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The celebrated Mordell conjecture, proved by Faltings, is the following theorem.

Theorem 1.1 (Mordell conjecture). Let C be a smooth, projective, and geo-
metrically connected curve of genus g > 1 over a number field K. Then C(K)
is finite.



The conjecture was raised by Mordell when he proved the Mordell-Weil
theorem for elliptic curves over QQ in 1922. Faltings’ proof of the conjecture
in [ ] signified a milestone in the history of Diophantine geometry. By
an analogue to the Thue-Siegel-Roth theorem in Diophantine approximation,
Vojta | | gave a new proof of the Mordell conjecture in 1991. In terms
of p-adic Hodge theory, Lawrence—Venkatesh [ | gave a third proof of the
Mordell conjecture.

FEach of these three proofs has its own valuable feature. For example, Vojta’s
proof was extended by Faltings | | to prove the Bombieri-Lang conjecture
for subvarieties of abelian varieties. Moreover, Vojta essentially proved a deep
inequality concerning distribution of rational points of large heights. Combin-
ing with the uniform Bogomolov conjecture recently proved by Dimitrov—Gao—
Habegger | | and Kiihne [ |, Vojta’s inequality implies a uniform
bound on the number of rational points in terms of the genus and the Mordell-
Weil rank.

Vojta’s proof depends heavily on high-dimensional Arakelov geometry de-
veloped by Arakelov | ], Deligne | |, and Gillet—Soulé | ) ].
Bombieri | | (based on [ ]) wrote a relatively elementary variant of
Vojta’s proof, which replaced the use of Arakelov geometry by those of Siegel’s
lemma and classical height theory, at the cost of involving lots of less important
extra objects and estimates. We refer to the textbooks | , , ]
for Bombieri’s version of the proof.

The goal of this paper is to introduce a new variant of Vojta’s original
proof. The most technical part of Vojta’s original proof is the application of the
arithmetic Riemann—Roch theorem of Gillet—Soulé | ] to construct a small
section, which also involved an estimate of some analytic torsion. Our treatment
here replaces the application of the arithmetic Riemann—Roch theorem by a
quick application of the arithmetic Siu inequality of Yuan | ]. So our
treatment is still based on Arakelov geometry.

Note that the arithmetic Siu inequality in | ] is based on Gillet—Soulé’s
arithmetic Hilbert—Samuel formula and Zhang’s arithmetic Nakai-Moishezon
criterion in [ , ]. The arithmetic Hilbert—Samuel formula is origi-
nally proved by Gillet-Soulé | ] as a consequence of their arithmetic Riemann—
Roch theorem, but it also has a direct proof by Abbes—Bouche | ]. In this
sense, our new proof avoids using the arithmetic Riemann—Roch theorem.

The proofs in [ , | emphasize the role of the bounds of the index,
which is analogous to the proof of the Thue—Siegel-Roth theorem. However, in
our exposition, we will emphasize more on the role of the bounds of the height
and its relation with small sections and base points, which is closer to the spirit
of Arakelov geometry.

Most parts of our treatment are essentially duplicated from Vojta’s original
proof, but we still include a complete exposition in this paper for convenience
of readers.
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2 Vojta’s inequality

The goal of this section is to introduce Vojta’s inequality, Mumford’s equality,
and another version of Vojta’s inequality using Arakelov geometry. In the end,
we sketch the plan of our proof of Vojta’s inequality.

2.1 Vojta’s inequality

Let K be a number field. Let C' be a smooth, projective, and geometrically
integral curve of genus g > 1 over K. Denote by J the Jacobian variety of
C over K. Denote by [m] : J — J the morphism given by multiplication by
m € Z.

First we recall some basic facts on the Néron—Tate heights on C and J. Since

[2g — 2]: Pic’(Cx) — Pic’(C)

is surjective, there is a line bundle o on C such that (29 — 2)a is isomorphic
to the canonical sheaf we. Replacing K by a finite extension if necessary, we
can assume that « is actually a line bundle on C.

Consider the Abel-Jacobi embedding

ia:C—J, zr—(z)—a.
Recall that the theta divisor on J is given by
0o = ia(C) + - +ia(C).

g—1 copies

It is well-known that 6, is ample and gives a principal polarization of J. By
[ , P T4, eq. (1)], 84 is symmetric in the sense that [—1]6, is linearly
equivalent to 6,,.

Denote J(K)g = J(K) ®z R. Tt is well-known that the Néron-Tate height

he,: J(K) — R

is quadratic and induces a positive definite quadratic form

hg.: J(K)r — R.

e



See | , §3.3, §3.8] for example, and we normalize Weil heights over number
fields as in | , §2.2]. Denote the Néron—Tate height pairing

(P,Q): J(K)x J(K) — R
by .
(P,Q) = §(ﬁea(P+Q) — ho(P) = ho,(Q)), P,Q e J(EK).

To do Euclidean geometry, we define

|P| :=\/he_(P), PeJ(EK).

We have |P| = /(P, P) by definition. These definitions extend to P,Q € J(K)g
naturally. We will apply |- | and (-,-) to C(K) via the embedding i,, : C' — J.

Now we are ready to introduce Vojta’s inequality, which is essentially due
to Vojta [ ].

1
Theorem 2.1 (Vojta’s inequality). For any real number p > 7, there exist
g
positive constants Ay, As such that for all points Py, Py € C’(?) satisfying
|P1|>A1, |P2‘>A2|P1|,

we have
(Pr, P2) < p-|P1|- | P2

Combined with the Mordell-Weil theorem for the Jacobian variety, Vojta’s
inequality implies the Mordell conjecture without much effort. In fact, the finite-
dimensional real vector space V = J(K)r, endowed with the inner product (-, -},
is isometric to a Euclidean space R". For any two vectors =,y € V', denote by
Z(z,y) the angle between these two vectors, which is set tobe 0if z = 0or y = 0.
Take a real number p in the open interval (1/,/g,1), and denote 6 = arccos p.
The conclusion

(P, Py) < - |Pr| - | Py
implies
cos Z(Py, Py) < p, Z(P1,P2) > 0.

For every nonzero vector x € V, consider the cone
cone(z) :={y eV :L(z,y) <0/2}.

Then V is covered by finitely many cones cone(zy),...,cone(x,), as a conse-
quence of the compactness of the unit sphere of V. For every i, denote by ¥;
the set of points of C'(K) whose images in V lie in cone(x;). It suffices to prove
that every ¥; is finite. Note that any two points of ¥; have an angle at most 6.
Apply Theorem 2.1 to this situation. If every P € ¥; satisfies |P| < Aj, then
Y; is finite by the Northcott property. If there exists P € 3; with |P| > Ay,
then Vojta’s inequality implies |P’| < Ag|P| for any P’ € ¥;, and thus %, is still
finite by the Northcott property.



2.2 Mumford’s equality

To prove Vojta’s inequality, we first apply Mumford’s equality to convert the
inequality to a lower bound of Weil heights of some relevant points.

Let K be a number field. Let C' be a smooth projective and geometrically
connected curve of genus g > 1 over K. As above, let a be a line bundle on C'
with (29 — 2)a = wey/ k-

Let X = C?, and let A be the diagonal of C2. Denote by p1,ps : X — C
the two projections. Define the Vojta line bundle to be

Lo := (61 = Dpra + (62 — Dpza + O(4),

where 61, d2 are positive rational numbers. The Vojta line bundle Lj is a Q-line
bundle on X, i.e. an element of Pic(X)g = Pic(X) ®z Q. Here we write tensor
products of line bundles additively.

We will see that it is often more convenient to write

Lo =61 pia+ dapsa+ O(A)°,

where
O(A)? == O(A) — pia — pyou.

is the the modified diagonal. For example, it gives convenience in computing
intersection numbers by

O(A)° - pla=0O(A)° - psa = 0.

Let hp:a, hpsa, ha be Weil heights on X (K) with respect to the line bundles

pia, pya, O(A). Take a Weil height function
hr,: X(K) —R
with respect to the line bundle Ly on X by
hr, = (01 — Dhpra + (02 — Dhpsa + ha.

Note that hp:a, hpsa, and ha are only determined up to constants, but we
choose them once for all.

Theorem 2.2 (Mumford’s equality). For any Pi, P, € C(K),
1 1
hr,(Pi, Pp) = 561\P1|2 + 562\P2|2 —2(Py, P2) + O(81 + 62 + 1).

Here the coefficient in the error term has a bound independent of (Py, P2, d1,02).
Proof. Let us start with the pull-back formulas. Denote by
ja:(iaaia):cxc—)JXJ

the natural morphism. Denote by p},p5 : J x J — J the projections. Denote
by P the Poincaré line bundle on J x J. Then the following are true:



(1) i£O(0,) = ga in Pic(C).
(2) j*P = 0O(A)° in Pic(C x C).

The first identity is [ , P- 75, eq. (2)], the second identity is | , p- 76,
eq. (4)]. All these require the condition (29 — 2)a = weyk -

Apply the functoriality of Weil heights for pull-backs of line bundles as in
[ , D- 23] to the above identities. We have for k = 1,2,

o (Pr. Po) = ho(Py) + O(1) = ;hoa (ia(P)) + O(1) = $|Pk|2 +0(1),

and

hocay (Pr, P2) = hp(ia(P1),ia(P2)) + O(1) = 2(P1, P2) + O(1).
Here the last inequality follows from | , P- 39, Theorem], and the factor 2
comes from different normalization of the pairing. O

Remark 2.3. We can have a precise equality of the above theorem without the
error O(1) in terms of admissible pairings of Zhang | ] (or the reformulation
of | , Appendix A] in terms of adelic line bundles of Zhang | D).

In the case §; = §; = 1, Mumford’s equality gives
1 1
ha(Pr, Py) = §|P1|2 + §|P2|2 —2(P, P») + O(1).
As A is effective, its Weil height function satisfies

ha(Py,Py) > O(1), P, # P,

This implies an inequality

1 1
§|P1|2 + §|P2|2 —2(P1,Py) > 0(1), P,# P,

This inequality is due to Mumford | , §3, Cor. 1]. It gives a non-trivial
bound on the angle between Py and P; if |P;| and | P»| are large with a quotient
close to 1. See also | , 85.7].

To illustrate Vojta’s idea to use Mumford’s equality to prove Vojta’s in-
equality, let us assume some situations which are too good to be true but might
eventually be modified to be true. Let d1,d2 be positive rational numbers. A
basic application of the Riemann-Roch theorem on X proves that Vojta’s line
bundle

Lo = 0ipia+ dapsa+ O(A)°

has volume
VOI(L()) Z L(2] = 2((5152 — g)

In particular, Lg is big if 4192 > g. See Theorem 3.2 for this result. We will
assume that ;02 > g throughout this paper. It follows that hr,(P) is bounded



below for P = (P1,P2) € X(K) lying outside of the base locus of positive
multiples of Lg. See | , §2.10, Theorem|. By Mumford’s equality, this gives
the relation

1 1
551|P1|2 + ;52|P2|2 —2(P, P) > O(61 + 92+ 1)

for P € X(K) outside the base locus.
For the sake of demonstrating ideas, we ignore the base locus and uniformity

of the error, so we simply assume that under the condition d1d2 > g, we have
1 2 1 2
551\P1| +§52\P2| —2(P, ) >0

for all P, P, € C(K). For fixed (P1, P), we want to choose d1,d2 so that the
inequality is as optimal as possible. We also fix A = §;62 — g > 0. The most
optimal case amounts to taking the minimal value of the left-hand side of the
inequality under the constraint 6102 = g + A. By the inequality between the
arithmetic mean and the geometric mean, the left-hand side of the inequality is

minimal if . P
b= VoA = el

|P1]’ |Po|

In this case, the inequality becomes

vVg+A
g

|P1] - [Po| > (P, Py).

This would imply Vojta’s inequality.

However, this ideal situation is not practical by many obstacles. First, the
point (P, Py) might lie in the base locus of the line bundle Ly. Second, we need
uniformity of the error term when varying (P;, P2) and (91, 62). In the following,
we write a precise statement of the inequality, and then introduce more ideas
to overcome these two issues.

2.3 A precise statement

Let d1, 02 be positive rational numbers. As above, denote

Ly = (61 — 1)pia+ (62 — D)psa + O(A).
This gives a Weil height

hry == (61 — Dhpra + (02 — D) hpsa + ha
on X = C? as above. The estimate we can achieve is as follows.

Theorem 2.4. Let §,,02 be positive rational numbers satisfying

1
01 > 2g6a, g<61(52<g+1.



Let Py, Py € C(K) be points. Then
hio(Pi, Py) > —2¢(81,62) - (01| Pi]* + 62| Po|?) 4+ O(81 /(8162 — g)).

Here the coefficient in the error term is independent of (Py, Pa,d1,02), and

2 1)
c(01,62) = \/9(5152 —9)+ (29— 1)£

By Mumford’s equality, we can prove that Theorem 2.4 implies Theorem
2.1. In fact, by Theorem 2.2, Theorem 2.4 gives
1 2 2 0051
-+ 20((517(52) ((51‘P1| +62|P2| ) — 2<P1,P2> +——2>0.
g 6102 — g
Here ¢( is a non-negative constant independent of (P;, P3,d1,02). By approxi-
mation, the inequality also holds for real numbers §;, d5 satisfying the condition
of Theorem 2.4.
Let A be a real number with 0 < A < 1/4. Set

P. P,
51:\/94-/\:13?:, 52:\/g+)\:1:);:.

Then 6192 —g = A > 0. The requirement §; > 2¢gd, transfers to |Pa| > /29| Py |,
which we assume. We further assume |P;| > 0. The inequality becomes

1
2/ g+ A (g + 28(51752)> |Pi|- | P2l + /g )(\)||P2| > 2(Py, Py),

or equivalently

<P17P2> 1 Co
</ 42 _ ).
|P1| 5| g+ A g—|— 8(51,(52)+2)\‘P1|2

Here

2 P2
o(61,65) = \/g)\+ (29 — 1):]%:2.

For any fixed A > 0, if |P1]? > A72¢y and |P;|? > A7 P |2, then the inequality
implies

Py, P, 1 2 A
<1’2><\/g+)\<g+2 g)\+(29—1))\+2>.

|Pr| - | Pe| —
As A — 0, the right-hand side converges to 1/,/g. It follows that the right-hand

side can be taken to be smaller than any given p > 1/,/g. This proves Theorem
2.1 by Theorem 2.4.

2.4 The Arakelov-geometric setting

The Weil heights in Theorem 2.4 are only well-defined up to bounded functions,
which is inconvenient for estimation when varying the line bundles. So we are
going to realize them as height functions associated to hermitian line bundles.



2.4.1 Basic Arakelov geometry

Let us start with some terminology of Arakelov geometry of Arakelov | ]
and Gillet-Soulé | ]

Let X be an arithmetic variety, i.e. a projective and flat integral scheme
over SpecZ. Assume that the generic fiber Xy = X xz Q of X is smooth. Let
L = (L,]| -]|) be a hermitian line bundle on X, i.e., £ is a line bundle on X,
and || - || is a (smooth) hermitian metric of £(C) on the complex manifold X'(C)
invariant under the complex conjugation.

For any section s € I'(X,L)r = I'(X, L) @z R C T'(Xg, Lc), we have the
supremum norm

||S||sup = Sup HS(Z)H
zeX(C)
Picking any Haar measure on I'(X, £)g, we have the arithmetic Euler charac-
teristic .
vol(B(L))
vol(T(X, L) /T(X, L))’

X(L) = log

where B
B(L) ={s € T(X,L)r : |s[lsup < 1}

is the corresponding unit ball. It is easy to see that this definition is independent
of the choice of the Haar measure.

A hermitian line bundle £ on X is called nef if the following conditions are
satisfied:

(1) L is relatively semipositive; i.e., the curvature of £ is semipositive and
deg(L|y) > 0 for any closed integral curve ) on any special fibre of X
over Spec(Z);

(2) L is horizontally semipositive; i.e., the arithmetic degree d/eTg(Z\y) > 0 for
any one-dimensional horizontal closed integral subscheme ) of X.

Note that the second condition in (2) means that £ is nef on any special fiber of
X over Z in the classical sense. By an arithmetic version of Kleiman’s theorem
(cf. | , Cor. A.4.3)), if £ is nef, then Y
subscheme ) of X.

As a convention of this paper, we write tensor products of (hermitian) line
bundles additively, so n(£ — M) means (£ ® MV)(@”.

Now we have the following arithmetic Siu inequality of Yuan [ ], whose
proof is based on the arithmetic Hilbert-Samuel formula of Gillet—Soulé | ]
and the arithmetic Nakai-Moishezon criterion of Zhang | ].

- Y > 0 for any closed integral

Theorem 2.5. Let £ and M be nef hermitian line bundles on an arithmetic
variety X of dimension r. Then

X(n(L — M)) > "—:(Zr L

r

- M) +o(n").



Proof. 1f £ and M are ample, the theorem follows from [ , Thm. 2.2]. If £
and M are nef, take an ample hermitian line bundle .4 on X. Apply the theorem
to (mL + A,mM + A,i(L — M)) for positive integers m and i = 0,...,m — 1.
Set m — oo. O

2.4.2 Arithmetic models
We fix the following arithmetic datum:
(1) Let C be a regular (projective and flat) integral model of C over Ok.

(2) Let X be a (projective and flat) integral model of X over Ok such that the
identification X — C? extends to a morphism ¢ : X — C xo, C which
induces an isomorphism from =1 (C*™ x o, C*™) to C™ x o, C5™. Here C5™
denotes the smooth locus of C over Og.

(3) Denote by p1,p2 : X — C the morphism extending the projections p1,ps :
X — C, which are also the compositions of ¢y : X — C X, C with the
projections p1,p2 : C xo, C = C.

(4) Let @ = (&, || - ||) be a nef hermitian Q-line bundle on C extending c.
(5) Let A be an arithmetic divisor on X extending A.

There are various methods to construct (C, X, @, Z), since our requirements
are very weak. For example, assume that C has semistable reduction over O,
which can be achieved by a finite base change. Then let C be the minimal
regular model of C' over Ok, and let W¢/0, be the relative dualizing sheaf with
Arakelov’s metric at archimedean places. By | , §5, Thm. 5], We/o, is
nef. Note that this result is not essential for our purpose, since we could always
change the hermitian metric by a small constant multiple to make wW¢,0, nef.
Take @ to be the unique extension of a such that (2g—2)a@ = W¢ /0, . Then we set
X to be the blowing-up of C X, C along its (0-dimensional) non-smooth locus,
which is known to be regular by an easy explicit computation (cf. | , 83.1]).
Set A to be the Zariski closure of A in X with an arbitrary Green function.

Finally, we define Vojta’s hermitian Q-line bundle Lo on X by

Lo = (61 — Dpia+ (02 — L)pza + O(A).

Recall the height function

hz, s X(K) — R
by )
hz, (x) = mdeg(ﬁdi)’

where Z is the multi-section of X over Spec O corresponding to z, and deg(x)
is the degree over T over Spec Ok. For convenience, we normalize the height

function by . B

10



Then the following theorem is equivalent to Theorem 2.4.

Theorem 2.6. Let 61,02 be positive rational numbers satisfying
1
o1 >2962, g<61§2<g+1
Let Py, Py € C(K) be points. Then

hz,(P1, Pa)g = —2¢(01,62) - (01| Pr[* + 62| Po[?) 4+ O(01 /(6162 — g)).-

Here the coefficient in the error term is independent of (Py, P2, d1,02), and

c(d1,02) = \/2(5152 —9)+ (29 - 1)5*2
) 1
Note that we can assume that Py, P, € C(K) by taking finite base changes,
and track that the error term in our proof is uniform in this sense. Hence, from
now on, we always assume Pj, P, € C(K), and omit the part of checking the
uniformity under base change.

2.5 Plan of proof

Recall that the Mordell conjecture is reduced to Theorem 2.6. The proof of the
theorem will take up the rest of this paper. Let us sketch the idea here by three
major steps.

The first step is to construct a small section s of £ = dLg, i.e. a global
section s of dLy with small supremum norm ||s||sup over X (C). Here d is any
sufficiently large integer such that dLg is an integral hermitian line bundle. To
achieve this, it suffices to have a suitable lower bound of {(dLy). We apply
Yuan’s arithmetic Siu inequality (cf. Theorem 2.5) to achieve this, while Vojta
applied the arithmetic Riemann—Roch theorem.

The second step is to obtain a suitable lower bound of the height hz(P) in
terms of the small section s. This is easy and standard if s does not vanish at
P. However, it is not practical to expect the non-vanishing, and thus we have to
treat the case that s vanishes at P. The index of s at P (with a proper weight)
is a geometric term for “the vanishing order” of s at P. Then we give a lower
bound of hz(P) in terms of —log ||s||sup and a contribution from the index. The
smaller the index is, the better the lower bound is. The proof here is mostly to
unravel definitions in Arakelov geometry.

The third step is to obtain an upper bound of the index of s at P, which
will be used to simplify the lower bound of the height hz(P) to prove Theorem
2.6. In history, there are two approaches to such an upper bound. Vojta used
Dyson’s lemma, which is geometric in nature; | ] used Roth lemma, which
is arithmetic in nature. We follow Vojta’s approach by Dyson’s lemma. The key
idea to prove Dyson’s lemma is that by blowing-up X at P, the index of s at P
(with the trivial weight) becomes the multiplicity of the exceptional divisor in
the pull-back of div(s), and then it can be bounded by intersection numbers of
the line bundles involved.

11



Convention for error terms

Throughout this paper, our estimates are sensitive to (Py, Ps,01,d2,d). As a
convention, by an inequality of the form

F>G+O(H)
for real number F,G, H with H > 0, we mean
F>G+cH

for a (possibly negative) constant ¢ independent of (Pi, P»,d1,02,d). To em-
phasize this situation, we may also say that the coefficient in the error term
is independent of (P, P3,01,02,d). The convention for F < G + O(H) and
F =G+ O(H) are similar.

3 Step 1: existence of small section

Recall that - o
Lo := (01 — 1)pia + (62 — )psa + O(A).
Here (C,@, X, A) is the arithmetic model of (C, a, X, A) chosen above. In par-

ticular, @ is nef on C by the choice. The goal of this step is to prove the following
theorem, which is a variant of | , Thm. 2.2].

Theorem 3.1 (small section). Let 61,02 be positive rational numbers satisfying
91 > 89 and 8162 > g. Then there exists a positive integers dy depending on Ly,
such that for any integer d > do making dCo an (integral) hermitian line bundle
on X, there erists a nonzero element s € H°(X,dLy) satisfying

526, )

-1 up S
e

3.1 Hilbert—Samuel type of estimates

Denote
a1 =pia, ax =pia, Q1 =pia, Gg = pyQ.
Recall
Lo=01a1 + 0200 + (O(A) — a1 — o)
and

Lo=061a1 +dan + (O(A) —ay — ).

We first have the following geometric estimates, which implies that Lg is big
on X. Note that we cannot count sections of the Q-line bundle Lq directly, so
take multiples of Lo which are (integral) line bundles on X.

Theorem 3.2. For positive integers d such that dLg is a line bundle on X, we
have
h°(dLg) > (6162 — g)d* + O(d).

12



Proof. By the Riemann—Roch theorem, for any positive integer d such that dL
is an integral line bundle on X,

h%(dLo) — h*(dLo) + h*(dLo) = %dQLS - %dLO ‘wx + x(Ox).

By the Serre duality, h?(dLg) = h®(wx — dLg). The line bundle M = a; + as
is ample on X. An easy calculation gives Lo - M = §; + d2. It follows that
for sufficiently large d, the intersection number M - (wx — dLg) < 0, and thus
h°(wx — dLg) = 0. Tt follows that

1 1
ho(dLo) > idng — idLO cwx + X(Ox).

O

Remark 3.3. One can also prove that h°(dLg) < (§102)d? + O(d), but we do not
need this fact here.

The following key estimate can be viewed as an arithmetic counterpart of
Theorem 3.2. We will prove it by Yuan’s arithmetic Siu inequality instead of
Gillet—Soulé’s arithmetic Riemann—Roch theorem.

Theorem 3.4. There is a positive constant As, 5, depending on 61,02 such that
for positive integers d > As, 5, making dLo is a hermitian line bundle on X, we
have

X(dLo) > %di”(Zﬁ) + O(6,d%) = O(6362d%).

Let us first see how Theorem 3.2 and Theorem 3.4 imply Theorem 3.1 by
applying Minkowski’s theorem. In fact, denote € = (6192 — g)/2. By the theo-
rems, for sufficiently large and sufficiently divisible d (relatively to (d1,02)), we

have ) 1
h°(dLg) > 5d%ol(Lo) —ed® > 5d?(51<52 —9),

and -
X(dLo) > O(8762d°).

By Minkowski’s theorem, there exists a nonzero section s € I'(X', dLg) such that

1 x(dLy)

— log |[s]lsup > [K - Q] h9(dLo)

O(d?5255) g2 — o( 526, ) |
- d2(5152 — g) 5152 -9

Here the second inequality uses the lower bound of h°(dLg) (instead of an upper

bound) due to the extreme possibility that O(d3§25,) might represent a negative
number. This proves Theorem 3.1.
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3.2 Estimate of the arithmetic Euler characteristic

Now we prove Theorem 3.4. Recall
Lo=061a;1 +daas + (O(A) —ay — ).

Write
O(Z) — Q] — Qo =A-B

for nef hermitian line bundles A, B on X. It follows that

Lo=A -B
for ., -
A =d1a +das+ A

By the construction, @ is nef on C, so A’ is also nef on X'. Then we are ready
to apply Theorem 2.5. It gives

. d3 e 9 d3 . o, .
xw&gzzﬂA“—3A21ﬁ+q&®u%=Agu£—3AﬂB?+B%+o%®u%.

Here the coefficient of the error term os, 5,(d®) depends on 41, da.

By the expressions defining Lo, A and B, we see that the intersection num-
bers on the right-hand side are polynomials of §1, d2 of degree at most 3, whose

coefficients are given by intersection numbers of @, @z, A, A, B on X'. The poly-
. . T 3/2 -3
nomials appearing in A - B~ and B~ have degrees at most 1. As §; > Jo, we

obtain e g
—3A -B 4+ B =0(6).
Note that §285 > gé; by assumption. Then it remains to prove
Lo = 0(6%5,).

The coefficients of §3 and 67 in Zg are @; and 3a7 - (A — @; — aip) respectively.
We claim that @ = @? - (A — @ — az) = 0. With the claim, the next largest
monomial of &1, dy is 0283 since d; > do and 8102 > g. This proves the theorem.

It remains to prove the claim that @} = @2 - (A —@; — @) = 0. This is just
a special case of the following basic result for the map p; : X — C.

Lemma 3.5. Let f : X — Y be a morphism of arithmetic varieties over Z.
Let r = dim)Y and r +n = dim X. éet n € Y be the generic point and X,

be the generic fiber of f. Let L1,...,L, be hermitian line bundles on X and
My, ..., M, be hermitian line bundles on Y. Then

L1 Ly - "My f*M, = (L1 ..an)(ﬂl e M,).

Here the expressions in the three brackets are intersection numbers on X, X, Y
respectively. If f is not surjective, then X, is empty and the intersection number
on it is 0 by convention.
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Proof. We use induction on the relative dimension n. The case n = 0 follows
from the projection formula. Assume that the result holds for n — 1, and then
consider the case n. Take a global section s of £,,, and write div(s) = Y7" | a;X;
for prime divisors X; on X. Denote by f; : X; — ) the restriction of f to Aj.

We have the induction formula

21"'Zn'f*ﬂ1'“f*mrZZG¢Z1 X Lot - fiM,
=1
> [ ol B (M) - f )
i=1 &i(C)

The integral equals 0 since ¢; (M) - - - ¢;(M,.) = 0 on Y(C) by dimension reason.
It follows that

Lo Lo fM M = S ailila - Bucalr, - S8 f M

Let us first simplify every term of the right-hand side.
If X; is vertical in the sense that the image of X; — SpecZ is a closed point
represented by a prime number p, then

Lilx, - Loaala fi My fMe = Lalx - Lol T (Maly,) - ff(Mey,)-
is 0 as r > dim }Y,. If &} is horizontal in that X; — SpecZ is surjective, then it
is an arithmetic variety, and the induction hypothesis gives

Ly

..fi*ﬂr =Ly Ln-1y- Xm)(ﬂl c M.

X‘L "'£n71

Putting these into the formula, we get the result for n. O

4 Step 2: lower bound of the height

Recall that Theorem 3.1 constructs a small section s of £ = dL,. Write
L = (d — d)pja + (d2 — d)pza + O(dA),

where
dy = 01d, do = dad.

The goal here is to give a lower bound of hz(P) using the section s.

Denote by £ the underlying line bundle of £, and by L = L the generic
fiber as before. Recall that C and A" are respectively integral models of C' and
X = C? over Og. Recall that P = (P, P;) is a K-point of X. Denote by P
(vesp. P1, P2) the Zariski closure of P (resp. Py, P;) in X (resp. C, C).

If s(P) # 0, we would simply have

hz(P) =deg(Llp) > — > log|s(P)|s >~ >

o:K—C o:K—C
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This would imply Theorem 2.4 by the bound in Theorem 3.1. However, in
general, we cannot avoid the case s(P) = 0 where the above argument does not
work. We will solve this problem by carefully analyzing of the effect of the index
(which we will define later) of s at P on the height.

For ¢ = 1,2, choose a local coordinate t; of C; at P;, i.e. t; is a generator of
the maximal ideal of the local ring of C; at P;. Let Ox denotes the structure
sheaf of X. For every local regular function f at P (i.e. f € Ox p), let a;, 4, be
the coefficient of ¢}'¢5? in the power series expansion of f in terms of variables
t1,ty. Although a;, ;, may depends on the choice of (sg,t1,12), the pairs (i1,%2)
such that a;, ;, # 0 does not depend on the choice of (sg,t1,t2). Therefore, we
can define the index of f at P of weight (d1,ds) by

Indp(f7 (dl,dg)) = min {;1 + ;72 DGy iy 7& O} . (1)
1 2

Now consider the line bundle L and its section s. Choose a local section sq
of L at P such that so(P) # 0. Then s/sg is a local regular function at P, and
we define the index of s at P of weight (dq,dz) by

s
Indp(s, (dhdg)) = Indp (So7 (d1, dz)) .
Note that Indp(s, (d1,d2)) is independent of the choice of sg.
Assume that the index Indp(s, (dy,ds)) is obtained at the monomial ¢7¢52
of the power series expansion of s at P. The following is the main result of

this section, whose current form does not require the previous assumptions on
(51,52,(1, Pl,PQ) and s.

Theorem 4.1. Let s be a nonzero global section of L on X. Then
29 — 2
g

hz(P)> = " 1og|sllosup — (K : Q] (e1] 1| + e2| P|?)
o:K—C

+O(d1 +do +d+e1 + e2).

Here the coefficients in the error terms are independent of (81,02, d, Py, Pa, s).

4.1 The hermitian line bundle by restriction

For i = 1,2, denote by P; = (P;, gp,) the arithmetic divisor on X with under-
lying divisor P; and Arakelov’s Green function gp,. This induces hermitian line

bundles O(P;) on X. o
Define a hermitian line bundle M on Spec Ok by

M= (L —e1 5,0(P1) — e2530(P3)) |-

Here p; : X — C is the morphism extending the projection p; : X — C.

Denote by We,0, the relative dualizing sheaf of C over O endowed with
the Arakelov metric |- ||ar asin | , 84]. Then we obtain the following result
immediately.
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Lemma 4.2.

hz=(P) = deg(M) — e1h P)) — esh P)

aC/OK( UC/OK(

29 — 2
gg (K : Ql(e1|P1|? + €| P[?) + O(er + e).

= deg(M) -
Proof. By definition,

deg(M) =L P —e1p:O(P1) - P — ea p50(Ps) - P.
Note that

_ _ 29 — 2
PrOP,)-P=0(P,;)-P; = —wcjo, - Pi = —|K : Q]ngPiﬁ +0(1),

where the first equality follows from the projection formula for p; : X — C, the
second equality follows from the arithmetic adjunction formula, and the third
equality is proved in Theorem 2.2. O

4.2 The section of the line bundle
The underlying line bundle M of M on Spec O is given by
M = (ﬁ —e1 mO(Pl) - 62@30(7)2)”73.

It can be identified with a locally free Ox-module of rank one. We will define
a nonzero section s° of M from the section s of L.
Start with the generic fiber

M = (L — e piO(P1) — e2p50(P))|p.

As in the definition of the index, let sg be a local section of L at P with
so(P) # 0, and for i = 1,2 let ¢; be a local coordinate of C; at P;. Then we
have a power series expansion

s = 50(Gey extTH 2 + ... ).

Via the canonical injection O(—P;) — O, the local section t; of O¢ corresponds
to a local section tj of the line bundle O(—P;) with t;-r (P;) # 0. Finally, we obtain
a nonzero element s° of M by setting

§° = ey e250) ® () @ (1))
according to the decomposition
M = (L+ e piO(—P1) + e2 p5O(—P2)) | p.

Lemma 4.3. The element s° € M is independent of the choice of (so,t1,t2),
and lies in the lattice M of M.
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Proof. We first prove the first statement. If we change sy to sj = usg for an
invertible local regular function w at P, then the expansion

s = 50(Ge; ext 752 + .. .)

becomes
_ li €1 y4€2
5= sg(ag, ,17't5° +...)
with al, ., = u(0) 'ae, ,. Thus s° does not change.

Similarly, if we change (t1,t2) to (t],t5) = (uit1,usts) for invertible local
regular functions wuy,us at P, then the process does not change s° either. This
proves that s° € M is independent of the choice of (s, t1,t2).

To prove the second statement, we first review some geometric properties.
Since C is regular, the sections Py, P lie in the smooth locus C™ of C above
Ok. See | , §9.1, Cor. 1.32] for this well-known fact. By assumption, the
natural map ¢ : X = C X, C is an isomorphism above C*™ x o, C*™, so it is an
isomorphism from a neighborhood of P in X to a neighborhood of P; x¢, P
inC X0k C.

Now we prove the second statement that s° lies in M. It suffices to prove
that s° lies in every localization

Mgy = M@0, Ok (p);

where O () denotes the local ring of O at a prime ideal . This will be done
by an integral version of the definition of s°. For i = 1,2, let P; , (resp. P,,) be
a closed point of P; (resp. P) above p. Since P; lies in the smooth locus of C,
the maximal ideal of the local ring O¢ p, , can be generated by a single element,
which we denote by ¢;. Moreover, the completion of Oc p, , is isomorphic to
the formal power series ring O, (,,)[[t;]]. Via the morphism ¢, the completion
of Ox p, is isomorphic to the formal power series ring O (o,)[[t1, t2]].

Let so be a generator of the stalk of £ at P,,. Then s/sq lies in Ox p,_, and
thus has a power series expansion

i1 41
5/30 = E ai17i2t11t22a Qi iy € OK;(KJ)'

11,12
In particular, we have ae, e, € O (). It follows that
5% = (0'61,6250) ® ({{)@61 ® (t£)®e2

lies in
M= (£ + e ]36{0(—731) + 62]330(—732)) ‘7).
This completes the proof. O

4.3 The degree of the line bundle

In the above paragraphs, we have constructed a nonzero section

§° = (aey,e350) © (1)) @ (th)
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of the underlying line bundle M of
M = (Z —e1 pjO(Py) — 6217’5(9(52)) lp.
By definition, for every embedding o : K — C, the metric
Is°llo = |aey ealo - 150 (P) o - IEL (PO - E5(P2)lIe2
Here the metric

Ief (Pl = It 1 (Pl = ngllgi(\ti(Q)lo~||1T(Q)lla) = C;gl},i(\ti(Q)la~egPi'°(Q)),

where @ is a point on C,(C) converging to P;. By the definition of the Arakelov
metric || - [[ar on We /o, , we have exactly

15 (P)lle = 11(dt:) (P2) | ax.o

It follows that
[5°lle = lae,,eslo - [Is0(P)[lo - [[(dt1) (PR 5 - [1(dE2) (P2)[| %, -

Now we are ready to estimate the degree of M. By definition,

deg(M) = log #(M/s0k) — Y loglls°[le >~ > log|s°[lo-

o:K—C o:K—C

It follows that

deg(M) = = > (1oglac, calo +10g ls0(P)lls

o:K—C

+ e110g | (A1) (P) | are + ez log [[(d12) (P2) aro ) (2)

Denote by
Dy, ={Q € C5(C) : [t:(Q)] < ri}

the closed disc of radius r; in C,(C) with center P;. We can choose ri, 79
small enough so that sy is holomorphic and everywhere non-vanishing at a
neighborhood of the poly-disc

D = D7“177“2 = D7"1 X DTz

in X,(C). Then f = s/so is a holomorphic function on D. By Cauchy’s
integration formula,

21, 2

oD, Z€1+1 ex+1
1

dz 2d21.

Qey,en =

9Dy,

It follows that
‘a€1762|0 < r;el 762|f|D sup-
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Here |f|psup denotes the maximal value of |f| on D, and we will use other
similar notation. For example, we have

[f1D.sup = lIs/50l[D,sup < |8l D.sup/lIs0llDint < [I5llosup/[[50][Dint-

Therefore, (2) becomes

l[50(P)||o
IS0l D int

+ exlog [|(dt1)(P)|ar,o + e21og ||(dt2)(P2)HAr,o>-

deg(M) = = > (10g Isllo.cup + log
o:K—C

—ejlogry —eslogrs

4.4 The uniform choice

Now we are going to choose (s, (t1,t2)) carefully to get a uniform bound with
respect to P. Consider the set of quadriples (U; x U,V (21, 22), S9), where

(1) Uy, Us are open subsets of C,(C) under the complex topology;

(2) 21: U3 = {w € C: |w| < 3} and 20: Us — {w € C : |w| < 3} are
biholomorphic maps;

B) V=A{QeU; xUs:|z21(Q)] <1, |22(Q)| < 1} is a poly-disc in U;

(4) so is a holomorphic section of L on U which is everywhere non-vanishing
on U.

By compactness, we can choose finitely many quadriples (U; x Us,V, (21, 22),
s0) such that these poly-discs V' cover X, (C). For every point P = (P, P) €
X, (C), there exists some chosen quadriple (Uy x Us,V, (21, 22), So) such that
P € V. Then we set (t1,t2) = (21 — 21(P1), 22 — 22(P2)). Take the poly-disc

D={QeU:[t(Qf <1, [t2(Q) <1},

which is contained in

{QelixUz: |21(Q) <2, [2(Q)] <2}
By the currently chosen (sg, (¢1,t2)) for P, we have the bound

l[s0(P)llo

dea(M) > = 50 (o sl + lox 2L

o:K—C

+erlog|[(dtr)(P1)l[ar,e + €2 log I\(dtz)(P2)\|Ar,a)-

— €1 log 1 — €2 IOg T2

We see that 7y =ro, =1, and

log|lso(P)llo,  logllsollp.nt, log(dtr)(P1)llare, logll(dt2)(P2)llare
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are all bounded from both above and below uniformly with respect to P. More-
over, as (dy, ds, d) varies, we can choose the section sy of

L = (dy —d)pia+ (d2 — d)psa + O(dA)

on every U as tensor powers of fixed sections of the individual line bundles
pia, pha, O(dA). This makes log ||so(P)|le and log ||so||p it grows as O(dy +
ds 4+ d). As a consequence, we have

deg(M) > — 3" log||s]lsup + O(dy + do + d) + Oler + e2).
o:K—C

5 Step 3: upper bound of the index

The goal of this section is to provide an upper bound of the index used in
Theorem 4.1. This lies in the framework of the classical Dyson’s lemma. Our
exposition follows from [ ], which in turn is inspired by [ , ]. Let
us first introduce the framework of this section, which is slightly different from
that of the previous sections.

Let K be an algebraically closed field of characteristic 0. Let Cy,C5 be
smooth projective curves of genera g1, go over K respectively. Let X = C x Cy
be the product, and p;: X — C4, pa: X — C3 be the projection morphisms.
Denote by F; (resp. F3) a closed fiber of p; (resp. p2), which will be used for
computing intersection numbers. Let D be a nonzero effective divisor on X.
Denote by e(D) the maximum of ordy D over all prime divisors Y of X which
are not fibers of p; or ps.

Let by, by be positive integers. For every point P = (P, P) € X(K), we
define the index of D at P of weight (b1, bs) to be

Indp(D, (bl, bQ)) = IDdP(f, (b17 b2))7

where f is a local generator of the ideal sheaf 7p at P, i.e. the stalk Zp p,
and the index on the right is defined by (1) (here we view f as a local regular
function in Ox p via the inclusion Zp C Ox). Note that Indp (D, (b1, b2)) does
not depend on the choice of the local generator f.
Let Q1,...,Qm be distinct K-points on X = Cy x Cy. For i = 1,2, denote
by
m; =mi(Q1,- -, Qm)

the number of different points in p;(Q1),...,pi(Qm). For k=1,...,m, let
Ik = Inko (D, (bl, bg))

denote the index.
Finally, denote a function V : [0,00) — R by

V(a) ::vol({(m,y)€R2:0§x§1, 0<y<1, x—i—ySa}).
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Here the right-hand side is the area in the Euclidean plane.
Finally, the main theorem of this section is the following theorem from
[ , Thm. 0.4].

Theorem 5.1 (generalized Dyson’s lemma). Assume that mi = mgo = m.
Assume that by < D - F5 and by < D - Fy are positive real numbers. Then

D D D -F
ZV I) < ST +e(D) TN max{2g; — 2 4+ mq,0}.

The intuition for the inequality is as follows. Write D = div(s) for a nonzero
section s of a line bundle L on X. Fix X, L,Q1,...,Qm,b1,bs, but vary s in
HY(X,L). Fix positive real numbers I}, ..., I’ in the interval (0,1). Consider
conditions for the existence of a section s satisfying Indg, (div(s), (b1,b2)) >
I;.. These conditions become linear equations on the section s at Q1, ..., Qm,
and the number of linear equations is roughly >} | b1boV (I}). If these linear
equations are linearly independent, then the existence of s is equivalent to

> bibaV (1) < B°(X, L) + error.
k=1
If L is sufficiently ample, we expect

1
h° (X,L)= §L2 + error.

The combination of these two relations explains the inequality in Dyson’s lemma.

5.1 First reduction: remove fibers

We first reduce Theorem 5.1 to the following case where D contains no fibers
of p1 or py and the assumptions my = mgo = m, by < D - Fy, by < D - F} are
removed.

Theorem 5.2. Assume that D does not contain any fiber of py or pa. Then

1 D- D D - F
Z IR < 5 + e(D) leb; max{2g; — 2 +m1,0}.

Let us prove Theorem 5.1 by Theorem 5.2. Let D be as in Theorem 5.1. If D
contains a fiber of p; or po which does not pass through any of @1, ..., Q, then
removing this fiber from D does not change the left-hand side of the inequality
of the theorem while decrease the right-hand side of the inequality. Therefore,
we can assume that D does not contain such fibers.

Write

D=D+ Z (zx (01" (P2(QR))) +ur (P2 (P2(Qk))))

k=1

= Z zkp1(Qr) X C2 + yrC1 X p2(Qk)) ,
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where the effective divisor D’ on X does not contain any fiber of p; or ps,
and the multiplicities x1,...,Zm,¥y1,--.,Ym are non-negative integers. Since
mp = mz = 1M, ie. b1 (Ql)v te apl(QnL) are distinct and p2(Q1)7 s ap2(Q7rL)
are also distinct, it is easy to see that the indices Iy = Indg, (D, (b1,b2)) and
I} =Indg, (D', (b1, b)) satisfy

I=1I +—= 42
k= 1k + bl ‘|‘ b2
By Theorem 5.2,

1 e D . D D' F
12 < D 291 — 2 :
;2 B S g, T ) gy, maxi2gn = 2+ ma, 0}

Note e(D) = e(D’), and V(a) < a?/2 for all a > 0. By taking difference, it
suffices to prove

% D-D—D'-D
% V) € —p5——
P 1b2
p— / .
+ e(D)M max{2¢g; — 2+ mq,0}.

2b1bs

By the expression of D in terms of D’, we can view both sides of the inequality
as functions in non-negative variables x1,...,Zm,Y1,---,Ym- When the vari-
ables are 0, the inequality is an equality. Therefore, it suffices to prove the
corresponding inequality for the partial derivatives of both sides. Note that the
derivative V'(a) exists and V'(a) <1 for all @ > 0. Then

%Z(V(Iz) V(I}) = %vuk) EV(]]C) bl

On the other hand,

9 (D-D—D’~D’) _2D-F

1
6T:k 2b1bs 2b1by T a

Here we have used the assumption D-F} > by. This proves the inequality for the
partial derivative with respect to xj, and that for y is similar. This completes
the first reduction process.

5.2 Second reduction: trivialize weight

Now we reduce Theorem 5.2 to the case by = bs = 1 by the covering trick of
[ , 83]. The proof of | | applies the Kodaira—Parshin construction to
construct ramified covering of C;. Here we use a topological method instead,
which works best over C.
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Lemma 5.3. Let C' be a smooth complex projective curve of genus g. Letn > 1
be a positive integer. Let S be a finite set of points of C. In the case g =0, we
further assume that |S| > 2. Then there is a smooth projective complex curve
C" with a finite and flat morphism f : C' — C such that any point P’ € C’
is ramified over C if and only if f(P') € S, and in that case, the ramification
index of P’ is exactly n.

Proof. If S = (), then g > 0, and the result is elementary in algebraic topology.
Roughly speaking, an unramified cyclic covering of C of order n is given by a
surjection m (C) — Z/nZ, or equivalently a surjection Hy(C,Z) — Z/nZ by
taking abelianization. There are plenty of such maps as Hy(C,Z) = 729,

Now we assume that |S| > 1. By taking an unramified covering h: Cy — C
of degree 2, and replacing (C,S) by (Ca,h=%(S)), we can assume further that
|S| > 2. By factoring n, we can assume that n is a prime number.

For every P € S, take a closed disc Dp in C with center P of positive radius
such that these discs are disjoint. There is a basic exact sequence

0—Z % @ Hi(Dp \ P.Z) 2 Hy(C\ 5.2) — Hy(C.Z) — 0.
PeS

Here Hi(Dp \ P,Z) = Z is generated by the boundary of Dp, and the arrow ¢y
is the diagonal map under this identification. Then H;(C'\ S, Z) = Z29+I5I-1,

Let H1(C\ S,Z) — Z/nZ be a surjection whose kernel does not contain the
image of Hy(Dp \ P,Z) for any P € S. The surjection induces an unramified
cyclic covering f° : U' — C\ S of degree n. Let C’ be the unique smooth
compactification of U’. Then we obtain a possibly ramified covering f : C' — C.
We will prove that this covering satisfies the requirement.

By the choice, the surjection H; (C \ S,Z) — Z/nZ does not factor through
H{(C\(S\P),Z) - Z/nZ for any P € S. In other words, the map f:C"' — C
is ramified above P. As f° is Galois, the Galois action extends to C’. Then the
ramification indices of all points in f~!(P) are equal and divides n, so they must
be equal to n by the assumption that n is prime. This finishes the proof. O

Now we are ready to reduce Theorem 5.2 to the case by = by = 1. It suffices
to reduce it to the case by = bo, since in the later case both sides of the inequality
are quadratic in by *.

If g; = 0 and m; = 1 for some ¢ = 1, 2, then we can just add a point @41 of
X \ | D] to the set {Q1,...,Qm} such that m; > 2 and my > 2. This does not
change both sides of the inequality. Therefore, we can assume that for every
1 = 1,2, we have either g; > 0 or m; > 2.

By the Lefschetz principle, we can assume that (C, D, Q1,...,Q) are de-
fined over a finitely generated fields of characteristic 0, and by base change we
can assume that they are actually defined over C. This reduce the problem to
the case K = C.

Now we are ready to apply Lemma 5.3. Set (ni,ns) = (ba,b1). By the
lemma, for i = 1,2, there is a covering f; : C/ — C; which is unramified outside
{p:(@Q1),...,pi(Qn)} and the ramification index of points above {p;(@1), ..., p:(Qm)}
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are equal to n;. Let X = C] x C4, and let f: X’ — X the induced map. Denote

by Q4,...,Q. , the points of f~1(Q1,...,Qm).

Now we claim that Theorem 5.2 for (X,(Q},...,Q..),f* D, (bins,
bans)) implies that for (X, (Q1,...,Qm), D, (b1,b2)). In fact, we have the rela-
tion

IndQ/ (.D/7 (blnl, bgng)) = Inko (D, (bl, bg))

for any Q" € f~1(Qx). The Riemann-Hurwitz formula gives the relation
291 — 24 m/l = deg(fl)(le — 24 m1),

where ¢f denotes the genus of C7, m} denotes the number of distinct points in
pi(QY,...,Q".), and pj : X’ — C{ denotes the projection. By these, we can
check that the left-hand side (resp. right-hand side) of the inequality in Theorem

5.2 for (X, (QY,...,Q.,), f*D, (bini, bang)) is equal to deg(f1) deg(f2)/(n1,n2)
times that for (X, (Q1,...,Qm), D, (b1,b2)). This finishes the reduction by
b1n1 = bgng.

5.3 Proof of the essential case

In the above paragraphs, we reduced Theorem 5.2 to the case by = by = 1. Now
we prove this case.

Denote by ¢ : X’ — X the blowing-up of X along {Q1,...,Qm}. Denote
by Fn, ..., E,, the exceptional divisors above @1, ..., Q,, respectively. Write

D:alDl—}—---—l—a,«Dr

in terms of distinct prime divisors Dy,...,D, of X. Here the coefficients
ai,...,a, are strictly positive. For j = 1,...,7, denote by D;- the strict trans-
form of D;. Then the strict transform of D is just

D'=a,D|+ -+ +a,D,.

By a direct calculation, the index I, = Indg, (D, (1,1)) is the multiplicity of
FE in the pull-back *D. In other words, we have

Vv’D=D +1LE 4+ -+ 1,E,.

By the projection formula for v, the intersection number ¢*D - E;, = 0. It
follows that

D?= (W'D~ LE + -+ [En)? =D*— I} — -~ 2,

Then
I?4..-+12 =D*- D™

Therefore, Theorem 5.2 (for by = by = 1) is equivalent to

D 4+ e(D)(D - Fy) max{2g; — 2 4 m;,0} > 0.
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This is further equivalent to
D” 4 e(D') (D' -*F) max{2g; — 2 +m1,0} > 0.

Here e(D’) = e(D) = max{ay,...,a}.

We first prove the inequality holds for a single irreducible component. Namely,
we have the following stronger statement, which is the reason for all other gen-
eralization.

Theorem 5.4. Let Y be a integral closed curve of X' which is not contained
in fibers of pj : X' — Cy orph : X' — C5. Then

Y24 (Y - 4" F1) (201 — 2 +m1) > 0. (3)

Proof. As in [ ], the key of the proof is the adjunction formula and the
Riemann-Hurwitz formula.
Recall the adjunction formula

201 (Oy) —2=Y?+Y -wxr, (4)

which is well-known if Y is smooth. The singular case is a combination of the
expression

x(Oy) = x(Ox') = x(Ox/(=Y)),

which comes from the additivity of the Euler characteristic x, and the Riemann—
Roch theorem for the line bundle Ox/(-Y) on X'.
Let f: Y — Y be the normalization of Y. Then we have the following exact
sequence
0— Oy — fiOp — Q — 0.

Since the quotient sheaf Q = f.Oy /Oy is supported on the singular locus of
Y, H'(Y,Q) = 0. Thus we see that

R(Oy) = h(Oy). (5)
By the Riemann—-Hurwitz formula,
20 (Og) — 2 > deg(Y /C2) (202 — 2) = (Y - " F3) (292 — 2) = Y - piwe,. (6)
Then (4), (5), and (6) imply that
Y24V wx > Y phwe,. (7)
Moreover, the canonical sheaf of blowing-up is given by
wx: =V wyx + O(Ey + -+ + Ey) = piwe, + phwe, + O(Ey + -+ + Ep,).
Thus (7) becomes

Y24+Y pfwe, +Y -Ey+---+Y - E, >0.
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In order to prove (3), it remains to prove that
Y- -Ei1+---+Y -E, <Y - -9y*Fi)m;.

Finally, denote by {P1, ..., Pp, } the distinct points of {p1(Q1), ..., p1(Qm)}-
Then the divisor F = p;*(P1) + --- + p; *(Pm,) passing through all points of
{Q1,...,Qm}. By the blowing-up process, v*F — Ey — -+ — E,, is an effective
divisor intersecting Y properly. This gives

Y (*F —Ef— - — Ep) > 0.

This completes the proof by the fact that F' is numerically equivalent to mq Fy.
O

Now we are ready to complete the proof of Theorem 5.2. Recall that right
before Theorem 5.4, we are left to prove that

D”? +e(D')(D' - *Fy) max{2g; — 2 +my,0} > 0.

Here
D'=aD|+---+a.D., e(D)=max{a,...,a,}.

As the proper intersection D’ - D}, > 0 for j # j', we have

T
D” > "a2D?.
= Ui
Jj=1
Since F} is nef, we have

T

e(D') (D' - Fy) = > a2 (D} - v FY).

j=1
Thus it suffices to prove that
Za?D;? —I—Za?(D; - " F1) max{2g; — 2+ mq,0} > 0. (8)
j=1 j=1

By Theorem 5.4,
D} + (D} - " F1)(291 — 2 +mq) > 0.

Sum over j, and then (8) is proved.

Remark 5.5. The proof only works for base fields of characteristic 0 due to the
application of the Riemann—Hurwitz formula. In fact, Dyson’s lemma does not
hold for positive characteristics by the example in [ , §4].
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6 Completion of the proof

Now we are prepared to prove Theorem 2.6. Assume the setting of this theorem.
Recall that

L=dLy= (d — d)pia+ (ds — d)psa + O(dA),
where
dy = 01d, dg = dad.

By Theorem 3.1, for sufficiently large and sufficiently divisible integer d, there
exists a nonzero element s € I'(X, £) satisfying

do?6, ) ( ds, )
—log||sllosup > O | ———— | =0 ———
g” || ,Sup (5152—9 5152_9

for every embedding o: K — C. Here we assume that Indp(s, (d,ds)) is at-
tained at exponent (eg,ez), and we use g < §192 < g+ 1/4 to simplify the error
term.

Taking this section s in Theorem 4.1, we have
2g — 2 dd
_= (61|P1‘2+62‘P2|2)+O (1 ) + O(e1 + e2).
0162 — g

hz(Plo 2

We need the following bound of the index terms.

Lemma 6.1. Let §1, 02 be positive rational numbers satisfying
1
01 > 2g6a, g<(51§2<g+1.
Then the exponent (e1,es) satisfies

e1+ex < 0(51,52)51d,

and
61|P1‘2 —+ 62|P2|2 S 6(51,52) . ((51|P1‘2 —+ 52‘P2|2) . d

Here

2 0o
c(d1,62) = \/9(5152 —9g)+ (29 - 1)5* <L

1
By the lemma, the bound of the height becomes

2g — 2
hz(P)g > —

do
c(61,85) - (61| PL? + 62| Po|?) -d + O <1> .
0102 — g

It follows that

29 — 2
hz,(Pla

v

01
(611D, 2 Py|? R
c(01,02) - (01| Pr|" + b2| P )+O(5152—9>’

which proves Theorem 2.6.
Finally, we deduce Lemma 6.1 from Theorem 5.1 as follows.
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Proof of Lemma 6.1. Set C; = Cy = C and (b1, bs) = (d1,d2) to compute the
index

I = Indp(s, (dl, dg)) = Indp(diV(S), (dl, dg))

Then Theorem 5.1 gives

_ 2

. 1
S i + e(div(s))=— (29 — 1).

2d;

Here e(div(s)) is the maximal multiplicity of irreducible components Y of D
which are not fibers of p; or ps. It follows that

do=L-F; >e(div(s))D - Fy > e(div(s)).
As a consequence, we have

dide —gd* (2g—1)dy 0102 —g (29 —1)ds
1) < = .
Vi s — 0t e 5.0, 23,

Since §; > 2gds and g < 6102 < g+ 1/4,
0100 — 2g — 1)o 1 2g —1 1
102 9+(9 )2< g _

5152 251 4g 2. Qg 2.

It follows that V(I) < 1/2, and thus

As a consequence,

2
er . e 2(6102 — g) P
a,.2) 2% 79 )2,
<d1 + d2> < 5.6, +(29-1)

By 6162 > g, we have

€1 €9
—+ = 01,0
dl + d2 < C( 1 2)7

and thus
€102 + €201 < 6(51, (52)(51(52d.

As 41 > o, this implies
e1 +ex < 0(61,52)51(1.

On the other hand, the trivial bound
61|P1‘2 + 62|P2|2 S (6152 + 6251) . (51|P1|2 + 62|P2‘2) . (51(52)71

gives
€1|P1‘2 + €2|P2|2 < 0(51,62)(1- ((51|P1|2 + (52|P2|2).
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