗M(x) ≥ 0, ∀x ∈ U(K).

Then the result follows from the simple relation

hL−ϵπ∗M(x) = hL(x)− ϵhM(π(x)).

5 Equidistribution of small points

The first equidistribution theorem for small points was proved by the pioneering work of
Szpiro–Ullmo–Zhang [SUZ97]. It was extended to non-archimedean places by Chambert-
Loir [CL06], and extended to semipositive metrics by Yuan [Yua08]. With their theory of
adelic line bundles, the equidistribution theorem was further extended to quasi-projective
varieties over number fields by Yuan–Zhang [YZ26]. The goal of this section is to introduce
and prove the equidistribution theorem in the quasi-projective case.

5.1 Statement of the theorem

Let X be a quasi-projective variety of dimension d over a number field K, and let L be a
nef adelic line bundle on X.

5.1.1 Preliminary definitions

Recall that the geometric part L̃ of L is the image of L under the functorial map P̂ic(X/Z) →
P̃ic(X/K). The nefness of L implies that of L̃. The arithmetic Hilbert–Samuel formula in
Theorem 3.3 gives

v̂ol(L) = L
d+1

, v̂ol(L̃) = L̃d.
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We further assume that L̃ is big, or, equivalently, degL̃(X) = L̃d > 0. Then the height

hL(X) =
L
dimX+1

(dimX + 1) L̃dimX

of X is well-defined and non-negative.
A sequence {xm} in X(K) is called generic if every infinite subsequence is Zariski dense

in X. By the fundamental inequality in Theorem 4.7, this gives

lim inf
m→∞

hL(xm) ≥ hL(X).

The sequence is called hL-small if

lim
m→∞

hL(xm) = hL(X).

The existence of a generic and hL-small sequence is equivalent to the equality

e1(X,L) = hL(X).

The equidistribution theorem asserts that for every place v of K, the probability measure
µxm,v (for the generic and small sequence) converges weakly to the equilibrium measure
µL,v on the analytic space Xan

v . In rough terms, we just say that the Galois orbit of xm is
equidistributed on Xan

v with respect to the measure µL,v. We will explain these two measures
before stating the theorem.

For every place v of K, we have the Berkovich analytic space Xan
v of the quasi-projective

scheme XKv over the local field Kv. For any point x ∈ X(K), we have a Galois orbit Ov(x)
defined right before Lemma 4.4. Namely, denote by x′ ∈ X the closed point corresponding
to x. Then Ov(x) is the image of the functorial map

(x′ ×K Kv)
an −→ Xan

Kv
.

Then we have a probability measure

µx,v =
1

deg(x)

∑
z∈Ov(x)

deg(z)δz.

Here δz denotes the Dirac measure of z ∈ Xan
v , and deg(z) denotes the degree of z over Kv,

viewed as a closed point of x′ ×K Kv.
For every place v of K, we have an equilibrium measure

µL,v =
1

degL̃(X)
c1(L)

d
v.

We explain the measure c1(L)
d
v on Xan

v briefly. The general case where X is quasi-projective
can be obtained from the projective case by a limit process. Assume that X is projective
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for the moment. If v is complex (and X is projective), the measure is the classical Monge–
Ampère measure on Xan

v = Xv(C) in complex analysis by Bedford–Taylor [BT82]. If v is
real (and X is projective), the measure is the push-forward of the Monge–Ampère measure
via the quotient map Xv(C) → Xan

v . If v is non-archimedean (and X is projective), the
measure is the Chambert-Loir measure originally constructed by Chambert-Loir [CL06]. See
also [Yua12, §3] and [YG26, §9.2] for more details on the Chambert-Loir measure in the
projective case.

5.1.2 The equidistribution theorem

We have the following equidistribution theorem from [YZ26, Thm. 5.4.3].

Theorem 5.1 (equidistribution). Let X be a quasi-projective variety over a number field

K. Let L be a nef adelic line bundle on X/Z. Assume that the geometric part L̃ of L is big
on X/K. Let {xm}m≥1 be a generic and hL-small sequence in X(K). Then for every place
v of K, the measure µxm,v converges weakly to µL,v on Xan

v .

The theorem was previously proved in many cases where X is projective by different
works. The following is an incomplete list (for X projective), and we refer to [Yua12, §6.3]
for more details.

(1) The pioneering work of Szpiro–Ullmo–Zhang [SUZ97] proved the theorem for archimedean
v under the assumption that the metric of L is strictly positive at v. The work imme-
diately led to the solution of the Bogomolov conjecture by Ullmo [Ull98] and Zhang
[Zha98].

(2) For dimX = 1 and archimedean v, the theorem was proved by Bilu [Bil97] and Autissier
[Aut01].

(3) For dimX = 1 and non-archimedean v, the theorem was proved by Baker–Hsia [BH05],
Baker–Rumely [BR06], Favre–Rivera-Letelier [FRL06], and Chambert-Loir [CL06].

(4) For non-archimedean v, Chambert-Loir [CL06] actually introduced the equilibrium mea-
sure µL,v in any dimension, and his proof worked for general dimensions under a positivity
assumption at v.

(5) The works [SUZ97, CL06] are based on the arithmetic Hilbert–Samuel formula for per-
turbations of L, and thus require a positivity assumption of L at v. Yuan [Yua08] proved
the arithmetic Siu inequality, and thus proved the theorem for all cases of projective X.

If X is quasi-projective, Kühne [Kuh21] proved equidistribution for canonical heights on
abelian schemes, which is independent of the work of [YZ26], and applied it to prove the
uniform Bogomolov conjecture and the uniform Mordell conjecture. We will return to these
uniformity theorems in §7.

In applications, it might be convenient to have an equidistribution theorem on the
Berkovich space Xan

Cv
, where Cv is the completion of the algebraic closure of Kv. This
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version of equidistribution is actually equivalent to the version for Xan
Kv

in Theorem 5.1. We
refer to [Yua08, §3.1] for the equivalence in the projective case, which can be extended to
the quasi-projective case with little extra effort.

5.2 Application to algebraic dynamics

The projective case of the equidistribution theorem has been widely used in algebraic dy-
namical systems. We refer to [Yua12] for a detailed introduction of this aspect. The quasi-
projective case has two natural applications to algebraic dynamical systems. We describe
them here briefly.

5.2.1 Application to non-degenerate subvarieties

Let S be a quasi-projective variety over a number field K. Let (X, f, L, q) be a polarized
algebraic dynamical system over S. Then we are in the setting of §2.3.4 and §4.1.2. In
particular, we have an adelic line bundle Lf overX/Z extending L and satisfying f ∗Lf ≃ qLf .
This gives a canonical height function

hLf
: X(K) −→ R,

which is equal to [K : Q] · ĥL by Theorem 4.6. Denote by L̃f the geometric part of Lf over

X/K. It is also nef and satisfies f ∗L̃f ≃ qL̃f .
Denote n = dimX and e = dimS. Note that deg(f) = qn−e, which can be computed on

the generic fiber of X over S. By the projection formulae,

(qLf )
n+1 = (f ∗Lf )

n+1 = deg(f)L
n+1

f = qn−e L
n+1

f ,

(qL̃f )
n = (f ∗L̃f )

n = deg(f) L̃n
f = qn−e L̃n

f .

Thus we always have L
n+1

f = 0. Assume e = dimS > 0 in the following. Then we also

have L̃n
f = 0. In other words, L̃f is not big on X/K. Then the pair (X,Lf ) does not

satisfy the conditions of Theorem 5.1. However, the condition might be satisfied if we pass
to subvarieties of X.

Let Y be a closed subvariety of X. We say that Y is non-degenerate if the pull-back
L̃f |Y is big on Y . In this case, the pair (Y, Lf |Y ) satisfies the conditions of Theorem 5.1, and
we obtain the following equidistribution of generic and small points of Y from [YZ26, Thm.
6.2.3].

Theorem 5.2 (equidistribution over non-degenerate subvarieties). Let S be a quasi-projective
variety over a number field K. Let (X, f, L, q) be a polarized algebraic dynamical system over
S. Let Y be a non-degenerate closed subvariety of X over K. Let {ym}m≥1 be a generic se-
quence of Y (K) such that hLf

(ym) → 0. Then for every place v of K, the measure µym,v

converges weakly to µLf |Y ,v on Y an
v .
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We refer to [YZ26, §6.2.3] for a historical account of the equidistribution theorem in
this dynamical setting. In particular, if X → S is an abelian scheme, the notion of non-
degeneracy of Y was studied by Dimitrov–Gao–Habegger [DGH21] in their proof of the
uniform Bogomolov conjecture. A version of the above equidistribution theorem in this case
was proved by Kühne [Kuh21] and applied to refine the result of [DGH21].

5.2.2 Application to PCF points

The second application of our equidistribution theorem is to derive equidistribution of post-
critically finite points (or just PCF points).

Let S be a smooth and quasi-projective variety over a number field K. Let X = P1
S be

the projective line over S, and let f : X → X be a finite morphism over S of degree q > 1.
Denote by π : X → S the structure morphism. There is a line bundle L on X of the form
O(q−1)⊗π∗N for some line bundle N on S such that f ∗L ≃ qL. Then we have a dynamical
system (X, f, L, q) over S.

In practice, we can take S to be the moduli space M1
q of dynamical systems on P1 over

K or a subvariety of some moduli space.
The canonical morphism f ∗ωX/S → ωX/S induces a global section δf of ωf = ωX/S ⊗

f ∗ω∨
X/S on X. The ramification divisor R = R(f) of the finite morphism f : X → X is

defined to be the divisor of the section δf . It is also viewed as a (possibly non-reduced)
closed subscheme in X.

For any point y ∈ S(K), the fiber of (X, f, L, q) above y gives a dynamical system
(Xy, fy, Ly, q) over K. The ramification divisor R(fy) on Xy = P1

K
is equal to the fiber of

R(f) above y. The point y ∈ S(K) is called post-critically finite (PCF) if every irreducible
component of R(fy) (with reduced structure) is preperiodic under fy.

Start from f -invariant extension Lf of L in P̂ic(X). Define a nef adelic line bundle on
S/Z by

M = NR/S(Lf |R).
Here the norm map on the right-hand side is also the 1-fold Deligne pairing recalled in §2.2.4,
which can be extended to R (if it is non-integral) by linearity via writing R as a Weil divisor.
Now we have a non-negative height function

hM : S(K) −→ R.

It detects PCF points in the sense that y ∈ S(K) is PCF if and only if hM(y) = 0.
Now we are in the setting to apply Theorem 5.1 to (S,M) over K. An extra condition to

check is whether the geometric part M̃ ofM is big on S/K. As a deep theorem combining the
works of DeMarco [DeM01, DeM03], Bassanelli–Berteloot [BB07] and Gauthier–Okuyama–

Vigny [GOV20], M̃ is big on S/K if the morphism S → M1
q is generically finite and its image

is not contained in the flexible Lattès locus. Moreover, in this case, the equilibrium measure
µM,v at archimedean v is exactly equal to the normalized bifurcation measure introduced by
DeMarco [DeM01, DeM03]. Hence, we obtain the following equidistribution theorem from
[YZ26, Thm. 6.3.5].
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Theorem 5.3 (equidistribution: PCF maps on projective line). Let S be a smooth and
quasi-projective variety over a number field K. Let X = P1

S be the projective line over S,
and let f : X → X be a finite morphism over S of degree q > 1. Assume that the morphism
S → M1

q is generically finite and its image is not contained in the flexible Lattès locus. Let

{ym}m≥1 be a generic sequence of PCF points of S(K). Then for every place v of K, the
measure µym,v converges weakly to the normalized bifurcation measure on San

v .

We refer to [YZ26, §6.3] for a more detailed discussion of this topic. For example, if S is
a family of polynomial maps on P1, the theorem was previously proved by Favre–Gauthier
[FG15]. Their strategy is to reduce the problem to the equidistribution of Yuan [Yua08] in
the projective case, which works for polynomial maps but not for rational maps.

The equidistribution of PCF points fits perfectly into the setting of the dynamical André–
Oort conjecture of Baker–DeMarco [BD13, Conj. 1.10]. Our equidistribution theorem plays a
crucial role in the recent solution of the dynamical André–Oort conjecture for 1-dimensional
families by Ji–Xie [JX23]. Previously, the conjecture was proved for 1-dimensional families
of polynomial maps by Favre–Gauthier [FG15].

5.3 Variational principle

The proof of Theorem 5.1 still follows the strategy of [Yua08] by applying the variational
principle of [SUZ97]. The following is the key positivity result in the proof, which is a part
of Theorem 3.5(5), but we state here for its importance and to clarify its origin from the
arithmetic Siu inequality in Theorem 3.4.

Lemma 5.4. Let X be a quasi-projective variety of dimension d over a number field K. Let
L and M be integrable adelic line bundles on X/Z. Assume that L is nef on X/Z. Then

v̂ol(L+ tM) ≥ (L+ tM)d+1 +O(t2), t ∈ Q.

Proof. Writing M =M1 −M2 with M1 and M2 nef, we have

L+ tM = (L+ tM1)− tM2.

The arithmetic Siu inequality in Theorem 3.4 gives

v̂ol(L+ tM) ≥ (L+ tM1)
d+1 − (d+ 1)(L+ tM1)

d · tM2 = (L+ tM)d+1 +O(t2).

Now we prove the equidistribution theorem.

Proof of Theorem 5.1. The conditions and the result do not change if we replace L by L +
π∗N for an element N ∈ P̂ic(SpecK)int with d̂eg(N) > 0. Here

π∗ : P̂ic(SpecK)int −→ P̂ic(X)int
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is the pull-back map. As a consequence, we can assume L
d+1

> 0. Here we denote d = dimX.
Let M be an element in the kernel of the map P̂ic(X)int → P̃ic(X/K)int. Let t be a

nonzero rational number. By Lemma 5.4,

v̂ol(L+ tM) ≥ (L+ tM)d+1 +O(t2)

is strictly positive if |t| is small. By the fundamental inequality in Lemma 4.8,

e1(X,L+ tM) ≥ v̂ol(L+ tM)

(d+ 1)v̂ol(L̃)
≥ L

d+1
+ t(d+ 1)L

d
M

(d+ 1) degL̃(X)
+O(t2).

Apply the inequality to the generic sequence {xm}m. We have

lim inf
m→∞

hL+tM(xm) ≥
L
d+1

+ t(d+ 1)L
d
M

(d+ 1) degL̃(X)
+O(t2).

By assumption,

lim
m→∞

hL(xm) = hL(X) =
L
d+1

(d+ 1) degL̃(X)
.

Then the inequality implies

lim inf
m→∞

thM(xm) ≥ t
L
d
M

degL̃(X)
+O(t2).

If t > 0, the above implies

lim inf
m→∞

hM(xm) ≥
L
d
M

degL̃(X)
+O(t).

If t < 0, the above implies

lim sup
m→∞

hM(xm) ≤
L
d
M

degL̃(X)
+O(|t|).

Set t→ 0 in each case. We obtain

lim
m→∞

hM(xm) =
L
d
M

degL̃(X)
.

We are going to deduce the equidistribution theorem onXan
v from the above limit identity.

Assume that L ∈ P̂ic(U)nef for a quasi-projective model U of X over Z, and assume that L

is represented by a Cauchy sequence (L, (Xi,Li, ℓi)i≥1) in P̂ ic(U)mod. Here Xi is a projective
model of U , and Li is a hermitian Q-line bundle on Xi. Assume that there is a morphism
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ψi : Xi → X1 extending the identity morphism of U . Denote Xi = Xi,Q, which contains X
as an open subvariety.

Let X ′
1 be another projective model of X1 over Z. Let M be a hermitian Q-line bundle

on X ′
1, with a fixed isomorphism MQ → OX1 . Then it induces a metric ∥ ·∥w of OX1 on X

an
1,w

for any place w of K. Assume that the metric ∥1∥w = 1 for any place w ̸= v of K. Denote
f = − log ∥1∥v, which is continuous on Xan

1,v. By definition,

hM(xm) =

∫
Xan

v

fµxm,v,

and

L
d · M = lim

i→∞
Ld

i · M = lim
i→∞

∫
Xan

i,v

fc1(Li)
d
v.

Then the above result gives a limit identity

lim
m→∞

∫
Xan

v

fµxm,v =
1

degL̃(X)
lim
i→∞

∫
Xan

i,v

f c1(Li)
d
v.

Here f is viewed as a function on Xan
i,v by the pull-back induced by ψi,Q : Xi → X1.

Now we are going to vary f = − log ∥1∥v, which is a function on Xan
1,v induced by (X ′

1,M).
We claim that the space of all such model functions f is dense in C(Xan

1,v) under the topology
of uniform convergence. If v is complex, f can be any smooth function, and the result is
classical. If v is real, the result can be derived from the complex case. If v is non-archimedean,
then f is a model function, and the density theorem is due to Gubler (cf. [Gub98, Thm.
7.12] and [Yua08, Lem. 3.5]).

Note that

lim
i→∞

∫
Xan

i,v

c1(Li)
d
v = lim

i→∞
(Li,Q)

d = L̃d = degL̃(X).

Therefore, the limit identity also holds for any f ∈ C(Xan
1,v).

Finally, assume f ∈ Cc(X
an
v ), viewed as an element of C(Xan

i,v) by the open immersion
X → Xi. Then

lim
i→∞

∫
Xan

i,v

fc1(Li)
d
v = lim

i→∞

∫
Xan

v

f c1(Li)
d
v|Xan

v
=

∫
Xan

v

fc1(L)
d
v.

Here the last equality follows from the definition of c1(L)
d
v. Therefore, the limit identity

becomes

lim
m→∞

∫
Xan

v

fµxm,v =
1

degL̃(X)

∫
Xan

v

fc1(L)
d
v.

This proves the equidistribution theorem.
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6 Admissible canonical bundle

In the original work, Arakelov [Ara74] introduced the admissible metric of the canonical line
bundle of a complex curve to obtain a clean adjunction formula. Zhang [Zha93] extended the
definition to curves over non-archimedean fields, and thus obtained an admissible canonical
bundle for a curve over a number field. To prove the uniform Bogomolov conjecture, Yuan
[Yua26a] extended the definition to obtain the admissible canonical bundle on a relative
curve (or a family of curves), and proved the bigness of the admissible canonical bundle
under a natural condition.

In this section, we will introduce the admissible canonical bundle and prove its bigness.
In the next section, we will apply the bigness to prove the uniform Bogomolov conjecture.

6.1 Admissible canonical bundle

The goal of this subsection is to introduce the admissible canonical bundle on a relative
curve (or a family of curves). The theory for a single curve over a local field or a number
field was introduced by Zhang [Zha93] in terms of reduction graphs before the introduction
of adelic line bundles in [Zha95a]. A re-organization of the theory in terms of adelic line
bundles is given in the appendix of [Yua26a]. The theory was extended to relative curves by
Yuan [Yua26a].

6.1.1 Admissible metrics: local setting

Let us first recall Zhang’s admissible metrics on curves over local fields. We refer to [Yua26a,
Appendix A] for more details.

Let F be a complete valued field with a non-trivial valuation. Let C be a geometrically
integral smooth projective curve of genus g ≥ 2 over F . Let ωC/F be the canonical sheaf.
Let ∆ be the diagonal of C2 = C ×F C, viewed as a divisor on C2.

We start with some terminology of metrics on C2. A continuous metric ∥ · ∥∆ of OC2(∆)
on C2 is called symmetric if the Green function

g∆ = − log ∥1∥∆ : (C2 \∆)an −→ R

is symmetric in the two components of C2. For any finite extension F ′ of F , by pull-back via
the natural map (C2

F ′)an → (C2)an, the Green function g∆ induces a Green function of ∆F ′

on (C2
F ′)an, and thus the metric ∥ · ∥∆ induces a continuous metric of OC2(∆)F ′ on (C2

F ′)an.
By abuse of notation, we still denote them by g∆ and ∥ · ∥∆.

For any finite extension F ′ of F and any point x ∈ C(F ′), denote

(O(x), ∥ · ∥x) := i∗x(O(∆), ∥ · ∥∆)

viewed as metrized line bundles on (CF ′)an. HereO(x) is the line bundle on CF ′ corresponding
to x ∈ C(F ′), and

ix = (x, id) : SpecF ′ ×SpecF C −→ C ×SpecF C
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is the natural morphism. It follows that

gx = − log ∥1∥x : (CF ′ \ {x})an −→ R

is equal to the pull-back of g∆ via the map ix : CF ′ → C2
F . We may also write gx = g∆(x, ·).

We will need the notation of Monge–Ampère measures on Can, which is actually the
Chambert-Loir measure in the non-archimedean case. The references for this projective case
are given at the end of §5.1.1.

By [Yua26a, Thm. A.1], there are a unique integrable metric ∥ · ∥a of ωC/F on Can

and a unique symmetric integrable metric ∥ · ∥∆ of O(∆) on (C2)an satisfying the following
properties for all finite extensions F ′/F and all points x ∈ C(F ′):

(1) the equality
(2g − 2)c1(O(x), ∥ · ∥x) = c1(ωCF ′/F ′ , ∥ · ∥a),

of Monge–Ampère measures holds on (CF ′)an;

(2) the integral ∫
(CF ′ )an

g∆(x, ·) c1(ωCF ′/F ′ , ∥ · ∥a) = 0;

(3) the residue map
(ωC/F ⊗OC

O(x))|x −→ F ′

is an isometry, where F ′ is endowed with the absolute value extending that of F .

We call the metric ∥·∥a the admissible metric of ωC/F , which is actually nef (or semipositive).
We call the Green function g∆ the admissible Green function of ∆, which is also written as
g∆,a to emphasize the situation.

If F = C, the metrics are just the original Arakelov metrics on compact Riemann surfaces
in [Ara74]. If F = R, they are induced by the Arakelov metrics on C(C). If F is non-
archimedean, the metrics are essentially introduced by Zhang [Zha95a] as counterparts of
the complex setting.

6.1.2 Admissible canonical bundle: single curves

Let K be a number field. Let C be a geometrically integral smooth projective curve of genus
g ≥ 2 over K. Let ωC/K be the canonical sheaf. Let ∆ be the diagonal of C2 = C ×K C,
viewed as a divisor on C2. Let D be a divisor on C.

Apply the above constructions to the local field Kv for every place v of K. We obtain
an adelic line bundle ω̄C/K,a = (ωC/K , (∥ · ∥a,v)v) on C, and an adelic line bundle O(∆)a =
(O(∆), (∥ · ∥∆,a,v)v) on C

2.
Both of the above objects are integrable. For convenience, we say that both of them are

admissible. Moreover, ω̄C/K,a is called Zhang’s admissible canonical bundle of C over K.
The admissible adelic line bundles ω̄C/K,a and O(∆)a were originally introduced by Zhang

[Zha93]. We refer to [Yua26a, Appendix A] for more details in terms of the current termi-
nology.
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The arithmetic self-intersection number ω̄2
C/K,a ∈ R is called the admissible volume of

C/K. It is an important arithmetic invariant of C.
It is known that ω̄C/K,a is always nef, so the admissible volume ω̄2

C/K,a ≥ 0. Moreover,

Zhang [Zha93] has reduced the Bogomolov conjecture for C to the strict positivity ω̄2
C/K,a > 0

(or equivalently the bigness of ω̄C/K,a). We will come back to this topic in §7.1.1.
The positivity of the admissible volume ω̄2

C/K,a is built upon Zhang’s φ-invariant intro-

duced in [Zha10]. Recall that the global φ-invariant

φ(C) =
∑
v∈MK

ϵvφv(C),

where the local φ-invariant is defined as the integral

φv(C) = −
∫
(CKv×CKv )

an

g∆,a c1(O(∆)a)
2.

The summation has only finitely many nonzero terms, since φv(C) = 0 if v is non-archimedean
and C has potentially good reduction at v. If v is archimedean, [Zha10, Prop. 2.5.3] proves
that φv(C) > 0 by completing it as a sum of squares in terms of the heat kernel. If v is
non-archimedean and C does not have potentially good reduction at v, then φv(C) is an
invariant of the reduction graph of C at v, and Cinkir [Cin11, Thm. 2.11] proves φv(C) > 0
in this case. As a consequence, we have φ(C) > 0.

Finally, the following theorem finishes the proof of the positivity and thus the second
proof of the Bogomolov conjecture.

Theorem 6.1 (de Jong [dJ18]). Let C be a geometrically integral smooth projective curve
of genus g ≥ 2 over a number field K. Then

ω2
C/K,a ≥

2

3g − 1

∑
v∈MK

ϵvφv(C).

A stronger constant of the theorem was later obtained by Wilms [Wil22, Thm. 1.2] by
applying the Hodge index theorem of adelic line bundles of Yuan–Zhang [YZ17].

6.1.3 Admissible canonical bundle: relative curves

A projective curve C over a field k is called semistable if Ck̄ is reduced and all singular points
of Ck̄ are ordinary double points. It is called stable if it is semistable with arithmetic genus
g ≥ 2, and any rational irreducible component of Ck̄ intersects other irreducible components
at three or more points.

By a relative curve over a noetherian scheme S, we mean a projective and flat morphism
π : X → S purely of relative dimension 1 with geometrically connected fibers. The relative
curve is called smooth (resp. stable, semistable) if every fiber of π : X → S is smooth (resp.
stable, semistable). It is said to be of genus g if every fiber of π : X → S has arithmetic
genus g.
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By Yuan [Yua26a, Thm. 2.3], we have the following construction of admissible canonical
bundles for quasi-projective families of curves.

Theorem 6.2. Let k be either Z or a field. Let S be a quasi-projective and flat normal
integral scheme over k. Let π : X → S be a smooth relative curve of genus g ≥ 2. Denote
by ∆ : X → X ×S X the diagonal morphism. Then the following are true:

(a) There is an adelic line bundle ωX/S,a in P̂ ic(X/k) with underlying line bundle ωX/S, such
that for any v ∈ San, the metric of ωXHv/Hv on Xan

Hv
induced by ωX/S,a is equal to the

canonical admissible metric ∥·∥a. Moreover, ωX/S,a is nef and unique up to isomorphism.

(b) There is an adelic line bundle O(∆)a in P̂ ic(X ×S X/k) with underlying line bundle
O(∆), such that for any v ∈ San, the metric of O(∆Hv) on (X2

Hv
)an induced by O(∆)a

is equal to the canonical admissible metric ∥ · ∥∆,a. Moreover, O(∆)a is integrable and
unique up to isomorphism.

Moreover, the adelic line bundles satisfy the following extra properties:

(1) The canonical isomorphism
ωX/S −→ ∆∗O(−∆)

induces an isomorphism
ωX/S,a −→ ∆∗O(−∆)a.

(2) The canonical isomorphisms

p1∗⟨O(∆), p∗2ωX/S⟩ −→ ∆∗p∗2ωX/S −→ ωX/S

induce an isomorphism

p1∗⟨O(∆)a, p
∗
2ωX/S,a⟩ −→ ωX/S,a.

Here p1, p2 : X ×S X → X denote the two projections.

If k = Z, at any point s ∈ S whose residue field is a number field, the pull-backs ωX/S,a|Xs

and O(∆)a|X2
s
are canonically isomorphic to the admissible adelic line bundles ωXs/s,a on Xs

and O(∆s)a on X2
s introduced in the previous subsection.

Note that the uniqueness in (a) and (b) is a consequence of the essential injectivity of
the analytification functor

P̂ ic(X) −→ P̂ ic(Xan).

For the existence (or the construction), the adelic line bundles essentially come from natural
operations on invariant adelic line bundles from the dynamical system given by the relative
Jacobian scheme. To illustrate the idea, we will introduce a description of ωX/S,a in that
setting, which can also serve as a definition.
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Resume the notation in Theorem 6.2. Let π : X → S be a smooth relative curve of
genus g ≥ 2. Denote by J = Pic0X/S the Jacobian scheme of X over S. For more details on
Jacobian schemes, we refer to [MFK94, Chap. 6] and [BLR90, Chap. 9].

Let α be a line bundle on X of degree d on the fibers of X → S. We have a finite
S-morphism

iα : X −→ J, x 7−→ dx− α.

The right-hand side is understood in terms of the functor of points. We will also need the
morphism

(iα, iα) : X ×S X −→ J ×S J.

Now we consider line bundles on J . Without taking a base change of S, we have to deal
with the case that there is no line bundle on X of degree 1 on fibers over S. However, there
is still a line bundle Θ on J satisfying the following properties:

(1) Θ is symmetric on J in the sense that [−1]∗Θ ≃ Θ;

(2) Θ is rigidified along the identity section e : S → J in the sense that e∗Θ ≃ OS;

(3) for every geometric point s ∈ S, the fiber Θs is isomorphic to O(2θα0) as a line bundle
on Js, where the theta divisor θα0 on the Jacobian variety Js of the curve Xs is as in
§4.1.4.

Note that (1) and (2) imply [m]∗Θ ≃ m2Θ for every integer m, and (3) implies that Θ is
relatively ample over S. This comes from a construction of [MFK94, §6.1, Prop. 6.9], and
we also refer to [Yua26a, Def. 2.4] for more details.

As a consequence, we obtain a dynamical system (J, [2],Θ, 4) over S. Denote by Θ the
invariant adelic line bundle on J/k extending Θ, as introduced in §2.3.4.

With this construction, we finally have the following alternative description of the ad-
missible canonical line bundle.

Theorem 6.3. There is an isomorphism

ωX/S,a =
1

4g(g − 1)
i∗ωΘ+

1

64g2(g − 1)4
π∗π∗⟨i∗ωΘ, i∗ωΘ⟩

in P̂ic(X/k)Q. As a consequence, there is an isomorphism

π∗⟨ωX/S,a, ωX/S,a⟩ =
1

16g(g − 1)3
π∗⟨i∗ωΘ, i∗ωΘ⟩

in P̂ic(S/k)Q.

Here the Deligne pairings for the morphism π : X → S are described in §2.2.4. The first
equality implies the second one by an easy calculation. By the formula, we immediately see
that ωX/S,a is nef on X. We refer to [Yua26a, Thm. 2.10(1)] for more details on the theorem.
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6.2 Faltings heights and Hodge line bundles

In this subsection, we recall Faltings heights of curves originally introduced by Faltings
[Fal83] in his proof of the Mordell conjecture, and then we recall a result of Yuan–Zhang
[YZ26] realizing the Faltings heights as the height function of the adelic Hodge line bundle.
These results will be used in the remaining parts of this paper.

6.2.1 Faltings height

Let A be an abelian variety over K. Denote by π : A → SpecOK the Néron model of A over
K. Denote the identity section by e : SpecOK → A. Denote the Hodge line bundle

ωA/OK
= e∗ωA/OK

= π∗ωA/OK
.

Endow ωA/OK
with the Faltings metric defined by

∥α∥2Fal =
1

2g

∣∣∣∣∫
Aσ(C)

α ∧ ᾱ
∣∣∣∣

for any embedding σ : K → C and any element α of

(ωA/OK
)σ(C) = e∗Ωg

Aσ(C)/C ≃ Γ(Aσ(C),Ωg
Aσ(C)/C).

Define the Faltings height of A over K to be

h∗Fal(A) =
1

[K : Q]
d̂eg(ωA/OK

, ∥ · ∥Fal).

Here the arithmetic degree is from the map d̂eg : P̂ic(OK) → R.
Let K ′ be a finite extension of K such that A has semi-abelian reduction over OK′ . Define

the stable Faltings height of A to be

hFal(A) = h∗Fal(AK′).

The definition is independent of the choice of K ′.
Let C be a geometrically integral smooth projective curve of genus g ≥ 2 over a number

field K. Let J be the Jacobian variety of C over K. Define the stable Faltings height

hFal(C) = hFal(J)

to be the stable Faltings height of J over K. Define the adjusted Faltings height

h+Fal(C) = max{hFal(C), 1},

which is always positive.
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Alternatively, we can define hFal(C) without going to the Jacobian variety of C. In fact,
let ψ : C → SpecOK be the minimal regular model of C over OK . The natural metric ∥ · ∥nat
on the vector bundle ψ∗ωC/OK

is defined by

∥β∥2nat =
1

2

∣∣∣∣∫
Cσ(C)

β ∧ β̄
∣∣∣∣

for any embedding σ : K → C and any element β of

(ψ∗ωC/OK
)σ(C) = Γ(Cσ(C), ωCσ(C)/C).

This gives a hermitian vector bundle (ψ∗ωC/OK
, ∥β∥nat) over SpecOK . Then we have an

identity

h∗Fal(C) =
1

[K : Q]
d̂eg(ψ∗ωC/OK

, ∥β∥nat) =
1

[K : Q]
d̂eg(detψ∗ωC/OK

, det ∥β∥nat).

See [Yua26a, Lem. 3.4] for a history of this identity. Then we have

hFal(C) = h∗Fal(CK′)

for any finite extension K ′ of K such that C has semistable reduction over OK′ .

6.2.2 Adelic Hodge line bundle

Let S be a noetherian scheme. Let π : X → S be a stable relative curve of genus g ≥ 2.
The Hodge vector bundle of X over S is just π∗ωX/S, which is a vector bundle of rank g on
S. The Hodge line bundle of X over S is defined as

λS := detπ∗ωX/S = ∧gπ∗ωX/S.

Assume that S is a flat and quasi-projective integral scheme over Z or Q. Then the
natural metric on π∗ωX/S is defined such that for any point y ∈ S(C) and any section

β ∈ (π∗ωX/S)(y) = Γ(Xy, ωXy/y),

the metric gives

∥β∥2nat =
1

2

∣∣∣∣∣
∫
Xy

β ∧ β̄

∣∣∣∣∣ .
The determinant metric on λS is just

∥ · ∥det = det ∥ · ∥nat
induced by the process λS = det(π∗ωX/S). This gives a pair (λS, ∥·∥det). As in [Yua26a, Lem.
3.4], we can also interpret this pair in terms of the Hodge vector bundle on the Jacobian
scheme of X over S.

By [YZ26, Thm. 5.5.1], the pair (λS, ∥ · ∥det) extends canonically to an adelic Hodge line
bundle λS on S/Z. It is an adelic line bundle on S/Z such that

hλS
(y) = hFal(Xy), ∀y ∈ S(Q).

In other words, we realize the Faltings heights as a height function given by the adelic Hodge
line bundle.
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6.3 Bigness of the admissible canonical bundle

Finally, we have the following bigness theorem from [Yua26a, Thm. 3.1, Thm. 3.2]. The
goal of this subsection is to sketch a proof of the theorem.

Theorem 6.4 (bigness: admissible canonical bundle). Let k be either Z or a field. Let S
be a quasi-projective and flat normal integral scheme over k. Let π : X → S be a smooth
relative curve over S of genus g ≥ 2 with maximal variation. Then the adelic line bundle
ωX/S,a is nef and big on X, and the adelic line bundle π∗⟨ωX/S,a, ωX/S,a⟩ is nef and big on S.

Here we say that the relative curve π : X → S has maximal variation if the moduli
morphism S →Mg,k is generically finite to its image, where Mg,k denotes the coarse moduli
scheme of smooth curves of genus g over k.

We note that the two nefness and bigness properties in the theorem are equivalent. In
fact, the implication from the nefness and bigness of ωX/S,a to those of π∗⟨ωX/S,a, ωX/S,a⟩
follows from a basic property of the Deligne pairing (cf. [Yua26a, Lem. 2.1(1)]). Conversely,
by Theorem 6.3,

4g(g − 1)ωX/S,a = i∗ωΘ+ π∗π∗⟨ωX/S,a, ωX/S,a⟩.
Then the self-intersection of the right-hand side on X contains a term

i∗ωΘ ·
(
π∗π∗⟨ωX/S,a, ωX/S,a⟩

)dimS
= a

(
π∗⟨ωX/S,a, ωX/S,a⟩

)dimS
,

which is strictly positive if π∗⟨ωX/S,a, ωX/S,a⟩ is big. Here a = 4g(g− 1)(2g− 2) is the degree
of i∗ωΘ on the generic fiber of X → S. This gives the inverse implication.

Our proof of Theorem 6.4 is a relative version of the proof of the Bogomolov conjecture
by Zhang [Zha93, Zha10], Cinkir [Cin11] and de Jong [dJ18]. See §6.1.2 for an overview of
the framework. Then in our proof, we need to “globalize” many invariants of curves into
relative curves, and also “globalize” related equalities and inequalities. Before introducing
our proof, we first introduce some related globalized results for the φ-invariants.

6.3.1 Globalization ΦS of the φ-invariant

Recall that Zhang’s φ-invariant was recalled in §6.1.2, and the goal here is to “glue” these
local φ-invariants to an adelic divisor on relative curves. This process in spirit is similar
to Theorem 6.2, which extends Zhang’s admissible canonical bundle for curves to relative
curves.

Let k be either Z or a field. Let S be a quasi-projective and flat normal integral scheme
over k. Let π : X → S be a smooth relative curve of genus g ≥ 2.

Consider the morphism (π, π) : X ×S X → S and its diagonal divisor ∆ : X → X ×S X.
There are canonical isomorphisms

(π, π)∗⟨O(∆), O(∆), O(∆)⟩ −→ π∗⟨∆∗O(∆),∆∗O(∆)⟩ −→ π∗⟨ωX/S, ωX/S⟩.

This defines a section s of the underlying line bundle of the adelic line bundle

π∗⟨ωX/S,a, ωX/S,a⟩ − (π, π)∗⟨O(∆)a, O(∆)a, O(∆)a⟩.
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Via this adelic line bundle, define
ΦS = d̂iv(s),

viewed as an adelic divisor on S. The underlying divisor of ΦS is 0 by definition. By the
integration formula, the total Green’s function g̃ΦS

on San at any discrete or archimedean
valuation v ∈ San is given by

g̃ΦS
(v) =

∫
(Xv×Xv)an

log ∥1∥∆,ac1(O(∆)a)
2.

This recovers the φ-invariant of XHv .
As before, let J = Pic0X/S be the Jacobian scheme, and Θ be the invariant adelic line

bundle on J/k. Let j be the morphism

j : X ×S X −→ J, (x, y) 7−→ y − x.

The following result computes the Deligne pairing (π, π)∗⟨j∗Θ, j∗Θ, j∗Θ⟩. It is a family
version of, and is inspired by, de Jong [dJ18, Thm. 8.1], where the latter was in turn based
on the main result of Zhang [Zha10]. The following result is from [Yua26a, Thm. 3.6].

Theorem 6.5. Let k be either Z or a field. There is an identity in P̂ic(S)Q given by

(π, π)∗⟨j∗Θ, j∗Θ, j∗Θ⟩ = (12g − 4)π∗⟨ωX/S,a, ωX/S,a⟩ − 8O(ΦS).

The proof is still a family version of that of de Jong [dJ18, Thm. 8.1]. By the nefness of
Θ, the Deligne pairing (π, π)∗⟨j∗Θ, j∗Θ, j∗Θ⟩ is nef. Then the theorem gives

π∗⟨ωX/S,a, ωX/S,a⟩ =
2

3g − 1
O(ΦS) + nef.

Here “nef” means a nef adelic line bundle, and later we will write “eff” for an effective adelic
divisor. In this form, we see that this is a family version of Theorem 6.1.

6.3.2 Bigness in the geometric case

Now we sketch our proof of Theorem 6.4. We already know that it suffices to prove the
bigness of π∗⟨ωX/S,a, ωX/S,a⟩. Note that the case k = Z and S = SpecOK for a number
field K is just the positivity equivalent to the original Bogomolov conjecture. As mentioned
above, the key is to prove that π∗⟨ωX/S,a, ωX/S,a⟩ is nef and big on S. The process is to align
the relevant results of [Zha93, Zha10, Cin11, dJ18] recalled in §6.1.2 into a family.

Let us first sketch the geometric case that k is a field. After replacing k by a finite
extension if necessary, we can assume that π : X → S has a stable compactification π :
X → S, i.e. a projective variety S over k with an open immersion S → S, a stable relative
curve π : X → S of genus g, and an open immersion X → X compatible with the previous
morphisms. Our proof takes the following steps.
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Step 1. There is an effective adelic divisor ES on S such that

π∗⟨ωX/S,a, ωX/S,a⟩ = π∗⟨ωX/S, ωX/S⟩ − O(ES)

in P̂ic(S)Q. Here π∗⟨ωX/S, ωX/S⟩ is viewed as an element of P̂ic(S)Q by the natural map

Pic(S)Q → P̂ic(S)Q. The divisor ES is in fact defined by the identity. Then it has underlying
divisor 0 ∈ Div(S), and thus is totally determined by its Green’s function gES

on the
Berkovich analytic space San. We have an “explicit” description of gES

. Namely, its value
at any discrete valuation v of k(S)/k is given by the ϵ-invariant of the curve XHv over the
valuation field Hv of v defined by Zhang [Zha93] in terms of graph theory. This determines
gES

by continuity, and we say that ES is the globalization of the ϵ-invariant.

Step 2. The Noether formula gives

π∗⟨ωX/S, ωX/S⟩ = 12λS −O(∆S)

in Pic(S)Q. Here λS = detπ∗ωX/S is the Hodge line bundle of X over S, and ∆S is the

divisor of S with support equal to S \ S measuring the singularities of X over S. Both λS
and ∆S are the well-known tautological divisors in the theory of moduli spaces of curves.

Step 3. The difference (2g − 2)∆S − ES is an effective adelic divisor in D̂iv(S). As both
∆S and ES have underlying divisor 0 ∈ Div(S), it suffices to check (2g − 2)g∆S

≥ gES
on

the Berkovich analytic space San. By continuity, we only need to check it at any discrete
valuation v of k(S)/k, or equivalently compare the ϵ-invariant of the curve XHv defined
by Zhang [Zha93] and the classical δ-invariant of XHv counting the number of nodes of
reduction. The comparison is done by graph theory.

Combining these steps, we have

π∗⟨ωX/S,a, ωX/S,a⟩ = 12λS − (2g − 1)O(∆S) + eff.

Step 4. There is an effective adelic divisor ΦS on S such that

π∗⟨ωX/S,a, ωX/S,a⟩ =
2

3g − 1
O(ΦS) + nef.

This follows from Theorem 6.5, as a family version of de Jong’s inequality in Theorem 6.1.

Step 5. The difference ΦS− 1
39
∆S is an effective adelic divisor in D̂iv(S). Similar to Step 3, it

suffices to compare the values of the Green’s function at all discrete valuations v of k(S)/k.
Then it follows from the result of Cinkir [Cin11, Thm. 2.11] in graph theory.

As a consequence, we have

π∗⟨ωX/S,a, ωX/S,a⟩ =
2

39(3g − 1)
O(∆S) + nef + eff.
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Step 6. Take a linear combination of the equalities respectively at the ends of Step 3 and
Step 5 to cancel the term O(∆S). We obtain(

1 +
39(3g − 1)

2
(2g − 1)

)
π∗⟨ωX/S,a, ωX/S,a⟩ = 12λS + nef + eff.

Then the bigness of π∗⟨ωX/S,a, ωX/S,a⟩ follows from the classical result that the Hodge line
bundle λS is nef and big on S.

6.3.3 Bigness in the arithmetic case

Now we prove the bigness of π∗⟨ωX/S,a, ωX/S,a⟩ in the arithmetic case k = Z. The above proof
is not valid in this case as Step 2 becomes rather subtle in the arithmetic case. However,
we already know the bigness of the image M̃ of M = π∗⟨ωX/S,a, ωX/S,a⟩ in P̃ic(SQ/Q) by the
above proof. We claim that it suffices to prove that

M = O(c) + eff + nef

for some rational number c > 0. Here O(c) denotes a hermitian line bundle on SpecZ of
arithmetic degree c, viewed as an adelic line bundle on S/Z by pull-back. In fact, the claim
implies (for d = dimS)

M
d ≥M

d−1 · O(c) = c · M̃d−1 > 0.

Theorem 6.5 (or Step 4) still works in the arithmetic case, so it suffices to prove that
there exists a constant c0 > 0 depending only on g such that ΦS − c0 is an effective adelic
divisor on S. This is implied by the following theorem from [Yua26a, Thm. 3.10].

Theorem 6.6. For any integer g ≥ 2, there is a constant c0(g) > 0 depending only on g
such that φ(C) ≥ c0(g) for any connected compact Riemann surface C of genus g.

Let Mg be a fine moduli space of curves of genus g over C with a suitable level structure,
and M g be a suitable compactification of Mg. By Zhang [Zha10], we know that φ > 0 on
Mg. We will apply an adelic method to prove that φ tends to infinity along the boundary
M g \Mg. This will be sufficient to prove the theorem by compactness.

Before introducing the adelic method, let us mention some results on asymptotic behavior
of degeneration of the φ-invariant along the boundary of M g. This topic is widely studied
in the literature due to its arithmetic importance. See [dJ15, Thm. 1.1] for a precise
asymptotic formula for g = 2, which also gives a conjectural formula for g > 2. For g ≥ 2
and degeneration to isolated singularities, the asymptotic formula was later proved by [dJS24,
Thm. 7.1] and [Wil21, Cor. 1.2]. These imply Theorem 6.6 in the case g = 2 and in the case
of 1-parameter families of Riemann surfaces of genus g ≥ 2. As mentioned above, the proof
of the theorem by Yuan [Yua26a] uses an adelic method, which asserts that the φ-invariant
goes to infinity under degeneration. By more detailed analysis of the adelic method, Song
[Son23] proved an asymptotic formula for the degeneration of φ for all g ≥ 2 in terms of

graph-theoretic data encoded from Φ̃, which confirms a variant of a conjecture of de Jong
[dJ15, Conj. 1.2].
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6.3.4 Adelic method for degeneration

Now we introduce an adelic method to prove Theorem 6.6. We will first introduce the adelic
method in a general framework, since it is a very effective method to study degeneration of
analytic terms coming from adelic divisors. The philosophy is that the geometric part of an
adelic divisor governs the growth of its Green function over complex analytic spaces.

To set up the general framework, we will use the theory of adelic divisors on the pair
B = (C, | · |) in [YZ26, §2.7], which is a local theory parallel to the one reviewed in §2.2. It
can be avoided by still using the theory of adelic divisors on Z in many situations, but its
use is more natural and makes the situation clear. Let us first recall the theory of adelic
divisors on B = (C, | · |). For simplicity, we only describe the notion of adelic Q-divisors.

Let U be a quasi-projective variety over C. First, the group of model Q-divisors of U/B
is defined by

D̂iv(U/B)mod,Q = lim−→
X

D̂iv(X/B)Q,

where the limit is over the system of projective models X of U over C. Here D̂iv(X/B) is
the group of Green divisors on X, i.e. pairs D = (D, gD), where D is a Cartier divisor on
X and gD : X \ |D| → R is a Green function of D on X. The Green divisor D = (D, gD)
is called effective if D is an effective divisor on X and gD ≥ 0. A model Q-divisor of U/B
is effective if it is the image of some effective Green divisor coming from some projective
model.

Second, take a boundary divisor (X0, E0) with E0 = (E0, g0) of U over B. That is, X0 is
a projective model of U over C, E0 is an effective Cartier divisor on X0 with support equal
to X0 \ U , and g0 is a strictly positive Green function of E0 on X0. This gives a boundary
norm

∥ · ∥E0
: D̂iv(U/B)mod,Q −→ [0,∞]

by
∥D∥E0

:= inf{ϵ ∈ Q>0 : −ϵE0 ≤ D ≤ ϵE0}.
Here the inequalities are defined in terms of effectivity. It further induces a boundary topology
on D̂iv(U/B)mod,Q, which does not depend on the choice of (X0, E0).

Third, the group D̂iv(U/B)Q of adelic Q-divisors on U/B is defined to be the completion

of D̂iv(U/B)mod,Q with respect to the boundary topology induced by (X0, E0). By definition,

an adelic Q-divisor on U/B is represented by a Cauchy sequence in D̂iv(U/B)mod,Q, i.e., a

sequence {Di}i≥1 in D̂iv(U/B)mod,Q satisfying the property that there is a sequence {ϵi}i≥1

of positive rational numbers converging to 0 such that

−ϵiE0 ≤ Di′ −Di ≤ ϵiE0, i′ ≥ i ≥ 1.

There is a canonical map

D̂iv(U/B)Q −→ Div(U)Q, {Di}i≥1 7−→ D1|U .

For D = {Di}i≥1, we usually call D = D1|U the underlying Q-divisor of D.
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There is an injective analytification map

D̂iv(U/B)Q −→ Div(Uan)Q, {Di}i≥1 7−→ (D, gD).

Here D = D1|U is the underlying Q-divisor of D as above, and gD is defined to be limi gDi
,

which converges uniformly on compact subsets of U \ |D|, and thus defines a Green function
of D on U . We call gD the Green function of D on U . By abuse of notation, we will also
write D = {Di}i≥1 as D = (D, gD).

There is also a canonical forgetful map

D̂iv(U/B)Q −→ D̂iv(U/C)Q, {Di}i≥1 7−→ {Di}i≥1.

We usually write the image of D by D̃, and call D̃ the geometric part of D. We may also
write D̃iv(U/C)Q for D̂iv(U/C)Q to emphasize the geometric situation.

Finally, our adelic method for degeneration is summarized in the following basic result.

Lemma 6.7 (adelic method). Let U be a quasi-projective variety over C. Let (X0, E0) be
a boundary divisor of U over B = (C, | · |) with E0 = (E0, gE0

) on X0. Let D = (D, gD) be

an adelic Q-divisor in D̂iv(U/B)Q. Denote by D̃ and Ẽ0 the geometric parts of D and E0

in D̃iv(U/C)Q. Assume that D̃ ≥ aẼ0 for some constant a ∈ Q. Then for any real number
ϵ > 0, there exists a real number δ such that

gD ≥ (a− ϵ)gE0
− δ

on U .

Proof. By definition, there is a sequence Di = (Di, gi) for i ≥ 1 in D̂iv(U/B)mod,Q such that

−ϵiE0 ≤ D −Di ≤ ϵiE0

for a sequence of rational numbers ϵi converging to 0.
The condition D̃ ≥ aẼ0 gives

Di ≥ D̃ − ϵiE0 ≥ (a− ϵi)E0.

Then the model divisor Di − (a− ϵi)E0 is effective. As a consequence, its Green function

gi − (a− ϵi)gE0
> δi

on U for some real number δi.
Combining with

gD − gi ≥ −ϵigE0
,

the above inequality gives
gD − (a− 2ϵi)gE0

> δi

on U . This finishes the proof.
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Now it is easy to prove Theorem 6.6.

Proof of Theorem 6.6. Fix an integer N ≥ 3, and denote by S = Mg,N the (fine) moduli
scheme of smooth curves of genus g over C with a full level-N structure. Then S is a smooth
quasi-projective variety over C, which follows from the GIT construction in [MFK94, §7.4].
By [GO97, Thm. 2.1], there is a projective compactification S∗ = M∗

g,N of S together with
a tautological stable relative curve X∗ → S∗.

Denote B = (C, | · |). By the globalization of the φ-invariant over Z, there is an adelic
divisor Φ on S/B with underlying divisor 0 and with Green function φ : S → R on S.

The existence of Φ implies that φ : S → R is continuous on S. As mentioned above,
since φ > 0 on S by Zhang [Zha10], it suffices to prove that φ tends to infinity along the
boundary S∗ \ S.

The boundary ∆ = S∗\S with the reduced structure is a Cartier divisor on S∗. Complete
∆ to a Green divisor ∆ = (∆, g∆) on S

∗ with a strictly positive Green function g∆. Then
we have a boundary divisor (S∗,∆) of S over B.

From Step 5 of the proof of the bigness in the geometric case, the difference Φ̃− 1
39
∆ is

an effective adelic Q-divisor in D̃iv(S/C). In fact, it suffices to compare the values of the
Green functions at all discrete valuations v ∈ (S/C)an (where C is trivially valued), since
the set of discrete valuations is dense in the whole Berkovich space. Then the result follows
from the results of Cinkir [Cin11, Thm. 2.11] in graph theory.

Now we apply Lemma 6.7. This gives a relation

φ >
1

40
g∆ − c

for some constant c. As a consequence, φ goes to infinity along ∆. This finishes the proof.

6.4 Uniform fiberwise bigness

Let C be a geometrically integral smooth projective curve of genus g ≥ 2 over a number
field K. Recall that in §6.2.1, we have introduced the adjusted Faltings height

h+Fal(C) = max{hFal(C), 1}.

Recall that in §6.1.2, we have introduced the admissible volume ω2
C/K,a, and now we introduce

the normalized admissible volume

[ω2
C,a]Q = [ω2

C/K,a]Q =
1

[K : Q]
ω2
C/K,a.

The definitions of h+Fal(C) and [ω2
C,a]Q also apply to smooth projective curves C of genus

g ≥ 2 over Q, since any such a curve can be descended to a number field and the definitions
do not depend on the choice of the number field.

We have already seen the positivity ω2
C/K,a > 0. The following theorem from [Yua26a,

Thm. 1.4] is a uniform version of this positivity and also a fiberwise version of Theorem 6.4.
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Theorem 6.8 (uniform fiberwise bigness). Let g ≥ 2 be an integer. Then there are con-
stants c3 > 0 and c4 > 0 depending only on g satisfying the following properties. For any
geometrically integral smooth projective curve C of genus g over a number field K, we have

c3 · h+Fal(C) ≤ [ω2
C/K,a]Q ≤ c4 · h+Fal(C).

As we will see, the theorem implies that h+Fal(C) and [ω2
C/K,a]Q are equivalent invariants

in uniform Bogomolov-type problems.
The second inequality of the theorem was previously known to experts. In fact, as in

Theorem 6.4, a combination of the works of Faltings [Fal84], Zhang [Zha93, Thm. 4.4] and
Wilms [Wil17] gives

[ω2
C/K,a]Q ≤ 12hFal(C) + 6g log(2π2).

The new piece here is the first inequality.
Let us first sketch an idea to prove Theorem 6.8 by Theorem 6.4. The idea is outlined at

the beginning of [Yua26a, §4.5], and is different from the more explicit method in the proof
of [Yua26a, Thm. 4.14].

Proof of Theorem 6.8. Take S to be a fine moduli space of smooth curves of genus g over Q
with a suitable full level-N structure, and take π : X → S to be the universal curve. We
will introduce two adelic line bundles M and N on S/Z.

The first adelic line bundle on S/Z is

N = π∗⟨ωX/S,a , ωX/S,a⟩.

It is big on S/Z by Theorem 6.4.
The second adelic line bundle on S/Z is

M = λS +O(c),

where λS is the adelic Hodge line bundle on S recalled in §6.2.2, andO(c) denotes a hermitian
line bundle on SpecZ of arithmetic degree c, viewed as an adelic line bundle on S/Z by pull-
back.

We claim thatM is big on S/Z for sufficiently large constant c > 0. This is a consequence
of [YZ26, Lem. 5.2.10], by the fact that the Hodge line bundle λS on S/Q for a stable
compactification π : X → S is big on S/Q.

Once the adelic line bundles are big, the height inequality in Theorem 4.9 implies that
there are a non-empty open subvariety U ⊊ S and constants a1, a2 > 0 such that

a1hM(y) ≤ hN(y) ≤ a2hM(y), ∀y ∈ U(Q).

Replacing S by irreducible components of S \ U , replacing X → S by the corresponding
base change, and performing the above argument successively, we conclude that the above
inequality holds for all points y ∈ S(Q) (instead of y ∈ U(Q)).

We can combine the inequalities with the equalities

hN(y) = [ω2
Xy ,a]Q, hM(y) = hFal(Xy) + c, ∀y ∈ S(Q).
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Here the first equality follows from the canonical isomorphism

π∗⟨ωX/S,a , ωX/S,a⟩|y′ = (πy′)∗⟨ωXy′/y
′,a , ωXy′/y

′,a⟩,

which comes from the compatibility of the Deligne pairing with the base change by y′ → S.
Here y′ ∈ S is the closed point corresponding to y.

By a result of Bost [Bos96] (cf. [GR14, App.] or [dJS22, §1.3]), we have an explicit
uniform lower bound

hFal(Xy) ≥ −g log(
√
2π).

Then it suffices to take
c ≥ g log(

√
2π) + 1

to get Theorem 6.8.

7 Uniform Bogomolov conjecture

Classical Diophantine problems aim to find rational solutions or integral solutions of poly-
nomial equations with rational coefficients. In modern terminology, the goal of Diophantine
geometry is to study rational points or integral points of algebraic varieties over number
fields. The celebrated Mordell conjecture, proved by Faltings in 1983, is the following state-
ment.

Theorem 7.1 (Faltings). Let C be a geometrically integral smooth projective curve of genus
g ≥ 2 over a number field K. Then C(K) is finite.

The conjecture was raised by Mordell [Mor22] when he proved the finite generation of the
group of the rational points of elliptic curves over Q in 1922. Faltings’ proof of the conjecture
in [Fal83] signified a milestone in the history of Diophantine geometry. By analogy with the
Thue–Siegel–Roth theorem in Diophantine approximation, Vojta [Voj91] gave a new proof
of the Mordell conjecture in 1991. Inspired by Faltings’ proof, Lawrence–Venkatesh [LV20]
gave a third proof of the Mordell conjecture in terms of p-adic Hodge theory. We will come
back to Vojta’s proof later, since it will be used in our main results.

Once we know that the set C(K) is finite, a natural question is to give a suitable upper
bound on the cardinality of this set in terms of natural geometric and arithmetic invariants of
C over K. In this direction, we have the following uniform version of the Mordell conjecture,
which solves a problem proposed by Mazur [Maz86, p. 234].

Theorem 7.2 (Vojta [Voj91], Dimitrov–Gao–Habegger [DGH21], Kühne [Kuh21]). Let g ≥
2 be an integer. Then there are positive constants c1(g) and c2(g) depending only on g such
that for any geometrically integral smooth projective curve C of genus g over a number field
K, we have

|C(K)| ≤ c1(g)c2(g)
r.

Here r = rank J(K) is the Mordell–Weil rank of the Jacobian variety J of C over K.
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The theorem is proved by a combination of the following bounds.

(1) (Large points) Vojta’s proof of the Mordell conjecture actually gives a deep inequality
concerning the distribution of rational points of large heights, which in particular implies
an upper bound on the number of rational points of large heights. Note that this is
sufficient for the Mordell conjecture by the Northcott property of heights. The upper
bound was refined by de Diego [dD97] and Rémond [Rem00a, Rem00b].

(2) (Small points) The works [DGH21, Kuh21] prove a uniform Bogomolov conjecture, which
gives an upper bound on the number of rational points of small heights. By a simple
argument of sphere packing, the uniform Bogomolov conjecture also bounds the number
of all rational points in the complement of the points in (1).

In [Yua26a], Yuan gave a different proof of the uniform Bogomolov conjecture of [DGH21,
Kuh21] by the theory of adelic line bundles of Yuan–Zhang [YZ26]. In fact, Yuan introduced
the admissible canonical bundle over relative curves and proved its bigness as in §6, and then
deduced the uniform Bogomolov conjecture by this bigness property.

The goal of this section is to explain some background and ideas of the proof of Theorem
7.8, with an emphasis on the approach of [Yua26a] to the uniform Bogomolov conjecture.
We will also compare our approach with that of [DGH21, Kuh21] briefly.

Our topic is closely related to the previous surveys of Gao [Gao21] and Habegger [Hab22].
While [Gao21] mainly concerns the proof of the uniformity result in Theorem 7.2 through
the approach of [DGH21, Kuh21], and [Hab22] gives a panoramic view of various related
problems and results on the Mordell conjecture, our current survey mainly concerns the
approach of [Yua26a]. We refer readers to these two surveys for more aspects of the topic.

7.1 Uniform Bogomolov conjecture

In this subsection, we introduce the Bogomolov conjecture, the uniform Bogomolov conjec-
ture, and its application to the uniform Mordell conjecture.

7.1.1 The Bogomolov conjecture for single curves

The Bogomolov conjecture, proposed by Bogomolov in [Bog81], is as follows.

Theorem 7.3 (Ullmo). Let C be a geometrically integral smooth projective curve of genus
g ≥ 2 over a number field K. Let α be a line bundle on CK of degree 1. Then there is a
constant c > 0 such that

#{x ∈ C(K) : ĥ(x− α) ≤ c} <∞.

Recall that the Néron–Tate height ĥ : J(K) → R is introduced in §4.1.4. Here J denotes
the Jacobian variety of C over K.

The case c = 0 of the conjecture is the Manin–Mumford conjecture for curves, which
actually inspired Bogomolov’s formulation. Shortly after, the Manin–Mumford conjecture
for curves was proved by Raynaud [Ray83].

57



The Bogomolov conjecture was first proved by Ullmo [Ull98], and then we have a second
proof combining the works of Zhang [Zha93, Zha10], Cinkir [Cin11] and de Jong [dJ18]. Let
us review the proofs briefly.

The proof of Ullmo [Ull98] is based on the celebrated equidistribution theorem of Szpiro–
Ullmo–Zhang [SUZ97], the original version of Theorem 5.1. In fact, if the Bogomolov con-
jecture fails, then there is a generic sequence {xm}m on C(K) with ĥ(xm − α) → 0. By
enlarging K if necessary, we can assume that α is a divisor on C. Consider the generically
finite morphism

ψ : Cg −→ J, (t1, . . . , tg) 7−→ t1 + · · ·+ tg − gα.

From the sequence {xm}m, we obtain a generic and small sequence {yn}n in Cg(K), where
the components of yn are from the sequence {xm}m, and the image {ψ(yn)}n is a generic and
small sequence in J(K). Applying the equidistribution theorem to both generic and small
sequences at an archimedean place v, we obtain two limit measures µCg ,v and µJ,v, both of
which are given by strictly positive smooth (g, g)-forms. The compatibility of the sequences
implies µCg ,v = ψ∗µJ,v. Note that ψ is not finite, so it maps some sub-curve of Cg to a point
of J , and thus ψ∗µJ,v is 0 along this curve. This contradicts the strict positivity of µCg ,v.

For the second proof, note the identity

[K : Q] ĥ(x− α) = hLα
(x), x ∈ C(K)

for the adelic line bundle
Lα = i∗αO(θα0)

on C. Here iα : C → J is the Abel–Jacobi embedding in terms of the base divisor α, the
divisor θα0 is as in §4.1.4, and θα0 is the [2]-invariant adelic extension for the dynamical
system [2] : J → J . Here we have assumed that α and α0 are divisors on C by enlarging K.
By Zhang’s fundamental inequality in Theorem 4.7, it suffices to prove the self-intersection

number L
2

α > 0 on C. By a calculation of Zhang [Zha93], we essentially have

L
2

α ≥ L
2

α0
= g(g − 1)ω2

C/K,a,

where ωC/K,a is Zhang’s admissible canonical bundle of C/K in §6.1.2. Then it remains to
prove the admissible volume ω2

C/K,a is strictly positive. This was proved in the works of

Zhang [Zha10], de Jong [dJ18], and Cinkir [Cin11]. See §6.1.2 for more details.

7.1.2 Uniform Bogomolov conjecture

Recall that the Faltings height of a curve is defined in §6.2.1.
Finally, we have the following result from [Yua26a, Thm. 1.1], which can be viewed as a

uniform version of the Bogomolov conjecture (Theorem 7.3). It strengthens and generalizes
the new gap principle in [Gao21, Thm. 4.1] obtained as a combination of [DGH21, Prop.
7.1] and [Kuh21, Thm. 3].
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Theorem 7.4 (uniform Bogomolov). Let g ≥ 2 be an integer. Then there are positive
constants c1, c2 depending only on g such that for any geometrically integral smooth projective
curve C of genus g over a number field K, and for any line bundle α ∈ Pic(CK) of degree
1, we have

#
{
x ∈ C(K) : ĥ(x− α) ≤ c1

(
h+Fal(C) + ĥ((2g − 2)α− ωC/K)

)}
≤ c2.

It is worth noting that DeMarco–Krieger–Ye [DKY20] previously proved the new gap
principle in the case that g = 2, α is represented by a Weierstrass point, and C has a
morphism of degree two to an elliptic curve.

Our theorem is stronger and more general than the new gap principle of [DGH21, Kuh21]
by the following aspects:

(1) it has an extra non-negative term ĥ((2g − 2)α− ωC/K) in the formula;

(2) it allows α to be in Pic1(CK) instead of just in C(K).

Our proof is very different from that of [DGH21, Kuh21], and the key ingredient is a bigness
result of adelic line bundles on the universal curve. We will come back to that in the next
subsection.

Let us compare these two approaches briefly. The key result of the approach of [DGH21]
is a non-degeneracy result of the Faltings–Zhang morphism for families of curves, which
follows from a mixed Ax–Schanuel theorem for the universal family of abelian varieties by
[Gao20], and the proof of the latter uses the real-analytic Betti map and the o-minimality
theory. This implies a weak version of the uniform Bogomolov conjecture by their height
inequality. The work [Kuh21] strengthens the weak version. Its strategy is a family version
of the proof of the original Bogomolov conjecture by Ullmo [Ull98]. In fact, [Kuh21] proves
a version of the equidistribution theorem 5.2 for abelian schemes independently. To apply
the equidistribution theorem, one still needs the non-degeneracy result of [DGH21] for the
Faltings–Zhang map.

The proof of [Yua26a] has the following three steps:

(1) Extend Zhang’s construction of admissible metrics from projective curves to families of
projective curves.

(2) Prove the bigness of the admissible canonical bundle of the universal family over the
moduli space of curves introduced in (1).

(3) Prove the uniform Bogomolov conjecture from the bigness result in (2).

Note that our bigness theorem also implies the non-degeneracy of the Faltings–Zhang map.
As mentioned above, the work of [Kuh21] is a family version of the proof of the Bogomolov
conjecture by [SUZ97, Ull98], but the work of [Yua26a] is a family version of the proof of
the Bogomolov conjecture by [Zha93, Zha10, Cin11, dJ18].

Before introducing the proof of Theorem 7.4, let us first sketch how the theorem and
Vojta’s inequality imply the uniform Mordell conjecture.
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7.1.3 Uniform Vojta inequality

Recall the notation for distance and angles between points of curves from §4.1.4. To prove the
uniform Mordell conjecture, we also need the following uniform version of Vojta’s inequality
and Mumford’s inequality.

Theorem 7.5 (Vojta’s inequality). Let g ≥ 2 be an integer. Then there are constants
λ1, λ2, λ3, depending only on g and with λ3 > λ2 > 1, such that for any geometrically
integral smooth projective curve C of genus g over a number field K, and for any distinct
points x, y ∈ C(K) satisfying

|x| ≥ |y| ≥ λ1

√
h+Fal(C)

and
∠(x, y) ≤ arccos(3/4),

we have
λ2 |y| ≤ |x| ≤ λ3 |y|.

Without uniformity of the constants, the existence of the constant λ2 (without the angle
condition) is essentially due to Mumford [Mum77, §3, Cor. 1], and the existence of the
constant λ3 is essentially due to Vojta [Voj91]. In fact, Vojta’s inequality is inspired by
Mumford’s inequality, and it gives the second proof of the Mordell conjecture using techniques
from Arakelov geometry and ideas from Diophantine approximation. The uniformity of the
constants was obtained in later works of de Diego [dD97] and Rémond [Rem00a, Rem00b].

We will not sketch a proof of Theorem 7.5 in this paper, but we will give a few remarks
and references about it. First, Bombieri [Bom90] (based on [Fal91]) wrote a variant of Vojta’s
proof, which replaced the use of Arakelov geometry by relatively elementary techniques. We
refer to the textbooks [HS00, BG06, IKM22] for Bombieri’s variant of the proof. Second,
Yuan [Yua25] gave a second variant of Vojta’s proof, which replaced the use of the arithmetic
Riemann–Roch theorem of Gillet–Soulé [GS92] by the arithmetic Siu inequality (Theorem
3.4) for arithmetic varieties. Third, a version of Theorem 7.5 with explicit constants was
recently obtained by Yu–Yuan–Zhou [YYZ26] following the method of [Yua25]. We will
return to this version in §7.3.

7.1.4 Uniform Mordell conjecture: sphere packing

With the uniform Bogomolov conjecture (Theorem 7.4), and the uniform versions of Vo-
jta’s inequality and Mumford’s inequality (cf. Theorem 7.5), we prove the uniform Mordell
conjecture (Theorem 7.2) in the following.

Denote r = rank J(K). The real vector space V = J(K)R, endowed with the inner
product ⟨·, ·⟩ induced by the Néron–Tate height, is isometric to the Euclidean space Rr. We
first bound the set of large points given by

C(K)large :=
{
x ∈ C(K) : |x| ≥ λ1 h

+
Fal(C)

1/2
}
.

60



For every nonzero vector x ∈ V , consider the cone

cone(x) :=

{
y ∈ V : ∠(x, y) ≤ 1

2
arccos(3/4)

}
.

Then V is covered by finitely many cones cone(x1), . . . , cone(xn), as a consequence of the
compactness of the unit sphere of V . By basic sphere packing, we can take n ≤ 7r. For
every i, denote by Σi the set of points of C(K) whose images in V lie in cone(xi). Order
points of Σi as a sequence (y1, y2, . . . ), such that (|y1|, |y2|, . . . ) is increasing. By Theorem
7.5, we have

|y1| ≤ |yj| ≤ λ3 |y1|, |yj+1| ≥ λ2 |yj|.
As a consequence, we have

#Σi ≤ logλ2
(λ3) + 1.

It follows that
#C(K)large ≤ 7r(logλ2

(λ3) + 1).

This bounds the number of large points.
By Theorem 7.4, the cardinality of the set

C(K)small :=
{
x ∈ C(K) : |x| ≤

√
c1 h

+
Fal(C)

1/2
}

is at most c2. If
√
c1 ≥ λ1, then C(K)small and C(K)large cover the whole set C(K). However,

we cannot expect this to happen here. Therefore, we have to bound the moderate points

C(K)moderate :=
{
x ∈ C(K) : |x| ≤ λ1 h

+
Fal(C)

1/2
}
.

For this we need to use the extra α in Theorem 7.4.
For convenience, denote

R1 =
√
c1 h

+
Fal(C)

1/2, R2 = λ1 h
+
Fal(C)

1/2.

Enumerate points of C(K)moderate as {x1, x2, . . . }. For every i, let Bi be the open ball of

center xi and radius
R1

2
in V . By Theorem 7.4, any ball Bi intersects at most c2 other such

balls. Then the natural map ∐
i

Bi −→ B

to the ball

B =

{
x ∈ V : |x| ≤ R2 +

R1

2

}
has fibers of order at most c2. Comparing the volumes, we have

vol(Bi) ·#C(K)moderate ≤ c2 · vol(B).

It follows that

#C(K)moderate ≤ c2
vol(B)

vol(Bi)
= c2

(
2R2

R1

+ 1

)r

= c2

(
2λ1√
c1

+ 1

)r

.

This finishes the proof of Theorem 7.2.
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7.2 Proof of the uniform Bogomolov conjecture

The goal of this subsection is to sketch a proof of the uniform Bogomolov conjecture (Theo-
rem 7.4). We first introduce a general framework concerning potential bigness, which gives
us a general mechanism to bound algebraic points of small heights, and then specialize it to
our particular setting to prove the theorem.

7.2.1 Potential bigness

Let k be either Z or a field. Let S be a quasi-projective and flat normal integral scheme over
k. Let π : X → S be a smooth relative curve. For m > 0, we denote by

Xm
/S = X ×S X ×S · · · ×S X

the m-fold fiber product of X over S. We take the convention X0
/S = S.

Let L be an adelic line bundle on X/k. In additive notation, the box tensor

m⊠L = p∗1L+ p∗2L+ · · ·+ p∗mL

is an adelic line bundle on Xm
/S. Here pi : X

m
/S → X is the projection to the i-th component.

We say that L is potentially big on X/S if there is a positive integer m such that the adelic
line bundle m⊠L is big on Xm

/S.

The notion of potential bigness is from [Yua26a, §4.1], and has some similarity with the
notion of correlation in the previous work of Caporaso–Harris–Mazur [CHM97].

Concerning potential bigness, we have the following key criterion from [Yua26a, Thm.
4.1]. The proof is not hard, but the result is surprising in that bigness of the Deligne pairing
can be converted to bigness of a total space.

Theorem 7.6 (potential bigness). Let L be an adelic line bundle on X/k. Assume that L is
nef on X, and the degree of L on fibers of π : X → S is strictly positive. Then the following
are equivalent:

(1) π∗⟨L, · · · , L⟩ is big on S;

(2) m⊠L is big on Xm
/S for all m ≥ dimS;

(3) L is potentially big on X/S; i.e., m⊠L is big on Xm
/S for some m ≥ 1.

Proof. We only sketch the idea, and refer to [Yua26a, Thm. 4.1] for a serious proof. The
implication (2) ⇒ (3) is trivial. Denote d = dimS in the following.

For the implication (1) ⇒ (2), if m ≥ d, expand the top self-intersection number

L
d+m

m = (p∗1L+ p∗2L+ · · ·+ p∗mL)
d+m.

The expansion includes the term

(p∗1L)
2 · · · (p∗dL)2 · (p∗d+1L) · · · (p∗mL) = am−d(π∗⟨L, . . . , L⟩)d.
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Here a denotes the degree of L on fibers of π : X → S.
For the implication (3) ⇒ (1), assume that for some m ≥ 1, m⊠L is big on Xm

/S. Then
the Deligne pairing

N = (πm)∗⟨m⊠L, . . . ,m⊠L⟩

is nef and big on S. Here πm : Xm
/S → S is the structure morphism. A calculation shows

that N is a positive multiple of π∗⟨L, · · · , L⟩.

Note that the above notation Xm
/S and m⊠L, the notion of potential bigness, and the

theorem extend naturally to quasi-projective varieties S over number fields. To apply the
above theorem, we need the following key result relating potential bigness to the distribution
of small points from [Yua26a, Thm. 4.2].

Theorem 7.7. Let S be a quasi-projective variety over a number field K. Let π : X → S
be a smooth relative curve. Let L be a nef adelic line bundle on X/Z, and M be an adelic
line bundle on S/Z. If L is potentially big on X/S, then there are a non-empty Zariski open
subvariety U ⊂ S and constants c1, c2 > 0, such that for any y ∈ U(K),

#{x ∈ X(K) : π(x) = y, hL(x) ≤ c1 hM(y)} ≤ c2.

Proof. By assumption, Lm = m⊠L is big on Xm = Xm
/S for some m ≥ 1. Fix such an m. By

Proposition 4.9, there are a Zariski closed subset Z ⊊ Xm and ϵ > 0 such that

{x ∈ Xm(K) : hLm
(x) ≤ ϵhM(πm(x))} ⊂ Z(K).

Here πm : Xm → S is the structure morphism.
For any y ∈ S(K), denote

Σ(y) := {x ∈ X(K) : π(x) = y, hL(x) ≤
ϵ

m
hM(y)}.

The key is the inclusion
Σ(y)m ⊂ Z(K).

This follows from the height identity

hLm
(x) = hL(x1) + · · ·+ hL(xm)

for any x ∈ Xm(K) represented by (x1, · · · , xm) under the expression

Xm(K) = {(x1, · · · , xm) ∈ X(K)m : π(x1) = · · · = π(xm)}.

Let U be a non-empty open subscheme of S such that Z is flat over U . By a simple
counting argument from [Yua26a, Lem. 4.3] (cf. [DGH21, Lem. 6.3] and [Gao21, Lem.
7.3]), the inclusion Σ(y)m ⊂ Zy(K) forces Σ(y) to be finite and bounded uniformly in
y ∈ U(K).
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7.2.2 Proof of the uniform Bogomolov conjecture

Now we are ready to sketch a proof of Theorem 7.4. Recall that the theorem asserts that
for any geometrically integral smooth projective curve C of genus g ≥ 2 over a number field
K, and for any line bundle α ∈ Pic(CK) of degree 1, we have

#
{
x ∈ C(K) : ĥ(x− α) ≤ c1

(
h+Fal(C) + ĥ((2g − 2)α− ωC/K)

)}
≤ c2.

Here the positive constants c1, c2 depend only on g.

Canonical case To illustrate the idea, we first treat the canonical case where α satisfies
(2g − 2)α = ωC/K . In this case, the result can be written simply as

#
{
x ∈ C(K) : ĥ(x) ≤ c1 h

+
Fal(C)

}
≤ c2.

Then we explain how to revise the proof to obtain uniformity in the general situation.
Take S to be a fine moduli space of smooth curves of genus g over Q with a suitable

full level-N structure, and take π : X → S to be the universal curve. Denote by J the
relative Jacobian variety of X over S. Via the relative dualizing sheaf ω = ωX/S, we have
an Abel–Jacobi map

iω : X −→ J, x 7−→ (2g − 2)x− ω.

By Theorem 6.3, we have

π∗⟨i∗ωΘ, i∗ωΘ⟩ = 16g(g − 1)3 π∗⟨ωX/S,a, ωX/S,a⟩

as adelic line bundles on S/Z. Here the adelic line bundle Θ is constructed from the dynamical
system [2] : J → J over S right before the theorem.

By Theorem 6.4 for bigness, π∗⟨ωX/S,a, ωX/S,a⟩ is big on S/Z, and thus π∗⟨i∗ωΘ, i∗ωΘ⟩ is big
on S/Z. By Theorem 7.6 for potential bigness, i∗ωΘ is potentially big on X/S. By Theorem
7.7, for any adelic line bundle M on S/Z, there are a non-empty Zariski open subvariety
U ⊂ S and constants c1, c2 > 0, such that for any y ∈ U(Q),

#{x ∈ X(Q) : π(x) = y, hi∗ωΘ(x) ≤ c1 hM(y)} ≤ c2.

Replacing S by irreducible components of S \ U , replacing X → S by the corresponding
base change, and performing the above argument successively, we conclude that the above
inequality holds for all points y ∈ S(Q) (instead of y ∈ U(Q)).

To convert the inequality to individual curves, we choose the adelic line bundle M on
S/Z by

M = λS +O(c).

This is already defined in §6.4. For any point y ∈ S(Q), we simply have

hM(y) = hFal(Xy) + c.
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By the result of Bost [Bos96] (cf. [GR14, App.] or [dJS22, §1.3]),

hFal(Xy) ≥ −g log(
√
2π).

Taking
c = g log(

√
2π) + 1,

we have
hM(y) ≥ h+Fal(Xy).

This proves Theorem 7.4 in the canonical case (2g − 2)α = ωC/K .

General case Now we discuss the proof of Theorem 7.4 for general α. Let π : X → S be
as above. Denote

XJ = J ×S X, JJ = J ×S J,

viewed as J-schemes via the first projections

q1 : XJ → J, p1 : JJ → J.

Note that JJ is canonically isomorphic to the Jacobian scheme of XJ over J . We are going
to apply the above mechanism to q1 : XJ → J (instead of π : X → S).

Consider the morphism

τ : J ×S X −→ J ×S J, (y, x) 7−→ (y, y + (2g − 2)x− ωX/S).

This morphism agrees with the J-morphism

iω−Q : XJ −→ JJ , x 7−→ (2g − 2)x− (ωXJ/J −Q).

Here Q is a universal line bundle on J ×S X in a suitable sense. Denote by ΘJ = p∗2Θ the
adelic line bundle on JJ by the pull-back via the second projection p2 : J ×S J → J . Then
we obtain an adelic line bundle τ ∗(ΘJ) on XJ by pull-back.

By a calculation, we have the identity

q1∗⟨τ ∗(ΘJ), τ
∗(ΘJ)⟩ = 16(g − 1)3Θ+ 16g(g − 1)3π∗

Jπ∗⟨ωX/S,a , ωX/S,a⟩

in P̂ic(J/Z). Then Theorem 6.4 implies that q1∗⟨τ ∗(ΘJ), τ
∗(ΘJ)⟩ is nef and big on J . There-

fore, we are ready to apply Theorem 7.6 and Theorem 7.7 to q1 : XJ → J and the adelic line
bundle L = τ ∗(ΘJ) on XJ . As a consequence of the above mechanism, for any adelic line
bundle M on J/Z, there are constants c1, c2 > 0, such that for any y ∈ J(Q),

#{x ∈ XJ(Q) : q1(x) = y, hL(x) ≤ c1 hM(y)} ≤ c2.

Now we choose the adelic line bundle M on J by

M = Θ+ λS +O(c).

Here λS and O(c) are as above, but they are viewed as adelic line bundles on J/Z by pull-
back. For any point y ∈ J(Q) with image s ∈ S(Q), we have

hM(y) = 2 ĥ(y) + hFal(Xs) + c.

This proves the theorem by taking c as above and taking ys ∈ Js(Q) to be (2g− 2)α−ωXs/Q
on CK = Xs.
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7.3 More recent works: quantitativity

In the end, we state a quantitative Mordell conjecture and some related results recently
proved by Yu–Yuan–Zhou [YYZ26]. We refer to the original paper and the survey [Yua26b]
for more details of the results.

The following theorem, a simplified version of [YYZ26, Thm. 1.3], is a quantitative
version of the uniform Mordell conjecture (Theorem 7.2).

Theorem 7.8 (quantitative Mordell). For any geometrically integral smooth projective curve
C of genus g ≥ 2 over a number field K, we have

|C(K)| ≤ 1013g8
(
1 +

3 log g

g

)r
.

Here r = rank J(K) is the Mordell–Weil rank of the Jacobian variety J of C over K.

The proof of Theorem 7.8 still consists of bounding points by different heights. For
large points, we have the following quantitative version of Vojta’s inequality and Mumford’s
inequality (Theorem 7.5) from [YYZ26, Thm. 1.9, Thm. 1.10].

Theorem 7.9 (quantitative Vojta inequality). Let C be a geometrically integral smooth
projective curve of genus g ≥ 2 over a number field K. Let x and y be distinct points of
C(K) such that

|x| ≥ |y| ≥ 1.2 · 109 · g
7
3

√
[ω̄2

C/K,a]Q

and

∠(x, y) ≤ arccos

√
1.01

g
.

Then
1.15 |y| ≤ |x| ≤ 105g

5
2 |y|.

Recall that Theorem 6.8 asserts that h+Fal(C) and [ω2
C/K,a]Q are equivalent invariants for

our purpose. The proof of Theorem 7.9 follows the variant of Vojta’s proof by Yuan [Yua25],
with precise calculations in terms of admissible adelic line bundles on curves.

For small points, we have the following quantitative version of the uniform Bogomolov
conjecture (Theorem 7.4) from [YYZ26, Thm. 1.11].

Theorem 7.10 (quantitative Bogomolov). Let C be a geometrically integral smooth projec-
tive curve of genus g ≥ 2 over a number field K, and α be a divisor of degree 1 on CK.
Then

#

{
x ∈ C(K) : |x− α| ≤ 1√

16g

√
[ω̄2

C/K,a]Q

}
≤ 6.5 · 1011 · g

17
3 .

Previously, Looper–Silverman–Wilms [LSW25] proved a quantitative Bogomolov conjec-
ture over function fields with explicit constants. Applying this result, Jiawei Yu [Yu26]
proved a version of Theorem 7.8 over function fields of characteristic 0.
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The proof of [LSW25] is based on estimates of heights on single curves, while the ap-
proaches of [DGH21, Kuh21, Yua26a] are based on estimates on moduli spaces. The approach
of [YYZ26] follows the framework of Looper–Silverman–Wilms [LSW25] and overcomes all
the archimedean obstacles by proving many desired inequalities on invariants of compact
Riemann surfaces. For example, Theorem 6.6 has the following quantitative version from
[YYZ26, Thm. 1.13].

Theorem 7.11. For any connected compact Riemann surface C of genus g ≥ 2, we have

φ(C) ≥ 10−7g−
5
3 .

To obtain a sharp bound on medium points, [YYZ26] also proves and applies a quantita-
tive variant related to the extra ĥ((2g − 2)α− ωC/K) in Theorem 7.4 obtained by [Yua26a].
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[CL06] A. Chambert-Loir, Mesures et équidistribution sur les espaces de Berkovich. J.
Reine Angew. Math. 595, 215–235 (2006).

68



[dD97] T. de Diego. Points rationnels sur les familles de courbes de genre au moins 2.
J. Number Theory, 67(1): 85–114, 1997.

[dJ15] R. de Jong, Point-like limit of the hyperelliptic Zhang-Kawazumi invariant. Pure
Appl. Math. Q. 11 (2015), no. 4, 633–653.
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[GS92] H. Gillet, C. Soulé, An arithmetic Riemann–Roch theorem, Invent. Math. 110
(1992), 473–543.

[Gub98] W. Gubler, Local heights of subvarieties over non-archimedean fields, J. Reine
Angew. Math. 498 (1998), 61–113.

[Gub07] W. Gubler, The Bogomolov conjecture for totally degenerate abelian varieties.
Invent. Math. 169 (2007), no. 2, 377–400.

[Hab22] P. Habegger, The number of rational points on a curve of genus at least two,
ICM–International Congress of Mathematicians 3. Sections 1–4, EMS Press,
Berlin, pp. 1838–1869.

[HS00] M. Hindry, J. H. Silverman, Diophantine Geometry: An Introduction. Springer,
2000.

70



[IKM22] H. Ikoma, S. Kawaguchi, and A. Moriwaki, The Mordell conjecture—a complete
proof from Diophantine geometry, Cambridge Tracts in Mathematics, vol. 226,
Cambridge University Press, Cambridge, 2022.

[JX23] Z. Ji, J. Xie, DAO for curves. arXiv:2302.02583.

[Kuh21] L. Kühne, Equidistribution in Families of Abelian Varieties and Uniformity,
arXiv:2101.10272v2.

[Laz04a] R. Lazarsfeld, Positivity in algebraic geometry. I. Classical setting: line bundles
and linear series. Ergeb. Math. Grenzgeb.(3) 48. Springer-Verlag, Berlin, 2004.

[Laz04b] R. K. Lazarsfeld, Positivity in algebraic geometry. II, Ergebnisse der Mathematik
und ihrer Grenzgebiete. 3. Folge. A Series of Modern Surveys in Mathematics,
49, Springer, Berlin, 2004.

[Li24] S. Li, Deligne pairing for equidimensional morphisms, arXiv:2411.17410, 2024.
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[SUZ97] L. Szpiro, E. Ullmo, S. Zhang, Équidistribution des petits points, Invent. Math.
127 (1997) 337–348.
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