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Preface

This volume is devoted to a theory of adelic line bundles on quasi-projective
varieties over finitely generated fields. Our first motivation is to apply Arakelov
theory to treat height functions on moduli spaces, such as moduli spaces of
smooth projective varieties, vector bundles, dynamical systems, etc, which are
usually quasi-projective. Our second motivation is to apply Arakelov theory
to study some properties of quasi-projective varieties over arbitrary fields since
they can be descended to finitely generated fields by the Lefschetz principle.

Our work will be an extension of the theory of adelic line bundles on pro-
jective varieties of Zhang | ], which itself is an extension of the Arakelov
theory of hermitian line bundles on integral models of projective varieties ini-
tiated by Arakelov | ], and developed by Faltings | ], Deligne [ 1,
Szpiro | , ], and Gillet—Soulé | ]. These adelic line bundles are
defined to be certain limits of hermitian line bundles on integral models. The
theory has been applied to Néron—Tate heights on abelian varieties or canon-
ical heights on arithmetic dynamical systems. In particular, it has been used
as a crucial tool to treat the equidistribution theorem by Szpiro—Ullmo—Zhang
[ ], the Bogomolov conjecture by Ullmo | ] and Zhang | ], and
the rigidity theorem of preperiodic points in dynamical systems and the non-
archimedean Monge—Ampére equation by Yuan—Zhang [ ].

The adelic line bundles in this volume will be defined as the limits of hermi-
tian line bundles on integral models of the projective compactifications. Both
compactifications and integral models vary during the limit process. We will
define two intersection pairings among these adelic line bundles: Gillet—Soulé’s
intersection number in the absolute setting and the Deligne pairing in the rel-
ative setting. We will study relations among intersections, heights, volumes,
and positivity. We will prove an equidistribution theorem of small points on
quasi-projective varieties over number fields, generalizing the equidistribution
theorems of Szpiro-Ullmo—Zhang | ], Chambert-Loir | ], and Yuan

[ J

Acknowledgments. We would like to dedicate this volume to the memory of
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Chapter 1

Introduction

The notion of height functions on projective varieties was created by Weil
[ | as a measurement for the complexity of solutions to Diophantine equa-
tions. Before its modern name, this notion has its roots in Euclid’s proof of
the irrationality of /2 more than two thousand years ago and Fermat’s proof
that 2* 4+ y* = 2% has no solutions in positive integers more than three hun-
dred years ago. It was implicitly used in Weil’s proof of Mordell-Weil theorem
in | | in 1928, Siegel’s theorem on integral points on curves in 1929, and
Northcott’s further works on the Northcott property and arithmetic dynamical
systems in | , ] in 1949-1950. Since its creation, the theory of heights
has been widely used in diophantine geometry, such as the Roth theorem and
Schmidt’s subspace theorems and the formulation of Birch and Swinnerton-Dyer
conjecture. For more details, see our reviews in §A.1.

In the 1970s, to translate the proof of Mordell’s conjecture from function
fields to number fields, Arakelov [ | proposed an intersection theory for
arithmetic surfaces. In this theory, the heights are interpreted as degrees of
hermitian line bundles on arithmetic curves. Faltings | ] used this interpre-
tation to define a special height function in his proof of the Mordell conjecture
in 1983. After a quick development by Faltings | ], Deligne | ], Szpiro
[ ], and Gillet-Soulé | ], the Arakelov theory was used again by Vojta
[ | for a second proof of the Mordell conjecture and by Faltings [ ]
for an extension to the Mordell-Lang conjecture for the subvarieties of Abelian
varieties. For more details, see our reviews in §A.2 and §A.3.

In the late 1980s, Szpiro | ] proposed a program to prove the Bogo-
molov conjecture for small points on curves using arithmetic positivity. The
Bogomolov conjecture was eventually reduced to a positivity statement af-
ter the development of arithmetic ampleness for adelic line bundles by Zhang
[ , , , |, which was an extension of classical Arakelov
theory to handle the bad reductions of abelian varieties and algebraic dynami-
cal systems. Shortly after, the Bogomolov conjecture was eventually proved by
Ullmo | ] and Zhang [ ] using a new ingredient, the equidistribution
theorem initiated by Szpiro—Ullmo—Zhang | ]. The arithmetic positivity

7



8 CHAPTER 1. INTRODUCTION

and equidistribution theorem were further extended by the Yuan | ] to big
line bundles and had been widely used to treat problems in arithmetic dynamical
systems. For more details, see our reviews in §A.4, §A.5, and §A.6.

The goal of this book is to extend the theory of Zhang | ] from pro-
jective varieties over number fields to quasi-projective varieties over finitely gen-
erated fields. More precisely, let F' be a finitely generated field over Q (or a
constant field), and let X be a quasi-projective variety over F. We introduce
a notion of adelic line bundles on X, consider their intersection theory, study
their volumes for effective sections, and introduce heights associated with them.
The fundamental properties behind these terms are the positivity of adelic line
bundles.

An immediate application of our framework is a theory of canonical heights
on polarized algebraic dynamical systems over quasi-projective varieties over
finitely generated fields. In particular, we introduce Néron—Tate heights of
abelian varieties over finitely generated fields and extend the arithmetic Hodge
index theorem of Faltings | ] and Hriljac | ] to this setting. Further-
more, we prove an equidistribution theorem of small points on quasi-projective
varieties over number fields, generalizing the equidistribution theorems of Szpiro—
Ullmo—Zhang | ], Chambert-Loir | |, and Yuan | ]

The exposition of this book uses a combination of algebraic geometry, com-
plex algebraic geometry, Arakelov theory (cf. [ , 1), and Berkovich
analytic spaces (cf. [ , ). In the following, we sketch the main con-
structions and theorems of this book.

1.1 Adelic line bundles

To illustrate the concept quickly, we will take an approach different from the
major parts of this book, but it will give equivalent constructions.

We will use a uniform terminology, which will be explained in detail in §1.5,
to treat both algebraic varieties and arithmetic varieties. Namely, we fix a base
scheme Spec k, where k is either Z or a field. By a variety X over k, we mean
an integral scheme X which is finite, flat, and of finite type over Speck. We
say that X is an arithmetic (resp. algebraic ) variety if k = Z (resp. k is a
field). We say that X is a projective variety over k if the structure morphism
X — Speck is projective; we say that X is a quasi-projective variety over k if
X is an open subscheme of a projective variety over k. In particular, when X is
a quasi-projective variety over Z, we allow finitely many fibers of X — SpecZ
to be empty.

In the arithmetic situation, we could take a fancier notation k = [Fy, the field
of one element, and thus Spec Z becomes an affine arithmetic curve over Fy. The
curve SpecZ can be further compactified over F; by adding an archimedean
place. So projective varieties over Z can be further compactified by adding
complex varieties over archimedean places. This is the main motivation for
Arakelov to introduce hermitian line bundles on projective varieties; see our
reviews in §A.2 and §A.3. Sometimes, we need to deal with projective varieties
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over Z[1/N] for some positive integer N, for example, when we treat abelian
varieties and algebraic dynamical systems. In this case, we need to add p-
adic metrics to the missing primes. This is the main motivation for Zhang to
introduce adelic line bundles for projective varieties; see our reviews in §A.5.

The goal of this section is to sketch our theory of adelic line bundles on a
quasi-projective variety X over k. Adelic line bundles are roughly defined as the
“limits” of “projective models” under our “boundary topology.” There are two
natural approaches to define these limits. The first approach is by an abstract
notion of completion by Cauchy sequences (combined with two processes of
direct limits), and this is the main approach of this book precisely realized in
Chapter 2. The second approach is to “put” all “projective models” into the
category Pic(X?") of metrized line bundles on a large analytic space X?". It
turns out that ﬁ(X an) is big enough to contain all the limiting line bundles.
This is essentially treated in Chapter 3. Each approach has its advantages. We
will take the second approach in this introduction.

1.1.1 Berkovich spaces

Let k be either Z or a field. Let X/k be a quasi-projective variety. There is
a natural Berkovich analytic space X?** associated to X/k. In fact, if X has
an open affine cover {Spec A;};, then X** = U;M(A;), where M(A4;) is the
set of multiplicative semi-norms |- | on A;; if k is a field, we further require
the restriction of | - | to k is trivial. A metrized line bundle on X®" is a pair
L= (L,||-|) consisting of a line bundle L on X and a continuous metric || - ||
of L on X?". Denote by 7/7E(X an) the category of metrized line bundles on X,
in which a morphism between two objects is defined to be an isometry. There
is a forgetful functor -
Pic(X*") — Pic(X).

Here, Pic(X) denotes the category of line bundles on X, in which a morphism
between two objects is an isomorphism of line bundles.

1.1.2 Model adelic line bundles

Let k be either Z or a field. Let X/k be a quasi-projective variety. Objects
of the category 7/3E(X an) are too general for intersection theory. Instead, we
will define a full subcategory 7/DE(X /k) of adelic line bundles in 7/7E(X am) - and
a full subcategory EE(X /k)int of integrable adelic line bundles in @(X an) for
intersection theory. For this, we will start with model adelic line bundles and
take a limit process to extend them to more general notions.

As a convention, we will write tensor products of various line bundles addi-
tively, so for example, mL means L®™ for L € Pic(X) and m € Z.

An object of ﬁ(X am) with underlying line bundle L € Pic(X) is called a
model adelic line bundle if it is induced by a projective model (X, L) of (X,eL)
over k for some positive integer e, where X’ is a projective variety over k with
an open immersion X—X, and £ is as follows:
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(1) if k is a field, then £ = £ is a line bundle on X extending eL;

(2) if k =Z, then £ = (L, ||-]|) is a hermitian line bundle on X', which consists
of a line bundle £ on X extending el and a continuous hermitian metric
|| - ]| of £(C) on X(C). The metric is required to be invariant under the
complex conjugate.

Because of the integer e in the definition, (X,e~1L) is a projective model of
(X, L) in terms of the notion of Q-line bundles. Denote by Pic(X/k)mod the
full subcategory of Pic(X?") consisting of model adelic line bundles on X.

1.1.3 Limit process

Let k be either Z or a field. Let X/k be a quasi-projective variety. Choose a
projective compactification X C Aj such that the boundary Xy \ X is exactly
equal to the support of an effective Cartier divisor & on Xj. If k is a field, set
Eo =& If k=1Zset Eg = (€, g0), where go > 0 is a Green function of & (C)
on Xy(C). Then &y induces a Green function g of & on A&", which restricts
to a continuous function go : X** — Rx>o.

Consider the space C(X?") of real-valued continuous functions on X?". It
is endowed with a boundary topology induced by the extended norm

||fH§o = sup |f(l‘)|

zeXxam, go(x)>0 90(T)

We refer to [ ] for the basics of extended norms, which are allowed to take
values in [0, oo] but still required to satisfy the triangle inequality. The boundary
topology is independent of the choice of (X, £y). Moreover, C(X?*") is complete
under the boundary topology. -

We say that a sequence £; = (L;, || - ||;) in Pic(X®®) converges to an object
L= (L) in 7/DE(X3“) if there are isomorphisms 7; : £ — L£; such that
the sequence — log(7|| - ||:/|| - ||) converges to 0 in C(X?") under the boundary
topology.

1.1.4 Adelic line bundles

There is a notion of nefness of hermitian line bundles on projective arithmetic
varieties, and we refer to §A.4.1 for a quick definition.

An object of Pic(X?") is called an adelic line bundle on U if it is isomorphic
to the limit of a sequence in EE(X /k)mod- An adelic line bundle on X is called
strongly nef if it is isomorphic to the limit of a sequence in EE(X /k)mod induced
by projective models (&;, £;) over k such that £; is nef on X;. An adelic line
bundle £ on X is called nef if there exists a strongly nef adelic line bundle M
on X such that al + M is strongly nef for all positive integers a. An adelic line
bundle on X is called integrable if it is isometric to £; — Lo for two strongly nef
adelic line bundle £; and £ on X.
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Denote by PlC(X /k) the full subcategory of PlC(X an) consisting of adelic line
bundles on X. Denote by Plc(X/k)nef (resp. PlC(X/k')mt) the full subcategory
of Plc(X an) consisting of nef (resp. integrable) adelic line bundles on X. Their
objects are called adelic line bundles (resp. nef adelic line bundles, integrable
adelic line bundles) on X/k.

We can further extend the definition to quasi-projective varieties over finitely
generated fields. Namely, let F' be a finitely generated field over £, i.e., a finitely
generated field over the fraction field of k. Let X be a quasi-projective variety
over F'. Then we define

Pic(X/k) := lim Pic(U/k),
U—V

Pic(X/k)net =l Pic(U/k)per,
U=V

Pic(X/k)int := L Pic(U/h)in.
U=V

Here, the limit is over all flat morphisms U — V' of quasi-projective varieties
over k whose generic fibers are isomorphic to X' — Spec F'. Denote by Pic(X/k)
(resp. Plc(X/k)nef, PlC(X/k‘)mt, Plc(Xan)) the group of isomorphism classes of
objects of PlC(X/k:) (resp. Pic( (X/K)net, Plc(X/k int Plc(Xa“)). Note that the
previous definitions of the analytic terms X2" and Plc(X an) are actually valid
in the current situation.

As we have seen, our theory of adelic line bundles is valid for both quasi-
projective varieties over k and quasi-projective varieties over finitely generated
fields over k. We will introduce a natural notion of essentially quasi-projective
varieties over k, which includes both of the above cases. For simplicity, we will
not use this notion in this chapter.

1.1.5 Functoriality

Let E/F be an extension of finitely generated fields over k, and f: X — Y be
an F-morphism of quasi-projective varieties X/FE and Y/F. Then we have a
pull-back functor

£ Pic(Y/k) — Pic(X/k).

When k = Z, we can also have a base change of a quasi-projective scheme
X/k to the generic fiber Xq/Q. In this case, we denote the functor as

Pic(X/k) — Pic(Xg/Q), L r— L.
We call L the geometric part of L.

Both functors preserve the subcategories of the model (resp. nef, integrable)
adelic line bundles.
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1.2 Intersection theory and heights

Our intersection theory includes an absolute intersection pairing of Gillet—Soulé
and a relative intersection pairing that extends the Deligne pairing.

1.2.1 Intersection numbers and heights

Let k be either Z or a field. Let F' be a finitely generated field over k. Let X
be a quasi-projective variety over F. Then our absolute intersection pairing is
a symmetric and multi-linear map
Pic(X /)i, — R,

where d = dim X + dim %k + tr deg;, F'. Here dim k£ denotes the Krull dimension
of k, and trdeg,, F' denotes the transcendence degree of F' over the fraction field
of k. This is the limit version of the intersection theory in algebraic geometry
and the arithmetic intersection theory of Gillet—Soulé. See Proposition 4.1.1.

Now let K be a number field if £ = Z; let K be a function field of one
variable over k if k is a field. Let X be a quasi-projective variety over K of
dimension n. Let L be an integrable adelic line bundle on X. Define a height
function

hy: X(K) — R

by
h(x) = djié?if;) :

Here 2’ denotes the closed point of X containing x, deg(x’) denotes the degree
of the residue field of 2’ over K, L|,» denotes the pull-back of L to Pic(z’/k)in,
and deg : Pic(a’/k)im; — R is by the intersection theory.

More generally, for any closed K-subvariety Z of X, define the height of Z
for L by
(Z|Z' )dim Z+1

(dim Z + 1)(E\Zk)dim2'

h’f(Z) =

Here Z’ denotes the image of Z — X (which is a closed subvariety of X over
K), and

f — Z|Zl — le;{
denotes the image of L via the functorial maps
Pic(X/k)ine — Pic(Z' /k)ine — Pic(Zic /K in,

and the self-intersections are as in the above intersection theory. The height is
well-defined only if the denominator is nonzero.
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1.2.2 Deligne pairing and relative heights

Let k be either Z or a field. Let f : X — Y be a projective and flat morphism
of relative dimension n between quasi-projective varieties over k. Assume that
Y is normal, which is required in our proof.

Theorem 1.2.1 (Theorem 4.1.3). The Deligne pairing on model adelic line
bundles induces a symmetric and multilinear functor

Pic(X)H — Pie(Y )int.
When restricted to nef adelic line bundles, the functor induces a functor

Pic(X) " — Pic(Y)net.

nef

Moreover, the functors are compatible with base changes of the formY' — 'Y,
where Y is a quasi-projective normal variety over k such that X' = X xy Y’
1s integral.

In the setting of the theorem, let F' = k(Y) be the function field of Y, and
XF — Spec F the generic fiber of X — Y. Let L be an object of Pic(X )ins. By
this, we can define a vector-valued height function

bz : X(F) — Pic(F/k)int g-

Here the group L -
PiC(F)int = hﬂPiC(U/k')int,
U

where U runs through all open subschemes of Y.
More generally, for any closed F-subvariety Z of X, define the vector-valued
height of Z for L as

<Z‘Z/>dimZ+1

— € Pic(Fino-
(dim Z + 1)(L| 5, )4 2 (F)int,Q

hz(Z) =

Here Z' denotes the image of Z — X, Z}. is the generic fiber of Z/ — Y, and
L— Liz — Lz,
denotes the image of L via the functorial maps
Pic(X/k)ins — Pic(Z' [k)ins — Pic(Zy/F).

Note that the first self-intersection is the Deligne pairing, and the second self-
intersection is just the degree on the projective variety Z% in the classical sense.
The height is well-defined only if the denominator is nonzero.

When F is polarized in the sense of Moriwaki | |, then we can also
define the Moriwaki heights. If K is a number field or a finite field, and if X
is projective over F', we obtain a Northcott property of the Moriwaki heights
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from that of [ ]. In general, we obtain the fundamental inequality for the
Moriwaki height following the strategy of | ]

Hence, part of our height theory extends the previous works of Moriwaki
[ , ]. In fact, | , ] developed a height theory for projec-
tive varieties over finitely generated fields F' over Q, depending on the choice
of an arithmetic polarization of Spec F'. His motivation was to apply Arakelov
geometry to varieties over arbitrary fields (of characteristic 0), and he succeeded
in formulating and proving the Bogomolov conjecture in that setting. His treat-
ment was more on the numerical theory of heights, but ours is more on the
geometric theory of adelic line bundles.

1.3 Volumes and equidistribution

As in the projective case, we can define effective sections of adelic line bundles,
study their volumes, and prove equidistribution theorems on quasi-projective
varieties.

1.3.1 Volumes

Let X be a quasi-projective variety over k. Let L = (L, | - ||) be an adelic line
bundle on X. Define

HY(X,I):={s € HO(X,L) : ||s(z)|| < 1, V& € X*}.
Elements of H 9(X, L) are called effective sections of L on X. If k = Z, denote
RO(X,T) = log #H"(X,L);

if k is a field, denote R B R -
h%(X,L) := dimy H°(X,L).
We check that /f\LO(X , L) is always a finite real number. In this setting, we have

the following fundamental results.

Theorem 1.3.1 (Tfheﬁorem 5.2.1, Theorem 5.2.2). Let X be a quasi-projective
variety over k. Let L, M be adelic line bundles on X. Denote d = dim X +dim k.
Then the following holds.

(1) The limit
— _ (PN _
vol(X,L) = lim iho(x,mL)

m—oo mé

exists.

(2) If L is the limit of a sequence of model adelic line bundles induced by a
sequence {(X;, L;)}i>1 of projective models of (X, L) over k, then

vol(X,I) = lim vol(X;, Z;).

1—> 00
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(3) If L is nef, then
vol(X,I) = I

(4) If L, M are nef, then
Vol(X,T - M) >T" —dI" L.

Part (1) generalizes the classical result of Fujita (cf. | , 11.4.7]) for
line bundles on projective varieties and the result of | , , ] for
hermitian line bundles on projective arithmetic varieties. Part (2) allows us
to transfer many previous results in the projective case to the quasi-projective
case. Part (3) generalizes the classical Hilbert—Samuel formula in algebraic
geometry and the arithmetic Hilbert—Samuel formula proved by Gillet—Soulé
[ ], Bismut—Vasserot | ], and Zhang [ ]. Part (4) generalizes the
classical theorem of Siu | ] and the arithmetic bigness theorem of Yuan
[ J-

In the setting of the theorem, we say that L is big if \7(;1(X, L) > 0. We
will see that in this case, we will have nice lower bounds of the height function
associated with L.

1.3.2 Height inequality

Let K be a number field if &k = Z; let K be a function field of one variable over
kif k is a field. Let X be a quasi-projective variety over K. For an adelic line
bundle L on X/k, we usually denote by L the geometric part of L on X/K, i.e.
the image of L under the functorial map 7/51\C(X//€) — 751\C(X/K)

As a quick consequence of the above fundamental results on volumes, we
have the following height inequality.

Theorem 1.3.2 (Theorem 5.3.7). Let m : X — S be a morphism of quasi-
projective varieties over K. Let L € P/’l\(;(X) and M € 151\(3(5) be adelic line
bundles. If L is nef on X/k and L is big on X/K, then for any ¢ > 0, there
exist € > 0 and a non-empty open subvariety U of X such that

hi(z) > ehgp(n(x)) —¢, Vaz e U(K).

We refer to Theorem 5.3.7 for various versions of the height inequality and
to Theorem 5.3.8 for a partial converse to the height inequality.

In a series of works, Dimitrov—Gao—Habegger | , | and Kiihne
[ | proved a uniform Bogomolov conjecture over number fields, and com-
bined the work of Vojta [ | on the Mordell conjecture to confirm Mazur’s
uniform Mordell conjecture. A key result of | | is a height inequality in
a setting of abelian schemes, which also plays a fundamental role in the further
work | ]. Our current height inequality can be viewed as a theoretical
version of that of | ]. We will come back to this connection later, and we
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refer to the context of Theorem 6.2.2 for more details on this connection and
for the application of our height inequality to dynamical systems.

In recent work, Yuan | | has used our theory of adelic line bundles to
prove the uniform Bogomolov conjecture over global fields. This gives a new
proof of the main results of | , ], and it works uniformly for both

number fields and function fields of any characteristic. The key ingredient of
[ ] is to prove the bigness of the admissible canonical bundle of the universal
curve using the Deligne pairing and apply the bigness to obtain certain height
inequality to control the number of points of small heights. We refer to §2.6.5
for a brief introduction to the admissible canonical bundle.

In recent work, Gao—Zhang | ] proved a Northcott property for Gross—
Schoen cycles and Ceresa cycles parametrized by a non-empty open subset of
moduli spaces of curves of genus at least 3. One key ingredient in their proof is
applying our height inequality to convert the positivity properties of adelic line
bundles to a Northcott property.

1.3.3 Equidistribution

One of the most important theorems of this book is an equidistribution theorem
for small points of a quasi-projective variety over a number field or a function
field of one variable.

Theorem 1.3.3 (Theorem 5.4.3). Let k be either Z or a field. Let K be a
number field if k = 7Z; let K be the function field of one variable over k if k is
a field. Let X be a quasi-projective variety over K. Let L be a nef adelic line
bundle on X such that degy (X) > 0. Let {2, }m be a generic sequence in X (K)
such that {hp(xm)}m converges to hp(X). Then the Galois orbit of {zp}m is

equidistributed in Xg for dug , for any place v of K.

Here d:“f,v is a canonical probability measure on X, defined using the
recent theory of Chambert-Loir and Ducros in | ] if v is non-archimedean.
This generalizes the Monge—Ampere measure and the Chambert-Loir measure
from the projective case to the quasi-projective case.

If kK =7 and X is projective over K, the equidistribution theorem is proved
by Szpiro-Ullmo-Zhang | ], Chambert-Loir | ], and Yuan | .
Our current theorem still follows the variational principle of the pioneering
work | ], applying our adelic Hilbert—Samuel formula and adelic bigness
theorem.

We can further generalize our equidistribution theorem in two different as-
pects, which give us an equidistribution theorem (Theorem 5.4.6) and an equidis-
tribution conjecture (Conjecture 5.4.1). The equidistribution theorem considers
a projective and flat morphism of quasi-projective varieties over a number field
or a function field of one variable, and its proof follows a strategy of Moriwaki
[ ]. The equidistribution conjecture considers quasi-projective varieties
over finitely generated fields, which is stated as follows.

Conjecture 1.3.4 (Conjecture 5.4.1). Let k be either Z or a field. Let F be a
finitely generated field over k. Let v be a non-trivial valuation of F. Assume that
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the restriction of v to k is trivial if k is a field. Let X be a quasi-projective variety

over F. Let L be a nef adelic line bundle on X such that degz (X) > 0, where
L denotes the image of L under the functorial mapf/i\c(X/k) — lsl\(f(X/F) Let

{Zm}m be a generic sequence of small points in X (F'). Then the Galois orbit of
{@m}m is equidistributed in X3 for duz .

We refer to the context of Conjecture 5.4.1 for the notion of “small points”
and the equilibrium measure duy .

1.4 Algebraic dynamics

Here we apply the theory of adelic line bundles to algebraic dynamics.

1.4.1 Algebraic dynamics

Let k be either Z or a field. Let S be a quasi-projective variety over k with
function field F'. Let (X, f,L) be a polarized algebraic dynamical system over
S, i.e. X is a flat and projective integral scheme over S, f : X — X is an
endomorphism over S, and L is an f-ample Q-line bundle satisfying f*L ~ qL
for some rational number ¢ > 1.

By Tate’s limiting argument, we can construct a canonical adelic Q-line
bundle Ly € Pic(X)g et extending L which is f-invariant in that f*Ly ~ qLy.
Here 151\C(X )o,nef denotes the sub-semigroup of ﬁl\C(X )o consisting of positive
rational multiples of elements of P/);Z(X nef -

For any closed F-subvariety Z of Xy, we have the canonical height

(T
(dim Z + 1) deg (Z})

bs(Z2) =bz,(2) = € Pic(F)g.net-

In particular, we have a height function
by : X(F) — Pic(F)g net-

Tate’s limiting argument also explains these heights.

The height function b is f-invariant. As a consequence, hs(z) = 0 for a
preperiodic point z € X(F). In the minimal case that K is a number field or
a function field of one variable over a finite field &, by satisfies the Northcott

property. In this case, hy(x) = 0 for a point x € X(F) implies that x is
preperiodic under f.

1.4.2 Equidistribution of small points

Our equidistribution conjecture naturally implies an equidistribution conjecture
of preperiodic points.
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Conjecture 1.4.1 (Conjecture 6.1.5). Let k be either Z or a field. Let F be
a finitely generated field over k. Let (X, f,L) be a polarized dynamical system
over F. Let v be a non-trivial valuation of F. Assume that the restriction of v
to K is trivial if k is a field. Let {xm}m be a generic sequence of preperiodic
points in X(F). Then the Galois orbit of {xmy}m is equidistributed in X3 for
the canonical measure diur, ¢ ..

As an example of our equidistribution theorem (cf. Theorem 5.4.3), we
deduce the following equidistribution theorem of small points on non-degenerate
subvarieties in a family of polarized algebraic dynamical systems.

Theorem 1.4.2 (Theorem 6.2.3). Let S be a quasi-projective variety over a
number field K. Let (X, f,L) be a polarized dynamical system over S. Let Y
be a non-degenerate closed subvariety of X over K. Let {ym}m>1 be a generic
sequence of Y (K) such that hzf(ym) — 0. Then for any place v of K, the Galois
orbit of {ym }m>1 s equidistributed on the analytic space Y2" for the canonical
measure d/‘fﬂy,v'

In the theorem, a closed subvariety Y of X is called non-degenerate if
deg7(Y) > 0. This is equivalent to the property that L|y is big. If X is
an abelian scheme and K is a number field, our definition of “non-degenerate”
agrees with that of [ ], which uses Betti maps in the complex analytic
setting.

The theorem generalizes the equidistribution theorem of DeMarco—Mavraki
[ ] for families of elliptic curves, and confirms the conjecture (REC) of
Kiihne [ | for abelian schemes. A weaker version of the theorem for abelian
schemes is proved by | , Thm. 1] independently and applied to prove a uni-
form Bogomolov conjecture after the work of Dimitrov—Gao—Habegger | l,
as mentioned above. The proof of | ] is a limit version of the original proof
in [ ] and uses a result of Dimitrov—Gao—Habegger | | for uniformity
in the limit process. Inspired by our formulation, Gauthier [ ] has extended
the equidistribution theorem of | ] to more general settings, which has a
large overlap with our equidistribution theorem.

1.4.3 Heights of points of a non-degenerate subvariety

Let k be either Z or a field. Let K be a number field if £k = Z or a function field
of one variable if k is a field. Let S be a quasi-projective variety over K. Let
(X, f, L) be a polarized dynamical system over S. Let Y be a closed subvariety
of X over K.

Suppose Y is a section of X — S. In that case, our vector-valued height
of adelic line bundles generalizes and re-interprets the Tate—Silverman special-
ization theorem of [ , , , ], and the work [ | from
families of elliptic curves to families of algebraic dynamical systems. See Lemma
6.2.1 for more details.

As mentioned above, if X is an abelian scheme and Y is non-degenerate
in X, there is a height inequality of points of Y by [ , ], which
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plays a fundamental role in the treatment of the uniform Mordell conjecture in
[ , ]. In terms of our theory, we have a simple interpretation of the
height inequality, which is also valid in families of algebraic dynamical systems.
As the non-degeneracy is interpreted as the bigness of L]y, the height inequality
is also interpreted by the bigness of some adelic line bundle. Applying Theorem
1.3.2(2) to the morphism Y — S and the adelic line bundle Ly|y on Y, we can
have a lower bound of the canonical height of points on Y by Weil heights on
S. See Theorem 6.2.2 for more details.

1.4.4 Equidistribution of PCF maps

Let S be a smooth and quasi-projective variety over a number field K. Let
X = P} be the projective line over S, and let f: X — X be a finite morphism
over S of degree d > 1. A point y € S(K) is called post-critically finite (PCF) if
all the ramification points (i.e. critical points) of f, : X,, — X, are preperiodic
under f,.

Denote by M, the moduli space over K of endomorphisms of P! of degree d.
Inside My, there is a closed subvariety corresponding to flexible Lattés maps.
By the moduli property, there is a morphism S — M.

The main result here is the following equidistribution theorem of Galois
orbits of PCF points.

Theorem 1.4.3 (Theorem 6.3.5). Assume that the morphism S — M, is
generically finite and its image is not contained in the flexible Lattés locus. Let
{Ym }m be a generic sequence of PCF points of S(K). Then the Galois orbit of
{Ym}m is equidistributed in S3 for dugz,, for any place v of K.

If S is a family of polynomial maps on P!, the theorem was previously
proved by Favre-Gauthier | ]. Their strategy was to reduce the problem to
the equidistribution of Yuan | ].

Now we explain our proof of the theorem, which will also introduce the key
term M in the statement. Denote by R the ramification divisor of the finite
morphism f: X — X, viewed as a (possibly non-reduced) closed subscheme in
X. Then R is finite and flat of degree 2d — 2 over S, and the fiber R, of R
above any point y € S is the ramification divisor of f, : X, — X,.

Let L be a Q-line bundle on X, of degree one on fibers of X — S, such that
f*L ~ dL. Denote by L = Ly the f-invariant extension of L in Pic(X)qg,nef
such that f*L ~ dL. Denote

M = NR/S(Z|R) S Iji\C(S)Qvnef.

Here the norm map is the Deligne pairing of relative dimension 0.
Consider the height function

hﬁl S(K) — Rzo.

For any y € S(K), the height h37(y) = 0 if and only if y is PCF in S. Then we
are in the situation to apply the previous equidistribution theorem (Theorem
5.4.3) to (S, M), except that we need to check the condition degz;(S) > 0.
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This requires the bifurcation measure introduced by DeMarco | ,
and further studied by Bassanelli-Berteloot | ]. The degz;(S) is exactly
equal to the total volume of the bifurcation measure on S, (C) for any embed-
ding o : K — C. Then degg7(S) > 0 is eventually equivalent to the condition
on S — M, by the works of | , ]. This proves the theorem and
confirms that the equilibrium measure dpug; . is a constant multiple of the bi-
furcation measure for any embedding o : K — C.

Recently, Ji-Xie | ] proved the dynamical Andre-Oort conjecture for
1-dimensional families, which relies on our theory of adelic line bundles and
especially our equidistribution theorem of PCF points.

In the end, we note that the theorem also holds for a family of morphisms
on P" with a slightly weaker statement. In particular, the construction of the
adelic line bundle M works in the same way. We refer to Theorem 6.3.4 for
more details.

1.4.5 Hodge index theorem on curves

In the end, we present our generalization of the arithmetic Hodge index theorem
of Faltings | ] and Hriljac | ] to finitely generated fields. We refer to
Theorem 6.5.1 for a detailed account.

Let k be either Z or a field. Let F' be a finitely generated field over k, and
let w: X — Spec F' be a smooth, projective, and geometrically connected curve
of genus g > 0. Denote by J = m@m the Jacobian variety of X and by © the
symmetric theta divisor on J. By the dynamical system (J,[2],©), we have a
Néron—Tate height function

b : Pic’(X5) — Pic(F/k)gnet-
The height function is quadratic, as in the classical case.

Theorem 1.4.4 (Theorem 6.5.1). Let k be either Z or a field. Let F be a finitely
generated field over k, and let m : X — SpecF be a smooth, projective, and
geometrically connected curve. Let M be a line bundle on X with deg M = 0.
Then there is an adelic line bundle Moy € Pic(X/k)int.0 with underlying line
bundle M such that

1. (Mo, V) =0, VYV € Pic(X/k)vert.q-
Moreover, for such an adelic line bundle,

T (Mo, Mo) = —2h(M).

In the theorem, 151\(:(X /k)vert,@ is the space of vertical adelic line bundles
defined as the kernel of the forgetful map Pic(X/k)in,o — Pic(X)q.
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1.5 Notation and terminology

We will introduce a uniform system of terminology and notations for both the
arithmetic and geometric cases. To achieve this, we need to abuse terminology
frequently.

Our base ring k is either Z or an arbitrary field. This is divided into two
cases:

(1) (arithmetic case) k = Z. In this case, the adelic line bundles will be limits
of hermitian line bundles on projective integral schemes over Z. This limit
process obtains the intersection theory.

(2) (geometric case) k is an arbitrary field of arbitrary characteristic. In this
case, the adelic line bundles will be the limit of usual line bundles on
projective varieties of over k. This limit process obtains the intersection
theory.

By a finitely generated field F' over k, we mean a field F which is finitely
generated over the fraction field of k. For any integral scheme X over k, denote
by k(X) the function field of X.

By a projective variety over k, we mean an integral, flat, and projective
scheme over k. By a quasi-projective variety over k, we mean an open subscheme
of projective variety over k. For a quasi-projective variety U over k, a projective
model means a projective variety X over k endowed with an open immersion
U — X over k. In the arithmetic case (that k¥ = Z), we may also use the
terms quasi-projective arithmetic variety and projective arithmetic variety to
emphasize the situation.

In the arithmetic case, for a projective arithmetic variety X’ over Z, we have
the group Div(X) of arithmetic divisors on X, and the group Pic(&X’) and the
category 7/3E(X ) of hermitian line bundles on X.

In the geometric case, for a projective variety X over a field k, an arithmetic
divisor means a Cartier divisor, a hermitian line bundle means a line bundle,
and we write Div(X), Pic(X), Pic(X) for Div(X), Pic(X), Pic(X). We take
this convention in other similar situations.

This abuse of notation is only one-way. For example, by Div, Pic, or Pic in
the arithmetic case, we still mean the ones without the Archimedean compo-
nents.

Below are a few conventions that are not directly related to the base k£ but
are taken throughout this book.

(1) Denote Mg = M ®zQ for any abelian group M. Take similar conventions
for My and Mc.

(2) For any field K, we fix an algebraic closure K of K throughout this book.
(3) Except in §2.7 and §3.6, all schemes are assumed to be noetherian.

(4) By a variety over a field, we mean an integral scheme, separated and of
finite type over the field. We do not require it to be geometrically integral.
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By a curve over a field, we mean a variety over the field of dimension 1.
All divisors in this book are Cartier divisors, unless otherwise instructed.

By a line bundle on a scheme, we mean an invertible sheaf on the scheme.
We often write or mention tensor products of line bundles additively, so
al — bM means L @ MP(0),

All the categories of (adelic, metrized) line bundles are groupoids, so the
morphisms are isomorphisms.

A functor between two categories may also be called a map or a homo-
morphism sometimes.



Chapter 2

Adelic divisors and adelic
line bundles

In this chapter, we develop a theory of adelic divisors and adelic line bundles
on essentially quasi-projective schemes. The main ideas of this chapter are
explained in the introduction.

2.1 Preliminaries on arithmetic varieties

In this section, we review some basic notions of arithmetic divisors and hermitian
line bundles on projective arithmetic varieties. These are standard terminology,
and most of them are reviewed in the appendix of this book in slightly different
settings. We also refer to the textbook of Guo—Yuan | ] for a first course
on Arakelov geometry.

2.1.1 Metrics on complex analytic spaces

We refer to | , Chapter IT] or | ] for detailed introductions to complex
analytic varieties. For convenience, all complex analytic varieties in this book
are assumed to be reduced and irreducible.

Let X be a (reduced and irreducible) complex analytic variety. The default
topology on X is the complex topology unless otherwise instructed. The regular
locus (or equivalently smooth locus) X**8 is a complex manifold, which is open
and dense in X. In the following, we introduce metrics of line bundles on X
with different types of regularities.

We take the notion of smooth differential forms following | , §1.1]. For
integers p,q > 0, a smooth (p,q)-form on X is a smooth (p,q)-form « on X8
such that for any point z € X, there is an open neighborhood U of x in X
and an analytic map i : U — M to a complex manifold M under which U is a
closed analytic subvariety of M, such that «a|yres can be extended to a smooth
(p, q)-form on M.

23
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The case p = g = 0 gives the notion of smooth functions. Namely, a smooth
function on X is a continuous function f : X — C such that for any point x € X,
there is an open neighborhood U of z in X and an analytic mapi: U — M to a
complex manifold M under which U is a closed analytic subvariety of M, such
that f|y can be extended to an infinitely differentiable function f : M — C.
Note that the smoothness here is stronger than that in [ ]

With the definition of smooth (p, ¢)-forms, most notions and operations on
differential forms and currents on complex manifolds can be extended to complex
analytic varieties.

Let L be a line bundle on X. By a continuous metric (resp. smooth metric)
of L on X, we mean the assignment of a metric || - || to the fiber L(z) above
every point « € X, which varies continuously (resp. smoothly) in that for any
local analytic section s of L defined on an open subset U of X, the function
|s(z)]|? is continuous (resp. smooth) in z € U.

For any continuous metric || - || of L on X, the Chern current

1
(L, [ -1) := —00log ||s]| + daiv(s)

is a (1,1)-current on X. Here s is any meromorphic section of L on X, and the
definition is independent of the choice of s.

A continuous metric || - || of L on X is called semipositive if the Chern
current is a positive current. Equivalently, for any analytic curve Y of X, and
any smooth and compactly supported function f, the integration

/fq@wmwwzu
Y

As the well-known special case, if X is smooth and the metric || - || of L is
smooth, the Chern current is represented by the Chern form ci(L,| - |) (by
abuse of notation). In this case, ||-|| is semipositive on X if and only if ¢1 (L, ||-]|)
is positive semi-definite as a smooth (1,1)-form on X. If X is general and the
metric || - || is smooth, then || -|| is semipositive on X if and only if ¢1 (L] xrez, || - ||)
is positive semi-definite as a smooth (1, 1)-form on X*¢.

A continuous metric || - || of L on X is called integrable if it is the quotient of
two semipositive metrics; i.e. there are line bundles (Ly, | - ||1) and (La, || - ||2)
endowed with semipositive metrics on X such that (L,| - ||) is isometric to

(L, 1) @ (L, | - [l2)™-

Let X be a complex projective variety. Let L be a line bundle on X. Then
any smooth metric || - || of L on X is the quotient of two semipositive metrics of
line bundles on X. In fact, if X is smooth, take an ample line bundle A with a
positive metric || - || 4, then (L, ]| - ||) @ (A, || - || a)®™ also have a positive metric
for sufficiently large m. If X is singular, take a closed embedding i : X — PV
and set (4, -]|a) = (O(1),] - ||rs), where || - ||rs is the Fubini-Study metric.

By a local argument, (L, || - ||) ® (A, || - |[a)®™ still has a semipositive metric for
sufficiently large m. As a consequence, smooth metrics are integrable.
Note that | | also has a notion of “semipositive metrics” and “inte-

grable metrics”. We will see that our notion is essentially equivalent to those
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of the loc. cit. on complex projective varieties. Let L be a line bundle on a
complex projective variety X with a continuous metric || - ||. Then we have the
following comparisons:

(1) If L is ample, then || - || is semipositive (in our sense) if and only if it is
semipositive in the sense of | ]. In fact, by | , Cor. (], any
semipositive continuous metric on L is an increasing limit of semipositive
smooth metrics on L. This limit process is uniform since all the metrics are
continuous. Then it is semipositive in the sense of | ]. The inverse
direction follows from the fact that the decreasing limit of psh functions
is again psh.

(2) Any semipositive metric || - || (without assuming that L is ample) is the
quotient of two semipositive continuous metrics on ample line bundles.
This is trivial by tensoring (L, | - ||) by an ample line bundle with a semi-
positive continuous metric.

(3) A continuous metric | - || is integrable if and only if it is integrable in the
sense of | ]. This follows from (1) and (2).

As above, let X be a complex projective variety. Denote n = dim X. Let
(L1, || < 11)s -+ 5 (Lns || - [|n) be line bundles with integrable metrics on X. Then

there is a Monge-Ampere measure ci(Ly,|| - ||1) - - c1(Ln, | - [|n) on X. Tt is
reduced to semipositive metrics by linearity, and then the approximation method
of | , Thm. 2.1] (or | , Cor. 1.6]).

2.1.2 Green functions on complex analytic spaces

Let X be a complex analytic variety. We introduce Green functions of divisors
following the above treatment of metrics of line bundles.

Let D be an (analytic) Cartier divisor on X with support |D|. A Green
function (resp. Green function of smooth type) of D on X is a function g :
X \ |D| — R such that for any meromorphic function f on an open subset U
of X satisfying div(f) = D]y, the function g + log|f| can be extended to a
continuous (resp. smooth) function on U. Sometimes, a Green function is also
called a Green function of continuous type to emphasize the property.

Note that the pair (D, g) defines a pair (O(D), | - ||4) with the metric de-
fined by ||splly = e79. Here sp is the section of O(D) corresponding to the
meromorphic function 1 on X.

By this correspondence, g is of continuous type (resp. of smooth type) if
and only if || - ||4 is continuous (resp. smooth). Moreover, we say that g is
semipositive (resp. integrable) if || - ||, is semipositive (resp. integrable).

All the definitions and results for metrics and Green functions easily extend
to finite disjoint unions of the analytic variety (i.e., the complex projective
variety).
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2.1.3 Hermitian line bundles on arithmetic varieties

By a projective arithmetic variety (resp. quasi-projective arithmetic variety) X,
we mean an integral scheme, projective (resp. quasi-projective) and flat over Z.
We usually denote by Q(X) the function field of X.

Let X be a projective arithmetic variety. A hermitian line bundle on X is a
pair £ = (L, ||-||), where £ is a line bundle (equivalently an invertible sheaf) on
X, and || - || is a continuous metric of L(C) on X(C), invariant under the action
of the complex conjugate.

An isometry from a hermitian line bundle £ = (£, || -||) to another hermitian

line bundle £ = (£',] - ||') is an isomorphism £ — L’ of coherent sheaves
compatible with the metrics.

Denote by Pic(&X) the group of isometry classes of hermitian line bundles
on X. Denote by 735(2( ) the category of hermitian line bundles on X, in which
the morphisms are isometries of hermitian line bundles. This is a groupoid by
definition.

Note that for a hermitian line bundle £ = (£, - ||), we only require the
metric to be continuous (instead of smooth). This relaxed notion will bring
some convenience in approximation later and will also make the category of
hermitian line bundles on X equivalent to the category of adelic line bundles on
X/Z.

For convenience, define fi\c(X)Sm (resp. 751\C(X)int) to be the full subcate-
gory of fl\c()( ) of hermitian line bundles with smooth metric (resp. integrable
metrics). Define P/’i\c()()sm (resp. ﬁi\c(X)int) to be the subgroup of 151\(:(?() sim-
ilarly.

2.1.4 Arithmetic divisors

Let X be a projective arithmetic variety. An arithmetic divisor on X is a pair
D = (D, gp), where D is a Cartier divisor on X, and gp is a Green function of
D(C) on X(C), invariant under the action of the complex conjugate. A principal
arithmetic divisor on X is an arithmetic divisor of the form

div(f) := (div(f), —log| f])

for any rational function f € Q(X)* on X.

Denote by ﬁR/(X ) the group of arithmetic divisors on X, and by ls;(X )
the group of principal arithmetic divisors on X. Then we have the arithmetic
divisor class group

CaCl(X) = Div(X)/Pr(X).

An arithmetic divisor D = (D, gp) € ]SR/(X ) is effective (resp. strictly
effective) if D is an effective Cartier divisor on X and the Green function gp > 0
(resp. gp > 0) on X(C) — |D(C)|.

There is a canonical map

Div(X) —s Pic(X), D+ O(D),
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which induces an isomorphism
CaCl(X)-"5Pic(X).

The inverse image of a hermitian line bundle £ is represented by the divisor

—

div(s) = div y 7,(s) := (div(s), — log |s]]),

where s is any nonzero rational section of £ on X.

Similar to hermitian metrics, we only require the Green functions to be of
continuous type (instead of smooth type). Define Div(X)gy (resp. Div(X)int)
to be the subgroup of 51;()( ) of arithmetic divisors with Green functions of
smooth types (resp. integrable Green functions).

Assume now X be a projective arithmetic variety. An arithmetic divisor D
on X is nef if the hermitian line bundle O(D) is nef on X'. Denote by Div(X)pef

the sub-semigroup of ISE(X ) of nef line bundles on X'.

2.1.5 Arithmetic intersection numbers

Let X be a projective arithmetic variety as above. Let Z be a closed integral
subscheme of X of dimension d > 0. We say that Z is horizontal if Z — SpecZ
is surjective; we say that Z is vertical if the image of Z — SpecZ is a closed
point. Let L1, -- , Ly be d hermitian line bundles on X’ with integrable metrics.
Then we define the intersection number £1 - Lo -+ Lq - [Z] by induction on d as
follows.

If d = 0, then Z is a closed point of X and thus I'(Z,Oz) is a finite field.
Define [Z] = log #I'(Z,0z%).

If d > 0, we take a nonzero rational section sq of L4 over Z. In terms of Weil
divisors, we write div(sy) = Zz a; Z; with a; € Z and Z; integral subschemes of
Z of dimension d — 1. We define

El . 'Zd . [Z} = Zaizl . 'Zd—l . [ZJ — / log ||5dH01(Zl) e Cl(zd_l).
i Z(C)

Here we take the convention that the integral on the right-hand side is zero
if Z(C) = 0, which happens if Z is vertical. The intersection number is the
independence of the choices of s;4 and the orderings of £, ,Lg.

There is also a similar induction formula for intersection numbers of arith-
metic divisors with integrable Green functions.

If f: X’ — X is a morphism from another projective arithmetic variety X”,
and Z’ is a closed integral subscheme of X’ of dimension d with f(Z') C Z,
then we have the projection formula

f*fl . f*ZQ s f*zd . [Z/} = deg(Z’/Z) . (Zl -ZQ .. 'Zd . [ZD

Here deg(Z2’/Z) is the degree between the function fields of these two schemes,
which is understood to be 0 if Z’ — Z is not surjective.
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Now we consider a few special cases of intersection numbers.

If d <1 or if Z is vertical, the definition is also valid without assuming the
hermitian metrics to be integrable.

If Z is vertical, then it is a projective variety over a finite field IF,,, and thus
we have

L1 Lq- 2] =((L1]z) (La]z)- - (La|z))logp.

Here, the intersection number on the right-hand side is the usual intersection
number for projective varieties in algebraic geometry, and the hermitian metrics
do not play any role here.
If Z = X, we simply write £; - - - Lg for £y - - - L4-[X]. This gives a symmetric
and multi-linear map .
Pic(X)dm¥ R,

By this notation, for general Z in X', we easily have
Ly Ly Ly [2] = (L1lz) - (Lo|z) - (Lalz).

In the case of arithmetic curves that Z = X = Spec O for a number field
K, the intersection number is just the arithmetic degree

deg(L1) = log #(L1/510K) — Y log s o

o:K—C

where s € £ is a nonzero element.

2.2 Objects of mixed coefficients

The goal of this section is to introduce notations for divisors and line bundles
of mixed coefficients, i.e. Q-line bundles and Q-divisors which are integral to
an open subscheme of the ambient scheme. These are less standard but will be
crucial to define effective sections of adelic line bundles in our theory.

For clarity, in this section, we do not take the uniform terminology in §1.5
but introduce all the terms case by case.

2.2.1 Q-divisors and Q-line bundles

When we say divisors, we always mean Cartier divisors unless otherwise speci-
fied. When we want to distinguish the usual divisors (resp. line bundles) from
Q-divisors (resp. @Q-line bundles), we often say integral divisors (resp. integral
line bundles).

Let X be a scheme. Denote by Div(X) = H°(X,K%/O%) the group of
Cartier divisors on X. Here Kx is the sheaf of rational functions on X. The
image of H%(X,K%) in Div(X) is the subgroup of principle Cartier divisors on
X, denoted by Pr(X).

The support |D| of a Cartier divisor D on X is the complement of the max-
imal open subscheme of X on which D is trivial. A Cartier divisor D on X
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is called effective if it lies in the image of the semi-group H°(X,0x/O%) in
Div(X).

An element of Div(X)g = Div(&X) ®z Q is called a (Cartier) Q-divisor of X.
A Q-divisor D € Div(X)q is called effective if for some positive integer m, the
multiple mD is an effective (integral) divisor in Div(X').

Denote by Pic(X) the category of line bundles on X, in which the objects
are line bundles (or equivalently invertible sheaves) on X', and the morphisms
are isomorphisms of line bundles. Denote by Pic(X)g the category of Q-line
bundles on X, in which the objects are pairs (a, £) (or just written as a£) with
a € Q and £ € Pic(X), and a morphism of two such objects is defined to be

Hom(aL,a'L’) := lim Hom(amZL,a'mL’),

where m runs through positive integers such that am and a’m are both integers,
so that amL and a’'mL’ are viewed as integral line bundles, and “Hom” on the
right-hand side represents isomorphisms of integral line bundles. For the direct
system, for any m|n, there is a transition map

Hom(amL,a'mL") — Hom(anL,a'nL")

locally given by taking (n/m)-th power of an isomorphism. The group of isomor-

phism classes of objects of Pic(X)q is isomorphic to Pic(X)g = Pic(X) @z Q.
Let aL be a Q-line bundle on X with @ € Q and £ € Pic(X). A section

of al on X is an element of Hom(Ox,al) = limI'(X,amL), where m runs

through positive integers with am € Z. If X is an integral scheme, a rational
section of al on X is an element of Hom(O,, aLl,) = ligf(n, amf), where 7 is

m
the generic point of X', and m runs through positive integers with am € Z. If
s is a section represented by s,, € I'(X,amL) or a rational section represented
by s, € T'(n,amL), then define

div(s) := %div(sm).

This is a Q-divisor on X.

If X is a projective variety over a field, a Q-divisor D € Div(X)qg (resp.
Q-line bundle £ € Pic(X)q) is called nef if for some positive integer m, the
multiple mD (resp. mL) is a nef divisor on X (resp. nef line bundle on X) in
the usual sense.

2.2.2 Arithmetic Q-divisors and hermitian Q-line bundles

The above Q-notions extend easily to the arithmetic situation. We sketch them
briefly. - -

Let X be a projective arithmetic variety. An element of Div(X')g = Div(X)®z
Q is called an arithmetic Q-divisor. So an arithmetic Q-divisor is still repre-
sented by a pair (D, gp), where D is a Cartier Q-divisor on X, and gp is a Green
function of D on X defined similarly.
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An arithmetic Q-divisor D € ]Si\v(X)Q is called effective (resp. strictly ef-
fective) if for some positive integer m, the multiple mD is an effective (resp.
strictly effective) (integral) arithmetic divisor in ]5;/(2( ).

Denote by 7/7;(X )g the category of hermitian Q-line bundles on X, in which
the objects are pairs (a, £) (or just written as al) with a € Q and £ € ﬁ()(),
and the morphism of two such objects is defined to be

Hom(aLl,d'L ) := H_I)nIsom(amZ, a'mL),

m

where “Isom” represents isometries, and m runs through positive integers such
that am and a’m are both integers.

If s is a section of aL represented by s,, € I'(X', amL) or a rational section of
aLl represented by s,, € I'(n,amL), where n € X is the generic point as above,
then define

1 — 1 —~
div(s) := Ediv(sm), div(s) := %diV(Sm)-

These are respectively Q-divisors and arithmetic Q-divisors on X -

An arithmetic Q-divisor D € Div(X)g (resp. hermitian Q-line bundle £ €
7/7%(2( )o) is called nef if for some positive integer m, the multiple mD (resp.
mL) is a nef arithmetic divisor in ]SFI(X ) (resp. nef hermitian line bundle in
7/7;()()) in the usual sense.

2.2.3 (Q,Z)-divisors

Let U be an open subscheme of an integral scheme X. Define Div(X,U) to be
the fiber product of the natural map ¢ : Div(X)g — Div(U)g with the natural
map ¢ : Div(U) — Div(U)q; i.e.

Div(X,U) = ker(¢ — ¢ : Div(X)g & Div(U) — Div(U)qg).

In other words, Div(X,U) is the group of pairs (D,D’), where D € Div(X)g
and D’ € Div(U) have equal images in Div(U)g.

An element (D,D’) of Div(X,U) is called a (Q,Z)-divisor on (X,U) or a
Q-divisor of X integral on U. We usually call D the rational part of (D,D’),
and call D’ the integral part of (D, D).

By definition, there are projection maps

Div(X,U) — Div(X)g, Div(X,U) — Div(U).

By abuse of notations, we may abbreviate an element (D, D’) of Div(X,U) as
D, and then write D]y, for D', viewed as an integral divisor on U.
There are canonical maps

Div(X) — Div(X,U), &+ (&,&u)

and
Div(U)tor — Div(X,U), T — (0,7).
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Here Div(U)sor is the subgroup of torsion elements of Div(U/). Then we have a
canonical exact sequence

0 — Div(U)ior — Div(X,U) — Div(X)g — Div(U)g/Div(U).
Then there is a canonical isomorphism
Div(X,U)g——Div(X)g.

Take quotient
CaCl(X,U) :=Div(X,U)/ Pr(X).
Here Pr(&X) is mapped to Div(X,U) via Div(X) — Div(X,U). Note that
Pr(X) — Div(X,U) is not necessarily injective, but the quotient makes sense
by group action. There are canonical maps

CaCl(X,U) — CaCl(X)g, CaCl(X,U) — CaCl(ld).

An element of Div(X,U) is called effective if its images in Div(X)g and
Div(U) are both effective.

If X is a projective variety over a field, an element of Div(X,U) is called nef
if its image in Div(X)g is nef.

2.2.4 Arithmetic (Q,Z)-divisors

The above mixed notions extend easily to the arithmetic situation.

___Let U be an open subscheme of a projective arithmetic variety X. Define
Dlv(X U) to be the fiber product of the natural map ¢ Dlv(X)Q — Div(U)g
with the natural map ) : Div(U) — Div(U)g; i.e.

Div(X,U) = ker(¢ — ¢ : Div(X)g ® Div(Ud) — Div(U)g).

In other words, ]Si\V(X,Z/{) is the group of pairs (D, D’), where D € ISR(X)@ and
D' € Div(U) have equal images in Div({f)g. Note that the second component
uses Div(U) (instead of Div(U)), so it puts no condition on the Green function.

An element of 61?/(?(,1/{) is called an arithmetic (Q, Z)-divisor on (X,U) or
an arithmetic Q-divisor of X integral on U. We usually call D the rational part
of (D,D’), and call D’ the integral part of (D,D’).

There are projection maps

Div(X,U) — Div(X)g,  Div(X,U) — Div(l)

By abuse of notations, we may abbreviate an element (D, D') of 517/(2( JU) as
D, and then write D]y for D', viewed as an integral divisor on Y.
There are canonical maps

Div(X) — Div(X,U), Div(U)or — Div(X,U).
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We have a canonical exact sequence
0 — Div(U)sor — Div(X,U) —> Div(X)g —> Div(U)g/Div(U).
Then there is a canonical isomorphism
Div(X,U)g —> Div(X)g.

There is also a canonical injection

ker(Div(X)g — Div(i)g) — Div(X,U), D — (D,0).
Take quotient
CaCl(X,U) := Div(X,U)/Pr(X).
Here the quotient is via the composition ls;(X) — 6;/()() — ﬁiT/(X,L{).

~—l

An element of ]SRI(X,Z/[) is called effective if its images in Div(X)q and
Div(U) are both effective.

An element of ]5;/(2\’,?/{) is called nef if its image in ISF/(X)@ is nef.

2.3 Essentially quasi-projective schemes

This section aims to define some basic terms about arithmetic models and in-
troduce quasi-projective schemes, a special class of schemes on which we can
naturally define adelic divisors and adelic line bundles.

2.3.1 Pro-open immersions

A morphism i : X — Y of schemes is called a pro-open immersion if it satisfies
the following two conditions:

(i) ¢ is injective as a map between the underlying topological spaces;

(ii) ¢ induces isomorphisms between the local rings; i.e. for any point = € X,
the induced map Oy,;(;) — Ox . is an isomorphism.

By Raynaud | , Prop. 1.1], pro-open immersions are exactly flat monomor-
phisms, and they are systematically studied in the loc. cit. We have the follow-
ing equivalent definitions.

Proposition 2.3.1. Leti: X — Y be a morphism of quasi-compact schemes.
Then the following are equivalent:

(1) The morphism i is a flat monomorphism; i.e, i is flat, and Hom(S, X) —
Hom(S,Y) is injective for any scheme S.

(2) The morphism i is a pro-open immersion; i.e. 1 induces an injection
between the underlying spaces and isomorphisms between the local Tings.
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(8) The mapi: X =Y is a homeomorphism of X to its image i(X) endowed
with topology induced fromY ; the image i(X) is equal to the intersection of
its open neighborhoods in'Y ; the natural morphism (X, Ox) — (X,i71Oy)
is an isomorphism of ringed spaces. Here i—'Oy denotes the pull-back as
abelian sheaves.

Proof. See [ , Prop. 1.1, Prop. 1.2]. O

Another property of | , Prop. 1.2] is as follows.

Lemma 2.3.2. Let i : X — Y be a pro-open morphism of quasi-compact
schemes. If Y is noetherian, then X is also noetherian.

To justify the term “pro-open,” note that a pro-open immersion to a scheme
Y is given by the projective limit of some system of open subschemes of Y; see
[ , Prop. 2.3]. We refer to the loc. cit. for more properties.

2.3.2 Essentially quasi-projective schemes

Let k be either Z or a field. We take the convention in §1.5 for objects over k.

Recall that, by a projective variety (resp. quasi-projective variety) over k,
we mean an integral scheme, projective (resp. quasi-projective) and flat over k.
We make the following further definitions.

(1) A flat integral noetherian scheme X over k is called essentially quasi-
projective over k if there is a pro-open immersion ¢ : X — X over k for
some projective variety X over k.

(2) Let X be a flat and essentially quasi-projective integral scheme over k. By
a quasi-projective model (resp. projective model) of X over k, we mean a
pro-open immersion X — U (resp. X — X) for a quasi-projective variety
U (resp. projective variety) over k.

The following are three important and natural classes of essentially quasi-
projective schemes over k:

(a) a quasi-projective variety over k,

(b) a quasi-projective variety X over a finitely generated field F' over k (in-
cluding the case X = Spec F),

(c) the spectrum of the local ring of a quasi-projective variety over k at a
point.

In this book, we are mainly concerned with cases (a) and (b). If X is in case (a),
any pro-open immersion X — X to a projective variety X over k is necessarily
an open immersion, so the notions of projective models regarding X as a quasi-
projective variety and as an essentially quasi-projective variety coincide. If X
is in case (b), its quasi-projective model is not as arbitrary as it seems. Lemma
2.3.3 asserts that it essentially comes from the generic fiber of a morphism
U — V of quasi-projective varieties over k.
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2.3.3 More properties

The following result describes the pro-open immersion in case (b).

Lemma 2.3.3. Let F be a finitely generated field over k, X be a quasi-projective
variety over F', and i : X — U be a quasi-projective model of X over k. Then
there is an open subscheme U’ of U containing the image of X together with a
flat morphismU" — V of quasi-projective varieties over k, such that the function
field of V is isomorphic to F, and that the generic fiber of U' — V is isomorphic
to X — Spec F.

Furthermore, if X is projective over F, then we can assume that the flat
morphism U' — V is projective.

Proof. The last statement follows from the quasi-projective case by choosing an
open subscheme of V since projectivity is an open condition.

For the quasi-projective case, let V be a quasi-projective model of Spec F'
over k. Then the rational map U --» V is defined on an open neighborhood of
X in U. Replacing U by an open subscheme if necessary, we can assume that
the rational map extends to a morphism &/ — V. Denote by 1 € V the generic
point and by U,, — 7 the generic fiber of i/ — V. By the universal property of
the fiber product of &/ — V and n — V, we have a morphism j : X — U, over
F, whose composition with U;, — U is exactly i : X — U.

The morphism j : X — U, is flat and of finite type, so it is an open map. In
particular, the image j(X) is open in U,. By Proposition 2.3.1(3), j : X — U,
is an open immersion. Then the result follows. O

In the general case, we have the following result about the inverse systems
of quasi-projective models.

Lemma 2.3.4. Let X be a flat and essentially quasi-projective integral scheme
over k, and let U be a fized quasi-projective model of X over k. Then the
inverse system of open neighborhoods of X in U is cofinal to the inverse system
of quasi-projective models of X over k.

Proof. Let U’ be a quasi-projective model of X over k. Then the rational map
U --» U’ is defined on an open neighborhood U” of X in U. Then the system
{U"} is cofinal to the system {U’}. O

2.3.4 Effectivity of Cartier divisors

Over a normal scheme, the effectivity of a Cartier divisor can be checked in
terms of the effectivity of the corresponding Weil divisor. Then we have the
following result.

Lemma 2.3.5. Let X be a normal integral scheme, and let 1 : X' — X be a
birational proper morphism of integral schemes. Let D be a Cartier divisor on
X. Then the following are equivalent:

(1) D is effective on X;
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(2) Y*D is effective on X';

(3) D is effective as a Q-divisor on X; i.e. mD is effective for some positive
nteger m.

Proof. The proof is straightforward using Weil divisors, except that to prove
that (2) implies (1), we need to replace X’ by its normalization. O

Without normality, the situation is more delicate. The following result solves
the problem for our purpose. Recall that for a dominant morphism of integral
schemes V' — W, we say that W is integrally closed in V if the normalization
of W in V is isomorphic to W.

Lemma 2.3.6. Leti: X — X be a pro-open immersion of integral noetherian
schemes. Assume that X is integrally closed in X. Then a Cartier divisor D on
X is effective if and only if the following two conditions hold simultaneously:

(1) the pull-back D|x is effective on X;

(2) for anyv € X\ X of codimension one in X, the valuation ord, (D) in the
discrete valuation ring Ox , is non-negative.

Proof. We first claim that the local ring Oy, in (2) is a discrete valuation ring.
In fact, the base change of X — X by SpecOx , — X is exactly Speck(X) —
Spec Oy . Here k(X) denotes the function field of X, which is also the fraction
field of Ox,. As a consequence, Spec Oy, is integrally closed in Speck(X).
Then Oy , is a discrete valuation ring since it has dimension 1.

To prove the lemma, we only need to prove the “if” part. If X is normal,
then we can write Cartier divisors in terms of Weil divisors, and the effectivity
of them are equivalent.

In the general case, let f be a local equation of D in an affine open subscheme
W of X. Then f € k(W)*, and we need to prove f € O(W). By the normal
case, f is regular on the normalization W’ of W. As a consequence, f is integral
over O(W). Note that f € O(WW N X) by the assumption that D|x is effective.
By assumption, O(W) is integrally closed in O(W N X). Therefore, f € O(W).
This finishes the proof. O

Now we have the following variant of Lemma 2.3.5 for non-normal schemes.

Lemma 2.3.7. Leti : X — X' and i : X — X be pro-open immersions of
integral noetherian schemes, and let ¢ : X' — X be a birational and proper
morphism such that i o1 =1'. Assume that X is integrally closed in X. Let D
be a Cartier divisor on X. Then the following are equivalent:

(1) D is effective on X;
(2) ¥*D is effective on X';

Proof. Tt is trivial that (1) implies (2). For the opposite direction, replace X’
by its normalization in X, and apply Lemma 2.3.6. O
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2.4 Adelic divisors

Let k be either Z or a field. Let X be a flat and essentially quasi-projective
integral scheme over k. The goal of this section is to define adelic divisors on
X. We will start the definition for a quasi-projective variety over k, and the
general case is obtained as a direct limit over all quasi-projective models.

2.4.1 Adelic divisors on a quasi-projective variety

Let k be either Z or a field. Take the uniform terminology in §1.5. Let U be a
quasi-projective variety over k.

Let X be a projective model of U over k. In the spirit of §1.5, denote
by Dlv(X U) the group of arithmetic (Q, Z)-divisors on (X U). Hence, in the
geometric case (that k is a field), we take the convention Dlv(X U) = Div(x,U),
and an arithmetic (Q, Z)-divisor in this case just means a (Q, Z)-divisor. Both
cases are introduced in §2.2.

Projective models X' of U over k form an inverse system. Using pull-back
morphisms, we can form the direct limits:

Div(U/k)mod := li_I)nDiV(XJ/{),
x

Pr(U/k)mod = lim Pr(X).
x
Here the subscript “mod” represents “model divisors”, as these divisors are
defined on single projective models. Now we are going to introduce a topology
on DlV(U/k‘)mOd

For any D, & € 65/(2\?)@, write D > € or € < D if D — £ is effective. It is
a partial order in ]51;(/’\,’ )o- This induces a partial order in 51?/(2\? ,U) by the
law that D > € or £ < D in 51?/(X,Z/l) if the image of D — £ in ]51?/()()@ and
the image of D — & in Div(U) are both effective. By direct limit, we have an
induced partial order in Div(U/k)moq, and we will use the same symbols for it.

In the geometric case (that k is a field), by a boundary divisor of U/k, we
mean a pair (Xp,Ey) consisting of a projective model Xy of U over k and an
effective Cartier divisor & on Xy with support equal to Xy \ U. To see the
existence of (Xp, &), take any projective model X of U over k, and blow-up A}
along the reduced center X\ U. We get a projective model Xy of U, and the
exceptional divisor of Xy — X is a Cartier divisor with support Ay \ U.

In the arithmetic case (k = Z), by a boundary divisor of U /k, we mean a pair
(Xo, Eo) consisting of a projective model Xy of U over k and a strictly effective
Cartier divisor £y on Xj such that the support of the finite part & is equal to
Xo\U.

To unify the terminology, in the geometric case, write £y = & in Dlv(Xo) =
Div(Xp). Then in both cases, a boundary divisor is written in the form (Xp, &o),
and the following are for both cases.
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For any r € Q, view 7€ as an element of ]SR/(XO,Z/{) by setting its integral
part in Div(U) to be 0. Then r&y is also viewed as an element of Div(X)mod-
Let (Xp, o) be a boundary divisor of U/k. We have a boundary norm

I+ Ilz, = Div(U/k)moa — [0, 0]

defined by
||f||§0 =inf{e € Qso: —€e€o <D < e&p}.

Here we take the convention that inf(()) = co. Note that || - [[g, can take value
infinity, but it is an extended norm in the sense of | , Def. 1.1]. We refer
to [ ] for more theory on extended norms. In our situation, we have the
following basic properties.

Lemma 2.4.1. The boundary norm || ||z, on BR/(U/k)mod satisfies the follow-
g properties:

(1) |Dllz, = 0 if and only if D = 0;
(2) |D1 + Dallz, < |Dillg, + D2z,

(3) Hafﬂgo < la| - ||5||g0 for any nonzero a € Z. The inequality is strict if
and only if both D # 0 and aD = 0 hold in Div(U), where D denotes the
image of D in Div(U).

Moreover, if (Xé,zg) is another boundary divisor, then || - ||§g is equivalent to
| - Iz, in the sense that there is a real number r > 1 such that

P g, < -l < il g, -

Proof. Note that (2) and (3) are automatic by definition. For (1), assume that
H@Hgo = 0 for some Dj; i.e. —e£y < D < €& in BE(U/k)mod for all positive
rational numbers €. Assume that D comes from ISR/(X ,U) for a projective
model X of U, and assume that X dominates Xy and is integrally closed in U.
By Lemma 2.3.7, —e£y < D < €& holds in Div(X,U) for all positive rational
numbers e. Then we can conclude D = 0 by Lemma 2.3.6.

For the equivalence of the two norms, it suffices to find a rational number
r > 1 such that 1€ < £, < 1€ in Div(U/k)med. In fact, we can find a third
projective model ) of Y dominating both Xy and A}, and we can further assume
that ) is integrally closed in &/. Then we only need to treat the inequalities
over ), which is an easy consequence of Lemma 2.3.6. O

The boundary topology on BR/(L{/k)mod is the topology induced by the
boundary norm || - ”?o‘ Thus, a neighborhood basis at 0 of the topology is
given by

B(e, Div(U/k)mod) := {D € Div(U/k)moa : —E0 <D < e&o}, €€ Qsp.
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By translation, it gives a neighborhood basis at any point. The topology does
not depend on the choice of the boundary divisor (Xy, £g) by the lemma.

Let 5;/(2/{/]6) be the completion of BF/(Z/{/k)mod for the boundary topology.

An element of BRI(Z/{/k) is called an adelic divisor (or a compactified divisor)
of U/k. By definition, an adelic divisor is represented by a Cauchy sequence in
]Si\v(l/l/k:)m)d7 i.e. a sequence {D;};>; in ISR/(U/k)mOd satisfying the property
that there is a sequence {e;};>1 of positive rational numbers converging to 0
such that

—€,E0 <Dy —D; <&y, 7 >i>1.

The sequence {D; };>1 represents 0 in ISR/(Z/{ /k) if and only if there is a sequence
{6:}i>1 of positive rational numbers converging to 0 such that

—0;E0 <D; < 6:Ey, i>1.
Define the class group of adelic divisors of U to be
CaCl(U/k) = Div(U k) [Pr(U/F)moa.
The map Div(X,U) — Div() induces maps
Div(U /k)mod — Divd),  CaCl(/k)moa — CaCl(ld).

We call these maps restriction maps or forgetful maps.
Remark 2.4.2. In the arithmetic case k = Z, for the definition

Div(U/k)moa = lim Div(X,U),
X

we allow elements of 51?/(2( ,U) to have Green functions of continuous type in-
stead of Green functions of smooth type. See §2.1 for the definitions of these
terms. However, both choices give the same completion Div(U//k) since contin-
uous functions on X'(C) can be approximated by smooth functions uniformly.

2.4.2 Completion of the divisor class group

Let U be a quasi-projective variety over k. Consider the class group of model
divisors:

CaCl(U/k)moa = lim CaCl(X,U) = Div(U/k)moa /Pr(U/k)moa.
X

It is endowed with the quotient topology induced by the boundary topology of
Div(U/k)moa. On the other hand,

CaCl(U/k) = Div(U /k)/Pr(U/k)moq

is not defined to be the completion of @l(u /k)moa. However, the following
result asserts that these two are isomorphic.
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Lemma 2.4.3. The group 15\1?(L{/k)mod is discrete in BRI(Z/{/k)mod under the
boundary topology. Therefore, CaCl(U/k) is canonically isomorphic to the com-
pletion of CaCl(U /k)moa-

Proof. 1t suffices to prove the first statement. In the following, we assume the
arithmetic case k = Z since the geometric case is similar and easier.

Assume that there is a sequence D; in Pr(U/k)moa converging to 0. Then
there is a sequence {¢;};>1 of positive rational numbers converging to 0 such
that €,€9 £ D; > 0 in BFI(Z/{//{)mOd for any i > 1. Assume that D; = (TRIX (fi)
for a projective model X; of U and a rational function f; € Q(&X;)* = QU)*.

We first consider the case that &/ and X; are normal for ¢ > 0. For i = 0,
recall that the projective model A is the one chosen to define &op. By Lemma
2.3.5, the relation €;Eg + D; > 0 in Div(U/k)moq is the same as the relation
&0 + (Ii;;(o(fi) > 0 in ]Si\V(XO)Q. When ¢; is small enough, we must have
divx, (f;) = 0. This implies that f; € O(Xy)* = Of. Here K is the algebraic
closure of Q in Q(Xy), and Of is the ring of algebraic integers in K. In the
setting of Dirichlet’s unit theorem, the image of O in R” under the logarithms
of archimedean absolute values is discrete. Then the relation €;g & log |f;| > 0
from the Green function implies that |f;|, = 1 for any archimedean place o of
K and for sufficiently large i. Therefore, f; is a root of unity, and thus D; = 0
for such ¢. This proves the normal case.

For the general case that AX; is not normal, denote by X/ (resp. U’) the
normalization of X; (resp. U) for all ¢ > 0. Consider the pull-back of the
relation ;€9 £ D; > 0 to the normalizations. Then the previous case implies
that f; is a root of unity for sufficiently large ¢. This implies the image of
D; = (fl;x (fi) in ]SF/(XZ-)Q is 0. On the other hand, by definition of Cauchy
sequences, the integral part D;|y is constant in Div(U). Therefore, the sequence
D; in ]SE(Z/{/k)mod, which is a subgroup of lim ]SR/(X)@ ® Div(U), is eventually

x

constant. The proof is complete. O

2.4.3 Adelic divisors on essentially quasi-projective schemes

Let k be either Z or a field. Let X be a flat and essentially quasi-projective
integral scheme over k as in §2.3. The set of quasi-projective models U of X
over k form an inverse system. Define

Div(X/k): = limDiv(U/k),
u

CaCl(X/k): = lim CaCl(U/k).
u

We call elements of 51;()(/]4:) adelic divisors of X/k.

If X is a quasi-projective variety over k, then X itself is the final object
of the inverse system of quasi-projective models of X over k. In this case, the
definitions in terms of direct limits are compatible with the original ones for
quasi-projective varieties.
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There are many functorial properties of 517/(X /k) and @1()( /k), which
will be introduced together with the theory of adelic line bundles.

2.5 Adelic line bundles

Now we define adelic line bundles on essentially quasi-projective schemes to
match the above definition of adelic divisors. We will use the notion of hermitian
Q-line bundles in §2.2 and arithmetic models in §2.3.

Throughout this section, let k be either Z or an arbitrary field. Take the
uniform terminology in §1.5.

2.5.1 Adelic line bundles on a quasi-projective variety

Let k be either Z or a field. Let U be a quasi-projective variety over k.

Let us first introduce a notation for model adelic divisors of rational maps.
Let &}, X, be projective models of U over k. Let £; be a hermitian Q-line
bundle on X; for i = 1,2. By a rational map £ : L, -+ Ly over U, we mean
an isomorphism ¢ : L1y — L]y of Q-line bundles on U. Let Y be a projective
model of U with morphisms 7; : Y — X of projective models of U. View £ as a
rational section of 77 LY ® 75 L5 on Y, so that it defines an arithmetic Q-divisor
d/i?/y(f) on Y using the metric of Tl*flv ® 75 Lo. Set d/l?l(f) to be the image of
&i\v);(é) in ﬁ/(U/k)mod@. We also view CTR/(K) as an element of ﬁi?/(L{/k)mod
by setting the integral part on U to be 0. The definition of 51\\/(6) is independent
of the choice of V.

Let (Xo,&0) be a boundary divisor as in §2.4. Namely, Xj is a projective
model of U and &y = (&, 90) is a (strictly) effective arithmetic divisor on &p
whose finite part & has support equal to Xy \ U.

Define the category ﬁ(U/k:) of adelic line bundles on U as follows. An
object of 7/9E(U/k) is a pair (£, (X;, Li,4;)i>1) where:

(1) L is an object of Pic(U), i.e. a line bundle on U;

(2)
(3) L; is an object of ’ﬁE(Xi)@, i.e. a hermitian Q-line bundle on Xj;
(4)

The sequence is required to satisfy the Cauchy condition as follows. By (4),
we obtain an isomorphism éiél_l : L1l = Ll of Q-line bundles, and thus a
rational map &-61_1 : L1 -+ L; over U. By the above notations, it defines a
model divisor d/i?/(fifl_l) in ﬁ?f(bl/k;)mod. Then the Cauchy condition is that
the sequence {&R/(Ziffl)}izl is a Cauchy sequence in ﬁR(U/k)mod under the
boundary topology. More precisely, there is a sequence {¢;};>1 of positive ra-
tional numbers converging to 0 such that

X; is a projective model of U over k;

l; : L — L]y is an isomorphism in Pic(U)g.

—Eigo S Cﬂ?l(fllfl_l) — (Tl;/(flfl_l) S 62‘?0
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in ISR/(U/k)mOd for any i’ > ¢ > 1. The relation can also be written as
*eizo S &I\V(&/f:l) S Eizo

in BR/(U/k)mod for any i’ >4 > 1.

For convenience, the object (L, (X, L;,¢;)i>1) is also called a Cauchy se-
quence in ﬁ(l/l/k)mod. For simplicity, we may abbreviate (£, (X;, £;, £;)i>1) as
(L, (X3, L4, ¢;)) or simply as (£, X;, L4, 4;).

A morphism from an object (£, (X;, L;, ¢;)i>1) of 735(1/[/1@) to another object
(L, (X{,Z;, 0)i>1) of 7/DE(U/I<:) is an isomorphism ¢ : £ — L’ of the integral line
bundles on U satisfying the following properties. As above, the composition
Ol Lily — Ly induces a rational map £t i L; —-» Z;, and thus
defines a model divisor (Ti;(ﬁgwi*l) in ]Si\v(lzl/k)mod whose image in Div(U/) is
0. Then we require the sequence {(Ti:l(ﬁgwfl)}izl of ISR(U/k)mOd converges to
0 in 51;(1/{/143) under the boundary topology, i.e. there is a sequence {;};>1 of
positive rational numbers converging to 0 such that

—5,;80 < div(liul; ") < 8,;89, i > 1.
Note that the sequence {dTv(z;w;l)}iZl is already a Cauchy sequence by
div(€ue; ) = div(71) = div(6ity ) + div(e).

By definition, any morphism in 7/3;:(1/1 /k) is an isomorphism, so 7/DE(Z/{ /k) is
a groupoid. This category is equipped with a tensor product given by

(L. (%, L) © (L (X L3, ) = (L@ L, Wi, 7L @7 Ly s © 1),
where W is the Zariski closure of the image of the diagonal map U — X; X, X/,
and 7 : W, — &, and 7] : W; — X/ are the two projection maps. It is also
equipped with a dual given by

(‘C7 (X’hzlﬁgi))v = (£v7 (XHZ;/?K)/))
Then the tensor product of an element with its dual is isomorphic to the neutral
object (Oy, (Xo, Ox,, 1)).

An object of Pic(U/k) is called an adelic line bundle (or a compactified line
bundle) on U. Define Pic(U/k) to be the group of isomorphism classes of objects
of Pic(U/k), where the group operation is the above tensor product. We usually
write an adelic line bundle in the form £ = (£, (X;, £i, 4;)i>1), and call £ the
underlying line bundle of £ on U.

As in the classical case, we have the following result.

Proposition 2.5.1. Let U be a quasi-projective variety over k. Then there is
a canonical isomorphism

CaCl(U/k)—5Pic(U/k).
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Proof. The proof is a routine, but we write in detail to familiarize the termi-
nologies here. It suffices to define a map

Div(U/k) —> Pic(U/k)

and check that it is surjective with kernel f’\r(Z/{ /k)mod-

To define the map, take an element D of ‘the left-hand side. Then D is
represented by a Cauchy sequence {D;};>1 in Div(U/k)moa. Let {X;}i>1 be a
system of projective models of U/ such that D; € ]SR/(XZ-,U) for any ¢ > 1. Note
that Dy|yy = D;ify is an integral divisor on . Set the image of D in P/’l\c(U/k) to
be the isomorphism class of the sequence (£, (X;, L;,;)), where £ = O(D1y),
L; = O(D;), and {; : L — L;|y is the isomorphism induced by the equality
D1y = Dily in Div(U). By definition, div(¢;¢; ") = D; — D;. Then we see that
(L, (X;, L;,¢;)) satisfies the Cauchy condition. This defines the map.

Now assume that the above adelic divisor D lies in the kernel of the map. It
follows that there is an isomorphism from (Oy, (X, Ox,,1)) to (£, (X;, Li, £i))-
This includes an isomorphism Oy — O(D1y), which is given by the multipli-
cation by some f € T'(U,Oy)* with div(f) = Dilyy = 0 on U. The further
properties of the isomorphism are equivalent to that D; converges to fci;( f)
in ﬁ(u/k)mod. This proves that the kernel is f’\r(Z/{/k)mod.

To see the surjectivity of the map, let £ = (L, (X;, L;,¢;)) be an adelic line
bundle on Y. For any rational section s of L, denote

divg(s) = div y, 7,)(s) + lim div(6:67),

1—00

which is an element of Div(4/k). This gives a preimage of £. Then the map is
surjective. O

2.5.2 Nef and integrable adelic line bundles

In §2.2, we have recalled the notion of nef hermitian line bundles on arithmetic
varieties. This notion is generalized to adelic line bundles by the limit process
as follows:

Definition 2.5.2. Let U be a quasi-projective variety over k.

(1) We say that an adelic line bundle £ € 7/7E(Z/{/k) is strongly nef if it is
isomorphic to an object (L, (X;, L;,¢;)) where each L; is nef on X;.

(2) We say that an adelic line bundle £ € ﬁ(b{/ls) is nef if there exists a

strongly nef adelic line bundle M € Pic(U/k) such that aL+M is strongly
nef for all positive integers a.

(3) We say that an adelic line bundle in £ € Pic(U/k) is integrable if it is
isomorphic to the difference of two strongly nef ones in Pic(U/k).
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It is obvious that “strongly nef” implies “nef”, and “nef” implies “inte-
grable”. Denote by
PicU/k)snots  PicU/K)net,  PicU/k)ing

respectively the full subcategories of 73;(2/1 /k) of strongly nef objects, nef ob-
jects, and integrable objects. Denote by

PicU/k)sners  PicU/k)ner,  Pic(U/k)im

respectively the subsets of 151\(:(1/{ /k) of strongly nef elements, nef elements, and
integrable elements. Then ﬁc(u /Ek)snet and 151\0(2/{ /E)net are semigroups and
ISi\c(U/k)int is a group.

The preimages of

Pic(U/k)snct,  PicU/k)net,  Pic(U/k)ins
in Div(U/k) are denoted by

Div(U/F)snct,  DVU/K)net,  DIVU/K)ia
respectively. Their elements are respectively called strongly nef adelic divisors
on U/k, nef adelic divisors on U/k, and integrable adelic divisors on U /k.
2.5.3 Definition on essentially quasi-projective schemes

Let k be either Z or a field. Let X be a flat and essentially quasi-projective
integral scheme over k. Define

Pic(X/k): = limPic(U/k),
u

Pic(X/k): = limPicU/k).
u

Here the limits are over all quasi-projective models U of X over k. The category
7/9%()( /k) defined by the direct limit is understood as follows. An object of
Pic(X/k) is a pair (L,U), where U is a quasi-projective model of X over k
and £ is an object of 73;3(Z/{/k‘) A morphism (£,U) — (Z/,U’) between two
objects of 7/3E(X/k) is an isomorphism ¢ : L|x — L'|x in Pic(X) satisfying
the property that for some quasi-projective model V of X over k endowed with
open immersions ¥ : ¥V — U and ¢’ : V — U’ extending the identity morphism
X — X, the isomorphism ¢ : £|x — L'|x can be extended to an isomorphism
Lly — L'|y in Pic(V) and induces an isomorphism L]y, — Z/|V in fl\C(V/k‘)
Here we take the convention L|x = (L|y)|x, and if £ = (L, (Xi, L4, 4;)i>1) in
Pic(U/k), then Lly = (L|v, (X;, L;, lily)i=1) in Pic(V/k).

By definition, ﬁ(X/k:) is a groupoid. We call objects of ﬁ(X/k) adelic
line bundles on X /k.
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As an easy consequence of Lemma 2.5.1, there is a canonical isomorphism
CaCl(X/k)-—5Pic(X/k)

for any flat and essentially quasi-projective integral scheme X over k.
Let P represent one of the symbols in {snef, nef, int}. Define

Div(X/k)p: = limDiv(U/k)e,
u

CaCl(X/k)p : = lim CaCl(U/k)p,
Zi

fji\c(X/k)p: = limf/’i:(lxl/k)P,
Z/{

Pic(X/k)p: = limPicU/k)p.
Zi

Objects of ﬁE(X/k’)bnef (resp. ﬁ(X/k)nef, @(X/k)mt) are called strongly nef
(resp. nef, mtegmble) adelic line bundles on X/k. Elements of D1V(X/k)snef

(resp. DlV(X/k)an, DlV(X/k)mt) are called strongly nef (resp. nef, integrable)
adelic divisors on X/k.
In special situations, we take the following simplified or alternative notations:

(1) The definitions also work for X = Spec F' for a finitely generated field F'
over k. We will write

Pic(F/k) = Pic((Spec F)/k).
Apply this similarly to the other groups or categories.

(2) If k is minimal, i.e. kK =Z or k =F,, for a prime p, then we may omit the
dependence on k in the groups or categories, as k is determined by X as
an abstract scheme. In this case, we will simply write

Pic(X) = Pic(X/k), Pic(F) = Pic(F/k).

This includes particularly the arithmetic case. Apply this similarly to the
other groups or categories.

(3) If k is a field, we may also write
Div(X/k), CaCl(X/k), Pic(X/k), Pic(X/k)

Div(X/k), CaCl(X/k), Pic(X/k), Pic(X/k).

This is to emphasize that there is no archimedean component involved in
the terms.
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We can compare our definition with that of Moriwaki | ] in the setting
of projective varieties over finitely generated fields. Let F' be a finitely generated
field over k, and X be a projective variety over F'. Then our adelic line bundle
on X comes from an adelic line bundle (£, (X, L;,¢;);>1) on a quasi-projective
model U of X over k. We will see that the sequence {(X;, £;)};>1 is close to the
notion of an adelic sequence in [ , §3.1]. In fact, by Lemma 2.3.3, we can
shrink U such that there is a projective and flat morphism U — V extending
X — SpecF, where V is a quasi-projective model of Spec F' over k. We can
further take a boundary divisor (),&y) of V over k, and assume that there is
a morphism X; — ) extending X — Spec F' for every i > 1. If £; is nef, then
{(&;, Li)}i>1 is indeed an adelic sequence in the loc. cit. Note that the loc.
cit. defines a Cauchy condition in terms of both effectivity and intersection
numbers, and we define the Cauchy condition purely in terms of effectivity.

2.5.4 Forgetful maps

Let U be a quasi-projective variety over k. For any projective model X of U,
there are forgetful maps

Div(X,U) —s Div(U), Pic(X,U) — Pic(Ud).
Taking limits induces forgetful maps
DivU/k) — Div(d),  Pic(U/k) —s Pic(Ud),  PicU/k) — Picld).

Here the last two maps send an object £ = (£, (X;, L;,4;)) to L.
Let X be a flat and essentially quasi-projective integral scheme over k. Then
the above maps induce forgetful maps

Div(X/k) —s Div(X), Pic(X/k) —> Pic(X), Pic(X/k) — Pic(X).

As a convention, we usually write an object of 751\C(X /k) in the form L, where
L is understood to be the image of L in Pic(X). We often refer L as the
underlying line bundle of\f7 and refer/f\as an adelic extension of L. We take
similar conventions for Pic(X/k) and Div(X/k).

2.5.5 Functoriality

Here we introduce a few functorial maps between the Picard groups and the divi-
sor groups. In the following, P represents one of the symbols in {void, int, nef, snef},

and take the convention that lgﬂz(X /k)p for “P = void” means 151\(:(X /k).

Pull-back. Let k be either Z or a field. Let f : X’ — X be a morphism of
flat and essentially quasi-projective integral schemes over k. Then there are
canonical maps . -

f*: Pic(X/k)p — Pic(X'/k)p,

f*: Pic(X/k)p — Pic(X'/k)p.
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In fact, for quasi-projective models X’ — U’ and X — U over k, the rational
map U’ --+ U is defined in an open neighborhood of X’ in U’. Replacing U’ by
that neighborhood if necessary, we obtain a morphism fy; : U’ — U. Then it
suffices to define a canonical functor Pic(U/k) — Pic(U'/k).

Let (L, (X;,L;,¢;)) be a Cauchy sequence in 7/3E(Z/I/k:)mod. There is a pro-
jective model X/ of U’ with a morphism f; : X! — X; extending fi, : U’ — U.
This can be achieved by taking any projective model X} of &’ and blow-up X/
along a suitable center supported on X!\ U’. Set the image of (L, (X, L;,¢;))
under f* to be (fL, (X!, fLi, f;¢:)). To prove that the latter is a Cauchy

3

sequence in Pic(U’/k)mod, we need to compare the boundary topologies.

Let (Xo,&0) (resp. (X!, €,)) be a boundary divisor of U (resp. U') over
k. As above, we can further assume that there is a morphism fy : &) — Xp
extending U’ — U. Note that & is supported in X} \U’. As in our proof that
the boundary topology is independent of the choice of the boundary divisor in
§2.4, there is a rational number ¢ > 0 such that fi€y < c?:). This gives the
compatibility of the boundary topologies. -

Hence, we have a functor Pic(U/k) — Pic(U’'/k) and a functor Pic(X/k) —
Pic(X’/k). The functor keeps tensor products.

In the above construction, if f : X’ — X is dominant, there is also a
canonical map

£ : Div(X/k)p —> Div(X'/k)p.

We will see in Corollary 3.4.2 that these maps are injective if X’ and X are
normal and f is birational.

Varying the base. Let k' /k be a finitely generated extension of fields, and X be
an essentially quasi-projective integral scheme over k’. Then there are canonical
maps - -

Div(X/k)p — Div(X/k')p,

Pic(X/k)p — Pic(X/k')p,
Pic(X/k)p — Pic(X/K)p.

To define the maps, note that if U (resp. V) is a quasi-projective model of X
(resp. Speck’) over k, then by shrinking U/, we can assume that there is a flat
morphism U — V extending X — Spec K. This is similar to Lemma 2.3.3.
Then it suffices to define a map Div(U/k) — Div(X/k') and it’s analog for the
line bundles. By composition, we can further assume that X is isomorphic to
the generic fiber of U — V.

Fix a projective model B of V over k. For any projective model X of U
over k, we can assume that there is a morphism X — B extending &/ — V by
blowing-up X. Then the generic fiber X, of X — B is a projective model of X
over k’. Finally, the map is induced by the natural map Div(X) — Div(&,)).

If k' /k is a finite extension, the above maps are isomorphisms.

Base change 1: geometric case. Let k'/k be a finitely generated extension of
fields, and X be an essentially quasi-projective integral scheme over k. Assume
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that the base change X} is still integral. Then there are canonical maps
Div(X/k)p — Div(Xy /K )p,
Pic(X/k)p —> Pic(Xw /K)p,
Pic(X/k)p — Pic(Xw /K )p.
This is induced by the fact that, if I/ is a quasi-projective (resp. projective)
model of X over k, then U is a quasi-projective (resp. projective) model of

Xy over k'. Then the maps are induced by the pull-back maps via the base
changes.

Base change 2: from Z to Q. Let X be a flat and essentially quasi-projective
integral scheme over Z. For any projective model X of X over Z, the generic
fiber Xy is a projective model of Xg over Q. There are natural maps

Div(X) — Div(Xg), Pic(X) — Pic(Xg), Pic(X) — Pic(Xy).

These maps induce canonical maps

Div(X/Z)p — Div(Xg/Q)p, D — D,
Pic(X/Z)p — Pic(Xq/Q)p, L— L,

Pic(X/Z)p — Pic(Xo/Q)p, L+ L.
We call D (resp. E) the geometric part of D (resp. L) over Q.

Base change 3: from Z to Fp,. Let X be a flat and essentially quasi-projective
integral scheme over Z. Let p be a prime number such that the fiber Xg, of
X over p is integral (and non-empty). For any projective model X of X over
7., the Zariski closure Xuf-p of Xr, in A, is a projective model of Xy, over IF,.
There are natural maps

Div(&) — Div(Xf ),  Pic(X) — Pic(Ay ),  Pic(X) — Pic(Af ).
These maps induce canonical maps
Div(X/Z)p — Div(Xs, /F,)p,
Pic(X/Z)p — Pic(Xx, /F,)p,
Pic(X/Z)p —> Pic(Xg, /F,)p.
Mixed situation. Let F' be a finitely generated field over QQ, and X be a quasi-
projective variety over F. Combining the above constructions, we obtain com-

positions. . . .

Div(X/Z)p — Div(X/Q)p — Div(X/F)p,

Pic(X/Z)p — Pic(X/Q)p — Pic(X/F)p.
If X is projective over F', then the compositions are just the forgetful maps de-
fined above. In general, the image of an element of Div(X/Z)p (resp. Pic(X/Z)p)

in ]SE(X/F)p (resp. lsi\c(X/F)p) is called the geometric part of this element
over F.
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2.5.6 Extension to Q-coefficients

Let k be either Z or a field. Let X be a flat and essentially quasi-projective
integral scheme over k. To work with Q-line bundles on X, we write

Pic(X/k)g = Pic(X/k) ®2Q,  Pic(X/k)int.o = Pic(X/k)im ®z Q.

We further write ﬁl\c(X/k)@ snef (resp. P/’l\c(X/k)@ nef) s the sub- semigroup of
Plc(X/k)@ consisting of positive rational multlples of elements of PlC(X/k)Snef

(resp. PlC(X/k)an) Extend the notations to Div and CaCl similarly.

Let U be a quasi-projective variety over k. Then we can interpret elements
of the above groups directly in terms of Cauchy sequences. In fact, by the iso-
morphism Dlv(X U)g — Dlv( )g, the group Dlv(U/k) is simply isomorphic
to the completion of

Div(U/k)modq = lim Div(X)g
X

for the boundary topology defined similarly and
CaCl(U/k)g ~ Div(U/K)mod o/ Pr(U/k)o.

On the other hand, PIC(Z/{ /k)g is the group of isomorphism classes of ob-
jects of a category PlC(U/k)Q defined as follows. An object of Plc(U/k) is a
sequence (L, (X;, L;,/;)), whose definition is similar to the integral case, except
that £ is an object of Pic(U)qg (instead of ’Pic( )). A morphism from an object
(L, (X:, L, ¢;)) to another object (L', (X, Z £})) is also similar to the integral

(AR
case, except that it is given by an isomorphism £ — £’ of Q-line bundles (in-
stead of integral line bundles) on ¢ which induces an isometry between the two
objects in a similar sense. -

Note that we do not derive 731(:(1/[ /k)q from the category Pic(U/k) by mul-
tiplying a rational number to the objects, but they give equivalent categories.
We choose the current definition for its simplicity.

These descriptions can be used to define Dlv(Ll/k)Q, Plc(bi/k)@ and PlC(U/k)Q
without introducing their integral versions Dlv(u /k), Plc (U/k) and Plc(u /k)
first. Moreover, we can even define the integral versions from the Q-versions,
which can serve as a slightly different approach to the theory. For example,
Dlv(u /k) can be defined by the canonical exact sequence

0— DiV(L{/k‘) — DiV(U/k)Q ® Div(d) — Div(U)q.
Here the last arrow sends a pair (D,D’) to D|yy — D’. Here D + DJyy is the
forgetful map as in §2.5.4.
2.6 Examples and constructions

Here we present some natural examples or constructions of adelic line bundles.
Many constructions will be introduced in detail in the further sections, but we
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sketch them here to give readers more motivation for our theory of adelic line
bundles.

2.6.1 Arithmetic curves

Let K be a number field. Here we compute the group ].SI\C(K ) of adelic line
bundles. Note that our definition in this case agrees with that in Zhang | ].

Lemma 2.6.1. Let U be an open subscheme of X = Spec Ok . Denote
_—0 _—
Pic (U) = ker(deg : Pic(d) — R),
0 _—
Pic (K) = ker(deg : Pic(K) — R).
There is a canonical exact sequence
—~ 0
0— (OU)*/pK) @z (R/Z) — Pic (U) — Pic(d) — 0
and a canonical isomorphism
0
(K™ /pk) ®z (R/Z) — Pic (K).
Here pg is the group of roots of unity in K.

Proof. Tt suffices to prove the results for . Denote £ = X \ U, endowed with
the reduced scheme structure. Denote by |X|, ||, |€| the set of closed points of
the corresponding schemes. Recall that

Pic() = Div(Ud)/Pr(Uh)mod.
Note that X is the only normal projective model of &. We simply have
Div(U)moa = Div(X,U),  PrU)moa = Pr(X).
Explicitly,
Div(X,U) = (BoepqZ) ® QT @ RM>,  Pr(X) = diva(K*).

Here e /\
divy : K* — Div(X)

is the map of taking principal divisors.
Take the arithmetic divisor

gO = (87 1) = Z [v}

VE|E|UM oo
It defines the boundary topology on ]51;()( ,U). The completion gives

Div(U) = (ByepZ) ® RIEVMe,
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The restriction map 5;/(1/{ ) — Div(Y) induces a canonical exact sequence
0 — Pr(x) NRIEMMe __y RIEVM. __, Pic(1f) —s Pic(Ud) —> 0.
It is easy to have
Pr(X) NREM = diva(OU)) = OU)* /.
By Dirichlet’s unit theorem, (TR/X(O(Z/{)X) is a full lattice of the hyperplane
(R‘glUM“)O = ker(d/eg  RIEIWMe R).
This gives an isomorphism
dive (OU)*) @z R = (RIEIWM=),,

The result follows. O

2.6.2 Families of algebraic dynamical systems

This example is our major motivation for introducing the theory of adelic line
bundles. Let k be either Z or a field. Let the base S be either one of the
following:

(a) a quasi-projective variety over k,

(b) a quasi-projective variety over a field F' which is finitely generated field
over k.

Let (X, f, L) be a polarized dynamical system over S; i.e.
(1) X is a flat projective scheme over S;
(2) f:X — X is a morphism over S;

(3) L € Pic(X)g is a Q-line bundle, relatively ample over S, such that f*L =
qL from some rational number ¢ > 1.

By Tate’s limiting argument, there is a nef adelic line bundle L; € le\c(X /k)g
extending L such that f*ff = qff.

The construction is similar to the case that S is the spectrum of a number
field in | ]. We refer to Theorem 6.1.1 for the current case.

There are many naturally polarized dynamical systems over bases S of pos-
itive dimensions. For example, this happens if S is a moduli space, which
includes the moduli space of endomorphisms of PV of fixed degree d > 1 and a
fine moduli space of polarized abelian varieties over k.
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2.6.3 Hodge bundles for Faltings heights

In the proof of the Mordell conjecture by Faltings [ ], Faltings heights of
abelian varieties over number fields are interpreted in terms of the height func-
tion associated with the Hodge bundle on certain moduli space of abelian va-
rieties to deduce the Northcott property of Faltings heights. It is known that
the Hodge bundle and the Faltings metric do not form a hermitian line bundle
(on compactifications of the moduli space) due to the singularity of the metric
at the boundary. Still, they do form an adelic line bundle in the framework of
this book. Here we describe the situation briefly and state the result for general
families of abelian varieties instead of just moduli spaces.
The base ring here is k = Z. Let S be either one of the following;:

(1) a flat and quasi-projective integral scheme over Z,
(2) a quasi-projective variety over Q.

Our results hold for essentially quasi-projective S by pull-back, but we restrict
to the current cases for simplicity. Let m : X — S be a principally polarized
abelian scheme of relative dimension g. Denote by e : S — X its identity
section.
The Hodge bundle on S is the line bundle
w(S) = e*Qg(/S ~ W*Q‘g(/s.

The Faltings metric of w(S) on S(C) is defined by

i9°
/ alal = —/ a N\
X,(C) 29 Jx.(©

for any point s € S(C) and any element « of the fiber

w(S)(s) = e2% e 2 T(Xs, Q% -

Ha”%al = 275]

Then we have a metrized line bundle (w(5), ||-||ra1) on S. If S is not projective
over Z, then it is not a hermitian line bundle in our strict sense. In general, it
does not extend to a hermitian line bundle on a projective model of S over Z
due to the logarithmic singularity of the metric at the boundary. However, we
will see that (w(S),|| - |lFa) extends canonically to an adelic line bundle w(S)
on S/Z, and the height function associated to w(S) exactly computes the stable
Faltings heights of the abelian varieties on fibers of X — S.

The precise statement and proof require the analytification and the height
function of adelic line bundles, which will be introduced in the future sections,
so we postpone the treatment to Theorem 5.5.1.

2.6.4 Hyperbolic metrics on families of curves

The construction here is similar to the above setting of Hodge bundles, except
that we work on families of curves instead of families of abelian varieties. The
construction here is previously studied by Wolpert | ] and Zhang | ].
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The base ring here is still K = Z. Let S be a flat and quasi-projective normal
integral scheme over Z or Q. Let w : X — S be a smooth projective morphism
whose fibers are geometrically integral curves of genus g > 1.

Consider the relative dualizing sheaf wy,g on X. The hyperbolic metric
| - [hyp of wx/s on X(C) is defined as follows. Endow the differential sheaf
wy; of the upper half plane H the hyperbolic metric (also called the Petersson
metric or the Poincare metric) normalized by

[d2[|nyp = 2Im(z).

For any point s € S(C), via the universal covering H — X, the hyperbolic
metric of wy on H descends to a hyperbolic metric of the line bundle wx, on
the Riemann surface X,. By the canonical isomorphism wx/s|x, ~ wx, for
varying s € S(C), we obtain the hyperbolic metric || - ||y, of wx/s on X (C).

Hence, we have a metrized line bundle (wx/g, [ - [[nyp) on X. Our conclusion
is that (wx/g, || - [[nyp) extends canonically to an adelic line bundle @Wx /g nyp on
X/Z. This result will be stated and briefly proved in Theorem 5.5.3, as it is
very similar to Theorem 5.5.1 for the Hodge bundle.

2.6.5 Admissible metrics on families of curves

In the above, have just extended (wx/s, || - [[nyp) to an adelic line bundle. How-
ever, in Arakelov geometry, the hyperbolic metrics of curves are less used than
the Arakelov metrics of curves. The goal here is to sketch a similar result for
Arakelov metrics by Yuan | ].

Recall that in Arakelov’s original work [ ], on a compact Riemann sur-
face C of genus g > 1, there is an Arakelov metric ||-||a; on the canonical bundle
we defined to have a simple arithmetic adjunction formula. We refer to | ,
§A.1] for a quick construction of the metric.

Now let us return to the global setting. The base ring here is still £k = Z.
Let S be a flat and quasi-projective integral scheme over Z or Q. Let 7 : X — S
be a smooth projective morphism whose fibers are geometrically integral curves
of genus g > 1. Note that g = 1 is allowed here.

Consider the relative dualizing sheaf wx,g on X. By the canonical isomor-
phism wx/g|x, ~ wx, for varying s € S(C), the Arakelov metric on wx, patches
together to form the Arakelov metric | - ||ar of wx/s on X(C).

Hence, we have a metrized line bundle (wx g, [|-][ar) on X. By | , Thm.
2.3], (wxys, |l - [|ar) extends to a canonically defined adelic line bundle Wy /g 4
on X/Z. The adelic line bundle @x,g, , has natural adjunction properties, and
is called the admissible canonical bundle of X/S/Z. Yuan | | proves that
Wx/s,q is nef and big on X/Z if the moduli map S — M, is generically finite and
applies this bigness to give a new proof of the uniform Bogomolov conjecture and
the uniform Mordell conjecture previously proved by Vojta [ |, Dimitrov—
Gao—Habegger | ], and Kiihne | ].

In the case S = Spec K for a number field K, the admissible canonical bundle
Wx/s,q is previously constructed by Zhang | ]. We also refer to §A.2.7 for
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a sketch of the construction of | ]. The construction of | ] is a family
version of | ].

2.6.6 Line bundles on Zariski—Riemann spaces

Our model adelic line bundles can be realized on some generalized Zariski—
Riemann space as introduced by Temkin | |. Here we recall the definitions
and connections briefly. The treatment here will not be used in this book
elsewhere.

To illustrate the idea, we restrict to the geometric case that k is a field. Let
X be an essentially quasi-projective integral scheme over k, as defined in §2.3.
Define the Zariski-Riemann space associated to X to be the ringed space

:@X
X

where the limit is over all projective models X" of X over k. In the limit process,
the underlying space X is endowed with the limit topology, i.e. the coarsest
topology, so that all the projections py : X — X to projective models X of
X are continuous. The structure sheaf O is defined to be the direct limit of
p;(l(’);( over all projective models X of X.

If X = Spec F for a finitely generated field F' over k, the space X is exactly
the classical Zariski-Riemann space introduced by Zariski. In the general situ-
ation, the space X is the relative Zariski-Riemann space RZx (Xp) introduced
by [ , §B2], here X is a fixed projective model of X over k.

By definition, there is a canonical morphism X — X induced by the mor-
phism X — X. Another key property is that X is quasi-compact; see | ,
Prop. B.2.3].

Since X is a ringed space, coherent sheaves, invertible sheaves, and Cartier
divisors are defined on X. Then we can still define line bundles on X to be
invertible sheaves. By the quasi-compactness of X we can prove that the natural
maps B

lim Div(X) — Div(X),
X

lim Pic(X Pic(X
% (X) — Pic(X)

are isomorphisms. If X = Spec F', the first limit is the group of Carter b-divisors
introduced by Shokurov | ] in the minimal model program.
To connect to our adelic divisors, we see that

DiV(X)mod)Q = hgl’l DiV(X)Q
X

is canonically isomorphic to Div(X ) Then the the group Dlv(X /k)q is a suitable

completion of Div(X )Q Similarly, the group DIV(X /k) is a suitable completion
of the mixed divisor group

Div(X, X) := ker(Div(X)g @ Div(X) — Div(X)g).
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Here the arrow sends (D, D) to D|x — D as before.

2.7 Definitions over more general bases

The above theory of ﬁ/(X/k:) and EE(X/]{?), when k is either Z or a field,
covers all the global situations we are interested in, but it does not include the
local situation that k comes from a local field. Moreover, the definitions can
also be generalized by replacing k with a general Dedekind scheme. The goal of
this section is to sketch the treatment in these situations, which also includes
the function field case.

The exposition here is very similar to the previous case. Still, we use it
sparingly throughout this book to avoid the extra burden of terminology and
potential confusion of cases. The setup here is only restricted to this section
and partly to §3.6 and §4.6.2.

2.7.1 Valuations

By a wvaluation over a field K, we mean a map |-| : K — R satisfying the
following properties:

(1) (positivity) |0] =0, and |a| > 0 for any a € K*.
(2) (triangle inequality) |a + b| < |a| + |b] for any a,b € K.
(3) (multiplicativity) |ab| = |a] - |b] for any a,b € K.

The valuation is trivial if |a| = 1 for any a € K*. The valuation is archimedean
(resp. mon-archimedean) if |n| is unbounded (resp. bounded) for all n € Z
viewed as elements of K under the natural map Z — K. If |- | is non-
archimedean, the valuation ring of K is Ok :={z € K : || < 1}.

By a non-archimedean field (K,| - |), we mean a field K endowed with a
complete non-archimedean non-trivial valuation | - |.

2.7.2 Base valued schemes

Recall that an integral domain is called a Prifer domain if all of its local rings are
valuation rings. This is a classical term widely studied in commutative algebra.

We refer to [ , p- 558, Ch. VII, §2, Ex. 12] for 14 equivalent definitions
of Priifer domains, and refer to [ ] for more properties and history of the
concept.

It is easy to see that a Priifer domain is a Dedekind domain if and only
if it is noetherian. Thus, Priifer domains can be viewed as a non-noetherian
generalization of Dedekind domains, and thus, many nice properties of Dedekind
domains also hold for Priifer domains. For example, a module over a Priifer
domain is flat if and only if it is torsion-free, which can be checked by taking
localizations.
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A quasi-compact integral scheme is called a Prifer scheme if all of its local
rings are valuation rings. We introduce this concept to include the following
three important classes:

(1) Speck for a field k;

(2) a Dedekind scheme, i.e. a regular and integral noetherian scheme of di-
mension 1;

(3) SpecOg, where K is a non-archimedean field and O is the valuation
ring.

As a consequence of the flatness property, a reduced scheme of X over a Priifer
scheme B is flat over B if and only if every irreducible component of X has a
Zariski dense image in B.

By a base valued scheme, we mean a pair B = (B, X) consisting of a Priifer
scheme B and a subset ¥ of Hom(K, C), where K denotes the function field of
B. The set X is allowed to be empty, in which case we get a scheme B = B.

Note that every ¢ € ¥ induces an archimedean valuation | - |, over K. We
may also think B as (B,{| - |,}sex), but note that |- |, = | - |+ if and only if
¢’ = co o for the complex conjugate ¢ : C — C.

We introduce this definition to include the following important and natural
types of base schemes:

(1) (geometric case) Speck, where k is a field;
(2) (number field case) (Spec O, Hom(K, C)), where K is a number field;

(3) (function field case) a projective and geometrically integral regular curve
B over a field k;

(4) (archimedean case) (SpecR,is) or (SpecC,id), where ig, : R — C is the
standard injection and id : C — C is the identity map;

(5) (non-archimedean case) Spec O, where K is a non-archimedean field and
Og is the valuation ring;

(6) (Dedekind case) a Dedekind scheme B.

Note that ¥ = ) in cases (1), (3), (6), and ¥ is finite in all the cases. We usually
write K for the function field of B.

Case (1) with any & and case (2) with K = Q are exactly our original case
k=Zor k is a field in §1.5. The Dedekind case includes the function field case,
but we list the function case separately for its importance.

Let B be a Priifer scheme. By an arithmetic variety over B, we mean an
integral scheme that is flat, separated, and of finite type over B. By a quasi-
projective arithmetic variety (resp. projective arithmetic variety) over B, we
mean an arithmetic variety over B which is quasi-projective (resp. projective)
over B. For a quasi-projective arithmetic variety U over B, a projective model
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means a projective arithmetic variety X over B endowed with an open immersion
U — X over B.

Asin §2.3, a flat integral scheme X over B is essentially quasi-projective over
B if there is a pro-open immersion X — X to a projective arithmetic variety
X over B. A quasi-projective model (resp. projective model) of X means a
quasi-projective (resp. projective) arithmetic variety U over B endowed with a
pro-open immersion X — U over B.

2.7.3 Model adelic divisors and adelic line bundles

Let B = (B,X) be a base valued scheme. Let X be a projective arithmetic
variety over B. We define arithmetic divisors and hermitian line bundles on X
as follows.

An arithmetic divisor on X is a pair (D, gp), where D is a Cartier divisor
on X, and gp : Xx(C) \ |[Dx(C)] — R is a Green function of continuous type
of Dx(C) on Ax(C) as in §2.1.2. Here X5 (C) := [], o5 A5(C) is a projective
analytic variety, and the Cartier divisor Dx(C) on Xx(C) is defined similarly.
By restriction, we have a Green function gp , : X;(C) \ |Ds(C)| = R of D, (C)
on X;(C). Then we can also think of gp as a collection of gp , over o € X.

The Green function gp is further required to be invariant under the complex
conjugate ¢ : C — C in the sense that for any o € ¥ such that 6 = coo € %,
we require gp s = gp,s O C.

The divisor (D, gp) is effective (resp. strictly effective) if D is an effective
Cartier divisor on X, and gp > 0 (resp. gp > 0).

A principal arithmetic divisors on X is an arithmetic divisor of the form

div(f) := (div(f), - log| f])

for some f € K(X)*.

A hermitian line bundle on X is a pair (£, || -||), where £ is a line bundle on
X, and || - || is a continuous hermitian metric of £5(C) on X5 (C) as in §2.1.1.
As above, the metric || - || is equivalent to a collection of continuous metrics || ||,
of the line bundle £,(C) on X, (C) over o € ¥. The metric is also required to
be invariant under the complex conjugate in the above sense.

Now we have the following groups (or category)

Div(X), Pr(X), Pic(X), Pic(), Pic(X)q.

Here ]51\\/(2(' ) (resp. f’;(X )) is the group of arithmetic divisors (resp. principal
arithmetic divisors) on X. And 735()() (resp. 151\(‘,(.)()) is the category (resp.
group) of hermitian line bundles on X under isometry. The category 7/3;:()( o
is defined from 7/7E(X) similar to that in §2.2.

Define

CaCl(X) := Div(X)/Pr(X).

Then there is a canonical isomorphism

CaCl(X) — Pic(X).
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If ¥ = 0, and thus B = B is a scheme, then the above groups are just the
usual ones

Div(X), Pr(Xx), CaCl(X), Pic(X), Pic(X).

Let U be an open subscheme of X. As in §2.2, we also have the groups of
objects of (Q, Z)-coefficients:

Div(X,u), CaCl(X,U).

For example, ]SRI(X,U) is the fiber product of the natural map ﬁR(X)@ —
Div(U)q with the natural map Div(U) — Div(U)g, whose elements are pairs
(D, D), called arithmetic (Q,Z)-divisors on (X,U), where D € Div(X)g and
D’ € Div(U) have equal images in Div(U)g.

An element of ]51?/()(,“) is called effective if its images in ISR/(X)Q and
Div(U) are both effective. The effectivity induces a partial order on ]51;()( ,U)
as before.

2.7.4 Adelic divisors on a quasi-projective variety

Let U be a quasi-projective arithmetic variety over B. Using pull-back mor-
phisms, define

Div(U/B)mod := im Div(X,U),  Pr(U/B)moa := lim Pr(X).
X X

Here the limits are over projective models X' of U over B.

The direct limit is filtered, i.e. for any two projective models X7, X5 of U
over B, there is a third projective model } of U over B dominating X7, X5 in
the sense that there are morphisms Y — & and Y — A5 of projective models
of U over B. It suffices to take ) to be the Zariski closure of the image of the
composition Y = U x gU — X X g Xo, where the first map is the diagonal map.
Here ) is flat over B by the Priifer property. -

The partial order in Div(X,U) induces a partial order in Div(U/B)moa by
the limit process.

Let (Xo, o) be a boundary divisor of U over B; that is, Xy is a projective
model of U over B, & is a strictly effective arithmetic divisor on Xy with support
|€o| = Xo \ U. This gives an extended norm

I [lz, : Div(U/B)moa — [0, 0]

defined by
|Dllz, = inf{e € Qso: —e£o <D < €&}

Here the inequalities are again defined by the effectivity of divisors, and we take
the convention that inf(f) = oo. The boundary topology on Div(U/B)mod is
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the topology over I/)i?/(u/ﬁ)nmd induced by the extended norm || - [|z,. Thus, a
neighborhood basis at 0 of the topology is given by

B(e, Div(U /B)mod) := {D € Div(U/B)moa : —€E0 <D < e&p}, €€ Qup.

By translation, it gives a neighborhood basis at any point.
Let Div(U/B) be the completion of Div(U/B)mod for the boundary topology.

A

An element of Div(U/B) is called an adelic divisor (or a compactified divisor)
on U. Define the class group of adelic divisors of U to be

CaCl(U/B) := Div(U/B) /Pr(U/B) mou-

2.7.5 Adelic line bundles on a quasi-projective variety

Let U be a quasi-projective variety over B. Let (Xy,Eo) be as above. Define
the category Pic(U/B) of adelic line bundles on U as follows. An object of
Pic(U/B) is a pair (L, (X;, Li, 4;)i>1) where:

(1) L is an object of Pic(U), i.e. a line bundle on U;

(2) A is a projective model of U over B;

(3) L; is an object of 7/DE(XZ-)Q, i.e. a hermitian Q-line bundle on X;;
(4) 4;: L — L;]y is an isomorphism in Pic(U)g.

Similar to §2.5, the sequence is required to satisfy the Cauchy condition that
the sequence {Ji\v(&[l_l)},;zl is a Cauchy sequence in ﬁ(u/ﬁ)mod under the
boundary topology.

A morphism from an object (£, (X;, L;, 4;)i>1) Ofﬁ(“/ﬁ) to another object
L, (X{,Z;,é;)izl) of ﬁ(Z/I/E) is an isomorphism ¢ : £ — L' of the integral
line bundles on U satisfying the following properties. Denote by ¢; @ £1 --»
Z/l the rational map on U induced by ¢, which induces an element (Ti:l(bl) of
Div(U/B)moq. Then we require that the sequence {div(£/¢; ") — div(¢;47") +
d/i:I(Ll)}izl of ﬁ/(U/F)mod converges to 0 in ]SR/(L{/F) under the boundary
topology. L

An object of Pic(U/B) is called an adelic line bundle (or a compactified
line bundle) on U. Define ﬁl\c(l/l/g) to be the group of isomorphism classes of

objects of 7/DE(Z/I /B). As before, there is a canonical isomorphism

CaCl(U/B) — PicU/B).

2.7.6 Definitions on essentially quasi-projective schemes

Let B = (B,X) be a base valued scheme. Let X be a flat and essentially
quasi-projective integral scheme over B. Define

Div(X/B) := lim Div(/B),
u
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CaCl(X/B) := lim CaCl(U/B),
u
Pic(X/B) := lim Pic(U/B),
u
Pic(X/B) := lim Pic(U//B).

2|

An element of ]S;f(X/E) is called an adelic divisor on X/B. An object of
Pic(X/B) is called an adelic line bundle on X/B.
We take the following alternative notations:

(1) If ¥ = () and thus B = B is a Priifer scheme, we may also write
Div(X/B), CaCl(X/B), Pic(X/B), Pic(X/B)

Div(X/B), CaCl(X/B), 7Pic(X/B), Pic(X/B).

This is to emphasize that there is no archimedean component involved in
the terms. If B = Spec R is affine, they are further written as

Div(X/R), CaCl(X/R), Pic(X/R), Pic(X/R).
(2) If B = (Spec Ok, Hom(K,C)) is in the arithmetic case, we may also write
Div(X/B), CaCl(X/B), Pic(X/B), Pic(X/B)

as
Div(X/Ox), CaCl(X/Ox). Pie(X/Oxk). Pie(X/Ox).
We take a similar notation for the archimedean case B = (SpecR, ig;) or

B = (SpecC,id).

To compare the notations with the original setting (k = Z or a field), we
have the following.

(a) If k is a field, the current term ﬁ/(X/B) with B = Speck is the same as
the original term Div(X/k).

(b) If K = Z, the current term ]SFI(X/E) with B = (SpecZ,Hom(Q, C)) is
the same as the original term Div(X/Z). On the other hand, the term

ﬁi;(X /Z) removes the Green functions from the arithmetic case. Then
we have naturally forgetful maps

Div(X/Z) — Div(X/Z),  Pic(X/Z) — Pic(X/Z).

They are surjective (or essentially surjective).
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(¢) If K is a number field, for any flat and essentially quasi-projective integral
scheme X over Ok, we have canonical isomorphisms

Div(X/Ox) —s Div(X/Z),  Pic(X/Ok) — Pic(X/Z).

This follows from the fact that a scheme over O is projective (resp. flat)
over Ok if and only if it is projective (resp. flat) over Z. Therefore, our
original approach essentially includes this case.

For any base valued scheme B = (B, Y.), there are canonical forgetful maps
Div(X/B) —s Div(X/B) — Div(X),

and
Pic(X/B) — Pic(X/B) — Pic(X).

These are induced by the forgetful functor
Pic(UU/B) — Pic(d/B) —» Pic(Ud),

given by

As a convention, our notation for the three objects is usually denoted by
L—sL— L.

We often refer L as the underlying line bundle of L and E, and refer L as an
adelic extension of L.

2.7.7 The theory over function fields

Arakelov geometry is analogous to algebraic geometry over fields, which is why
this book uses uniform terminology. However, Arakelov geometry is more analo-
gous to algebraic geometry over a projective curve. Here we explore this analog
briefly.

Let k be a field and B be a projective and regular curve over k. Denote by
K = k(B) the function field of B. In the above perspective, the counterpart of
the arithmetic object ]SE(/Z) should be the geometric object f)\I:I(/B)

Let X be flat and essentially a quasi-projective integral scheme over B. Then
X is also essentially quasi-projective over k. We claim that there are canonical

isomorphisms - -
Div(X/B) —s Div(X/k),
CaCl(X/B) —s CaCl(X/k),
Pic(X/B) — Pic(X/k),
)

(
Pic(X/B) — Pic(X/k).
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In this sense, we do not lose much in our original setup by considering the
objects over the absolute base field k.

To see the isomorphisms, note that any quasi-projective (resp. projective)
model of X over B is a quasi-projective (resp. projective) model of X over k.
Moreover, for any quasi-projective (resp. projective) model U of X over k, the
rational map U --+» B is defined along X and can be turned to a morphism by
shrinking U (resp. blowing-up U along a center disjoint from X). Therefore,
the inverse systems of quasi-projective (resp. projective) models of X over B
are cofinal to the inverse system of quasi-projective (resp. projective) models of
X over k.
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Chapter 3

Interpretation by Berkovich
spaces

Let k be either Z or a field. Let X be a flat and essentially quasi-projective
integral scheme over k, as defined in §2.3. In §2.5, we have introduced the
category Pic(X/k) of adelic line bundles on X. The goal of this chapter is
to introduce a category 73E(X an) of metrized line bundles on the Berkovich
analytic space X*" associated to X, and study the analytification functor from
Pic(X/k) to Pic(X?"). The analytification functor is fully faithful and thus
provides a convenient interpretation of adelic line bundles. This generalizes the
work of | ] for projective varieties over number fields. We refer to §A.5
and §A.6 for the projective case.

3.1 Berkovich spaces

In this section, we review definitions and some basic properties of Berkovich
spaces. In the end, we introduce a density result that will be useful in analyti-
fication of adelic divisors and adelic line bundles.

3.1.1 Generality on Berkovich spaces

Berkovich spaces are best known as analytic spaces associated with varieties over
non-archimedean fields, whose foundation was introduced by Berkovich | ]
By Berkovich | , §1], the base fields are relaxed to be Banach rings, and the
old construction works similarly. In the following, we recall the construction of
[ , 81] to adapt our setting so that the schemes are not required to be of
finite type.

Let k be a commutative Banach ring with unity 1. Let X be a scheme over k.
In the following, we recall the definition and basic properties of the Berkovich
space X®" associated to X, which is more rigorously written as (X/k)*" to
emphasize the dependence on k.
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Affine case. If X = SpecA, then X*" is defined to be the space
M(A) = M(A/k) of multiplicative semi-norms on A whose restriction
to k is bounded by | - |pan. For each z € M(A), denote its corresponding
semi-norm on A by |- |, : A — R. For any f € A, write |f|. as |f(x)],
which gives a real-valued function |f| on M(A). The topology on M(A)
is the weakest one such that the function |f| : M(A) — R is continuous
for all f € A.

General case. If X is covered by an affine open cover {Spec 4;};, then
X3 ig defined to be the union of M(4;), glued canonically. The topology
of X2 is the weakest one such that each M(A;) is an open subspace of
Xan,

Residue field. For each x € M(A), the corresponding semi-norm | - |,
induces a norm on the integral domain A/ker(] - |;). The completion of
the fraction field of A/ ker(]-|,) is called the residue field of x and denoted
by H,. Denote by |- | the valuation (multiplicative norm) on H, induced
by |- |z. Then |-|,: A — R is equal to the composition

A— H, L> R.
We write the first map as f — f(x), which is compatible with the con-

vention |f|, = |f(z)|. The notation H, generalizes to any scheme X over
k.

Contraction. There is a canonical contraction map x : X** — X. It
suffices to describe it in the case X = Spec A. For each z € M(A), the
kernel of the map |- |, : A — R is a prime ideal of A, and thus defines an
element x(z) € Spec A.

Injection. Assume that for any = € Speck, the semi-norm |- |, on k,
induced by the trivial norm on the residue field k/z, is bounded by |- |gan-
This gives a natural injection ¢ : Speck — M (k) by sending x to | - |4,0-

Under this assumption, there is a natural injection ¢ : X — X?" defined
similarly. It suffices to describe it in the case X = Spec A. For any
x € SpecA, still denote by | - |0 the semi-norm on A induced by the
trivial norm on the residue field A/x. Then ¢ : X — X" sends z to |- |40
The k o ¢ is the identity map on X.

Functoriality. Any morphism f : X — Y over k induces a continu-
ous map f*" : X*" — Y2 For any point v € Y the fiber X7" =
(f#)~1(v), defined as a subspace of X", is canonically homeomorphic to
the Berkovich space (X g, /H,)*". More generally, for any subset ' C Y*",
denote by X7 the preimage of T, viewed as a subspace of X*". This no-
tation automatically applies to the case Y = Speck and Y** = M (k).

, Lem. 1.1, Lem. 1.2], we have the following basic topological prop-

erties:
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(1) If X is separated and of finite type over k, then X" is Hausdorff.

(2) If X is of finite type over k, then X" is locally compact.

3) If X is projective over k, then X?" is compact.
proj p

It is well-known that Berkovich spaces also include complex analytic spaces
coming from algebraic varieties.

(1) If k = C with the standard absolute value and X is of finite type over C,

then X" is homeomorphic to the analytic space X (C).

(2) If k = R with the standard absolute value and X is of finite type over R,

then X" is homeomorphic to the quotient of the analytic space X(C) by
the action of the complex conjugate.

In general, we have a decomposition

X = X [oo] U X"f],

where X?"[o0] is the subset of all archimedean semi-norms in X" and X?"[f]
is the subset of all non-archimedean semi-norms in X?".

3.1.2 Our choice of base ring

Let k be either Z or a field. Similar to §1.5, we introduce a uniform terminology
for these two cases. Endow k with a norm | - |gan as follows. If k =Z, | - |gan is
the usual archimedean absolute value | - |oo; if k is a field, | - |gan is the trivial
valuation | - |o. This makes k into a Banach ring.

Concerning our special situation, we have the following results and notations:

(1)

(2)

If k is a field, then M(k) has only one element vg = | - |o by definition.
In this case, if X is a finite type over k, then X — X3 is just the
analytification functor constructed in | , §3.5].

If k£ is a field, and X is a projective regular curve over k, then X?" is the
union of the closed line segments {| - |, : 0 < ¢ < oo} for all closed points
v € X, by identifying | - |9 with the trivial norm | - |o for all v € X as
one point. Here |- |, denotes the normalized valuation exp(—ord,). The
space M(k(X)) for the function field k(X)) is exactly the subspace of X2"
obtained by removing the subset {|-|5°: v € X closed}.

In the arithmetic case (k = Z), the space M(Z) is compact and path-
connected. As described in | , 1.4.3], it is the union of the closed line
segment

[0, oo s={]-[& : 0 < < 13,

and the closed-line segments

0,00l = {|- |4 10 < £ < o0}



66

CHAPTER 3. INTERPRETATION BY BERKOVICH SPACES

for all finite primes p, by identifying the endpoints | - |2 and | - |g for all
finite primes p with the trivial norm |-|o of Z. Here ||« and |-|, denote the
usual normalized valuations. The canonical injection ¢ : SpecZ — M(Z)
sends the generic point to the trivial norm |- |g, and sends a prime p to
| - |5°, the semi-norm of Z induced by the trivial norm of F,.

The space M(Q), defined by viewing Q as a ring over the Banach
ring Z, is exactly the subspace of M(Z) obtained by removing the subset
{l-15° : p < oo} There is a very similar description for number fields.

For convenience, denote

UO:|"0’ UOO:|'|OO’ U<tx>2|'t

00? Up:|'|p7 U;t)_||;

We may also write co and p for v and v,, viewed as points of M(Z). For
convenience, denote by

(0,10 (0,1)00,  (0,00]p, [0,00)p, (0,00)p

the sub-intervals of the line segments obtained by removing one or two
endpoints; for example,

(O,m)p::{\'|;:0<t<oo}.

In the arithmetic case (k = Z), there is a structure map X** — M(Z).
This gives disjoint unions.

xXan — U )(f}»ﬂ7
veEM(Z)
where X" is the fiber of X*" above v. The most distinguished fibers are
X0 =Xoo = Xg's X=X =Xg.

According to the structure of M(Z), we can further write X" as a disjoint
union of the following subspaces:

(i) X" = (Xg/Q)* under the trivial norm of Q;

(ii) Xox = (Xr,/Fp)*" under the trivial norm of I, for finite primes p;
(iii) X(aél,oo),,a homeomorphic to X@rp‘ x (0, 00) for finite primes p;

(iv) X{3y).., homeomorphic to Xg" x (0,1].
In both cases (that k is Z or a field), if X is connected and of finite type

over k, then X?" is path-connected. We can assume that X is normal by
passing to its normalization.

We first treat the geometric case that k is a field. By blowing up X,
there is a flat morphism X — C to a connected regular curve C over k. We
can further assume that the fibers of X — C are connected by taking the
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integral closure of C' in X. The fibers of X*" — C®" are path-connected
by induction and by the well-known case of non-trivial valuation fields.
There are finitely many (connected) closed curves Cy,--- ,C, in X such
that Im(Cy, — C),--- ,Im(C,, — C) is a Zariski open cover of C. Note
that C3* ... C2" are path-connected by example (2) above, so X2 is
path-connected.

In the arithmetic case, denote by Op the integral closure of Z in
Ox. The fibers of X — M(Of) are path-connected. For any finite
extension K’ of K and any open subscheme C’ of Spec Ok, the space
C'™ ig connected by an explicit description similar to (3). So X" is
path-connected as in the geometric case.

Note that any multiplicative semi-norm on Z is bounded by the standard
Archimedean absolute value and thus belongs to M(Z). The space X2 in the
arithmetic space is the “largest” Berkovich space associated with X defined in
terms of multiplicative semi-norms.

Let k be either Z or a field. Let X be a proper scheme over k. There is a
specialization map (or reduction map)

r: X — X

defined as follows. For any point 2 € X?"[f], recall that H, is the (complete)
residue field of z in X®", denote by R, the valuation ring of H,, and denote by
m, the maximal ideal of R,. As X is proper over k, the valuative criterion gives
a unique k-morphism Spec R, — X extending the k-morphism Spec H, — X
associated to x. Define r(x) to be the image of the unique closed point of
Spec R, in X.

For any point € X*"[oo], we still have a morphism Spec H, — X. Here
H, is isomorphic to either R or C. Define r(x) to be the image of Spec H, in
X.

3.1.3 Density result

We are interested in X?" for an essentially quasi-projective scheme X over
k. The following result asserts that the Berkovich spaces of essentially quasi-
projective schemes do not lose ”many points” from those of their quasi-projective
models. In the arithmetic case, the space X" is somehow determined by its
fibers above the non-trivial absolute values of Q.

Lemma 3.1.1. Let k be either Z or a field. Let X be a flat and essentially
quasi-projective integral scheme over k.

(1) Let X — U be a quasi-projective model of X over k. Then the induced map
X — U™ is continuous, injective, and with a dense image. Moreover,
the set of v € X" corresponding to discrete or archimedean valuations of
H, is dense in U>".



68 CHAPTER 3. INTERPRETATION BY BERKOVICH SPACES

(2) If k = Z, then X*" \ X7 .7 s dense in X*". Here v : Spec Z — M(Z)
is the canonical injection whose image consists of vo and vy° for finite
primes p.

Proof. We first prove (1). Only the density is not automatic from the definitions.
Denote by F' the function field of X, which is also the function field of &. There
is a composition of injections (Spec F')** — X2 — Uf**. It suffices to prove
that the set of discrete or archimedean v € (Spec F')®" is dense in U*".

We first prove that (Spec F')*[oco] is dense in U**[o0]. Assume k = Z to
have a non-trivial statement. Recall that we have

(Spec Z)™[oc] = {vl, = |- |L, : 0 <t < 1} ~(0,1].

As before, denote by (Spec F)f}go and Uy the fibers of (Spec F)*® and U™ above
vl, € M(Z). Tt suffices to prove that (Spec F)f)i; is dense in Uy for every
t € (0,1]. By Ostrowski’s theorem, any v € Y% is induced by the valuation vl
of C via a morphism SpecC — U. It follows that we have a natural surjection
U(C) — U, and it induces a homeomorphism U(C)/Gal(C/R) — U . An
element of Z/?O(C) gives an element of (Spec F')27' in this process if and on1§° if the
image of the corresponding morphism Spec C — U is the generic point Spec F
of U. Denote by U(C)gen the subspace of such elements of 2/(C). This induces a
homeomorphism U (C)gen/Gal(C/R) — (Spec F)2? . It is reduced to prove that
U(C)gen is dense in U(C). Note that U(C) \Z/{(C)O;CH is the union of V(C) over
all Zariski closed V' C Ug. Then U(C) \ U(C)gen is a countable union of proper
Zariski closed subsets of /(C). This implies that U(C)gen is dense in ¢(C). In
fact, as the smooth locus of U(C) is dense in U(C), we can assume that U(C)
is smooth, and by cover U(C) by open balls, we see that U(C) \ U(C)gen has
Lebesgue measure 0 over each ball.

Now we treat the non-archimedean points (where k = Z or k is a field). We
can assume that U is projective over k by passing to a projective model. A
point & € U?"[f] is called divisorial if there is a birational morphism U’ — U
from a normal integral scheme of finite type over k, together with a prime Weil
divisor D C U’, such that | - |¢ = exp(—tordp) for some constant ¢ > 0. Note
that & is discrete and actually lies in (Spec F))*"[f]. It suffices to prove that the
set of divisorial points is dense in U*"[f] for all projective variety U over k.

Note that the analogous statement for a non-archimedean field k (with a non-
trivial valuation) is a well-known result. For example, in this case, Berkovich’s
theory implies that the analytic space U*" has a topological basis consisting of
strictly k-affinoid domains, and any k-affinoid domain has a (non-empty) Shilov
boundary. By | , A3, A6, A.9], any point in the Shilov boundary of a
strictly k-affinoid domain is actually a divisorial point.

Return to the original (U, k). We will prove the density by induction on the
dimension of . Assume that I/ is normal by passing to its normalization. The
case of dimension one essentially follows from the explicit descriptions, noting
that the space M(Op) for a number field F' has a description analogous to that
of M(Z). Assume that dim¢{ > 1 and that the density statement holds for all
lower dimensions.
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We first prove the case k = Z (for the density of divisorial points). Let F'
be the algebraic closure of Q in Q(U), so that & has geometrically connected
fibers over Spec Op. Write U®" as unions of fibers U3" above v € M(Op). By
induction and by the case of non-archimedean fields, it suffices to prove that, for
any v € M(Op) \ M(F) corresponding to the trivial norm of the residue field
F,, for some prime ideal p of O, and any irreducible component U (endowed
with the reduced scheme structure) of the special fiber Ur ,, any divisorial point
& € (U/F,)* lies in the closure of the divisorial points of U*".

To illustrate the key idea, we will first treat the nice case that U = U, is
smooth over F,, £ € (U/F,)* is a divisorial point corresponding to a prime
divisor D C U, and that there is a section S of Up,, over O, such that the
point u = Sg_ is regular in all D,U,U. In that case, we can find a local system
of parameters @, z1,- - ,2q € Oy 4, such that locally at u € U, U is defined by
the ideal (), and D is defined by the ideal (t,z1). Here we require w € Op
to be a generator of p. Any f € Oy, can be uniquely written as a power series

[= Zanx?, an € OF@[[I%' e ’zd“'

n>0

Let 0 <r <1 and t > 0 be real numbers. Set
— t,.n
[ Flye = max (Jan ™).
Here | - |, = exp(—ordy,). We can check that y, € U*" with

tgm |f|y1, — Tmln{n:|an|p:1} — Tordzl (f mod p)

As r varies, the right-hand side gives exactly all the divisorial points of (U/F,)*"
corresponding to the divisor D C U. This finishes the nice case.

Now we need to make a few operations and replacements to convert the
general case (Z/{OF@ 90, U, &, D) to the nice case. Note that the situation is local
at p over Op, so we are only concerned with Up Fy instead of U. The process is
mostly geometric but a little tedious.

First, we convert to the case that U is normal and § € (U/F,)*" is a divisorial
point corresponding to a prime divisor D C U. Assume that £ € (U/F,)*" is
a divisorial point given by a prime divisor D’ on a normal projective scheme
U’ over F, with a birational morphism U’ — U. Then U’toU is obtained by
blowing up U along a closed subscheme Z of U. Let U’ — U be the blowing-up
of U along Z, the strict transform of U is exactly U’. Replace (U,U) by (U’,U").

Second, there is a finite and flat morphism UOF@ — Pdon with d = dimU/.
Take any ample line bundle £ onUo,, . Denote by Ly its pull-back to Up,,. There
is a positive integer m, such that T'(Ur_,mLy) contains a base-point-free sub-
space V of dimension d+ 1 such that the corresponding morphism Up Fo P(V)
is finite. This is done by the classical argument of embedding to a projective
space of a high dimension and projecting to hyperplanes successively. For m
large enough, the map F(Z/IOF@,m/J) — I'(Ur,,mLy) is surjective, and thus we
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can lift V' to an Op,-submodule V of I'Uoy,,,mL) of the same rank. The

morphism Uo,, — P(V) satisfies the requirement.

Third, in the morphism Uo,  — ]P’dOF@7 denote by Uy and Dy the images
of U and D respectively. Note that Uy = IP’%W. We claim that the result for
(IP’dOF :Uo, Do, &) implies that for (Uo,. U, D,§). Here & is the image of £ in
Ug™. In fact, denote by U’ — P the Galois closure of Uop, — Pg,, , defined
to be the normalization of the Galms closure of the functlon fields. Denote by
&1, , &, the preimage of £ in (U'/Op,)*". If the result for (IP%FJ,UO,DO,EO)
holds, then by taking preimages of divisorial point, one of & lies irgl the closure
of divisorial points of (U'/OF,)*. This also uses compactness of (U'/Op,)™"
As the Galois group acts transitively on &1, -+, &/, any &/ lies in the closure of
divisorial points of (U'/Op,)*". Taking images in U*", we see that & lies in the
closure of divisorial points U?".

Replace (UOFP,U,D,@ by (IP’dOF ,Uo, Do, &). We have converted the prob-
: ©
lem to the case that U = U, is smooth over F, and ¢ € (U/F,)*" is a divisorial
point corresponding to a prime divisor D C U.

Fourth, it remains to construct a section .S of Up r, OVer OF,, passing through
a regular point of D. This is easily done by the base change by a finite unramified
extension of Fy,.

Therefore, our proof of (1) for the arithmetic case k = Z is complete. If k is
a field, by blowing-up U, there is a fibration & — P}.. Then the above induction
argument still works.

Now we prove (2). Let U be a normal projective model of X as in (1).
Still consider the composition (Spec F')** — X2 — f*». The topologies of
(Spec F')*™ and X" are the same as the subspace topologies induced from U®".
It suffices to prove that (Spec F)*" \ (Spec F)(g .7 is dense in ¢**. In (1),
we have proved that (Spec F)*" is dense in U®", but the proof actually gives
the statement that (Spec F')** \ (Spec F)L(specﬁ% is dense in U*" \ UM, Here g
denotes the trivial norm of Z. Therefore, 1t suffices to prove that any divisorial

point & of U lies in the closure of Up<oolxl§p in U?".

As above, we have a geometrically connected morphism & — Spec Op. Then
the divisorial point £ lies in U3» = (Up/F)* under the trivial norm of F. By
replacing U with a blowing-up if necessary, we can assume that £ corresponds
to a prime divisor D of Upr. Denote by D the Zariski closure of D in /. For all
but finitely many prime ideal © of Op, the reduction U is normal and Dy is a
prime divisor of Ug,. For any rational function f of U, for all but finitely many
prime ideal p of Op, the specializations above p of the irreducible components of
div(f[uy) are irreducible and distinct, which give ordp(fu,) = ordp, (flu,)-
This proves that exp(—ordp) is the limit of exp(—ordp%) as p varies. Therefore,
x lies in the closure of divisorial points of (Spec F)*" \ (Spec F)3 in U*". This
proves (2). O



3.2. ARITHMETIC DIVISORS AND METRIZED LINE BUNDLES 71

3.2 Arithmetic divisors and metrized line bun-
dles

In this section, we introduce arithmetic divisors and metrized line bundles on
Berkovich spaces, which are analytic counterparts of the adelic divisors in §2.4
and the adelic line bundles in §2.5.

3.2.1 Arithmetic divisors

Let k£ be a commutative Banach ring, which is also an integral domain. Let
X be an integral scheme over k. Let X?* = (X/k)* be the Berkovich space
defined above.

Let D be a Cartier divisor on X. By a Green function of the divisor D
on X?", we mean a continuous function g : X** \ |D|** — R with logarithmic
singularity along D in the sense that, for any rational function f on a Zariski
open subset U of X satisfying div(f) = D|y, the function g + log|f| can be
extended to a continuous function on U?".

The pair D = (D, g) is called an arithmetic divisor on X**. An arithmetic
divisor is called effective if D is an effective Cartier divisor on X and g > 0 on
X2\ |D|*. An arithmetic divisor is called principal if it is of the form

diven (f) 1= (div(f), — log |])

for some nonzero rational function f on X.

An arithmetic divisor D or its Green function g is called norm-equivariant
if for any points x,z; € X"\ |D|*" satisfying |- [, = | - |5, for some 0 <t < oo
locally on Ox, we have g(z) = tg(z1). By definition, principal arithmetic
divisors are norm-equivariant. e

Denote by Div(X?") the group of arithmetic divisors on X2 by Pr(X??)
the group of principal arithmetic divisors on X", and by ISR/(X M) eqv the
group of norm-equivariant arithmetic divisors on X®". Denote the class group
of arithmetic divisors as

CaCl(X™) = Div(X™)/Pr(X™),

CaCl(X™)eqy 1= Div(X™)eqy/Pr(X™).

Notice that for any arithmetic divisor D = (D, g) on X", the algebraic part
D is a Cartier divisor on X (instead of X?"), and g is a function on X?". We
take this ad hoc definition to avoid defining general Cartier divisors on X?" by
the lack of a good theory of analytic functions on X2".

3.2.2 Metrized line bundles

Let k be a commutative Banach ring, which is also an integral domain. Let
X be an integral scheme over k. Let X*" = (X/k)*" be the Berkovich space
defined above.
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Let L be a line bundle on X. At each point x € X?", denote by T the image
of zin X. The fiber L**(x) of L at z is defined to be the H,-line L(Z) ®pz) He,
or equivalently the completion of the fiber L(Z) of L on Z for the semi-norm |- |,.
By a metric || - || of L on X*" we mean a continuous metric on [[, ¢ yan L*" ()
compatible with the semi-norms on Ox. More precisely, to each point x € X"
we assign a norm || ||, on the H,-line L**(z) which is compatible with the norm
| - | of H, in the sense that

[fllle = fle- ey f € Hay €€ L™(2).

We always assume that the metric || - || on L is continuous in the sense that, for
any section £ of L on a Zariski open subset U of X, the function ||4(x)| = ||¢(x)]|»
is continuous in x € U*".

The pair (L, ||-]|) above is called a metrized line bundle on X?**. An isometry
from a metrized line bundles (L, ||-||) to another one (L', ||-||') is an isomorphism
i: L — L’ of line bundles on X such that || - || = ¢*| - ||".

A metrized line bundle L = (L, || - ||) or its metric || - || is called norm-
equivariant if for any rational section s of L on X, and any points z,z; €
Xan\ |div(s)[* satisfying |- |, = |- |, for some 0 < ¢ < oo locally on Ox, we
have |15, = ls|.

Denote by EE(X an) the category of metrized line bundles on X2 where the
morphisms are isometries. Denote by ISI\C(X an) the group of isometry classes
of metrized line bundles on X?®*. Denote by 5E(X€m)eqv (resp. lgi\c(Xan)qu)
the full subcategory (resp. the subgroup) of norm-equivariant line bundles in
Pic(X) (resp. Pic(X™)).

Similar to Div(X®"), elements of Pic(X®") are of the form (L, ]| - ||), where
L is a line bundle on X (instead of X?") and || - || is a metric on X?". We have
forgetful maps

Pic(X*) — Pic(X), Pic(X™) — Pic(X).

The fibers of the second map are homogeneous spaces of the group of metrics
on Ox.
There are canonical isomorphisms

CaCl(X™) —s Pic(X™),

CaCl(X™)oqy — Pic(X™)equ.

In fact, given any arithmetic divisor, (D, g) on X®*, the term e~9/2 defines a
metric on O(D), and thus we obtain a metrized line bundle on X**. Conversely,
for any metrized line bundle (L, ||-||) on X?", if s is a rational section of L, then

divxan (s) := (div(s), — log |s]))

defines an arithmetic divisor on X?". Both processes keep the properties of
being norm-equivariant.
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In the case k = Z, a norm-equivariant Green function or a norm-equivariant
metric on a line bundle on X?" is uniquely determined by its restriction to the
disjoint union of the distinguished fibers X7" = X" over all places v < oco.
This follows from Lemma 3.1.1(2). Later on, all of Green functions and metrics
in our consideration will be norm-equivariant.

3.3 Analytification of adelic divisors

The adelic divisors in §2.4 induce norm-equivariant arithmetic divisors on Berkovich
spaces. The goal of this section is to study this analytification process. The
main result is as follows:

Proposition 3.3.1. Let k be either Z or a field. Let X be a flat and essentially
quasi-projective integral scheme over k. There are canonical injective maps

Div(X/k) — Div(X™)eqv,

CaCl(X/k) — CaCl(X™)eq-

In the following, we will construct the maps and prove the injectivity in the
order of projective case, quasi-projective case, and essentially quasi-projective
case.

3.3.1 Projective case

Let k be either Z or a field. Take the uniform terminology in §1.5.
Let X be a projective variety over k. Then there is a canonical map

Div(X) — Div(A™)equ-

In the following, for any D = (D,g) € Div(X), we will introduce a Green
function g of D on X**, and define the map by (D, g) — (D, 9).

We will define g according to the decomposition X" = X?"[f] U X*"[o0],
and then check the continuity.

For any point z € X?"[f], recall that there is a specialization map r :
X2 [f] — X by the properness of X over k. Let U be a Zariski open subscheme
of X containing r(x) such that D[, is defined by a single equation f € k(U)* on
U. By r(x) € U, the image of Spec R, — X lies in U and thus x € U**. Define
g(z) = —log |f(x)|. This definition is independent of the choice of (U, f).

It is easy to define g on X*"[c0] (in the arithmetic case). In fact, the Green
function g on X(C) descends to the fiber X2" = X2". This gives the definition
of g on X2". Tt extends to X*"[oco] by requiring g to be norm-equivariant. In
fact, for any point z € X?"[oc], there is a unique point z; € X2 such that
| |o =L, for some 0 <t < 1, and then we set g(z) =t g(x1).

Now we prove that g is indeed a Green function; i.e. ¢ is continuous on
X2\ |DJa*, and has logarithmic singularity along D.
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Lemma 3.3.2. The function g is a Green function of D on X?".

Proof. We first note that the continuity of g on X"\ [D|*® (for all such D)
implies that g has logarithmic singularity along D. Let f be a local equation
of D on an open subscheme U of X. Assume that the continuity holds for the
arithmetic divisor (D — divy(f), g + log|f|), i.-e. g+ log|f| is continuous on
X2\ |D — div(f)|>®, Then g has the correct logarithmic singularity on U?".
Vary (U, f) to cover X.

Now we prove the continuity of g on X**[f] \ |D|**. Let r : X** — X be
the specialization map. Let {x, }»>1 be a sequence in X*"[f]\ |D|*" converging
to x € X2[f]\ |D|**. We need to prove that g(x,,) converges to g(x). Let
Ui, U, be an open cover of X such that, for any i = 1,--- ,n, U; contains
r(z) and D is defined by a single equation f; on U;.

To see the existence of the open cover, by quasi-compactness, it suffices to
prove that for any point y € X, there is an open neighborhood of {r(x),y} in
X such that D is principal on U. Note that D is principal on U if and only if
the line bundle O(D) is trivial in Pic(U/). We can further assume that D is very
ample by writing D as the difference of two very ample Cartier divisors on X'.
Then there is an embedding X' — PkN using global sections of O(D). For any
hyperplane H of P¥, the line bundle O(D) is trivial in Pic(X \ H), since Opn (1)
is trivial in Pic(PY \ H). Now it suffices to choose a hyperplane H disjoint with
{r(x),y}. This is easy if k is infinite. If k is finite, it is also easy if N is large.

Now we have the open cover Uy, --- ,U,. Denote by I; the set of m > 1 such
that r(z,,) € U;. Then we have Iy U---U I, = {1,2,---}. Tt suffices to prove
limy,er, g(m) = g(z) for each 4 = 1,--- ,n. By definition, r(xz) € U implies
that the image of the closed point of Spec R, — X lies in U, where R, C H, is
the valuation ring. This implies that the image of Spec R, — X lies in U, and
thus x € U*". Thus g(z) = —log|f(x)| by definition. Similarly, m € I; implies
Ty € U™ and §(z,,) = —log|f(zm)|- It follows that lim,cr, g(2m) = g(x).
This proves that g is continuous on X*"[f] \ |D|*".

If K = Z, we need to make extra arguments to extend the continuity of g from
X2\ |D]P™ to X2\ |D|*". By definition, g is continuous on X" [oo]\ |D|*. Tt
remains to prove that g is continuous when X'**[oo]\|D|*" approaches X"\ |D|*",
where vy € M(Z) is the trivial norm of Z. Namely, let {z,,}n>1 be a sequence
in X*"[oo] \ [D|*" converging to a point z in A3\ |D|*". We need to prove that
g(zm) converges to g(z).

The canonical homeomorphism X" [cc] — X2 x (0,1] induces a projec-
tion 7 @ A*[oo] — X2, Here XY = A" = X(C)/Gal(C/R) is compact.
To prove lim,,>1 §(x,) = g(z), by proof by contradiction, it suffices to prove
lim,,e; g(xm) = g(z) for all subsequences I of {1,2,---} such that {7 (z.,)}mer
converges in X',

For such a subsequence I, denote by z = limyer 7(zy,) in X2". There is
an open neighborhood U of {r(x),r(z)} in X such that D is defined by a single
equation f on U. The existence of U has already been proved in the above
non-archimedean case.

Similarly, the condition r(z),r(z) € U implies x,z € U**. This holds for =
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as in the above non-archimedean case and holds for z since r(z) is the image of
Spec H, — X.

By removing finitely many elements of I, we can assume that x,, lies in &/*"
for every m € I. Then —log |f|(zm) for m € I converges to — log |f|(z) = g(x).
Denote h(y) = g(y) + log|f|(y), as a function on U?*. It suffices to prove
lim,,es h(x,,) = 0.

Note that h is norm-equivariant on U*". For m € I, denote by t,, the image

of z,, under the canonical projection X*"[cc] — (0,1]cc = (0,1]. We have
limy,ertm — 0. It follows that lim,er h(zm) = limper tm h(7(zm)) = 0 as
lim,er m(2m) = z in U2, This finishes the proof. O

The following effectivity result will be very useful in proving the injectivity
of the analytification map.

Lemma 3.3.3. Let k be either Z or a field. Let X be a projective variety over
k and let i : X — X be a pro-open immersion. Let D = (D, g) be an arithmetic
divisor on X, and denote by § the Green function of D on X" induced by D.
Assume one of the following two conditions:

(1) X is normal;

(2) the scheme X is integrally closed in X, and the Cartier divisor D|x 1is
effective on X.

Then D is effective if and only if g > 0 on X\ |D|*".

Proof. Note that (1) is a special case of (2) with X equal to the generic point of
X, but we list it separately for its independent importance. It suffices to prove
the “if” part. Assuming g > 0, we need to prove that D is effective. This is
an analytic version of Lemma 2.3.6. It suffices to prove that for any v € X \ X
of codimension one in X, the valuation ord, (D) in the local ring Oy, is non-
negative. Consider the divisorial point £ = exp(—ord,) of X2*. Let f be a local
equation of D in an open neighborhood of v in X. By definition,

9(&) = —log|f(§)| = —log(exp(—ord, f)) = ord, f = ordy(D).

It follows that ord, (D) > 0. O

3.3.2 Quasi-projective case

Let k be either Z or a field. Let U be a quasi-projective variety over k and X
be a projective model of #. The analytification map

Div(X) — Div(A®)eqy
defined above induces a map

m(X,L{) — ﬁ/(uan)eqvv



76 CHAPTER 3. INTERPRETATION BY BERKOVICH SPACES

which sends D = (D, gp) to D := (D|y, §p). Here D|y is an integral part of
D, which is an integral Cartier divisor on &. By direct limit, the map gives a
map - -

Div(U/k)moa —> Div(U™)eqy-

In the following, we prove that the map can be extended to adelic divisors of
quasi-projective varieties by taking limits.

Proof of Proposition 3.3.1: quasi-projective case. We need to define and prove
the injectivity of - -
Div(U/k) — Div(U™)eqv,
CaCl(U /k) — CaClU™ )eqy.
The injectivity of the first map implies that of the second map. In fact, if
Div(U/k) — Div(U*" )eqv is defined and injective, then the map Pr(U/k)mod —
ffr(uan) is also injective. Thus ls;(U/k:)mod — ?r(uan) is bijective as both
groups are quotients of k(U)*. The quotients give a well-defined and injective
map CaCl(U/k) — CaCll*™)eqy-
To treat the first map, we will extend the map

Div(U/k)mod —> DIvU™)eqy

to a map - -
Div(U/k) — Div(U™)equ

by continuity. Recall that the left-hand side is endowed with the boundary
topology using &o; similarly, we endow the right-hand side with the boundary
topology using the divisor Egn. Here

&y = (&lu, o) = (0,0)

is the image of £y = (&, go) in ]Si\v(l/lan)cqv.

Note that that the map ]SR/(L{/k)mod — DAiv(uan)qu keeps the partial order
of effectivity, so it sends Cauchy sequences to Cauchy sequences. To prove that
the map is well-defined, it suffices to prove that Div(U*")eqy is complete under
the boundary topology. Let {(D;, §;)}i>1 be a Cauchy sequence in BE(uan)eqv.
Then we have D; = D; for all ¢, and there is a sequence {¢; }; of positive rational
numbers converging to 0 such that

—€iGo < Gi — §j < €go, Vji=>i>1.

Note that gg is continuous on U*" and thus bounded on any compact subset of
U™, Then {g; — g1}, is uniformly convergent (to a continuous function) on any
compact subset of U*". As U>" is locally compact, the sequence {g; — g1}; is
pointwise convergent to a continuous function on &4*". Then g; = §1 + (§;: — §1)
converges to a Green function of Dy on U*". This gives the limit of {(D;, §;) }i>1
in ﬁ(uan)eqv. Therefore, ﬁ(uan)eq‘, is complete, and the first map of the
proposition is well-defined.
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In the definition - -
Div(U/k)moa = li_n)lDiv(XJ/{),
X

we can replace each X" by its normalization in U, so that X is integrally closed
in Y. By Lemma 3.3.3, an element of Div(U/k)moa is effective if and only if

its image in ]ﬁ(uaﬂ)eqv is effective. As a consequence, for any sequence {D;};
of Div(U/k)moa, if the image of {D;}; in Div(U*™)eqy is a Cauchy sequence

=

equivalent to 0, then {D;}; is a Cauchy sequence in Div(U /k)mod equivalent to
0. This proves the injectivity. O
3.3.3 Essentially quasi-projective case

Let k be either Z or a field. Let X be a flat and essentially quasi-projective
integral scheme over k. Recall

Div(X/k) = lim Div(U/k),
u
CaCl(X/k) = lim CaCl(U/k).
u

Here the limits are over quasi-projective models U of X over k.
Note that we have already had an injection

Div(U k) — Div(U™)eqy
for quasi-projective models U of X. Its direct limit gives an injection

Div(X/k) — lim Div(U™)eqy-
u

Composing with the map
li Div(U™)eqy — Div(X™)equ,
u
we get a map - .
Div(X/k) — Div(X®™)eqy-

This is the map in Proposition 3.3.1. Now we are ready to finish the proof of
the proposition.

Proof of Proposition 3.3.1: essentially quasi-projective case. Similar to the quasi-
projective case, it suffices to prove the injectivity of

Div(X/k) — Div(X™)eqy-
By the above composition, it suffices to prove that the map

L Div(U™)eqy — Div(X™)eq
u
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is injective. By Lemma 3.1.1, X" — U/®" is injective with a dense image. Then
it suffices to prove that the map

D : liﬂDiV(U) — Div(X)
u

is injective.

Fix a quasi-projective model Uy of X. By Lemma 2.3.4, in the above limits,
we can take {U} to be the inverse system of open subschemes of Uy containing
X. If D is an element in the kernel of ®, then we can assume that D lies in
Div(U) for some U. At any point z € X, D is defined by a single equation f
in a neighborhood of z in . By assumption, f is invertible in Oy 4, so f is
invertible on a neighborhood V, of x in U, or equivalently D is 0 on V,. Taking
unions of V,, for all x € X, we see that D is 0 on an open neighborhood of X in
Up. Thus D = 0. This proves the injectivity of ®. The proof is complete. O

3.4 Analytification of adelic line bundles

The adelic line bundles in §2.5 induce norm-equivariant metrized line bundles
on Berkovich spaces. The goal of this section is to study this analytification
process. The main result is as follows:

Proposition 3.4.1. Let k be either Z or a field. Let X be a flat and essen-
tially quasi-projective integral scheme over k. There is a canonical, fully faithful
functor - -

Pic(X/k) — Pic(X*)eqv,

which induces an injective map
Pic(X/k) — Pic(X™)eqy-

Most of the process is parallel and implied by the analytification of adelic
divisors in §3.3. We will include it for the sake of readers. As in the case of
adelic divisors, we will construct the maps and prove the injectivity in the order
of projective case, quasi-projective case, and essentially quasi-projective case.
In the end, we will consider the canonical measures on Berkovich spaces induced
by this process.

3.4.1 Projective case

Let k be either Z or a field. Take the uniform terminology in §1.5. Let X be a
projective variety over k. Then there is a canonical functor

Pic(X) — Pic(X™)eqy

and a canonical map
Pic(X) — Pic(X*")eqy-
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This is very similar to that construction in §3.3. It is a consequence of the latter
for choosing a rational section s of a line bundle on X and converting metrics
|Is]| to Green functions — log ||s]|.

For importance, we sketch the definition here. Let £ be a hermitian line
bundle on X. We need to define a metric of £ on X*". The metric of the
fibers of £ on XX = AR" are given by the original hermitian metric, and
it extends to X*"[oco] by norm-equivariance. For the metric of £ at a point
x € X*[f], let ¢2 : Spec R, — X be the k-morphism extending the k-morphism
¢ : Spec H, — X under the valuative criterion. Then (¢2)*L is a free module
over R, of rank 1. Let s, be the basis of this free module. Define the metric of
L(z) = ¢%L by setting ||sz|| = 1. The continuity of the metric is a consequence
of Lemma 3.3.2.

3.4.2 Quasi-projective case

Let k be either Z or a field. Let U/ be a quasi-projective variety over k. We are
going to have a canonical functor

PicU/k) — Pic(U™)eqv
and a canonical map L -
PIC(Z/{/k‘) — PiC(uan)eqv-

___The functor is described as follows. Recall from §2.5 that an object of
Pic(U/k) is a sequence L = (L, (X;, L, {;)i>1). Resume the other notations for
this sequence in §2.5. Note that each £; induces a metric |- || of £; on X?". By

the isomorphism ¢; : £ — L;|y;, and by restriction, we get a metric || - ||; of £ on

U*. We will see that the Cauchy condition implies that these metrics converge
. . . . —=a

pointwise to a continuous metric || - || of £ on U*. Then £ := (L, ]|-]|) defines

an element of 73;:(1/{‘"“‘)@01\,7 which is the desired image of the functor.
By the above idea, we prove Proposition 3.4.1 for quasi-projective varieties.

Proof of Proposition 3.4.1: quasi-projective case. We need to prove that the above
construction gives a functor

Pic(U/k) — PicU™)eqy,

and prove that the functor is fully faithful. This is more or less a consequence
of the quasi-projective case of Proposition 3.3.1. We will write some parts of
the proof and convert some other parts to the proposition.

Resume the above notations in_the construction of the functor. Let L =
(L, (Xi, Li, £;)i>1) be an object of Pic(U/k). Denote by || ||; the metric of £ on
U™ induced by (X, L;).

We first check that the metric || - ||; converges pointwise to a metric of ||-||; of
L on Y?**. This is very similar to the quasi-projective case of Proposition 3.3.1.
In fact, from §2.5, the Cauchy condition means that there is a sequence {e¢;};>1

of positive rational numbers converging to 0 such that in ]SE(Z/{ /E)mod;

—¢;&0 < div(l:l7 ) — div(Le) < €89, P> > 1.
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This implies

—€igo <log(|[ - [li/1 - ;) < €;go, P24 =1
Here go is the Green function of & on A§" induced by &o, which is continuous
on U™, Write f; = log(|| - ||li/ll - |l1) as a continuous function on &/*". Then the
above condition gives

—€00 < fi— fi <€go, 127> 1.

As in the proof of Proposition 3.3.1, since U?" is locally compact, f; converges
pointwise to a continuous function f on U*". As a consequence, || - ||; converges
pointwise to a continuous metric || - ||, and

—€ig0 <log([l - I/l - 1l;) < €jgo, 5 = 1.

This gives the functor image £° = (£, || - [|).

To check that it is indeed a fully faithful functor, let L' be another object
of ﬁ(b{/k) with image £ in ﬁ%(uan)eqv. We need to prove that there is a
canonical isomorphism

Hom(zl, L) — Hom(zlan, ™).
This is equivalent to a canonical isomorphism
Hom(@XO,ZN ® L) — Hom(Oy, (L™ @ L™).
Here Ox, = (Oy, (Xy,Ox,, 1)) and Oy = (O, || - [lo) are the neural elements,
where || - ||o is defined by ||1]jo = 1.

Replacing " ® L by L, it suffices to prove that there is a canonical isomor-
phism

—an

® : Hom(Ox,, L) — Hom(Oy, L ).

Write £ = (L, (X, Li, £;)i>1) as above.

Elements of both sides of ® are represented by regular sections s of L every-
where non-vanishing on ¢. Such a section s gives an element of the right-hand
side of ||s]| = 1 on U*". The section s gives an element of the left-hand side of
the Cauchy sequence {Ji\v(&él_l) + &i\v(;,(1 Z)(8)}iz1 of ﬁ(u/k)mod converges
to 0 in ]SR/(I/{ /k) under the boundary topology. These two conditions on s are

equivalent since - .
Div(U/k) — Div(U*")eqv

is injective by Proposition 3.3.1. The proof is complete. O

3.4.3 Essentially quasi-projective case

Let k be either Z or a field. Let X be a flat and essentially quasi-projective
integral scheme over k. Recall that

Pic(X/k) = lim Pic(U/k),
u
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Pic(X/k) = lim Pic(U/k).
u

Here the limits are over quasi-projective models U of X over k. Note that we
have a fully faithful functor

PicU/k) — PicU™)eqw
for quasi-projective models U of X. Its direct limit gives a fully faithful functor

Pic(X/k) — lim PicU™)eqy-
u

Composing with the functor

hjﬂ)lpica/{an)eqv — PiC(Xan)eqvv

we get a functor - -

Pic(X/k) — Pic(X*™)eqv-
This is the functor in Proposition 3.4.1. Now we are ready to finish the proof
of the proposition.

Proof of Proposition 3.4.1: essentially quasi-projective case. It suffices to prove
that the functor - -

lim Pic(U™)eqv — Pic(X*)eqv

u

is fully faithful. Similarly, by Lemma 3.1.1, X®" — U{®" is injective with a dense
image, so it suffices to prove that the functor

U liglpic(l/{) — Pic(X)
u

is fully faithful.

Fix a quasi-projective model Uy of X. By Lemma 2.3.4, in the above limits,
we can take {U} to be the inverse system of open subschemes of Uy containing
X.

To prove that the functor W is fully faithful, it suffices to prove that for any
line bundles £, £’ on some open neighborhood of X in U, the canonical map

ligﬂHOHl(ﬁh/{, £,|u) — Hom(£|x, ﬁllx)
u

is an isomorphism. The map is isomorphic to

i (U, £V ® £) — T(X, £V @ L),
u

The injectivity is clear as both sides are subgroups of rational sections of LY ® L’
on X. For the surjectivity, it suffices to prove that if a rational section s of
LY ® L' is regular and nowhere vanishing on X, then it is regular and nowhere
vanishing on a neighborhood of X in Uy. In fact, for any x € X, as s is regular
and non-vanishing at z, it is so at an open neighborhood V, of z in Uy. Take
unions of V, for all x € X. It gives an open neighborhood of X in Uy satisfying
the requirement. This finishes the proof. O
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3.4.4 Consequence on shrinking the underlying scheme

A quick consequence of Proposition 3.3.1 and Proposition 3.4.1 is the following
injectivity result.

Corollary 3.4.2. Let k be either Z or a field. Let f : X — Y be a morphism
of flat and essentially quasi-projective integral schemes over k. Assume that X
andY are normal, and f induces an isomorphism k(Y) — k(X) of the function
fields. Then the canonical maps

Div(Y/k) —s Div(X/k),

Pic(Y/k) — Pic(X/k),

Div(Y™) — Div(X™),

Pic(Y*") —s Pic(X™)
are injective.

Proof. By Proposition 3.3.1 and Proposition 3.4.1, it suffices to prove the last
two maps are injective.
We claim that the third map implies the injectivity of the fourth map. In

fact, by the isomorphism between Pic and CaCl, the fourth map is isomorphic
to the canonical map

CaCl(Y™) — CaCl(X™).
As k(Y) — k(X) is an isomorphism, the canonical map
Pr(Y™) — Pr(X™)

is surjective. Then the injectivity of the third map implies that of the fourth.
Now we prove the injectivity of the third map

Div(Y®) — Div(X™).

Assume that an arithmetic divisor (D, gp) on Y lies in the kernel of this map.
Then gp is zero on (Speck(Y))*. By Lemma 3.1.1, gp is zero on Y?". Note
that gp has logarithmic singularity along |D|*" in Y*". This implies that |D|*"
is empty, and thus D = 0. It finishes the proof. O

3.5 Restricted analytic spaces

Let k be either Z or a field. Let X be a flat and essentially quasi-projective
integral scheme over k. The Berkovich space X** = (X/k)*" is intrinsic and
functorial. Moreover, the analytification map

Pic(X/k) — Pic((X/E)*™)eqv
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is functorial in the sense that it is compatible with the functoriality maps listed
in §2.5.5.

However, a disadvantage is that the space is too large and too abstract to
work on, mainly because it contains “too many” redundant points. The goal
here is to consider a smaller subspace (X/k)™2* of (X/k)®®, as the union of
some distinguished fibers, which is sufficient for many applications. It turns out
that metrized line bundles on (X/k)"*" are very close to the adelic line bundles
of Zhang | ] for projective varieties over number fields reviewed in §A.5.
In this case, Theorem 3.5.2 asserts that the adelic line bundles of | ] are
equivalent to our current notions. We will first introduce the arithmetic case
and give a sketch of the geometric case.

3.5.1 Arithmetic case

Recall that (SpecZ)*™ = M(Z) is the set of all multiplicative semi-norms of Z.
Define (SpecZ)"™" to be the subspace of (SpecZ)*" of non-trivial standard ab-
solute values |- |, of Z. Hence (Spec Z)"*" is bijective to Mg = {00,2,3,5,7,---}
and endowed with the discrete topology.

Let X be a scheme over Z. There is a structure map X** — (SpecZ)
Define the restricted analytic space X*2* = (X/7Z)" 2 associated to X/Z to be
the preimage of (Spec Z)™®" under the map X" — (SpecZ)?". It follows that

r-an __ an
N
v€E(Spec Z)r-an

an

where X3" is the fiber of X" above v. Then X7" is canonically homeomorphic
to X§. = (Xq,/Qu)*", the Berkovich space associated to Xg, over the complete
field Q,. The topology on X™#" is induced by the disjoint union so that each
X2" is both open and closed in X™2".

Define an arithmetic divisor on X" to be a pair (D, gp), where D is
a Cartier divisor on X, and gp is a Green function of D on X™2" ie. a
continuous function g : X™22 \ | D2 — R with logarithmic singularity along
D in the sense that, for any rational function f on a Zariski open subset U of X
satisfying div(f) = D|y, the function g+log|f| can be extended to a continuous
function on U™?".

An arithmetic divisor on X*?" is called principal if it is of the form

divean (f) = (div(f), —log|f])

for some nonzero rational function f on X.
Denote by Div(X*™2") (resp. Pr(X™®")) the group of arithmetic divisors
(resp. principal arithmetic divisor) on X. Define

CaCl(X™) := Div(X™®)/Pr(X™n).

Define a metrized line bundle on X" to be a pair (L,| - ||), where L is a
line bundle on X, and | - || is a continuous metric of fibers of L on X' ?". This
is similar to the original case; we omit the details.
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Denote by 151\0(X -an) the group of isometry classes of metrized line bundle on

X, and ﬁ(X r-an) the category of metrized line bundle on X whose morphisms
are isometries. There is a canonical isomorphism

CaCl(X™) —s Pic(X™™").
Finally, the motivation for restricted analytic spaces is as follows.

Proposition 3.5.1. Let X be a flat and essentially quasi-projective integral
scheme over Z. There are canonical injective maps

Div(X) — Div(X™n),

Pic(X) —» Pic(X™a),
and a canonical fully faithful functor

Pic(X) — Pic(X™m).

Proof. This is a consequence of Proposition 3.3.1 and Proposition 3.4.1. For
example, the first map is obtained as the composition

Div(X) —» Div(X®)eqy —> Div(X™").

Here the first arrow is injective by Proposition 3.3.1. The second arrow is
injective since a norm-equivalent Green function on X®" is determined by its
restriction to X2\ X {(Specz) Py Lemma 3.1.1, and the latter is determined by
its restriction to X™*" by norm-equivariance. O

3.5.2 Comparison in the projective case

Let us compare the current theory with the original theory of adelic line bundles
on projective varieties over a number of fields of Zhang | ]. We refer to
8A.5 for an overview of old theory, and we will follow the terminology of that
section.

Let X be a projective variety over a number field K. Denote by M the set of
places of K. Recall that in §A.5, an Mg-metrized line bundle L = (L, (|| - ||, )+)
on X consists of a line bundle L on X, and an Mg-metric (|| - ||v)» of L on
Xy = [verr, Xk, » i-e. a collection of m-continuous K,-metrics | - ||, of Lk,
on X, over all places v of K. Here “m-continuous metrics” are introduced in
§A.5.1 as uniform limits of metrics induced by projective models in the non-
archimedean case. An adelic line bundle on X in the sense of | ] is a
metrized line bundle on X, satisfying the coherence condition, i.e. over all
but finitely many places, the metric is induced by a single projective integral
model over an open subscheme of Spec Of.

To avoid confusion, denote by Pic(X s, )* the category of Mg-metrized line
bundles on X, and denote by 7/31\C(X )* the category of adelic line bundles on X
introduced in §A.5.2. Note that we use the notations 7/3E(XMK)* and Pic(X)*
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instead of ﬁE(X My ) and ﬁ(X ) to distinguish them from our current set of
notations.

To compare it with the current theory, view X as a projective variety over
Q, which is generally not geometrically integral.

Denote by Pic(X* )., the full subcategory of Pic(X**") whose objects are
adelic line bundles on X satisfying the coherence condition. Here the coherence
condition of a metrized line bundle L on X™2" is the existence of an open
subscheme V of SpecZ, a projective and flat morphism ¢4 — V whose generic
fiber is isomorphic to X — SpecQ, and a line bundle £ on ¥ endowed with
an isomorphism Lo — L over X, such that the metric of L on Xph C X s
equal to the metric of L on X" induced by £ for all primes p € V.

The following result asserts that we have equivalences

Pic(X/Z) — Pic(X"™)eon — Pic(X)*

of categories. Therefore, we have three equivalent definitions of adelic line bun-
dles on X in the projective case.

Theorem 3.5.2. Let X be a projective variety over a number field K. Then
there is a canonical equivalence

Pic(XT) — Pic(Xar )",
which induces equivalences
Pic(X/Z) — Pic(X™)eon — Pic(X)*.

Proof. We first reduce the problem to the case K = Q. View X as a projective
variety over Q, and denote this variety by X’ to avoid confusion. For any place
v of Q, there is a canonical isomorphism

K ®Q Q’U =~ HK’UH
wlv

where the product is over all places w of K above v. This induces canonical
isomorphisms

X' @9Q ~[[X ok Ku,  X'(@,) =[] X(Kw).
wlv wlv
As a consequence, we have a canonical equivalence
Pic(Xar, )" — Pic(X}y,),  Pic(X)* — Pic(X')*.

In other words, the categories are essentially independent of the number field K.
Then we can and will assume that K = Q in the following, which will simplify
notations significantly. - -

Next, we treat the functor Pic(X™*") — Pic(Xn,)*. It suffices to make
a canonical bijection, for a fixed line bundle Lg, on Xg, at a place v of Q,
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from the set of continuous metrics of Lg, on X2" to the set of m-continuous
Qy-metrics of Lg, on Xg,. Recall that “m-continuous metrics” are introduced
in §A.5.1 as uniform limits of model metrics. The bijection is automatic for
v = 00, S0 we assume v # 0o. Denote by |Xgq, |o the set of closed points of Xg, .
We have an injection |Xg,|o — X3" with a dense image. The canonical maps
X(Q,) — |Xg,lo — X2 induce maps between the fibers of Lg, in the opposite
directions, and thus transfer metrics of Lg, on X2 to Q,-metrics of Lg, on
Xg,. It remains to check that continuous metrics of Lg, on X3" correspond
exactly to m-continuous Q,-metrics of Lg, on Xg,.

The situation is very similar to that in §A.6.2. In fact, a projective model
of (Xg,,Lg,) induces a model metric on each side which corresponds to each
other. Taking quotients of the metrics by a fixed model metric of Lg,, it is
reduced to the case that Lg, is the trivial line bundle, and then the process
Il - || = —log||1]|] transfers metrics to functions. Thus it is reduced to make a
canonical bijection from the set of continuous functions on X3" to the set of m-
continuous functions on |Xg,|o. Note that m-continuous functions are defined
as uniform limits of model functions. This bijection is a consequence of Gubler
[ , Theorem 7.12] (cf. [ , Lem. 3.5]), which asserts that the space of
model functions on X&" is dense in the space of continuous functions on Xa"
under the uniform topology. -

Hence, we have defined Pic(X™*") — Pic(Xn)* and proved that it is an

equivalence. Moreover, it induces an equivalence 7/3E(X ran) oh — TDE(X )*.
By Proposition 3.5.1, we have a fully faithful functor Pic(X) — Pic(X?).

It remains to prove that its essential image is Pic(X™*")con.
By definition,

Pic(X) = liy Pic(l),
u

where the limit is over quasi-projective models ¢/ of X over Z. Replacing U by
an open subscheme if necessary, we can assume that there is a projective and
flat morphism U — V for some open subscheme V of SpecZ. It is reduced to
characterize the essential image of the functor Pic(U) — Pic(X ™).

Let £ = (£, (X;,Li,4;)i>1) be an object of Pic(lf), which has underlying
line bundle £ on U. Denote by L = (L, (]| - |l»)») the image of £ in Pic(Xan),
with underlying line bundle L = £|x on X. Denote by | - ||;,» (resp. || - ||5) the
metric of L on X" induced by (X;, L;) (resp. (U, L)) for v < oo (resp. v € V).
By definition, || - ||, is the pointwise limit of || - ||; , on X3".

As the base change of (X;, £;) to V is isomorphic to (U, £), they induce the
same metrics of L at any closed point v € V. It follows that ||-[|; , = [|-||5 = || ||»
for v € V. This proves that the metric of L satisfies the coherence condition over
V. Therefore, the essential image of Pic(X) — Pic(X*?") lies in Pic(X ™" )con.

We claim that the convergence of || - ||;, to || - ||, is the uniform convergence
on X3* for any place v < oo. In fact, for the sake of the boundary topology,
take any projective model Xy of U, and take the arithmetic divisor £y = (£, 1)
over SpecZ, where & = (SpecZ) \ V is endowed with the reduced structure.
Take Fo to be the pull-back of £y to Xy. Use (Xp, Fo) to define the boundary
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topology of 7/3;(1/{ )Jmod- There is also a boundary topology of 7/3E(X r-an) defined
by Fo . Note that the Green function § of F, is 0 on X2 for any v € V and
a positive constant on X3 for v ¢ V (including v = 00). As a consequence, the

convergence of || - ||;, to || - ||, is the uniform convergence.

It remains to prove that TDE(X ) — TDE(X ran) on is essentially surjective.
Given any metrized line bundle L = (L, (|| - [|o)») on X" satisfying the co-
herence condition over an open subscheme V of Spec Z, we will prove that L is
isomorphic to the image of some adelic line bundle £ = {(X;, £;, 4;)}i>1 on some
quasi-projective model U of X. In fact, by the coherence condition, there is a
model (U — V, L) of (X — SpecQ, L) inducing the metric of L above V. For
any v ¢ V, the metric || - ||, is continuous. By | , Thm. 7.12] again, || - ||»
is a uniform limit of model metrics (|| - ||;,»)i>1 if v is finite. For any i > 1, we
can find an integral model (&;, £;) of (X, L) which extends (U, £) and induces
the metric (|| - ||i,0)» of L. This gives the adelic line bundle £. It finishes the
proof. O

Let X be a projective variety over a number field K. One can also check that
nefness in Pic(X) (defined in §A.5), nefness in Pic(X/Z), and strong nefness in
7/7;()( /Z) are equivalent. Then the notions of integrable adelic line bundles in
these two categories are also equivalent.

Remark 3.5.3. The restricted analytic space X™?" seems very artificial, but it
has a functorial interpretation in terms of the Gelfand spectrum. Let X be a
projective variety over a number field K. We call an adelic line bundle L on X
vertical if the underlying line bundle L is isomorphic to the trivial line bundle
Ox. Then the space V(X) = @, C(X3") exactly consists of the functions
(—log||1]|,), for all vertical adelic line bundles L on X. This can be viewed
as a space of “vertical adelic divisors” on X. Moreover, V(X) has a natural
ring structure. It is complete under the natural topology, where a sequence
fi = (fiv)v converges to f = (f,), if there is a finite set S of places of Q such
that f;, = f,=0 for all v ¢ S, and that f; , converges to f, for places v. Then
we have

X" = Homeont (V(X), R), V(X) = C.(XT2™).

Here “Hom” denotes the set of continuous ring homomorphisms, and the first
isomorphism is by Gelfand spectrum.

3.5.3 Function field case

Let k be any field. Let X be a scheme over k. Recall that the analytic space
X2 = (X/k)™ is (Zariski locally) given by multiplicative semi-norms trivial
over k. To define a restricted subspace of X" as in the arithmetic case, we
need extra data to get a global field. This fits the setting at the end of §2.7.
Let B be a projective regular curve over k. Denote the function field by
K = k(B). Any closed point v € B gives a normalized absolute value | - |, =
exp(—ord,) of K. Define B*" = (B/k)™*" to be the subspace of B* = (B/k)"
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of non-trivial normalized absolute values of K. Therefore, B"" is bijective to
the set of closed points of B and endowed with the discrete topology.

Let X be a scheme over B (instead of just over k). There is a natural map
X — B, Define the restricted analytic space

Xr—an — (X/B)I‘—arl — (X/B/k)l‘-an

associated to X/B/k to be the preimage of B**" under the map X" — Ba",
It follows that

Xr-an — H Xf;n,

vE Br-an

where X" is the fiber of X*" above v. Then X3" is canonically homeomorphic to
X = (Xg,/K,)*™, the Berkovich space associated to X, over the complete
field K,. The topology on X™?" is induced by the disjoint union so that each
X?2" is both open and closed in X2,

Similar to the arithmetic case, we can define arithmetic divisors and metrized
line bundles over X™2". Then Proposition 3.5.1 also holds for any flat and
essentially quasi-projective integral scheme X over B. More precisely, there are
canonical injective homomorphisms

Div(X/k) — Div(X™"),
Pic(X/k) —» Pic(X™?),

and a canonical, fully faithful functor
Pic(X/k) — Pic(X™™).

Recall that from §2.7, we also have canonical isomorphisms
Div(X/B) — Div(X/k),
Pic(X/B) —» Pic(X/k),
Pic(X/B) —s Pic(X/k).

In the end, we remark that the theory depends on the structure X/B/k. In
general, if we are only given X/k, then we may use some geometric operations
to construct the curve B in the middle. For example, if X is quasi-projective
over k of dimension at least 2, take K = k(t) for some transcendental element
t € k(X), which gives a rational map X --» B with B = IP’}C, and then blow-up
X to get a morphism X — B.

3.6 Local theory

Let X be a quasi-projective variety over Q. We want to know more about the
essential image of the functor

Pic(X) — Pic(X™").
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If X is projective, Theorem 3.5.2 gives a satisfactory answer. If X is not projec-
tive, such a task might be impossible, but the situation simplifies when restricted
to fibers of X™?" i.e. considering the essential image of

Pic(X) — Pic(X™)

for any place v of Q. This is the motivation of the theory in this section.

In this section, we will first study the completion process of adelic divisors
on Berkovich spaces over complete fields and introduce the Chambert-Loir mea-
sure in this situation. Most of this section is over complete fields, except that
Theorem 3.6.6 gives a sufficient condition for a metrized line bundle over Z to
be an adelic line bundle over Z.

3.6.1 The analytification functor

Let K be a field complete for a non-trivial valuation |-|. If K is non-archimedean,
denote by O the valuation ring of K. If K is archimedean (K = C or R), write
Ok = K for convenience.
Let U be a quasi-projective variety over K. By §2.7, we have introduced the
groups
Div(U/B), CaCl(U/B), Pic(U/B), Pic(U/B).

Here we understand that the base valued scheme B to be Spec Ok in the non-
archimedean case, and to be (SpecR,ig) or (SpecC,id) in the archimedean
case. By abuse of notations, we will write the groups uniformly by

Div(U/Ok), CaCl(U/Ok), Pic(U/Ok), Pic(U/Ok).

Let U?® be the (usual) Berkovich analytic space associated with U over
K. As in §3.2, an arithmetic divisor on U is pair D = (D, gp), where D is a
Cartier divisor on U, and gp : U™\ |D|*" — R is a Green function of continuous
type of D on U?". Similarly, a metrized line bundle on U™ is pair L = (L, || - ||),
where L is a line bundle on U, and || - || is a continuous metric of L on U?".

Therefore, we have the following groups

Div(U™), Pr(U™), CaCl(U™), Pic(U™), Pic(U™).

Here Div(U®") (resp. Pr(U)) is the group of arithmetic divisors (resp. princi-
pal arithmetic divisors) on U?". And Pic(U") (resp. Pic(U*")) is the category
(resp. group) of metrized line bundles on U?* under isometry. The group

CaCl(U™) = Div(U™)/Pr(U™)

is canonically isomorphic to ].SI\C(U an),

The local counterparts of Proposition 3.3.1 and Proposition 3.4.1 are as
follows. The proof is similar to and easier than the global case, so we omit
them.
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Proposition 3.6.1. Let K be a field complete for a non-trivial valuation. Let
U be a quasi-projective variety over K. There are canonical injective maps

Div(U/Ok) — Div(U™),

CaCl(U/Og) — CaCl(U™),
Pic(U/Oxk) — Pic(U™),
Pic(U/Og) —> Pic(U™).

In the following, we are going to study the images of the analytification
functors. Denote

Div(U*)cpie = Im(Div(U/Ox) — Div(U™)),

Pic(U™)epes = Im(Pic(U/Ox) — Pic(U™)),
Pic(U™)epts = Im(Pic(U/O) — Pic(U™)).

They are compactifications of
DV(U™)moa = n(DNV(U/Oxc Yo — DIV(U™)),

Pic(U™)mod = Im(Pic(U/Ok )moa — Pic(U™)),
Pic(U™™)moa = Im(Pic(U/Ox )moda — Pic(U™)).

We will first describe the compactification process directly on U?".

3.6.2 Compactified arithmetic divisors

Let K be a field complete for a non-trivial valuation |- |. Let U be a quasi-
projective variety over K. Recall that projective model of U over Ok is a flat
and projective integral scheme X over Ok together with an open immersion

If K is non-archimedean, an arithmetic model (or integral model) of a Cartier
divisor D of U is a pair (X, D), where X is a projective model of U over Ok,
and D is a Cartier Q-divisor on X extending D in that D and D have the same
image in Div(U)g.

If K is archimedean, an arithmetic model of a Cartier divisor D of U is
a pair (X, D), where X is a projective model of U over O = K, and D =
(l~), gp) consisting of a Q-divisor Don X extending D and a Green function
gp XN\ |D|*™ — R of continuous type of D on X"

In both cases, the arithmetic model (X, D) induces a Green function gp
of D on XZ", and thus a Green function gp|yan of D on U" by restriction.
The process is essentially the same as the global case described in §3.3. The
Green function gp|yasn is called a model Green function, and the arithmetic
divisor (D, gp|ysn) is called a model arithmetic divisor on U*". The model
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Green function or the model arithmetic divisor is called nef (or semipositive)
if either D is nef on X in the non-archimedean case, or D has a semipositive
Chern current on X'(C) in the archimedean case (cf. §2.1).

By definition, the image

Div(U*™)moa = Im(Div(U/Ox Jmoa — Div(U™))

is the group of all model arithmetic divisors on U*". It is a natural subgroup of
Div(U?"). Now we endow it with a boundary topology as in §2.4.

By a boundary divisor of U over Ok, we mean an arithmetic model (X, &)
over Ok of the divisor 0 on U such that the support of & x on X k is exactly
Xo, i \ U, and such that the induced Green function gg, > 0 on Aj%,. Then
(Xo, &) induces an arithmetic divisor Eg = (0, go) on U". Here gg = gg, |pan is
a continuous function on U*". Moreover, gg, has a strictly positive lower bound
on X&. We call Ey = (0,go) a boundary divisor of U".

Now have a boundary norm

I+ [z, : Div(U™) — [0, o]

defined by - -
||D||E0 =1inf{e € Qs0: —€Eg < D < e€Ep}.
Here we take the convention that inf(§}) = co. Then ||-[|5, is an extended norm.

Now we have a boundary topology on BR/(U‘*“) induced by the boundary norm,
for which a neighborhood basis at 0 is formed by

B(e, Div(U™)) := {D € Div(U™) : —eEy < D < €Eo}, €€ Qsq.

Here “<” is still given by effectivity. By translation, it gives a neighborhood
basis at any point. The topology does not depend on the choice of Fy.

By a similar method, we have a boundary topology over Div(U?"),,,q, which
is the same as the subspace topology induced from EFJ(U any,

By construction,

Div(U™)eper = Im(Div(U/Ox ) — Div(U™))

is equal to the completion of BFI(U an) hod for the boundary topology. An el-
ement of ﬁ(Uan)cptf is called a compactified divisor on U?". A compactified
divisor or its Green function is called strongly nef (or strongly semipositive) if
it is a limit of nef model arithmetic divisors under the boundary topology. A
compactified divisor D of Div(U®").p¢ or its Green function is called nef (or
semipositive) if there exists a strongly nef element Dg of 517/(U 20 optf Such that
aD + Dy is strongly nef for all positive integers a.

Lemma 3.6.2. The space BR(UB”“) is complete for the boundary topology and
contains Div(U )opes as a subspace.

Proof. The second statement is by definition, while the first statement is similar
to and easier than Lemma 3.6.3 below. We omit the proof. O
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3.6.3 Singularity of Green functions

It turns out that there is a surprisingly explicit description of ﬁ;/(U Y optis
which is determined by the space of Green functions in it. For that purpose, we
start with the following spaces of real-valued functions on U?".

(1) C(U*) denotes the space of real-valued continuous functions on U?";

(2) G(U®) denotes the space of Green functions on U?" associated to Cartier
divisors of U.

By definition, there is a natural injection.
Div(U*) — Div(U) ® G(U™)
and a canonical exact sequence
0 — C(U*) — Div(U*) — Div(U) — 0.

In terms of the boundary divisor (0, go) with go = gg,|van, we have a bound-
ary topology on C(U?*") and G(U®*"). The topologies are compatible under
inclusion. For example, the boundary topology on G(U?") is induced by the
boundary norm on G(U®") given by

191190 := ll9/90lsup = sup{lg(z)/go(2)| : = € U"}.
Then a neighborhood basis at 0 to be formed by

B(e, GU™)) :=={g9 € G(U™) : —ego < g <ego}, €€ Qxo.

Here the inequalities are understood to hold pointwise away from the loci of the
logarithmic singularities. By translation, it gives a neighborhood basis at any
point.

We have the following basic result, which is essentially contained in our
previous treatments.

Lemma 3.6.3. The space C(U") is complete for the boundary topology. If U
is normal, the space G(U") is complete for the boundary topology.

Proof. This is similar to the quasi-projective model case of the proof of Propo-
sition 3.3.1. We only treat G(U*"), as C(U*") is similar. In fact, let {fi}i>1
be a Cauchy sequence in G(U?"). Then there is a sequence {¢;},>1 of positive
rational numbers converging to 0 such that

—€i90 < fi— fj <e€jgo, 12>2j=>1.

Note that go is continuous on U*", so h; = f; — f1 is bounded on any compact
subset of U". Note that h; = f; — f1 has logarithmic singularity along a Cartier
divisor D; on U. By assumption, U is normal, and we can view D, as a Weil
divisor of U. The boundedness of h; implies D; = 0 and thus implies that h; is
continuous on U?".
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Hence, {h;};>1 is a sequence of continuous functions on U*". By the bound-
ary norm, {h;/go};>1 is uniformly convergent, and thus the limit is a continuous
function. Then {h;};>1 pointwise converges to a continuous function h on U".
Then f1 + h is the limit of {f; };>1 in G(U™"). O

In order to study 51;(U M) eptf, We introduce the following spaces.

(3) C(U)moa denotes the space of model functions on U**, i.e. model Green
functions induced by a pair (X, D), where X is a projective model of X
over Ok, and D is an arithmetic Q-divisor on X such that the generic
fiber D = 0 on Xk (instead of just on U);

(4) G(U*)moa denotes the space of model Green functions on U** associated
to Cartier divisors of U.

(5) C(U*)pts denotes the completion of C(U?")meq for the boundary topol-
ogy;
(6) G(U™)¢pts denotes the completion of G(U?")moq for the boundary topol-
ogy.
As C(U*) and G(U") are complete, we have inclusions
C(U)moa — C(U)eptr —> C(U™),
G(Uan)mod — G(Uan)cptf — G(Uan).

By the direct limit defining ISR/(U an) hod (commuting with exact sequences),
we have a canonical exact sequence

0 — C(U™)mod — DIv(U*™)moa — DIv(U/K )moda — 0.

Here - -

Div(U/K)mod = Div(U/K)mod = liAquv(X, U),

X
where the limit is over all projective models X of U over K. We use Div instead
of Div to avoid confusion. We further have a canonical injection
Div(U™)mod — Div(U/K )mod & G(U™)moq-
Taking completions, we have a canonical injection
Div(U* )epst — DIv(U/K) & GU™ ),
and a sequence
0 — C(U™)eptt — Div(U*™)epes — Div(U/K) — 0.

Our main result below claims that the sequence is exact and gives an explicit
description of C'(U™)cptt-

Recall that the boundary divisor (0, gg) on U*" induced by the boundary
divisor (Xp, &) on U. We further denote Xy = Xy x and Ey = & k-
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Theorem 3.6.4. Let K be a field complete for a non-trivial valuation. Let U
be a quasi-projective variety over K. The following is true:

(1) The canonical sequence
0 — C(U™)epts — Div(U™)eptt — Div(U/K) — 0
18 exact.

(2) For any projective model X of U over K, denote by C(U?™, X**) the space
of continuous functions h : X** — R supported on U*"; i.e. h(z) =0 for
any x € X2\ U, Denote by C(U*"), the image of the injection

C(U™, X™) —s C(U™), h > h|gen.

Then C(U*)g is independent of the choice of X as a projective model of
U over K. Moreover,

CU)eptt = go - C(U™)o = {goh : h € C(U™)o}.

3.6.4 Proof of Theorem 3.6.4

The proof of Theorem 3.6.4 is long as it contains many different parts. We
include a detailed proof in the following.

We first prove that the space C(U*")y in Theorem 3.6.4(2) is independent
of the choice of X. Namely, if X’ is another projective model of U over K, then

Im(C(Uan,Xan) N C(Uan)) — Im(c(Uan,X/an) N C(Uan)).

We can assume that there is a birational morphism 7 : X’ — X extending the
identity map of U. By pull-back via 72" : X'a» — X2" we have an inclusion

Im(C(U™, X™) = C(U™)) € Im(C(U*, X'™) — C(U™)).

It suffices to prove the inverse direction. For any h' € C'(U**, X'*"), we want to
descend it to the left-hand side. Define h : X** — R by setting h|gan = h'|yan
and h|xan\yan = 0. Then the pull-back of h via 7#" : X' — X" is exactly h'.
It suffices to prove that i is continuous on X", Since X’*® and X" are both
Hausdorff and compact, their closed subsets are the same as compact subsets,
so " is a closed map. Then the continuity of A’ implies that of h by the basic
result listed in Lemma 3.6.5. This proves the independence on X.

Now we prove the second statement of Theorem 3.6.4(2), i.e. C(U)eper =
go - C(U*)g. For any projective model X of U over K dominating Xy, the
image of the natural map C(X?") — C(U?") is contained in go - C(U*")y. As a
consequence, we have a composition of injections

CU™ moa — limy C(X™) — gy - C(U™)o.
X
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Here the limit is over all projective models X of U over K. To prove the result,
it suffices to prove that gg - C(U*")g is complete and that C'(U*")poq is dense
in go - C(U*)p under the boundary topology.

It is easy to prove that go - C(U")p is complete. In fact, under the bijection
C(U*™)g — go - C(U™)p, the boundary topology on go - C(U?")g corresponds
to the uniform topology on C(U?")q, which also corresponds to the uniform
topology on C(U?", X§") C C(X§"). The last space is complete.

Now we prove that C(U?")y,04 is dense in gq-C'(U*")g. Note that C(X§")mod
is dense in C'(X§") under the uniform topology. This is already used in the proof
of Theorem 3.5.2, as a theorem of Gubler (cf. | , Thm. 7.12] and | ,
Lem. 3.5]). As the uniform topology is stronger than the boundary topology,
we see that C'(X§") lies in the closure of C(U*)moq in go - C(U*)g. Thus, it is
reduced to prove that C(X§") is dense in go - C(U*", X§") under the boundary
topology.

Let f = goh be an element of go - C(U?", X§"). Define

frn == min{go,n} - h.
One checks that min{gg,n} € C(X§") and thus f, € C(X§"). Denote
Zy, ={x € X§" : go(z) > n}, €, =max{|h(z)|:z€ Z,}.
Note that {Z,}, decreases to |Fy|*", so €, decreases to 0. Then we have
|f = fol = max{0, go — n} - [h] < €ngo.

Thus {f,}» converges to f. This proves Theorem 3.6.4(2).
Now we prove Theorem 3.6.4(1), i.e. the exactness of

0 — C(U)eptr — ]ﬁ(Uan)Cptf — Div(U/K) — 0.

We first prove the exactness in the middle. Let D be an element in the kernel
of Div(U*)epes — Div(U/K). So D is the limit of a sequence D; = (D, g;)
(with ¢ > 1) in ]Si\v(Ua“)mod with lim; D; = 0 in ]5\1:/(U/K) We need to prove
that geo := lim; g; lies in C(U?")¢pis. Denote h; = ¢;/go, viewed as a continuous
function on U?". It suffices to prove that h., := lim; h; defines an element of
C(U?)o naturally. We will use the following properties.

(a) The sequence h; converges uniformly to hs, on U2,

(b) There is a compact subset W; of U?" for each ¢ > 1, such that
[hillgas\w; sup = sup{|hi(@)| : @ € U*" \ W;}
converges to 0 as ¢ — oo.

Property (b) comes from the condition lim; D; = 0 in f):;(U/K) In fact, the
condition gives —e¢; By < D; < ¢;FEy with ¢, — 0. In terms of Green functions,
this implies that €;g9 + g; is bounded below on U?". As €;gp goes to infinity
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along the boundary of U?", we see that 2¢;90 £ ¢g; = €;90 + (€:90 £ gi) > 0 in
a neighborhood of X% \ U™ in X%, where (X;,D;) is a projective model of
(X,0) over O inducing D;.

We claim that (a) and (b) imply that he = lim; h, lies in C(U")q. This
is basic in topology. In fact, the function he, lies in C(U?") by (a). It suffices
to prove that hs, converges to 0 along the boundary X§" \ U*". Assume the
contrary. Then there is a sequence {z;};>1 in U*" converging to a point z €
X§™ \ U™ such that |hoo(z;)] > ¢ for a constant ¢ > 0. By (a), we can assume
that there is iy such that |h;(z;)| > ¢/2 for all i > iy and j > 1. This implies
that ||h;||gen\w; sup > ¢/2 for all 4 > ig, which contradicts to (b). This proves
the exactness in the middle.

It remains to prove the right exactness in Theorem 3.6.4(1), i.e. the sur-
jectivity of ]Si\V(Uan)Cptf — ﬂ:z(U/K) Let D be an element of ﬁ/(U/K),
represented by a Cauchy sequence {D;}; in Div(U/K)moa. We need to find
a preimage of D in ]SFI(U ) epte.- There is a sequence ¢; of positive rational
numbers such that.

—€Ey < D; — Dy < e Ep.

By the Cauchy property, replacing {D;}; by a subsequence if necessary, we can
assume that ) .., €; converges. We claim that for any ¢ > 1, there is a model
Green function g; of D; on U such that the sequence {g;}; satisfies

—€90 < Gi — Giv1 < €90, 12> 1.

If the claim holds, the sequence {(D;, g;) }; is a Cauchy sequence, and represents
a preimage of D in ﬁ/(U”)Cptf.

It remains to prove the claim. We will construct g; inductively. Assume
that ¢1,---,¢; is constructed, and we need to construct g;;; satisfying the
requirement. Let g; , be a model Green function of D;y; on U*". Assume
that (D;, g;) and (D;41,gi+1) can be realized as a model arithmetic divisors of
mixed coefficients on (X;41,U) for some projective model X;11 of U over K.
Set giv1 = gip1 — f for f € C(X2)moa. It suffices to find f € C(X))moa
satisfying

—€igo < gi — giy1 + f < €igo.

As before, C(X{|)mod is dense in C(X}?};) under uniform convergence. So it
suffices to find f € C(X?};) satisfying

—€i(g0o — o) < g9i — giq1 + f < eilgo — o),
where ¢y > 0 is a constant with gy > ¢g on U?". The condition is equivalent to
Giy1 — gi — €90 —co) < f < gir1 — gi +€i(go — co).
This is an inequality of Green functions on X!, corresponding to the divisor

relation
Diy1 —D; —e;Eg <0< D1 — D + €; Ep.
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By the first inequality of divisors, g;,; —g; —€;(go — co) has a finite upper bound
con X2 Then we can take

f = min{c, ggﬂ —gi +€i(g0—co)},

which is continuous by the second inequality of divisors. This finishes the proof
of Theorem 3.6.4.

In the above proof, the following basic result was used. We list it separately
since it will be used again later.

Lemma 3.6.5. Let m: M — N be a surjective, closed, and continuous map of
topological spaces. Let f : N — R be a map, and 7*f = fon : M — R the
pull-back. Then [ is continuous if and only if ©* f is continuous.

Proof. For the “if” part, prove that inverse images of closed sets under f are
closed. ]

3.6.5 Global version of Theorem 3.6.4

As a dilation, we introduce a global version of Theorem 3.6.4, which gives a
quick sufficient condition for a metrized line bundle to arise from an adelic line
bundle. For simplicity, we state it in terms of adelic divisors, and we only put
singularities at archimedean places. Still, we notice that the result holds if we
allow similar singularities at infinitely many places of Q.

Theorem 3.6.6. Let U be a quasi-projective arithmetic variety. Let (Xo,Eo) be
a boundary divisor of U7 with Ey = (Eo, o). Let (D, gp) be a pair consisting of
a divisor D on X and a continuous function gp : X(C)\ (|D(C)|U|E(C)]) — R.
Assume that gp is a Green function of D on X (C) with o(go)-singularity; i.e. for
any Green function g5 : X(C) \ |D(C)| — R of continuous type of D on X(C),
the difference gp — g extends to a continuous function on X(C)\ |&(C)| and
grows as o(go) along |Ey(C)|. Then (D, gp) extends to a unique adelic divisor
D e BE(Z/{/Z) in the sense that the underlying divisor of D is Dlu, and that
the Green function of D)y on U™ induced by D (via Proposition 3.5.1) is the
same as the Green function of D)y on U™ induced by (D, gp).

Proof. The uniqueness follows from the injectivity of the analytification map in
Proposition 3.5.1. For the existence, consider the pair (0, f) on Xy, where 0 is
the zero element of Div(X), and f = gp — ¢} is continuous on X (C) \ |E(C)|
and grows as o(go) along |E(C)|. It suffices to prove that (0, f) extends to a
unique adelic divisor on U/Z. This is a global version of Theorem 3.6.4. The
proof of the theorem holds for the global (0, f) (over Z) since the only problem
appears at the archimedean places. We omit the details here. O

A major feature of the theorem is that the extra singularity of gp grows
as o(go) along the boundary, which is a very broad type of singularity. For
a natural example of a compactified divisor on C with a Green function of
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singularity O(log go), see §5.5 for the Hodge bundle of the moduli space of
principally polarized abelian varieties.

In the literature, there are many theories and results on Green functions
with singularities. We first note that Burgos—Kramer—Kiihn [ ] has intro-
duced a general arithmetic intersection theory of arithmetic Chow cycles with
pre-log-log currents. This theory treats particular singularities of type O(log go)
and thus includes the above example of Hodge bundles. We also refer to Bost
[ ] and Moriwaki | ] for an arithmetic intersection of arithmetic Chow
cycles with L3-currents. To compare with our theory, all these references treat
intersection theory on a fixed projective arithmetic variety and focus on sin-
gularities of Green currents. In contrast, we treat the intersection theory of
suitable limits of hermitian line bundles (which corresponds to arithmetic Chow
cycles of co-dimension one). In the limit process, our underlying line bundles
also vary.

3.6.6 Compactified metrics

Here we briefly introduce the corresponding notions of compactified line bundles.
Resume the above local notations. Namely, let K be a field complete for non-
trivial absolute value |- |. Set Ok to be K in the Archimedean case and to be
the valuation ring in the non-archimedean case. Let U be a quasi-projective
variety over K.

Recall from Proposition 3.6.1 that there are canonical injective maps

Pic(U/Ok) — Pic(U™),

Pic(U/O) —» Pic(U™).

Denote - - -
PiC(Uan)Cptf = Im(PlC(U/OK) — ’PIC(Uan)),

Pic(U*) eper = Im(Pic(U/Ox) — Pic(U™™)).

They are compactifications of
Pic(U™) moa = In(Pic(U/Ox Jmoa — Pic(U™)),

Pic(U™)mod = Im(Pic(U/Ok mod — Pic(U*™)).

As in the case of arithmetic divisors, we are going to describe these groups or
categories directly on U?".

If K is non-archimedean, an arithmetic model (or integral model) of a line
bundle L on U is a pair (X, L), where X is a projective model of U over Ok,
and L is a Q-line bundle on X extending L.

If K is archimedean, an arithmetic model of a line bundle L on U is a pair
(X, L), where X is a projective model of U over O = K, and £ = (L, | - ||7)
consisting of a Q-line bundle L on X extending L and a continuous metric || - Iz

of I on A'a0,
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In both cases, the arithmetic model (X, £) induces a metric || - ||z of Lx on
X3, and thus a metric of L on U®" by restriction. The process is essentially
the same as the global case described in §3.4. The metric || - ||z of L on U™ is
called a model metric, and the metrized line bundle (L, || - ||z) on U is called
a model metrized line bundle.

The model metric or the model metrized line bundle is called nef (or semi-
positive) if either £ is nef on X in the non-archimedean case or the metric of £
is semipositive on X'(C) (cf. §2.1).

Recall that we have boundary topologies on Div(X®") and C(X®") in terms
of go = gg,|uan obtained by the choice of a pair (X, &).

A metrized line bundle L = (L, ||-||) on U*" or its metric is called compactified
if there is a sequence of model metrics {|| - ||;}i>1 of L on U, such that the
continuous function log(|| - ||;/]| - ||) on U*" converges to 0 under the boundary
topology on C'(X?3").

The metrized line bundle L or its metric || - || is said to be strongly nef
(or strongly semipositive) if there exists such a sequence such that every model
metric || - ||; is nef. The metrized line bundle L or its metric || - || is said to be
nef (or semipositive) if there exists a strongly nef metrized line bundle M such
that aL + M is strongly nef for all positive integers a. The metrized line bundle
L or its metric || - || is said to be integrable if L is isometric to the difference of
two strongly nef metrized line bundles.

Finally, our result is as follows:

(1) lsi\c(Ua“)mod (resp. Isi\C(Uan)cptf) is the subgroup of ISi\c(Ua“) consisting
of model metrized (resp. compactified) line bundles on U?".

(2) ﬁE(Uan)mod (resp. 7/)E(Uan)cptf) is equivalent to the full subcategory of

ﬁ(U an) consisting of model (resp. compactified) metrized line bundles
on U™,

3.6.7 Chambert-Loir measures

Let U be a quasi-projective variety over a complete field K with a non-trivial
valuation as above. Denote n = dimU. Let Ly, Lo, --,L, be strongly nef
(compactified) metrized line bundles on U**. We will see that there is a canon-
ical Radon measure c;(L1)c1(La) - --c1(Ly) on the Berkovich space U?", which
generalizes the Monge—Ampeére measure in the complex case. We will call this
measure the Chambert-Loir measure.

If K is archimedean, this is treated by classical analysis in [ , Thm. 2.1]
(or [ , Cor. 1.6]). If K is non-archimedean and U is projective, this is con-
structed by Chambert-Loir | ] when K has a dense and countable subfield
and extended to general K by Gubler | ]. If K is non-archimedean and
U is quasi-projective, we will follow the theory of Chambert-Loir and Ducros in
[ ], a vast generalization of the construction of | ] via a local analytic
approach.
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In the following, assume that K is non-archimedean and that U is quasi-

projective over K. We are going to apply | , Cor. 5.6.5] to L1, Lo, , Ly,.
Before that, we claim that the metric of a strongly nef metrized line bundle
satisfies the condition of | , Cor. 5.6.5]; i.e. it is locally psh-approachable
on U2 in the sense of | , 6.3.1, Def. 5.6.3, Def. 5.5.1].

In fact, let L = (L, || -||) be a strongly nef metrized line bundle on U?".
By definition, the metric || - || is the limit of a sequence of nef model metrics

I -]|; under the boundary topology of C(U?"). Since U?" is locally compact, the
convergence is locally uniform as in Lemma 3.6.3. Therefore, it suffices to prove
the nef model case. So, we assume that the metric || - || is a nef model metric,
and we need to prove that it is locally psh-approachable. This is a consequence
of | , Cor. 6.3.4], since the metric || - || is induced by a nef line bundle
L on a projective model X of U over Og. Note that the loc. cit. is only
stated for the ample case but can be extended to the nef case. In fact, take
any ample line bundle M on X, which induces a metric || - || of M = M|y
on U?". For any local sections s and ¢t of L and M regular and everywhere
non-vanishing on a Zariski open set W of U, the function — log ||s|| — €log ||t]| m
is globally psh-approachable on W?" for any positive rational numbers ¢ > 0.
As e — 0, the function converges to — log||s||, which is uniform on any compact
subset of W?". This proves that || - || is locally psh-approachable and finishes
the quasi-projective case.
Finally, by | , Cor. 5.6.5], there is a canonical measure

ci(Ly) - e1(Ln) = d'd"(=log|| - [[1) A+ Ad'd"(=log ] - ||n)

over U?". Here the right-hand side is understood as follows. If W is a Zariski
open subset of X and s is a regular and everywhere non-vanishing section of L on
W, then we set d’'d’(—log ||-||;) = d'd”’(—log ||s||;) on W?". This is independent
of the choice of s by the Poincaré-Lelong formula in | , Thm. 4.6.5].

The measure is defined by a weak convergence process. We describe it as fol-
lows. For any i = 1,--- ,n, the metric of L; is the limit of model metrics induced
by (projective) arithmetic models (X; ;, £; ;) of (U, L) over Ok . We can assume
that A; ; is independent of ¢ and write it as X;. Denote X; = & g, which is a
projective model of U over K. Denote by L; j = (L; j, || - ||;,;) the metrized line
bundle on the compact space X", induced by the model (X;;,Li ;). Denote by
C.(U?") the space of real-valued, continuous, and compactly supported function
on U?®. Then the construction gives, for any f € C.(U"*),

fcl(fl)~~cl(fn) = lim fcl(fl’j)~--cl(fn,j).

Uan ]HOO Xan
J

As X is projective over K, the right-hand side is equal to the integration defined
by global intersection numbers by | , ].

It is worth noting that by [ , Cor. 4.2], the integral of ¢1 (L1 ;) - - - ¢1(Ln ;)
on any Zariski closed subset of X" of positive codimension is 0.
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3.6.8 Application to finitely generated fields

Let k be either Z or a field. Take the uniform terminology in §1.5. Let F' be a
finitely generated field over k. Let v be a point of (Spec F)** = M(F/k) that
is mot the trivial valuation over F'. Denote by F, the completion of F' for v. It
can be either archimedean or non-archimedean.

Let X be a quasi-projective variety of dimension n over F. Let L be a
strongly nef adelic line bundle on X with an underlying line bundle L on X.
Let X3" be the Berkovich space associated to the variety X, over the complete
field F,, which is the fiber of X2* — (Spec F')** above v. By Proposition 3.4.1,
L induces a metric || - || of L on X®", which restricts to a F,-metric || - ||, of L
on X"

Lemma 3.6.7. Assume that X is quasi-projective over F' and that L is strongly
nef on X. Then the metric || - ||, of L on X2 induced by L is strongly nef.

With the lemma, there is a Chambert-Loir measure
ci(L)y = cr(Lr,, || - [1.)"

over the Berkovich space X3" for any point v € M(F/k) which is non-trivial over
F. This measure will be used in our equidistribution conjectures and theorems.

By multi-linearity, for any integrable line bundles L1, --- , L,, on X, there is
a (signed) Chambert-Loir measure

c1(Ly)y---cr(Ln)o = cr(Lip, |1 o) - cr(Lnpys | - o)

over the Berkovich space X2" for any point v € M(F/k) which is non-trivial
over F'. Now we prove the lemma.

Proof of Lemma 3.6.7. We only treat the case that v is non-archimedean since
the archimedean case is easier.

Assume that L is represented by a Cauchy sequence £ = (L, (X, Li, £;)i>1)
in 7/9;:(1/1 /k)mod. Here U is a quasi-projective model of X, and each £; is nef on
X;. By Lemma 2.3.3, we can assume that I/ is equipped with a flat morphism
U — V to a quasi-projective variety V, whose generic fiber is isomorphic to
X — SpecF. Let S be a fixed projective model of V. By blowing-up X; if
necessary, we can assume that & — )V extends to a morphism X; — S.

The point v € (Spec F)** C §*" has a residue field F, and a valuation ring
R, C F,. By the valuative criterion, the morphism Spec F,, — S extends to a
morphism Spec R, — S. The base change of &; — S gives a morphism &; p, —
Spec R,, whose generic fiber contains Xp, as an open subvariety. Denote by
X p, the Zariski closure of X5, in &; g,, so that &/ 5 is the unique irreducible
component of &; p, flat over R,. By pull-back, we get a sequence of Q-line
bundles £;|x; r, On X] g, , which induces a sequence of model metrics || - [|; of L
on X2, The limit of these metrics is exactly the desired metric II|l.. Moreover,
the convergence of {|| - ||;}i to || - ||, is for the boundary topology, as we can see
in the proof of Proposition 3.4.1 for quasi-projective varieties. O
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Remark 3.6.8. By the lemma, if X is projective over F', then ||-||, is semipositive
in the sense that it is a uniform limit of metrics induced by nef models. In this
case, we can also use the construction of | , ] to define the measure.



Chapter 4

Intersection theory

In this chapter, we develop an intersection theory of integrable adelic line bun-
dles. There are two types of intersection pairings. The first type gives an
absolute intersection number; the second type is an intersection pairing in a
relative setting in terms of the Deligne pairing. While the absolute intersection
number is easy to obtain, the construction of the relative intersection pairing
takes most of this chapter.

4.1 Intersection theory

In this section, we state both intersection pairings, prove the existence of the
absolute version, and leave the proof of the relative version to the rest of this
section.

4.1.1 Absolute intersection numbers

In algebraic geometry, for a projective variety X of dimension d over a base
field, there is an intersection pairing Pic(X)? — Z.

In Arakelov geometry, there is an intersection of hermitian line bundles by
Deligne | ] and Gillet—Soulé [ ]. Namely, for each projective variety X
of absolute dimension d over Z, there is an intersection pairing ﬁl\c()\,’ )4, =R,
which was extended to a pairing Igii(/l’)idnt — R as recalled in §2.1. See also
§A.3.2 for the smooth case.

We are going to extend these pairings to adelic line bundles. As in the case
of | , ], we cannot expect the intersection to be defined for all adelic
line bundles, but we require all but one adelic line bundles to be integrable.

Proposition 4.1.1. Let k be either Z or a field. For any flat and essentially
quasi-projective integral scheme X over k, the intersection pairing above extends
to a canonical multi-linear homomorphism

Pic(X/k) x Pic(X/k)& — R.

int

103
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Here d is the absolute dimension of a quasi-projective model of X over k. The
homomorphism is symmetric in the last d — 1 variable; if the first variable is
also in Pic(X/k)int, then the homomorphism is symmetric in all d variables.

Moreover, if Ly,--- , Lq are nef adelic line bundles on X, then their inter-
section number Ly - Lo -+ Lg > 0.

Proof. We only define the intersection number, and omit proofs of the other
properties. It suffices to treat the case that X = U is a quasi-projective variety
over k. We first define the intersection pairing Pic(U/k)Z, — R. By linearity, it
suffices to define Dy - Dy - -- Dy for any Dy,--- ,Dg € ﬁiTI(U/k)Q,Snef. Here we
have switched to adelic Q-divisors for simplicity of notations.

Let (Xy,&0) be a boundary divisor of U over k, and we will use it to define
the boundary topology of 51;(“ /k)mod,g- We can further assume that &g is
nef, which is possible by simply replacing £y by a nef arithmetic divisor ?g on
Xp satisfying &) > &y and replacing U by Xy \ |E}].

For j = 1,---,d, assume that 5j is represented by a Cauchy sequence
{(X;,D;i)}i>1, where each D;; is a nef arithmetic Q-divisor on the projective
model X; dominating Ap. Here we assume that the model X} is independent
of j, which is always possible. There is a sequence {¢;};>1 of positive rational
numbers converging to 0 such that

761'50 < 53',1'/ — 5]‘71‘ < EiEOa i’ >4
forany j =1, ---,d.
For any subset J C {1,---,d}, consider the intersection number
—d—|J| —
Qji = 80 H Dj,i~
jeJ

We will prove by induction that {c;};>1 is a Cauchy sequence and thus con-
vergent in R. When J is the full set, the limit of the Cauchy sequence gives our
definition of Dy - Dy - - - Dy.

There is nothing to prove if J is the empty set. Assume the claim is true for
any |J| < r for some r > 0. We need to prove the result for any J with |J| = r.
Without loss of generality, assume J = {1,2,--- ,r}. Then

—d—r—= —d—r—= —
Qji — O = 50 Dl,i/ ce Dr,i’ - 50 Dl,i ce Dm‘

—d—7r = = — = —d—r—=

<& (Dii+e€o) - (Dri+e€o)—Ey Dri--Dry

r—|J'|

= Z €; Qg .

J'CT
Similarly,

—d—r— J—

—d—r — — — —
Qg — Qg < 50 (Du/ + fig(]) ce ('Dm" + 61'50) - 50 Dl,i’ e 'Dm‘/

_ r—|J'|
= €; ()LJ/7Z'/.

JcJ
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It follows that {ay,;}; is a Cauchy sequence.

Therefore, we have defined the intersection number Dy - Dy - -- Dy for any
D1, , Dy € Div(U/k)gsnet- 1t is independent of the choice of the Cauchy
sequence {(X;, D;;)}i>1 for each j, since we can merge any two different Cauchy
sequences into a single one. -

Now we extend the definition of the intersection number to Dy € Div(U /k)g
and Dy, ,Dg € 61;(1/{ /k)@snef- We need to further approximate D;. Take
the above notation for the Cauchy sequence {(Xiaﬁl,i)}i21 and the relation

—€€0 < D1y — D1 < €&, i’ >

Note that 51,1- is an arithmetic Q-divisor on X}, which is not assumed to be nef
any more, but we can assume that D;; has a Green function of smooth type.
It follows that the intersection number 3; = 5171- -Dy---Dy is already defined.
It remains to prove that {3;};>1 is a Cauchy sequence. In fact, we simply have

Bi — Pir = (51,1' *ﬁl,i/) Dy Dyg<€EyDyDy
and o o B B o o
Bi —Pir = (D1, —D1,y) Dy Dg>—€;E-Dy---Dy.

Here we have usgd the Elct that the intersection number of an effective arithmetic
Q-divisor with Ds - - - Dy is non-negative. This finishes the proof. O

A basic property of the intersection number is the following projection for-
mula.

Proposition 4.1.2 (projection formula). Let k be either Z or a field. Let
f X" — X be a morphism of flat and essentially quasi-projective integral
schemes over k. Assume that the absolute dimensions of quasi-projective models
of X" and X over k are all equal to d. Let Ly,--- ,Lq be integrable adelic line
bundles on X. Then

f*Ly- f*Lo--- f*Lg=deg(f) (L1 - La--- Lq).

Here if f is dominant in that it maps the generic point of X' to the generic
point of X, then deg(f) is the degree of the extension between the function
fields; otherwise, we take the convention deg(f) = 0.

Proof. By the limit process, it is reduced to the well-known formula in the

projective case. O

4.1.2 Deligne Pairing: main theorem

Let f: X — Y be a projective and flat morphism of noetherian schemes of pure
relative dimension n. The Deligne pairing is a multi-linear functor

PiC(X)n+1 — PIC(Y)a (Lla e 7Ln+1) — <L17 e aLn+1>-
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The functor refines the intersection of the Chern classes of the line bundles. It
satisfies many natural functorial properties, including the base change property,
the multi-linearity, the symmetry, and the induction formula.

For a brief history of pairing, the case n = 0 is just the norm functor Nx y .
Deligne | | constructed the functor for n = 1 and speculated a similar
pairing for general n. Deligne’s major motivation is to formulate an arithmetic
Riemann—Roch theorem for families of curves. We will not need this formulation
here, but we refer interested readers to §A.2 for a sketch on it. For general n,
the pairing was constructed by Elkik | ] for any f which is projective, flat,
and further Cohen—-Macaulay, and by Munoz Garcia | ] for any f which
is projective, equi-dimensional and of finite Tor-dimension (which implies the
projective and flat case). Moreover, Ducrot [ | had a different treatment
of the projective and flat case.

If X and Y are smooth varieties over C and f is smooth, and if Ly, -+, Ly11
are endowed with smooth hermitian metrics, then the metrics transfer to a
canonical smooth hermitian metric on (L1, -+ , Ly41), as constructed by Deligne
[ ] and Elkik | ]. As we will prove later, the metric construction can be
generalized to the projective and flat case, and in this case, the Deligne pairing
transfers continuous metrics to continuous metrics.

Our goal is to extend the Deligne pairing to adelic line bundles. This section’s
main result is as follows.

Theorem 4.1.3. Let k be either Z or a field. Let'Y be a flat and essentially
quasi-projective integral scheme over k. Let f: X — Y be a projective and flat
morphism of relative dimension n. Assume that X is integral and Y is normal.
Then the Deligne pairing induces a symmetric and multilinear functor
Pic(X/k) — Pie(Y/k)int.
When restricted to strongly nef or nef adelic line bundles, the functor induces
functors - -
Pic(X/k) M — Pic(Y/E)snet

snef

Pic(X/k) " — Pic(Y/E)net.

nef

Moreover, the maps are compatible with base changes of the formY' — Y, where
Y’ is any normal integral scheme, flat and essentially quasi-projective over k,
such that X' = X xy Y’ is integral.

The proof of this theorem will take up the rest of this chapter. After some
preparations about metrics of the Deligne pairings and basic properties in the
model case, the proof of the theorem will be given in §4.5.

4.2 Metrics of the Deligne pairing: statements

The goal of this section is two-fold. First, we review the treatment of the
Deligne pairing of [ ] to set up a framework for our treatment. Second,
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we state some results on natural metrics of the Deligne pairing from metrics of

the original line bundles, which generalizes the result of | ) ] from the
smooth case to the general case. Note that the treatments of | , ] on
the metrics have gaps due to misinterpretations of the definition of the canonical
section (s1,---,8p+1) of (Ly,-++ ,Lyy1) on Y.

4.2.1 Deligne Pairing: review

Here we recall some results of the Deligne pairing in [ ]. Our main interest
is the Deligne pairing for projective and flat morphisms. Still, it seems inevitable
to treat non-flat morphisms of finite Tor-dimension if we want to pass to generic
hyperplane sections by an induction formula. Therefore, we will follow the
generality of | ] to treat morphisms of finite Tor-dimension.

Recall that a morphism f : X — Y of noetherian schemes is of pure relative
dimension n if for every y € Y, every irreducible component of X, (if non-
empty) has dimension n.

Recall that a morphism f : X — Y of noetherian schemes is of finite Tor-
dimension if one of the following two equivalent conditions holds:

(a) there is an integer dy such that TorZ (A, M) = 0 for any d > dy, for any
affine open subscheme Spec A of X whose image under f lies in an affine
open subscheme Spec B of Y, and for any B-module M.

(b) there is an integer dy such that Torfy’y (Ox,z, M) =0 for any d > d, for
any point € X with y = f(z) € Y, and for any Oy,,-module M.

See [ , IT1, §3, Def. 3.2, Prop. 3.3] for more information. Note that this
holds automatically if f is flat or Y is regular. Moreover, if f : X — Y is of
finite Tor-dimension, and Z is an effective Cartier divisor of X, then Z — Y is
also of finite Tor-dimension.

Let f: X — Y be a projective morphism of noetherian schemes of finite
Tor-dimension and pure relative dimension n. Let si,---,s,41 be global sec-
tions of Li,---, Lyy1 on X respectively. For any ¢ = 1,--- ,n + 1, denote by
Z; = div(s1)N---Ndiv(s;) the schematic intersection in X. Set Zy = X for con-
venience. Following | , Def. 4.3.2], we say that the sequence (s1, -+, Sp+1)
is strongly reqular if the following conditions hold:

orany i = 1,--- ,n+ 1, the section s; is not a zero-divisor on Z;_; in the
1) f =1 1, th ti i t divi Z;_1 in th
sense that the morphism Oz, , — L;|z,_, induced by s; is injective;

(2) for any ¢ = 1,--- ,n, the scheme Z; is purely of relative dimension n — i
over Y.

If (1) and (2) hold for i = 1,--- ,n, then we say that the sequence (s1,--- ,sy)

is strongly regular. The condition (1) is symmetric in s1, -+, $,+1 by a basic
property of regular sequences in local rings. Note that the notion of strongly
regular is stronger than the notion of very regular in [ , Def. 3.2.1, Def.

3.2.4], and is more convenient in applications.
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The following existence of strongly regular sequence will be frequently used
in our treatment. If Lp,---,L,41 are f-ample on X, then there is a finite
Zariski open cover V of Y and a positive integer m, such that the base change
(LY™)v, -+, (L27)y has a strongly regular sequence of sections for the mor-
phism fy : Xy — V. In fact, for any closed point ¥ € Y, let V,, be an affine open
neighborhood of y in Y. Then we can find a global section s; of (L?m)vy on
Xy, for some positive integer m such that s; is non-vanishing at any associated
point of Xy, or X,,. This can be guaranteed by requiring s; to be non-vanishing
at a prescribed closed point of every irreducible component and every embedded
component of Xy, and X,. Then s; is not a zero-divisor on Xy, or X, and
thus div(s1) N X, is pure of dimension n — 1. By semi-continuity of dimensions
of fibers (cf. | , IV-3, Cor, 13.1.5]), div(s1) is of pure relative dimension
n — 1 over a neighborhood of y in V,,. Replace V,, with this open neighborhood.
By induction, this gives a strongly regular sequence.

Let (s1,- -+, 8p+1) be astrongly regular sequence of sections of (Ly, -+, Ly41)
on X. By | , Prop. 3.2.6], there is a canonical global section (s1,- - , $p4+1)
of (L1,++,Lp+1) on Y. There is a canonical isomorphism

T <L17"' aLn+1> — NZn/Y(Ln+1)-

The global section 5,41 gives a global section Nz /y(snt1) of Nz, v (Lng1)-
Set
(1, y8n41) =7 "(Ng, v (snt1))-

Note that Z,, — Y is finite but not necessarily flat over Y, the norm functor
Nz, v : Pic(Z,) — Pic(Y)

is defined in | , §1.2] as a natural generalization of the finite and flat case.
The section (s1, -, 8py1) of (L1, -+, Ly y1) behaves well if switching the orders
of Ly, -+, Lpt1; see | , Thm. 3.4.2].

This essentially gives construction of (Lq, -+, L,41) for relatively ample line
bundles L1, -+, L,4+1 on X. By linearity, it generalizes to arbitrary line bundles
Ll,"' ,Ln+1 on X.

As a convention, the Deligne pairing (Li,---, L,y1) for the morphism f :
X — Y will also be written as

fellyy - s Lngr), (Lay-oo  Lova)xyy, (L1 s Loga) x-

This may be used when we vary f : X — Y to avoid confusion. We take this
convention for all similar pairings introduced later.

4.2.2 Deligne Pairing: metric at a point

Let Y = SpecC and f : X — Y be a projective morphism of pure relative
dimension n. Let Ly, -+, L, be line bundles on X, endowed with integrable
metrics. The goal is to endow a metric of (Lq, -+, Ly4+1) on Y in this general

setting. Note that (Ly,---, L,11) is just a 1-dimensional complex vector space.
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As we do not assume that X is integral, we need to extend the definition of
metrics and integrations to this setting. Denote by X,eq the reduced structure
of X. Denote by X1, ---, X, the irreducible components of X,.q, endowed with
the reduced structures. For ¢ =1,--- ,r, denote by 7; the generic point of X;.

Define the multiplicity of X; in X to be

6(Xz) = 6(XZ‘, X) = lengthoxﬂr (OXJH)'

See | , §9.1, Def. 3] for example. For integrations, we define

/A)(a::il(s(X’i)/X'iaXi

in reasonable settings to be used later. For example, if X is a finite scheme over
C (so n = 0), then for any function « : X;eq — R, we take the convention

/X o= ; §(X;)a(X;).

Most notions in §2.1.1-2.1.2 can be generalized to the current setting. By a
continuous function on X, we mean a continuous function on X,.q. By a smooth
function on X, mean a continuous function g : X;.q — R, such that for any
closed point x € X, there is an open subscheme U of X containing = together
with a closed immersion U — M to a complex manifold M such that g|y can
be extended to a smooth function on M. Let L be a line bundle on X. By a
continuous metric of L on X, we mean a continuous metric of L|x, , on Xeq.
By a smooth metric L on X, we mean a continuous metric || - || of L|x,., on
Xrea such that ||s||? is a smooth function for any local section s of X, which is
not a zero-divisor Zariski locally. Define Chern currents, semipositive metrics,
integrable metrics similarly. In terms of integration, we essentially only care
about the pull-back of these terms to Xy, -, X,,.

Let Ly,---,L,.1 be line bundles on X, endowed with integrable metrics.
Then (L, ,Ly41) is a 1-dimensional complex vector space. We endow a
metric of (L1, , Ly11) as follows.

We assume that all L; are very ample by linearity. For any nonzero section
s1 of Ly on X, which is a regular sequence in that sy is not a zero-divisor Zariski
locally on X, we have a natural isomorphism

[s1]: (L1, Lny1) — (Lo, Lnt1) 7, -

Here Z; = div(s1), and the right-hand side is the Deligne pairing for the mor-
phism Z; — Y. Define the norm of the map [s1] by

log [[s1]]| = — /X log 51 e (B) - e (Fnsa)-

This defines the metric of (Ly,---, L,41) by induction on dim X.
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We have a few remarks to justify this definition. First, the integral is a sum
of integrals on X; with weight §(X;), so we only need to consider the pull-back of
the measure ¢ (Lz) - -+ ¢1(Lyy1) to X;. Second, the measure c1 (L) -+ c1(Lpy1)
(over X;) is defined by | , Thm. 2.1} (or | , Cor. 1.6]), and the
integral on the right-hand side is convergent by | , Thm. 4.1]. Third, there
is a Stokes formula as follows.

Lemma 4.2.1 (Stokes formula). If (s1,s2) is a strongly reqular sequence of
sections of (L1, L) on X. Then

/ log [151/lex (Ea)er (Bs) - 1 (Tng) — / log [|sallex (Br)er (Ts) - €1 (Tns)
X X

— [ toglslla@) @) - [ loglsla )o@
div(sz)

div(s1)
Proof. This is a generalization of | , 1.1.3], and we only sketch a proof. If X
is integral, the formula holds for integrable metrics by a regularization process
or as an easy consequence of [ , Thm. 4.1]. If X is not integral, by the case

of integral schemes, it suffices to check that for any irreducible component V' of
div(s1), endowed with the reduced structure,

§(Vidiv(sy)) = > 8(V,div(si|x,))d(X;, X).

i=1
This is a consequence of | , §9.1, Lem. 6] by setting A = Ox,,,,, M = A
and a to be a defining equation of V in A. Here ny denotes the generic point
of V. U

With the Stokes formula, as in | , Thm. 1.1.1(c)], we can prove that the

definition of the metric is independent of the choices of the induction process,
and the Deligne pairing with the metric is symmetric and multi-linear.

In a single formula, if (s1,- - , s,+1) is a strongly regular sequence of sections
of (L1, ,Lp+1) on X, then the metric of (L, -+, Ly,41) is given by

n+1
1o [l(s1, -+ snpa) | = —Z/ log [ls:lle1 (Tisr) -~ 2 (Tga)-
i=1YZi-1

If X is integral, this is exactly the local intersection number

div(sy) - div(se) - - - div(spi1)-
See | ,82] or | , Appendix 1] for basic properties of the local intersection
number.

4.2.3 Relation to integral schemes

The following result converts the Deligne pairing of non-integral schemes to
those of their irreducible components. It can substitute for the above treatment
of non-integral schemes and will also be used later.
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Lemma 4.2.2. Let Y be either the spectrum of a field or an integral Dedekind
scheme. Let f : X — Y be a projective and flat morphism of pure relative
dimension n. Denote by X1, -+ X, the irreducible components of X, endowed
with the reduced structures. Assume that for each i = 1,--- 1, the morphism
X; = Y is smooth at the generic point of X;. Let Ly, -+, Lyy1 be line bundles
on X. Then there is a canonical isomorphism

(L1, Lpy1) — @1 (L1 ®4(Xi)

X s Lngalx,)

Moreover, if Y = SpecC, Ly, -, L,4+1 are endowed with integrable metrics
on X, and both sides are endowed with the induced metrics, then the isomor-
phism is an isometry.

Proof. We will only prove the first statement, as the second statement can be
checked through the same process. B

Denote by 7; the generic point of X;, and denote by X; the schematic closure
of n; in X. Then we have a birational morphism

T
i=1
Apply [ , Thm. 5.3.1] to this morphism, we have a canonical isomorphism
(L1, Lpga) — ®;;1<L1‘;}i7 T 7Ln+1‘j€i>~

Therefore, it suffices to establish for each i a canonical isomorphism

®5(X)

(Lilg, s Lovilz,) — (Lalxes o Logalx,)

Let U be an affine open subscheme of X, such that the reduced structure
U = (U)rea is smooth over Y. By the infinitesimal lifting theorem (cf. | ,
§2.2, Prop. 6]), the identity morphism U — U can be lifted to a morphism ¢ :
U—Uover Y. Replacing U by an open subscheme if necessary, we can further
assume that ¢ : U — U is flat. Note that ¢ : U — U is finite automatically.

With the morphism ¢, computing multiplicity in terms of depths gives
5(X:) = 6(U,U) = deg(e).

The morphism U—U gives a rational map )?z --+ X;. By blowing up )?i,
the rational map becomes a morphism X/ --» X;. Apply the Raynaud—Gruson
flattening theorem in [ , Thm. 5.2.2]. We can further blow up X’Z’ and X;
to change the rational map into a flat morphism 1 : Z — Z. Here U and U are
respectively open subschemes of Z and Z, and Z — Z extends the morphism
U — U. We can assume that Z is normal by taking the base change of Z — Z
by the normalization of Z. The morphism (Z),eq — Z is finite, birational, and
equi-dimensional, so it must be an isomorphism. Note that the blowing-up does
not affect the Deligne pairings by | , Thm. 5.3.1].
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Now it suffices to establish a canonical isomorphism
T (O My, " Mpyq) — (My,--- 7]\4n+1>®deg(1/))

for line bundles My, -+, M,+1 on Z. Here v : 7 — Z is the finite and flat
morphism. Write the isomorphism in the form

<¢*M17 e 7¢*Mn+1> — <M17 e 7Mna NZ/z(w*MnJrl»

This isomorphism follows from the projection formula of | , Prop. 5.2.3.b].

Now we have established the desired isomorphism. We can also check that
the isomorphism is independent of the choice of U — U. In fact, the morphism
7 sends the section (s1,---,s,41) to the section (si|z,---,8,41|7)®%), for
any strongly regular sequence (sy,- -, Spt1) of sections of (Y* My, -+ ,9* Mp41)
on Z which can be descended to a strongly regular sequence of sections of
(My,--+ ,Mpy+1) on Z. Then we can check the independence by comparing
different strongly regular sequences. O

4.2.4 Deligne Pairing: metrics in a family

Let f: X — Y be a projective morphism of quasi-projective varieties over C of
finite Tor-dimension and pure relative dimension n. Let Ly, - - 7fn+1 be line
bundles on X, endowed with integrable metrics. The goal is to endow a natural
metric of (Ly,--+, L,+1) on Y in this general setting.

For any closed point y € Y, we have a canonical metric ||-||x, of (L1y, -, Lpy1,y)
at y. This is just the above construction applied to f, : X, — y. By the canon-

ical isomorphism

<L17 T aLn+1>y — <L17yv e 7Ln+1,y>’

we get a natural metric of the left-hand side. Varying y, this gives a “metric” of
(L1, , Lnt1) on Y. Denote this metric by || - || x/y,gbral; to indicate that it is
fiberwise defined. The metric is not a priori continuous. The main result of this
subsection asserts that it is indeed continuous if f is flat and can be “modified”
to a continuous one if Y is normal.

Theorem 4.2.3. Let f: X — Y be a projective morphism of quasi-projective
varieties over C of finite Tor-dimension and pure relative dimension n. Assume
that either f is flat or Y is normal. Let Ly,---, L,y be line bundles on X,
endowed with integrable metrics. Then there is a continuous integrable metric

Il lx/v of (L1, Lny1) on'Y satisfying the following properties.

(1) Let V be the mazimal open subscheme of Y such that Xy is flat over V.
Then the metric || - || x/y is equal to the metric || - || x v, fbrar al all fibers
of (L1, yLypt1) above V.

(2) The metric ||-||x/y is compatible with base changes by morphisms Y’ —Y
of quasi-projective varieties such that the image of Y' intersects V and that
X xY' =Y’ has finite Tor-dimension.
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(3) The metric || - | x/y is symmetric and multi-linear in the components
Lla"' 7Ln+1-

(4) The Chern current

cr((L1, -+ s Lpga), || - 1 x/yv) = fu(ea(L1) -+ - e1(Lng))

as (1,1)-currents on Y.

(5) If the metrics of L1, -+ ,Lny1 are semipositive, then the metric || - || x/y
of (L1, ,Lyp11) 1s also semipositive.
If fis flat, then we have || - [|x/v = || - || x/v,bral €Verywhere, so || - || x/y is
continuous. In this case, part (2) holds for any base change Y/ — Y.
In general, || - ||x/y is determined by || - ||x/v,fbral Dy continuity, but it may

happen that they are not equal.

In the theorem, by continuity, (1) determines the metric uniquely and implies
(2) and (3). It is also easy to see that (4) implies (5). Thus, the task is to prove
that the metric || - || x/y determined by (1) exists and also satisfies (4). The
proof of these two parts will be given in the next section.

4.3 Metrics of the Deligne pairing: proofs

The goal of this section is to prove Theorem 4.2.3. The idea is to apply Stoll
and King’s classical analytic results to treat the continuity of relative integrals.

4.3.1 Continuity of relative integral

As a preparation to prove Theorem 4.2.3, we first convert classical results of
Stoll | , ] and King | ] into the following statement.

Theorem 4.3.1. Let f : X — Y be a projective morphism of quasi-projective
varieties over C of pure relative dimension n. Let o be a continuous differential
(n,n)-form on X. Denote by Ix;y : Y (C) — R the function defined by

IX/y(y):/ Q, y € Y(C).

The following is true:
(1) If f is flat, then Ix,y is continuous on Y (C).

(2) If Y is normal, there is a unique continuous function fX/y :Y(C) =R
such that fX/y(y) = Ix/y(y) for all y € Y(C) over which X is flat.

For a singular complex variety, there are notions of continuous differential
forms and smooth differential forms in | , §1.1]. Some of these are recalled
in §2.1.
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Recall that by definition, the integration

e = [ = S50 | alw.

i=1 Wi

where Wy,---, W, are irreducible components of X, endowed with reduced
structures, and 6(W;) is the multiplicity of W; in X, introduced in last subsec-
tion.

We first recall some results of Stoll | , ]. Let f: X =Y and a be
as in the above proposition. Assume, furthermore, that X is regular and Y is
normal. Then | , Thm. 3.9] asserts that the integral

i) = [ wa
(Xy)red

defines a continuous function of y € Y (C). Here the multiplicity function vy :
(Xy)red(C) — Z is defined in | , p- 17, p. 48]. Instead of reviewing
the definitions of the multiplicity function, we first state the following result,
which is sufficient for our application, and then we review some details on the
multiplicity function in the proof.

Lemma 4.3.2. Let f : X — Y be a projective morphism of smooth varieties
over C of pure relative dimension n. Let y € Y(C) be a closed point. Then the
following holds:

(1) For any smooth (closed) point x of (Xy)red, we have vy(z) = 6(W(x), X,).
Here W () is the irreducible component of (Xy)rea containing x.

(2) For any continuous differential (n,n)-form on X, we have

/ vra = / .
(Xy)red X

Y

Proof. Note that (1) implies (2), since it implies vy(z) = §(W(z), X,) for x
outside a subset of (X)req of measure 0.

Now we prove the case n = 0 of (1). For the purpose later, we will prove the
following slightly more general statement:

Let f: X =Y be a morphism of varieties over C with dim X = dimY . Let
x € X andy €Y be closed points with f(x) = y. Assume that X is smooth at
x and that'Y is smooth at y. Assume that x is an isolated point of X, i.e. {z}
is a connected component of X,. Then

vi(z) = dime(Ox o /myOx z)-

Here my (resp. my) denotes the mazimal ideal of Ox 5 (resp. Oy,y).

For a brief definition of vf(x), recall that there is an open neighborhood U of
x under the analytic topology such that U — f(U) is proper and f~1(y)NU =
{z}. Then v¢(z) is the degree of U — f(U), i.e. the common order of f~1(f(2))
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for any z € U \ R, where R is an analytic subset of U of positive codimension.
See also | , Chap. 3, Def. 3.12].

Denote by O%', (resp. (’)?}ny) the local ring of germs of analytic functions at
a point z € X (C) (resp. y € Y(C)). By [ , Appendix to Chap. 6, Thm.
A 8], the formula of Weil gives

vy(z) = rankog 0%,

By convention, the rank of an R-module M for an integral domain R means the
dimension of the base change of M to the fraction field of R.

Note that O%, is a finite module over O} by [ , Appendix to Chap.
6, Prop. A.7]. As a consequence,

vi(x) = ranks (/Q\X,,T,.

Here O X,z (resp. 6yy) is the completion of O%, (resp. O;‘}"y), which is canon-
ically isomorphic to the completion of Ox , (resp. Oy,y).

Note that Ox , is flat over Oy, by the miracle flatness (cf. | , Thm.
23.1)). It follows that Ox , is flat (and finite) over Oy,,,. It follows that

vi(z) = dime(Ox o /myOx o) = dime(Ox o /myOx ).

This proves the case n = 0.

Now we prove (1) for n > 0. The idea is to reduce it to the case n = 0.
Assume n > 0. Fix an irreducible component W of (X, )rea. Denote by U
an affine open subscheme of W, which is smooth over Spec(C). Denote by U
the unique open subscheme of X, supported on U. Then we have the reduced
structure U = (U)zeq. By the infinitesimal lifting theorem (cf. | , §2.2,
Prop. 6]), the identity morphism U — U can be lifted to a morphism ¢ : U—U.
Replacing U by an open subscheme if necessary, we can further assume that
¢ : U — U is flat. Note that ¢ : U — U is finite automatically. By the
morphism ¢, a little argument gives

S(W, Xy) = (U, ij) = deg(¢).

This technique to treat the multiplicity is also used in the proof of Lemma 4.2.2.
We are going to prove v¢(z) = 6(W, X,) for any closed point x € U. This

extends to all closed points of W that are smooth in (X )req by [ , Thm.
5.6] about the global multiplicity function.
Let z € U be any closed point. Let t1,--- ,t, € Oy, be a coordinate system,

l.e. a minimal set of generators of the maximal ideal of the regular local ring
Ou,z. For i = 1,--- n, denote by t; = ¢*t; € O, the pull-back via the
morphism ¢ : U — U. Denote by t} a lifting of t; in Ox 4. Then t],---,t7
are defined on an open neighborhood W of x in X. Finally, denote by Z the
closed subscheme of W defined by the equations t7,--- ,¢’. The base charge of
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o : U—=U gives a finite and flat morphism Spec(Oznx, ) — = of the same
degree. It follows that

0z, ZNX,) =deg(o) = (W, Xy).

On the other hand, by | , Thm. 5.5], vf(x) = vy, (x). By the case
n = 0 we have just proved, we further have vy, (z) = 6(x,Z N X,). Thus
vi(z) = §(W, X,,). This finishes the proof. O

Now we can prove Theorem 4.3.1.

Proof of Theorem 4.3.1. In (1), by Lemma 3.6.5, we can take a normalization
and take the base change, so we will assume that Y is also normal in (1).

We will start the proof with (2) and then move to (1). Let f : X — Y be
as in (2) so that Y is normal. By | , Thm. 3.3.2], there is a continuous
function I x/v : Y(C) — R representing the current f.a. Recall that we also
have functions Ix/y : Y(C) = R and Iy : Y(C) — R defined by

IX/Y(y):/ a, I}}/y(y):/ via.
X (Xy)rea

Y

Here we will only need Iy (y) for the case that X and Y are smooth. We are
going to compare fX/y, Ix/y and I;c/r

Denote by 1 : X’ — X a generic desingularization of X. Then there is a
Zariski open and dense subset V) of Y such that Vj is regular, X is flat over Vj,
and X’ is smooth over Vy. Shrinking Vj if necessary, we can assume that for
any point y € Vj, the morphism X; — X, is a birational morphism of reduced
schemes. Then for any y € V5(C),

b= [ an [ e [ e

Here the third equality inequality follows easily from Lemma 4.3.2. By | ,
Thm. 3.9], I,y (y) = I%, v (y) is continuous in y € Vo(C). This is also easy
to prove directly since Xj, is diffeomorphic to a constant family over V; by
Ehresmann’s fibration theorem. By continuity, we have Iyx,y (y) = fx/y(y) for
any y € Vp(C).

Now let V' be the maximal open subscheme of ¥ such that Xy is flat over
V. We need to prove Ix/y(y) = Ix/y(y) for any y € V. Note that V' contains
Vo. It suffices to treat the case Y =V;ie. f: X — Y is flat. This is case (1).

By taking a desingularization of Y and taking the base change of f accord-
ingly, we can assume that Y is smooth over C. This uses Lemma 3.6.5 again.
Fix a point y € Y(C). Take a smooth curve C C Y passing through y and
intersecting V. This can be done by successively applying Bertini’s theorem.
Consider the base change g: Z — C of f : X - Y by C — Y. Then g is pro-
jective and flat. Since C intersects Vj, the generic fiber of ¢ is integral. Then
the flatness of g implies that Z is integral.
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Note that we need to prove Iy y(y) = I~X/y(y) for all y € C(C). As they
are equal for y € C(C)NV;(C), it suffices to prove that Ix/y (y) is continuous in
y € C(C). Since Ix/y(y) = Iz/c(y) for all y € C(C), we only need to consider
everything for the fibration g : Z — C.

If Z is smooth over C, this is a consequence of | , Thm. 3.9] and
Lemma 4.3.2. Otherwise, we need to take a resolution of singularity and check
that I,c(y) does not change in this process. The advantage of dimC = 1 is
that the resolution of singularity does not violate the flatness of Z over C.

By Hironaka’s theorem, there is a birational and projective morphism Z’ —
Z from a projective and smooth variety Z’ over C. We need to check that
Iz,c(y) = 17/c(y) for any y € C(C). Let W be an irreducible component of
(Zy)rea- Denote by Wi, .- W, the irreducible components of (Z,);.a mapping
surjectively to W. To prove I;,c(y) = Iz//c(y), by pull-back of integrals, it
suffices to prove

Za (W}, Z)) deg(W//W).

Take a finite morphism Z — P§ over C, which exists by replacing C by
a Zariski open cover. The construction is similar to the construction of the
morphism L{OFp — PdOF in the proof of Lemma 3.1.1, so we will not repeat it
here. Denote Zy = P¢ in the following.

Denote by 79 (resp. 7,7;) the generic point of Zy, (resp. W and W)).
Denote by Oc.y, Oz,.n, Oz, the local rings. Denote by Oz, the base change
Oz ®0, Oz, which is the semi-local ring of Z’ at the points nj,--- ,7,. All
these rings are integral domains of dimension 1. Moreover, O¢,, and Oz, ,, are
discrete valuation rings. Then Oz , and Oz, are finite and flat over Oz, 4, .

The inclusion Oz, — Oz, gives the same fraction fields since it comes
from the birational morphism Z" — Z. As a consequence, Oz, and Oz, have
the same rank over Oz, ,,. Computing the degrees between the fibers above y,
we have

deg(Spec Oz, / Spec Oz, ) = §(W) deg(n/no)

and

deg(Spec O/ Spec Oz, 4,) Z §(W}) deg(1; /m0)-

The equality of these two degrees gives the des1red result. The proof of Theorem
4.3.1 is complete. O

4.3.2 Deligne Pairing: patching metrics

Now we prove Theorem 4.2.3. The major task is to prove part (1) of the theorem.
Note that we have two cases: f is flat, or Y is normal. These correspond to the
two cases of Theorem 4.3.1.

For convenience, denote

(L1, s Lpg1)aibral = (L1s -+ s Lng1) xyvgibral = (D5 5 Lnge1)s || - | x ) v ibral)
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and

(L, s Lypg1) = (L1, Lo xyy = (L1, Lo )s |- lxgy)
in the following, the second metric is the continuous one to be constructed.

Find a smooth metric. By multi-linearity, we can assume that Ly, -, L,4+1
are all isomorphic to the same f-ample line bundle L on X; see | , 81, Step
2] for the argument for this reduction process. Of course, the metrics of L; are
allowed to be very different.

We first claim that, up to passing to a Zariski open cover of Y, there exists a
smooth metric ||- || of L, such that the induced metric |||/ x,v,spral Of (L, -+, L)
is also smooth.

Replacing Y by a Zariski open cover and replacing L by a tensor power if
necessary, we can assume that there is a finite morphism 9 : X — Py over Y
such that ¢/*Opn (1) ~ L. The construction is similar to the construction of the
morphism Z/lopp — IP’dOFp in the proof of Lemma 3.1.1, so we will not repeat
here.

Denote Mo = (Opz (1), || - lrs) with the Fubini-Study metric | - [|ps on PZ.
Denote M = p* M, where p : P} — PZ is the projection. Denote L=14*M, or
equivalently = (L, | - ) with |- || = (p© )" - [les-

By the base change g : Y — Spec C, we have a canonical isometry

q* (Mo, - 7M0>Pg/c,ﬁbral — (M, - - s M)y, /v fibral-

As a consequence, the right-hand side is isomorphic to the trivial bundle Oy
with a constant metric.
There is also a natural isometry

Y (M, s M)pn sy sibral — (Ly -+, L)X/ fibral-

The functionality gives a natural isomorphism of the underlying line bundles
and a natural isometry of the fibers, which are compatible.

As a consequence, the metric || - || x/y,abral Of (L, -+, L) x/y is smooth. This
gives the requirement.

Compare the metrics. Consider the identity map
v <L7 ’L> — <L17"' aLn+1>-

We first prove Theorem 4.2.3(1) in the case that f is flat. Then it suffices to
prove that the norm ||| of v under the fibral metrics is continuous on Y in this
case.

For i > 1, denote f; = —log(]| - ||;/] - ||), which is a continuous function on
X. Write v as the composition of

Yi - <L17"'Li—laL7"' 7L> — <L15"'LiaL7"' 7L>
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fori=1,---,n+ 1. The norm of v at any y € Y(C) is given by

n+1
—log|vll(y) = Z /X fici(Ly)er(La) - - - e (Li—1)er (D)0

Denote d = 9+ 0 and d° = (9 — 9)/(27i). Note that some literature normalizes
d® by a denominator 47 instead of 27mi. By ¢1(L;) = c¢1(L) 4+ dd° f;, we see that
—log ||7]|(y) is a linear combination of

/ Fi( N dde ;) A ey (D)
Xy

Hereie {l,---,n+1}and J C{l,---,i—1,i+1,--- ;n+1}.
We are going to prove that for any ¢ = 1,--- ,n+ 1, and for any integrable
functions f1,---, f; on X, the function

Yyr— /X FL(ddef2) A<+ A (ddCfi) A ey (D)0

is continuous in y € Y (C). Here an integrable function f on X is a continuous
function such that the trivial bundle Oy with the metric defined by ||1|| = e~/
is integrable.

If fo,---, fi are all smooth, the continuity is given by Theorem 4.3.1. In
general, the strategy is to approximate them by smooth functions. For any
j=2,---,i, by the Stokes formula,

/X FL(ddCfo) A+ A (ddEf;) A ey (D)
= L fj(ddcfl)/\"'/\(ddcfj—l)/\(ddcfj+1)/\"'/\(ddcfi>/\cl(f)n+1*i.

This is an easier version of Lemma 4.2.1. Over any compact subset of Y, f;
is a uniform limit of smooth functions on X. Looking at the second integral,
it suffices to prove the same statement, assuming that f; is smooth. By this
method, we can assume that all f,,---, f; are all smooth. This proves the
continuity for flat f.

In the case that Y is normal (but f is not necessarily smooth), let V' be
the maximal open subscheme of Y over which X is flat. Then we have already
proved that all the relative integrals above are continuous on V', and it suffices
to prove that they can extended to continuous functions on Y. This is proved
in the same way by Theorem 4.3.1(2).

The Chern current. Once we have part (1) of Theorem 4.2.3, it is easy to
obtain part (4) of the theorem. The goal is to prove

caa((La, - Lnga)s | - lxyy) = faler(Zn) - e1(Lngr))
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as (1,1)-currents on Y. Recall that for any metrized line bundle (M, || - ||) on
Y, the Chern current

c1(M, || - ||) = dd®(=log [sl]) + daiv(s)

for any rational section s of M.
Similar to the above, it suffices to prove the formula when all L; are isomor-
phic to a single L. In the above, we have the identity map

vilLy-e s L) — (Lo, Do)

Then

c1((Ly, -+ Lns1)) = ex((L, -+, L)) + dd*(—log [[7]]).

Here if f is not flat, then || - || x,y is not necessarily equal to || - || x /v fbral at a
subvariety of Y of positive codimension. Still, the ambiguity can be ignored in
the sense of currents.

Note that the identity

ar((L,-++, L)) = fulear(D)")

holds as both sides are 0 since L is constructed from a constant family. Consid-
ering the expression of log ||v|| above in terms of the function

F(y) :/ fi(ddef2) A+ A(ddCfi) A (D)™ y e Y(C).
Xy
It suffices to prove that

dd°F = f,((dd°f1) A - A (ddC f;) A ey (D)1,

Denote d = dim Y. For any smooth and compactly supported (d —1,d — 1)-
form a on Y, we have by definition

(dd°F, o) = / Fdda.
Y

By the expression of F', the right-hand side is equal to

/ fi(ddefa) A= A(ddC i) A el (D)0 A frddCa.

b'e
By the Stokes formula, this becomes
/ (ddC f1) A (ddC f2) A=+ A(ddCf;) Aer(D)"TH0A fra

X

which is exactly

(fe((ddC fr) A=+ A (dd i) A el (D)™ T7), a).

As « is an arbitrary test form, this finishes the proof.
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4.4 Positivity of the Deligne pairing

In this section, we consider the Deligne pairing for projective varieties in both
the geometric case and the arithmetic case. We will focus on some positive
results later. For simplicity, we will only focus on the flat case. For clarity, we
do not use uniform terminology here.

4.4.1 Geometric case

The following easy result asserts that Deligne pairing sends nef (resp. ample)
line bundles to nef (resp. ample) line bundles. Nakayama proved it cite[Cor.
4.6]Nak, but we provide a more direct proof here.

Lemma 4.4.1. Let f : X = Y be a flat morphism of relative dimension n of
projective varieties of over a field k. Let Ly, -+, Lyy1 be line bundles on X.
Then the following are true:

(1) If dimY =1, then

deg((L1,- -+, Ln41)) = L1+ Lo+ L.
(2) If L1, , Ly are nef, then (L1, -+, Lpy1) is nef.
(3) If L1, -+, Lpt1 are ample, then (Ly,--- , L,y1) is ample.

Proof. For (1), we can assume that Y is regular by taking its normalization
(and taking the corresponding base change of X — Y). We can assume that

X is normal by taking its normalization and applying | , Thm. 5.3.1]. By
linearity, we can assume that Li,--- , L,y are very ample on X. The intersec-
tion number of (Lq, -+, Ly4+1) on X is equal to deg(div(sy)N---Ndiv(s,41)) for
a strongly regular sequence (si,--- ,Sp+1) of sections of (L1, ,L,41) on X.

Many Bertini-type results guarantee the existence of strongly regular sequences
in the current situation. The quickest one is the Bertini-type theorem of Sei-
denberg | | for normal varieties. Then (1) holds essentially by definition.

To prove (2), it suffices to prove that (Li,---,L,+1) has a non-negative
degree on any closed integral curves C in Y. Take the base change of X — Y
by C' — Y. It suffices to compute the degree of the Deligne pairing for X — C.
If X¢ is integral, this is just (1). If X¢ is not integral, take a finite and flat
base change ¢’ — C for some regular projective curve C” so that the reduced
structure of X is smooth over C’ at all the generic points of X¢r. Then we
can apply Lemma 4.2.2 to convert to the integral case in (1).

To prove (3), assume that Lq,---, L,1 are ample on X. Let L be an ample
line bundle on Y. By | , Prop. 5.2.1], (f*L,La,---,Ly11) is a positive
multiple of L and thus is ample. If necessary, we can replace L; by a multiple,
and we can assume that Ly — f x L is ample on X. Now we have

<L15L27' o aLn+1> =~ <f*LaL27' o aLn+1> + <L1 - f*L;L27' te aLn+1>-

The two terms on the right-hand sides are respectively ample and nef, so the
left-hand side is ample. This finishes the proof. O
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Next, we introduce a mixed pairing between Cartier divisors and line bundles
in a suitable situation and consider its effectiveness.

Let f : X — Y be a projective and flat morphism of integral noetherian
schemes of pure relative dimension n. Let Ly,---, L, be line bundles on X.
Let D be a Cartier divisor on X, and O(D) be the line bundle associated with
D. Let V be a dense and open subvariety of Y, and denote by U — V the
base change of X — Y by V — Y. Assume that D|y is the trivial divisor on
U, which gives a canonical isomorphism Oy — O(D)|y. There is a canonical
isomorphism

<O(D)7L17 7Ln>|V — <O(D)|U7L1‘U7' o 7Ln|U>7
and canonical isomorphisms
(OD)|v, Lilv,- -+, Lnlu) — (Ov, Lilu, -+, Ln|u) — Ov-.

Here the last map is a special case of | , Prop. 5.2.1.a]. Thus, we have a
canonical isomorphism

Oy — (O(D), Ly, ,Ly)|v.
This defines a rational map.
OY -3 <O(D)7L17 e 7L7’L>

and thus a rational section s of (O(D), Ly,--- , L,). Define our mized Deligne
pairing by
(D,Ly,--,Ly) :=div(s),

which is a Cartier divisor on Y, supported on Y\ V. Note that (D, Ly,---, L)
is multi-linear in Ly, -, L,.

The following result concerns the pairing’s effectivity, which is compatible
with the general fact that the intersection number of an effective divisor with
nef divisors is non-negative.

Lemma 4.4.2. Let f : X = Y be a flat morphism of relative dimension n of
projective varieties over a field k. Let Lq,--- , L, be line bundles on X. Let
D be a Cartier divisor on X. Let V' be a dense and open subvariety of Y, and
denote by U — V the base change of X —Y by V — Y. Assume that D|y is
the trivial divisor on U. Then the following are true:

(1) If D = f*Dq for a Cartier divisor Dy on'Y, then
<D7 Lla v 7Ln> = (Ll,n . L2,77 t Ln,n) D07

where (L1, - Loy -+ Lny) is the intersection numbers of Ly,--- , Ly, on
the generic fiber of f : X — Y.

(2) IfY is normal, D is effective, and Ly, - - - , L,, are nef, then (D, Lq,--- , L)
1s effective on Y.
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Proof. Note that (1) is a consequence of | , Prop. 5.2.1.a]. For (2), we
first assume that Li,---,L, are ample on X. As Y is normal, by passing
to Weil divisors, (D, Ly, -, Ly) is effective on Y if and only if some positive
multiple of it is effective. Thus, we can replace Ly, --- , L, by positive multiples
if necessary. Therefore, passing to a Zariski open cover of Y, we can find a
strongly regular sequence (s1,--- , ;) of sections of (L1,---,L,) on X. By the

induction formula, this reduces the problem to Z, = div(sy) N --- N div(s,).
Then the effectivity follows since the norm map from Z, to Y sends global

sections to global sections by [ , Prop. 1.2.4(4)]. This proves the ample
case.
Now we consider the case that L,--- , L, are nef on X. Let A be an ample

line bundle on X. Then we have proved that
D,,=(D,mLi+ A, --- ,mL, + A)

is effective for all positive integers m. Note that D,, is a linear combination of
the finitely many prime divisors of Y supported on Y\ V. Then

D= lim m "D,

m— 00

is effective. O

4.4.2 Arithmetic case

Now we consider the arithmetic analogs of the above results. Let f : X — ) be
a flat morphism of relative dimension n of projective arithmetic varieties (over

Z). Let Lq,--- , Ln4+1 be hermitian line bundles with integrable metrics on X.
Define their Deligne pairing

(L1, Lng1) =L, Los1)s | - llxyy)

Here the metric on the right-hand side is given by Theorem 4.2.3. This defines
a functor
Pic(X)H — Pic(Y)int.-
We say that a hermitian line bundle £ on a projective variety m : X — Spec Z
is arithmetically positive if the following holds:

(1) the generic fiber Lg is ample on Xg;

(2) there exist a hermitian line bundle N on SpecZ with d/e\g(N) > 0 such
that £ — 7*A is nef on X.

This is equivalent to the definition of the same notion in §A.4.1. Recall that
Theorem A.4.1 states Zhang’s arithmetic Nakai—-Moishezon theorem holds for
arithmetically positive hermitian line bundles; see also | , Cor. 4.8] and
[ , Cor. 5.1].
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Lemma 4.4.3. Let f : X — Y be a flat morphism of relative dimension n
of projective arithmetic varieties (over Z). Let Lq,--- , L, 41 be hermitian line
bundles with integrable metrics on X. Then the following are true:

(1) If dimY =1, then

d/e\g«zla e 7£n+1>) = El : EZ o '£n+1-

(2) If Ly, ,Lny1 are nef, then (L1, Lpy1) is nef.

(3) If Ly, ,Lny1 are arithmetically positive, then (L1, ,Lni1) 48 arith-
metically positive.

Proof. By Theorem 4.2.3, the Deligne pairing of semipositive metrics is semi-
positive. The other parts of the proof are similar to that of Lemma 4.4.1. We
omit it here. O

Now we introduce the arithmetic counterpart of Lemma 4.4.2. The situation
is more or less included in the geometric case, except that there is an extra metric
involved.

Let f : X — Y be a projective and flat morphism of projective arithmetic
varieties of pure relative dimension n. Let L1, --- , £, be hermitian line bundles
on X with integrable metrics. Let D be an arithmetic divisor on X, with an
integrable Green function, and O(D) be the hermitian line bundle associated
with D. Let V be a dense and open subvariety of ), and denote by I/ — V the
base change of X — ) by V — ). Assume that D|; is the trivial divisor on U.
As in the geometric case, we have a rational map

Oy - <O(D)v£17 T >£n>

and thus a rational section s of (O(D), Ly, -, L,). Define our mized Deligne
pairing by
(D,Ly,-++ , Ly) = div(s) = (div(s), — log | s]]),

which is an arithmetic divisor on ). The Green function uses the canonical
metric of the Deligne pairing, which is simply given by

~log]s| =L(C)gpc1<cl>~--c1<zn>.

As in the geometric case, (D, Ly, -+ , L) is multi-linear in Ly, -+, L,,.
The following effectivity result is the arithmetic version of Lemma 4.4.2.

Lemma 4.4.4. Let f : X — Y be a flat morphism of relative dimension n
of projective arithmetic varieties (over 7). Let Ly,---,L, be hermitian line
bundles with integrable metrics on X. Let D be an arithmetic divisor on X with
an integrable Green function. Let V be a dense and open subvariety of V), and
denote by U — V the base change of X — Y by V — Y. Assume that D|y is the
trivial divisor on U. Then the following are true:
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(1) If D = f*Dy for an arithmetic divisor Do on Y, then
<Da Ela te 7Zn> = (Ll,n : £2,n te En,n)ﬁm

where (L1 - Loy - Lny) is the intersection numbers of Ly,--- , Ly, on
the generic fiber of f : X — ).

(2) IfY is normal, D is effective, and Ly, - - - , L,, are nef, then (D, Ly,--- ,L,)
is effective on Y.

Proof. This is similar to Lemma 4.4.2. In (2), the Green function
—toglsl = [ gpai@)a)
X(C)

is positive, since the current c¢;1(£1)---c1(L,) is positive by the nefness of
L1, -+, L. O

4.5 Deligne pairing of adelic line bundles

Now we are ready to prove Theorem 4.1.3. With the preparation in the previous
sections, the proof here is similar to that of Proposition 4.1.1.

Proof of Theorem 4.1.3. Note that

Pic(X/k)im = lim PicU/k)im,
Uu—y

where the direct limit is over all quasi-projective models i/ — V of X — Y i.e.
projective and flat morphisms &/ — V extending X — Y, where U and V are
quasi-projective models of X and Y over k. Similar to Lemma 2.3.3, for any
quasi-projective models & and V of X and Y, the rational map U --+ V can be
turned into a projective and flat morphism by shrinking &/ and V suitably. We
can further assume that V is normal.

Therefore, it suffices to prove the results for projective and flat morphisms
f U — V of quasi-projective varieties U,V over k, where V is assumed to be
normal. We only need to define the functor

Pic(U/k)ikt — Pic(V/k)suer-

The functor is extended to integrable adelic line bundles by linearity. To
extend it to nef adelic line bundles, it suffices to check that if £, -, L, 41 are
nef on U /k, then M = (L1, ,L,41) € 7/3E(V/k‘)int is nef on V/k. There is a
strongly nef adelic line bundle N onlU /k such that Ly +aN,--- 7Zn+1 + aN
are strongly nef for all positive rational numbers a. It follows that

Ma:<zl+a/ﬁ7'” 7Zn+1+aﬁ>
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is strongly nef all positive rational numbers a. Expanding it in terms of powers
of a, we see that
My, =M+ aN; +"‘+an+1./\/'n+1

is strongly nef for integrable adelic line bundles Ny, --- , N, 11 on V/k. By inte-
grability, there is a strongly nef adelic line bundle K such that K —ANq,--- , K —
N,y1 are strongly nef. As a consequence, M + (a + --- + a"*1)K is strongly
nef. This implies that M is nef.

Now we construct the functor for strongly nef adelic line bundles. For the
sake of the boundary topology, let (Vy,&o) be a boundary divisor of V over k.
Assume that there is a projective model X of & with a morphism fy : Xy — Vo
extending f : U — V. Then (Xp, f*Ep) is a boundary divisor of U over k.

Let £y,---,L,41 be objects of ﬁ(U/k)sncf. For each j = 1,---,n + 1,
suppose that £; is represented by a Cauchy sequence (L;, (Xi, £, ¢;j:)i>1) with
each Zj,i nef on a projective model X; of U over k. Here we assume that the
integral model X; is independent of j, which is always possible. For any i > 1,
assume that there is a projective model Y; of V with a morphism f; : X; — )
extending f : U — V. We assume that for each i’ > i > 0, we have morphisms
Xy — X; and Yy — V; extending the identity maps of & and V.

Apply the Raynaud—Gruson flattening theorem in | , Thm. 5.2.2]. After
blowing up ); and replacing X; by its pure transform, we can assume that
fi : X — V; is flat for any ¢ > 0. By the Deligne pairing, we have a line bundle

M = <£1a£27"' 7£7L+1>

on V, and a hermitian Q-line bundle

M= (L1, L2, Lrg1)
on Y; for any ¢ > 1. The isomorphism ¢;; : £; — L£; ;| induces an isomorphism
m; : M — M|y of Q-line bundles on V. By Lemma 4.4.1 and Lemma 4.4.3,
each M, is nef on ). o B
To prove the theorem, we will define the Deligne pairing (L1, Lo, -+ , Lp41)
to be

M= (M, (yivmiami)i21)~
For that, we need to check that (M, ()i, M;,m;);>1) is indeed a Cauchy se-
quence in Pic(V)mod. Then it suffices to prove that {div(m;m;')}; is a Cauchy
sequence in Div(V)moq.
For any j =1,--- ,n+ 1, by the Cauchy condition,

—€; €0 < &1\"(631'5]_11) < e fi€o, 1<i<7.

Here {¢;};>1 is a sequence of rational numbers converging to zero.
We claim that for any i < 4/,

—~

—e; deg(Uy)Ep < div(mifmi_l) < e, deg(U,)Eo
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in ]SR/(V)mOd. Here
n+1

deg(U,) = Z deg(Uy);,

with

deg(Uy); = deg(Lry - Loy - Lij—1n- Litin- Lniin),
where U,, — n is the generic fiber of f : U/ — V), and L; , is the restriction of £;
to U,.

The situation is similar to the proof of Proposition 4.1.1. Note that the
isomorphism m; o mi_1 : M;ly = M|y is induced by the isomorphism ¢; ;» o
E;} t Ljilu = Ly for j =1,--- ,n+ 1 via the construction of the Deligne
pairing.

In the following, for simplicity of notations, view line bundles on X; as line
bundles on X}/ via pull-back by abuse of notations. Apply similar conventions
to V; and V.

Write the rational map mg o m;
rational maps

L M; --» M, as a composition of the

tic Loy s Lj—ris Ljar  Lngr,i) —=* Ly Ly, Lipais 5 Lngii)

for j =1,--- ,n+1, which are induced by the natural isomorphisms on . View
t; as a rational section of

(Lrirs-o Ljirs Lirris s Loyra) — Loy s L1, Ljis 5 Lny1d)s

which is canonically isomorphic to

Nj= (L, Lj1,i,Ljio—Lji, Lii1,- s Lonyri)

)

over Y. It suffices to prove
—¢; deg(Uy);€0 < div(t;) < € deg(Uy);Eo

in Div(})mod. B
The line bundle, AV}, fits the framework of Lemma 4.4.2 and Lemma 4.4.4.
In terms of the mixed Deligne pairing, we exactly have

div(t;) = <div(€j,i’£;il)a Ly Lim1,in Ligrin e s Log1a)-
Apply Lemma 4.4.2 and Lemma 4.4.4. We get

(Ti:’(tj) <{&f;€0, Lrirs++  Lj—1,i, Liti,y s Lny1,s) = € deg(Uy);Eo
by the Cauchy condition
—eifo€o < ai:/(gj,i/ej_’il) <eifo-

Similarly, we have
diV(tj) > —€; deg(b{n)jgg.
It finishes the proof. O
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4.6 More functorialities of the pairing

In Theorem 4.1.3, we have listed that the Deligne pairing is compatible with
base change. In this section, we list two more natural properties. The first one
is the behavior of the pairing in some situations under compositions, and the
second one is a non-archimedean local version of the pairing.

4.6.1 Functoriality properties

We first present various projection formulas on Deligne pairings. To avoid con-
fusion, for a morphism 1 : X — Y, we use write ¢, (- - -) for the Deligne pairing
for this morphism.

Lemma 4.6.1. Let k be either Z or a field. Let v : X — Y be a projective
morphism of relative dimension r over k, and w : Y — S be a projective mor-
phism of relative dimension m over k. Here X,Y,S are quasi-projective and
flat integral schemes over k. Assume that m: Y — S and mop : X — S are
flat, and assume that S is normal. Let Ly,--- ,L.,1 be integrable adelic line
bundles on X, My,--- ,M,,+1 be integrable adelic line bundles on'Y, and N

be an integrable adelic line bundles on S.

(1) Assume that : X =Y is flat, and assume that'Y is normal. Then there
18 a canomnical isomorphism

(W°¢)*<Z17"' 3Z7'+1a¢*M17"' 7w*M7n>
—>7T*<'(/J*<Zla"' azr+1>aM17"' 7Mm>

(2) There is a canonical isomorphism

7T*<M1,- .- ,M"HW*N1> — €N1.

Here e is the intersection number of the underlying line bundles of M1, - -+ , M,

on the generic fiber of m:Y — S.

(8) There is a canonical isomorphism

(ﬂ—ow)*<zl7"' 7ZT7w*M17"' 7¢*Mm+1> — d7T*<M17"' aMm+1>‘

Here d is the intersection number of the underlying line bundles of L1, - - , L,
on the generic fiber of ¥ : X — Y if ¥ is surjective; set d = 0 if 1 is not
surjective.

(4) If r = 0, then there is a canonical isomorphism

(mo)u(p* My, 0 " Moyg1) — deg() m (M1, -+, Mpg1).

Here deg(v) is degree of the extension between the function fields of X
and Y induced by v : X =Y if ¢ is surjective; set deg(1)) = 0 if ¢ is not
surjective.
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Proof. We first prove (1). See | , Prop. 5.2.3.b] for the isomorphism of the
underlying line bundles. By taking the limit, this already implies the result for
the geometric case that k is a field.

If £ = Z, we need an extra argument to check the compatibility of the
hermitian metrics. By Theorem 4.2.3, metrics of Deligne pairings are fiberwise
defined, so it suffices to check the equality of the metrics assuming that S =
Spec C, and fi7ﬂj are metrized line bundles on the complex varieties X,Y.
Induct on m = dimY. By linearity, assume that M, is very ample on Y, and
take a section s € T'(Y, M,,) such that Y’ = div( ) is integral, and X' = X xy Y’
is also integral. Denote by ¢’ : X’ — Y and «’ : Y’ — S the morphisms. Denote
L; = Li|x/ and M = M|y . By induction, we have an isometry

(7T/ o 1Z)/)*<z/17 T 7;+17¢*M/17 T ﬂb*ﬁ;@fﬂ
/

— _
—>7T;=<¢;<L1a Lr+1> Mla' '7Mm71>‘

It suffices to check that the changes in the metrics of both sides are equal. By
§4.2.2, this amounts to check

/IOgW*SHQ(El)"'Cl(frﬂ)cl(l/)*Mﬂ"'01(1/1*Mm71)
X

- /Y tog lslle (s (L1, -+, Trsa))er (1) -+ - &1 (Mn1).

This follows from Theorem 4.2.3(4). It proves (1).

Note that (2) is the special case of (3) when 7 is the identity map on Y, and
(4) is also a special case of (3). We also have two quick proofs of (2). First,
[ , Prop. 5.2.1.a] gives an isomorphism of the underlying line bundles in (2),
and then we can extend it to the adelic case as in the proof of (1). Alternatively,
write N1 = O(D) for some adelic divisor D on S. Then the result follows from
limit versions of Lemma 4.4.2(1) and Lemma 4.4.4(1).

To prove (3), the key is to establish a canonical isomorphism

(7T0¢)*<L17"‘ ,Lraw*Mla"' aw*Mm+1> — d'/T*<Mla"' ;Mm+1>

of the underlying line bundles since the extension of this to the adelic case is
similar to that in (1). For the isomorphism of the underlying line bundles,
we can assume that all M;, L; are very ample by linearity. By passing to a
finite Zariski open cover of S, we can find a section ¢,,1 of M, 1 such that
div(t;41) is integral and flat over S. This reduces the problem from (X,Y,S)
to (Xaiv(t),div(t),S), and thus eventually we can assume that m = 0. Then
m:Y — S is finite and flat, and by passing to a Zariski open cover of S, we
can take a section of L, to reduce dim X, and eventually we can also assume
that r = 0. The case m = r = 0 can be checked by an easy relation of the norm
maps. This finishes the proof. O
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4.6.2 Local theory

In this subsection, we are going to consider the Deligne paring over a non-
archimedean field and treat the metrics in this setting.

Let K be a non-archimedean field with a discrete valuation, and let O be
the valuation ring. Let X be a projective variety of dimension n over K. Recall
that in §2.7, we have defined Pic(X/Ok) as the completion of

Pic(X/Ok moa = lim Pic(X, X)
X

along the boundary topology. Here the limit is over projective models X of X
over Og. -
Similar to the global case, we can introduce the category Pic(X/Ok )snef

(resp. ﬁ(X/OK)ncf, 751\C(X/OK)M) of strongly nef (resp. nef, integrable)
objects of ﬁ(X/OK). A line bundle on a projective model, X of X over Ok,
is mef if it has a non-negative degree on every projective and integral curve in
the special fiber of X — Spec Ok . An adelic line bundle on X is strongly nef if
it is the limit under the boundary topology of model adelic line bundles induced
by nef line bundles on projective models of X. An adelic line bundle, L on X, is
nef if there exists a strongly nef adelic line bundle M on X such that aL + M is
strongly nef for all positive integers a. An adelic line bundle on X is integrable
if it is isomorphic to the difference of two strongly nef adelic line bundles on X.
By continuity, the Deligne pairing

Pic(X)" T — Pic(Ok)
extends to a canonical pairing

Pic(X/Ox )it — Pic(K/Ox).
Note that ﬁ(K/OK) = ﬁ(Spec K /Ok) is equivalent to the category of triples
(L, L,0) with L € Pic(K), L € Pic(Ok)qg, and £ : L — L|gpec x an isomorphism
in Pic(K)g. If Ok is a discrete valuation ring, the proof of this extension is
similar to Theorem 4.1.3, and it is easier without the Archimedean metrics. If
Of is not a discrete valuation ring, an extra ingredient of the extension is from
Xia | ], who extends the Deligne pairing of | , , , ]
to non-noetherian schemes. The idea of | , Prop. 3.7] is that a projective
and flat morphism of (possibly non-noetherian) schemes can be Zariski locally
descended to a projective and flat morphism of noetherian schemes.

On the other hand, in Proposition 3.6.1, we have a canonical fully faithful
functor - -

Pic(X/Ok) — Pic(X?").

We have essential images
Pic(X™)eper = Im(Pic(X/Ok) — Pic(X*")),

Pie(X™ )aner = T (Pic(X /O Joner — Pic(X™™)),
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BRe(X™ et = Im(PI(X/Osc et — PRe(X™),
ﬁ(Xan)im = Im(TDE(X/OK)int — 7/7E(Xan)).

Note that in §3.6, we have also given direct descriptions of compactified (resp.
strongly nef, nef, integrable) metrized line bundles on X?2".

Parallel to the archimedean setting in §4.2.2, we use integration to define a
Deligne pairing

Pic(Xa“)ﬁngl — Pic(K™).

In fact, let Lq,--- , L, be integrable metrized line bundles on X?", we endow
a metric of the 1-dimension K-space (L1, -, L,11) as follows.

We assume that all L; are very ample by linearity. Let s; be a nonzero
section of L; on X. We have a natural isomorphism

[s1] : (L1, s Lnga) — (Lo, -+, Lny1) 2, /K-

Here Z; = div(s1) and the right-hand side is the Deligne pairing for the mor-
phism Z; — Spec K. Define the norm of the map [s1] by

log )l = = [ Tog ssller (Z2) - ex(Tora)

Here the right-hand side uses the Chambert-Loir measure. This defines the
metric of (L1, -, Ly+1) by induction on dim X . Note that if Z; is not integral,
we can use Lemma 4.2.2 to convert it to the pairings from its irreducible compo-
nents. As in the Archimedean case, the definition is independent of the choice
of s1 by [ , Thm. 4.1], and the pairing is symmetric and multi-linear.

Similar to the Archimedean case, in a single formula, if (s1, -, Sp41) is a
strongly regular sequence of sections of (L1, , Ly4+1) on X, then the metric
of (L1, -+, Lyy1) is given by

n+1
—log|[{s1, -, snt1)l| = — Z/ log [[sil|c1(Lit1) - -+ e1(Lnt1)-
i=1 72

This is exactly the local intersection number
div(sy) - div(sz) - - div(spi1)-

See | ,82] or | , Appendix 1] for basic properties of the local intersection
number.

Finally, we have the following result, which asserts that the two pairings are
compatible.

Theorem 4.6.2. Let K be a non-archimedean field, and let O be its valuation
ring. Let X be a projective variety of dimension n over K. The Deligne pairings

Pic(X/O0x)™H — Pic(K/Ok)

int
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and - -
Pic(X*)Hl s Pic(K™)

int

are compatible with the analytification functors

Pic(X/Ox Jint — Pic(X™)ins

and - -

Pic(K/Ok) — Pic(K*").
Proof. Tt suffices to prove the model case. Namely, let L1, -, L, 41 be line
bundles on a projective model X of X over O, with generic fibers Ly, -+, Ly 41

on X. Then the metric of (Ly,---, L,y1) on X?" induced by (Lq,--+ , L,41) is
equal to the one defined by the integrals.

To prove the model case, assume that X is normal by taking a normalization.
Assume that all £; are very ample by linearity. Let s; be a nonzero section of
L7 on X such that Z; = div(s;) is flat over Og. Then we have a natural
isomorphism

[81} (L1, Lpgr) — (Lo, - ;£n+1>Zl/OK~
Thus (L1, -+, Lypy1) and (Lo, -+, Lyy1)z, /0, induce compatible metrics on
the line bundles (L1,---,Lyy1) and (La, -+, Lny1)z, . x- By induction, it

suffices to prove that the analytic term

log [|[s1]]l = */X log ||s1lle1(L2) -+~ e1(Ln+1)

vanishes. By definition, the Chambert-Loir measure on the right-hand side
is supported on the divisorial points of X?" corresponding to the irreducible
components of the special fiber of X. On the other hand, ||s1]] = 1 at these
divisorial points by the assumption that div(sy) is flat over Og. Then the
integral vanishes. O



Chapter 5

Volumes and heights

In this chapter, we are going to study effective sections of adelic line bundles,
volumes of adelic line bundles, heights of algebraic points and subvarieties, and
equidistribution of small points. It turns out that many definitions and results
for hermitian line bundles can be extended to the current situation.

As before, we will treat the geometric case and the arithmetic case uniformly,
taking the uniform terminology in §1.5.

5.1 Effective sections of adelic line bundles

The goal of this section is to introduce effective sections of adelic line bundles
and derive some basic finiteness properties.

5.1.1 Effective adelic divisors

Effective sections of adelic line bundles are defined in terms of effective adelic
divisors, so we start with the following definition.

Definition 5.1.1. Let k be either Z or a field.

(1) Let U be a quasi-projective variety over k. An adelic divisor D in 6;/(“ /k)
is called effective if it can be represented by a Cauchy sequence of effective
divisors in Div(U/k)mod-

(2) Let X be a flat and essentially quasi-projective integral scheme over k.
An adelic divisor D in Div(X/k) is called effective if it is the image of an
effective adelic divisor of Div(U/k) for some quasi-projective model U of
X.

As before, we will use > and < to denote the partial order on ﬁl\v(X/k)
induced by effectivity.

Note that the above definition is very similar to the definition of strong
nefness. The following is the justification for this definition.

133
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Lemma 5.1.2. Let k be either Z or a field. Let X be a flat and essentially
quasi-projective integral scheme over k. Then an adelic divisor D € Div(X/k)
is effective if and only if its image D' in ]SE(X&“) is effective.

If furthermore X is normal, then D is effective if and only the total Green
function g induced by D is non-negative on X"\ |D]*.

Proof. Tt suffices to prove the case that X = U is a quasi-projective variety over
k, and we write D for D as a convention. For the first statement, assume that
D™ is effective, and we need to prove _that D is effective. Assume that D is
represented by a sequence {D;};>1 in Div(U/k)moa. By definition, there is a
sequence {¢; },;>1 of positive rational numbers converging to 0 such that

7€j§0 S 51 75]' S Ejzo, 1 Z] Z 1.

This implies
_ejggo g g’Dl - g'D]‘ g ejggov 1 Z] Z 1.

Here go denotes the corresponding Green function on U*". Set i — oco. It gives
gp; + €9, 2 9p 20, j =1

By Lemma 3.3.3, D; + ¢, is effective in ISiT/(L{/k)mod. Note that D is also
represented by the Cauchy sequence {D; + €;Eo}i>1 in f);/(l/{ /k)mod. Then it is
effective.

For the second statement, it suffices to prove that gz > 0 implies D > 0.
This can be proved as in the proof of Corollary 3.4.2. O

5.1.2 Effective sections of adelic line bundles

Let k be either Z or a field. Let X be a flat and essentially quasi-projective
integral scheme over k, and let L be an adelic line bundle on X. For any nonzero

rational section s of L on X, there is an arithmetic divisor Ji\v(s), defined as an
element of Div(X/k). It suffices to define this for any quasi-projective model U
of X. This is in Lemma 2.5.1. Namely, if £ = (£, (X;, L;,¢;)i>1) is an adelic
line bundle on U, and s is a nonzero rational section of £ on U, then
div(s) = divy, 7,)(s) + zliglo div(£:7h)

in Div(U/k).

Now we are ready to introduce the key definitions. Note that the term h®
below is defined to be either finite real numbers or infinity.

Definition 5.1.3. Let k be either Z or a field. Let X be a flat and essentially
quasi-projective integral scheme over k.

(1) Let L be an adelic line bundle on X with underlying line bundle L on X.
Define N .
H°(X,L) :={s € H°(X, L) : div(s) > 0}.
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Here the partial order is in ERI(X/k) Elements of ﬁO(X,f) are called
effective sections of L on X. If k = Z, denote

(X, L) = log #H°(X,T);
if £ is a field, denote

h°(X,T) := dimy H*(X,L).
We say that L if effective if EO(X, L)>0.

(2) Let L be a metrized line bundle on X®* with underlying line bundle L.
For any s € HY(X, L) and any v € M(k), define the supremum norms

[sllsup := sup ||s(z)]],
reXan

[[8/lv,sup = sup |[s(z)]].
r€X?

Both “sup” are allowed to be infinity. Define
HY(X,I):={s € H(X,L) : ||s||sup < 1}.

Elements of I:TO(X,Z) are called effective sections of L on X. If k = Z,
denote R R

hO(X, L) :=log #H"(X, L);
if k£ is a field, denote

10(X,I) = dimy H*(X,L).

The definitions in (1) and (2) are compatible. Namely, for any adelic line
bundle L on X, which induces a metrized line bundle ™ on X an_the canonical
map R R

HY(X,L) — H°(X,L™)
is bijective. This follows from Lemma 5.1.2.

If k is a field, it is easy to see that H?(X, L) is a vector space over k in the
setting of (2), and thus the same holds in the setting of (1). So the dimension
1O(X,T) is well-defined (as a finite number or infinity).

In both the arithmetic case and the geometric case, we will prove that the
number h°(X, L) in (1) is finite. The proof is easy, but we will postpone it till
Lemma of finiteness3 to set up a framework to bound sections of adelic line
bundles.

In terms of arithmetic divisors, the definitions are written more easily. For
example, if D is an adelic divisor on X, then

H°(X,0(D)) = {f € k(X)* : div(f) + D > 0} U {0}.

Because of this, we may work on adelic divisors instead of adelic line bundles.
For simplicity, we will denote

HY(X,D) = H(X,0(D)), h(X,D)=1n"%X,0(D)).
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5.1.3 Effective sections of arithmetic QQ-divisors

For the purpose later, we generalize the definition of effective sections to arith-
metic Q-divisors.

Let k be either Z or a field. Let X be a projective variety over k. Let D be
an arithmetic Q-divisor on X. Denote

H(X, D) = {f € k(X)* : div(f) + D > 0 in Div(X)g} U {0}.

If kK = Z, denote R R
RO(x, D) i= log #°(X,0(D))’;

if k is a field, and if X is normal, denote
(X, D) = dim; H*(X,0(D))’.

Note that if k is a field and if X is normal, ﬁIO(X,ﬁ)’ is a k-vector space,
since div(f) + D > 0 is equivalent to ord,(f) > —ord,(D) for all codimension
one points v € X. However, if X is not normal, H°(X, D)’ might fail to be a

group.
If D is integral, recall the usual set of effective sections defined by

HY(X,D) == {f € k(X)* : div(f) + D > 0 in Div(X)} U {0}.
There is a canonical injection
H°(X,D) - H°(X.D)',

which might fail to be bijective due to the difference of the effectivity relations
in Div(X) and Div(X)g. However, if X is normal, then it is bijective by Lemma
2.3.5.

In the definitions above, EO(X ,D)" is always finite. In fact, the finiteness
holds if X is normal and D is integral by o (X,D) = EO(X, D). The normality
condition can be removed by passing to the normalization, and the integrality
condition can be removed by bounding D by an integral arithmetic divisor on
X under the relation “<”. In fact, the following technical lemma guarantees
the existence of such integral arithmetic divisors.

Lemma 5.1.4. Let X be a projective variety over k, and let U be an open
subscheme of X. Then the following are true.

(1) Let D € ]SR(X)Q be an arithmetic Q-divisor on X. Then there are
D1, D, € Div(X) satisfying D1 < 0 < Dy in Div(X) and D1 <D < Dy in
DiV(X)Q.

(2) Let D € ﬁi?/(X,L{) be an arithmetic (Q, Z)-diwvisor on (X,U). Then there
are D1, Dy € Div(X) satisfying Dy < 0 < Dy in Div(X) and Dy, < D < Dy
in Div(X,U).
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Proof. We claim that for any divisor £ on U, there is an effective divisor £ on
X such that E'|y > € in Div(U).

We first prove the claim assuming that £ is effective on . In this case,
the zero locus of £ defines a closed subscheme Z of Y. Extend Z to a closed
subscheme Z of X by taking the schematic closure. Take a very ample line
bundle A on X with a nonzero global section s vanishing along Z; i.e. s lies in
the kernel of H(X, A) — H°(Z, Al 5). Then we can set & = div(s) on X.

Next, we prove the claim for general £. In fact, take a finite affine open
cover {U;}; of U such that |y, = div(f;) for some f; € k(U;)* for every i.
Write f; = f//f!' with f], f/’ € T'(U;, Ou,). Set & = div(f]) € Div(Y4;). Then
& > 0and & > &y, in Div(l;). By step (1), there is an effective divisor £/ on
X such that &/|y, > & in Div(Y;). Then & = )", &/ is an effective divisor on
X such that 8’|u > &y, = & > Elu, in Div(l,), and thus &'|yy > € in Div(U).
This proves the claim.

Now we can prove part (1). It suffices to construct Ds, since D; can be
obtained by considering —D. Write D = a& for a € Qs and & € Div(X). By
the case U = X in the claim, there is an effective divisor £ € Div(X) with
& > & in Div(X). Taking a suitable Green function for £ (in the arithmetic
case), we get an effective arithmetic divisor g e ]5;7()() with & > € in ]SRI(X)
Then we take Dy = a’? for an integer a’ > a.

It remains to prove part (2). Again, it suffices to construct Dy. We will find
effective divisors 5/2,5/2/ € ]SFI(X) with D < f; in BR/(X)Q and D)y < DYy
in 6;(2/{) Then we can just set Dy = 5/2 + 5/2/. Note that 5/2 is already
constructed in (1). For 5/2/7 the claim gives its underlying divisor, and it suffices
to choose a suitable Green function (in the arithmetic case) to make it effective.
This finishes the proof. O

5.1.4 Model case

Let k be either Z or a field. Let X be a projective variety over k. Let U be
an open subscheme of X. Let D be an arithmetic (Q,Z)-divisor on (X,U).
Definition 5.1.3 gives

H'U,D) = {f € kU)* : div(f) + D > 0 in Div(U/k)} U {0}.

Note that the partial order is taken in Dlv(u /k)mod. Here d1v( f) e 517/(2( ) is
viewed as an element of Dlv(X U) via the canonical map D1V(X) — ]SE(X,Z/{).

If X is normal, using the rational part of D, we have a well-defined H o(x,D)
in the above, which might be different from H°(U, D), as they use different
effectivity relations. The following result gives some inequalities between these
different notions.

Lemma 5.1.5. Let X be a flat and essentially quasi-projective integral scheme
over k. Let U be a quasi-projective model of X, and let X be a projective model
of U. Let D be an arithmetic (Q,Z)-divisor on (X,U).



138 CHAPTER 5. VOLUMES AND HEIGHTS

(1) There is a canonical injection
H°(X,D) — H°(X',x* D).
Here m: X! — X is the normalization of X.

(2) IfD is the image of an integral arithmetic divisor D' € ]5;7()() in ]SRI(X, U,
then there is a canonical injection

H°(x,D") — H°(X,D).
(3) ﬁO(X,ﬁ) is always finite.

Proof. Part (2) is trivial. Part (3) is a direct consequence of (1). For (1),
denoted by X', the generic point of X’. The canonical map

H°(X,D) — H(X', D)
is injective, so it suffices to prove that the canonical injection
H' (X', 7*D) — H°(X',n*D)

is bijective. It suffices to note that for any non-empty open subscheme U of X',
and for any £ € Div(X’,U’), the relations £ > 0, viewed in

Div(X’,U'), Div(X')g, Div(X'/k),

are all equivalent. This is a consequence of Lemma 2.3.5, Lemma 3.3.3, and
Lemma 5.1.2 by converting effectivity to positivity of Green functions. O

Remark 5.1.6. If X is normal, then the injection in (1) is an isomorphism.

5.1.5 Adelic case

Now we can easily obtain the finiteness of 7° in Definition 5.1.3(1).

Lemma 5.1.7. Let k be either Z or a field. Let D be an adelic divisor on a flat
and essentially quasi-projective integral scheme X over k. Then the following
are true.

(1) There is a model adelic divisor D' on U, induced by an effective and nef
arithmetic divisor on a projective model of U /k, such that

D'<D<D
in Div(U/k).

(2) BO(X,ﬁ) s always finite.
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Proof. Part (1) implies part (2) by Lemma 5.1.5(3). For part (1), assume that
D is represented by a Cauchy sequence {ﬁi}iZI in Div(U/k)moa for a quasi-
projective model U of X. The Cauchy condition implies that for some rational

number €; > 0, B - B
—61E9 <D; — D1 < 6150, Vi > 1.

The limit gives . _ _
—€1&0 < D —D; <.

This gives a model adelic divisors D on U such that D <D< D'. Assume
that D’ is defined on a projective model X of X. We can find a nef and effective
arithmetic divisor D on X such that —D < D < D". This finishes the
proof. O

5.2 Volumes of adelic line bundles

The goal of this section is to extend many fundamental properties on volumes of
hermitian line bundles to adelic line bundles, including the arithmetic Hilbert—
Samuel formula, the arithmetic bigness theorems, the Fujita approximation the-
orem, the log-concavity theorem, and continuity of the volume function. The
key to these extensions is that volumes of hermitian line bundles naturally ap-
proximate volumes of adelic line bundles.

5.2.1 Volumes on arithmetic varieties

We refer to §A.4 for an overview of many major theorems on positivity and
volumes of hermitian line bundles. In the following, we will still repeat some
crucial ones in both the geometric case and the arithmetic case for the purpose
here.

Let k be either Z or a field. Let X be a projective variety over k of absolute
dimension d. For any hermitian line bundles £ on X’ (with continuous metrics),
denote the volume

vol(X, L) := li ﬂﬁo(x L)

vol(X, £) := lim —3 ,mL).
The limit defining the volume always exists. In the geometric case, this is a
result of Fujita (cf. | , 11.4.7]). In the arithmetic case, this is originally
proved by Chen [ ], and Yuan | | gives a different proof. We need the
following basic properties of the volume function.

(1) In the arithmetic case, if there is a sequence {L;};>1 of hermitian line
bundles on X with underlying line bundles £; = £ such that the metrics
of L; converges to the metric of £ uniformly, then \781()( ,L;) converges to
\7(;1(2(,2). This is a direct consequence of | , Prop. 2.1]. Hence, in
many situations, we can easily extend the results from smooth metrics to
continuous metrics.
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(2) In both cases, the volume function is homogeneous in that \781(X ,mL) =

md;al()( , L) for any positive integer m. Therefore, the definition of vol
extends to all hermitian Q-line bundles by homogeneity.

(3) In both cases, the volume function is a birational invariant. Namely, if
e X — Xis ak birational morphism of projective varieties over k, then
vol( L) = Vol(X L). The geometric case is proved in | , Prop.
2.2.43], and the arithmetic case is proved by Moriwaki [ , Thm. 4.3].

The arithmetic Hilbert—Samuel formula asserts that, for any nef hermitian

line bundles £ on X,
vol(X, L) = ",

Here the right-hand side denotes the arithmetic self-intersection number. In the
geometric case, this is the classical Hilbert—Samuel formula in algebraic geom-
etry (cf. | , Cor. 1.4.41]). Now we briefly describe the history of the for-
mula for the arithmetic case. If £ is ample in the sense of Zhang | ]. The
formula is a consequence of the arithmetic Riemann—Roch theorem of Gillet—
Soulé [ |, an estimate of analytic torsions of Bismut—Vasserot | ], and
the arithmetic Nakai—-Moishezon theorem of Zhang [ ]. See | , Corol-
lary 2.7] for more details of the implications. The formula was further extended
to the nef case with continuous metrics by Moriwaki | ,

We will also need a bigness theorem, which asserts that for hermltlan line
bundles £, M on X such that £ and M are ample,

vol(X, L — M) > 2% —dZ" 'M.

In the geometric case, this is a theorem of Siu | ]. In the arithmetic case,
this is the main theorem of Yuan | ]. This extends to the case that £
and M are nef. Fix an ample hermitian line bundle A on X. For any positive
rational number € > 0, apply the result to (£ + e¢A, M + eA). Then set € — 0.

5.2.2 Main theorems on volumes

Now we are ready to state our generalization of the theorems to adelic line
bundles.

Let k be either Z or a field. Let X be a flat and essentially quasi-projective
integral scheme over k. Let L be an adelic line bundle on X. Define

vol(X,I) := lim d—h O(X,mI).
m—oo M4

Here d is the absolute dimension of a quasi-projective model of X over k. We
will prove that the limit exists.

An adelic line bundle L on X is said to be big if \751(X, L) > 0. Many results
on big hermitian line bundles can be generalized to the current setting.

We will freely use the fact that the volume function is increasing under
effectivity. More precisely, If T’ is another adelic line bundles on X with
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EO(X7Z/ — L) > 0, then ;(;l(X,f) < @(X,f/). Taking a nonzero section s €
I;TO(X,ZI —T), multiplication by s induces an injection H°(X, L) — H°(X, f/)
and thus an inequality EO(X, L)< EO(X, f/).

Our first main result asserts that the limit defining \751()( , L) exists.

Theorem 5.2.1. Let k be either Z or a field. Let X be a flat and essentially
quasi-projective integral scheme over k. Let L be an adelic line bundle on X.

(1) The limit
. _dl _
vol(X,L) = "}gnm Wh (X,mL)

exists. Here d is the absolute dimension of a quasi-projective model of X
over k.

(2) If L is represented by an adelic line bundle (L,(X;, L;,€;)i>1) on U for a
quasi-projective model U of X over k, then

vol(X,I) = lim vol(&X;, Z;).

71— 00

On the right-hand side, \781()(1-,21-) is the volume of £; as a hermitian Q-
line bundle on X;, defined by homogeneity. By the theorem, the definition of
\751(X , L) extends to adelic Q-line bundles on X by homogeneity.

The proof of Theorem 5.2.1 will take up most of the rest of this section. Let
us first note that by the theorem, the arithmetic Hilbert—Samuel formula and
the arithmetic bigness theorem can be generalized to the following theorem.

Theorem 5.2.2. Let k be either Z or a field. Let X be a flat and essentially
quasi-projective integral scheme over k. Denote by d the absolute dimension of
a quasi-projective model of X over k.

(1) Let L be a nef adelic line bundles on X. Then

vol(X,I) = I

(2) Let L, M be nef adelic line bundles on X. Then
vol(X,T —3) >I" —dI" 'L

It is immediate that Theorem 5.2.2 holds for strongly nef adelic line bundles
as a limit version of its counterpart on projective (arithmetic) varieties by The-
orem 5.2.1. The theorem will be further extended to nef adelic line bundles by
the continuity of the volume function in Theorem 5.2.9 below.

In application, the above theorem is usually combined with the following
basic result.

Proposition 5.2.3. Let k be either Z or a field. Let X be a flat and essentially
quasi-projective integral scheme over k. Denote by d the absolute dimension of
a quasi-projective model of X over k. Let L be an adelic line bundle on X.
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(1) If k = Z, let N € ﬁl\c(Z) be a hermitian line bundle with d/e%(ﬁ) > 0.
Then for any positive rational number c,

vol(X, L — ¢N) > vol(X,T) — dcdeg(N) vol(Xg, L).
Here N is viewed as an adelic line bundle on X wvia pull-back, and L is
the image of L under the canonical map Pic(X/Z) — Pic(Xq/Q).

(2) If k is a field, assume that there is a projective and regular curve B over k
together with a flat k-morphism X — B. Let N € Pic(B) be a line bundle
with deg(N) > 0. Then for any positive rational number c,

vol(X, L — ¢N) > vol(X, L) — d ¢ deg(N)vol(Xx, L).

Here N is viewed as an_adelic line bundle on X via pull-back, K 1is the
function field of B, and L is the image of L under the canonical composi-
tion

Pic(X/k) — Pic(Xg /k) —> Pic(Xx /K).

Proof. By Theorem 5.2.1, the problem is reduced to the case that X is projective
over k, and L is a hermitian line bundle on X. Then the result is more > or less
well-known, and one easily checks that the result depends only on cdeg(N)
(or cdeg(N)). The arithmetic case is implied by [ , Prop. 4.2(2)]. The
geometric case can be proved by assuming that N is linearly equivalent to a
closed point P € B and applying the exact sequence

0 — H°(X,aL—bN) — H°(X,aL—(b—1)N) — H°(Xp, (aL—(b—1)N)|x,)

to count the dimensions for a > b > 1. O

5.2.3 Volumes of model adelic divisors

For the proof of Theorem 5.2.1, we need a slightly generalized limiting expression
about volumes of arithmetic Q-divisors.

Let k be either Z or a field. Let X be a projective variety over k of absolute
dimension d. Let D be an arithmetic Q-divisor on X. Recall that in §5.1.3 we
have introduced

H(X, D) = {f € k(X)* : div(f) + D > 0 in Div(X)g} U {0}.

If k =7Z, we have N - N o
RO(X, DY = log #H°(X, O(D))';

if k£ is a field and X is normal, we have
(X, D) = dimy, H(X,0(D))".
On the other hand, we have an extended definition of

vol(X, D) = vol(X, O(D))
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from integral divisors to Q-divisors by homogeneity. Namely, let a be a positive
integer such that aD can be realized as an integral arithmetic divisor D on X.

Then
d!

- — 1 —~ —x 1 ~ p—
vol(X, D) := EVOI(X,D )= — lim RY(X, mD").

" af m—oo md

It turns out that we have the following compatibility.

Lemma 5.2.4. Let 7 : X' — X be the normalization morphism. Let D c
Div(X)g and € € Div(X’)g be arithmetic Q-divisors. Then

P _ d! ~ o

vol(X,D) = vol(X',7*D) = lim —h*(X',m7*D+E)".

m—o00 M,

Proof. The first equality follows from the birational invariance of the geometric
case in [ , Prop. 2.2.43] and the arithmetic case in | , Thm. 4.3].
The second equality holds for arithmetic R-divisors by Moriwaki [ , Thm.
5.2.2(1)] (in the arithmetic case). For our purpose of arithmetic Q-divisors, the
situation is much easier. We sketch a proof, which will be used later.

For the second equality, it suffices to assume that X = X’ is normal. By
Lemma 5.1.4, there ar/e\arithmetic divisors D; and D, on X with D; <D < D,
and Dy < & < Dy in Div(X)g. Let a be a positive integer such that aD can be
realized as an integral arithmetic divisor on X. For any r = 0,--- ,a — 1, we
have

(X, maD + (r +1)Dy) < h(X, (am +1)D + E) < h°(X, maD + (r + 1)Ds).

On the other hand, we have

o d — _— e~ =
Tigllmmh (X¥,maD + (r +1)D;) =vol(X,aD), j=1,2.
In the arithmetic case, the extra term (r + 1)D; does not change the limit by

[ , Thm. 4.4]. The corresponding result also holds in the geometric case,
and we omit them. O

Now we introduce a compatibility result on volumes of model adelic divisors,
which will be used in the proof of Theorem 5.2.1. The setting is similar to that
of Lemma 5.1.5.

Lemma 5.2.5. Let X be a flat and essentially quasi-projective integral scheme
over k. Let U be a quasi-projective model of X, and let X be a projective model
of U. Let D be an arithmetic (Q, Z)-divisor on (X,U). Denote by d the absolute
dimension of X. Then the limit

—_ dl ~ _
vol(X,D) = lim —h"(X,mD)

m—o00 M

exists and equals vol(X, D).
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Proof. By Lemma 5.1.4, there are D;,Dy € ]5;/(2() with D; < D < Dy in
Div(X,U). By the method of the proof of Lemma 5.2.4, it suffices to prove that
for any D, £ € Div(X),

d! ~ — = S, =
lim —h%(X,mD + &) = vol(X, D).
m—o0 M)
Assume € = 0 for simplicity of notations since the general case is similar.

Denote by 7 : X’ — X the normalization. By Lemma 5.1.5(1) and Lemma
5.2.4,

d! ~ — dl ~ — —~ ., =
lim sup —dho(X7 mD) < lim sup —dho(é\f/, mn*D) = vol(X,D).

m—oo MM m—oo MM

On the other hand, Lemma 5.1.5(2) implies

(1PN _ I ~ _ —~ _
lim inf i'dhO(X, mD) > liminf d—'dhO(X, mD) = vol(X, D).

m—o0 M m—o00 M

This finishes the proof. O

5.2.4 Proof of Theorem 5.2.1

Now we are ready to prove Theorem 5.2.1. It is easier to write the proof in
terms of divisors, so we reformulate the problem as follows.

~Let D be an adelic divisor on X. Assume that D is represented by D €
Div(U/k) for a quasi-projective model U of X, and that D is a Cauchy sequence
{D;}i>1 in f)i\V(Z/[/k)mod. The goal is to prove that the limit

. d! ~, —
and the limit -
hm VOl(Xi,ﬁi)
71— 00
exist and are equal. Here we write D instead of O(D) in the notations for o

and vol and take similar conventions in the following.
For convenience, denote

— Cdl _
vol(X,D)_ = lﬂlgofmh (X, mD),
d!

\7(;1(X7ﬁ)+ = lim sup —dBO(X, mD).
m

m— 00
The Cauchy condition implies that there is a sequence {¢;};>1 of positive
rational numbers converging to 0 such that

Dj—Ej?()S@iS@j—l-qgo, 1 >35> 1.
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Here (Xp, &) is a boundary divisor, and we have assumed that there is a mor-
phism X; — Xy extending the identity map on U for any i > 1. The effectivity
relations hold in Div(U/k)med, but we can actually assume that it holds in

ﬁi?f()\,’j)@ by replacing each X; by a projective model of & dominating X;.
Set i — oco. This gives

5j_€j30§5§5j+€j307 jZ].

The effectivity relations hold in 131?/((1 /E).
Take h? in the above inequality. We have

EO(X,ﬁj — 6]‘?0) < EO(Xaﬁ) < EO(Xv ﬁj + ejgo)
It follows that

s o~
vol(X,D)_ > lgglof WhO(X,m(Dj —€;€0)) = vol(X;, D; — €,€p),

Here equality follows from Lemma 5.2.5. Here by abuse of notations, £y denotes

its pull-back to X;. Similarly, we have

—~ dl ~ _ _ —~ _
vol(X, D)4 < limsup —dhO(X, m(D; + €;€0)) = vol(X;, D; + €;€o).
m

m— o0

Combining them together, we have
vol(D; — €;€0) < vol(X,D)_ < vol(X, D), < vol(D; + €:€o).

Here we also omit the dependence on & of the volume function, noting that the
volume function on projective varieties is a birational invariant.
We first consider the case

lim mf\jc;l(ﬁz + 61'20) =0.
i—o0

Then we have @(X,E)+ < 0, and thus ;(;I(X, D) = 0. Since D; < D, + €;Ep

for any ¢ > j, we have lim vol(D;) = 0. It follows that the theorem holds in

11— 00
this case.

Now we consider the major case

lim inf;(;l(fi + 61‘?0) > 0.

1—00

By removing finitely many terms, we assume that xjo\l(fi +€;E0) > 0 for every
1. It suffices to prove

lim (\jc;l(ﬁi +€&o) — ‘751(51' - 61'30)) =0.

11— 00

We are going to apply Fujita’s approximation theorem proved in | 1,
and its arithmetic counterpart proved independently by Yuan | ] and Chen
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[ ]. With the current notations, the theorems assert that, for any § > 0,
there is a birational morphism ¢ : X/ — X; of projective varieties over F,
together with an ample arithmetic Q-divisor F; on &} such that

\7(;1(?1) > \781(51 + éizo) )

and such that ¥*(D; + €;,Eo) — F; is an effective arithmetic Q-divisor on Xj.
Then we have o B o B
vol(D; — €;Eg) > vol(F; — 2¢,Ep).

Now we are going to apply Siu’s theorem and Yuan’s arithmetic version,
which we recalled before. Write £9 = A — B for nef divisors A and B on Aj.
Then

\7(;1(?1 - 261'30) = ;(;1(?1 + QGZE - 261j) Z (?74 + QGiE)d - 2d€2 (?1 + 261‘E)d71z.

We need a uniform upper bound on 72 We claim that there is a nef arith-
metic Q-divisor N on A such that NV > F; in Div(X/)q for any . In fact, by
the Cauchy condition,

Fi<Di+ €& <Di+ €&+ e

for any i. Then it is easy to find N to bound D; + €;Eq + €,E. See also Lemma
5.1.7(1). o

With the uniform bound N, we have
(Fi+26,B)" A < (F; +26B) 72N +26B) A< - < (N +2¢,B) 1A
It follows that

;(;1(@1 - 62‘?0) Z ‘Tf - Qezd(ﬁ + QEiE)d_IZ.
Set & — 0, so that 7? — \a(fi +€;€0). The bound becomes
\7(;1(@1 - 61'?0) 2 ;(;1(51 + Gig()) - 261d(ﬁ + 2€¢B)d_lj.

As a consequence, we have

lim (\781(51' +€&0) — @(ﬁi —€&0)) = 0.

i—00

This proves the theorem.

5.2.5 More properties of the volume function

Here we generalize some other fundamental properties of volumes of (hermitian)
line bundles to adelic line bundles. These results for hermitian line bundles and
adelic line bundles in the sense of | | are listed in Theorem A.4.7 and
Theorem A.5.1. The first result is the log-concavity property.
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Theorem 5.2.6 (log-convavity). Let k be either Z or a field. Let X be a flat and
essentially quasi-projective integral scheme over k. Let Ly, Ly be two effective
adelic line bundles on X. Then

vol(Ty + L)% > vol(Z1) Y + vol(T)"/*.
Here d is the absolute dimension of a quasi-projective model of X over k.

Proof. The result is easy if L; or Ly is not big. Assume that both L; and Ly
are big. Apply Theorem 5.2.1. The problem is converted to the model case.
Then the geometric case is the classical result in | , Thm. 11.4.9], and
the arithmetic case is | , Thm. BJ. O

A morphism between two flat and essentially quasi-projective integral schemes
over k is called birational if it induces an isomorphism between the function
fields. The next result says that the volume function is also a birational invari-
ant.

Theorem 5.2.7 (birational invariance). Let k be either Z or a field. Let
7 X' — X be a birational morphism of essentially quasi-projective integral
schemes over k. Let L be an adelic line bundle on X. Then

vol(X', 7*L) = vol(X, L).

Proof. This is the adelic version of the geometric case in | , Prop. 2.2.43]
and the arithmetic case in [ , Thm. 4.3]. For the current case, it suffices
to check the case that X’ is the generic point of X. Then the result follows from
Theorem 5.2.1(2). O

We also have the Fujita approximation theorem for adelic line bundles. There
are many slightly different notions of ampleness of hermitian line bundles; we
take the notion of “arithmetically positive” introduced right before Lemma 4.4.3.
By abuse of terminology, “arithmetically positive” on a projective variety over
a field means “ample”.

Theorem 5.2.8 (Fujita approximation). Let k be either Z or a field. Let X
be a flat and essentially quasi-projective integral scheme over k. Let L be a big
adelic Q-line bundle on X. Then for any € > 0, there exist a flat and essentially
quasi-projective integral scheme X' over k, a birational projective morphism
m: X' — X over k, a projective model X' of X' over k, and an arithmetically
positive hermitian Q-line bundle A on X' such that \751(2(’7Z) > ;(;I(X,f) —€
and 7L — A is effective in ﬁi:(X’/k)Q.

Proof. Apply Theorem 5.2.1. The problem is converted to the original Fujita
approximation theorem proved in | ], and its arithmetic counterpart proved
independently by Yuan | ] and Chen | ] O
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Now we consider a continuity property of the volume function vol : Pic(X/ k)g —
R. Recall that in the projective case, the volume function has very nice conti-
nuity properties by Lazarsfeld [ , Thm. 2.2.44] for the geometric case and
by Moriwaki [ | for the arithmetic case. The following result generalizes
these two, but our proof is different from theirs.

Theorem 5.2.9 (continuity). Let k be either Z or a field. Let X be a flat and
essentially quasi-projective integral scheme over k. Let L, M+,--- , M, be adelic
Q-line bundles on X. Then

lim  vol(L +t; My + -+ + t,M,) = vol(L).

t1,- ,t-—0
Here tq,--- ,t,. are rational numbers converging to 0.

Proof. For convenience, a model adelic line bundle is called nef if it is induced
by a nef hermitian line bundle on a projective model. We will apply Theorem
5.2.2 for nef model adelic line bundles. We already know that Theorem 5.2.2
holds for strongly nef adelic line bundles by Theorem 5.2.1.

By Lemma 5.1.7(1), there is a nef and effective model adelic line bundle Mi
on X such that M: + M; are effective for any i. Denote M = Mll + -+ M;,
which is still a nef and effective model adelic line bundle. It suffices to prove

lim vol(Z + tM) = vol(L).
t—0

We first treat the case that L is big. If t < 0, denote ¢’ = —t. Apply the
Fujita approximation theorem in Theorem 5.2.8. By replacing X by some X'
with a birational morphism X’ — X if necessary, we can assume that L > A
for some nef model adelic line bundle A on X with \7(;1(2) — ;(;l(f). Then the
bigness result in Theorem 5.2.2(2) gives

vol(Z — /M) > vol(A — 1) > A% — at A" ' 71

Here d is the absolute dimension of a quasi-projective model of X over k.

We can bound A°~'37 from above as in the proof of Theorem 5.2.1. In fact,
by Lemma 5.1&1) again, we can find a nef model adelic line bundle N on X
such that L < N. This implies A < N. It follows that

AT <NTM
is bounded as A varies. Then the above lower bound of \a(f —t'M) gives

lim inf vol(Z — ¢'D) > vol(L).
t'—0+

This proves the case t < 0.
If ¢t > 0, by the log-concavity theorem in Theorem 5.2.6,

vol(T + t3) M4 < 2vol (L) — vol(T — t31)*/4.
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Then the result follows from the case ¢ < 0. This idea of applying the log-
concavity theorem is inspired by Chen | ].

Now we treat the case that L is not big. Then ;(;l(f) = 0, and we need to
prove @(er tM) converges to 0. Assume that it is not true, and thus there is
a constant ¢ > 0 such that \a(f—i—tﬂ) > ¢ for all rational number ¢ > 0. Apply
the Fujita approximation theorem in Theorem 5.2.8 again. There is a birational
morphism X; — X such that L + ¢tM > A, on X, for some nef model adelic
line bundle A; on X; with \70\1(2,5) > ¢/2. Then the bigness result in Theorem
5.2.2(2) gives

vol(L) > vol(A, — tM) > A) — dtA) M.

We can bound Zf_lﬂ by the above method. In fact, as above, we have a nef
model adelic line bundle N on X such that L < N. This implies A, < N+tM.
It follows that

AN < (N + a0 '™

is bounded as t — 0. As a consequence,
Vol (L) >c/2—-0(t), t—0.
This contradicts to @(Z) = 0. The proof is complete. O

In the end, we present a basic result that asserts that the bigness of the
geometric part is close to the bigness of the whole adelic line bundle.

Lemma 5.2.10. Let k be either Z or a field. If k = Z, let K be a number
field; if k is a field, let K be a function field of one variable over k. Let X be
a quasi-projective variety over K. Let N € Pic(K/k) be an adelic line bundle
with d/e%(ﬁ) > 0, viewed as an adelic line bundle on X/k via pull-back. Let
L€ F/’R:(X/k‘) be an adelic line bundle on X/k. Assume that the image L of
L under the canonical map P/’l\c(X/k) — ].:/)I\C(X/K) is big on X/K. Then for
sufficiently large rational number ¢, the adelic line bundle L+ c¢N s big on X /k.

Proof. We only consider the arithmetic case k = Z, since the geometric case is
similar. Let U be a quasi-projective model of X over Z such that L actually
lies in Plc(Z/{ /Z). It is more convenient to work on adelic divisors, so we take an
adelic divisor D € 5;/(1/{ /7Z) linearly equivalent to L.

We need the general fact that any adelic divisor is represented by an increas-
ing Cauchy sequence, which is proved seriously in Lemma 5.2.11 below. Then
D is the limit of the increasing sequence {D;};>1 in DlV(Z/[ /Z)moa. Then the
1mage D of D in Dlv(X/K) is the limit of the i increasing sequence {Dig}i>1 in
D1V(Z/I@ / Q)mod Note that vol(DZ Q) converges to VOI(D) > 0. Then there is an
i such that vol(D; ;) > 0. Note that

vol(D + ¢N) = lim vol(D; + ¢N) > vol(D; + ¢N)
Jj—o0
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by the increasing property of the sequence. It suffices to prove that D; + cN is
big for sufficiently large rational number ¢, under the condition that D; g is big.
This reduces the problem from the adelic divisor D to the arithmetic divisor D;.

The arithmetic case is well-known to experts. In fact, by linear equivalence,
we can reduce the problem to the case that N is represented by (the pull-back
of) the arithmetic divisor (0,1) on SpecZ with underlying divisor 0 € Div(Z)
and with Green function 1 at the archimedean place. Then the arithmetic case
of the result we need is an easy consequence of | , Cor. 2.4(1)(4)]. O

In the above proof, we have used the following basic but useful lemma, which
will be used again later.

Lemma 5.2.11. Let k be either Z or a field. Let D be an adelic divisor on a
quasi-projective variety U over k. Then D is represented by a increasing Cauchy
sequence, i.e. a Cauchy sequence {D;}i>1 in Div(U/k)moa such that Dy > D;
for any i’ > i. Similarly, D is represented by a decreasing Cauchy sequence.

Proof. Tt suffices to prove the existence of the increasing sequence, since the
decreasing sequence can be obtained by taking the increasing sequence for -D.
By definition, D is represented by a Cauchy sequence in Div(U /k)mod, i-€. a se-
quence {D;};>1 in ISR/(U /k)mod satisfying the property that there is a sequence
{€i}i>1 of positive rational numbers converging to 0 such that

—€,E0 <Dy —D; <€y, i >i>1.

Replacing {D; }i>1 by a subsequence if necessary, we can assume ;41 < ¢;/2 for
every ¢ > 1. Now D is represented by the Cauchy sequence {D; — 2¢;E0}i>1,
which is increasing by

(Dis1 — 2€i11E0) — (Di — 2€6,E0) > —€:E0 — 2€;41E0 + 2€,E¢ > 0.

5.2.6 Pseudo-effective adelic line bundles

We have already encountered positivity notions including ampleness, nefness,
bigness, and effectivity. In this subsection, we introduce one more positivity
notion called pseudo-effectivity, which is the weakest one among all these natural
positivity notions.

Sometimes, it is more convenient to work with adelic Q-line bundles or adelic
Q-divisors. Recall that an adelic Q-line bundles is nef (resp. big, effective) if
some positive integer multiple of it is a nef (resp. big, effective) adelic line
bundle. A similar statement holds for adelic Q-divisors.

Let k be either Z or a field. Let X be a flat and essentially quasi-projective
integral scheme over k.

Definition 5.2.12. Let L be an adelic line bundle or an adelic Q-line bundle
on X/ k. We say that L is pseudo-effective on X /k if for any big adelic Q-line
bundle M on X/k, the sum L + M is a big adelic Q-line bundle on X/k.
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By linear equivalence, we have notions of pseudo-effective adelic divisors and
pseudo-effective adelic Q-divisors.

Lemma 5.2.13. Let L be an adelic Q-line bundle on X/k. Then the following
three statements are equivalent:

(1) L is pseudo-effective;

(2) there exists an adelic Q-line bundle Mo on X/k such that for every positive
rational number €, the sum L + eM is effective;

(3) for any adelic Q-line bundle M on X/k, we have \a(f—t—ﬂ) > \70\1(M)
Moreover, the following statements are true:
(a) if L is nef, then L is pseudo-effective;

(b) if L is pseudo-effective, then L-Ny---Ng_1 >0 for any nef adelic Q-line
bundles N1, -+ ,Nq_1 on X/k. Here d is the dimension of a projective
model of X over k.

Proof. Note that (1)=(2) and (3)=>(1) are trivial. Now we prove (2)=(3). Let
My and M be as in (2) and (3). If (2) holds, then for € > 0,

vol(L + M) > vol(M — eMg) — vol(M), € 0.

Here the convergence follows from the continuity of the volume function in
Theorem 5.2.9.

For (a), it suffices to choose My to be nef and big in (2). For (b), by (2), it
is reduced to the case that M is effective, which follows from the corresponding
statement on projective varieties over k. O

In ]SRI(X )q, effective adelic Q-divisors are exactly limits of effective model
adelic Q-divisors under the boundary topology. In P/’l\c(X )o, pseudo-effective
adelic Q-line bundles are exactly limits of effective adelic Q-line bundles under
the “linear topology”. Here on a (possibly infinite-dimensional) vector space V/
over Q, a closed subset of V' under the linear topology is of the form SN W,
where W is a finite-dimensional Q-subspace of V', and S is a closed subset of
W ®qR ~ RI™W ynder the Euclidean topology. We can also compare the
situation with the definition of nef adelic line bundles in Definition 2.5.2.

In algebraic geometry, the BDPP criterion proved by Boucksom—Demailly—
Paun—Peternell | ] (cf. | , Thm. 11.4.19]) asserts that the cone
of pseudo-effective divisors is dual to the cone of mobile curves, where mobile
curves can be realized as push-forward’s of intersections of nef divisors under
birational morphisms. The arithmetic analogue of this criterion is proved by
Tkoma | , Thm. 6.4]. Now we generalize the criterion to the adelic setting
as follows.
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Theorem 5.2.14 (BDPP criterion). Let k be either Z or a field. Let X be a flat
and essentially quasi-projective integral scheme over k. Let d be the dimension
of a projective model of X over k. Let L be an adelic Q-line bundle on X/k.
Then the following statements are equivalent:

(1) L is pseudo-effective;

(2) for any proper birational morphism f : X' — X, where X' is a flat and
essentially quasi-projective integral scheme over k, and for any nef adelic

Q-line bundle N on X'/k, the intersection number f*L - Nd_l > 0.

Proof. Note that (1)=-(2) follows from Lemma 5.2.13(b). It suffices to prove
(2)=(1). We can assume that X = U is quasi-projective over k, and that L is
linearly equivalent to an adelic divisor D on U/k. By Lemma 5.2.11, D is the
limit of a decreasing sequence {5,;}121 in ISR/(Z/[/k)mOd. We have D; > D, as
the limit of D; > Dy by i’ — co. Therefore, (2) implies

DN > DN >0

Note that D; is a model divisor. By the theorems of | ] and [ ], Dy is

pseudo-effective. This implies that D is pseudo-effective by Lemma 5.2.13(3).
O

5.3 Heights on quasi-projective varieties

In this section, we introduce heights on quasi-projective varieties over finitely
generated fields. If the varieties are projective, we can define vector-valued
heights, which refines the Moriwaki height in | ) ] in the arithmetic
case. Note that Moret-Bailly introduced vector-valued heights | | for dif-
ferent purposes. The Northcott property in the projective case is deduced from
that of Moriwaki, and the fundamental inequality is extended to the current
case following an idea of Moriwaki.

5.3.1 Vector-valued heights

Let k be either Z or a field. Take the uniform terminology in §1.5. Let F' be a
finitely generated field over k and X be a quasi-projective variety over F'. Let
L be an element of Pic(X/k)int @, i-e. an integrable adelic Q-line bundle.

For any point x € X (F), define the vector-valued height

(L) _ &
hz(z) == bp(a) = doa(e’) € Pic(F/k)int,0-
Here 2’ denotes the closed point of X containing z, deg(z’) is the degree of the
residue field of 2’ over F', L],/ denotes the pull-back of L in Pic(z'/k)int g, and
(L|,+) is the image of L|,» under the norm map Pic(z’/k)int.0 — Pic(F/k)int.0,
which is the Deligne pairing of relative dimension 0 in Theorem 4.1.3.
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Therefore, we have a height function
by : X(F) — Pic(F/k)mtq.

Note that we do not require X to be projective here.

We can generalize the definition to high-dimensional projective subvarieties.
Let Z be a closed projective F-subvariety of X, i.e. a closed subvariety of X7
which is projective over F. Define the vector-valued height of Z for L as

T, \dim Z+1 e
%wy%@mmﬁgfn®&égePuwmm@

Here Z' denotes the image of Z — X, L|z denotes the pull-back in P/’i\c(Z’/k)int,
and the self-intersection is as in Theorem 4.1.3. As we do not require X to
be projective or L to be ample, the height h1(Z) is only well-defined if Z is
projective and deg; (Z') # 0.

The following are some special situations:

(1) If L is nef on X, then the height h7(Z) is also nef if it is defined.

(2) If X is projective over F' and L is ample on X, then the degree deg; (Z")
is well-defined and positive for all closed subvarieties of X4. This gives a
function

[’)f : |Xf‘ — PiC(F/k)int’Q.
Here | X4| denotes the set of closed subvarieties of X4.

(3) If k = Z, let F be a number field; if & is a field, let F' be a function field
of one variable over k. There is a degree map

deg : Pic(F/k)g — R.
This follows from Lemma 2.6.1 in the number field case and limits of
degrees of divisors on curves in the function field case. In both cases,
hf(Z) = degif(Z)
generalizes the height function of Zhang | | (from the projective case
to the quasi-projective case).

If furthermore X is projective over F', by the case dim Z = 0, we have

a height function hy : X(F) — R, which is a Weil height associated to
L € Pic(X)g.

5.3.2 High-dimensional base

The above definition works well because any scheme over Spec F is automatically
flat over Spec F', which is required in the Deligne pairing. This still works well
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if we change Spec F' to a Dedekind scheme, but if we change Spec F' to a high-
dimensional base, we easily lose this convenience, and thus, the definition only
works in some special cases.

Let k be either Z or a field. Let B be a flat and essentially quasi-projective
integral scheme over k, and X be a flat and quasi-projective integral scheme
over B. Let L be an element of Pic(X/k)in.g. Then we have a vector-valued
height function

by : X(B) — Pic(B/k)mg, = +— L.

In general, for any integral subscheme Y of X which is projective and flat
over B, we can still define a vector-valued height of Y for L in terms of the
Deligne pairing. We omit it here since we will not use it in the current book.

5.3.3 Moriwaki heights

Let (k, F, X, L) be as above. Namely, k is either Z or a field, F is a field finitely
generated over k, X is a quasi-projective variety over F', and L is an element of
Pic(X/k)int.g. Denote by d the absolute dimension of a quasi-projective model
of F over k, and denote by n the dimension of X.

Let Hy,---,Hg—1 be any d — 1 elements in Pic(F/k)int,o. For any point
r € X(F), define the Moriwaki height of x for L and (Hy,--- ,Ha_1) by

Z|w, “Hy---Hy_

Hy, - Hg_1 g Hi Ha1, oy

T e R

Here 2’ and L|,s are as above, and the intersection number is taken in lsi\c(x’/k:)im@,
as defined by Proposition 4.1.1, where Hq,--- , Hy_1 are viewed as elements of
Pic(2'/k)int,@ via pull-back. This gives a height function

Hiy,,Hq 1 |
T : X(F) —R.

~ We can also generalize the definition to high dimensions. For any closed
F-subvariety Z of X, the Moriwaki height of Z for L and (Hy, -+ ,H4—1) is

Ay Hamy gy B Haca gy (L] 7)™ 2+ H, - Hyy
L L © (dimZ 4 1)degz(Z'/F)

Here Z' and L|z: are as above, and the intersection number is taken in 151\(:(2 "/ k) int. Qs
as defined by Proposition 4.1.1, where Hq,--- , Hy_1 are viewed as elements of
ﬁi\c(Z’ /E)int,@ via pull-back. The term L denotes the image of L under the
canonical map . .

Pic(X/k)int,0 — Pic(X/F)int,0

introduced at the end of §2.5.5, and

deg; (Z'/F) := (L|z)%™Z ¢ R
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is the self-intersection number of L|z in lgi\c(Z’ /F)int,0 defined in Proposition
4.1.1. .
The height hgl’m’Hd’l(Z) is only well-defined if degz(Z'/F) # 0. If Z is

projective, then we have L|z = L|z/, and thus degi(Z'/F) = degp(Z').
The vector-valued height refines the Moriwaki height by the simple formula

Jor i (Z) = bp(2) - Hy o Has

as long as the right-hand side is well-defined. We introduce the following sim-
plified notations.

(1) For any H € PlC(F/k‘)mt g, denote hﬁ = hH , where the right-hand
has d — 1 copies of H.

(2) If F is a number field, then d = 1 and thus hg is independent of H, so we

just write hy = h?. In this case, we simply have

(Z|Z,)dim Z+1

pu— R-
(dim Z + 1) degz (Z//F) ©

A similar convention holds for function fields of one variable.

In the arithmetic case (k = Z), if X is projective over F, and both L

and (Hq, - ,Ed,lLare realized on some projective model X — § of X —
Spec F, then hgl Ha-1ig exactly the height function introduced in | ]. In

[ |, Moriwaki generalizes the definition to the case that an adelic sequence
gives L.

Let us briefly compare our adelic line bundles with the adelic sequence in
[ ]. Roughly speaking, the adelic sequence in the loc. «cit. are more
numerical since they use intersection numbers to define their topology, while
our adelic line bundles use effectivity to define their topology. Then our notion
includes more restrictive objects and allows coarser equivalence relations. These
two notions are similar in the definition of absolute intersection numbers, but
our notion has the advantage of having Deligne pairings, effective sections, and
volumes.

5.3.4 Northcott property in the projective case

In the projective case, we have the following Northcott property of Moriwaki
Heights, which generalizes | , Prop. 3.3.7(4)].

Theorem 5.3.1 (Northcott property). Let k be either Z or a finite field. Let
F be a finitely generated field over k, and let d be the absolute dimension of a
quasi-projective model of F' over k. Let X be a projective variety over F. Let L
be an element in Plc(X/k)m o with an ample generic fiber L. Let Hy, -+ ,Hq_q
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be nef and big elements in lgi\c(F/k)int’Q, Then for any D € R and A € R, the
set _ _
{re X(F): deg(x) <D, hiiv M1 (z) < A}

18 finite.

Proof. We only treat the arithmetic case k = Z, since the geometric case is sim-

ilar. If L,Hy, - ,Hg_1 are model adelic divisors, this follows from | ,
Prop. 3.3.7(4)]. We will extend it to the current generality by replacing
L,H,, -+, Hy_ successively by more general adelic line bundles.

Let I be any integrable adelic line bundle on X with underlying line bundle

L’ = L. To replace L by f/, it suffices to check that hgl’m Ha-1 _ g,l Hat
is a bounded function on X (F). Assume that L and L' lie in Pic(U/Z)q for
a quasi-projective model U of X over Z with a projective and flat morphism
f iU — V to a quasi-projective model V of F over Z. Let (Jo,&p) be a
boundary divisor for V. By L' = L, the difference T-T'is represented by a
Cauchy sequence D = {D;};>1 in Div(U)mod,0 With D;|x = 0. As in the proof
of Lemma 5.1.7, the Cauchy condition implies

D1 —€f*E€o <D <Di+ef*E

for some positive rational number e. Thus — f*D; < D < f*D; for some
D1 € Div(V)mod,@- It follows that

|h%1’m’Hd'_1 - g/l""’Hd_l| <Dy-Hi--Hq.

Now we replace Hq,--- ,Hg_1 successively by more general line bundles.
By symmetry, it suffices to do that for H;. Let H, be a nef and big ele-
ment in lsi\(:(F/Z)int@. To replace H; by Fll, it suffices to have hgl’m Ha-a

Hy,-
T e e
L is nef. Then it suffices to prove that H, — ¢ H; is effective for some positive
rational number ¢. By Theorem 5.2.2,

CHa - .
471 for some positive rational number ¢. We can further assume that

o~

vol(H, — cHy) > Hy —deH} ',
is positive if ¢ is sufficiently small. This finishes the proof. O

5.3.5 Fundamental inequality for Moriwaki heights

The fundamental inequality, a part of the theorem of successive minima of Zhang
[ , | as reviewed in Theorem A.5.2, is generalized to projective
varieties over finitely generated fields by Moriwaki | ]. Now we further
generalize the result to quasi-projective varieties over finitely generated fields.
We first introduce the Moriwaki condition on polarizations of finitely gener-
ated fields. Let k be either Z or a field. Take the uniform terminology in §1.5.
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Let F' be a finitely generated field over k. Denote by d the absolute dimension
of a quasi-projective model of F over k. Let H € Plc(F /k)g be an adelic Q-line
bundle.

If k = Z and d > 1, we say that H satisfies the Moriwaki condition if H is

nef on F/Z, the arithmetic top self-intersection number d/eTgﬁ(F /7)) = "’ = 0,
and the geometric top self-intersection number deg (F/Q) = H?~! > 0. Here
H is the image of H under the canonical map

Pic(F/Z)g — Pic(F/Q)q.

If k is a field and d > 1, we say that H satisfies the Moriwaki condition if H
is nef on F'/k, the geometric top self-intersection number deg(F/k) = " = 0,
and the geometric top self-intersection number degz(F/K) = H =1 > 0 for

some extension K of k in F' of transcendental degree 1, where H is the image
of H under the canonical map

Pic(F/k)g — Pic(F/K)q.

Note that the definition depends on the choice of K.

We will assume that d > 1 and take the convention that the Moriwaki
condition is automatically satisfied if d = 1. Now we are ready to state the
theorem.

Theorem 5.3.2 (fundamental inequality). Let k be either Z or a field. Let F'
be a finitely generated field over k. Assume that F is an infinite extension of

k if k is a field. Let H be an element of Plc(F/k)@ satisfying the Moriwaki
condition. Let X be a quasi-projective variety over F'. Let L be a nef element

in Plc(X/k)Q such that its image L in Plc(X/F)Q is big. Then
of (X.T) 2 b (X).
Recall that the essential minimum

(X, I)= sup inf_ hg(x),
UcX zcU(F)

where the supremum is taken over all Zariski open subschemes U of X. Recall
that L denotes the image of L under the map

Pic(X/k)g — Pic(X/F)g.

The theorem is a part of | , Cor. 5.2] if k = Z, X is projective over
F, and L,H are model adelic line bundles. The general case here is proved
similarly, while the new ingredient is our results on volumes of adelic line bundles
in Theorem 5.2.2.

Proof of Theorem 5.3.2. Let N € Plc(B/k)Q be an element of degree 1. Here
is k =7, then K = Q and B = SpecZ; if k is a field, then K is the function
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field of one variable over k in F' defining the Moriwaki condition, and B is the
unique projective regular curve over k with function field K.
View N as elements of Plc(F/k:)Q and Plc(X/k) by pull-back. Denote

I'=T - cNwithce Q. Note that

(X, I)— e (X, T =h

ol

(X) — h(X) = cHI.

Thus it suffices to prove that for any ¢ € Q such that hg (X) > 0, we also have
elﬁ(X , f/) >0
By the assumption "= 0, we see that both el (X7f) and h%{, (X) remain

the same if we replace L' by L + mH for some positive rational number m.
Note that we always have

vol(L' + mH) > (T + mH)*".

This follows from Theorem 5.2.2(1) if ¢ < 0, and follows from Theorem 5.2.2(1)
and Proposition 5.2.3 if ¢ > 0.

. —d
By the assumption H =0,

(L' + mH)"" = (j+ T)L/"HHd_ln”Ld_1 +0(m42), m — .

Therefore, there is a positive integer m such that \751(1/ +mH) > 0. By
definition, there is a positive integer N > 0 such that N (fl +mH) is an integral
adelic line bundle with an effective section s on X. For any point z € X (F')
outside the support |div(s)|, we have

7 1 — —d—1

H(.\_1H : %

hp (@) = hg (@) = Wg(x)dw(s)\m/'ﬂ H =0

Here the intersection is on the closed point &’ € X corresponding to x. This
finishes the proof. O

5.3.6 Fundamental inequality over global fields

Here we provide a different proof for Theorem 5.3.2 for the special but rather
important case that F' is a global field. We can see more clearly the role of
the small sections from this proof. Moreover, we also include an inequality in
the opposite direction, which is a weak version of Zhang’s theorem of successive
minima (cf. Theorem A.5.2) in the current setting.

Theorem 5.3.3 (fundamental inequality: global field case). Let k be either Z or
a field. If k =7, let K be a number field; if k is a field, let K be a function field
of one variable over k. Let X be a quasi-projective variety of dimension n over
K. Let L be a nef element in Plc(X/k:)@ such that its image L in Plc(X/K)

is big. Then
_ 1 _
er(X,L) > hg(X) > oy 161(X,L).
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The first inequality is a consequence of the arithmetic Hilbert—Samuel for-
mula in Theorem 5.2.2 by the following result.

Lemma 5.3.4. Let X/K/k be as in Theorem 5.3.5. Let L be an element of
Pic(X/k), and let L be its image in Pic(X/K).

(1) If k =Z, for any positive integer m such that EO(X, mL) >0,

— h°(X, mL) 2

alX.L)z mﬁO(X,mz) m[K:Q]

if the right-hand side is strictly positive.
(2) If k is a field, for any positive integer m such that /HO(X, mL) >0,

e
o (x,T) > LmE) Ly
mho(X,mL) m

if the right-hand side is strictly positive. Here k' denotes the algebraic
closure of k in K.

(3) In both cases,
el(X, Z) > LEL
(n+ 1)vol(L)

if both ;(;l(f) and ;(;1(5) are strictly positive.

Proof. Note that (3) is the limit of (1) and (2) as m — oco.

Let us first prove (1). Recall that H°(X, mL) is a vector space of dimension
hO(X,mL) over K, which contains the finite set H°(X,mL). By Definition
5.1.3, we have a v-adic norm || - ||y sup OR HO(X,mL) for any place v of Q. We
claim that there is a nonzero element s € H(X, mL) such that

/HO(X ,mL)

—log|lsllcc > = = —2
[K - QIhO(X,mL)

The claim follows from a basic result in the classical geometry of lattices.
For example, we can apply [ , Prop. 2.1(1)]. To match the notations,
denote by M the Z-submodule of ﬁO(X, mL) generated by .7/1\T0(X7 mL). Then
M = (M,] - |lso.sup) is a normed Z-module in the sense of the loc. cit.. Denote

7 = rank M, which is at most [K : Q[h°(X,mL). Note that
n°(X, mL)

a:zlﬁo(ﬁ)—Qz = ~— —2>0.
r [K : Qh%(X,mL)

By the first inequality of | , Prop. 2.1], we have

O(M(-a)) > hO(M) — ro. — rlog3 > 0.
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Then there is a nonzero element s € HO(M(—a)) satisfying — log |81 00,sup = .
This proves the claim. R

With the section s € H°(X,mL), for any z € X(K) not contained in
divx (s), we have

deg(mTly) = 2 2 (~log]ls( y)[lo e ).,

h* pr—
m hz () deg o yem

deg (7)

The first summation is over all places v of Q, but the point x € X (K), so there
are a lot of Galois orbits in the above. Namely, 2’ is the closed point of X
corresponding to x, z, is the image of 2’ xg Q, in Xg,, which is a finite set
of closed points of Xq,. Any y € z/, is also viewed as a classical point of X3".
Then we have

mhy(z) > [K : Qle,

since ||s]|, <1 for any finite v and —log ||s||co,sup > . It follows that

e(X,T) > —[K : Qla
m
This proves (1).

The proof of (2) is similar to that of (1). By replacing k by k', we can
assume that k is algebraically closed in K. Denote by B the unique projective
regular curve over k with function field K. Take a rational point vy € B(k),
which exists by passing to a finite extension of k. Similar to (1), it suffices to
prove that there is a nonzero clement s € H 9(X,mL) such that

hO(X, mL)

= 1.
ho(X, mL)

—log ||sllv, >

In fact, the finite-dimensional K-space HY (X, mz) can be viewed as a vector
bundle on the generic point € B, and thus a quasi-coherent sheaf on B via
push-forward. Denote by M the Op-submodule of H°(X,mL) generated by
HO(X,mL). Then M is a vector bundle on B. Denote r = rank M. As the
geometric version of | , Prop. 2.1], for any positive integer a, we have

h(B, M(—avy)) > (B, M) — ra.

To see the truth of this inequality, it suffices to consider the case o = 1, but
then it follows from the exact sequence

0 — H°(B, M(~vp)) — H(B, M) — H"(vg, M|y,).

Once we have the geometric inequality, by taking « to be the integral part of
H°(X,mL)/r, we conclude that there is a nonzero element s € H°(X, mL) such

that
hO(X, mL)

7O(X,mL)

The remaining part is similar to (1). O

—1og]lslluy > a > = -1
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Now we prove the second inequality of Theorem 5.3.3.

Proof of Theorem 5.3.3. We have already proved the first inequality of the the-
orem. Now we prove the second inequality of the theorem, i.e.

hp(X) > !

n+1

Assume that L is linearly equivalent to an adelic divisor D on a quasi-projective
model U of X over Ok. The proof is done by a series of reductions. For
convenience, we write the proof in terms of adelic Q-divisors.

First, we reduce to the case that D is strongly nef on /. In fact, there is
a strongly nef adelic divisor A on U such that D + eA is strongly nef for any
rational number € > 0. If the inequality holds for all D+ A, then it holds for D
by taking € — 0, since e;(X,D+eA) > e1(X, D). We assume that D is strongly
nef in the following.

61(X,Z).

Second, we reduce to the case that Dt > 0. This follows a similar process
as in the first step by taking A to the be pull-back of some N € Div(B/k) with
d/eTg(N) > 0. Here B = SpecZ if k = Z; B is the unique projective regular curve
over k with function field K if k is a field. We assume that D" > 0 in the
following.

Third, we reduce to the case that U is projective over k. In fact, since D is
strongly nef, it is a limit of nef model divisors D; on I. Then there is a sequence
€; of positive rational numbers converging to 0 such that

D<D;+€E <D;+eé.
Here (Xp, &) is a boundary divisor of U/, and £ is a fixed nef arithmetic divisor

on Xy with € > &p. Let t > 0 be a positive rational number to be determined
later. By Theorem 5.2.2,

vol(tD — &) > "1 D" — (n + 1)t" D"E.
KRN 0, there exists ¢ > 0 such that \781(755 — &) > 0. Tt follows that

€ <yin tD, D <iin Di + €D, (1 —€t)D <yin D;.

As D

Here <};, denotes the relation in C/aal(Z/{/k)Q (instead of in ISR/(U/IC)@) induced

by effectivity. Now if the inequality holds for D;, then

1 — 1-— Eit —
This implies the inequality for D by taking i — oo.

Finally, we prove the case that &/ = X is projective over k, that £ is nef
on X, and that Ly is big on X'x. By the method in the first step again, we
can assume that L is ample on Xk. In the arithmetic case, the inequality
follows from Zhang’s original theorem of successive minima in Theorem A.4.2,
by using the fact e1(X, £) = e1(Xk, L) and the fact e;(Xx, L) > 0 for nef £. In
the geometric case, Zhang’s theorem was proved by Gubler | , Lem. 4.1,
Prop. 4.3]. This finishes the proof. O
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5.3.7 Essential minimum and pseudo-effectivity

We still consider the situation of global fields. Let k be either Z or a field. If
k = Z, let K be a number field; if k£ is a field, let K be a function field of one
variable over k.

Recall that we have introduced the notion of pseudo-effective line bundles
in §5.2.6. It turns out that this notion is closely related to positivity of the
essential minimum. In fact, we have the following quasi-projective version of
Yuan’s conjecture stated in [ , Conj. 1.3].

Conjecture 5.3.5 (pseudo-effectivity). Let X be a quasi-projective variety over
K. Let L be an adelic line bundle on X. Then L is pseudo-effective if and only
Zf 61(X, L) > 0.

This conjecture looks surprising at the beginning, but “most of it” has been
proved. In fact, if X is projective over K, Ballay | , Thm. 1.1] proved the
“f” part assuming that the metrics of L at archimedean places are semipositive,
and proved the “only if” part assuming that L is big. Yuan’s conjecture is
inspired by Ballay’s work and some ideas from Diophantine geometry. More
recently, Qu—Yin applied their arithmetic Demailly approximation to remove
Ballaj’s assumption on the semipositivity of metrics, and deduced the “if” part
of the full conjecture; see | , Thm. 1.4, Thm. 1.7, Thm. 1.8]. Both works
on the “if” part are based on the BDPP criterion and the arithmetic version of
Tkoma [ , Thm. 6.4] (cf. Theorem 5.2.14).

The following theorem re-organizes the results of Ballay | ] and Qu—Yin
[ ] in our current setting,.

Theorem 5.3.6. Let X be a quasi-projective variety of over K. Let L be an
adelic line bundle on X. Then the following are true.

(1) If e1(X,L) >0, then L is pseudo-effective.

(2) If L is pseudo-effective, and sz is big, then e1(X,L) > 0. Here L denotes
the image of L in Pic(X/K).

Proof. The arithmetic case of (1) is just | , Thm. 1.8], and the geometric
case is similar. Alternatively, it is easy to reduce it to the projective case in
[ , Thm. 1.4, Thm. 1.7] by applying Lemma 5.2.11 to get a decreasing
sequence of model adelic line bundles converging to L.

For (2), we apply the method of | ] directly to the quasi-projective
case. In fact, since Lis big, by Lemma 5.2.10, there is an adelic line bundle
N € Pic(K/k) such that L+ N is big on X/k. Since L is pseudo-effective, for any
rational number € > 0, L+¢(L+N) is big. It follows that e; (L+€(L+N), X) > 0
by Lemma 5.3.4. Then we have

0<e(L+e(L+N),X) = e ((1+€)L, X)+e d/c%(ﬁ) = (1+6)61(Z,X)+6(T€%(N).

Setting ¢ — 0, we have e; (L, X) > 0. O
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5.3.8 The height inequality

In the end, we present the following height inequality, which is a general form
of the height inequality in Theorem 6.2.2. It holds over finitely generated fields
in a suitable sense, but we restrict it to global fields for simplicity.

Theorem 5.3.7 (height inequality). Let k be either Z or a field. If k = Z, let
K be a number field; if k is a field, let K be a function field of one variable
over k. Let m: X — S be a morphism of quasi-projective varieties over K. Let
Le Plc(X/k) and M € Plc(S/k:) be adelic line bundles. Denote by L the image

of L in Plc(X/K).

(1) If L is big on X, then there exist € > 0 and a non-empty open subvariety
U of X such that

hi(z) > ehgp(m(z)), Ve UK).

(2) If L is nef on X/k, and Lis big on X/K, then for any ¢ > 0, there exist
€ > 0 and a non-empty open subvariety U of X such that

hi(z) > ehgp(m(z)) — e, Va e U(K).

(3) Ifi is big on X /K, then there exist ¢ > 0, € > 0, and a non-empty open
subvariety U of X such that

hi(z) > ehgp(n(x)) —¢, Vaz e U(K).

Proof. We only write the proofs in the arithmetic case k = Z, since the geometric
case is similar. N .

We first see that (1) implies (2). In fact, if (L, L) is as in (2), let N € Pic(Ox)
be a hermitian line bundle with d/e'\g(ﬁ) = 1, and view N as an adelic line bundle
on X by pull-back. Denote T' = T+ cN for a rational number ¢ > 0. It follows
that

= (T +cN) =T + deL?* > 0.
Here d = dim X + 1. Then L is big, and we can apply (1) to (f,M). This
gives (2) by the simple relation

hzi(z) = hy(x) + c.

Now we see that (1) implies (3). In fact, if (I, L) is as in (3), we still denote
T' = T + ¢N for a rational number ¢ > 0. By Lemma 5.2.10, T is big on X/Z
for sufficiently large rational number ¢ > 0. We still apply (1) to (I, M).

Now we prove (1). The key is that there exists a rational number € > 0 such
that \7o\l(f —er*M) > 0. If L and M are nef, this is a consequence of Theorem
5.2.2, which asserts

vol(T — en*M) > T — de T - 7* 1.
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In general, by the continuity of the volume function in Theorem 5.2.9,

lim vol(Z — ex* M) = vol(L).
e—0
Then there still exists such an e.
C(Elsequerily, there is a positive integer m and a nonzero effective section s
of m(L — er*M) on X. We claim that this implies

hi—ewegr() 20, Vo e X(K), s(z) #0.
Then the result is followed by the simple relation.

T cnea1(2) = hap() — ehgp(m(@)).

For the claim, the reason is already in the proof of Lemma 5.3.4. Alterna-
tively, denote by 2’ the closed point of X corresponding to x, Then the pull-back
of L —en*M to 2’ gives an adelic line bundle on z’ with a nonzero effective sec-
tion and thus is linearly equivalent to an effective adelic divisor on z’. This
effective adelic divisor can be written as a limit of effective model divisors on a
quasi-projective model of z’, and thus the degree is non-negative. O

In the following, we want to prove a partial converse to Theorem 5.3.7(3).

Theorem 5.3.8. Let k be either Z or a field. If k = 7Z, let K be a number
field; if k is a field, let K be a function field of one variable over k. Let X be
a quasi-projective variety over K. Let L, M € Pic(X/k) be adelic line bundles,

and let L, M € 151\(:(X/K) be their images in 151\0(X/K) Assume that M is big.
Then L is big if and only if there exist ¢ > 0, € > 0, and a non-empty open
subvariety U of X such that

hi(z) > ehgp(z) — ¢, Ve U(K).

Proof. The “only if” part follows from Theorem 5.3.7(3). We will prove the “if”
part. Let N € Pic(K/k)g be an adelic Q-line bundle with deg(N) = 1, and
view N as an adelic Q-line bundle on X/k via pull-back. We have

hf(ﬁ?) > Ghﬁ(l') —C <~ hZ—eH—i-cﬁ(x) > 0.

Thus the “if” condition implies the essential minimum ey (L _LM + ﬁﬁ’ X) > 0.
By Theorem 5.3.6(1), which is due to Qu-Yin [ |, L —eM + ¢N is pseudo-
effective on X/k. By Lemma 5.2.13(2), pseudo-effectivity is preserved by the
map Pic(X/k) — Pic(X/K). Apply this to L — eM + cN. We see that L — eM
is pseudo-effective on X/K. Then L = (L — GM) + €M is big on X/K. O

5.4 Equidistribution: conjectures and theorems
In this section, we formulate an equidistribution conjecture and prove two

equidistribution theorems for small points. More precisely, we have the fol-
lowing:
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(1) Theorem 5.4.3, an equidistribution theorem for quasi-projective varieties
over number fields or function fields of one variable;

(2) Conjecture 5.4.1, an equidistribution conjecture for quasi-projective vari-
eties over finitely generated fields;

(3) Theorem 5.4.6, an equidistribution theorem for morphisms between quasi-
projective varieties over number fields or function fields of one variable.

All these statements generalize the equidistribution theorems of Szpiro—Ullmo—

Zhang | ], Chambert-Loir | ], and Yuan | ] for projective varieties
over number fields. We refer to Theorem A.6.3 for the equidistribution theorem
of Yuan [ ]. Theorem 5.4.6 also generalizes an equidistribution theorem of
Moriwaki [ ]. Conjecture 5.4.1 generalizes Theorem 5.4.3 by changing the

base fields; Theorem 5.4.6 generalizes Theorem 5.4.3 by changing it to a relative
version.

Our main ingredient is the extension of the arithmetic Hilbert—Samuel for-
mula and Yuan’s bigness theorem to quasi-projective varieties in Theorem 5.2.2,
with which we can apply the variational principle of Szpiro—Ullmo—Zhang to the
current quasi-projective situation.

5.4.1 Small points

We will first state the equidistribution conjecture (Conjecture 5.4.1) and then
prove the two equidistribution theorems. We start with some definitions.

Let k be either Z or a field. Let X be a quasi-projective variety of dimension
n over a finitely generated field F over k. Let d be the dimension of any quasi-
projective model of F over k. Let L be a nef adelic line bundle on X. Recall
that we have a Moriwaki height function

W X(F) — Rsg

for any polarization H € Pic(F/k)net.

Denote by Lthe image of L under the canonical map F/)i\C<X/k)nef — ISR:(X/F) nef
introduced in §2.5.5. Assume that the self-intersection number (defined in
Proposition 4.1.1)

deg; (X/F) = L9mX > .
Then we have a well-defined Moriwaki height
szrl ) Fd71
(n+1)degz(X/F)

hI(X) =

A sequence {zy, }m>1 in X (F) is said to be generic if any closed subvariety
Y g X contains only finitely many terms of the sequence.

Let H € Pic(F/k)gnef be a polarization. A sequence {z,,} in X (F) is said
to be directionally small for H, or just h% -small, if h% () converges to h% (X).



166 CHAPTER 5. VOLUMES AND HEIGHTS

A sequence {z,,} in X(F) is said to be small, or just br-small, if it is hg—
small for any polarization H € Pic(F/k)q net-

If X is projective, so that h7(X) is well-defined. Then the sequence is h-
small if and only if h1(z,,) converges to hz(X) numerically in Pic(F/k)int,@ in
the sense that

mh—r>noobf($m) “Hy-Hy- - Hg 1= hZ(X) -Hy -Hy---Hy4
for any Hy,--- ,Hy_, € Pic(F/k)int,0-
If £ = Z and F' is a number field, both degh and h%{ are equal to the usual

height function h7. Then both smallness is equivalent to the usual one given
by hf(xm) - hf(X)~

5.4.2 Equilibrium measure

Resume the above notations for (k, F, X, L).

Let v € M(F/k) be a point corresponding to a non-trivial valuation of F’; i.e.
a non-trivial multiplicative norm |- |, : F — R. It could be either Archimedean
or non-archimedean. Denote by F, the completion of F' for v. Then we have
the Berkovich space X2" associated to the variety Xp, over the complete field
E,.

There is an equilibrium measure

1 _
du+ = —————c1 (L)
HT v degz(X/F) Cl( )v
over the analytic space X3". If v is Archimedean, this is classical. If v is non-
archimedean, this is defined in terms of the Chambert-Loir measure developed

by Chambert-Loir and Ducros in | ]. We refer to §3.6.8 for the precise
definition.

5.4.3 Equidistribution conjecture over finitely generated

fields
For each point z € X (F), we have the measure
1
Hre ™ deg(w)

on X3". Here 0, is the Dirac measure for the Galois orbit «, of z in X3*. More
precisely, ' is the closed point of X corresponding to z, and z/, is the image of
' xp F, in Xp,, viewed as a finite set of classical points of X3".

We say the Galois orbit of a sequence {Z, },>1 of points of X (F) is equidis-
tributed in X32" for dpg , if the weak convergence

umnz sV d/’tf,’u
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holds on X7*. Namely,

/ Fionn — | Fdyg,

an
Xa

for any f € C.(X2"). Here C.(X2") is the space of real-valued continuous and
compactly supported functions on X3".

Finally, we are ready to state our equidistribution conjecture. Recall that L
denotes the image of L under the map Pic(X/k)ner — Pic(X/F)net-

Conjecture 5.4.1 (equidistribution over finitely generated fields). Let k be
either Z or a field. Let F be a finitely generated field over k. Let v be a non-
trivial valuation of F'. Assume that the restriction of v to k is trivial if k is
a field. Let X be a quasi-projective variety over F. Let L be a nef adelic line
bundle on X/k such that deg;(X/F) > 0. Let {xy,}m be a generic sequence

of small points in X (F). Then the Galois orbit of {xm}m is equidistributed in
X3 for duz .

In the arithmetic case (k = Z), if F' is a number field and X is projective,
the conjecture is fully known previously. The pioneering work of Szpiro—Ullmo—
Zhang | ] proved the equidistribution for number fields F' and archimedean
places v assuming pointwise positivity of the Chern form ¢ (L, ||-||,,). Their work
was extended to non-archimedean places v by Chambert-Loir | ]. Yuan
proved the full case of number fields with L ample [ ] by developing a
bigness theorem for the difference of ample hermitian line bundles. The proof
of | ] works by replacing the ampleness of L by the positivity deg; (X) > 0.
For more history of this subject, we refer to | , §6.3].

The above arguments were also generalized to the geometric case. In that
case, if X is projective over F', and the valuation v of F' comes from a prime
divisor of a projective model of F over k, the conjecture was proved indepen-
dently by Faber [ ] when the transcendental degree of F/k is one and by
Gubler [ ] for general transcendental degrees.

In Theorem 5.4.3 below, we will prove the conjecture for any quasi-projective
X and for any number field F' or function field F' of one variable. However, the
conjecture seems widely open if F' has a positive transcendental degree over Z.

Remark 5.4.2. In the conjecture, we have assumed that v is a non-trivial valua-
tion of F'. Nonetheless, if v is the trivial valuation of F', a similar equidistribution
theorem on X2" was proved by | , Cor. 5.6]. Here the equilibrium measure
on X?3" is the Dirac measure supported at the point corresponding to the trivial
valuation of the function field of X, .

5.4.4 Equidistribution theorem over number fields

The goal here is to prove the following theorem, which asserts that Conjecture
5.4.1 holds if F' is a number field or a function field of one variable. It is
a consequence of the variational principle of | , ] and the bigness
result in Theorem 5.2.2.
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Theorem 5.4.3 (equidistribution over number fields). Let k be either Z or a
field. Let K be a number field if k = Z; let K be the function field of one variable
over k if k is a field. Let X be a quasi-projective variety over K. Let L be a nef
adelic line bundle on X/k such that deg;(X/K) > 0. Let {xp}m be a generic
sequence in X (K) such that {hz(xm)}m converges to hy(X). Then the Galois
orbit of {xm}m is equidistributed in X3 for dug, for any place v of K.

Proof. We only write the proof for the arithmetic case k = Z, since the geometric
case is similar. Apply the variational principle of | , ] to Theorem
5.2.2. The process is standard at the beginning, and then there will be a new
situation due to quasi-projectivity.

The conditions and the result do not change if replacmg LbyL + 7*N for
an element N € Pic(K )i with deg( N) > 0. Here 7* PlC(K)mt — PlC(X)mt

is the pull-back map. As a consequence, we can assume A > 0. Here we
denote n = dim X. - -
Let M be an element in the kernel of the map Pic(X )iy — Pic(X/K)ins.

Let € be a nonzero rational number. By Lemma 5.3.4,

e1(X,L+eM) > M,
(n+ 1)vol(L)

if both ;al(f + €M) and VT>1(E) are strictly positive.
Now it is straightforward to apply Theorem 5.2.2. In fact, by writing M as
the difference of two nef adelic line bundles, Theorem 5.2.2 implies

n+1

VOl(L+ €M) >T"" + e(n+1)L"M + O(é).

By the assumption " s 0, the right-hand side is strictly positive if || is
sufficiently small. Theorem 5.2.2 also implies the geometric volume

vol(L) = L" = deg; (X)
which is assumed to be strictly positive. It follows that

I v e+ )I'M

(n + 1) deg (X)

e1(X,L+eM) > + O(€).

Apply the inequality to the generic sequence {z,,},,. We have

—n-+1 —n—=
L HL M
liminf hz, 57 (2m) Fen+l)

>
m—00 - (n -+ 1) degi (X)

+ O(é?).

By assumption,

—n+1

L
it P om) = 20 = G e )



5.4. EQUIDISTRIBUTION: CONJECTURES AND THEOREMS 169

Then the inequality implies

. "M
If € > 0, the above implies
"M
e >
lﬂlglof hyr(xm) > 7degE(X) + O(e).
If € < 0, the above implies
"M
limsup () < ——— + O(|¢|).
Set € — 0 in each case. We obtain
"M
lim hir(zpy) = ———.
i, P () deg (X)

We are going to deduce the equidistribution theorem on X3 from the above
limit identity. Assume that L € 151\(3(1/[ )o.net for a quasi-projective model U of X
over Z, and assume that L is represented by a Cauchy sequence (£, (X;, L;, £;)i>1)
in 73;:(1/{)“10(17@. Here X; is a projective model of U, and L; is a hermitian Q-
line bundle on X;. Assume that there is a morphism ; : X; — A7 extending
the identity morphism of U. Denote X; = & g, which contains X as an open
subvariety.

Let A] be another projective model of X; over Z. Let M be a hermitian
Q-line bundle on X], with a fixed isomorphism Mg — Ox,. Then it induces
a metric || - ||, of Ox, on X{%, for any place w of K. Assume that the metric
II1||.» = 1 for any place w # v of K. Denote f = —log||1||,, which is continuous
on X7%. By definition,

hﬂ(xm) = T
Xan

and

L'"M = lim £; M = lim fer(Ly)y.
1— 00 11— 00 Xan

i,v

Then the above result gives a limit identity

I - )"
i [ B deg; (X) i Xfmf er(£i)y

Here f is viewed as a function on X7 by the pull-back induced by 9;q : X; —
Xi.
Now we going to vary f = —log]|1][,, which is a model function on X{%,

associated to (X7, M). By Gubler’s density theorem (cf. | , Thm. 7.12]
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and | , Lem. 3.5]), the space of all such model functions f is dense in
C(X?%,) under the topology of uniform convergence. Note that

lim e (L) = lim (Li0)" = L™ = degz (X).

1—=00 [ xan i—00
i

Therefore, the limit identity also holds for any f € C(X{%).
Finally, assume f € C.(X}"), viewed as an element of C(X{) by the open
immersion X — X;. Then

lim fer(£)y = lim fei(Lo)ylxam = fe(L)y.

1—00 [xan 1—00 [ xan Xan
i,v v v

Here the last equality follows from the definition of ¢;(L)? in §3.6, based on the

theory of | | in the non-archimedean case. Therefore, the limit identity
becomes

lim = — e (D)7,

m—00 Jxan THan degz(X) Xsnf L)y
This proves the equidistribution theorem. O

5.4.5 Total volume

In the following, we prove that the equilibrium measure duz , in Theorem 5.4.3
is indeed a probability measure. Our proof uses the global intersection theory to
bounded local integrals, so it only works over number fields and function fields
of one variable. We refer to Gauthier—Vigny | , Thm. B] for a complex
approach of such a result in the dynamical setting.

Lemma 5.4.4. Let k be either Z or a field. Let K be a number field if k = Z;
let K be the function field of one variable over k if k is a field. Let X be a
quasi-projective variety of dimension n over K. Let Ly, ,L, be integrable
adelic line bundles on X/k, and let Ly,--- , L, be their images under the map

ﬁl\c(X/k) — ﬁl\c(X/K) Then for any place v of K,

/ Cl(Ll)v"'cl(zn)v:ZI'EZ"'L'rr
Xan

Proof. By multi-linearity, it suffices to assume that all Ly, -- , L, are strongly
nef. By multi-linearity again, it suffices to assume that all Lq,--- , L, are iso-
morphic to the same adelic line bundle L on X.

Assume that L is represented by a Cauchy sequence £ = (£, (X;, L;,4;)i>1)
in 7/7;(1/{ Jmod- Here U is a quasi-projective model of X over k, and each L; is nef
on X;. We further assume that for each 7 > 1, there is a morphism ¢; : X; — Xy
extending the identity morphism of U. Here (X, &) is a boundary divisor.
Denote X; = & g, which is a projective model of X over K.
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The weak convergence formula gives, for any f € C.(X3"),

fer(L) = lim fel (L)

Xan 1—00 Xan

See §3.6.7 for more details. As X, is projective over K, the right-hand side
is equal to the integration defined by global intersection numbers by [ ,
]. It suffices to extend this formula to the case f = 1.
Denote by g, > 0 the Green function of £y on X§%- For any m > 1, define
a continuous and compactly supported function f,, : X§%, — R by

(1) fm(x) = 1if gv(x) <m;
(2) fulw) =m+ 1 Gu(a) ifm < Gule) <m+ 1
(3) fm(z) =0if gy(z) > m+1.

Then f,, increases to the constant function one on X7*. We have

/ ci(L)" = lim fmei(L)? = lim lim Fmer (L)

m— o0 Xan m—00 1—00 Xau
v 2,1

The first equality follows from Lebesgue’s monotone convergence theorem, and
the second equality holds by viewing f,, as an element of C.(X3"). Then it
suffices to prove

lim lim (1= fm)er (L) =0.

M—00 1—>00 Xxan
By definition, 0 < 1 — f,,, < g, /m everywhere on X2". Therefore, it suffices to

prove #% Gy c1(L;)? is bounded above as i varies.
xpm
By the global intersection formula of Chambert-Loir and Thuillier in | ,
Thm. 1.4],

i 07D = (Lila,)" Z bigvc1(Li)y-

Xan

L

Here H,; is the horizontal part of ¢;D, as an effective divisor on X;. As L; is nef,
D is effective, and gy > 0, every term on the right-hand side is non-negative.
This gives

Xan

i,v

The right-hand sides converges to "D by Proposition 4.1.1. This finishes the
proof. O

Remark 5.4.5. In Lemma 5.4.4, the result is local at the place v, but the condi-
tion assumes that the adelic line bundles come from a global ﬁeld. This global
assumption seems strange but gives us the convenience of bounding local inte-
grals by global intersection numbers. In recent work, Guo | ] proves the
volume formula by local methods and thus removes our global assumption.
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5.4.6 Equidistribution theorem in the relative situation

Inspired by an original idea of Moriwaki | ], we generalize Theorem 5.4.3
to equidistribution of directionally small points in the relative situation. The
statement is closely related to the fundamental inequality in Theorem 5.3.2. The
key is still the variational principle of | , ] and the bigness result in
Theorem 5.2.2. The theorem is as follows.

Theorem 5.4.6 (equidistribution in the relative case). Let k be either Z or a
field. Let K be a number field if k = Z; let K be the function field of one variable
over k if k is a field. Let m: U — V be a flat morphism of relative dimension n
of quasi-projective varieties over K. Set d to be dimV + 1 if k = 7Z; set d to be
dim V' if k is a field. Let X — Spec F' be the generic fiber of U — V.

Let H be an element of Pic(V/k)net satisfying the Moriwaki condition that

H is nef, H =0 and H? > 0. Here H is the image of H in ﬁi\c(V/K)nef.
Let L be an element of Pic(U/k)net such that degz (X/F) > 0. Here L is the
image of L under the canonical composition

Pic(U/k)net — Pic(X/k)net — Pic(X/F) et

Let {&y}m be a generic sequence in X (F) such that h?(mm) converges to

hg(X). Then for any place v of K, there is a weak convergence

. 1 — .
(5 *H d—1 T n *H d—1
deg(zm) A(mnl)av Cl(ﬂ’ )’U degz(X/F)Cl( )vcl(ﬂ- )U

of measures on U3". Here A(x,,) C U denotes the Zariski closure of the image
of Ty, in U, and da(s,,),0 denotes the Dirac current of A(zy,)%, in U™,

s

In the theorem, the weak convergence means that

1 *Tvd—1 1 T\ *77\d—1
oo e AT = s [ S
for any continuous and compactly supported function f : U3"* — R. Here the
measures are defined in §3.6.8.

The prototype of the theorem is | , Thm. 6.1], which proves the equidis-
tribution at archimedean places with the additional assumption that U — V' is
projective and the metric of L is smooth and strictly positive (at archimedean
places).

Proof. The proof is a hybrid of the proofs of Theorem 5.4.3 and Theorem 5.3.2.
As in the proof of Theorem 5.4.3, let M be an element in the kernel of the map
Pic(X/k)int — Pic(X/K)ins. Let € be a nonzero rational number. The key is
the claim that

e (X, L+ eM) > h, (X)+0(), e—0.
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Let us first see how the claim implies the equidistribution theorem, following
the proof of Theorem 5.4.3. The claim gives

-n d—1
.. M-L -H
lmglofehﬁ(xm) > ew + O(€?)
Then this implies
y . ( ) - zn ) Fdfl
im hsr =

As in the proof of Theorem 5.4.3, it further implies the equidistribution theorem
by taking M to be the trivial bundle on U with metrics given by model functions.

Now we prove the claim. The proof is similar to that of Theorem 5.3.2, but
more delicate due to the extra term eM. As in that proof, let N € Pic(B/k)g
be an element of degree 1. Here is k = Z, then B = Spec Ok and further assume
that N comes from the pull-back of Pic(Z)g; if k is a field, then B is the unique
projective and regular curve over k with function field K.

We make two convenient assumptions. First, assume that ¢ > 0, which

can be achieved by replacing M by —M if necessary. Second, assume that
"7 " > 0. This can be achieved by replacing L with L + N, which does

not affect the inequality we want to prove.
Denote L' = L — ¢N with ¢ € Q. We still have

(X)—hl, _(X)=cH¥

(X, T+ eM) — (X, T + M) = hZ B o

L+eM

It suffices to prove that

(X, I+ M) — k| -(X) > O(e)

for some rational number c.
Write M = A — B for nef adelic line bundles A,B on X. Denote by

Ly, Mg, Ax, By the images of L, M, A, B in ISI\C(X/K) Note that Mg = 0
by assumption. In the following, take

= cle) = T+ e H  — s )T +ed) - B-H ' o
- (n+ 1)(L")(H-1) ,

where § : Q5o — R is a fixed function such that 0 < §(e) < €2 and such that
c(e) is always a rational number. For this choice of ¢, we will check that

W (X)) = 0(e)

and
.,
e (X, I + €M) > 0.

This implies the claim.
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By definition, it is easy to have

Et+anttmT
O @@y TN

This implies

It remains to prove
elﬁ(X7f +eM) > 0.
The assumption Hd = 0 still implies that
(X, T+ eM) = (X, I' + €M + mH)
for all rational numbers m. Then it suffices to prove
(X, T+ eM+mH) >0
for some m. As in the proof of Theorem 5.3.2, it suffices to prove
vol(T' + €M +mH) > 0

for sufficiently large m.

Now we estimate \7(;1(3/ + €M + mH) for m > 0. Note that c(e) > 0 when

—ntl—d—1
€ is sufficiently small, due to the assumption 'E > 0. By Proposition

5.2.3,
vol(L' + €M +mH) > vol(L + €M + mH) — (d + n) c(e) vol(Lx + mH).
Write
L+eM+mH = (L+eA+mH) — (eB),

and apply Theorem 5.2.2 to the above terms. We have

vol(Z' + €M + mH)

> (L4 eA+mH)™" — (d+n)(L +eA+mH)"" ! . ¢B
—(d+n)e(e)(Lg +mH)* 1,

—d
By the assumption H = 0, the right-hand side is a polynomial in m of
degree at most d — 1, and the coefficient of m¢~! is equal to

— _ —d— —1\ — _ —d— —
()@ m @ (T )@y m

— (d+n)c(e) (d Z " N 1) (L") (H).
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d
This is exactly the product of < d+ Tf) with

d—1

T+ D)™ H ™ —(n+ )T+ A" -H B - (n+1) c(e) (L) (HY).

Tt is strictly positive by the definition of ¢(e). This finishes the proof. O

Remark 5.4.7. Note that Conjecture 5.4.1 can be viewed as a fiberwise version
of Theorem 5.4.6. We expect that Theorem 5.4.6 implies Conjecture 5.4.1, while
the obstruction is some complicated regularization processes.

5.5 The Hodge bundle

In §2.6.3, we have introduced the example of Hodge bundles and mentioned that
it naturally defines an adelic line bundle. The goal of this section is to state the
result precisely and give proof. We will also sketch a proof of a similar result
for canonical bundles of families of curves endowed with the hyperbolic metrics
mentioned in §2.6.4.

5.5.1 Hodge bundle for a general family

Recall from §2.6.3 that S is a flat and quasi-projective integral scheme over
Zor Q, and m : X — S is a principally polarized abelian scheme of relative
dimension g. Recall that w(S) = e*Q% /s s the Hodge bundle on S, and the
Faltings metric || - [|pa1 of w(S) on S(C) is defined by integration. Our precise
theorem is as follows.

Theorem 5.5.1. There is a canonically defined adelic line bundle w(S) on S/Z
which extends the pair (w(S), || - ||Fa1). Moreover,

hTS)(S) = hFal(Xs)a Vs e S(Q)

Here we explain some of the terms of the theorem. First, that w(S) extends
(w(S), ] - [|Fa1) means that the underlying line bundle of w(.S) is w(5), and that
the metric of w(S) on S(C) induced by w(S) (via Proposition 3.5.1) is equal to
- lIFa-

Second, by restriction, w(S) induces an adelic line bundle on Sg, and thus

defines a height function hi gy So(Q) —» R.
__ Third, the stable Faltings height hp.(Xs) of the abelian variety X, over
Q associated to y is defined as follows. Note that X, descends to an abelian

variety G over a number field K with semi-abelian reduction. Then we define
the stable Faltings height by

hpar(Xs) = }d’ezw, |- [[ra)-

1
[K:Q
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Here wg = egﬁé/oK is the Hodge bundle of the Néron model G of G over Ok,
where eg : Spec O — G is the identity section, and || - || is the Faltings
metric of wg defined by

L2

g
oty =55 [ ana
27 Je, (o)

o

for any embedding ¢ : K — C and any element « of
wg ®, C ~T(G,(C), Qéﬁ(c)/c).

The definition is independent of the choice of (G, K).

5.5.2 Hodge bundles for moduli spaces

Theorem 5.5.1 is implied by a similar result for the minimal compactification of
the coarse moduli scheme of abelian varieties. To introduce it, we will start with
many constructions by Faltings—Chai | ]. We will eventually only work on
schemes, but the construction is easier to describe in terms of stacks.

Denote by A, the moduli stack of principally polarized abelian varieties over
Z. Tt is a smooth Deligne-Mumford stack over Z, endowed with a universal
abelian scheme X, — A,. Denote by Aj the coarse moduli scheme of Ay, which
is a flat and quasi-projective integral scheme over Z.

By [ , IV, Thm. 5.7], there is a toroidal compactification .Agor of A, (by
choosing a suitable combinatorial datum), which is a proper Deligne-Mumford
stack over Z containing A, as an open and dense substack. Moreover, the
universal abelian scheme X; — A, extends to a semi-abelian scheme thor —
Ator_

’ In terms of the universal abelian scheme (resp. semi-abelian scheme), we
have a Hodge bundle w(Ay) on A, (resp. w(A{™) on AL™) defined similarly to
the Hodge bundle w(S) on S.

By | , V, Thm. 2.3], there is a minimal compactification A} of the
coarse moduli scheme A;. It is a normal projective scheme over Z defined by
contracting Ag"r via linear systems associated to w(Agor). As a consequence,
the Hodge bundle w(A}™") descends to a Q-line bundle w(Aj) on Aj. In fact,
w(A%) is just m~'L in the notation of [ , V, Thm. 2.3], so it is indeed a
Q-line bundle. Denote by w(Aj}) the restriction of w(Aj) to Aj.

Note that (Aj, w(A3)) is constructed by choosing a toroidal compactification,
but the final result does not depend on the choices.

Since Aj, is the coarse moduli scheme, any point y € Aj (C) corresponds to a
complex abelian variety G. Then the fiber w(.A%)(y)®™ is canonically isomorphic
to the m-th tensor power of the Hodge bundle of G/C. Then the integration
on G(C) as before induces a Faltings metric || - [|pa1 of w(A3)(y). Varying y, we
obtain a Faltings metric || - ||pal of w(A}) on A (C).

Consider pair (w(A3), ||-[[Fa1). It is similar to the original pair (w(S), ||-||Fa1),
but it has the huge advantage that A7 is projective over Z. In particular,
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_r-

(w(AZ); || - [[Fa1) induces a metrized line bundle w(.A}) " in Pic(A; ™ )g with
underlying Q-line bundle w(A}).

The following is an analog of Theorem 5.5.1, which is still based on the
analytification functor in Proposition 3.5.1.

—_—T

Theorem 5.5.2. The metrized Q-line bundle w(Aj) " in 7/7%(.,4;’“'&“)@ is the
image of a unique adelic Q-line bundle w(A}) in ﬁE(A;/Z)Q via the analytifica-

tion functor. Moreover, for any y € A, (Q) corresponding to an abelian variety
G over Q, we have hm(y) = hpa(G).
g

Proof. Let A7* — A% be the blowing-up of A} along the boundary Aj \ Aj.
The exceptional divisor £ can be extended to a boundary divisor (£, ge) on AZ*.
Let w(Ay*) be the pull-back of w(A7) to A7*. It suffices to consider the pair
(@A), ).

By | , V, Def. 4.2, Rem. 4.3, Prop. 4.5], the metric || - ||ra1 has logarith-
mic singularities along the boundary £(C). Namely, take any hermitian metric
[ - ||" of w(A;*) on A;*(C). Denote

f="og(|l - [lear/Il - 1),

which is a continuous function on A} (C). Then the logarithmic singularity
means that

|fI < clogge
over Ay*(C) for some constant ¢ > 0.
By Theorem 3.6.6, the pair (0, f) lies in 6;(,4;) Therefore, we have proved

_ -

that the metrized Q-line bundle w(.A}) ™ comes from an adelic Q-line bundle

w(Ajp) on Aj.
It remains to prove the identity hm(y) = hral(G) for y € A (Q). We can
9

assume that y corresponds to a point y : Spec K — A, for a number field K.
This induces a point y : Spec K — Atgor on the proper stack Atgor over Z. By
the properness and the valuative criterion, by enlarging K if necessary, we can
assume that y : Spec K — A;O‘" extends to a morphism § : Spec O — .A;O‘. Via
the universal semi-abelian scheme X;O’F — AZ"H we obtain a semi-abelian scheme
g= Q*thor over Ok. The generic fiber G is a descent of the abelian variety G

to K. By this, we see that hr.(G) is equal to d/eTg(z]*(W(Agor), |- llar)) /[ K = QJ.
Here the Faltings metric || - ||pa of w(A}") on Ay(C) is defined by integration
as before. By the compatibility of the Hodge bundles, (w(A{"), || - [|Fa) can be
changed to (w(Aj), || - [[Fa1). This finishes the proof. O

Once we have Theorem 5.5.2, the proof of Theorem 5.5.1 is immediate. The

family X — S induces a moduli morphism S — A,. Composing with the
-
just the pull-back of w(A}) to S. This pull-back is a priori only an adelic Q-line
bundle. Still, it is uniquely realized as an adelic line bundle since the underlying

line bundle w(.S) is an integral line bundle on S.

canonical morphism A, — A}, we obtain a morphism S — Aj. Then w(S) is
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5.5.3 Hyperbolic metrics on families of curves

Recall from §2.6.4 that S is a flat and quasi-projective normal integral scheme
over Z or Q, and 7w : X — S is a smooth projective morphism whose fibers are
geometrically integral curves of genus g > 1. Recall that the relative dualizing
sheaf wx /s has a hyperbolic metric ||-||nyp on X (C) defined by fiberwise universal
covering. Our precise theorem is as follows.

Theorem 5.5.3. There is a canonically defined adelic line bundle Wx ;g nyp 0N
X/ 7 which extends the pair (wx/s, || - |lnyp)-

The meaning of the term “extend” is similar to that in Theorem 5.5.1. The
proof is also similar, so we only sketch it in the following.

First, we can assume that .S is quasi-projective over Z. In fact, if S is quasi-
projective over Q, by taking suitable integral models of X — S over Z, we can
convert it to the case that S is quasi-projective over Z.

Second, if S — S is a finite and flat morphism for an integral scheme S’
over Z, then the result holds for X — S if and only if it holds for the base
change X' — S" of X — S by S’ — S. We can recover Wx/snyp (up to
a multiple) from Wx/ s/ hyp Via the Deligne pairing (or equivalently the norm
map) Pic(X'/Z) — Pic(X/Z).

Third, by replacing S by a suitable S’ as above, we can assume that 7 : X —
S has a stable compactification 7€ : X¢ — 5S¢ i.e. S¢ (resp. X¢) is a projective
model of S (resp. X) over Z, 7€ : X¢ — S¢ is a projective and flat morphism
extending 7 : X — S, and every fiber of 7¢ : X¢ — §¢ is a stable curve in the
sense of Deligne-Mumford | ]. The existence of S’ is explained in | ,
§3.1.4].

Fourth, let 7€ : X¢ — S¢ be a stable compactification as above. Then the
relative dualizing sheaf wy./gc is a line bundle on X extending wx,s. By
Wolpert [ ], the metric || - [lnyp of wx/g on X(C) extends to a continuous
metric || - ||y, of wxe/se on (X<\ N)(C), where N C X¢ is the Zariski closed
subset of nodes of fibers of X¢ — S¢. The restriction of || - [[f,, to each non-
compact fiber of (X¢\ N)(C) — S¢(C) is still a hyperbolic metric (normalized
suitably). Moreover, the metric | - [|f,,, has logarithmic singularity along N (C);
more rigorously, this logarithmic singularity should be understood after pull-
back via the blowing-up of X¢ along N.

Finally, as in the proof of Theorem 5.5.1, by Theorem 3.6.6, the logarithmic
singularity of the metric implies that (wxe/ge, || - ) extends to an adelic line
bundle on (X°\ N)/Z.

fyp



Chapter 6

Algebraic dynamics

In this chapter, we first develop a theory of admissible adelic line bundles for
polarized algebraic dynamical systems over finitely generated fields, following
the idea of | ) ]. Then we generalize the arithmetic Hodge index
theorem of Faltings | | and Hriljac | | to projective curves over finitely
generated fields.

To work with adelic Q-line bundles on flat and essentially quasi-projective
integral schemes X over k, we recall the definitions of Pic(X/k)g, Pic(X/k)int,0
and f/)ij(X/k)Qvnef in §2.5.6. Recall the categories ﬁ(X/k)@, ﬁ(X/k)int’Q
and fl\C(X /k)g.net defined similarly.

6.1 Invariant adelic line bundles
Let (X, f, L) be a polarized dynamical system over an integral scheme S, i.e.

(1) X is an integral scheme projective and flat over S;
(2) f:X — X is a morphism over S;

(3) L € Pic(X)g is a Q-line bundle on X, relatively ample over S, such that
f*L ~ gL for some rational number ¢ > 1.

We refer to | , §1.7] for relative ampleness. In particular, | , Thm.
1.7.8] asserts that a line bundle on X is relatively ample over S if and only if it
is ample on every fiber of X over S.

If S is the spectrum of a number field, Zhang | ] applied Tate’s limiting
argument to construct a nef adelic Q-line bundle ff extending L and with
f*Ly ~ qLys. The goal here is to generalize the result to finitely generated fields
or even essentially quasi-projective schemes S.

179
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6.1.1 Invariant adelic line bundle

Let k be either Z or a field. Take the uniform terminology in §1.5. Let S be a
flat and essentially quasi-projective integral scheme over k. Let (X, f,L) be a
polarized dynamical system over S. Fix an isomorphism f*L — ¢L with ¢ > 1
by assumption.

Choose a projective model 7 : X — § of X — S, i.e. a projective model S
of S over k and a flat morphism 7 : X — S of projective varieties over k whose
base change by S — & is isomorphic to X — S. Choose a hermitian Q-line
bundle £ = (£, ] - ||) on & such that (Xs, Ls) =~ (X, L).

For each positive integer ¢, consider the composition X 1y X = X. Denote
the normalization of the composition by f; : &; — X, and denote the induced
map to S by 7; : X; = S. Denote L; = ¢~ f} L, which lies in Pic(X;)q-

The sequence {(X;,£;)}i>1 is an adelic sequence in the sense of Moriwaki
[ , §3.1]. In our setting, we will complete the datum to an adelic line
bundle ff = (Ly, (X, L;,¢;)i>1) for a quasi-projective model U of X over k.

In fact, there is an open subscheme V of S containing S, such that & = Xy,
is projective and flat over V, and that f : X — X extends to a morphism fy :
U — U and such that the isomorphism f*L — gL extends to an isomorphism
5Ly — ¢Ly in Pic(U)g. By the construction, we make identifications &; y =
Xv =U and £1|L{ = »Ci,V~

Start with the isomorphism

0: Ly — q 5Ly

in Pic(U)q. By applying ¢~ 1 fy to £ successively, we obtain canonical isomor-
phisms

Ly — g foly — ¢ 2 (f5) Ly — - — ¢ (f5) Ly
in Pic(U)g. This induces an isomorphism
4 EV — Ei,v

in Pic(U)q by the identification £; = ¢~ *(fy;)"Ly. Then we have introduced
every term in (Ly, (X, Li, £i)i>1)-

Note that if S is already a quasi-projective variety over k, then we can simply
take (U, V) = (X, S). This is the essential case of the result.

Theorem 6.1.1. Let k be either Z or a field. Let S be a flat and essentially
quasi-projective integral scheme over k. Let (X, f,L) be a polarized dynamical
system over S. Fiz an isomorphism f*L — gL in Pic(X)q with ¢ > 1.

The above sequence (Ly, (X, L;,0;)i>1) converges in 7/DE(L{/I<:)@, and thus
defines an object Ly of @(X/k)@ The adelic line bundle Ly is uniquely de-
termined by (S, X, f,L)/k and f*L — qL up to isomorphism, and satisfies the
following properties.

(1) Ty is f-invariant in the sense that f*Ls ~ qL; in Pic(X/k)q.
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(2) Ly is nef in ﬁ;(X/k)@ If S has an affine quasi-projective model over k,
then Ly is strongly nef in Pic(X/k)q.

(3) If furthermore L € Pic(X) (instead of Pic(X)g) and q € Zsy with
f*L ~ gL in Pic(X), then all the results hold in Pic(X/k) (instead of
Pic(X/k)g).

Proof. We first prove the existence of the limit. By blowing up S along S\ V
if necessary, we can assume that there is a boundary divisor (S, &) of V. Then
we get a boundary divisor (X, 7*Ey) of U.

View the isomorphism ¢ : £y — ¢! f$;£ as a rational map £ --» £;. This
defines a model adelic divisor (Il\\/(é) in 51\v(u /E)mod,@ whose image in Div(lf)
is 0. Then there exists r > 0 such that

—rr*&y < Cfl:f(é) <rr*&

holds in ﬁ(U)mod@. The existence of r can be seen in the comparison of the
boundary norms in the proof of Lemma 2.4.1.

By construction, the isomorphism (Z-Hﬂ;l : Liv — Liy1,p is obtained from
0 Ly — ¢ 5Ly by applying (¢~ fy)".  Accordingly, the rational map
Cial;' 0 L; - Ly is obtained from the rational map ¢ : £ --» L£; by
“applying” (¢~ f*)!. The situation can be conveniently described by the ana-
lytification functor in Proposition 3.4.1 or the Zariski-Riemann space in §2.6.6.
Still, we give a precise description in terms of projective models of U as follows.

Write Xy = X and £y = £ for convenience. There are projective models )
and Y;11 of U over k, together with morphisms

/ /!
V=&, V=X, T Vi — A T Vi = X

extending the identity morphism & — U, and a morphism
gi * Viy1 = N1

extending the morphism f}, : Y — U. Then the rational map ¢ : Lo --» L is
realized as a rational map ¢’ : 7{*Lo — 71 L1 over Y; the rational map £¢+1€;1 :
L; --» L;41 is realized as a rational map (£i+1£;1)/ : TgiIZi — TZ»*HZH1 over
YVit1. The second rational map, including its source and its target, is obtained by
applying ¢ g} to the first rational map via g; : Viy1 — V1. As a consequence,
we have . .

div((Lip1 ;1)) = ¢ g7 div(l)
in DiV(yH,l)Q.

Denote by 71 : Y1 — S and = 41 Vip1 — S the structure morphisms. Note

that gfmi*Eo = ng_lzo is equal to 7*&g in ISRI(Z/[)mOd,Q. We obtain

r r

—771‘*?0 S CTRI(&+1E{1) S 77‘('*?0
q

Q
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holds in ﬁ(U)mod@. As a consequence, {&i\v(&él_l)}izl is a Cauchy sequence
in ]S-Rf(u)mod,(@~

This finishes the existence of the limit. The independence of the limit on
the auxiliary data can be proved similarly, so we omit it. It remains to treat
the nefness of Ly on X.

At the beginning of the construction, if we can choose (X, £) such that L is
nef on X, then every L£; is nef on &; by pull-back, and thus ff is strongly nef
by definition. This happens if S has an affine quasi-projective model V over k.
In fact, in this case, we can assume that S is an open subscheme of V, and then
the relative ampleness of L on S implies the ampleness of L on X, so we can
choose (X, L) such that L is nef.

However, such (X, £) might not exist in general, and we will have to make
a slightly weaker choice. Namely, we claim that there is a projective model
T:X — S of X = S over k, together with a hermitian Q-line bundle £
on X extending L and a nef hermitian Q-line bundle M over S, such that
L' =T+ "M is nef on X.

To prove the claim, by taking a sufficiently small quasi-projective model of
X — S over k, we can assume that S is quasi-projective over k. Since L is
relatively ample, there is an ample line bundle M on S such that L + n*M is
ample on X. Take a tensor power of L + n*M, use it to embed X into ]P’{CV,
and take the Zariski closure of X. Then L + n*M extends to an ample Q-line
bundle £’ on a projective model X of X over k. Extend £ to a nef hermitian
line bundle £ on X. Similarly, using a tensor power of M to embed S into PY '
and taking the Zariski closure, we have a projective model S of S such that M
extends to a nef hermitian line bundle M on S. The rational map X --» S
extends to a morphism 7 : X — S by blowing-up X, and we can further assume
that X — S is flat by the Raynaud—Gruson flattening theorem in | , Thm.
5.2.2]. Finally, we set £ = L' — 7*M. This proves the claim.

Now we prove that Ly is nef. Let Ly = (Ly, (X, L;,¢;)i>1) be constructed
using the new pair (X, L) as in the claim. Note that L =T+ M is nef on
X. Then L; + ¢ 'nfM = q*ifi*zl is nef on A&; for any ¢« > 1. It follows that
for any positive integer a, the line bundle £;; 4 + ¢~ %7* M is nef for any i > 1.
View ff as the limit of (Ly, (Xita, Litaslita)i>1). We see that ff +q M
is strongly nef. This proves that Ly is nef. O

For the uniqueness of ff, we have the following result. For convenience of
applications, we do not require L to be ample.

Theorem 6.1.2. Let k be either Z or a field. Let X and S be flat and essentially
quasi-projective integral schemes over k. Let m: X — S be a projective and flat
morphism with geometrically connected fibers. Let f : X — X be a morphism
over S. Let L € Pic(X)qg be an element such that f*L = gL in Pic(X)q for
some rational number ¢ > 1. The following is true:

(1) There exists a unique preimage L of L under the map F/’i:(X)Q — Pic(X)g
such that f*L = qL in Pic(X)g.
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(2) If f' : X — X is a morphism over k such that f'f = ff' and that
f*L =¢'L in Pic(X)q for some rational number ¢’ # 0, then the adelic

line bundle L defined in (1) satisfies f*L = ¢'L in P/’i\c(X)Q.

Proof. Note that (1) implies (2). In fact, f'f = ff’ implies f*(f*L) = qf"*L.
Then L = ¢~ 'f*L is an extension of L with f T = qfl. By the uniqueness
in (1), we have T' = T. This proves (2).

For (1), the existence of L is similar to Theorem 6.1.1. For the uniqueness,
we can assume that L = Ox is the trivial line bundle.

By Proposition 3.4.1, there is a canonical injection

Pic(X/k)g — Pic(X™)q.

As L = Oy, the image of L in lgi:(Xan)Q is represented by an element (0, g) of

]Si;(X aM)o, where the underlying divisor is 0 on X, and the Green function g
is actually a continuous function on X*". The condition f*L = gL implies in
Div(X?n)

m(0, f*g — qg) = (div(a), —loglal), a€k(X)*, m € Z, m #0.

This implies div(e) = 0 on X, and thus « lies in I'(X, O%) = T'(S,05). As
a result, the difference

. 1
"9 —q9=——1log|a]
m

is constant on every fiber of X?" — §2".

Let v € S*" be a point with residue field H,. The fiber X3" of X®" above
v is exactly the Berkovich space associated to Xy, over H,. We have that
f*9—qg = ¢, is constant on X3". Denote by gmax and gmin the global maximal
value and the global minimum value of the continuous function g on the compact
space X3". Note that f: X3" — X" is surjective. The relation f*g = qg + ¢,
gives gmax = G9max + Cp and thus gmax = —c,. Similarly, gni, = —c¢,. This
forces gmax = gmin and thus g is constant on X3".

As a consequence, f*g = g on X?". The original equation gives

m(1—q)(0,9) = (div(a), —log |al).

Then L is 0 in ﬂ:(X/k)@ This finishes the proof. O

6.1.2 Abelian schemes

The most important example of the above construction is for abelian schemes.
In this case, we can prove that the adelic line bundles Ly in Theorem 6.1.2 is
integrable (without assuming that L is relatively ample.)

Theorem 6.1.3. Let k be either Z or a field. Let S be a flat and essentially
quasi-projective integral scheme over k. Let m : X — S be an abelian scheme
with the identity section e : S — X. Let L be a line bundle on X with a
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rigidification, i.e. an isomorphism e*L — Og. Assume that [-1]*L ~ eL for
some € € {£1}.

Then there is an adelic line bundle L on X extending L satisfying [2]*L ~ 4L
for e = 1 and [2]*L ~ 2L for ¢ = —1. The adelic line bundle L is uniquely
determined by the rigidification.

Moreover, L is always integrable. For any integer m, [m|*L ~ m2L if e = 1;
and [m]*L ~mL if e = —1.

Proof. Set i = 2 for the symmetric case € = 1, and i = 1 for the anti-symmetric
case ¢ = —1. Note that [~1]*L =~ €L implies that [m|*L ~ m‘L. We first see
that [m]*L — m'L is trivial on fibers of 7 : X — S, and thus is isomorphic to
7*M for some M € Pic(S). But M is trivial by the rigidification.

The rigidification determines a unique choice of an isomorphism [2]* L — 2°L.
Apply Theorem 6.1.2(1) to the dynamical system (X, [2], L) over S. We obtain a
unique adelic line bundle L on X extending L such that [2]* L ~ 2°L. Moreover,
Theorem 6.1.2(2) implies [m]*L ~ m‘L.

It remains to prove that L is integrable. In the case € = 1, if L is relatively
ample, then L is nef by Theorem 6.1.1. In the case ¢ = 1 for general L, we can
write it as the difference of two relatively ample line bundles with rigidification,
and then the integrability still follows.

Assume € = —1 in the following. Let XV — S be the dual abelian scheme of
X — S. Let P be the Poincare line bundle on X xg XV, with a rigidification
along the identity section of X xg XV — S. Then L corresponds to a section

o :S — XV in the sense that L ~ (id, cor)* P. Here (id, cor) is the composition

X = X x99 x wg xV.
For any m € Z, denote by

[m]:XXSXVHXXSXV

the (total) multiplication of the abelian scheme X xg X" over S, and denote
by
[m]':X XsXV — X XsXV

the (partial) multiplication of the abelian scheme X xg XV on XV. By the
universal property, [-1]*P ~ P and [-1]"*P ~ —P. Then there is a unique
adelic line bundle P in Pic(X xg XV /k) extending P with [2]*P ~ 4P. It
further gives [2]"*P ~ 2P by Theorem 6.1.2(2). Moreover, P is integrable by
the case e = 1.

Finally, under L ~ (id, o o w)* P, we have T = (id, o o 7)* P extends L and
satisfies [2]*L’ ~ 2L, Tt follows that L ~ L' by the uniqueness. Finally, L is

integrable since so is P. This finishes the proof. O

6.1.3 Canonical height

Let k be either Z or a field. Let F be a finitely generated field over k. Let
(X, f, L) be a polarized dynamical system over F.
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By Theorem 6.1.1, there is an f-invariant line bundle Ly in ].Si\C(X/k)QJle.
For any closed F-subvariety Z of X, define the vector-valued canonical height of
Z as

b7(2) = b1 1(2) := by (Z) € Pic(F/k)ins.0-
It gives a map by : | X7| — lsi\c(F/k)im,@.

We can also define the canonical height by Tate’s limiting argument:

b5(Z) = lm by 2 (F7(2)).

m— oo qm

Here (X, L) is any initial model of (X, L) as in the construction of L above.

Then one can check that it is convergent in ISI\C(F /k) and compatible with the
previous definition.

Proposition 6.1.4. Let Z be a closed subvariety of X. Then the following are
true:

(1) The height bh(Z) lies in Pic(F/k)g.net-
(2) The height is f-invariant in the sense that h¢(f(Z)) = q by (Z2).

(8) If Z is preperiodic under f, the height h(Z) =0 in P/’i\c(F/k)int.
Proof. Since Ly is nef, the height h;(Z) is nef. The formula h;(f(2)) = ghs(Z)

follows from the projection formula in Lemma 4.6.1(4) and the invariance of Ly.
Thus hy(Z) = 0 if Z is preperiodic under f. O

By choosing adelic line bundles Hi,--- ,Hqg_1 € ﬁ(F/k)Qynef, we can form
the canonical Moriwaki height

nfe N (Z) = hp(2) Hy o Hoo

It is a non-negative real number.

6.1.4 Néron—Tate height

Let k be either Z or a field. Let F' be a finitely generated field over k. Let X
be an abelian variety over F, f = [2] be the multiplication by 2, and L be any
symmetric and ample line bundle on X. Then the canonical height

bz = b, 2 X(F) — Pie(F/k)guner.
as a generalization of the Néron—Tate height, is quadratic in the sense that
(2,y)r = br(e+y) = br(z) —hr(y)
gives a bilinear map
X(F) x X(F) —> Pic(F/k)insq-

It can be proved by the theorem of the cube as in the classical case over number
fields. We refer to [ , §3.3] for the classical case and omit the proof in the
current case.
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6.1.5 Equidistribution conjecture of preperiodic points

Since all preperiodic points of a polarized dynamical system have height 0,
Conjecture 5.4.1 implies the following conjecture.

Conjecture 6.1.5 (equidistribution of preperiodic points). Let k be either Z or
a field. Let F be a finitely generated field over k. Letv be a non-trivial valuation
of F. Assume that the restriction of v to k is trivial if k is a field. Let (X, f, L)
be a polarized dynamical system over F. Let {x,,}m be a generic sequence of

preperiodic points in X(F). Then the Galois orbit of {xm }m is equidistributed
in X3" for the measure dpr, f.v-

Here X2" is the Berkovich space associated with Xp, , where F), is the com-
pletion of F' for v. The equilibrium measure is the Chambert-Loir measure

1

d Yy = )’ . dim X
s = g gy (- )

I

over the analytic space X3", where | - ||7,, is an f-invariant metric of L on X3"
obtained by Tate’s limiting argument.

One can also formulate the consequence of Theorem 5.4.6 for preperiodic
points. We omit it here.

6.2 Heights of points on a subvariety

Let S be a quasi-projective variety over a number field K. Let (X, f,L) be a
polarized dynamical system over S. Let ff € 151\C(X Jo.nef be the f-invariant
extension of L. Let Y be a closed subvariety of X. The goal of this section is
to explore the properties of the height function

hg, Y(K) — R.

We consider two special cases. If Y is a section, then we have a specialization
theorem. If Y is non-degenerate, then we have an equidistribution theorem.

The following exposition also works over function fields of one variable, but
we restrict to number fields for simplicity.

6.2.1 Height of specialization

Now we consider the variation of the height of a section specializing in an alge-
braic family of algebraic dynamical systems.

Let S be a quasi-projective variety over a number field K. Let (X, f, L) be
a polarized dynamical system over S. Let ff € ISI\C(X )o.nef be the f-invariant
extension of L. Let ¢ : § — X be a section of 7 : X — S. Denote the
vector-valued height

M = bz, (i) = "Ly € Pic(S)g.uer-
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This gives a height function

hyr: S(K) — R.

For any point s € S (K), denote by s’ the closed point of S corresponding
to s. Then i(s) € X(K) is actually a point on the polarized dynamical system
(Xo, fsrs Ly) over s'. Denote by hy | . ((s)) the canonical height of i(s) for the
polarized dynamical system (X, fs/,bLs/) over s’. Now we have the following

identity.

Lemma 6.2.1 (specialization). For any point s € S(K),
by, (0(s)) = hyr(o)

Therefore, i(s) is preperiodic under f if and only hyz(s) = 0.

Proof. By definition, the fy-invariant extension of Ly on X is exactly Zf|XS/~
Then hyz(s) is the normalized degree of the pull-back of Ly via the composition
s =8 —= X, and hy . (i(s)) is the normalized degree of the pull-back of Ly

via the composition s’ -~ Xy — X. Then both terms are equal to hy (i(s)). O

If X is a family of elliptic curves over a smooth curve S over K, a similar
height identity was obtained by DeMarco—Mavraki | , Thm. 1.1]. Their
approach was very different, and their result was stronger in this case. They

proved that there is an adelic line bundle M on the unique smooth projective
model S” of S over K such that hyp(s) = hz, (i(s)) for any s € S(K). In

other words, their result implies that our M lies in the image of ].SI\C(S "YQnet —

Pic(S)gnef-
As the work of | ] is a refinement of the specialization theorem of
Tate [ ] and Silverman [ , , ] for elliptic surfaces, our height

identity can be viewed as a generalization and new interpretation of the special-
ization theorem for families of algebraic dynamic systems.

In the setting of Lemma, 6.2.1, if we know certain bigness property of M,
then we may apply some height inequality in Theorem 5.3.7 to conclude that
the height function hg; is “big”.

6.2.2 Non-degenerate subvarieties

Let S be a quasi-projective variety over a number field K. Let (X, f,L) be a
polarized dynamical system over S. Let Y be a closed subvariety of X.
Let Ly € Pic(X)g net be the f-invariant extension of L. Denote by

M = Zf |y
the image of ff under the pull-back map

Pic(X/Z)gnet — Pic(Y/Z)gner,
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and denote by M the image of M under the canonical composition
Pic(Y/Z)gnet —> Pic(Y/Q)gumer — Pic(Y/K)q net-

Note that the last arrow is an isomorphism. We refer to §2.5.5 for the definitions
of these maps. By nefness, both self-intersection numbers

d/e\gﬁ(Y) _ Mdim Y+1

. degg (V) = MY
are non-negative. -
We say that Y is non-degenerate in X if degy7(Y) > 0. As M is nef on

Y, the condition is equivalent to that M is big on Y. Another related result is
Lemma 5.4.4, which asserts that, for any embedding ¢ : K — C,

deg 7 (Y) =/ al(Lp)g™ Y.
Y5 (C)
So Y is non-degenerate if and only if the measure ¢ (L;)3mY
on Y, (C). The same result holds over non-archimedean places.

If X — S is an abelian scheme over a smooth variety .S over K, in terms
of Tate’s limiting argument, c¢1(Ls), defines a semipositive smooth (1,1)-form
on X,(C). In particular, it is the Betti form as defined in [ , 82]. By
[ , Prop. 2.2], ¢1(Ly)3™Y is non-zero on Y, (C) if and only if the Betti
map Y,(C)y — (R/Z)?9 has a full rank at some point of Y, (C)y for some
simply connected open subset of S, (C). Strictly speaking, the Betti form in

, Prop. 2.2] is the one that comes from a principal polarization (instead
of a general L). Still, Betti forms of any two relatively ample line bundles can
bound each other by positive constant multiples. Therefore, our definition of
“non-degenerate” agrees with that of the loc. cit., and generalizes to families of
algebraic dynamical systems.

Now we have the following theorem, which generalizes | , Thm. 1.4]
and | , Thm. 1.6] from abelian schemes to dynamical systems. Our proof
follows the idea of | | but is simplified significantly by our new notion of
adelic line bundles.

lv, (c) is nonzero

Theorem 6.2.2 (height inequality). Let S be a quasi-projective variety over a
number field K. Let (X, f, L) be a polarized dynamical system over S. Let'Y be
a non-degenerate closed subvariety of X over K. Let B € lsiz(S)Q be an adelic
Q-line bundle on S. Then for any ¢ > 0, there exist € > 0 and a non-empty
open subvariety U of Y such that

hz, (y) = ehg(n(y)) —c, Vy e U(K).
Here m: X — S denotes the structure morphism.

Proof. Apply Theorem 5.3.7(2) to the morphism Y — S and the adelic line
bundles L;|y and M. O
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6.2.3 Equidistribution theorem over non-degenerate sub-
varieties

Restricted to the setting of non-degenerate subvarieties, we get a special example
of Theorem 5.4.3.

Theorem 6.2.3 (equidistribution over non-degenerate subvarieties). Let S be
a quasi-projective variety over a number field K. Let (X, f,L) be a polarized
dynamical system over S. Let Y be a non-degenerate closed subvariety of X
over K. Let {ym}m>1 be a generic sequence of Y (K) such that ht, (ym) — 0.
Then for any place v of K, the Galois orbit of {ym tm>1 is equidistributed over
the analytic space Y2 for the canonical measure dufflwv'

The theorem generalizes | , Cor. 1.2], which treats the family of
elliptic curves described above. If X — S is an abelian scheme, the theorem
confirms the conjecture (REC) of Kiihne [ ], and our proof is independent
of the slightly weaker version in | , Thm. 1]. The proof of | ]is a
limit version of the original proof in | ] and uses a result of Dimitrov—Gao—
Habegger | ] for uniformity in the limit process.

Note that the existence of the sequence {y, }m>1 implies h37(Y) = 0 and

thus (T(%M(Y) = 0, as a consequence of Theorem 5.3.3. In the following, we make
some remarks on the existence of Y satisfying the condition of the theorem.

First, the non-degeneracy of Y is easy to check if dimY = dim S = 1. In fact,
in this case, it becomes deg(M) > 0, and deg(M) is exactly the canonical height
E(Yn) of the closed point Y;, for the polarized dynamical system (X, f,, L,) over
the generic point 7 = Spec K(.S) of S. For example, if X is a family of abelian
varieties over S with trivial K(S)/K-trace, then ﬁ(Yn) = 0 if and only if Y}, is
torsion in X, (7). See | , Thm. 9.15] for example.

For an abelian scheme X — S of relative dimension g with a high-dimensional
base S, there are natural generalizations of the above situation by André—
Corvaja—Zannier | | and Gao | ]. Namely, by | , Thm. 2.3.1,
Prop. 2.1.1] and | , Thm. 9.1], a closed subvariety ¥ of X is non-
degenerate and contains a Zariski dense set of torsion points if the following
conditions hold:

(1) dim S = g;

(2) the morphism from S to the moduli space of abelian varieties of dimension
g (with a polarization of degree equal to deg(L,)/g!) is generically finite;

(3) X is simple over the algebraic closure of the function field of S;
(4) Y is a non-torsion section of X — S.

Contrary to the case g = 1, the result does not hold for general g if we change
condition (3) to the statement that X has a trivial K(S)/K-trace. We refer to
Gao | , Thm. 1.4(ii)] for a counter-example for g = 4.
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6.3 Equidistribution of PCF maps

In this section, we consider the equidistribution of post-critically finite endomor-
phisms on P™ as another application of the equidistribution theorem (Theorem
5.4.3). The equidistribution fits perfectly to the setting of the dynamical Andre—
Oort conjecture of Baker-DeMarco | , Conj. 1.10]. Our treatment plays a
crucial role in the recent solution of the dynamical Andre—Oort conjecture for
1-dimensional families by Ji—Xie [ ].

We will only write the case of number fields, though some of the results also
hold over function fields of one variable.

6.3.1 Post-critically finite maps

Let f : P" — P" be a finite separable morphism over a field. Assume that its
algebraic degree d (defined by f*O(1) ~ O(d)) is strictly larger than 1. Denote
by R(f) the ramification divisor (or critical locus) of f in P}, whose definition
will be recalled below in the family version. The morphism f is said to be post-
critically finite (PCF) if every irreducible component of R(f) (with reduced
structure) under f is preperiodic.

Let S be a smooth and quasi-projective variety over a number field K. Let
X = P% be the projective space over S, and let f : X — X be a finite morphism
over S of algebraic degree d > 1 (over the fibers above S). A point y € S(K)
is called post-critically finite (PCF) if the morphism f, : X, — X, is post-
critically finite.

The main result here is the construction of a natural adelic line bundle M
over S and equidistribution theorems of Galois orbits of PCF points.

6.3.2 The adelic line bundle M

Let S and f: X — X be as above. Namely, S is a smooth and quasi-projective
variety over a number field K, X = P§, and f : X — X is a finite morphism
over S of algebraic degree d > 1.

Denote by m : X — S the structure morphism. The canonical morphism
f[fwx/s — wx/g induces a global section ¢ f of wy = wX/S®f*w}/(/S on X. The
ramification divisor R = R(f) of the finite morphism f : X — X is defined to be
the divisor of the section § f. It is also viewed as a (possibly non-reduced) closed
subscheme in X. By definition, we have a canonical isomorphism w; ~ O(R).
We have the following basic result.

Lemma 6.3.1. The scheme R(f) and every irreducible component of it (with
the reduced structure) are projective and flat of relative dimension n — 1 over
S. The fiber R(f), of R(f) above any point y € S is equal to the ramification
divisor R(fy) of fy : Xy = X,.

Proof. Since the canonical map fywx, /, = wx, /y is the base change of f*wx /s —
wx/s viay — S, we see that d(f,) is the base change of § f, and R(f,) is the
base change of R(f) via y — S. Then R(f) is of pure relative dimension n — 1
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over S. Since R(f) is a Cartier divisor on X, it is Cohen—-Macaulay over S. By
the miracle flatness (cf. | , Thm. 23.1]), the morphism R(f) — S is flat.
Similarly, any irreducible component of R is flat over S. O

Let L be a Q-line bundle on X, isomorphic to O(1) on fibers of S, such that
f*L ~ dL. There is a unique class in Pic(X)q satisfying these requirements. In
fact, we can set L = Op1 (1) @ "N for a suitable Q-line bundle N on S. Then
f*L ~ dL becomes f*Opi (1) — Opr(d) = (d — 1)m*N. Note that f*Op (1) —
Op1 (d) is trivial on fibers of X — S, and thus lies in 7*Pic(S). The equality
determines the class N € Pic(S)g uniquely.

Denote by L = Ly the nef f-invariant extension of L in ISi\c(X)@ such that
f*L ~ dL, as constructed in Theorem 6.1.1. Recall that the ramification divisor
R is projective and flat of pure relative dimension n — 1 over S. Define

M = (L|r)%/s = (Llr, - . LIr) rys € Pic(S)q.

Here the Deligne pairing is as in Theorem 4.1.3. Since the theorem requires R
to be integral, we need to extend the definition if R is not integral. In fact,
write R = Y"._, m;R; in terms of distinct prime divisors Ry, , R, of X, and
interpret the definition by

Ri)R,/s € Pic(S)o-

i=1
In all cases, M is a nef adelic Q-line bundle on S.
If n =1, then R is finite and flat over S, so
M = Npys(Llr) € Pic(S)g

is given by the norm map.
As before, denote by

L—L+—> L, M+— M—s M
the images of L and M under the maps

Pic(X)g — Pic(X/K)g — Pic(X)g, Pic(S)g — Pic(S/K)g —s Pic(S)g.

6.3.3 The height function
Consider the height function

It detects PCF points using the following result:
Lemma 6.3.2. Let y € S(K) be a point. The following is true:

(1) hgz(y) = 0.
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(2) If y is PCF in S, then hyp(y) = 0.
(3) If n =1, then y is PCF in S if and only if hyz(y) = 0.

Proof. Part (1) holds since M is nef. For (2) and (3), for convenience, assume
that y is a closed point of S instead of an algebraic point. By Theorem 4.1.3,
the Deligne pairing is compatible with base change y — S. It follows that

M|, = (LIr)"ly = (L|r,)" ZmRyl (Llr,.)"

Here R, = Y, mg, R, ; is the decomposition into prime divisors in X,. Then
we have
deg (M]y) ZmeMRw

In terms of heights, we have

w) =3 (R,

Here my, ; = mp, ,ndegy (Ry;)/deg(y) is strictly positive.

Then hy;(y) = 0 if and only if h(R,,;) = 0 for every irreducible component
R, ; of R,. This gives (2) immediately. For (3), R, ; is a closed point, and thus
hi(Ry,;) = 0 further implies R, ; is preperiodic. O

Problem 6.3.3. We raise the question of whether Lemma 6.3.2(3) holds for n > 2.
This amounts to ask: for a finite morphism f : P} — P} of algebraic degree
d > 1 over a number field K, if every irreducible component of the ramifica-
tion divisor R(f) has canonical height 0, does it follow that every irreducible
component of R(f) is preperiodic? This is the dynamical Manin—-Mumford
conjecture for R(f) under the dynamical system f : P — P%. We refer to
Ghioca—Tucker—Zhang | | for various versions and examples of the dy-
namical Manin—Mumford conjecture.

6.3.4 The equidistribution theorem

With the nef adelic line bundle M over S, we have the following equidistribution
theorem, which is a direct consequence of Theorem 5.4.3.

Theorem 6.3.4 (equidistribution: PCF maps on projective space). Let S be
a smooth and quasi-projective variety over a number field K. Let X = P§ be
the projective space over S, and let f : X — X be a finite morphism over
S of algebraic degree d > 1. Assume that degz;(S) > 0. Let {ym}m be a
generic sequence of PCF points of S(K). Then the Galois orbit of {ym}m s
equidistributed in S3™ for dugz ,, for any place v of K.

Note that the existence of a generic sequence of PCF points implies h37(S) =
0. This follows from the fundamental inequality.

lim inf hgz(y) > hyzp(S)
yES(K)
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proved in Theorem 5.3.3. .

The condition degz7(S) > 0 (equivalent to the bigness of M) seems very hard
to check in general. However, in the case n = 1, it is equivalent to a very clean
condition in terms of the moduli space of endomorphisms. As we will see later,
this equivalence is obtained as a combination of some geometric constructions
and technical, analytic arguments building on a history of stability analysis.

To describe the condition, denote by M} the moduli space over K of endo-
morphisms P™ of algebraic degree d. The moduli space was constructed using
Mumford’s geometric invariant theory by the works of Silverman | |, Levy
[ |, and Petsche—Szpiro-Tepper | ]

If n = 1, there is a special type of PCF morphisms P! — P!, called the
flexible Lattes maps, which are descended from multiplication morphisms of
elliptic curves. We refer to Silverman | , §6.5] for the basics of the flexible
Latteés maps. In M}, there is a distinguished closed subvariety, called the flexible
Lattes locus, parametrizing the flexible Lattes maps on P'. The flexible Lattes
locus is empty if d is not a perfect square and has dimension one if d is a perfect
square.

Return to the dynamical system f: X — X for X = P§. Recall

M = Npys(Lslr) € Pic(S)q.

By the moduli property, there is a morphism S — M}i. Finally, the main result
here is the following variant of Theorem 6.3.4.

Theorem 6.3.5 (equidistribution: PCF maps on projective line). Let S be a
smooth and quasi-projective variety over a number field K. Let X = PY be
the projective line over S, and let f : X — X be a finite morphism over S
of algebraic degree d > 1. Assume that the morphism S — MY} is generically
finite and its image is not contained in the flexible Lattés locus. Let {ym }m be
a generic sequence of PCF points of S(K). Then the Galois orbit of {ym }m is
equidistributed in S3™ for dugz , for any place v of K.

If S is a family of polynomial maps on P!, the theorem was previously
proved by Favre-Gauthier | ]. Their strategy is to reduce the problem to
the equidistribution of Yuan | ], which works for polynomial maps but not
for rational maps.

As a dilation, we remark that the nef adelic line bundle Ly for general n is
strongly nef. For this, it suffices to treat the case that S is the moduli space
M?”. Note that the corresponding moduli space over Z is affine (cf. | ,
Thm. 1.1]). Then Ly is strongly nef by Theorem 6.1.1.

6.3.5 The Lyapunov exponent

Let us recall the classical Lyapunov exponent in the current setting. For com-
pleteness, we will include both the Archimedean case and the non-archimedean
case.
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Let K be a complete field with a non-trivial absolute value |-|. Let f : P}, —
P% be a finite and separable morphism of algebraic degree d > 1. Recall that the
ramification divisor R(f) = div(df), where 0 f is the section of wy = wpn ® f *wlg,;(
induced by the canonical morphism f*wpr — wpp. This definition gives a
canonical isomorphism wy ~ O(R(f)).

Fix a continuous metric || - [0 of wpr on the analytic space P™" over the
valued field (K, |- ), and take the metric f*|| - [lo of f*wpr on PE*. Then we
have the quotient metric | - [|; of wy = wpr ® f*w]l\{?( on PR™. The function

—log ||6f]|1 is a Green function of R(f) on P™". The Lyapunov exponent of f
is defined by

Ly() = [ ol dy

Here duy = ¢1(O(1);)" is the f-invariant probability measure on Pi*". The
definition is independent of the choice of the metric [ - [[o of wpr . In fact, if
<15 = Il - lloe™ is a different choice for a continuous function h on PE™, then
the integral of

log [[6.f]1y —log [l0f]lx = h — f*h

for py is 0 by fidps = dpy.

It is convenient to choose [|-|o to be an f-invariant metric of wpr. ~ O(—n—1)
on PR*. This metric is unique up to constant multiples, but then the induced
metric on wy does not depend on the constant multiple, and we will denote this
metric by || - ||f. Then the Lyapunov exponent is just

L() = [ g6l du.
K

Now we assume that K is a number field, and that f : P% — P} is still a
finite morphism of algebraic degree d > 1. Choose || - |[o = (|| - |lo,0)» to be an
f-invariant adelic metric of wpr ~ O(—n — 1) on PE™ in the classical sense
of | |. This induces an f-invariant adelic metric || - ||; = (|| - || fv)o of
wr = wpy, ® frwgn = O((n+1)(d—1)) on P™. Write Wy = (wy, || ||y) for the
adelic line bundle. Via these metrics, the arithmetic intersection number

@ -O(1); = (n+1)(d—1)O);  =0.

On the other hand, we can apply | , Thm. 1.4] to the section 6 f of wy to
compute the arithmetic intersection number. It gives

7011} = O luip)" = 3 / log |51l 2 (O71) )1

This gives the height formula

(O flri)" ZLY fr,)
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6.3.6 The bifurcation measure

Return to the situation of Theorem 6.3.4, where f : X — X and X = P} are
over a number field K.

It turns out that the equilibrium measure at a complex place v in the theorem
is exactly the probability measure associated with the bifurcation measure. The
bifurcation (1,1)-current was first introduced by DeMarco | , ]
for n = 1, and the higher forms (including the bifurcation measure) of the
bifurcation current for general n were introduced by Bassanelli-Berteloot | ,
§5]. The goal here is to explore this relation in our adelic setting, which implies
the identity of the measures in both the Archimedean setting and the non-
archimedean setting. The exposition here is a family version of the above height
formula in terms of the Lyapunov exponents.

Let v be a place of K. The Lyapunov exponent defines a function

Ly, :S3" — R, y+— Ly(fy).

If v is archimedean, the pull-back of Ly, to S,(C) is continuous and psh; if v is
non-archimedean, then Ly, is locally psh-approachable on S3" in the sense of
[ , 6.3.1, Def. 5.6.3, Def. 5.5.1]. The archimedean case of this statement
can be derived from | , , ], and we will present an approach
including both cases. The bifurcation measure of (X, f) over S3" is defined to
be the Monge-Ampere measure

dpi » = (dd°Ly, )™ S,

Now we have the following description of the equilibrium measure in the
setting of Theorem 6.3.4. In the non-archimedean case, currents are understood
in the sense of Chambert-Loir-Ducros | ]

Theorem 6.3.6 (bifurcation measure). Let v be a place of K. As (1,1)-currents
on ST, o
(M), = ddLy,,.

As measures on S3",
a(M)y™* = (ddLy, )™,
and 1 .
dping,» = m(ddcwv)dlms-

Note that the third equality follows from the second one. In fact, by Lemma
5.4.4, we have

deg (S) = /S e (F)ImS = /S (dd°Ly, )™,

This also implies that the integral on the right-hand side is independent of v.
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The complex version of Theorem 6.3.6 is essentially Bassanelli-Berteloot
[ , Cor. 4.6]. The following theorem is an adelic treatment of the situation,
which asserts that the Lyapunov exponents for all places v can be glued together
to form an adelic divisor.

Theorem 6.3.7. The following is true.

(1) There is a unique adelic divisor Dy on S with underlying divisor 0 whose
total Green function %bif 1 5% — R satisfies %bif san = Ly, on Sp™ for
every place v of K.

(2) For the above adelic divisor Dy, we have M = O(Dy) in 1552(5)@.

It is easy to see that Theorem 6.3.7 implies Theorem 6.3.6. It also implies
the continuity and reasonable psh properties of Ly, : S2" — R, since M is nef
by construction.

Proof of Theorem 6.3.7. The uniqueness in (1) follows from Proposition 3.5.1.
The major part of the proof follows from an adelic version of the above construc-
tion to derive the height formula in terms of )~ Ly(fx,) on single dynamical
systems. -

Recall that L = Ly € Pic(X)g is a nef f-invariant extension of L with
f*L ~ dL, and M € Pic(S)g is the Deligne pairing (L|z)". Here we assume
that L and M are adelic Q-line bundles instead of just isomorphism classes.

Recall that R = div(df) is the divisor of the canonical global section §f
of wy = wx/s — ffwxys on X. Here we write the operation of line bundles
additively again. By comparing the fibers above S, there is an isomorphism
70 wx/s — —(n 4+ 1)L 4 7*N for some Q-line bundle N € Pic(S)q. This
induces an isomorphism 7 : wy — (n + 1)(d — 1)L, which does not depend on
the choice of 79. Different choices of 7 (for fixed L, N) are up to multiples by
elements of I'(S, 0F), and these elements are killed in the definition of 7.

Denote by wy the adelic line bundle on X with underlying line bundle wy,
such that 71 : wy — (n+1)(d—1)L induces an isomorphism @y — (n+1)(d—1)L.
Note that the extension wy of wy is unique up to unique isomorphism.

With these extensions, the Deligne pairing

(@ L) xs = (n+1)(d = 1)(L)}g =0

in Pic(S)g. Here the last equality is similar to Proposition 6.1.4(3), as a conse-
quence of the projection formula in Lemma 4.6.1(4) and the invariant property
f*L ~dL.

On the other hand, using the section d f of wy to compute the Deligne pairing,
we have a canonical isomorphism

(wr, L") x5 — (LIr)g/s = M.

This gives a canonical section fpis of M — (wyr, L™) x,g, and thus an adelic Q-
divisor Dy = div(tpir) on S for M — (wf,fn)x/s. The underlying divisor
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Dyis = 0 on S by definition. By construction, we have

M ~ @fafnb(/s + O(Dyit) ~ O(Dust)

in Pic(9)g.
Now we can compute the total Green function g5 on Si". If v is archimedean,
for any y € S, (C), the fiberwise formula in §4.2.2 gives

5,00) =~ 108 [l (4) = [ 10g 7], 1 (D)} = Ly )

The formula also holds for non-archimedean v by Theorem 4.6.2. This proves
Theorem 6.3.7. O

6.3.7 Bigness problem

In the case n = 1, to deduce Theorem 6.3.5 from Theorem 6.3.4, it suffices to
prove that if the morphism S — MY} is generically finite and its image is not
contained in the flexible Lattes locus, then M is big on S/K. By Theorem 6.3.6,
it suffices to check that the total volume of ppif » is strictly positive in this case.
The positivity is proved by | , Prop. 6.3] and | , Lem. 6.8]. This
finishes our proof of Theorem 6.3.5.

Remark 6.3.8. In the case n = 1, the height function hy; : S(K) — R is equal
to the critical height considered by Ingram [ ] and Gauthier-Okuyama-—
Vigny | ]. This leads to a new proof of | , Thm. 1]. If the morphism
S — MY} is generically finite. Its image does not intersect the flexible Lattes
locus; we know from the above argument that M is big on S /K. Then we can
apply Theorem 5.3.7(2) to bound hy; by a usual Weil height (in both directions)
outside a Zariski closed subset S; of S. Apply the argument to irreducible
components of S; repeatedly. We eventually cover every point of S.

In the case n = 1, it is well-known that the set of PCF points is Zariski
dense in M. See | , Thm. A], for example.

In the case n > 1, the situation is very different. In fact, by the work of
Ingram—Ramadas—Silverman | |, PCF points in M} are expected to be
very sparse in some sense. As in | , Question 5], we do not know if the set
of PCF points in M7} is Zariski dense. Then we raise the following question.

Problem 6.3.9. Assume n > 2, S = M}, and f : P% — P% is the universal
family. Is M big on S? Is M big on S?
The bigness of M is equivalent to degy7(S) > 0, which is a condition of

the equidistribution theorem. The bigness of M is equivalent to d/eTgM(S) > 0,
which becomes h3;7(S) > 0 assuming degz;(S) > 0. It is further related to the
existence of a generic and small sequence for h3; considering Theorem 5.3.3. In
particular, if M is big, then the set of PCF points in M is not Zariski dense.
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6.4 Admissible extensions of line bundles

Let (X, f, L) be a polarized dynamical system over a finitely generated field F'
over Q. Assume that X is normal. We have already constructed an adelic line
bundle L € Pic(X/k)gner extending L and with f*L; = qL¢. Following the
idea of | ], we can construct an admissible extension in 151\(:(X /k)q,int for
any line bundle M € Pic(X)g.

Our exposition could be clearer, and we refer to | , §4.3] for the common
arguments, but we will explain the difference in the current case. Moreover, we
will only restrict to the arithmetic case (k = Z) and refer to | , ] for
the counterparts in the geometric case, where the extra argument is to treat the
contribution of the F/k-image of Pic% /F-

6.4.1 Semisimplicity

The pull-back map f* preserves the exact sequence
0 — Pic’(X) — Pic(X) — NS(X) — 0.

We refer to | , Appendix 1] for a list of properties of this sequence. In
particular, NS(X) is a finitely generated Z-module. By the Lang—Néron theorem
(cf. | , Thm. 2.1]), Pic’(X) is also a finitely generated Z-module, since it
is the Mordell-Weil group of the Picard variety representing the functor @9( /F
over the finitely generated field F. The counterpart of | , Theorem 4.7] is
as follows.

Theorem 6.4.1. Let (X, f,L) be a polarized dynamical system over a finitely
generated field F' over Q. Assume that X is normal.

(1) The operator f* is semisimple on Pic’(X)c (resp. NS(X)c) with eigen-
values of absolute values q'/% (resp. q).

(2) The operator f* is semisimple on Pic(X)c with eigenvalues of absolute
values ¢*/? or q.

Proof. The proof is similar to its counterpart. The only difference is some extra
work to prove that f* is semisimple on PicO(X )c with eigenvalues of absolute
values ¢'/2. We describe it briefly here.

As before, (X, f, L) extends to a dynamical system (U, f, Ly ) over a smooth
quasi-projective variety V over Q with function field F. Here U — V is a
projective and flat morphism with generic fiber X — SpecF, f : U — U is a
V-morphism extending f : X — X, and Ly is a Q-line bundle on U, relatively
ample over V', and with f*Ly = gLy . We can further assume that all the fibers
of U — V are normal. We claim that there is a closed point v € V such that
the reduction map Pic’(X)c — Pic?(U,)c is injective. If this holds, then the
result follows from its counterpart over number fields.

Note that the Picard functor Pic; /v 1s representable by a group scheme by

[ , §8.2, Thm. 1]. Its relative identity component @[0] /v is an abelian
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scheme over V by | , Thm. 9.5.4]. Then the injectivity is a consequence
of the specialization theorem of Wazir | ], which is a generalization of the
specialization theorem of Silverman | ] using the Moriwaki height. O

By the theorem above, the exact sequence
0 — Pic’(X)g — Pic(X)g — NS(X)g — 0.
has an f*-equivariant splitting
¢y : NS(X)g — Pic(X)q.

Denote by Picy(X)g the image of ¢;.
We say an element of Pic(X)q is f-pure of weight 1 (resp. f-pure of weight
2) if it lies in Pic”(X)q (resp. Pics(X)q).

6.4.2 Admissible extensions

The action f* : ISi\c(X)Q — lgi\c(X)Q is compatible with the action f* : Pic(X)g —
Pic(X)g. The goal is to study the spectral theory of this action. The following
result is the generalization of | , Thm. 4.9].

Theorem 6.4.2. Let (X, f,L) be a polarized dynamical system over a finitely
generated field F over Q. Assume that X is normal. The projection

Pic(X)g — Pic(X)g

has a unique section o

M +— Mf
as f*-modules. The image Mf is always integrable. If M € Picy(X)q is ample,
then M ¢ is nef.

We call My the f-admissible extension of M in P/’i\c(X)Q. An adelic line
bundle in 151\C(X )o which is isomorphic to some M ; is called f-admissible.

Note that the theorem for abelian schemes is actually Theorem 6.1.3. In
fact, any Q-line bundle L on an abelian scheme X can be written as the sum
of the symmetric Q-line bundle (L + [—1]*L)/2 with the anti-symmetric Q-line
bundle (L — [-1]*L)/2.

As in the case of number fields, we also have the following result as the
counterpart of | , Cor. 4.11].

Corollary 6.4.3. For M € Pic(X)q, the following are true:
(1) If f*M = AM for some X\ € Q, then f*M; =AMy in ISi\C(X)Q.

(2) For any x € Prep(f), one has M|, =0 in fgiz(x')@. Here 1’ is the closed
point of X corresponding to x. Hence, the height function hﬁf is zero on

Prep(f).
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Now we sketch a proof of Theorem 6.4.2, following the line of that of | ,
Thm. 4.9].

Proof of Theorem 6.4.2. Assume that X is geometrically connected over F,
which can be achieved by replacing F' by its algebraic closure in F'(X). Let
V be a quasi-projective model of Spec F' over Z, and (U, f,L) be a polarized
dynamical system over V whose generic fiber is the polarized dynamical system
(X, f,L) over Spec F.

Step 1. We claim that there is an affine open subscheme V' of V such that the
canonical map Pic(Uy) — Pic(X) is an isomorphism. This is a well-known fact,
but we provide proof due to a lack of precise reference.

(1) There is an open subscheme V' of V such that V' is regular and Uy, — V'
has geometrically connected fibers.

(2) We can assume that Pic(V’) is trivial by [ , Chap. 2, Cor. 7.7]. Then
Pic(V") is trivial for any open subscheme V" of V' since Pic(V’) — Pic(V”)
is surjective by passing to Weil divisors, where the key is that V' is regular.

(3) The canonical map Pic(Uy) — Pic(X) is injective for any open subscheme
V" of V'. It suffices to prove that CaCl(Uy») — CaCl(X) is injective
for the class groups of Cartier divisors. Then it suffices to prove that
Cl(Uy») — CI(X) is injective for the class groups of Weil divisors. If a
Weil divisor of Uy is trivial on X, then it is vertical in the sense that it
is the pull-back of a Weil divisor from V", which is linearly equivalent to
0 by Pic(V") = 0.

(4) The canonical map liﬂPic(Uvu) — Pic(X) is an isomorphism by | ,
V//
IV-3, Thm. 8.5.2].

(5) By (3) and (4), Pic(Uy») — Pic(X) is an isomorphism for sufficiently
small open subscheme V" of V'| since Pic(X) is finitely generated.

Therefore, we can assume that the canonical map Pic(i/) — Pic(X) is an
isomorphism by replacing V with a sufficiently small affine open subscheme.

Let 7 : X — S be a projective model of Y — V; i.e. X and S are projective
models of U and V respectively, and X — S is a morphism extending U — V.
We can further assume that there is a strictly effective arithmetic divisor &g
on &, whose finite part has support equal to S\ V. Use the boundary divisor

(X,7*Ep) to define the boundary topology of ﬁ/(U)Q.

Step 2. Consider the exact sequence
0 — PicU)yert,0 — Pic(U)g — PicU)g — 0.

Here Igi\c(l/{)vert,@ is defined by the left exactness. For the right exactness, it
suffices to prove that any effective Cartier divisor D on U can be extended to a
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projective model X’ of U. This is easy by setting X’ to be the blowing-up of X
along the Zariski closure of D in X.

Denote by R(t) the characteristic polynomial of f* on the finite-dimensional
vector space Pic(U)g = Pic(X)g. We claim that

R(f*) : lgi\c(u)vert,(@ — Ijiz(Z/{)velrt,(@

is surjective.

Contrary to the proof of | , Thm. 4.9], we do not use the interpretation
of the metrics on Berkovich analytic spaces as in Proposition 3.5.1 since it would
be hard to control the convergence in terms of the boundary topology.

Define Div (U )vert, by the left exactness of

0 — Div(U)yert.9 — Div(U)g — Div(id)g —» 0.
In terms of Proposition 2.5.1, there is a canonical surjection
m(u)vert,(@ — lsi7(2’{)vert,@~
It suffices to prove that
R(f*) : Div(U)vert,o — Div{Ul)vert,0

is surjective.
Take the Taylor expansion at t = 0 by

1 o]
= Z amtma am € Q
R(t) m=0
By Theorem 6.4.1, the roots of the polynomial R(t) have absolute values equal

to q or ¢'/2. Using partial fractions to expand 1/R(t), there is a polynomial
Q(t) of rational coefficients such that

|am| < Q(m)q~™/?, Vm.
Denote

Si(t)= > amt™, i>1.
m=0

To prove the surjectivity, take any D € ERI(U)VemQ. We claim that the
sequence {S;(f*)D}; converges in Div(U)yers.@- If so, then the limit gives an

inverse image of D under R(f*).
For the convergence, note that there is a positive rational constant ¢ such
that o B
—cm*Eg <D < cem*éy.
This holds automatically if D lies in the kernel of BF/(Z/{)mOd’Q — Div(U)q. In

general, D is a limit of such elements, but then the Cauchy condition of D gives
the constant c.
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For any ¢« > j > 1, we have

We similarly have

Si(fD=S;(f D2 ~e Y |am|7"En.

m=j5+1

By the bound of a,,, we see that {S;(f*)D}; converges in ﬁ(u)ve,t@.

Step 3. The remaining part of the proof is almost identical to that of |

)

Thm. 4.9]. In fact, for any M € Pic(U)q, take any extension M of M in
Pic(U)int,@, and set
— =0 o
3, = 71 - R

Pic(u)vert,Q(R(f )M )
The proof of the nefness of Mf under the ampleness of M on U, though
lengthy, is similar to that in | , Thm. 4.9], so we omit it. O

6.5 Néron-Tate height on a curve

When X is a projective curve over a finitely generated field, we present a theo-
rem (Theorem 6.5.1) which interprets the intersection numbers in terms of the
Néron-Tate height. It generalizes the Hodge index theorem of Faltings [ ]
and Hriljac [ ] (cf. Theorem A.2.2) to finitely generated fields.

6.5.1 The arithmetic Hodge index theorem

Let k be either Z or a field. Take the uniform terminology in §1.5. Let F be a
finitely generated field over k, and let m : X — Spec F' be a smooth, projective,
and geometrically connected curve of genus g > 0. We first introduce the
canonical height function

b : Pic’(X5) — Pic(F/k)gnet-

Denote by J = @% /p the Jacobian variety of X. Denote by © the sym-
metric line bundle on J associated with the theta divisor. Namely, choose a
point zp € X(F) and denote by j : Xz < J& the embedding z — [z — zo].
Denote by 6 the image of the composition X2 ' < J%_l — Jz. The second
map is the sum under the group law. Then 0 is a divisor of J%. Denote by ©
the line bundle on Jx associated to 6 + [—1]*¢. The isomorphism class of ©
does not depend on the choice of xg, so it is Galois invariant and descends to a
line bundle on J. See | , §5.6] for more details about the construction.
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By the symmetric and ample line bundle © on J, we have the canonical
height

bo : J(F) —> Pic(F/k)gmet-

By convention, we set

~ 1-
h= 5‘)@-
The goal of this section is to prove the following extension of the arithmetic
Hodge index theorem of Faltings | ] and Hriljac | ] to finitely generated

fields.

Theorem 6.5.1 (arithmetic Hodge index theorem). Let k be either Z or a field.
Let F be a finitely generated field over k, and let m : X — Spec F' be a smooth,
projective, and geometrically connected curve. Let M be a line bundle on X
with deg M = 0. Then there is an adelic line bundle Mo € Pic(X/k)int,q with
underlying line bundle M such that

1 (Mo, V) =0, VYV € Pic(X/k)vert.q-
Moreover, for such an adelic line bundle,
(Mo, Mo) = —25(M)
in Pic(F/k)g.
In the theorem, (-, -) denotes the Deligne pairing
Pic(X/F)ins,0 % Pie(X/F)in,0 — Pic(F/k)o

introduced in Theorem 4.1.3. And f’1\c(X /k)vert,@ denotes the kernel of the
forgetful map Pic(X/k)int,0 — Pic(X)q-
If we fix a polarization of F//k and intersect both sides of the equality with

the polarization, then we obtain equality about the Moriwaki heights. Moriwaki
proved this cite[Thm. B]Mor2.

Remark 6.5.2. We will see in [ ] that the extension My is unique up to
translation by 7*Pic(F/k)int.

6.5.2 The universal adelic line bundle

Now we construct the extension Mg in Theorem 6.5.1. It is written almost the
same as the number field case. We include it here briefly. For basic geometric
results on abelian varieties and Jacobian varieties, we refer to Mumford | ]
and Serre | ]

Denote by p; : X x J — X and ps : X x J — J the projections. Via p;, we
view X x J as an abelian scheme on X. Denote by [m]x : X x J — X x J the
multiplication by an integer m as abelian schemes on X, i.e. the map sending
(2,y) to (z, my).

We claim that there is a universal line bundle @ € Pic(X x J)g satisfying
the following properties:
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1) For any a € J(F'), the Q-line bundle Q|xxo on X X a = X+ is equal to
F
a in Pic’(X#)g.

(2) For any integer m, [m]%Q = mQ in Pic(X x J)g.

The line bundle @ is unique up to translation by ngico(J)Q.
Let ag be aline bundle on X of degree d > 0. Denote the canonical morphism

ig: X — J, x+—dr—ag.

Denote by
(ig,id) : X x J — I x J

the natural morphism. Set
1
Q= g(io,id)*P,

where P is the Poincaré line bundle on J x J.

If there is a line bundle on X of degree 1, we can choose () to be an integral
line bundle on X x J. If X (F) is non-empty, take zo € X (F') and use it to define
io : X — J. Then @ is an integral line bundle on X x J such that Qz,xs =0
and that for any a € J(F), the line bundle Q|xxqo on X x a = X7 is equal to
« in PicO(Xf). These properties determine ) uniquely.

With the universal line bundle @ € Pic(X x J)g, by Theorem 6.1.3, there is
a unique extension Q € Pic(X X p J/k)int.o of @ such that [2]%Q = 2Q.

Let a be the point of J(F) represented by the line bundle M € Pic”(X).
Set

MO = @'an S Isi\(J(X/k)int7Q.

We need to prove that M satisfies the requirement of Theorem 6.5.1; i.e.
(Mo, V) =0, VV € Pic(X/k)vert.0-

Consider the adelic line bundle

R :=p2.(Q,p1V)

in lsi\c(J/k')intyQ. Note that R is universal in the sense that the pull-back of R
via a : Spec(F) — J is exactly m.(Mg, V). Thus it suffices to prove that the
adelic line bundle R = 0 in Pji\(z(J/k)im,Q.

This is a consequence of Theorem 6.1.2 by noting the following two proper-
ties:

(1) the underlying line bundle R = 0 in Pic(X x J)q, as a consequence of the
underlying line bundle V = 0;

(2) [2]%R = 2R in Pic(J/k)g by the dynamical property of Q;
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6.5.3 The height equality

It remains to prove R

T (Mo, Mo) = —2h(M).
Replacing the field F' by a finite extension if necessary, we can assume that
X (F) is non-empty. We first express the left-hand side as a height function.

Take z¢p € X(F). Use xy to define the canonical embedding ig : X — J,
and identity X as a subvariety of J. As before, let @@ be the restriction of the
Poincaré line bundle P from J x J to X x J.

Note that P is symmetric on J x J. Thus [2]*P = 4P and we can extend it
to [2]*P = 4P for some P € Pic(J x p J/k)ine by Theorem 6.1.3. We claim that
azﬁl)(xj in 151\C(X XF J/k)@

Note that [2] : J x J — J x J is multiplication by two on both components,
while [2]x : X x J — X x J is only the multiplication by two on the second
component. Denote by [2]s : J x J — J x J the multiplication by two on the
second component. By Theorem 6.1.2(2), [2]*P = 4P implies [2]5 P = 2P. This
argument was used in the proof of Theorem 6.1.3. This implies Q@ = P|xx s
by the uniqueness of @ in Theorem 6.1.2(1). All these qualities are viewed as
isomorphism classes of adelic Q-line bundles.

Lemma 6.5.3. For any a, 8 € J(F), we have
ﬂ—*<?a7?ﬁ> = hﬁ(avﬂ)
Here P, = Plxxa and Pg = P|xxs are viewed as adelic line bundles on X.

Proof. Note both sides are bilinear in («, 3). We can assume that « represents
the divisor 2 —xg on X. Then « = j(z). Here we assume = € X (F') by replacing
F with a finite extension if necessary. Then we have

7T*<PQ,PB> = W*<§,‘ —i‘o,?5> = 7T*<i‘,ﬁ5> —7T*<i‘o,ﬁ/@>.

Here & and &g are any extensions of x and xg in lsi\c(X/k:)int’Q. Note that ﬁlg
has zero intersection with any vertical classes. The above becomes

u(Plaxp) = Te(Plagxg) = mu(Plaxs) = bp(e, B).

Now we are ready to prove
7. (Mo, My) = —2b(M).
By the lemma, it suffices to prove
hp(a,a) = —bg(a), Vac J(F)
It is well known that the Poincaré bundle on J x J has the expression

P =pi0+p30 —m™6.



206 CHAPTER 6. ALGEBRAIC DYNAMICS

Here m,p1,p2 : J x J — J denotes the addition law and the projections. It
induces

2P = pi© + p30 —m*6.
We use © because it is also symmetric. It follows that

2P = p;© + p36 — m*0O.
Computing heights using the identity we have

2b5(a, a) = bg(a) + bg(a) — bg(2a) = —2h5(a).

This finishes the proof of Theorem 6.5.1.

6.5.4 High-dimensional bases

The above setting treats X — Spec F' for a finitely generated field F' over k. We
can replace Spec F' by an essentially quasi-projective scheme S over k. Still, due
to the flatness problem, we have to restrict the vector-valued height of sections
of the relative Jacobian scheme.

Let k be either Z or a field. Let S be a normal integral scheme, flat and
essentially quasi-projective over k. Let w : X — S be a projective and smooth
morphism whose fibers are smooth and geometrically connected curves. Denote
by Pic’(X/S) the group of line bundles on X with degree 0 on the fibers of
X — S. We first introduce a canonical height function

b : Pic®(X/S) — Pic(S/k)qunet-

This is obtained as a slight generalization of the case S = Spec F' and is thus
compatible with the latter.
Denote by J = Pic%k /s the Jacobian scheme of X over S. For the basics

of Jacobian schemes, we refer to | , Chap. 6]. By [ , §6.1, Prop.
6.9], there is a canonical principal polarization A\; : J — JY over S. By the
construction of | , §6.2, Prop. 6.10], there is a symmetric line bundle ©

on J such that the polarization Ag : J — J" corresponding to © is exactly
twice of Ay : J — JV. To relate it to our previous case of fields, © recovers
that on each fiber of J — S. We can uniquely determine © by the rigidification
e*® ~ Og for the identity section e : S — J.

Finally, by the symmetric and relatively ample line bundle © on J, we have

a unique extension © of © in ].Si\C(J/k)Q’nef such that [2]*© = 40. Then we have
the vector-valued height function

hg : J(S) — lsi\c(S/k)Q,ncﬂ

By convention, we set
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By the canonical map Pic’(X/S) — J(S), we obtain
b : Pic®(X/S) —> Pic(S/k)g.net-

As in the classical case, this height function is also quadratic.
As before, we have a universal Q-line bundle @ € Pic(X xg J)g satisfying
the following properties:

(1) For any base change X' — S’ of X — S, and for any a € Pic(X’) of
degree 0 on fibers of X’ — ', the pull-back of the Q-line bundle Q via
(id,a) : X xg 8" = X xg J is equal to a in Pic(X')q.

(2) For any integer m, [m]%Q = mQ in Pic(X xg J)g.

The line bundle @ is unique up to translation by p5Pic(J)g. There is a unique
extension Q € Pic(X xg J/k)int,0 of Q such that [2]%Q = 2Q.
The following is a variant of Theorem 6.5.1 over high-dimensional bases.

Theorem 6.5.4. Let k be either Z or a field. Let S be a normal integral scheme,
flat and essentially quasi-projective over k. Let m: X — S be a projective and
smooth morphism of relative dimension 1 with geometrically connected fibers.
Let M be a line bundle on X with degree 0 on fibers of X — S. Then there is
an adelic line bundle Mo € Pic(X/k)int,@ with underlying line bundle M such
that o o

(Mo, V) =0, VYV €Pic(X/k)vert,0-
Moreover, for such an adelic line bundle,

(Mo, Mo) = —215(M)

in Pic(S/k)qg.

Proof. The existence of Mg can be obtained by generalizing the construction by
the universal line bundle @ in Theorem 6.5.1 to the general base S. Namely, let
i: S — J be the morphism corresponding to [M] € J(S), i.e. by the morphism
(id,iow) : X — X xg J, the pull-back (id,i o 7)*Q = M + 7n*N for some
N € Pic(S5)g. Then we set

Moy = (id,iom)*Q — N
for any N € Pic(S/k)int,g extending N. For the height identities are conse-

quences of Theorem 6.5.1, as ﬁl\C(S/k)Q — ISI\C(F/]{?)Q is injective by Corollary
3.4.2. Here F' = k() is the function field. O

The following universal Hodge index theorem is essentially equivalent to
Theorem 6.5.4.

Corollary 6.5.5. By the second projection ps : X xXgJ — J,

D2x <@7 @> =-0
in Pic(J/k)g.
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Proof. Let S’ be a normal integral scheme, flat and essentially quasi-projective
over k, endowed with a k-morphism S’ — S. Denote by 7’ : X’ — S’ the base
change of 7 : X — S by &’ =+ S. Let ¢ : S — J be a morphism over S.
Consider the morphism (id,4) : X xg 8" — X Xg J. Apply Theorem 6.5.4 to
7'+ X" — 8" and the line bundle M = (id,7)*@ in Pic(X")g. We obtain

7{(id,9)*Q, (id, i)*Q) = —i*O.

Set S’ = J and set i : S — J to be the identity morphism. O

6.5.5 High-dimensional fibers

For completeness, we state an arithmetic Hodge index theorem for adelic line
bundles on projective varieties over finitely generated fields proved by Yuan-—
Zhang [ , | and Carney | , ]. It can be viewed as a general-
ization of Theorem 6.5.1 from projective curves to projective varieties. We refer
to Theorem A.5.3 for a statement of the main theorem of Yuan—Zhang [ ]

To state the theorem, we start with the following general positivity notions.

Definition 6.5.6. Let k be either Z or a field. Let X be a flat and essentially
quasi-projective integral scheme over k. Denote by d the dimension of projective
models of X over k, and assume d > 1. Let L, M be adelic line bundles or adelic
Q-line bundles on X/k.

(1) We say that L is numerically trivial if L - Ny---Ng4_1 = 0 for any
Nl, tee 7Nd,1 in PlC(X/k})mt

(2) We say that M is L-bounded if there is a rational number e > 0 such that
both L 4+ eM and L — eM are nef.

To compare with the property “numerically trivial”, we recall the property
“pseudo-effective” in §5.2.6. In particular, if L is pseudo-effective, the top in-
tersection number L - Ny---Ngy_1 > 0 for any Ny, -+, Ng_1 in Pic(X/k)pet-
Moreover, the BDPP criterion in Theorem 5.2.14 gives an inverse of this state-
ment by passing to modifications of X.

The following notion is specific to our setting of the arithmetic Hodge index
theorem.

Definition 6.5.7. Let k be either Z or a field. Let F' be a finitely generated
field over k. Let X be a geometrically integral projective variety over F. Let L
be an adelic line bundle or an adelic Q-line bundle on X/k. Define the notion
L > 0 in the following two cases.

(1) If k = Z, we write L > 0 if L is ample, and L — N is nef for some
N € Pic(Z) with deg(N) > 0. Here the adelic line bundle N is viewed as
an element of Pic(X/k)int by the natural pull-back map.
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(2) If k is a field and F/k has transcendence degree d > 1, we write L > 0 if
L is ample, and L — IV is nef for some N € Pic(k; /k) with deg(V) > 0.
Here k1 /k is an intermediate extension of F/k of transcendence degree 1,
and the adelic line bundle N is viewed as an element of ﬁl\C(X /k)int by
the natural pull-back map.

Finally, the arithmetic Hodge index theorem is as follows.

Theorem 6.5.8 (] ) ) ). Let k be either Z or a field.
Let F be a finitely generated ﬁeld over k. If k is a field, assume that the tran-
scendence degree of F' over k is at least one and that k is algebraically closed
in F. Let m: X — Spec F' be a geometrically integral and geometrically normal
projective variety of dimension n > 1. Let M be an integrable adelic Q-line
bundle on X, and Lq,-++ ,Lp_1 ben—1 nef adelic Q-line bundles on X where
each L; is bzg on X. Assume M - Ly-+--L,_1 =0 on X. Then

_7T*<Ma Ma z17 o ;Ln—1>

is pseudo-effective in f/’i\c(F/khm@;
Moreover, if L; > 0, and M is L;-bounded for each i, then

7T*<M,M,Z1, o 7ZTL—1>

is numerically trivial in ﬁi\c(F/k')intQ if and only if one of the following two
cases holds:

(1) k=7 and M € 7*Pic(F/k)ins.0:

(2) ks a field and M € W*Isi\c(F/k)im’@—&—(trK/kPicO(X))@, where try , Pic’(X)
denotes the image of the natural composition

Pic®(Ag) —> Pic(4g) = Pic(Ag/k) —> Pic(A/k) —s Pic(X/k).

Here A = (@(;(/ered)v denotes the Albanese variety of X over F, and Ag
denotes Chow’s (F'/k)-image of A. The last two arrows are the pull-back
maps via the canonical map A — Ag and an Albanese map X — A.

If kK = Z and F is a number field, the theorem was proved in | ] (cf.
Theorem A.5.3); if k = Z and F is general, the theorem was proved in | ]; if
k is a field and F' has transcendence degree one over k, the theorem was proved
in [ ]; If k is a field and F is general, the theorem was proved in [ ]
Note that the cases of | , | require only the original theory of adelic
line bundles of Zhang | ]. We refer to the original references for proofs of
the theorem and the applications to algebraic dynamical systems.
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Appendix A

Review on heights and
arithmetic intersection
theory

One major motivation of Arakelov geometry is to apply geometric ideas, usually
inspired by algebraic geometry and complex geometry, to study Diophantine
problems. In this consideration, heights of algebraic points or subvarieties on
projective varieties are interpreted as arithmetic intersection numbers.

In this appendix, we review some major theories and important theorems
of Arakelov geometry with an emphasis on applications to heights. The first
intention here is to provide background materials for our new theory of adelic
line bundles on quasi-projective varieties. The second intention here is to provide
a historical account of Arakelov geometry for readers who are not familiar with
the theory. Due to limited space here, our exposition is very sketchy; due to the
limited ability of the authors, our exposition might miss many important parts
of the theory; due to various different mathematics settings, the terminology of
this appendix might be slightly different from the main body of this book. Our
exposition will roughly follow the chronological order of materials appearing in
history, with minor adjustments according to mathematics subjects. Roughly
speaking, §A.1, §A.2, and §A.3 give historical accounts of definitions of heights
and arithmetic intersection numbers; §A.5, §A.4, and §A.6 give an overview of
the more recent theory of arithmetic positivity and its applications to heights
of algebraic points.

In particular, §A.5 reviews Zhang’s old theory of adelic line bundles on pro-
jective varieties. This is used in §3.5 for a comparison of the old theory with
our new theory, which will be helpful to understand the new theory. Because of
this, §A.5 is written with more rigourous definitions.

Most materials of this appendix, if used in the main body of this book,
will be reviewed or quoted in the relevant part of the main body. For readers
unfamiliar with Arakelov geometry, it might be helpful to read this appendix
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before reading the main body of this book; for readers familiar with Arakelov
geometry, it is natural to read the main body without reading through this
appendix.

For a first course in Arakelov geometry, we refer to the textbook of Guo—
Yuan [ ].

A.1 Heights and degrees

In this section, we review Weil heights for projective varieties, Néron—Tate
heights for abelian varieties, Call-Silverman heights for polarized dynamical
systems, and Faltings heights of abelian varieties. We also introduce their rela-
tions to arithmetic degrees of hermitian line bundles on arithmetic curves. Our
basic references are Lang | ], Serre [ ], Bombieri-Gubler | ], and
Szpiro | , §1, §3]. For updated details, see Guo—Yuan | , §2, 83, §4].

A.1.1 Naive heights

Let us start with heights of algebraic points of projective varieties originally
introduced by Weil | ]

For each place p of Q in Mg = {00,2,3,5,7,---}, let Q, denote an algebraic
closure of the local field Q,. Endow Q, with the p-adic norm |- |, so that
|plp = 1/p for p # oo and that |- | is the usual absolute induced from C = Q.

For a point © = [zg, - ,x,] € P*(Q), the naive height of x is defined by

huael@) = s 30 Y lowmaxdla(aoy. - ol )

pEMy U:K—)@p

where K is a finite extension of QQ containing all x;, p runs through the set of
places of Q, and o runs through the set of embeddings from K to @p. This defi-
nition does not depend on the choice of the homogenous coordinate [xg, - - , zy)
and the field K. We can also express this height in terms of places v of K by

_ 1

hnaive (l‘) [K . Q]

Z log max{|zo|v, -, |Tnlv}s

vEMK

where Mg denotes the set of places of K, and the v-adic norm is normalized
by |z|, = |U(m)|z[)K”:Qp] for a place v of K above a place p of Q and for any
continuous homomorphism o : K, — @p.

In the simplest case x € P*(Q), taking ¢, -, 2, to be coprime integers,
we have

hnaivc(x) - logmax{|x0|oo, Tty ‘xn|oo}
Then hpaive(z) is essentially 1/(log10) times the maximum of the numbers of

digits of |z;]oc. Thus the naive height function is indeed a function to measure
the arithmetic complexity of rational points in P™.
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A.1.2 Height machine

As a convention, we write tensor products of line bundles additively throughout
the book.

The above naive height function induces height functions on every closed
subvariety X of P" defined over a number field K. Up to a bounded function on
X (K), this height function depends only on the line bundle L := O(1)|x, not on
the choice of sections of L defining the embedding. Thus, we have a well-defined
map L — hp from the set of very ample line bundles to the space of functions
on X (K) modulo the subspace of bounded functions. There are two important
properties: this map is additive and injective. Hence, we can extend this map

to the vector space Pic(X)g = Pic(X) ®z R to obtain a homomorphism

{R-valued functions on X (K)}

PiC(X)R — - —,
{Bounded R-valued functions on X (K)}

Ll—>hL.

This homomorphism is usually called the height machine, and every function
hy : X(K) — R representing the image of L € Pic(X)g under the homomor-
phism is called a Weil height function associated to L.

In 1949, Northcott | | proved a beautiful finiteness property for any
Weil height function hj associated to an ample line bundle L on X. Namely,
for any positive integers D and H, the set of points # € X (K) with degx < D
and hr(z) < H is finite. As a consequence, he proved a weak Mordell-Weil
property for an endomorphism f : X — X polarized by an ample line bundle L
in the sense that f*L ~ ¢qL for some integer ¢ > 1. We call a point z € X(K)
preperiodic if there are integers m > n > 0 such that f™(z) = f"(x). Then
the weak Mordell-Weil property of Northcott [ | asserts that the set of

preperiodic points in X (K) is finite.

A.1.3 Néron—Tate heights and Call-Silverman heights

In the height machine, for a fixed line bundle L, the Weil height Ay, : X(K) - R
is only unique up to bounded functions, and there is usually no natural choice
of hy. However, in the 1960s, when X = A was an abelian variety defined over
a number field K, a normalization of the height machine is found by Néron
in | ] and by Tate in an unpublished note. Néron’s definition is by a
decomposition into a sum of normalized local heights, and Tate’s definition is a
simple limiting argument as follows.
First of all, we have a decomposition

Pic(A)q = Pic(4)§ @ Pic(A)y

into (£1)-eigenspaces according to the action by the pull-back via [-1] : A — A.
Then for any element Lt € Pic(A)(S (resp. L~ € Pic(A)g) with a Weil height
function hp+ (resp. hr-), we define a normalized height in the class of hy+
(resp. hp-) by

hp- (z) ;== lim h(an).

n— 00 gqn n— 00 Qmn
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This is Tate’s limiting argument. It can be shown that h L+ is quadratic on A(K)
and h L is linear on A(K). In particular, they both vanish on the subgroup
A(K)tor of torsion points. Moreover, if LT is ample, then h 1+ 1s positive definite
on A(K)/A(K)tor- The normalized height is now called the canonical height or
the Néron—Tate height. It is an important ingredient for the formulation of the
refined Birch and Swinnerton-Dyer conjecture by Tate | ]

In 1993, Call-Silverman | ] generalized Tate’s limiting argument to any
endomorphism f : X — X on a projective variety X over a number field K and
any line bundle L on X so that f*L ~ gL for some integer ¢ > 1. In this case,
they defined the canonical height by

> _ h(f"())
Moreover, if L is ample (and thus gives a polarization of f), then we can do

a similar construction to give a canonical height function h v X(K) — R for
each M € Pic(X) so that

hae(f(2)) = hye (), VM € Pic(X), Vze X(K).

In fact, the polarization L implies that the action f* : Pic(X)¢ — Pic(X)c
is semisimple and all of its eigenvalues have absolute values ¢'/? or ¢. Thus,
we may apply Tate’s limiting argument to eigenvectors in Pic(X)¢. For more
details, see Yuan—Zhang [ ].

A.1.4 Hermitian line bundles on arithmetic curves

Let K be a number field with the ring Ok of integers. Then we have an arith-
metic curve Spec Og. This curve can be compactified by adding the set of
archimedean places v | oo. Let £ be a line bundle on Spec Ok, which can be
identified as a locally free Ox-module of rank 1. The line bundle £ can be
compactified by adding a v-adic norm on £, = L ®o, K, for each archimedean
place v, i.e. a nonzero map

|- 1lo: Lo — Rxo

satisfying
lal]l, = lalu||€l]v, Vae K,, L€ L,.

We call the pair £ = (£, ]| - ||) a hermitian line bundle on Spec Of. The arith-
metic degree of L is defined by

deg(L) = log #(L/t0k) — > log ||¢]].,
v|oo

where ¢ € £ is a non-zero section.
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Denote by 151\(3(0 k) the isometry group of hermitian line bundles on Spec Ok .

Taking arithmetic degrees gives a homomorphism d/e\g : 151\(;(0 k) — R. Then we
have an exact sequence

0 — (R")°/1log O — Pic(Ox) — Pic(Ok) x R — 0,

where 7 is the number of archimedean places of K, (R")? is the space of a =
(ay) € R" with ), a, = 0, the first nonzero map sends a = (a,) € R” to the
hermitian line bundle O(a) = (O, || - ||) with metric given by ||1]|, = e~ %,
the second nonzero map is the combination of the forgetful map and the degree
map.

A.1.5 Faltings heights

As one application, we introduce the modular heights for abelian varieties over
number fields defined by Faltings | ] in his proof of the Mordell conjecture
in 1983. Let A be an abelian variety of dimension g over a number field K. By
Grothendieck’s semistable reduction theorem, there is a finite extension K’ over
K so that the base change A = A ® ¢ K’ has a semi-abelian model A’ over
O . Then we have the Hodge bundle of invariant g-forms by

E3
Warj0,, = N€EQa 0,

where e : Spec O} — A’ is the zero section. This bundle has a Faltings metric,
at each archimedean place v of K’, defined by

29
A, (C)

Thus, we obtain a metrized line bundle & 4,5, ,. Then we define the stable
Faltings height by

1 ~
hra(A) := W deg(gA//OK,).

This height does not depend on the choice of K'.

A.1.6 Riemann—Roch and positivity

As in classical algebraic geometry, one expects a Riemann-Roch theorem for the
hermitian line bundle £ on Spec Ok to count the number of effective sections,
or more precisely, to estimate

RO(L) :=log#{l e L: |||, <1,Vv | oo}

By Minkowski’s theorems, it is reduced to estimate the covolume of the lattice
L in the Euclidean space Lg = £ ®z R with a norm defined by || - ||,. Thus, we
define the Euler characteristic of £ by

X(£) := —logvol(Lr/L),
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where we normalize the Haar measure of Lg = II,|cL, so that the product
of unit balls of £, has measure 1. Then, the Riemann—-Roch theorem has the
classical form:

X(Z) = d/e\g(Z) + x(Ok), x(Ok) = 10g(2T17TT2|DK|_1/2)’

where r1, 79 are respectively the numbers of real and complex places of K, and
Dy is the discriminant of K.
By Minkowski’s first theorem,

hO(L) > X(L£) - [K : Q]log 2.

Thus 7°(L) # 0 if deg(L) > log((4/7)"?|D|"/?). Moreover, if deg(L) > 0, then
by Minkowski’s first and second theorems, for any hermitian line bundle M, we
have the asymptotic formula

nO(nL + M) = nd/e%(Z) + o(n), n — oo.

In | ], Szpiro applied this terminology to give a new treatment of classi-
cal results in algebraic number theory, such as the finiteness of the class group,
the Dirichlet unit theorem, the simple connectedness of SpecZ, and Hermite’s
finiteness theorem on number fields with bounded discriminants.

A.1.7 Adelic line bundles on arithmetic curves

As an obvious generalization, we can replace Spec Ok by its generic point
Spec K, and consider a line bundle L on Spec K with an adelic metric || - ||a.
Equivalently, for each place v of K, we have a K,-metric |||, on L, = L&k K,
such that for any nonzero ¢ € L, the metric |||, = 1 for all but finitely many
v. The pair L = (L, || -||) form an adelic line bundle on Spec K. In this way, we
have a simple formula for the arithmetic degree by

deg(L) :=— Y log]lll.-

vEME

There is a natural injection P/’i\c(OK) — 151\(:(K ) by sending a hermitian line
bundle £ = (£, || - ||) to the adelic line bundle (Lk, || - ||a) whose K,-metric
Il |lo on Lk @k K, at any non-archimedean place v is given by the unit ball

L ®0, Ok,. The injection is compatible with the arithmetic degrees.

A.1.8 Hermitian line bundles on arithmetic varieties

Let K be a number field. By an arithmetic variety X over Ok, we mean
an integral scheme X endowed with a projective and flat morphism = : X —
SpecOk. Note that we require arithmetic varieties to be projective in this
appendix, which is different from the convention of the main body of this book.

In this way, we call X an integral model of the projective variety X = Xi. As
Spec Ok can be compactified by adding archimedean places, X can compactified
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by adding the complex space X, := ]_[v‘00 X(K,). For the sake of notations,
it is more convenient to use the complex space X(C) =[] .x_ ¢ X-(C), where
X(C) = Homgz(SpecC, X) and X,(C) = Hom (o,  »)(SpecC, X).

By a hermitian line bundle X', we mean a pair £ = (£, ||-||) consisting of a line
bundle £ on X and a continuous metric || - || of the corresponding line bundle
L(C) on X(C) which is invariant under the complex conjugate. Compatible
with the main body of this book, the metrics of hermitian line bundles are only
required to be continuous; if we require the metric to be smooth, we will mention
it specifically.

Now £ defines a height function hz : X(K) — R on X = Xk. In fact, for
any algebraic point x € X (K), we have a morphism Z : Spec Og(py — X so
that Ty is the closed point of X defined by x. We then define the height of =
for £ by

_ deg(z*L)
"= K (py @

It is clear that this formalism defines a R-linear homomorphism
lgi\c(X)R — {R-valued functions on X (K)}, L+ hz.

Here P/’l\c()( ) denotes the group of isometry classes of hermitian line bundles on
X. We claim that the homomorphism is compatible with the height machine via
the natural map Pic(X)r — Pic(X)g, or equivalently that hz is a Weil height
on X for L = L.

To prove the claim, we first note that it depends only on (X, L); i.e. for two
different such pairs (X, Z) and (X’,L ) over Ok with generic fibers (Xk,Lk)

and (X, L% ) isomorphic to (X, L), the difference hz—h is bounded on X (k).
Second, we take X =P and £ = O(1) with a hermitian metric defined by

|a0t0 + .+ antn|
o (P) = ’
” ”00( ) max{|to|,"' 7‘tn|}

P= [th"' 7tn}v

where the global section ¢ of £L(C) on X(C) is represented by the homogeneous
polynomial apxo + - -+ + ap2, with a; € C. The resulting height function hz in
this case is exactly the naive height function hpaive : P*(Q) — R. This proves
the claim for X = Pgj, and thus for general (X, L) over K by embedding into

projective spaces over K.

A.1.9 Faltings heights via hermitian line bundles

Now we deal with the Faltings heights for abelian varieties. Fix a positive integer
g, let Sy denote the moduli space of principally polarized abelian varieties with
some fine level structure, and let S be a toroidal compactification of S, over
Z. Then S is an arithmetic variety over Z with a universal semi-abelian scheme
A—S.

We have the Hodge bundle w = A9¢*Q 4,5 where e : & — A is the zero
section. Over the open part S4(C) of S(C), we have a Faltings metric || - ||pal
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on w defined by glueing the Faltings metrics on fibers of w on S;(C). By the
above procedure, the resulting metrized line bundle @ defines a height function
hg : Sy(Q) — R, which glues Faltings heights in that hg(s) = hpai(As) for any
s € 94(Q).

The Faltings metric on w is smooth on S¢(C), but not continuous along the
boundary S(C) \ S,(C). In fact, Faltings proved that the metric on w has a
log-log singularity in the sense that for every point zg € S(C) \ S,(C), there is
an open neighborhood U C S(C) of zy such that the boundary Z = U \ S4(C)
is defined by equations f1,- -, fx on U, that the restriction w|y is generated by
a section «, and that there is a constant C' > 0 satisfying

k

< Clog(—log(Z\fi(z)\)), Vzel.

=1

log [[a(2) [ par

As a consequence, Faltings proves that the height function hg : S,(Q) — R
satisfies the Northcott property. We will see that the metrized line bundle @ on
S, is a canonical example of an adelic line bundle on a quasi-projective varieties
in our theory.

In the end, let us try to treat the Néron—Tate height function, or more gen-
erally the Call-Silverman height function in terms of hermitian line bundles.
Then, we immediately realize that we could not do it directly as an algebraic
dynamical system over a number field does not necessarily extend to a (projec-
tive) arithmetic variety. To cover Arakelov theory for these heights, we need
to introduce adelic metrics. The key point is to define continuous metrics on
algebraic points over non-archimedean fields. This will be the main topic in

§A.5.

A.2 Arithmetic surfaces

In this section, we describe intersection theories on arithmetic surfaces based on
the works of Arakelov | ], Faltings | |, Deligne | ], Szpiro | 1,
and Zhang | , ]. See also Szpiro | , §2] and Guo—Yuan | ,
85]. We will only deal with arithmetic varieties over Z. Of course, most results
hold for a function field of one variable over a field.

A.2.1 Deligne pairings

Let S be a noetherian scheme, and let 7 : X — S be a flat and proper family
of curves which is a local complete intersection. Let Pic(X) be the groupoid of
line bundles on X; i.e. Pic(X) is the category whose objects are line bundles on
X and whose morphisms are isomorphisms of line bundles on X. The Deligne
pairing, first introduced by Deligne [ ], is a canonical bilinear functor

Pic(X) x Pic(X) — Pic(S), (L, M) —s (L, M).
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At a point s € S, the fiber (L, M)(s) is generated by symbols (¢, m) indexed by
nonzero rational sections £ and m of L|x, and M|x_ with |div(€)|N|div(m)| = 0,
such that for any rational function f on X with |div(f)| N |div(m)| = 0,

(ft;m) = f(div(m)) (¢, m).

Here we take the multiplicative convention f(}", a;x;) = [[; f(z;)* for values
of f on divisors.

Moreover, let w = wy,s denote the relative dualizing sheaf of 7. Then we
have a functorial Riemann—Roch isomorphism

2det Rm,L—(L, L — w) + 2det Rm,Ox. (A1)

This isomorphism is unique up to multiplication by +1.
If 7 is smooth, then there is a functional Noether isomorphism

a: (w,w)—=+12det R w.

If 7 is only smooth at every generic point of S, then the above isomorphism
defines a Cartier divisor A on S, called the discriminant of 7, so that o induces
an isomorphism

a: {w,w) ® O0gs(A)—>12det Rr.w. (A.2)

If 7 is a fibration from a smooth projective surface X to a smooth projective
curve S over a field, then taking degrees gives us a Riemann—Roch formula

deg(det Rm, L) = 1L2 - 1L cw+ i(o.;2 +degA).
2 2 12
This induces the classical Riemann-Roch theorem for X using the Riemann—
Roch theorems on S and on the generic fiber of X — S.
If X and S are smooth complex varieties, then the Deligne pairing can
be extended to hermitian line bundles with smooth metrics to get a canonical
bilinear pairing

Pic(X)om X Pic(X)om — Pic(S), (L, M) — (L, M).

Here 73;(X )sm denotes the category of hermitian line bundles on X with smooth
metrics. The metric of (L, M) at a point s € S is given by

log [ (£, m)|| = / ‘longchl(W) + log [|ml|(div(¢)).

s

Here we take the additive convention log ||m||(}_; a;z:) =}, a;log ||m(x;)| for
values of log ||m| on divisors. The metric on (L, M) is continuous with the
curvature form given by

o1 (T, 7)) = / e1(T)er (),

X/s
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As a dilation, let us note that Deligne | ] speculated a similar pairing for
suitable projective morphisms 7 : X — S of general relative dimension n > 0.
Then we need construct a line bundle on S from n + 1 line bundles on X. This
problem was settled by by Elkik [ | assuming that 7 is projective, flat, and
Cohen—Macaulay, and by Munoz Garcia | | assuming that 7 is projective,
equi-dimensional and of finite Tor-dimension (which implies the projective and
flat case). Moreover, if 7 is a projective and smooth morphism of complex
varieties, Elkik | ] also treated Deligne pairings of hermitian line bundles
with smooth metrics.

A.2.2 Quillen metric

Let X be a compact Riemann surface whose canonical sheaf w is endowed with
a smooth hermitian metric. We write the data as X = (X,@). Let L = (L, | -||)
be a hermitian line bundle with a smooth metric on X. We want to put a norm
on det H*(X,L). Notice that the cohomology H*(X, L) can be computed by
the Dolbeault complex

000(L) 25 QOY(L).

The metric on w defines a volume form du = %a A& on X, where « is a (1,0)-

form with norm 1 under the metric of w. Thus, we have L?-norms on the space
of smooth forms. The Quillen metric on

det H*(X, L) := (det H°(X, L)) ® (det H'(X, L))¥
is formally defined by the formula
det H*(X,L)g = (det Q%°(L)12) @ (det Q°(L) =),

provided a reasonable regularization of the right-hand side.
Notice that the L?-norms on smooth forms induce L?-norms on the coho-
mology groups by the orthogonal decomposition

QO’O(Z)I} = HO(X,Z)L2 D (keré)J‘,
QYN (L): =Imo @ HY(X, L) 2.
Thus, for an element ¢ of det H*(X, L), the Quillen metric is defined by
el = lléllz= - || det &' 7,

where 0’ : (ker d)t — Im 0 is the restriction of 9. As a convention of metrized
line bundles twisted by a number, we may write

det H*(X,L)g = det H*(X, L)12(7(L))
with 7(L) Quillen’s analytic torsion formally given by

7(L) = log || det 9’|



A.2. ARITHMETIC SURFACES 221

_ To define Quillen’s analytic torsion, we consider the adjoin operator 0* of
0 and form the Laplacian operator A := 9*9 on Q%9(L). Then we have an
orthonormal basis {¢; }; formed by eigenvectors p; of A with

Ap; = Nip;.
The space (ker d)* is spanned by those o; with \; > 0. By definition, it is

easy to see that Op; are orthogonal to each other. Thus we have the formal

expression
Idet&'* = TT 19¢ill® = TT Ao
Ai>0 ;>0
To regularize the last infinite product, Quillen uses the zeta function

) => A\

A >0

This function is convergent if Re(t) is sufficiently large and has a meromorphic
continuation to the complex plane. Taking derivative at ¢ = 0, we get formal
equalities

¢ (0) = — Z log \; = —2log || det &'||.

Ai>0

Therefore, Quillen’s analytic torsion is rigorously defined by
— 1 ,
7(L) := —§Cf(0).

A.2.3 Deligne’s Riemann—Roch Theorem

Let X be a compact Riemann surface, and let X = (X,@) be a pair as above.
Deligne proves that the Riemann—Roch isomorphism and the Noether isomor-
phism are isometries for the Quillen metrics:

2det H*(X,L)o—(L,L — @) +2det H*(X,Ox)q,

(@, @)-">12det H*(X,Ox)q-

Write 7(X) = 7(Ox). Then 7(X) measures how far the Kihler manifold X
becomes singular. In fact, —127(X) is the right archimedean analogue of the
discriminant for X over a non-archimedean field. Thus, we modify Deligne’s
determinant by

det H*(X, L) := det H*(Y,Z)Q(—T(X)). (A.3)
Then we obtain
2detH*(Y,f)i><f,f—w>+2detH*(Y,(’)X)L2, (A.4)

(@,@)(~127(X)) 12 det H*(X, Ox) 12 (A.5)
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Finally, we notice that the metric on the bundle A(X) := det H*(X,Ox )2
does not depend on the choice of the metric on w. In fact, if the genus g(X) = 0,
then A(X) is the trivial bundle. If g(X) > 0, then A\(X) is canonically isomorphic
to det I'(X,w) with the norm defined by the L2-product

<a,ﬁ>=%/}(o¢/\,§.

A.2.4 Arakelov pairings

Let X be a compact Riemann surface with a Kéhler from du of total volume
1. Then we have a Green function g : X x X \ A — R of smooth type which is
symmetric and satisfies the equation of distribution:

00z (e, y) = b,(2) — dpu(x).

™

This defines a hermitian line bundle Oxxx(A) with a smooth metric given
by the formula —log ||1||(z,y) = g(z,y). By linearity, this gives an Arakelov
pairing (D, E)4 = g(D, E) for two divisors D, E on X with disjoint supports.

A hermitian line bundle L with a smooth metric on X is called admissible
if ¢;(L) = (deg L) - duu. Here is an example of admissible line bundles. For any
P € X, we have a metrized line bundle O(P) by taking restriction of O(A) to
{P} x X. We extend this to define O(D) for any divisor D on X by linearity.

Restricting to the diagonal, we also get a dualizing sheafo = (A*Oxxx(A))Y
for du. A main result of Arakelov | ] is that there is a unique Kéhler form
dp on X of total volume 1 so that w is admissible for du. In fact, it can be
expressed by

i
d ———g i N\ Qg
n oF i a; N &y,

where a1, - -, o is an orthonormal base for I'(X,w)ro.
Now for any two divisors D and E with disjoint supports, the Deligne pairing
agrees with the Arakelov pairing in the sense that

(O(D),0(E)) ~ C(9(D, E))

holds as an isometry of metrized complex lines. Moreover, we have the adjunc-
tion formula

(@(P),0(P))—&(P)|p—=C,

where the second arrow is defined by taking residue at P.

For Arakelov metrics, Faltings | | constructed a metrized determinant
for admissible line bundles without using Quillen metrics. In fact, for any line
bundle L on X and any point P € X, the exact sequence

0— L — L(P) — L(P)|lp —0
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induces canonical isomorphisms
det H*(X, L(P))—>det H*(X,L) ® L(P)|P"s det H*(X,L) ® (L ® w™1)|p.

Hence, for any admissible hermitian line bundle L on X, there is a unique way to
attach a norm on the complex line det H* (X, L) such that the resulting metrized
line det H*(X, L) satisfies the following two rules:

det H*(X,L(P)) p—det H*(X,L)r ® (L@@ Y)|p.
det H*(X,O(c))p—> det H*(X,Ox)r2((1 — g)c), VeeR.
By this construction, we have the same Riemann—Roch theorem given by
2det H*(X,L)p—>(L, L — @) + 2det H*(X,Ox) 2.

Thus, Faltings’s determinants agree with Deligne’s modified determinants.

A.2.5 Arithmetic surfaces

Now we consider a projective and flat morphism 7 : X — S = Spec O with
A regular of dimension 2, and O the ring of integers of a number field K.
We call X an arithmetic surface over Ok. Let Pic(X)sm denote the category
of hermitian line bundles with smooth metrics on & in which morphisms are
given by isometries, and let Pic(X)sy be the group of isomorphism classes of
ﬁ(.’c’)sm. Then we have the Deligne pairing

Pic(X)sm X Pic(X)an — Pic(S), (L, M) — (L, M).
Taking arithmetic degrees, we obtain Deligne’s intersection pairing
Pic(X)gm x Pic(X)gn — R, (L, M) — L - M := deg((L, M)).

Let w = wx/0, be the relative dualizing sheaf. Endow w with a smooth
hermitian metric, so that we have a hermitian line bundle @. We write X for
the pair (X,w). For each hermitian line bundle £ with a smooth metric, we
have a hermitian line bundle det H*(X,£) on S with the normalized Quillen
metric in (A.3). We apply the Riemann-Roch formulae (A.1), (A.4) and the
Noether formulae (A.2), (A.5) to obtain the following arithmetic Riemann—Roch
theorem and arithmetic Noether formulae:

— _ 1— —
deg(det H*(X, L)) = §£ (L — @) + deg(det H*(X,Ox) z2),
— 1 _
deg(det H*(X,0x)r2) = E(@2 +deg A(X)),
where A(X) is the arithmetic discriminant divisor of X'/S on S defined by

A(X) =) ordy A(X)[v] = 12 7(X,)[v].

vtoo v|oo
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Now assume that @ carries the Arakelov metrics, and that £ is admissible.
Then the above formulae are exactly the arithmetic Riemann—Roch theorem
and the arithmetic Noether formula proved by Faltings | ].

As in the case of arithmetic curves, the first application of the arithmetic
Riemann—Roch theorem is a criterion for the effectivity of hermitian line bun-

dles. An effective section of a hermitian line bundle £ on X is a section
s € H°(X, L) such that

Isllsup = sup |ls]|(x) < 1.
©

EAS

For a hermitian line bundle £ with a smooth metric, we say that £ is rela-
tively semipositive if £ has a semipositive curvature form at infinite places and
non-negative degree with all curves in the special fibers. Then Faltings [ ]
proved the following theorem.

Theorem A.2.1. Assume that L is relatively semipositive on X, that L is

. , —2
ample on Xk, and that the self-intersection number L > 0. Then for suffi-
ciently large integer n, the tensor power nL has a non-zero effective section.

The second application of the arithmetic Riemann-Roch theorem is the
arithmetic Hodge index theorem for the intersection pairing on Pic(X). We
call a hermitian line bundle £ on X vertical if the generic fiber Lx is isomor-
phic to the trivial line bundle Oy, on Xx.

Theorem A.2.2 (arithmetic Hodge index, Faltings [ ], Hriljac | D). Let
L be a hermitian line bundle with a smooth metric on X such that deg L = 0.
Then 22 <0, and 22 = 0 4f and only if L = m*M for a hermitian line bundle
M on S. Moreover, if L is perpendicular to all vertical hermitian line bundles,
then )

L7 =-2[K:Q|h(LK),

where /H(L'K) is the Neron—Tate height of Lx € Jac(Xk)(K) with respect to the
theta divisor.

This theorem was proved independently by Faltings [ ] and Hriljac
[ |. As a beautiful application of this Hodge index theorem, Faltings | ]
proved the semi-positivity (or equivalently nefness) of the relative dualizing sheaf
with the Arakelov metric; i.e. hg(x) > 0 for all z € X (K), and @? > 0.

A.2.6 Arithmetic ampleness

As in classical algebraic geometry, we have a numerical criterion for arithmetic
ampleness as follows. Let (X,L) as above. Namely, £ is a hermitian line
bundle with a smooth metric on an arithmetic surfaces X. We say that £

is arithmetically ample if for any hermitian line bundle M, the Og-module
HO(X,nL + M) is generated by effective sections.
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Theorem A.2.3 (Nakai-Moishezon theorem, | 1). Assume that L is rela-
tively semipositive. Then the following conditions are equivalent:

(1) L is arithmetically ample;

(2) (Te\g(Z\y) > 0 for any arithmetic curve Y in X.

Motivated by Szpiro’s idea in [ 1, L’ should be related to the essential
minimum e’(£) of the height function
_ deg(Zls) e
hﬁ(‘r)_?gl" l’eXK(K),

where T is the Zariski closure of x in X'. The following theorem of successive
minimum gives a quantitative relation between these heights. More precisely,
we define the successive minimum of £ by the following formulae:

e(£)= inf hg(z), ¢'(£) = liminf hz(z),
zeX(K) z€X(K)

where liminf denotes the smallest limit point. Then we have the following
theorem.

Theorem A.2.4 (successive minimum, Zhang [ D). Assume that deg(Lx) >
0 and that L is relatively semipositive. Then

One consequence of the theorem is that small points are dense in X if and
only if Z’=o.

A.2.7 Non-archimedean admissible pairings

Let K be a discrete valuation field and X/K a smooth projective curve of
positive genus. Using an idea of Chinburg—Rumely [ ], the work of Zhang
[ ] gave an extension of the Deligne pairing to K-metrized line bundles over
X using metrized graphs. Replacing K by a finite extension, we may assume
that X has a semistable minimal regular model X over Og. Then for any finite
extension K’ of K, Xk has a semistable minimal regular model X’ over Og:.

Let G = Gk be the dual graph of the special fiber X}, of X over the residue
field k£ of Ok. Then Gk has the vertex set Vi parameterizing the irreducible
components of X and the edge set EFx parameterizing the double points of X.
We make G a metrized graph so that each edge has length 1. The reduction
process defines a map

K : X(K) — GK.

Let F(G) be the space of functions on G, which is piecewise smooth with finite
directional derivatives at non-smooth points. Then we have a Laplacian operator
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A(f) as a measure F(G) defined by —f”(z)dx on smooth sides and by f'(x)d,
at singular points z. Denote by Divy (X') the group of vertical R-divisors of X,
i.e. R-linear combinations of the irreducible components of the special fiber X}.

Then we have a map
Fy : DiVV(X) — F(G)

which sends a vertical divisor D of X to the function Fp € F(G) which is linear
on Ex and whose value on a vertex v is just ord, (D).

Let K'/K be a finite extension of ramification index e. Then we have a
canonical identification between the dual metrized graphs G and G-, where
Vi is equal to the union of the sets of n-section points of edges in Ex. The
maps rx and Fg are compatible with rx and Fg/. Let Divy (X5) be the direct
limit of Divy (Xk+) over all such K’. Then we have reduction maps

r:X(K)— G,  F:Divy(Xg) — F(G).
Through 7, we may consider elements of F(G) as functions on X (K).

Now we denote by ﬁg(X ) the category of K-metrized line bundles L =
(L,]|-|)) on X(K) so that there is a finite extension K’ over K and a line bundle
L over X' satisfying L = L(f) in the sense that | - || = || - ||z exp(—f) for some
function f € F(G). For each L € ﬁg(X), we have a curvature map c1(L) on
F(G) extending the intersection pairing between vertical cycles and line bundles
on integral models X’. Now for two metrized line bundles L and M represented
by L(f) and M(g), we define their Deligne pairing as

(L, 7) = (£, M) ( Lo+ [ sann- [ ng).

Let dy be a measure on G of volume 1. Then a metrized bundle in ﬁg(X )
is called admissible for du if ¢1(L) = (deg L) - du. For such a measure du, we
can construct a Green function g(x,y) on G x G. This will give a metrized line
bundle O(A) as the usual line bundle on Oy« x twisted by g(z,y). In this way,
for any P € X(K), we have an admissible line bundle O(P). By linearity, we
get an admissible metrized line bundle O(D) for any divisor D of X.

Restricting to the diagonal, we also get dualizing sheaf @ = (A*Ox2(A))V.
The first main result in | ] is the existence of a unique semipositive measure
dp, on G so that the dualizing sheaf @, is also admissible. We call such a metric
an admissible metric. The second main result is a comparison between @, and
the relative dualizing sheaf wy /0, of the semistable model X with the Arakelov
metric. The final result gives

<wX/OK7wX/OK> = <w@’@a>(c)'

We have ¢ > 0, and ¢ = 0 if and only if g(X) = 1 or X has a potentially good
reduction.

Now we return to the global situation in which K is a number field, and X
is a smooth and projective curve over K of genus > 2. Then we can certainly
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define the Deligne pairings for adelic metrized line bundles in a natural way. We
also have the Riemann—Roch theorem, Hodge index theorem, and the theorem of
successive minima. Most importantly, we have an admissible adelic line bundle
@, so that for any P € X(K),

~

(@a = (29 = 2)0(P))* = —2[K : Qlh(w — (29 — 2)P).

These facts imply that @3, > @2, and the equality holds if and only if X has
good reduction everywhere. Here W, = (wWx /oy, || [|ar) is the relative dualizing
sheaf of the global minimal regular model X over O with the Arakelov metric at
archimedean places, and X" is assumed to be semistable, which can be achieved
by passing to a finite extension of K. They also imply that w? > 0, and
that w? > 0 if and only if the Bogomolov conjecture holds for the embedding
X — Jac(X) using the base class w/(2g — 2). Recall that the Bogomolov

conjecture in this case asserts that

liminf h(w — (2g — 2)P) > 0.
PeX(K)

The Bogomolov conjecture, in this case, is eventually proved by Ullmo | ]
using an equidistribution theorem of Szpiro-Ullmo—Zhang | ].

It is worth mentioning that we can re-construct the term @, as an adelic line
bundle on X in terms of certain pull-back of invariant adelic line bundles on the
Jacobian variety. We refer to the appendix of Yuan | ] for more details on
this interpretation.

A.3 Arithmetic intersection theory

In this section, we sketch intersection numbers of hermitian line bundles essen-
tially due to Deligne | |, intersection theory of arithmetic Chow groups of
Gillet—Soulé | |, the arithmetic Riemann—Roch theorem due to Gillet—Soulé
[ ], and an arithmetic Hilbert—-Samuel formula due to Gillet—Soulé | ].
For updated details, see Guo—Yuan | , 84, §6, §7].

A.3.1 Definitions of arithmetic intersections in history

Let us briefly recall the history of development of the definitions of arithmetic
intersections. In 1974, the pioneering work of Arakelov | ] introduced an
arithmetic intersection theory of hermitian line bundles with admissible met-
rics (or equivalently arithmetic divisors with admissible Green functions) on
arithmetic surfaces. The work of Faltings [ ] was also based on Arakelov’s
original setting. However, the assumption of admissible metrics seems very re-
strictive in application and very hard to generalize to high codimensions, and it
is imperative to have a canonical intersection number of any two hermitian line
bundles. In the work of Deligne [ , §6], from the Deligne pairing of hermi-
tian line bundles, we have immediately obtained a definition of such an intersec-
tion number. Moreover, Deligne proved an arithmetic Riemann—Roch theorem
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using the Quillen metrics, which generalized Faltings’s arithmetic Riemann—
Roch theorem. This gives a satisfactory intersection theory on arithmetic sur-
faces.

For general dimensions, Deligne’s intersection formula on arithmetic surfaces
can be easily generalized to get a canonical definition of arithmetic intersection
numbers of d hermitian line bundles on an arithmetic variety of dimension d.
This can also be seen from Elkik | , |, which generalizes the Deligne
pairing to general relative dimensions. This intersection theory is sufficient for
the purpose of this book.

To obtain a full arithmetic intersection theory, we need to extend the above
intersection theory to arithmetic cycles of arbitrary codimensions. This was
done by the foundational work of Gillet—Soulé [ ], where they introduced
the concept of arithmetic Chow cycles, where Green functions for divisors are
generalized to Green currents for Chow cycles, and defined intersections of two
arbitrary arithmetic Chow cycles as a new arithmetic Chow cycle. Moreover,
Gillet—Soulé [ ] proved an arithmetic Riemann-Roch theorem in the style of
Grothendieck’s Riemann—Roch theorem, which generalizes Deligne’s Riemann—
Roch theorem to morphisms of arithmetic varieties.

A.3.2 Intersection theory of hermitian line bundles

Let K be a number field, and let X’ be a projective arithmetic variety over Ok .
Recall that a hermitian line bundle £ = (£, || - ||) on X consists of a line bundle
L on X and a continuous metric of £(C) on X(C) invariant under the action of
the complex conjugate. Note that we do not assume that X'(C) is smooth. We
say that the metric || - || is smooth if there is an open covering U; of X (C) by
complex open subsets and analytic embedding U; — V; into complex manifolds
V; so that the hermitian line bundle Z\Ui is the restriction of some hermitian line
bundle M; with a smooth metric on V;. Then we can define the curvature c; (£)

as a smooth form on X(C) locally as the restriction of ¢1(M;) = @ log ||my]|
where m; is an invertible section of M; on V;. "

Let Z be a closed integral subscheme of X of dimension d > 1. We say that
Z is horizontal if Z — Spec Ok is surjective; we say that Z is vertical if the
image of Z — SpecOf is a closed point. Let Li,---,L4 be d hermitian line
bundles with smooth metrics on X'. Then we define the intersection number
Ly - Ly Ly [Z] by induction on d as follows.

If d = 1, denote by Z — Z the normalization, and by ¢ : Z — X the induced
finite morphism. If Z is vertical, then Z is a smooth projective curve over a
finite field F),, and we define £y - [Z] = degp (¢*L1)logp. If Z is horizontal,
then Z is isomorphic to an arithmetic curve Spec Ok~ for some finite extension
K’ of K, and we define L - [Z] = deg(o*L1).

If d > 1, we take a nonzero rational section ¢4 of L4 over Z. Assume that
div(lq) = ), a;Z; with a; € Z and Z; integral subschemes of Z of dimension
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d — 1. We define

Zl . 'Zd . [Z] = Zai 21 H 'Zd—l . [ZJ — / IOg ||£dHcl(Zl) s C1(Zd_1).
i Z(C)

Here we take the convention that the integral on the right-hand side is zero if
Z(C) = @, which happens if Z is vertical.

With commutative algebra and the Stokes formula, we can prove that the
intersection number is independent of the choice of ¢; and the ordering of
Ly, ,Lq. When Z = X, we simply write £y --- Ly for Ly ---Lg - [X].

One main application of the intersection theory is to introduce the arithmetic
degree of a subvariety Z of X = Xk by

— —dim Z+1 =
degz(Z2) =L - 1Z],

where Z is the Zariski closure of Z in X. This was the height used by Faltings
[ | in his proof of the Mordell-Lang conjecture for subvarieties of abelian
varieties. However, when studying the positivity of the heights as in [ ,

] and particularly its relation to small points, it is more convenient to
normalize this height function by

deg(Z)
(dim Z + 1) deg,, (Z)’

hz(Z) =

where deg,, (Z) = L3P™Z . [Z] is the degree of Z for L on the generic fiber.
The definition works only if deg, (Z) # 0, but this condition is easy to satisfy.
In fact, Lk is usually ample on X in practice.

A.3.3 Arithmetic divisors

There is a notion of arithmetic divisors equivalent to the notion of hermitian
line bundles. For completeness, we recall the definition briefly.

An arithmetic divisor D = (D, gp) consists of a Cartier divisor D on X
and a Green function gp of D on X invariant under the action of the complex
conjugate. Here a function gp : X(C) \ |D|(C) — R is called a Green function
(resp. Green function of smooth type) of D on X if for any open subset U of
X (C) on which D(C) is defined by a single equation f, the function gp + log |f|
on U\ |D|(C) can be extended to a continuous function (resp. smooth function)
on U.

Any global rational function f on X induces a principal arithmetic divisor
&R/( f) == (div(f),—log|f]). Two arithmetic divisors are linearly equivalent if
their difference is a principal arithmetic divisor.

Denote by Pic(X) the group of isometry classes of hermitian line bundles,

and denote by @I(X ) the group of linear equivalence classes of arithmetic

divisors. There is a canonical isomorphism F/’I\C(X ) — @I(X ), which sends a
hermitian line bundle £ on X to the linear equivalence class of the arithmetic
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divisor al\v(é) = (div(€), —log ||¢||). Here ¢ is any nonzero rational section of
L on X. In this isomorphism, hermitian line bundles with smooth metrics
corresponds to arithmetic divisors with Green functions of smooth type.

A.3.4 Intersection theory of arithmetic Chow cycles

Now let us sketch the arithmetic intersection theory of arithmetic Chow cycles
of Gillet—Soulé [ ]

Let X be a regular scheme which is flat and quasi-projective over Z. Note
that we do not require X to be projective for the moment, but we require it
to be regular here. An arithmetic Chow cycle of codimension p on X" is a pair
Z =(Z,gz), where Z is a Chow cycle of codimension p on X and gz is a Green
current of Z(C) on X(C). Namely, gz is a (p — 1,p — 1)-current on X(C) such

that
ddgz +dzc) = [w]

for some smooth (p,p)-form w on X(C), and we further require the complex
conjugate transfers gz to (—1)P"1gz.

For a pair (Y, f) where Y C X is a closed integral subscheme of codimension
p — 1 and f is a rational function on ), define the corresponding principal
arithmetic Chow cycle to be a Chow cycle of codimension p on X given by

divae(f) = (diva (), [~ log |flx) -

Here both terms on the right are understood via push-forward by Y — X.
The arithmetic Chow group of codimension p on X is defined as

P

CH' (X) = ZP(X)/RP(X).
Here ZP(X ) is the group of arithmetic Chow cycles of codimension p on X', and
Rr (X) is the subgroup of Zr (X) generated by all principal arithmetic Chow
cycles of codimension p, and the images of the operators 0 and @ on currents
on X(C).
Finally, Gillet-Soulé’s intersection theory gives a bilinear pairing

——p+q

CH (X)g x CH'(X)g — CH(X)q,

which refines the intersection pairing of Chow groups of X. If X is further
projective (or just proper) over O, there is a natural arithmetic degree map

—  ——dimX
deg : CH (X) — R

Composing with this degree map, we can get an intersection pairing

——dim X —p

CH (X) x CH (X) — R.
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A.3.5 Arithmetic Riemann—Roch theorem

Let us introduce Gillet—Soulé’s arithmetic Riemann—Roch theorem. Let f : X —
Y be a morphism, where X and ) are regular schemes which are flat and quasi-
projective over Z. Assume that f is smooth at all points of Xy. Take a smooth
hermitian metric on the relative tangent bundle T'f = Tx(c)/y(c) such that its
restriction to every fiber of X'(C) — )(C) is Kéhler. Let £ be a hermitian vector
bundle on X with smooth metrics. Similar to the case of relative dimension 1,
there is a determinant line bundle det R f.(€)g endowed with the Quillen metric.
Then the arithmetic Riemann—-Roch theorem of Gillet—Soulé | , Thm. 7] is

a formula in CH (Y)g of the form

det Rf.(E)q = fo(ch(@E)TA(f)) ™ + a(f.(ch(Ec) TA(T fo) R(T fc)) ).

We refer to | , p. 160, Thm 1’] for more details on the terms on the right-
hand side. We also refer to Faltings | ] for an extension of the formula to an

equality in CH (¥)g, which is an exact analogue of Grothendieck’s Riemann—
Roch theorem in algebraic geometry.

In the case that/y = SpecZ, and £ = L is a hermitian line bundle, the
theorem computes degdet H*(L)q in terms of arithmetic intersection numbers
involving £ and Tf. This is an arithmetic analogue of Hirzebruch’s Riemann—
Roch theorem in algebraic geometry.

An importance consequence of the arithmetic Riemann—Roch theorem is
an arithmetic Hilbert—Samuel formula, which we will introduce with a precise
statement in the following subsection.

In 1991, Vojta | | gave the second proof of the Mordell conjecture,
coming out as a deep analogue of the proof of the classical Thue-Siegel-Roth
theorem in Diophantine approximation. Vojta’s key idea is to find a global
section of a small norm of a hermitian line bundle on a 3-dimensional arithmetic
variety to bound heights of rational points, and his tool to prove the existence
of such a section is to apply the arithmetic Riemann—Roch theorem.

A.3.6 Arithmetic Hilbert—Samuel formula

Now we introduce an arithmetic Hilbert—Samuel formula, which is the founda-
tion of the arithmetic positivity to be introduced in the next section.

Let K be a number field, X’ be a (projective) arithmetic variety over O, and
L be a hermitian line bundle on X (with continuous metrics). Think H°(X, L)
as the vector bundle H°(X, £) on Spec O endowed with the supremum norm

1€

losup := sup_[[£(z)]lu
z€X, (C)

on H°(X,L,) for any archimedean place v of K. This gives a supremum norm

[ellsup == sup |[£(z)|] = sup [|€][s,sup
zeX(C) v
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on the Euclidean space

HY(X, L)z = HO(X, L) @z R ~ (P HO(X, L,).

v]oo
Then we have the set of effective sections given by
HY(X,L):={t € H'(X,L) : ||€][sup < 1}.
We want to count the “dimension”
(X, L) :=log #H°(X,L).

We say that L is effective if o (X,L£) > 0. As in the case of arithmetic curves,
this is again in the setting of Minkowski’s geometry of numbers. Thus we define
the Euler characteristic of £ by

X(£) = —logvol(H (X, L)r /H° (X, L))

where the Haar measure on H°(X, £)g is normalized so that the volume of the
unit ball of ||¢|sup in HO(X, L)g is 1.

For a hermitian line bundle £ with smooth metrics, we say that £ is relatively
semipositive if £ has semipositive curvature forms at infinite places and non-
negative degrees with all closed curves in special fibers.

Theorem A.3.1 (arithmetic Hilbert—Samuel formula, Gillet—Soulé). Let X be
an arithmetic variety over Ok of absolute dimension d, and let L be a hermitian
line bundle on X with smooth metrics. Assume that Ly is ample and that L is
relatively semipositive. Then for any hermitian line bundle M on X, we have
as n — oo,

d

x(nL+ M) = a

L +o(n?),

T N i d
h*(nL + M) > Eﬁ + o(n®).

When X is regular, £ is ample in X, and £ has positive curvatures, this
was first proved by Gillet—Soulé as a consequence of their arithmetic Riemann—

Roch theorem in | |, where they also used an estimate of analytic torsions of
Bismut—Vasserot | ]. A much shorter proof by induction on dim X" was later
found by Abbes—Bouche | ]. The general case of the theorem is reduced to
the smooth case by | ] using resolution of singularities of Xk.

One consequence of the formula is that Bo(nf) # 0 for sufficiently large n if

z > 0. To get more information about the growth of ﬁo(nZ), we need stronger
positivity of £, which will be discussed in the following section.
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A.4 Arithmetic positivity

In this section, we introduce various positivity results of hermitian line bundles.

The materials include arithmetic ampleness of Zhang | ], the arithmetic
bigness theorem of Yuan | ], and various properties on volumes of hermi-
tian line bundles by Chen | , , ], Moriwaki | ], and Yuan
[ ]. We also mention the arithmetic Hodge index theorem for hermitian
line bundles by Moriwaki | ]. For more details on these subjects, see Yuan
[ ] and Guo—Yuan | , §7).

The theory of positivity of hermitian line bundles is significantly inspired by
the theory of positivity of line bundles in algebraic geometry. For a complete
exposition of the latter, we refer to Lazarsfeld [ ]

A.4.1 Arithmetic ampleness

As in classical algebraic geometry, we study the numerical criterion for arith-
metic ampleness.

Let K be a number field. Let X be an arithmetic variety over Ok of absolute
dimension d, and £ be a hermitian line bundle on X with smooth metrics. We
say that £ is arithmetically ample if for any hermitian line bundle M, the
Or-module H°(X,nL + M) is generated by the subset HY(X,nL + M) for
every sufficiently large integer n. We say that £ is arithmetically positive if
Ly is ample on Xk, L is relatively semipositive, and the height function has a

positive lower bound, i.e. for some ¢ > 0, hz(z) > ¢ for all x € X (K).

Theorem A.4.1 (arithmetic Nakai-Moishezon criterion, Zhang | D). As-
sume that Lx is ample on Xk, and that L is relatively semipositive. Then the
following conditions are equivalent:

(1) L is arithmetically positive;
(2) L is arithmetically ample;
(3) for any integral subvariety Y of Xy, the height hz(Y") > 0.

Moreover, under these equivalent conditions, we have the following arithmetic
Hilbert—-Samuel formula for any hermitian line bundle M on X':

-~ - nd—d d
ho(n£+/\/l):5£ + o(n%), n — 0.

This theorem is proved by Zhang | | under a strong condition that
the metric on £ is semi-ample. Moriwaki | | proved that this condition is
equivalent to semipositivity of curvatures.

Motivated by Szpiro’s idea in | |, hz(X) should be related to the essen-

tial minimum of the height function hz on X'(K). More precisely, we define the
successive minima of £ by the following formula:

ei(L) = sup inf _ hz(x), i=1,---d,
codY =i z€(Xr\Y)(K)
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where Y runs through closed subvarieties of X of codimension ¢ for each i, and
the empty subvariety has codimension d. The following theorem of successive
minima gives a quantitative relation between these terms.

Theorem A.4.2 (successive minima, Zhang [ D). Assume that Lr is
ample, and that L is relatively semipositive. Then

er(D) 2 hp(X) > 5 (1 (L) + -+ ealD)).

We say that a hermitian line bundle £ on an arithmetic variety X is nef if
the following conditions hold:

(1) the (continuous) metric of £ is semipositive in the sense that the curvature
current is positive,

(2) £ has a non-negative (arithmetic) degree on any 1-dimensional closed in-
tegral subscheme of X.

A hermitian line bundle (or its metric) is integrable if it is isometric to the
difference of two nef hermitian line bundles. The intersection theory of hermitian
line bundles extends to nef hermitian line bundles by approximation, and thus
extends to integrable hermitian line bundles by linearity.

A quick consequence of the theorem is the following arithmetic analogue of
Kleiman’s theorem.

Corollary A.4.3. Let X be an arithmetic variety of dimensiond. Let Lq,--- ,Lq
be nef hermitian line bundles on X. Then for any closed integral subscheme Y
of X, we have L1 -+ Laimy - [V] > 0.

Proof. Tt suffices to assume Y = X. We first prove the case that £, -, Ly
are arithmetically positive. By Theorem A.4.1, by replacing £4 by a positive
multiple if necessary, we can assume that there is a nonzero effective section
lq € HY(X, Ly). Consider the intersection formula

Ll--~£d:£1~--£d_1~[div(€d)]—/( log [[€aller (1) - - - 1 (Lars).
X(C)

It is non-negative by induction on d.

For general nef Ly, - - - , Ly, fix an arithmetically positive hermitian line bun-
dle A on X. For any i = 1,--- ,d, and for any positive integer m, mL; + A
is arithmetically positive. Then we have (mL; + A)---(mLy + A) > 0. This
implies £1--- L4 > 0. ]

A.4.2 Arithmetic bigness

In practice, we usually need an estimate of 1 similar to the arithmetic Hilbert—
Samuel formula under weaker positivity conditions. The following arithmetic
version of Siu’s inequality gives an estimate, which is sufficient in application
for many situations.
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Theorem A.4.4 (arithmetic bigness, Yuan [ D). Let X be an arithmetic
variety of absolute dimension d, and let L = L1 — Lo be the difference of two
arithmetically positive hermitian bundles £, and Lo on X. Then for any her-
mitian line bundle M on X, we have

_ nd

XL+ M) = Zo (L) = d Ly La) + o(n),

o~ JR— JR— d — —_—] =1 —
WO(nL + M) > %(ci‘ —dZY VL) + o(nd).

The proof of the theorem is inspired by the proof of the arithmetic Hilbert—
Samuel formula by Abbes—Bouche | ]

The theorem can be applied to the case that £ is a small perturbation of
an arithmetically positive hermitian line bundle, in which case the bound is
very sharp. As we will see, an application of this theorem is an extension
of the equidistribution theorem of Szpiro—Ullmo—Zhang from strictly positive
metrics to semipositive metrics. Another interesting application is to simplify
Vojta’s proof of the Mordell conjecture in | ]. As mentioned in the previous
section, Vojta’s proof applied Gillet—Soulé’s arithmetic Riemann—Roch theorem
to certain arithmetic variety of dimension 3, where he made great efforts to
bound the contribution of analytic torsion and higher cohomology. The bigness
theorem can be used to simplify this step drastically. We refer to | , §10]
for more details on this approach.

A.4.3 Arithmetic volumes

Let X be an arithmetic variety of absolute dimension d, and let £ be a hermitian
bundle on X. As in the geometric case, it is natural to define the arithmetic

volume of L by
—~ N _
vol(£) = lim sup %hO(X, nl).

n—oo M

We first have the following result.

Theorem A.4.5 (convergence, Chen | ], Yuan | ). The “imsup”
in the definition of vol(L) is a limit; i.e.

WI(Z) = lim LR, 0L

vol(£) = lim —5h%(X,nL).

We say that the hermitian line bundle £ is big if vol(£) > 0. Note that arith-
metic bigness and arithmetic nefness are stable under pull-back via generically
finite and surjective morphisms.

It is always convenient to extend the volume function vol : ﬁl\c(X ) >R
to a volume function vol : ﬁi\c(X)Q — R by setting ;(;l(aZ) = ad;(;l(Z) for
positive rational numbers a. An element of ISI\C(X )o is called a hermitian Q-
line bundles, and it is called arithmetically positive (resp. nef, big, effective) if



236 APPENDIX A. HEIGHTS AND INTERSECTION THEORY

some positive integer multiple of it is an arithmetically positive (resp. nef, big,
effective) hermitian line bundle on X

It is easy to extend the arithmetic Hilbert—Samuel formula and the arith-
metic bigness theorem to nef hermitian line bundles.

Corollary A.4.6. Let X be an arithmetic variety of absolute dimension d.
Then the following are true.

(1) (arithmetic Hilbert-Samuel) Let £ be a nef hermitian line bundle on X.
Then .
vol(L) = L.
(2) (arithmetic bigness) Let L1 and Lo be nef hermitian line bundles on X.
Then P L e
VOl(El — EQ) Z El — dﬁl L:Q.

Proof. Note that we do not assume the metrics of £, L1, £ to be smooth, but we
can convert them to the smooth case by the regularization theorem in | ,
Cor. C], which asserts that any semipositive continuous metric on a complex
line bundle is an increasing limit of semipositive smooth metrics.

Take an arithmetically positive hermitian line bundle A on X. Let ¢ be a
small positive rational number. For (2), write

Zl _ZQ = (Zl + tZ) — (ZQ + tZ),

apply Theorem A.4.4 to the difference on the right-hand side, and take limit
at t — 0. Moriwaki [ ] obtained part (1) by the continuity of the volume
function in Theorem A.4.7(2). A simpler proof of part (1) is to take limits at
t— 0 of . -

vol(L) < vol(L + tA) = (L + tA)?

and
VOl(Z) = vol((L + tA) — tA) > (L +tA)? — d (L + tA) - tA
O

Besides the above quantitative results, we also have the following properties
of the volume function.

Theorem A.4.7. Let X be an arithmetic variety of absolute dimension d, and
let L, L1, Lo be hermitian bundles on X. Then the following are true.

(1) (birational invariance, Moriwaki [ ) If m: X' — X is a birational
morphism of arithmetic varieties, then vol(X',7*L) = vol(X, L).

(2) (continuity, Moriwaki [ ]) The volume function vol : 151\0(26)@ - R
s continuous in the sense that

lim vol(Z; + tL2) = vol(L1).
t—0
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(8) (differentiability, Chen [ ]) If Ly is big, then

= VOl(L1 + L) = d (L0 ") - o,

t=0

where the right-hand side is the positive intersection number. In particular,
if L1 is big and nef, then

d —~ — — —d—1 —
aL:Ovol(ﬁl L) = dL) " L.

(4) (log-concavity, Yuan [ 1) If L1 and Ly are effective, then
Vol(L1 + L)'/ > vol(L£1) "4 + vol(£5)/*.

(5) (arithmetic Fujita approximation, Yuan [ |, Chen [ ]) If L is
big, then for any € > 0, there exist an arithmetic variety X' with a bi-
rational morphism m : X' — X, and an arithmetically positive hermitian
Q-line bundle A on X', such that L — A is effective on X' and that

vol(A) > vol(L) — e.

The proof of Theorem A.4.7(1)(2) by Moriwaki [ ] is inspired by the
proof of Theorem A.4.4 by Yuan | ]. The approach of Theorem A.4.5 and
Theorem A.4.7(4)(5) by Yuan | ] is based on an arithmetic version of the
Okounkov body constructed by Okounkov | , |, Lazarsfeld-Mustata
[ ], and Kaveh-Khovanskii | ) ]. The proof of Theorem A.4.7(3)
by Chen | ] is given by a beautiful combination of Corollary A.4.6(1)(2)
and Theorem A.4.7(4)(5).

A.4.4 Hodge index theorem for hermitian line bundles

We close this section by Moriwaki’s generalization of the arithmetic Hodge index
theorem of Faltings | | and Hriljac [ ] (cf. Theorem A.2.2) to high-
dimensional arithmetic varieties.

Theorem A.4.8 (Hodge index Theorem for hermitian line bundles, Moriwaki
[ ). Letw: X — Spec Ok be an arithmetic variety such that Xg is smooth
and geometrically connected of dimension d. Let Ly,--- ,Lq_1, M be integrable
hermitian line bundles on X such that Ly,--- ,Lq_1 are arithmetically positive.
Assume that Lix -+ Lg—1,x - Mg = 0 on the generic fiber. Then

Ly Lyt M <0,

Moreover, the equality holds if and only if M = 7* N for some hermitian line
bundle N on Spec O .
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A.5 Adelic line bundles on projective varieties

In this section, we review the theory of adelic line bundles on projective varieties
introduced by Zhang | ], which is used in §3.5 to compare the new notion
of adelic line bundles on quasi-projective varieties. Various positivity results
for hermitian line bundles imply similar statements for adelic line bundles by
approximation, but the Hodge index theorem for adelic line bundle of Yuan—
Zhang | | is significantly more difficult than its counterpart. For updated
details, see Yuan | | and Guo—Yuan | , §8.

A.5.1 Metrized line bundles over local fields

Let (K] -[) be a complete valuation field. The absolute value extends to a
unique absolute value on the algebraic closure K of K.
Let X be a projective variety over K, and L be a line bundle on X. A K-

metric ||-|| of L on X is a collection of a K-norm ||-|| on the fiber L(x) = Ly ()
of each algebraic point € X (K) which is Galois invariant in the sense that,
for any section s of L on an open subvariety U of X, one has ||s(z7)] = ||s(x)]|

for any x € U(K) and ¢ € Aut(K/K). This is equivalent to a collection of
norms of L over the set |X|o of closed points of X. The pair L = (L,| - ) is
called a metrized line bundle. To introduce a continuity property, we separate
the archimedean case and the non-archimedean case in the following.

We first assume that K is archimedean. By complex geometry, we have the
usual notions of smooth metrics and continuous metrics of line bundles, and all
continuous metrics are uniform limits of smooth metrics. A continuous metric
(or a metrized line bundle) is called semipositive (or relatively nef) if the metric
is the uniform limit of a sequence of smooth metrics on L with semipositive
curvature forms. A metrized line bundle (or just its metric) is called integrable
if it is isometric to the difference of two semipositive metrized line bundles.

Assume that K is non-archimedean in the following. Suppose (X, M) is
a projective model of (X, L®¢) over the valuation ring Ok for some positive
integer e; i.e. X is a flat and projective integral scheme over O with generic
fiber Xx isomorphic to X, and M is a line bundle on X such that the generic
fiber (X, M) is isomorphic to (X, L®¢).

Any point z of X(K) extends to a point Z of X(Oz) by taking Zariski
closure. Then the fiber M(Z) is an Oz-lattice of the one-dimensional K-vector
space L®¢(x). Tt induces a K-norm || - || on L®¢(z) by the standard rule that

M(z) ={s € L%(x) : [|s]|" < 1}.

It thus gives a K-norm || - || = || - |"*/¢ on L(x). Patching together, we obtain a
K-metric of L on X (K), and we call it the model metric induced by (X, M).
The model metric (or the model metrized line bundle) is called semipositive
(or relatively nef) if M is relatively nef in the sense that deg, (Z) > 0 for any
projective curve Z in the special fiber of X.
The induced model metrics are invariant under birational morphisms of
projective models. Namely, if we further have a projective model (X’, M)
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of (X, L®¢) dominating (X, M), then they induce the same model metric on L.
Here we say that (X', M’) dominates (X, M) if there is a morphism 7 : X' — X,
extending the identity morphism on the generic fiber, such that 7* M = M’.

A K-metric || - || of a line bundle L on X is called m-continuous if it is
the uniform limit of a sequence of model metrics || - ||, on L in the sense that
the function || - ||,/]| - || on X (K) converges uniformly to 1. An m-continuous

K-metric || - || on a line bundle L on X (or the metrized line bundle (L, || - |))
is called semipositive (or relatively nef) if it is the uniform limit of a sequence
of semipositive model metrics || - ||, on L. A metrized line bundle (or just its
metric) is called integrable if it is isometric to the difference of two semipositive
metrized line bundles.

In the name “m-continuous”, the first letter comes from the word “model”.
Note that our notion “m-continuous” is strictly stronger than “continuous on
X(K)” (in the non-archimedean case), where the latter means that for any
section s of L on an open subvariety U of X, the function ||s|| is continuous
on U(K) under the topology induced by the valuation of K. However, being
m-continuous is equivalent to the condition that for all such (U, s), the function
|Is|| extends to a continuous function on the Berkovich space U?". This relation
is explored in the comparison in §3.5.

To have a uniform terminology, in the archimedean case, smooth metrics are
also called model metrics, and continuous metrics are also called m-continuous
metrics.

A.5.2 Adelic line bundles

Let K be a number field, and denote by M the set of places of K. Let X be
a projective variety over K, and L be a line bundle on X. For convenience, we
write Xar,e = [[,enr, Xk, for the disjoint union over all places v of K. By an
Mpg-metric of L on Xpy,., we mean a collection (|| - ||,), of m-continuous K-
metrics || - ||, of Lk, on Xg, over all places v of K. The pair L = (L, (|| - [|»))
is called a metrized line bundle on X.

We say that a sequence {(]| - ||i,u)v}i>1 of Mg-metrics of L on Xy, con-

verges to an Mg-metric (|| - ||v)y of L on Xpy, if there is a finite set S of
non-archimedean places of K, such that || - ||;, = || - [|, for any place v ¢ .S and
any ¢, and such that || - ||;,/] - ||, converges uniformly to 1 on X (K,) for every

place v. In this case, we also say that the sequence {(L, (|| ||i,v)v) }i>1 converges
to (L, (||-]Jv)v) and that (L, (]|-]|v)) is a limit of the sequence {(L, (||-|/i,v)v) }i>1-

By an adelic metric of L on X, we mean an My-metric (||+]|4), of L on Xz,
satisfying the coherence condition that there are a (non-empty) open subscheme
V of Spec Ok, a projective and flat integral model i/ — V of X over V), and a line
bundle £ on U extending L, so that for any closed point v € V, the K,-metric
Il - |lv is induced by the integral model (U Xy Ok, , L Xy Ok, ) of (X,L). The
pair L = (L, (|| - |[v)o) is called an adelic line bundle on X.

Denote by Pic(X) the groupoid of adelic line bundles on X, in which mor-
phisms are defined to be isometries of adelic line bundles. Let (V,U) be a pair



240 APPENDIX A. HEIGHTS AND INTERSECTION THEORY

as above; namely, V is an open subscheme of Spec Ok, and Y — V is a pro-
jective and flat integral model of X over V. Denote by Pic(U) the groupoid of
pairs (£, (|| - [[v)vgv), where £ is a line bundle on U extending L, and || - ||, is a
m-continuous K,-metric on X (K,) for every place v ¢ V. Then there is a fully
faithful functor Pic(U) — Pic(X ). In a suitable sense, Pic(X) is equivalent to
the direct limit of Pic(i{) when varying (U, V).

Let (X, M) be a projective model of (X, L®¢) over O for some positive
integer e; i.e. X is an arithmetic variety over Ok, and M = (M, | - ||) is a
hermitian line bundle on & with smooth metrics, such that the generic fiber
(Xk, Mk) = (X, L®). Then (X, M) induces an Mg-metric (|| - ||1(,X’M))v of
L on Xy, . In fact, the metrics at archimedean places are just given by the
e-th root of the hermitian metric of M, and the metric at any non-archimedean
place v is just the model metric induced by the projective model (Xo,. , Mo, )

of (XKU,L?;?). This induced Mg-metric (]| - ng’m))v is called a model adelic

metric of L on Xp,., and (L, (]| - ||7(JX’M))1,) is called a model adelic line bundle
on X.

A model adelic line bundle on X is said to be nef if it can be induced by a
projective model (X, M) over Ok such that M is a nef hermitian line bundle
on X. An adelic line bundle on X is said to be nef if it is isometric to the limit
of a sequence of nef model adelic line bundles on X. An adelic line bundle on
X is said to be integrable if it is isometric to the difference of two nef adelic line
bundles on X. An adelic line bundle on X is said to be relatively semipositive
(or relatively nef) if its metric || - ||, is semipositive at every place v of K.

Denote by ﬁ(X)mOd (resp. TDE(X)an, ﬁi\C(X)int) the full subcategory of
model (resp. nef, integrable) adelic line bundles in Pic(X). Denote by

Pic(X), Pic(X)mods Pic(X)ner, Pic(X)int

the corresponding groups or semigroups of isomorphism classes of the categories.

The original motivation to introduce adelic line bundles comes from algebraic
dynamics. Let (X, f, L) be a polarized dynamical system over K; namely, X is
a projective variety over K with an endomorphism f : X — X, and L is an
ample line bundle on X such that f*L ~ gL from some integer number g > 1.
By Tate’s limiting argument, Zhang | ] constructs an adelic line bundle
Ly on X with underlying line bundle L such that f*L; ~ qL;. It turns out
that ff is always nef with top self-intersection number 0.

A.5.3 Intersection numbers of integrable adelic line bun-
dles

Let us extend the intersection theory to adelic line bundles. So let X be a
projective variety over a number field K. By intersection theory of hermitian
line bundles with smooth metrics, for any closed subvariety Z of X of dimension
d, the intersection pairings on integral models define a pairing

(7] : Pie(X)HL — R, (Ly,-- ,Lap1) — Ly Lay - [Z).

mod
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More precisely, assume that L; is induced by a projective model (X;, M;) over
Ok with M;|X = L{*. By blowing-up and pull-back, we can assume that all
Xy =+ = Xyg41. Then we can define

_ 1

L1---fd+1'[Z] = mmlmﬂd“'[?]’

where Z is the Zariski closure of Z on Xj.

As each adelic line bundle is a limit of model adelic line bundles, the problem
is about the continuity of the intersection pairing on the subspace Pic(X )mod-
However, this continuity does not hold even at archimedean places in general.
Fortunately, this continuity holds for semipositive metrics. One main observa-
tion in [ | is that the intersection pairing on model metrics induces an
intersection pairing

(2] : Pie(X)#+t — R, (L1, ,Lag1) — L1+ Lay1 - [Z).

Finally, for an integrable adelic line bundle L with L ample on X, and for
any closed subvariety Z of X, we can define the arithmetic degree and the height
by

degr(2)
(dim Z + 1) deg, (Z2)"

dim Z+1

degr(2) =T (2], hg(2) =

If Y is a closed subvariety of X+, we define
hp(Y) = hz(Y),

where Y’ is the closed subvariety of X corresponding to the Galois orbit of Y,
i.e. the image of the composition ¥ — X+ — X.

In particular, for any point z € X (K), we have

hfm:_mz S gl

VEMEK ¢: K (z)—K,

where K () is the coefficient field of x over K, ¢ runs over all K-linear embed-
ding K (z) — K, and s is any rational section of L on X without zero or pole at
z. For the sake of the product formula, the factor e, = 1 for non-archimedean
v and for real v; e, = 2 for complex v. This gives a height function

ht: X(K) — R,

which is a Weil height for L (up to a normalizing factor [K : Q]).

A.5.4 Positivity of adelic line bundles

Now we translate the previous positivity results from hermitian line bundles to
adelic line bundles. Let X be a projective variety over a number field K of
dimension d — 1, and L be an adelic line bundle on X. We consider H(X, L)
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as the vector space H°(X, L) over K with a supremum norm on H(X, L), at
each place v of K given by

1] v,5up == sup. [[€(x) |-
zeX(Ky)

Then we have the set of effective sections by
HO(X, L) :={t € H(X,L) : €]y sup < 1,¥0},

and its dimension by R B R B
RY(X,L) :=log #H°(X,L).

The volume of L is defined by

— | < _
vol(L) := lim sup i;lhO(X7 nL).

n—oo T

We say that L is effective if }\LO(X,Z) > 0. We say that L is big if \7(;1(1) > 0.
Recall that L is nef if it is a limit of model adelic line bundles induced by nef
hermitian line bundles. We say that L is arithmetically positive if L is ample,
L is relatively semipositive, and hz(Y) > 0 for any closed subvariety Y of X.
With some efforts, we can prove that “arithmetically positive” implies “nef”.

By writing L as the limit of model adelic line bundles induced by hermi-
tian line bundles M; with generic fiber M; k ~ e, L on X, we can prove that
Theorem A.4.5 holds for adelic line bundles. We actually have

—

d! ~ -
vol(L) = lim —h°(X,nL)

n—oo N
and 1
vol(L) = nl;ngo @vol(./\/li).

Then we can also extend the function vol : Pic(X) — R to vol : ﬁi\c(X)@ - R
by homogeneity.

With these notions, Corollary A.4.6 and Theorem A.4.7 hold for adelic line
bundles. For convenience, we combine the statements in the following.

Theorem A.5.1. Let X be a projective variety of dimension d—1 over a number

field K, and let L, Ly, Ly be adelic line bundles on X. Then the following are
true.

(1) (arithmetic Hilbert-Samuel) If L is nef, then
vol(T) = .
(2) (arithmetic bigness) If Ly and Ly are nef, then

vol(Ty — L) > I} —dI} 'To.
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(3) (log-concavity) If Ly and Lo are effective, then
vol(Z1 + Lo)Y% > vol (L)Y + vol(T,) /.

(4) (birational invariance) If m : X' — X is a birational morphism of projec-
tive varieties over K, then vol(X',7*L) = vol(X, L).

(5) (continuity) The volume function vol : lgi\c(X)Q — R is continuous in the
sense that o B o
}gr(l) VOl(Ll + tLQ) = VOl(Ll).

(6) (differentiability) If Ly is big, then

t1t=0

vol(Ly +tLo) = d (L0 ") - I,

where the right-hand side is a generalized positive intersection number. In
particular, if Ly is big and nef, then

— — —d—1 —

vol(Ly +tLs) =dL; = - Lo.

t=0

dt

(7) (arithmetic Fujita approwimation) If L is big, then for any ¢ > 0, there
exist a projective variety X' over K with a birational morphism m: X' —
X, and an arithmetically positive adelic Q-line bundle A on X', such that
7L — A is effective on X' and that

vol(A) > vol(T) — e.

Moreover, we can take A to be a rational multiple of a model adelic line
bundle on X’ induced by an arithmetically positive hermitian line bundle.

A.5.5 Theorem of successive minima

Let X be a projective variety of dimension d — 1 over a number field K, and let
L be an adelic line bundles on X. As in the hermitian case, we still have the
successive minimum
e;(L) = sup inf  hp(x), i=1,---.d,
codYg=iz€(X\Y)(K)

where Y runs through all closed subvarieties of X of codimension 7, and the
empty subvariety has codimension d — 1. Then Theorem A.4.2 implies the
following adelic version.

Theorem A.5.2 (successive minimum, Zhang | ). Assume that L is
ample, and that L is relatively semipositive. Then
_ 1 _ _
er(I) 2 hp(X) = = (ex(L) + -+ ea(L)) -
The most interesting case is when e; (L) = ea(L) = - -+ = eq(L). In this case,

we will describe the equidistribution theorem in the next section.
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A.5.6 Arithmetic Hodge index theorem

We close this section by recalling the Hodge index theorem for adelic line bundles
proved by Yuan—Zhang | ], generalizing that of Faltings | ] and Hriljac
[ | (cf. Theorem A.2.2) and that of Moriwaki [ | (cf. Theorem A.4.8).

For two integrable line bundles L and M on a projective variety X over a
number field K, we say that M is bounded by L if there is a positive integer n
such that both nL + M and nL — M are nef.

Theorem A.5.3 (Hodge index Theorem for adelic line bundles, Yuan—Zhang
[ D). Letm: X — Spec K be a geometrically connected and normal projective
variety of dimension d. Let Ly,--- ,Lq_1, M be integrable adelic line bundles
on X such that L1,--- ,Lq_1 are arithmetically positive, and that M is bounded
by each L;. Assume that L1 ---Lq_1-M =0. Then

LTy, M <0,

Moreover, the equality holds if and only if M = 7* N for some adelic line bundle
N on Spec K.

The difficult part of the theorem is the condition of the equality. We refer
to | | for applications of this theorem to algebraic dynamics.

A.6 Measures and Equidistribution

In this section, we introduce the Berkovich space of | ], the Chambert-Loir
measure of | ], the non-archimedean Calabi theorem of Yuan—Zhang | 1,
the equidistribution theorem of Yuan [ ], and the proof of the Bogomolov
conjecture by Ullmo | | and Zhang | ]. For updated details, see Yuan
[ ], and Guo—Yuan | , 8, 89].

A.6.1 Berkovich spaces

Let (K,|-|) be a complete valuation field, and X be a scheme of finite type over
K. Berkovich [ | introduced a canonical analytic space X" associated to
X over K. Moreover, X?" is Hausdorff (resp. compact, path-connected) if and
only if X is separated (resp. proper, connected).

If K = C, then X2 is just X(C). If K = R, then X" is the quotient of
X(C) by the action of the complex conjugate.

Now we recall Berkovich’s definition of X#", which actually works for both
non-archimedean K and archimedean K. Let U = Spec(A) be an affine scheme
of finite type over K. Then U?" is defined to be the set of multiplicative semi-
norms on A extending the absolute value of K. Namely, U?" is the set of maps
p: A — R>q satisfying:

(1) (compatibility) p|x = |- [,
(2) (triangle inequality) p(a 4+ b) < p(a) + p(b), Va,b € A,
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(3) (multiplicativity) p(ab) = p(a)p(b), Va,b € A.
Any f € A defines a map
[f1: U™ — R, pr—=flp = p(f)

Endow U®" with the coarsest topology such that | f| is continuous for all f € A.

For a general K-variety X, cover it by affine open schemes U. Then X?" is
obtained by glueing the corresponding U®" in the natural way. Each U®*" is an
open subspace of X?" by definition.

Denote by | X | the underlying topological space of the scheme X, and by | X|o
the subset of closed points of | X|. There is a natural surjective map X" — |X]|.
Every point of | X | has a unique preimage, and thus there is a natural inclusion
| X o — X2,

To describe the maps, it suffices to consider the affine case U = Spec(A).
Then the map U* — |U]| is just p — ker(p). The kernel of p : A — R
is a prime ideal of A by the multiplicativity. Let z € |Ulo be a closed point
corresponding to a maximal idea m, of A. Then A/m,, is a finite field extension
of K, and thus has a unique valuation extending the valuation of K. This
extension gives the unique preimage of x in U?".

A.6.2 Chambert-Loir measures

Let (K, |-]) be a complete valuation field with a non-trivial absolute value, and
X be a projective variety of dimension d over K. Let Ly,--- , Ly be integrable
metrized line bundles on X. There is a signed Radon measure c;(L;) - - - c1(Lqg)
on the analytic space X?" with total volume

/ (L) oLy = degy (X).

The measure is positive if Ly, - -, Lq are semipositive.

When K = C, then X" is just X(C). If both X and || - || are smooth, then
c1(Ly) -+ -c1(Lq) is just the usual Monge—-Ampere measure on X", defined as the
wedge products of the Chern forms in complex analysis. Without the smooth-
ness conditions, the measure is constructed by regularization by Bedford—Taylor
[BT82, Thm. 2.1].

When K = R, as X?" is a quotient of X (C), the measure can be obtained
by this quotient process.

When K is non-archimedean, c¢;(L1)---c1(Lg) is the Chambert-Loir mea-
sure, which is constructed by Chambert-Loir [ ] when K has a dense and
countable subfield and extended to general K by Gubler | ]

To illustrate the construction of ¢, (L1 ) - - - ¢1(Lqg), we further assume that the
valuation of K is discrete for simplicity. By a limit process, we can assume that
the metric of L; on X is a model metric, i.e. it is induced by a projective model
(X, M;) of (X, L®¢) over O. Here we take a uniform X for all L;, and assume
that X is integrally closed in X by passing to the normalization. Let Cq,--- , C,
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be the irreducible components of the special fiber of X. Then X is regular at the
generic points of C, so the multiplicity function orde, : K(X)* — Z defines a
norm on K (X) by exponentiation. This gives a point {c¢; € X*", which is called
a Shilov point or a divisorial point. Then Chambert-Loir defines the measure

r

c1(Ly)---e1(La) = Y M- Ma-[C)]) b,

e1---eq

j=1

Here 6€cj is the Dirac measure supported at ;.

We can also interpret the measure in terms of functional analysis. Recall that
“m-continuous metrics” and “model metrics” are introduced in §A.5.1, where
m-continuous metrics are just uniform limits of model metrics. We say that a

function f : | X|o — R is m-continuous (resp. a model function) if f = —log||1]|
for some m-continuous K-metric (resp. model K-metric) of the trivial line
bundle Ox. By Gubler | , Theorem 7.12] (cf. | , Lem. 3.5]), the

space of model functions on | X |y extends to X?" as a dense subset of the space
C(X?) of continuous functions on X**. Thus m-continuous functions on | X|o
correspond to continuous functions on X?" exactly. To define the measure
c1(L)4, it suffices to define the integral of continuous functions for this measure.
Then we simply set

fei(Ly)---ei(Lg) =MLy --- Lg,
Xan

where M = (Ox, || - ||) is an m-continuous metrized line bundle such that f =
—log ||1]]. The intersection can be defined for model metrized line bundles and
extends to integrable ones by a limit process.

A.6.3 Non-archimedean Monge—-Ampere equation

In this subsection, let (K,|-|) be a complete valuation field with a nontrivial
absolute value, and X be a geometrically integral projective variety of dimension
d over K. Denote by m: X — Spec K the structure morphism.

Recall that Theorem A.5.3 is a Hodge index theorem for adelic line bundles

proved by Yuan-Zhang | ]. Tts local version is the following theorem.
Theorem A.6.1 (local Hodge index theorem for metrized line bundles, | D.
Let Ly,---,Lq_1 be semipositive metrized line bundles on X such that the un-

derlying line bundles Ly,--- ,Lq_1 are ample on X. Let M be an integrable
metrized line bundle on X with underlying line bundle M = Ox. Assume that
M is bounded by each L;. Then

L Ly M <0.

Moreover, the equality holds if and only if M ~ 7N for some metrized line
bundle N on Spec K.
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Note that as M is trivial, the intersection number is well-defined. The
archimedean case of the theorem was previously proved by Kolodziej | ].
A quick consequence of the theorem is as follows.

Corollary A.6.2 (Calabi theorem for non-archimedean fields, [ D). Let L
be an ample line bundle on X, and || - |1 and || - |2 be two semipositive metrics
on L. Then

er(Ly ||+ [1)? = ex(Ls || - [|2)?

- I
- 112

is a constant.

if and only if

Proof. Denote L; = (L,|| - ||;) as a metrized line bundle on X, and denote
f=—log Hl as a continuous function on X?". The equality of the measures
gives :
fC1(f1)d = fC1(Z2)d~
Xan Xan

This is just
- = =d = = =d
(Ly — Ly) - Ly = (L1 — La) - Ly,
or equivalently
d—1 i
ST -Lop LIy =0
i=0
By Theorem A.6.1, every intersection number on the left-hand side is at most 0,
and thus equal to 0. Then the theorem further implies that f is a constant. [

The history of Theorem A.6.2 in the complex case is as follows. In the 1950s,
Calabi [ , ] made the following famous conjecture.

Let X be a compact complex manifold of dimension d endowed with
a Kdahler form w, and let Q) be a positive smooth volume form on
X such that fX Q= fX w®. Then there exists a smooth real-valued

unction ¢ on X such that (w + i00¢)% = Q.
f ¢ (

Calabi proved that the function ¢ is unique up to constants (if it exists). The
existence of the function is much deeper, and was finally solved by S. T. Yau in
the seminal paper | ] in 1977.

Inspired by the above complex Monge-Ampére equation, it is natural to
consider the following non-archimedean analogue.

Let K be a non-archimedean field, X be a geometrically integral pro-
jective variety of dimension d over K, L be an ample line bundle on
X, and dup be a positive Radon measure on X with total volume
equal to degy (X). Find a necessary and sufficiently condition for
du such that there exists a semipositive metric || - || on L satisfying
er(Ly | - 1) = dp.
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From the work of Guedj—Zeriahi | ] in the complex case, it is natural to guess
that a necessary and sufficiently condition in the non-archimedean case is still
that du has measure zero at every pluripolar subset of X" in a suitable sense.
Many cases of this far-reaching problem are known, which include the work of
Liu [ ] on abelian varieties with totally degenerate reduction, and the work
of Boucksom-Favre-Jonsson [ ] and its sequel | , ] for a
breakthrough for general X.

A.6.4 Equidistribution theorem

Let X be a projective variety of dimension d over a number field K. Let L be
a relatively semipositive adelic line bundle on X such that L is ample. For any
place v of K, the equilibrium measure

1 _
S )¢
Mo = Gog, ) 1)

on X7 is the normalized Monge-Ampere measure.

For any point z € X(K), denote by 2’ € X the closed point corresponding
to the Galois orbit of z. Then the base change (z')k, is a finite subset of
closed points of X, , viewed as a finite subset of X' via the natural injection
| Xk,lo — X . This finite subset is just the image of functorial injection
(z")%® — X3 . We introduce a probability measure p, ., on X3 by

1
T 52.
e o) 2

ze(ac')?(“v

An infinite sequence {z, };n>1 of X(K) is called generic if any infinite sub-
sequence is Zariski dense in X. An infinite sequence {z;, }m>1 of X (K) is called
hz-small if hi(xy,) = hp(X) as m — oc.

Theorem A.6.3 (Equidistribution of small points, Yuan | D). Let X be a
projective variety over a number field K and let L be a relatively semipositive
adelic line bundle on X whose underlying line bundle L is ample on X. Let
{x,,} be a generic and hx-small sequence of X (K). Then for any place v of K,
the probability measure py,, . converges weakly to the equilibrium measure pg ,,
on Xig .

The equidistribution of small points originated in the landmark work of
Szpiro—Ullmo—Zhang | ], where they proved the equidistribution theorem
assuming that X is smooth, that v is archimedean, and that the metric of L
at v is smooth and strictly positive. Their proof is based on a variational prin-
ciple on the arithmetic Hilbert—Samuel formula (cf. Theorem A.3.1). Since
then, there were lots of works to generalize the theorem in dimension one,
which include Bilu | ], Autissier | ], Baker—Hsia | |, Baker—Rumely
[ ], Chambert-Loir | ], and Favre-Rivera-Letelier | ]. In particu-
lar, Chambert-Loir | ] introduced equilibrium measures on Berkovich spaces
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of any dimension, and his proof worked for general dimensions under a positivity
assumption at v similar to that of | ]. Finally, Yuan | | proved the
current version of the theorem, where the key is to apply his arithmetic bigness
theorem (cf. Theorem A.4.4) in place of the arithmetic Hilbert—Samuel formula.

The function field analogue of the equidistribution theorem was obtained by
Faber | ] and Gubler | | independently in slightly different settings.
It is also worth mentioning that Moriwaki | ] prove an equidistribution
over finitely generated fields over number fields based on the Moriwaki height.

While the original equidistribution theorem of | | applies to abelian
varieties over number fields, the current theorem applies to polarized dynamical
systems over number fields. In fact, let (X, f,L) be a polarized dynamical
system over K. As in §A.5.2, there is an adelic line bundle Ly on X with
underlying line bundle L such that f*L¢ ~ qL¢. It turns out that Ly is relatively
semipositive with top self-intersection number 0, so it satisfies the condition of
the theorem. As a consequence, the equidistribution theorem is widely used in
algebraic dynamics. We refer to | ] for more discussions on equidistribution
in algebraic dynamics.

Let L be as in Theorem A.6.3. Note that Zhang’s theorem of successive
minima (cf. Theorem A.5.2) implies e;(L) > hi(X). However, the existence of
a generic and h-small sequence is equivalent to the equality e; (L) = hz(X). In
general it is hard to construct L with such a property, except that the dynamical
case L = ff gives

hi(X) = e1(T) = ea(I) = - = ea(L) = 0.

A.6.5 Bogomolov conjecture

One major application of the equidistribution theorem of Szpiro—Ullmo—Zhang
[ ] is the solution of the Bogomolov conjecture by Ullmo | ] and Zhang

[Zhads].

Theorem A.6.4 (Bogomolov conjecture, Zhang | ). Let A be an abelian
variety over a number field K, and let L be a symmetric and ample line bundle
on A. Let X be a closed subvariety of A. Assume that X is not equal to the
translation of an abelian subvariety by a torsion point. Then there is € > 0 such
that the set R

{r € X(K):hp(z) < e}

is not Zariski dense in X.

The history of the Bogomolov conjecture is as follows. In | ], Bogomolov
asked some questions about finiteness of algebraic points of small Néron—Tate
heights on a smooth projective curve C' of genus at least 2 over a number field.
This is the case of curves in their Jacobian varieties in the form of Theorem
A.6.4. Zhang | ] solved an analogue of the conjecture for torus using his
theory of arithmetic ampleness. With the equidistribution theorem of Szpiro—
Ullmo—Zhang | ], Ullmo | ] prove the original conjecture for curves in



250 APPENDIX A. HEIGHTS AND INTERSECTION THEORY

their Jacobian varieties, and Zhang | | prove the generalized conjecture for
subvarieties of abelian varieties.
We sketch the proof of | | as follows. Consider the morphism
G XM — AT (e ) = (B =ttt — t).

For sufficiently large m, ¢ induces a birational morphism X™ — ¢(X™). For
the sake of contradiction, assume that the Bogomolov conjecture fails, so X (K)
contains a generic and small sequence {z,},. This sequence induces a generic

and small sequence {y,}, of X™(K) with respect to the Neron—Tate height

of A™, where all m components of y, in X(K) are chosen from the sequence
{2}, properly. Then {¢(y,)}, is a generic and small sequence of ¢(X™)(K)
with respect to the Neron-Tate height of A™~!. Apply the equidistribution
theorem to {yn }n, and also apply it to {¢(yn)}n- We get a limit measure p on
(X™),(C) and a limit measure u' on ¢(X™),(C), where we fix an archimedean
place v of K. The compatibility of the sequences forces ¢, = u/. Note that
the canonical metric of L on A,(C) is smooth and strictly positive. Then p
and p’ actually come from strictly positive smooth top differential forms. The
equality ¢.u = p' of measures implies an equality p = ¢*u’ of differential
forms on ¢~ 1(U), where U is any Zariski open subset of (X™),(C) such that
¢~ Y(U) — U is an isomorphism. By continuity, u = ¢*u’ holds everywhere
on (X™),(C). As ¢ maps the diagonal A of (X™),(C) to a point, ¢*pu’ is not
strictly positive at points of A. This contradicts to the fact that p is strictly
positive.

The geometric Bogomolov conjecture is an analogue of the Bogomolov con-
jecture over finitely generated function fields K/k. Although the equidistribu-
tion theorem has an analogue over function fields as mentioned above, but there
is no archimedean place to use, and thus the proof of [ , | does not
work over function fields directly. Another extra complication of the geomet-
ric case is given by the (K/k)-trace of A. However, by careful analysis of the
equilibrium measures at non-archimedean places, Gubler | | proved the
geometric Bogomolov conjecture for abelian varieties with totally degenerate
reduction at some place. Following the line, Yamaki | , , ]
reduced the geometric Bogomolov conjecture to the case of abelian varieties
with good reduction everywhere, and proved the conjecture for dim(X) =1 or
codim(X) = 1. By a completely different method using Betti maps of com-

plex abelian schemes, Gao—Habegger | ] and Cantat-Gao-Habegger—Xie
[ ] proved the geometric Bogomolov conjecture for char(K) = 0. Fi-
nally, Xie-Yuan [XVY] proved the geometric Bogomolov conjecture for abelian

varieties with good reduction everywhere, and thus complete the geometric Bo-
gomolov conjecture in all cases.
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