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1 Introduction

In Diophantine geometry, height theory of algebraic points over number
fields always plays a fundamental role, which can be seen in the proof of
the Mordell-Weil theorem, the proofs of the Mordell conjecture by Faltings
[Fal2] and Vojta [Vo]], and the proofs of the Bogomolov conjecture by Ullmo
[Ull] and Zhang [Zha]. While heights can be defined and studied in elemen-
tary terms, they are best interpreted in the arithmetic intersection theory of
Arakelov [Ara] and Gillet-Soulé [GS1].

To explain the idea to interpret the height function, let X be a projective
variety over a number field K with a (projective and flat) integral model X
over Ok and let £ be a hermitian line bundle on X. The height of a point
P € X(K) with respect to L is expressed as the normalized arithmetic degree

ge\g(ﬂp)/ deg(P) of £ at the corresponding multi-section P C X.



However, hermitian line bundles are too restrictive to give most of the
interesting heights including the Néron—Tate height of abelian varieties over
number fields. This problem was resolved by Zhang | | by introducing
adelic line bundles on number fields, which are limits of hermitian line bundles
in a suitable sense. Adelic line bundles are crucial in the proofs of Ullmo [U1]]
and Zhang | | mentioned above.

The theory of | ] is only valid for projective varieties over number
fields (or function fields of one variable). The goal of this paper is to extend
the theory of [ ] to quasi-projective varieties over finitely generated fields.
More precisely, let F' be a finitely generated field over @ (or a constant
field), and let X be a quasi-projective variety over F'. We introduce a notion
of adelic line bundles on X, consider their intersection theory, study their
volumes of effective sections, and introduce heights associated to them.

An immediate application of our framework is a theory of canonical
heights on polarized algebraic dynamical systems over quasi-projective vari-
eties over finitely generated fields. In particular, we introduce Néron—Tate
heights of abelian varieties over finitely generated fields, and extend the arith-
metic Hodge index theorem of Faltings [Fall] and Hriljac [Hri] to this setting.

Furthermore, we prove an equidistribution theorem of small points on
quasi-projective varieties over number fields, generalizing the equidistribu-
tion theorems of Szpiro—Ullmo—Zhang [SUZ], Chambert-Loir [C'[.] and Yuan
[ ]. On the other hand, Kiihne [I<uh] recently proved a special case of this
equidistribution theorem independently, and applied it to obtain a uniformity
result on the Mordell conjecture after the work of Dimitrov—Gao—Habegger
[DGH].

A part of our height theory extends the previous work of Moriwaki | ,

|. In fact, Moriwaki | , | developed a height theory for pro-
jective varieties over finitely generated fields F' over Q, depending on the
choice of an arithmetic polarization of Spec F'. His motivation was to apply
Arakelov geometry to varieties over arbitrary fields (of characteristic 0), and
he succeeded in formulating and proving the Bogomolov conjecture in that
setting. His treatment was more on the numerical theory of heights, but ours
is more on the geometric theory of adelic line bundles.

The exposition of this paper uses a combination of algebraic geometry,
complex algebraic geometry, Arakelov theory (cf. [Ara, ]) and Berkovich
analytic spaces (cf. | : ). In the following, we sketch the main
constructions and theorems of this paper.



1.1 Adelic line bundles

To quickly illustrate the concept, we will take an approach different from the
major parts of this paper, but it will give equivalent constructions.

Let K be a number field, a function field of one variable over a field, or a
complete valuation field. In the last case, if the valuation is trivial, then we
call K a constant field. For any field K, denote by K, the constant field K
with the trivial valuation.

For convenience, set B = Spec K if K is archimedean or constant; set
B = Spec Ok if K is a number field or a non-archimedean field; set B to be
the unique projective and regular curve over k with function field K if K is
a function field of one variable over a field k.

Let X be a quasi-projective variety over K, i.e., a quasi-projective integral
scheme over K. There is a natural Berkovich analytic space X*" associated
to the datum (X, K). In fact, if X has an open affine cover {Spec A;};, then
X = U;M(A;), where M(A4;) is the set of multiplicative semi-norms on A,
whose restrictions to K lie in M(K). Here M(K) is defined as follows:

(1) if K is a number field, M(K) is the set of all valuations over K;

(2) if K is a function field of one variable over a field k, M(K) is the set of
all valuations over K whose restriction to k is trivial;

(3) if K is a complete valuation field with valuation |- |, M(K) is the set of
order 1 whose only element is the valuation |- |.

There is a natural topology on X®" by demanding that M(A;) is open in
X? and that |f|: M(A;) — R is continuous for all f € A;.

A metrized line bundles on X is a pair L = (L, || - ||) consisting of a line
bundle L on X and a continuous metric || - || of L on X2

Denote by 7/3E(X an) the category of metrized line bundles on X. A mor-
phism of two objects is defined to be an isometry. There is a forgetful functor

Pic(X™) —s Pic(X).

Here Pic(X) denotes the category of line bundles on X, in which a morphism
of two objects is an isomorphisms of line bundles.



Model adelic line bundles

Objects of the category 7SE(X am) are too general for the purpose of intersec-
tion theory. Instead, we will define a full subcategory 7/3E(X ) of adelic line
bundles in 7/DE(X an) - and a full subcategory 7/DE(X )iny Of integrable adelic
line bundles in EE(X am) for intersection theory. For this, we will start with
model adelic line bundles and consider a limit process.

An object of Pic(X?*) with underlying line bundle L € Pic(X) is called
a model adelic line bundle if it is induced by a projective model (X, L) of
(X, eL) over B for some positive integer e, where X is a flat and projective
integral scheme over B with an open immersion X <Xy, and £ is as follows:

(1) if K is a constant field, a non-archimedean field, or a function field of
one variable over a field, then £ is a line bundle on X extending eL;

(2) if K is an archimedean field or a number field, then £ = (L, ||-||) consists
of a line bundle £ on X extending e and a continuous hermitian metric
|| - || of £L(C) on X(C). The metric is required to be invariant under the
complex conjugation if K is a number field.

Because of the integer e in the definition, (X,e™'£) is a projective model of
(X, L) in terms of the notion of Q-line bundles. Denote by 7/7E(X Jmoa the
full subcategory of 7/3E(X an) consisting of model adelic line bundles on X.
To define limits, we also need to give a filtration of 7/75()( Jmoa indexed
by quasi-projective models U of X over B, i.e. a flat and quasi-projective
integral scheme over B with an open immersion X —Uy. The filtration takes

the form - -
Pic(X )moa = @Pie(d)mod.
u

The category ﬁ(l/l)mod can also be defined similarly. In fact, define
the Berkovich analytic space U*" similarly. There is a canonical continuous
injection X* — U* with a dense image. A metrized line bundle on U is a
pair £ = (L, || - ||) consisting of a line bundle £ on U endowed with a metric
||-]| of £ onU*. A model adelic line bundle on U is a metrized line bundle on
U induced by a projective model (X, L) of (U, L) (with £ € Pic(U)) over B.
Denote by Tﬂ(uan) (resp. 7/DE(U Jmod) the category of metrized line bundles
(resp. model adelic line bundles) on U.



Limit process

Let U be a flat and quasi-projective integral scheme over B. Choose a projec-
tive compactification Xy of U over B such that the boundary Xy \U is exactly
equal to the support of an effective Cartier divisor & on X. If K is constant,
non-archimedean, or a function field, set £, = &,. If K is archimedean or a
number field, set £y = (&, go), where go > 0 is a Green’s function of & (C) on
X,(C). Then &, induces a Green’s function gy of & on X", which restricts
to a continuous function g : U*™ — Rxo.

Consider the space C(U*") of real-valued continuous functions on U*". It
is endowed with a boundary topology induced by the extended norm

|f(2)]

veuam, Go(z)>0 Jo(T)

£ 1lgo =

We refer to [Bec] for basics of extended norms, which are allowed to take
values in [0,00] but still required to satisfy the triangle inequality. The
boundary topology is independent of the choice of (Xp, £y). Moreover, C(U>")
is complete with respect to the boundary topology.

We say that a sequence £; = (L, ||-];) in Plc(uan) converges to an object
L=(L,|-])in 7/3E(Z/{a“) if there are isomorphisms 7; : £ — £; such that the
sequence — log(7/|| - ||;/|| - ||) converges to 0 in C'(U4*") under the boundary
topology.

Adelic line bundles

An object of TDE(uan) is called an adelic line bundle on U if it is isomorphic
to the limit of a sequence in TDE(Z/{ Jmod- An adelic line bundle on U is called
strongly nef if it is the limit of a sequence in 7/71\6(2/{ Jmod induced by projective
models (X;, £;) over B such that £; is nef on X;. An adelic line bundle £
on U is called nef if there exists a strongly nef adelic line bundle M on U
such that £°° @ M is strongly nef for all positive mtegers a. An adelic line
bundle on U is called integrable if it is isometric to £, ® E for two strongly
nef adelic line bundle £; and £, on U.

Denote by 7/3E(L{ ) the full subcategory of 73;(“ am) consisting of adelic line
bundles on . Denote by 7/7E(Z/l Jnet (resp. 7/75(2/1 )int) the full subcategory of
ﬁ(uan) consisting of nef (resp. integrable) adelic line bundles on Y.



Return to the quasi-projective variety X over K. Define

Pic(X) := lim Pic(U),
u
Pic(X )uer = lim Pic(U)uer,
u
ﬁ(X)int = h_n}ﬁ(b{)mt
u

Objects of 7/3;(X) (resp. 7/3E(X)nef, 7/3E(X)im) are called adelic line bundles
(resp. nef adelic line bundles, integrable adelic line bundles) on X.
Denote by f/’l\c(X) (resp. f/)i\C(X)nefa f/’i\C(X)int, f/’i\C(Xan)) the group of iso-
morphism classes of objects of Pic(X) (resp. Pic(X )uet, Pic(X )i, Pic(X)).
We can further extend the definition to quasi-projective varieties over
finitely generated fields. Namely, let F' be a finitely generated field over K,
and let V' be a quasi-projective variety over F. Then we define

Pic(V) := lig Pic(U),

U—-W

Pic(V et = lim Pic(U) e,

U—-W
Pic(V )i = ling Pic(U)in.
U—-W

Here the limit is over all flat morphisms U — W of quasi-projective varieties
over K whose generic fibers are isomorphic to V' — Spec F'.

As mentioned at the beginning, the terminology here is different from the
major parts of this paper. To clarify, assume that K is either a number field
or a constant field, which the other cases can be interpreted similarly. Then
the term Pic(X?") is the same as that in the major parts, and the current
terms

Pic(X), Pic(X)mods Pic(X)nets  Pic(X)int

actually means, in terms of the terminology in the major parts, the essential
images of

Pic(X/k), Pic(X/k)moa, Pic(X/K)nets  Pic(X/k)im

in 7/3;(X an) under the fully faithful analytification functor in Proposition
3.4.1. Here k = Z if K is a number field; and k£ = K if K is a constant field.
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Functoriality

Let f: X — Y be a morphism of quasi-projective varieties over K. Then we
have a pull-back functor

£ Pie(Y) — Pic(X).

If K is a number field or a function field of one variable, then for any
valuation v of K, we have a canonical localization functor

Pic(X) — Pic(Xg,).

This applies particularly to the trivial valuation of K, in which case we denote
the functor as

7/3;3()() — EE(Xtriv)a z — Z‘Xtriv'

Here X,y denotes (X, Kyiy), i.e., the datum (X, K) with K endowed with
the trivial valuation.

All these functors preserve the subcategories of model (resp. nef, inte-
grable) adelic line bundles.

1.2 Intersection theory and heights

Our intersection theory includes an absolute intersection pairing, and a rel-
ative intersection pairing extending the Deligne pairing.

Intersections and heights

Let K be a number field, a function field of one variable, or a constant field.
Set dim K = 1 if K is a number field or a function field of one variable; set
dim K = 0 if K is a constant field.

Let X be a quasi-projective variety over K. Then the absolute intersec-
tion pairing is a symmetric and multi-linear pairing

Pic(X)¢, — R,

where d = dim X +dim K. This is the limit version of the intersection theory
in algebraic geometry and the arithmetic intersection theory of Gillet—Soulé.
See Proposition 4.1.1.



Now assume that K is a number field or a function field of one variable.
Let X be a quasi-projective variety over K of dimension n. Let L be an
integrable adelic line bundle on X. Define a height function

hy: X(K) — R

by
deg(z|:c’)
h+(x) .= ——=.
A= ey
Here 2" denotes the closed point of X containing z, deg(x’) denotes the degree
of the residue field of 2’ over K, L|,» denotes the pull-back of L to Pic(a’)ins,
and deg : Pic(2')ins — R is by the intersection theory.
More generally, for any closed K-subvariety Z of X, define the height of
Z with respect to L as

(Z,Z/)dimZ—H

(dim Z + 1)(L|, )dimZ

triv

hz(Z) =

Here Z' denotes the image of Z — X (which is a closed subvariety of X over
K), and B B B
L+— L| VA L| VA

triv

denotes the image of L via the functorial maps

7/DE(X)int — 7/3;(Z’)int — 7/3E<Z/ )inta

triv

and the self-intersections are as in the above intersection theory.

Deligne pairing and relative heights

Let K be a number field or a constant field. Let f : X — Y be a projec-
tive and flat morphism of of relative dimension n between quasi-projective
varieties over K. Assume that Y is normal.

Theorem 1.2.1 (Theorem 4.1.3). The Deligne pairing on model adelic line
bundles induces a symmetric and multilinear functor

Pic(X)M ! —s Pic(Y )i,

int



When restricted to nef adelic line bundles, the functor induces a functor

Pic(X)E — Pic(Y )ner.
Moreover, the functors are compatible with base changes of the formY' — Y,
where Y is a quasi-projective normal variety over K such that X' = X xyY’
18 1ntegral.

In the setting of the theorem, let F' = K(Y) be the function field of
Y, and Xr — Spec F the generic fiber of X — Y. Let L be an object of
Pic(X )ing- By this, we can define a vector-valued height function

by : X(F) — Pic(F)imo-

Here the group . -
Pic(F)in = lim Pic(T )in,
U

where U runs through all open subsets of Y.
More generally, for any closed F-subvariety Z of Xp, define the vector-
valued height of Z with respect to L as
<E’Z/>dimZ+1

£(2) = — € Pic(F)inq-
bz(2) (dimZ—Fl)(L’Z},)dimZ ic(F)intg

Here Z' denotes the image of Z — X, Z/. is the generic fiber of Z' — Y, and
L— Ly — Llz,
denotes the image of L via the functorial maps
Pic(X )i — PIic(Z )i — Pic(Zh).

Note that the first self-intersection is the Deligne pairing, and the second self-
intersection is just the degree on the projective variety Z5 in the classical
sense. The height is well-defined only if the denominator is nonzero.

When F' is polarized in sense of Moriwaki | |, then we can also define
the Moriwaki heights. If K is a number field or a finite field, and if X is
projective over F', we obtain a Northcott property of the Moriwaki heights
from that of | ]. In general, we obtain the fundamental inequality for
the Moriwaki height following the strategy of [ ].

10



1.3 Volumes and equidistribution theorems

As in the projective case, we can define effective sections of adelic line bun-
dles, study their volumes, and prove equidistribution theorems on quasi-
projective varieties.

Volumes

Let K be a number field or a constant field. Let X be a quasi-projective
variety over K. Let L = (L, || - ||) be an adelic line bundle on X. Define

HY(X,L):={se H'(X,L) : ||s(z)|| <1, Vo € X™}.

Elements of H 0(X, L) are called effective sections of L on X. If K is a
number field, denote

h*(X,I) := log #H"(X, L);
if K is a constant field, denote
1°(X, L) := dimg H(X,L).

We check that EO(X , L) is always a finite real number. In this setting, we
have the following fundamental results.

Theorem 1.3.1 (Theorem 5.2.1, Theorem 5.2.2). Let K be a number field
or a constant field. Let X be a quasi-projective variety over K. Let L, M be
adelic line bundles on X. Denote d = dim X + dim K. Then

(1) The limit
—_ — . d! /\0 —_—
vol(X, L) = nlgréo Wh (X, mL)

exists.

(2) If L is the limit of a sequence of model adelic line bundles induced by a
sequence {(X;, L;) }i>1 of projective models of (X, L) over Ok, then

vol(X, ) = lim vol(X;, ;).

1—00

(3) If L is nef, then
vol(X,I) =T

11



(4) If L, M are nef, then
vol(X,I — ) >T" - dI" '

Part (1) generalizes the classical result of Fujita (cf. | , 11.4.7]) for
line bundles on projective varieties and the result of Yuan | ] and Chen
[ | for hermitian line bundles on projective arithmetic varieties. Part
(2) allows us to transfer many previous results in the projective case to
the quasi-projective case. Part (3) generalizes the classical Hilbert—Samuel
formula in algebraic geometry, and the arithmetic Hilbert—Samuel formula
proved by Gillet-Soulé [:52], Bismut—Vasserot [BV], and Zhang | |. Part
(4) generalizes the classical theorem of Siu [Siu] and the arithmetic bigness
theorem of Yuan | ].

In the setting of the theorem, we say that L is big if \7(;1(X, L) >0. We
will see that in this case, we will have nice lower bounds of the height function
associated to L.

Height inequality

Let K be a number field or a function field of one variable. Let X be a

quasi-projective variety over K. Let L be an integrable adelic line bundle on
X. Denote by B
degf<Xtr1V) = (L | Xiriv )dlm X

the self-intersection number of L|x,.. on Xy

As a quick consequence of the above fundamental results on volumes,
we have the following height inequality. For its application to dynamical
systems, we refer to Theorem 6.2.2.

Theorem 1.3.2 (Theorem 5.3.5). Let K be a number field or a function field
of one variable. Let m: X — S be a morphism of quasi-projective varieties
over K. Let L € Pic(X) and M € Pic(S) be adelic line bundles.

(1) If L is big on X, then there exist € > 0 and a Zariski open and dense
subvariety U of X such that

hi(z) > ehgp(n(z)), Ve U(K).

(2) If L is nef on X and degr(Xuiy) > 0, then for any ¢ > 0, there exist
€ >0 and a Zariski open and dense subvariety U of X such that

hi(z) > ehgp(m(z)) —¢, Ve U(K).

12



Equidistribution

One of the most important theorems of this paper is an equidistribution
theorem of small points of a quasi-projective variety over a number field or
a function field of one variable.

Theorem 1.3.3 (Theorem 5.4.3). Let K be a number field or a function
field of one wvariable. Let X be a quasi-projective variety over K. Let L be
a nef adelic line bundle on X such that degp(Xuiv) > 0. Let {zp}m be a
generic sequence in X (K) such that {hz(x,,)}m converges to hz(X). Then
the Galois orbit of {xy, }n is equidistributed in X3 with respect to dug ,, for

any place v of K.

Here duz , is a canonical probability measure on X3, defined using the
recent theory of Chambert-Loir and Ducros in [C'D] if v is non-archimedean.
This generalizes the Monge-Ampere measure and the Chambert-Loir mea-
sure from the projective case to the quasi-projective case.

If X is projective over K, the equidistribution theorem is proved by the
works of Szpiro-Ullmo-Zhang [SUZ], Chambert-Loir [C'L], and Yuan | ].
Our current theorem still follows the variational principle of the pioneering
work [ |, applying our adelic Hilbert—Samuel formula and adelic bigness
theorem.

We can further generalize our equidistribution theorem in two different
aspects, which gives us an equidistribution theorem (Theorem 5.4.6) and an
equidistribution conjecture (Conjecture 5.4.1). The equidistribution theorem
considers a projective and flat morphism of quasi-projective varieties over
a number field or a function field of one variable, and its proof follows a
strategy of Moriwaki | |. The equidistribution conjecture considers quasi-
projective varieties over finitely generated fields, which is stated as follows.

Conjecture 1.3.4 (Conjecture 5.4.1). Let K be a number field or a constant
field. Let F be a finitely generated field over K. Let v be a non-trivial
valuation of F. Assume that the restriction of v to K 1is trivial if K is
a constant field. Let X be a quasi-projective variety over F. Let L be a
nef adelic line bundle on X such that degy(Xiy) > 0. Let {xp}m be a

generic sequence of small points in X(F'). Then the Galois orbit of {xm}m
is equidistributed in X3 with respect to dug .

13



1.4 Algebraic dynamics

Here we apply the theory of adelic line bundles to algebraic dynamics.

Algebraic dynamics

Let K be a number field or a constant field. Let S be a quasi-projective
variety over K with function field F' = K(S). Let (X, f, L) be a polarized
algebraic dynamical system over S, i.e., X is a flat and projective integral
scheme over S, f : X — X is an endomorphism over S, and L is an f-ample
Q-line bundle and satistying f*L ~ gL for some rational number ¢ > 1.

By Tate’s limiting argument, we can construct a canonical adelic Q-line
bundle L; € Pic(X)guet extending L which is f-invariant in that f*L; ~
qL;. Here P/’l\c(X )Jonet denotes the sub-semigroup of P/’E:(X )o consisting of

positive rational multiples of elements of ﬂ:(X )nef -
For any closed F-subvariety Z of X, we have the canonical height

(Ly|gm ot

(dim Z + 1) deg; (Z})

by(Z) =bz,(2) = € Pic(F)gner-

In particular, we have a height function
by : X(F) — Pic(F)gnet.

These heights can also be obtained by Tate’s limiting argument.

The height function b is f-invariant. As a consequence, hs(z) = 0 for a
preperiodic point € X (F). In the minimal case that K is a number field
or a finite constant field, h; satisfies the Northcott property. In this case,

hs(z) = 0 for a point € X (F') implies that x is preperiodic under f.

Equidistribution of small points

Our equidistribution conjecture naturally implies an equidistribution conjec-
ture of preperiodic points.

Conjecture 1.4.1 (Conjecture 6.1.5). Let v be a non-trivial valuation of F.
Assume that the restriction of v to K is trivial if K is a constant field. Let

{Zm }m be a generic sequence of preperiodic points in X (F'). Then the Galois
orbit of {Tm }m is equidistributed in X3 with respect to the canonical measure

dML, fu-
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As an example of our equidistribution theorem (cf. Theorem 5.4.3),
we deduce the following equidistribution theorem of small points on non-
degenerated subvarieties in a family of polarized algebraic dynamical sys-
tems.

Theorem 1.4.2 (Theorem 6.2.3). Let K be a number field or a function field
of one variable. Let S be a quasi-projective variety over K. Let (X, f,L)
be a polarized dynamical system over S. Let Y be a non-degenerate closed
subvariety of X over K. Let {ym}m>1 be a generic sequence of Y (K) such
that hff (Ym) — 0. Then for any place v of K, the Galois orbit of {ym }m>1 1s
equidistributed on the analytic space Y, with respect to the canonical measure

duzf‘y,’l) .

The theorem generalizes the equidistribution theorem of DeMarco-Mavrak
[DM] for families of elliptic curves, and confirms the conjecture (REC) of
Kiithne [Kuh] for abelian schemes. A weaker version of the theorem for
abelian schemes is proved by | , Thm. 1] independently. The proof of
[[Kuh] is a limit version of the original proof in [SUZ] and uses a result of
Dimitrov-Gao-Habegger | ] for uniformity in the limit process.

In the theorem, a closed subvariety Y of X is called non-degenerate if
deg7(Yisy) > 0. This is equivalent to the property that Lly, . is big. If X is
an abelian scheme and K is a number field, our definition of “non-degenerate”
agrees with that of [ |, which uses Betti maps in the complex analytic
setting.

Heights of points of a non-degenerate subvariety

Let K be a number field or a function field of one variable. Let S be a quasi-
projective variety over K. Let (X, f,L) be a polarized dynamical system
over S. Let Y be a closed subvariety of X over K.

If Y is a section of X — S, our vector-valued height of adelic line bundles
generalizes and re-interprets the Tate—Silverman specialization theorem of
[Tat, : : | and the work [DM] from families of elliptic curves to
families of algebraic dynamical systems. See Lemma 6.2.1 for more details.

If X is an abelian scheme and Y is non-degenerate in X, there is a height
inequality of points of Y by [GII, ], which plays a fundamental role
in the treatment of the uniform Mordell-Lang problem in [ , ]. In
terms of our theory, we have a simple interpretation of the height inequality,
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which is also valid on families of algebraic dynamical systems. As the non-
degeneracy is interpreted as the bigness of Ly, , the height inequality is
also interpreted by the bigness of some adelic line bundle. In fact, applying
Theorem 1.3.2(2) to the morphism Y — S and the adelic line bundle L;|y
on Y, we can have a lower bound of the canonical height of points on Y by
Weil heights on S. See Theorem 6.2.2 for more details.

Equidistribution of PCF maps

Let S be a smooth and quasi-projective variety over a number field K. Let
X = P be the projective line over S, and let f : X — X be a finite
morphism over S of degree d > 1. A point y € S(K) is called post-critically
finite (PCF) if all the ramification points (i.e. critical points) of f, : X, — X,
are preperiodic under f,,.

Denote by M the moduli space over K of endomorphisms of P! of degree
d. Inside My, there is closed subvariety corresponding to flexible Lattés
maps. By the moduli property, there is a morphism S — M.

The main result here is the following equidistribution theorem of Galois
orbits of PCF points.

Theorem 1.4.3 (Theorem 6.3.6). Assume that the morphism S — M, is
generically finite and its image is not contained in the flexible Lattés locus.
Let {ym}m be a generic sequence of PCF points of S(K). Then the Galois
orbit of {Ym}m is equidistributed in S¥ with respect to dpizz., for any place
v of K.

If S is a family of polynomial maps on P!, the theorem was previously
proved by Favre-Gauthier [I'(:]. Their strategy was to reduce the problem
to the equidistribution of Yuan | ]-

Now we explain our proof of the theorem, which will also introduce the key
term M in the statement. Denote by R the ramification divisor of the finite
morphism f : X — X viewed as a (possibly non-reduced) closed subscheme
in X. Then R is finite and flat of degree 2d — 2 over S, and the fiber R, of
R above any point y € S is the ramification divisor of f, : X, = X,,.

Let L be a Q-line bundle on X, of degree one on fibers of X — S,
such that f*L ~ dL. Denote by L = L; the f-invariant extension of L in

Pic(X)gnet such that f*L ~ dL. Denote
M := Ng/s(L|r) € Pic(S)gmet-
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Here the norm map is the Deligne pairing of relative dimension 0.
Consider the height function

hﬁl S(K) —>R20.

For any y € S(K), the height h37(yy) = 0 if and only if y is PCF in S. Then we
are in the situation to apply the previous equidistribution theorem (Theorem
5.4.3) to (S, M), except that we need to check the condition degz7(Siiy) > 0.
This requires the bifurcation measure introduced by DeMarco | ,
| and further studied by Bassanelli-Berteloot [BB]. In fact, degyz(Siiv)
is exactly equal to the total volume of the bifurcation measure on S,(C) for
any embedding o : K — C. Then degz;(Suiv) > 0 is eventually equivalent
to the condition on S — M, by the works of [B13, ]. This proves the
theorem, and moreover confirms that the equilibrium measure dugz, is a
constant multiple of the bifurcation measure for any embedding o : K — C.
In the end, we note that the theorem also holds for a family of morphisms
on P with a slightly weaker statement. In particular, the construction of
the adelic line bundle M works in the same way. We refer to Theorem 6.3.5
for more details.

Hodge index theorem on curves

In the end, we present our generalization of the arithmetic Hodge index
theorem of Faltings [I'all] and Hriljac [Hri] to finitely generated fields. We
refer to Theorem 6.5.1 for a detailed account.

Let K be a number field or a constant field. Let F' be a finitely generated
field over K, and let m : X — Spec F' be a smooth, projective, and geomet-
rically connected curve of genus g > 0. Denote by J = Pic% sr the Jacobian
variety of X and by © the symmetric theta divisor on J. By the dynamical
system (J, [2],©), we have a Néron—Tate height function

b : Pic®(Xz) — Pic(F)gnet.
The height function is quadratic as in the classical case.

Theorem 1.4.4 (Theorem 6.5.1). Let K be a number field or a constant
field. Let F be a finitely generated field over K, and let m : X — Spec F' be a
smooth, projective, and geometrically connected curve. Let M be a line bundle

17



on X with deg M = 0. Then there is an adelic line bundle M, € F/’i\c(X)int@
with underlying line bundle M such that

7T*<M0,V> = O, VV c P/)i\C(X)vert,Q-

Moreover, for such an adelic line bundle,

~

. (Mo, M) = —26(M).

In the theorem, Pic(X Jvert,p denotes the kernel of the forgetful map
PiC(X)int@ — PIC(X)Q

1.5 Connection to other recent works

As a generalization of the theory of adelic line bundles of Zhang | ], we
expect our current theory to be a language to treat the arithmetic of quasi-
projective varieties over finitely generated fields, which includes particularly
varieties descended from an arbitrary field by the Lefschetz principle, and
moduli spaces of geometric objects and their universal objects.

In terms of precise works, the following recent works are related to this

paper:

(1) In our another paper | |, based on the theory of this paper, we are
generalizing the Hodge index theorem for adelic line bundles in | ]
from number fields to finitely generated fields over Q and consider its
application to algebraic dynamics.

(2) Carney | ] has further treated the geometric version of [Y72], extend-
ing the results to finitely generated fields over a base field.

(3) Based on the work of Dimitrov-Gao-Habegger | |, Kiihne [I[<uh] has
proved a special case of our equidistribution theorem independently, and
applied it to obtain a uniform upper bound on the number of rational
points in the Mordell conjecture.

(4) Influenced by our formulation, Gauthier [(Gau] has extended the equidis-
tribution theorem of | | to more general settings, which has a large
overlap with our equidistribution theorems.
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(5) In a forthcoming work, Yuan | | will use positivity of adelic line
bundles to treat the uniform Mordell-Lang problem. This gives a new
proof of the results of [GH, , ], which works for both number
fields and function fields of any characteristic.

1.6 Terminology and notation

The terminology of the introduction is slightly different from that of the
remaining part of the paper. In the following, we introduce the terminology
for the remaining part.

We will introduce a uniform system of terminology and notations for both
the arithmetic case and the geometric case. To achieve this, we need frequent
abuse of terminology.

Our base ring k be either Z or an arbitrary field. This is divided into two
cases:

(1) (arithmetic case) k = Z. In this case, the adelic line bundles will be
limits of hermitian line bundles on projective integral schemes over Z.
The intersection theory is obtained by this limit process.

(2) (geometric case) k is an arbitrary field. In this case, the adelic line
bundles will be limits of usual line bundles on projective varieties over
k. The intersection theory is obtained by this limit process.

By a finitely generated field F' over k, we mean a field F' which is finitely
generated over the fraction field of k. For any integral scheme X over k,
denote by k(X) the function field of X.

By a quasi-projective variety (resp. projective variety) over k, we mean
an integral scheme which is flat and quasi-projective (resp. projective) over
k. For a quasi-projective variety U over k, a projective model means a pro-
jective variety X over k endowed with an open immersion &4 — X over k. In
the arithmetic case (that k = Z), we may also use the terms quasi-projective
arithmetic variety and projective arithmetic variety to emphasize the situa-
tion.

In the arithmetic case, for a projective arithmetic variety X over Z, we

have the group /1;(/'\? ) of arithmetic divisors on X', and the group Pic(X)
and the category Pic(X) of hermitian line bundles on X.
In the geometric case, for a projective variety X over a field k, an arith-

metic divisor means a Cartier divisor, a hermitian line bundle means a line
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bundle, and we write 51;(2(), F/’i\c(é\?), 73;3(?() for Div(X), Pic(X), Pic(X).
We take this convention in other similar situations.

This abuse of notation is only one-way. For example, by Div, Pic or
Pic in the arithmetic case, we still mean the ones without the archimedean
components.

Below are a few conventions which are not directly related to the base k
but taken throughout this paper.

(1) Denote Mg = M ®z Q for any abelian group M.
(2) Except in §2.7 and §3.6, all schemes are assumed to be noetherian.

(3) By a wariety over a field, we mean an integral scheme, separated and
of finite type over the field. We do not require it to be geometrically
integral.

(4) By a curve over a field, we mean a variety over the field of dimension 1.
(5) All divisors in this paper are Cartier divisors, unless otherwise instructed.

(6) By a line bundle on a scheme, we mean an invertible sheaf on the scheme.
We often write or mention tensor products of line bundles additively, so

al — bM means L2 @ M),

(7) All the categories of (adelic, metrized) line bundles are groupoids, so the
morphisms are isomorphisms.

(8) A functor between two categories may also be called a map or a homo-
morphism sometimes.
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2 Adelic divisors and adelic line bundles

In this section, we develop a theory of adelic divisors and adelic line bundles
on essentially quasi-projective schemes. The contents of this section are
explained in the introduction.

2.1 Preliminaries on arithmetic varieties

In this subsection, we review some basic notions of arithmetic divisors and
hermitian line bundles on projective arithmetic varieties. These are standard
terminology, and most of them are reviewed in | , Appendix 1]. Since the
content here is purely arithmetic, we do not take the uniform terminology in
§1.6.

2.1.1 Metrics on analytic spaces

We refer to | , Chapter IT] or [Rem)] for detailed introductions to complex
analytic varieties. For convenience, all complex analytic varieties in this
section are assumed to be reduced and irreducible.

Let X be a (reduced and irreducible) complex analytic variety. The de-
fault topology on X is the complex topology unless otherwise instructed.
The regular locus (or equivalently smooth locus) X8 is a complex manifold,
which is Zariski open and dense in X. In the following, we introduce metrics
of line bundles on X with different type of regularities.

We take the notion of smooth differential forms following [I<in, §1.1]. For
integers p,q > 0, a smooth (p,q)-form on X is a smooth (p,q)-form « on
X" guch that for any point x € X, there is an open neighborhood U of z in
X and an analytic map ¢ : U — M to a complex manifold M under which
U is a closed analytic subvariety of M, such that a|yws can be extended to
a smooth (p, ¢)-form on M.

The case p = ¢ = 0 gives the notion of smooth functions. Namely, a
smooth function on X is a continuous function f : X — C such that for any
point x € X, there is an open neighborhood U of x in X and an analytic
map ¢ : U — M to a complex manifold M under which U is a closed analytic
subvariety of M, such that f|y can be extended to an infinitely differentiable
function f : M — C. Note that the smoothness here is stronger than that in

[Zhal].
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With the definition of smooth (p, ¢)-forms, most notions and operations
on differential forms and currents on complex manifolds can be extended to
complex analytic varieties.

Let L be a line bundle on X. By a continuous metric (resp. smooth
metric) of L on X, we mean the assignment of a metric || - || to the fiber L(z)
above every point x € X, which varies continuously (resp. smoothly) in that
for any local section s of L defined on an open subset U of X, the function
||s(x)||? is continuous (resp. smooth) in z € U.

For any continuous metric || - || of L on X, the Chern current

1 —
cu(L, || - [1) = —091og [|s]| + daivs)

is a (1,1)-current on X. Here s is any meromorphic section of L on X, and
the definition is independent of the choice of s.

A continuous metric || - || of L on X is called semipositive if the Chern
current is a positive current; equivalently, || - || is semipositive if for any local
section s of L analytic and everywhere non-vanishing on an open subset U
of X, the function —log ||s(z)|| is pluri-subharmonic (psh) on U. We refer to
[I<11] for basic theory of psh functions, and to | , 81] for a brief extension
of psh functions to singular analytic varieties.

A continuous metric ||-|| of L on X is called integrable if it is the quotient of
two semipositive metrics; i.e., there are line bundles (Lq, ||-||1) and (La, || -]|2)
endowed with semipositive metrics on X such that (L, || - ||) is isometric to
(Lo, - 1l2) @ (Lo, || - 12)"-

As the well-known special case, if X is smooth and the metric || - || of L
is smooth, the Chern current is represented by the Chern form ci(L,| - ||)
(by abuse of notation). In this case, || - || is semipositive on X if and only
if ¢1(L, || - ||) is positive semi-definite as a smooth (1,1)-form on X. If X
is general and the metric || - || is smooth, then || - || is semipositive on X if
and only if ¢1(L|xree, || - ||) is positive semi-definite as a smooth (1, 1)-form
on X',

Note that most terminologies were introduced by Moriwaki | | under
different names. For example, a semipositive continuous metric is called a
metric of (CY N PSH)-type in the loc. cit..

Let X be a complex projective variety. Let L be a line bundle on X.
Then any smooth metric || - || of L on X is the quotient of two semipositive
metrics of line bundles on X. In fact, if X is smooth, take an ample line
bundle A with a positive metric || - |4, then (L, || - ||) ® (A, || - [|4)®™ also
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have a positive metric for sufficiently large m. If X is singular, take a closed
embedding i : X — PY and set (A, || - ||4) = *(O(1), || - ||rs), where || - [|ps is
the Fubini-Study metric. By some extra argument, (L, || - ||) @ (A, || - |[4)®™
still has a semipositive metric for sufficiently large m. As a consequence,
smooth metrics are integrable.

Note that | | also has a notion of “semipositive metrics” and “inte-
grable metrics”. We will see that our notion is essentially equivalent to those
of the loc. cit. on complex projective varieties. Let L be a line bundle on a
complex projective variety X with a continuous metric || - ||. Then we have
the following comparisons:

(1) If L is ample, then || - || is semipositive (in our sense) if and only
if it is semipositive in the sense of | ]. In fact, by | , Cor.
C], any semipositive continuous metric on L is an increasing limit of
semipositive smooth metrics on L. This limit process is uniform since
all the metrics are continuous. Then it is semipositive in the sense of
[ |. The inverse direction follows from the fact that the decreasing
limit of psh functions is again psh.

(2) Any semipositive metric || - || (without assuming that L is ample) is the
quotient of two semipositive continuous metrics on ample line bundles.
This is trivial by tensoring (L, || - ||) by an ample line bundle with a
semipositive continuous metric.

(3) A continuous metric || - || is integrable if and only if it is integrable in
the sense of | ]. This follows from (1) and (2).

Let X be a complex projective variety of dimension n. Let (Li,| -
1), -, (Ln,| - ||n) be line bundles with integrable metrics on X. Then
there is a (signed) Monge-Ampere measure ¢; (L1, || - ||1) - c1(Ln, || - ||n) on
X. Tt is reduced to semipositive metrics by linearity, and then apply the
approximation method of [BT, Thm. 2.1] (or | , Cor. 1.6]).

2.1.2 Green’s functions on analytic spaces

Let X be a complex analytic variety. We introduce Green’s functions of
divisors following the above treatment of metrics of line bundles.

Let D be an (analytic) Cartier divisor on X with support |D|. A con-
tinuous Green’s function (resp. smooth Green’s function) g of D on X is a
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function g : X \ |D| — R such that for any meromorphic function f on an
open subset U of X satisfying div(f) = D|y, the function g + log|f| can be
extended to a continuous (resp. smooth) function on U.

Note that the pair (D, g) defines a pair (O(D), || - ||,) with the metric
defined by ||spl|l; = e79. Here sp is the section of O(D) corresponding to
the meromorphic function 1 on X.

By this correspondence, ¢ is continuous (resp. smooth) if and only if || - ||,
is continuous (resp. smooth). Moreover, we say that g is semipositive (resp.
integrable) if || - ||, is semipositive (resp. integrable).

All the definition and results for metrics and Green’s functions extend to
finite disjoint unions of analytic variety (resp. complex projective variety)
easily.

2.1.3 Hermitian line bundles on arithmetic varieties

By a projective arithmetic variety (resp. quasi-projective arithmetic variety)
X, we mean an integral scheme, projective (resp. quasi-projective) and flat
over Z. We usually denote by Q(X) the function field of X’

Let X be a projective arithmetic variety. A hermitian line bundle on X
is a pair £ = (L, - ||), where £ is a line bundle (equivalently an invertible
sheaf) on X, and || - || is a continuous metric of L(C) on X(C), invariant
under the action of the complex conjugation.

An isometry from a hermitian line bundle £ = (£, || - ||) to another her-
mitian line bundle £ = (£, ]| - ||') is an isomorphism £ — £’ of coherent
sheaves compatible with the metrics.

Denote by Pic(X) the group of isometry classes of hermitian line bundles
on X. Denote by TDE(X ) the category of hermitian line bundles on X, in
which the morphisms are isometries of hermitian line bundles. This is a
groupoid by definition.

Note that for a hermitian line bundle £ = (Z,]| - ||), we only require
the metric to be continuous (instead of smooth). For convenience, define
ﬁ(é\?)smth (resp. ﬁ(é\?)int) to be the full subcategory of 7/3;(X) of her-
mitian line bundles with smooth metric (resp. integrable metrics). Define
P/’i\c()()smth (resp. P/’i\c(é\,’)im) to be the subgroup of ﬁ:(X) similarly.
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2.1.4 Arithmetic divisors

Let X be a projective arithmetic variety. An arithmetic divisor on X is a
pair D = (D, gp), where D is a Cartier divisor on X, and gp is a continuous
Green’s function of D(C) on X (C), invariant under the action of the complex
conjugation. A principal arithmetic divisor on X is an arithmetic divisor of
the form

div(f) := (div(f), —log [ f])
for any rational function f € Q(&)* on X.

Denote by 61;(2\,’ ) the group of arithmetic divisors on X', and by lg\r(X )
the group of principal arithmetic divisors on X'. Then we have the arithmetic
divisor class group

CaCl(X) = Div(X)/Pr(X).

An arithmetic divisor D = (D, gp) € ISR/(X) is effective (resp. strictly
effective) if D is an effective Cartier divisor on & and the Green’s function
gp > 0 (resp. gp > 0) on X(C) — |D(C)]|.

There is a canonical map

Div(X) — Pic(X), D+ O(D),
which induces an isomorphism
CaCl(X) —» Dic(X).
The inverse image of a hermitian line bundle £ is represented by the divisor
div(s) = diviy z)(s) = (div(s), ~log |s]).

where s is any nonzero rational section of £ on X.

Similar to hermitian metrics, we only require the Green’s functions to be
continuous (instead of smooth). Define Div(X)gmen (resp. Div(&X )in) to be
the subgroup of ]517/(2\?’ ) of arithmetic divisors corresponding to line bundles
with smooth metric (resp. integrable metrics).

2.1.5 Intersection theory and nefness

Let X be a projective arithmetic variety of dimension n. Let £y, --- , L, be
hermitian line bundles with integrable metrics on X'. Then there is a well-
defined intersection number L1-Ly - -+ L,,. This is the Gillet—Soulé intersection
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number if the metrics of £y, --- , L, are smooth, extended to semipositive

metrics with ample underlying line bundle by a limit process and to integrable

metrics by linearity as in | ]. In particular, if s,, is a rational section of
T

L, on X with div(s,) = > ;_, m;Z; for prime divisor Z; of X', then we have
the induction formula

Ly-Ly- L, = Zmz(zl
i=1

2o Los

2) — / log [suller(Za) - &1 ().
X(C)

For approximation, if £;,--- , L, are hermitian line bundles with semi-
positive metrics on X', and {£, ;};>1 is a sequence of hermitian line bundles
with underlying line bundle £; and with semipositive metrics converging to
the metric of £; uniformly, then

El : EQ M Zn = hm Zl,j 'ZL]‘ o 'En,j'
Jj—00
We say that a hermitian line bundle £ on a projective arithmetic variety
X is nef if the following conditions hold:

(1) the (continuous) metric of £ is semipositive,

(2) L has a non-negative (arithmetic) degree on any 1-dimensional integral
closed subscheme of X

Lemma 2.1.1. Let X be a projective arithmetic variety of dimension n. Let
L be a nef hermitian line bundle on X. Then the intersection number L£'>0.

Proof. This is well-known. See | , Lem. 4.5] for the prototype and | ,
Prop. 2.3] for the smooth case. If Lg is ample on Ay, the semipositive
continuous metric on £ is a uniform limit of semipositive smooth metrics on
L by [ , Cor. C], so the above result also imply L£" > 0 in this case. If
Lg is not ample, take a nef hermitian line bundle A on X with an ample
underlying line bundle A. For any positive integer m, mLqg + Ag is ample,
and thus (mL + A)" > 0. This implies £ > 0. O

Let X be a projective arithmetic variety. Denote by 7/?E(X Jnet the full
subcategory of TDE(X ) of nef hermitian line bundles on X', and by ﬂ:()( )nef
the sub-semigroup of P/)I\C(X ) of nef line bundles on X'.

An arithmetic divisor D on &X' is nef if the hermitian line bundle O(D)
is nef on X'. Denote by ]51?/(/1’ Jnet the sub-semigroup of ]S;f(X ) of nef line
bundles on X.
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2.2 Objects of mixed coefficients

The goal of this subsection is to introduce notations for divisors and line
bundles of mixed coefficients, i.e., Q-line bundles and Q-divisors which are
integral on an open subscheme of the ambient scheme. These are less stan-
dard, but will be crucial to define effective sections of adelic line bundles in
our theory.

For clarity, in this subsection, we do not take the uniform terminology in
§1.6, but to introduce all the terms case by case.

2.2.1 Q-divisors and Q-line bundles

When we say divisors, we always mean Cartier divisors, unless otherwise
specified. When we want to distinguish the usual divisors (resp. line bundles)
from Q-divisors (resp. Q-line bundles), we often say integral divisors (resp.
integral line bundles).

Let X be a scheme. Denote by Div(X) = H°(X,K%/O%) the group of
Cartier divisors on X. Here Kx is the sheaf of rational functions on X. The
image of HY(X,K%) in Div(X) is the subgroup of principle Cartier divisors
on &, denoted by Pr(X).

The support |D| of a Cartier divisor D on X is the complement of the
maximal open subscheme of X on which D is trivial. A Cartier divisor D on
X is called effective if it lies in the image of the semi-group H°(X, Ox/O%)
in Div(X).

An element of Div(X)g = Div(X) ®7 Q is called a (Cartier) Q-divisor of
X. A Q-divisor D € Div(X)q is called effective if for some positive integer
m, the multiple mD is an effective (integral) divisor in Div(X').

Denote by Pic(X) the category of line bundles on X', in which the objects
are line bundles (or equivalently invertible sheaves) on X, and the morphisms
are isomorphisms of line bundles. Denote by Pic(X')q the category of Q-line
bundles on X, in which the objects are pairs (a, £) (or just written as al)
with a € Q and £ € Pic(X), and a morphism of two such objects is defined
to be

Hom(aLl,d'L') := lim Hom(amZ, amL'),

where m runs through positive integers such that am and a’m are both inte-

gers, so that am/L and a’'m/L’ are viewed as integral line bundles, and “Hom”
on the right-hand side represents isomorphisms of integral line bundles. For
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the direct system, for any m|n, there is a transition map
Hom(amL,a'mL") — Hom(anL,a'nL')

locally given by taking (n/m)-th power of an isomorphism. The group
of isomorphism classes of objects of Pic(X)q is isomorphic to Pic(X)g =
Pic(.)() ®7 Q.

Let aL be a Q-line bundle on X with a € Q and £ € Pic(X). A section
of al on X is an element of Hom(Ox,al) = @F(X, amL), where m runs

through positive integers with am € Z. If X is an integral scheme, a rational
section of aL on X is an element of Hom(O,, aLl,) = @F(n, amL), where

7 is the generic point of X', and m runs through positive integers with am €
Z. 1f s is a section represented by s, € I'(X,amL) or a rational section
represented by s, € I'(n,amL), then define

1
div(s) := mdlv(sm).
This is a Q-divisor on X.

If X is a projective variety over a field, a Q-divisor D € Div(&X')q (resp.
Q-line bundle £ € Pic(X)q) is called nef if for some positive integer m, the
multiple mD (resp. mL) is a nef divisor on X (resp. nef line bundle on X)
in the usual sense.

2.2.2 Arithmetic Q-divisors and hermitian Q-line bundles

The above Q-notions extend easily to the arithmetic situation. We sketch
them briefly. -

Let X be a projective arithmetic variety. An element of Div(X)g =
I/);/(X ) ®7 Q is called an arithmetic Q-divisor. So an arithmetic Q-divisor is
still represented by a pair (D, gp), where D is a Cartier Q-divisor on X', and
gp is a Green’s function of D on X defined similarly.

An arithmetic Q-divisor D € Div(X)q is called effective (resp. strictly
effective) if for some positive integer m, the multiple mD is an effective (resp.
strictly effective) (integral) arithmetic divisor in 5;/()( ).

Denote by 7/DE(X )o the category of hermitian Q-line bundles on X, in
which the objects are pairs (a,£) (or just written as al) with a € Q and
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Le 7/DE(X ), and the morphism of two such objects is defined to be

Hom(aLl,da'L ) := liglsom(amz, amL),

where “Isom” represents isometries, and m runs through positive integers
such that am and a’m are both integers.

If s is a section of aL represented by s, € I'(X,amL) or a rational section
of aL represented by s, € I'(n,amL), where n € X is the generic point as
above, then define

1 — 1 ~
div(s) := Ediv(sm), div(s) := Ediv(sm).

These are respectively Q-divisors and arithmetic Q-divisors on X'

An arithmetic Q-divisor D € Div(X)g (resp. hermitian Q-line bundle
Lc 7/?1\C(X)Q) is called nef if for some positive integer m, the multiple mD
(resp. mL) is a nef arithmetic divisor in Div(X ) (resp. nef hermitian line
bundle in TDE(X )) in the usual sense.

2.2.3 (Q,Z)-divisors

Let U be an open subscheme of an integral scheme X. Define Div(X, i) to
be the fiber product of the natural map ¢ : Div(X)g — Div(U)g with the
natural map 1 : Div(U) — Div(U)g; i.e.,

Div(X,U) = ker(¢ — ¢ : Div(X)g @ Div(U) — Div(U)g).

In other words, Div(X,U) is the group of pairs (D, D’), where D € Div(X)g
and D’ € Div(U) have equal images in Div(U)g.

An element (D, D’) of Div(X,U) is called a (Q, Z)-divisor on (X,U) or a
Q-divisor of X integral on U. We usually call D the rational part of (D, D’),
and call D’ the integral part of (D, D’).

By definition, there are projection maps

Div(X,U) — Div(X)q, Div(X,U) — Div(lU).

By abuse of notations, we may abbreviate an element (D,D’) of Div(X,U)
as D, and then write D[y, for D', viewed as an integral divisor on U.
There are canonical maps

Div(X) — Div(X,U), E+— (£,&u)
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and
Div(U)ior — Div(X,U), T +—— (0,7).

Then we have a canonical exact sequence
0 — Div(U )yor — Div(X,U) — Div(X)g — Div(U)q/Div(U).
Then there is a canonical isomorphism
Div(X,U)g — Div(&X)g.
Take quotient
CaCl(X,U) := Div(X,U)/ Pr(X).

Here Pr(X) is mapped to Div(X,U) via Div(X) — Div(X,U). Note that
Pr(X) — Div(X,U) is not necessarily injective, but the quotient makes sense
by group action. There are canonical maps

CaCl(X,U) — CaCl(X)g, CaCl(X,U) — CaCl(ld).

An element of Div(X,U) is called effective if its images in Div(X)g and
Div(U) are both effective.

If X is a projective variety over a field, an element of Div(X, i) is called
nef if its image in Div(X)q is nef.

2.2.4 Arithmetic (Q,Z)-divisors

The above mixed notions extend easily to the arithmetic situation.
___Let U be an open subscheme of a projective arithmetic variety X. Define

Dlv(X U) to be the fiber product of the natural map ¢ Dlv(X)Q — Div(U)g
with the natural map ¥ : Div(U) — Div(U)g; i.e.,

Div(X,U) = ker(¢ — ¢ : Div(X)g ® Div(U) — Div(Ud)q).
In other words, ISR/(X,L{) is the group of pairs (D, D’), where D € ISR/(X)Q

and D’ € Div(U) have equal images in Div(U)g. Note that the second

component uses Div(U) (instead of 5;(2/{)), so it puts no condition on the
Green’s function.
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An element of ﬁE(X,Z/{) is called an arithmetic (Q, Z)-divisor on (X,U)
or an arithmetic Q-divisor of X integral on U. We usually call D the rational
part of (D,D'), and call D’ the integral part of (D, D).

There are projection maps

Div(X,U) — Div(X)q,  Div(X,U) — Div(U)

By abuse of notations, we may abbreviate an element (D, D’) of 51?/(2‘( JU)
as D, and then write D[y for D', viewed as an integral divisor on U.
There are canonical maps

Div(X) — Div(X,U), Div(U)sr — Div(X,U).
We have a canonical exact sequence
0 — Div(U)sor — Div(X,U) —> Div(X)g — Div(Ud)g/Div(ld).
Then there is a canonical isomorphism
Div(X,U)g — Div(X)q.

There is also a canonical injection

ker(Div(X)g — Div(id)g) — Div(X,U), D r— (D,0).
Take quotient
CaCl(X,U) == Div(X,U)/Pr(X).

Here the quotient is via the composition f’\r(X) — ER/(X) — /R/(X,Z/l).

An element of ]5;(2( ,U) is called effective if its images in Div(X)g and
Div(U) are both effective.

An element of ]SiT/(X,LI) is called nef if its image in ]SRI(X)@ is nef.

2.3 Essentially quasi-projective schemes

The goal of this subsection is to define some basic terms about arithmetic
models, and introduce essentially quasi-projective schemes, a special class
of schemes on which we can define adelic divisors and adelic line bundles
naturally.
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2.3.1 Pro-open immersions

A morphism i : X — Y of schemes is called a pro-open immersion if it
satisfies the following conditions:

(i) 4 is injective as a map between the underlying topological spaces;

(ii) ¢ induces isomorphisms between the local rings; i.e., for any point = €
X, the induced map Oy,,) — Ox, is an isomorphism.

By Raynaud | , Prop. 1.1], pro-open immersions are exactly flat
monomorphisms, and they are systematically studied in the loc. cit. In fact,
we have the following equivalent definitions.

Proposition 2.3.1. Leti : X — Y be a morphism of quasi-compact schemes.
Then the following are equivalent:

(1) The morphism i is a flat monomorphism; i.e, i is flat, and Hom(S, X') —
Hom(S,Y") is injective for any scheme S.

(2) The morphism i is a pro-open immersion; i.e., i induces an injection
between the underlying spaces and isomorphisms between the local rings.

(3) The mapi: X — Y is a homeomorphism of X to its image i(X) endowed
with topology induced from Y'; the image i(X) is equal to the intersec-
tion of its open meighborhoods in Y ; the natural morphism (X,Ox) —
(X,i7*Oy) is an isomorphism of ringed spaces. Here i 'Oy denotes the
pull-back as abelian sheaves.

Proof. See | , Prop. 1.1, Prop. 1.2]. O]
Another property of | , Prop. 1.2] is as follows.

Lemma 2.3.2. Let i : X — Y be a pro-open morphism of quasi-compact
schemes. If Y is noetherian, then X is also noetherian.

To justify the term “pro-open”, note that a pro-open immersion to a
scheme Y is given by the projective limit of some system of open subschemes
of Y see | , Prop. 2.3]. We refer to the loc. cit. for more properties.
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2.3.2 Essentially quasi-projective schemes

Let k£ be either Z or a field. We take the convention in §1.6 for objects over
k.

Recall that, by a projective variety (resp. quasi-projective variety) over
k, we mean an integral scheme, projective (resp. quasi-projective) and flat
over k. We make the following further definitions.

(1) Essentially quasi-projective schemes. A flat integral noetherian
scheme X over k is called essentially quasi-projective over k if there
is a pro-open immersion ¢ : X — X over k for some projective variety X
over k.

(2) Quasi-projective models and projective models. Let X be a flat
and essentially quasi-projective integral scheme over k. By a quasi-
projective model (resp. projective model) of X over k, we mean a pro-
open immersion X — U (resp. X — X) for a quasi-projective variety U
(resp. projective variety) over k.

The following are three important and natural classes of essentially quasi-
projective schemes over k:

(a) a quasi-projective variety over k,

(b) a quasi-projective variety X over a finitely generated field F' over k (in-
cluding the case X = Spec F),

(c) the spectrum of the local ring of a quasi-projective variety over k at a
point.

In this paper, we are mainly concerned with case (a) and (b). If X is in
case (a), any pro-open immersion X — X to a projective variety X’ over k is
necessarily an open immersion, so the notions of projective models regarding
X as a quasi-projective variety and as an essentially quasi-projective variety
coincide. If X is in case (b), its quasi-projective model is actually not as
arbitrary as it seems. In fact, Lemma 2.3.3 asserts that it essentially comes
from the generic fiber of a morphism U — V of quasi-projective varieties over
k.
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2.3.3 More properties

The following result describes the pro-open immersion in case (b).

Lemma 2.3.3. Let F be a finitely generated field over k, X be a quasi-
projective variety over F, and i : X — U be a quasi-projective model of X
over k. Then there is an open subscheme U' of U containing the image of
X together with a flat morphism U — V of quasi-projective varieties over k,
such that the generic fiber of U' — V is isomorphic to X — Spec F'.

Furthermore, if X is projective over F', then we can assume that the flat
morphism U — V is projective.

Proof. The last statement follows from the quasi-projective case by choosing
an open subscheme of V), since projectivity is an open condition.

For the quasi-projective case, let V be a quasi-projective model of Spec F’
over k. Then the rational map U --» V is defined on an open neighborhood
of X in U. Replacing U by an open subscheme if necessary, we can assume
that the rational map extends to a morphism &/ — V. Denote by n € V the
generic point and by U, — n the generic fiber of &/ — V. By the universal
property of the fiber product of Y — V and n — V, we have a morphism
Jj: X — U, over I, whose composition with i/, — U is exactly i : X — U.

The morphism j : X — U, is flat and of finite type, so it is an open
map. In particular, the image j(X) is open in U,. By Proposition 2.3.1(3),
J: X — U, is an open immersion. Then the result follows. ]

In the general case, we have the following result about the inverse systems
of quasi-projective models.

Lemma 2.3.4. Let X be a flat and essentially quasi-projective integral scheme
over k, and let U be a fixed quasi-projective model of X over k. Then the in-
verse system of open neighborhoods of X in U is cofinal to the inverse system
of quasi-projective models of X over k.

Proof. Let U’ be a quasi-projective model of X over k. Then the rational
map U --+ U’ is defined on an open neighborhood U” of X in U. Then the
system {U"} is cofinal to the system {U'}. O

2.3.4 Effectivity of Cartier divisors

Over a normal scheme, effectivity of a Cartier divisor is easy, as it can be
checked in terms of effectivity of the corresponding Weil divisor. Then we
have the following result.
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Lemma 2.3.5. Let X be a normal integral scheme, and let 1 : X' — X be
a birational proper morphism of integral schemes. Let D be a Cartier divisor
on X. Then the following are equivalent:

(1) D is effective on X;
(2) *D is effective on X';

(3) D is effective as a Q-divisor on X ; i.e., mD is effective for some positive
mteger m.

Proof. The proof is straight-forward using Weil divisors, except that to prove
(2) implies (1), we need to replace A’ by its normalization. O

Without normality, the situation is very delicate. The following result
solves the problem for our purpose. Recall that for a dominant morphism
of integral schemes V' — W, we say that W s integrally closed in V if the
normalization of W in V' is isomorphic to W.

Lemma 2.3.6. Let i : X — X be a pro-open immersion of integral noethe-
rian schemes. Assume that X is integrally closed in X. Then a Cartier
divisor D on X is effective if and only if the following two conditions hold
simultaneously:

(1) the pull-back D|x is effective on X;

(2) for any v € X \ X of codimension one in X, the valuation ord,(D) in
the local ring Oy, is non-negative.

Proof. We first claim that the local ring Oy, in (2) is a discrete valuation
ring. In fact, the base change of X — & by SpecOy, — X is exactly
Spec k(X) — Spec Ox,. Here k(X) denotes the function field of X, which
is also the fraction field of Oy ,. As a consequence, Spec Oy, is integrally
closed in Speck(X). Then Oy, is a discrete valuation ring since it has
dimension 1.

To prove the lemma, we only need to prove the “if” part. If X’ is normal,
then we can write Cartier divisors in terms of Weil divisors, and the effectivity
of them are equivalent. Then the result is easy.

In the general case, let f be a local equation of D in an affine open sub-
scheme W of X. Then f € k(W)*, and we need to prove f € O(W). By the
normal case, f is regular on the normalization W’ of W. As a consequence,
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f is integral over O(W). Note that f € O(WW N X) by the assumption that
D|x is effective. By assumption, O(W) is integrally closed in O(W N X).
Therefore, f € O(W). This finishes the proof. O

Now we have the following variant of Lemma 2.3.5 for non-normal schemes.

Lemma 2.3.7. Let 7 : X — X' and i : X — X be pro-open immersions of
integral noetherian schemes, and let ¢ : X' — X be a birational and proper
morphism such that i o = 1i'. Assume that X is integrally closed in X. Let
D be a Cartier divisor on X. Then the following are equivalent:

(1) D is effective on X;
(2) ¥*D is effective on X';

Proof. 1t is trivial that (1) implies (2). For the opposite direction, replace
X' by its normalization in X, and apply Lemma 2.3.6. ]

2.4 Adelic divisors

Let k be either Z or a field. Let X be a flat and essentially quasi-projective
integral scheme over k. The goal of this section is to define adelic divisors on
X. We will start the definition for a quasi-projective variety over k, and the
general case is obtained as a direct limit over all quasi-projective models.

2.4.1 Adelic divisors on a quasi-projective variety

Let k be either Z or a field. Take the uniform terminology in §1.6. Let I/ be
a quasi-projective variety over k.

Let X be a projective model of U over k. In the spirit of §1.6, denote
by Div(X,U) the group of arithmetic (Q, Z)-divisors on (X,U). Hence, in
the geometric case (that k is a field), we take the convention I/);(X U) =
Div(X,U), and an arithmetic (Q, Z)-divisor in this case just means a (Q, Z)-
divisor. Both cases are introduced in §2.2.

Projective models X of U over k form an inverse system. Using pull-back
morphisms, we can form the direct limits:

Div(U/k)smoa := lim Div (X, ),
X

Pr(U/k)moa := lim Pr(X).
X
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Here the subscript “mod” represents “model divisors”, as these divisors are
defined on single projective models. Now we are going to introduce a topology
on Div(U/k)mod-

For any D, £ € ]Si;(?()@, write D > £ or £ < D if D — & is effective. It is
a partial order in ]51;(2\? )o- This induces a partial order in Dlv(X U) by the
law that D > € or £ < D in Dlv(?c' U) if the image of D— & in Dlv(X) and
the image of D — € in Div(U) are both effective. By direct limit, we have an
induced partial order in 61?/((4 /) moa, and we will use the same symbols for
it.

In the geometric case (that k is a field), by a boundary divisor of U/k, we
mean a pair (X, &) consisting of a projective model Xy of U over k and an
effective Cartier divisor & on Xy with support equal to Xy \ U. To see the
existence of (Ap, &), take any projective model &} of U over k, and blow-up
A} along the reduced center X[\ U. We get a projective model & of U, and
the exceptional divisor of Xy — A{ is a Cartier divisor with support Xy \ U.

In the arithmetic case (k = Z), by a boundary divisor of U/k, we mean
a pair (X, £o) consisting of a projective model X, of U over k and a strictly
effective Cartier divisor £, on X, such that the support of the finite part &
is equal to Ay \ U.

To unify the terminology, in the geometric case, write £y = & in I/);/(Xo) =
Div(&Xp). Then in both cases, a boundary divisor is written in the form
(X, Eo), and the following are for the both cases.

For any r € Q, view 7 as an element of 5;/()(0, U) by settlng its integral
part in Div(i/) to be 0. Then & is also viewed as an element of Dlv(X )mod-

Let (Xp, &o) be a boundary divisor of U /k. We have a boundary norm

I [lg, = Div(U/F)moa — [0,00]

defined by S

||D||5 =inf{e € Qug: —€£o <D < e&p}.
Here we take the convention that inf(()) = co. Note that || - ||z, can take
value infinity, but it is an extended norm in the sense of [Bee, Def. 1.1]. We
refer to [Bee] for more theory on extended norms. In our situation, we have

the following basic properties.

Lemma 2.4.1. The boundary norm || - [|g, on ﬁ/(bl/k)mod satisfies the fol-
lowing properties:
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(1) | Dllg, = 0 if and only if D = 0;
(2) | D1 +Dsllz, < |Dillz, + | D2llz, ;

(3) ||laD|z, < la| - ||D||, for any nonzero a € Z. The inequality is strict if
and only if both D # 0 and aD = 0 hold in Div(U), where D denotes the
image of D in Div(U).

Moreover, if (Xé,zg) is another boundary divisor, then || - H% is equivalent
to || - ||lg, in the sense that there is a real number r > 1 such that
Pl < g <7l g,

Proof. Note that (2) and (3) are automatic by definition. For (1), assume
that Hl_)Hgo = 0 for some D; i.e., —e£y < D < €& in BE(L{/k)mod for all
positive rational numbers e. Assume that D comes from 61?/(2\,’ ,U) for a
projective model X of U, and assume that X dominates Xy and is integrally
closed in Y. By Lemma 2.3.7, —e£y < D < €& holds in Div(X,U) for all
positive rational numbers e. Then we can conclude D = 0 by Lemma 2.3.6.

For the equivalence of the two norms, it suffices to find a rational number
r > 1 such that r &, < Eg < 1€y in Div(U/k)moea. In fact, we can find
a third projective model Y of Y dominating both X, and A}, and we can
further assume that ) is integrally closed in ¢. Then we only need to treat
the inequalities over ), which is an easy consequence of Lemma 2.3.6. O

The boundary topology on ]5;(1/{ /k)mod 18 the topology induced by the
boundary norm || - [|z,. Thus a neighborhood basis at 0 of the topology is
given by

B(&, DivU /k)mod) = {D € Div(U/k)moa : —€E0 <D < €0}, €€ Qs

By translation, it gives a neighborhood basis at any point. The topology does
not depend on the choice of the boundary divisor (Xp, &) by the lemma.

Let BE(Z/{/k:) be the completion of ]Si?/(l/{/k;)mod with respect to the
boundary topology. An element of 5;/(1/{ /k) is called an adelic divisor (or a
compactified divisor) of U /k. By definition, an adelic divisor is represented by
a Cauchy sequence in ]Si\v(Z/{/k’)mod, i.e., a sequence {D;};>1 in ﬁ(U/k)mod
satisfying the property that there is a sequence {¢;};>1 of positive rational
numbers converging to 0 such that

—6E0 <Dy —D; <&y, >i>1
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The sequence {D;};>; represents 0 in 51;(2/1 /k) if and only if there is a
sequence {0;};>1 of positive rational numbers converging to 0 such that

—0,E0 <D; < 8E, i>1.
Define the class group of adelic divisors of U to be
CaCl(U k) := Div(U/k) [Pr(U/F)moa.
The map 6;(.)(,2/{) — Div(U) induces maps
Div(U /k)mod — DivUd),  CaClU /k)moa — CaCl{ld).

We call these maps restriction maps or forgetful maps.

Remark 2.4.2. In the arithmetic case k = Z, for the definition

Div(U/k)moa = lim Div(X,U),
X

we allow elements of ]31?/(X ,U) to have continuous Green’s functions, instead
of smooth Green’s functions. See §2.1 for the definitions of these terms.
However, both choices give the same completion Div(U/k), since continuous
functions on X'(C) can be approximated by smooth functions uniformly.

2.4.2 Completion of the divisor class group

Let U be a quasi-projective variety over k. Consider the class group of model
divisors:

CaCl(U /k)moq = lim CaCl(X,U) = Div(U /k)moa/PrU/K)moa-
X

It is endowed with the quotient topology induced by the boundary topology
of Div(U/k)moa. On the other hand,

CaCl(ud/k) = Div(U k) /Pr(U/F)mon
is not defined to be the completion of @(L{ /k)moa. However, the following

result asserts that these two are actually isomorphic.
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Lemma 2.4.3. The group f);(Z/{/k)mod is discrete in ﬁ(bf/k)mod under the

—

boundary topology. Therefore, CaCl(U/k) is canonically isomorphic to the
completion of CaCl(U /k)mod-

Proof. 1t suffices to prove the first statement. In the following, we assume
the arithmetic case k = Z, since the geometric case is similar and easier.

Assume that there is a sequence D; in Pr(U/k)moq converging to 0. Then
there is a sequence {¢;};>1 of positive rational numbers converging to 0 such
that ¢,£9£D; > 0in ﬁ/(Z/{/k)mOd for any ¢ > 1. Assume that D; = (i?/x(fz)
for a projective model X; of U and a rational function f; € Q(&;)* = QU)*.

We first consider the case that ¢/ and X; are normal for ¢ > 0. For
i = 0, recall that the projective model Xj is the one chosen to define &o. By
Lemma 2.3.5, the relation ;€ £ D; > 0 in Div(U/k)moq is the same as the
relation €,y & (Ti?/xo( fi) > 0in [/)R/(XO)Q. When ¢; is small enough, we must
have divy,(f;) = 0. This implies that f; € O(Xp)* = Oj. Here K is the
algebraic closure of Q in Q(Xp), and Og is the ring of algebraic integers in
K. In the setting of Dirichlet’s unit theorem, the image of Oy in R” under
the logarithms of archimedean absolute values is discrete. Then the relation
€9 £log|fi;| > 0 from the Green’s function implies that |f;|, = 1 for any
archimedean place ¢ of K and for sufficiently large i. Therefore, f; is a root
of unity and thus D; = 0 for such i. This proves the normal case.

For the general case that A; is not normal, denote by &7 (resp. U’) the
normalization of &; (resp. U) for all i > 0. Consider the pull-back of the
relation ;€y £+ D; > 0 to the normalizations. Then the previous case implies
that f; is a root of unity for sufficiently large 7. This implies the image of
D; = divy, (f;) in Div(X])q is 0. On the other hand, by definition of Cauchy
sequences, the integral part D,y is constant in Div(U). Therefore, the se-

quence D; in ﬁ/(b]//{;)mod, which is a subgroup of h_n;ﬁR/(X)@ @ Div(U), is
x

eventually constant. The proof is complete. O

2.4.3 Adelic divisors on essentially quasi-projective schemes

Let k be either Z or a field. Let X be a flat and essentially quasi-projective
integral scheme over k as in §2.3. The set of quasi-projective models U of X
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over k form an inverse system. Define

—

Div(X/k): = limDiv(U/k),
u

CaCl(X/k): = lim CaCl(U/k).
u

We call elements of ﬁ;f(X/k) adelic divisors of X/k.

If X is a quasi-projective variety over k, then X itself is the final object
of the inverse system of quasi-projective models of X over k. In this case,
the definitions in terms of direct limits are compatible with the original ones
for quasi-projective varieties.

There are many functorial properties of 5;/()( /k) and @(X /k), which
will be introduced together with the theory of adelic line bundles.

2.5 Adelic line bundles

Now we define adelic line bundles on essentially quasi-projective schemes
to match the above definition of adelic divisors. We will use the notion of
hermitian Q-line bundles in §2.2 and arithmetic models in §2.3.

Throughout this subsection, let k be either Z or an arbitrary field. Take
the uniform terminology in §1.6.

2.5.1 Adelic line bundles on a quasi-projective variety

Let k be either Z or a field. Let U be a quasi-projective variety over k.

Let us first introduce a notation for model adelic divisors of rational maps.
Let X}, X, be projective models of U over k. Let £; be a hermitian Q-line
bundle on X; for i = 1,2. By a rational map ¢ : L, --+ Ly over U, we
mean an isomorphism ¢ : L]y — L]y of Q-line bundles on U. Let ) be
a projective model of U with morphisms 7; :  — A of projective models
of U. View ¢ as a rational section of 7Ly ® 75Ls on Y, so that it defines
an arithmetic Q-divisor ({Rfy(g) on Y using the metric of 7 Zlv ® 75 Ly. Set
(TR/(E) to be the image of (ﬁ;y(f) in ﬁ(U/k)mod,@. We also view (Tl?/(ﬁ) as
an element of [/);/(Z/{/k)mod by setting the integral part on U to be 0. The
definition of (Tl?/(ﬁ) is independent of the choice of ).

Let (Xp,&o) be a boundary divisor as in §2.4. Namely, X} is a projective
model of U and &y = (&, go) is a (strictly) effective arithmetic divisor on Xj
whose finite part &, has support equal to Xy \ U.
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Define the category 7/3E(L{/k:) of adelic line bundles on U as follows. An
object of Pic(U/k) is a pair (L, (X}, L;, £;)>1) where:

1) L is an object of Pic(U), i.e., a line bundle on U;
2) X is a projective model of U over k;

) L; is an object of ﬁ(?ﬁ})Q, i.e. a hermitian Q-line bundle on X;;

(
(
(3
(4) €1 £ — Lify is an isomorphism in Pic(U)q.

The sequence is required to satisfy the Cauchy condition as follows. By (4),
we obtain an isomorphism &-61_1 : Lyl — Li]y of Q-line bundles, and thus a
rational map £;(;" : £, --» L; over Y. By the above notations, it defines a
model divisor &i\v(fiﬁfl) in EE(L[/k)mod. Then the Cauchy condition is that
the sequence {Ji\v(&-ffl)}izl is a Cauchy sequence in 5;/(1/{ /k)moa under the
boundary topology. More precisely, there is a sequence {¢;};>1 of positive
rational numbers converging to 0 such that

—Eizo S (11\\7(&/6171) — J&(&g;l) S Eigo
in 5;/(1/{ /k)mod for any ¢ >4 > 1. The relation can also be written as
—EZ'EO S (Tl:f(fz/&_l) S EiEO

in ]SE(U/k)mod for any ¢/ > i > 1.

For convenience, the object (L, (X;, L, ¢;);>1) is also called a Cauchy se-
quence in ﬁ(ll/k:)mod. For simplicity, we may abbreviate (£, (X;, L;, £;)i>1)
as (L, (X;, L, ¢;)) or simply as (£, X;, L;, ;).

A morphism from an object (L, (X;, L;,{;)i>1) of 7/3E(M/k) to another
object (L', (X!, L, 0});=1) of 7/3E(Z/{/k) is an isomorphism ¢ : £ — L’ of the

integral line bundles on U satisfying the following properties. As above, the
composition ¢iul; ! : Lily — L]y induces a rational map £l 0 £; —-» .,
and thus defines a model divisor ai\v(fﬂﬁi_ Y in 61;(2/1 /k)moa Whose image in
Div(U) is 0. Then we require the sequence {Ji\v(e;w;l)}izl of ﬁ(U/k)mod
converges to 0 in ]Sl\v(l/{ /k) under the boundary topology; i.e., there is a

sequence {0;};>1 of positive rational numbers converging to 0 such that
—6,;80 < div(Ciut;") < 5,8, > 1.
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Note that the sequence {d/i:f(ﬂgwi_ 1)}is1 is already a Cauchy sequence by
div(Cut )y = div(e) — div(eer) + div(e).

By definition, any morphism in 7/3;(2/1 /k) is an isomorphism, so 7/3E(L{ /k)
is a groupoid. This category is equipped with a tensor product given by

(L, (X, L3, ) @ (L (XL, 0) = (L& L, Wi, 7 Li @ 7L b @ 1)),

17771 ’ e

where W; is the Zariski closure of the image of the diagonal map U —
X xp X/, and 7, : W, — X, and 77 : W; — X/ are the two projection maps.
It is also equipped with a dual given by

(£7 (XHZHEZ))V = (Evv (‘X‘MZV ZV))

177

Then the tensor product of an element with its dual is isomorphic to the
neutral object (Oy, (Xo, Ox,, 1)).

An object of 7/DE(U/I€) is called an adelic line bundle (or a compactified
line bundle) on U. Define 151\(:(L{/k) to be the group of isomorphism classes of

objects of 7/7E(U /k), where the group operation is the above tensor product.
We usually write an adelic line bundle in the form £ = (£, (X}, £y, 4:)i>1),
and call £ the underlying line bundle of £ on U.

As in the classical case, we have the following result.

Proposition 2.5.1. Let U be a quasi-projective variety over k. Then there
s a canonical isomorphism

CaCl(U/k) — Pic(U/k).

Proof. The proof is a routine, but we write in details to familiarize the ter-
minologies here. It suffices to define a map

Div(U k) —» Pic(U/k)

and check that it is surjective with kernel 15\r(2/{ /K ) mod-

To define the map, take an element D of the left-hand side. Then D is
represented by a Cauchy sequence {D;};>1 in Div(U/k)moa- Let {Xi}is1 be
a system of projective models of U such that D; € I/)i;(?(i,u) for any 7 > 1.
Note that Dyl = D;|y is an integral divisor on U. Set the image of D in
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f/’i\c(u /k) to be the isomorphism class of the sequence (£, (X;, £;, £;)), where
L = O(D|y), Li = O(D;), and ¢; : L — L]y is the isomorphism induced
by the equality D;|yy = D;ly in Div(U). By definition, &Rf(&ﬁl’l) =D, —D.
Then we see that (L, (X, L;, {;)) satisfies the Cauchy condition. This defines
the map.

Now assume that the above adelic divisor D lies in the kernel of the
map. It follows that there is an isomorphism from (O, (Xp, Ox,, 1)) to
(L, (X;, L;,¢;)). This includes an isomorphism Oy — O(D;|y), which is given
by the multiplication by some f € I'(U, Oy )* with div(f) = Dl =0 on U.
The further properties of the isomorphism are equivalent to that D; converges
to —dlv(f) in Dlv(U/k)mod This proves that the kernel is Pr(L{/k‘)mod

To see the surjectivity of the map, let £ = (£, (X;, £;, ;) be an adelic
line bundle on Y. For any rational section s of £, denote

divz(s) := diviy, z,)(s) + Jim div(467"),
’ 1—00

which is an element of ]SE(L{ /k). This gives a preimage of £. Then the map
is surjective. ]

2.5.2 Nef and integrable adelic line bundles

In §2.2, we have recalled the notion of nef hermitian line bundles on arith-
metic varieties. This notion generalizes to adelic line bundles by the limit
process as follows.

Definition 2.5.2. Let U be a quasi-projective variety over k.
(1) We say that an adelic line bundle L e TDE(Z/{/k:) is strongly nef if it is
isomorphic to an object (L, (&X;, L;,¢;)) where each L£; is nef on A;.

(2) We say that an adelic line bundle £ € TDE(U /k) is nef if there exists

a strongly nef adelic line bundle M € 7/3;(2/{ /k) such that al + M is
strongly nef for all positive integers a.

(3) We say that an adelic line bundle in £ € 7/31\0(1/1 /k) is integrable if it is
isomorphic to the difference of two strongly nef ones in Pic(U /k).

It is obvious that “strongly nef” implies “nef”, and “nef” implies “inte-
grable”. Denote by

Pic(U/K)smets  PieU/K)net,  PicU k)i
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respectively the full subcategories of 7/3E(L{ /k) of strongly nef objects, nef
objects, and integrable objects. Denote by

];/)i\c(u/k>snefa ];/)i:(u/k)nefa F/)I\C(u/k)lnt

respectively the subgroups of 151\(:(1/{ /k) of strongly nef elements, nef elements,
and integrable elements. Then P/’l\c(Z/{ /E)snes and PAlc(Z/{ /E)ne are semigroups
and ﬁc(u /E)int 1S & group.

The preimages of

PicU/K)smet,  PieU/Kuer, PieU /F)un
in 5;/(1/{ /k) are denoted by

Div(U/F)suer,  DivU/K)uce.  DIvU/K)u
respectively. Their elements are respectively called strongly nef adelic divi-
sors on U /k, nef adelic divisors on U/k, integrable adelic divisors on U /k.
2.5.3 Definition on essentially quasi-projective schemes

Let k be either Z or a field. Let X be a flat and essentially quasi-projective
integral scheme over k. Define

Pic(X/k): = limPic(U/k),
Pic(X/k): = lmPiclU/k).
u

Here the limits are over all quasi-projective models U of X over k. The
category Pic(X/k) defined by the direct limit is understood as follows. An
object of 7/7E(X /k) is a pair (L£,U), where U is a quasi-projective model of
X over k and L is an object of 7/3E(L{/k:) A morphism (£,U) — (Z/,L[’) be-
tween two objects of ﬁE(X/k;) is an isomorphism ¢ : L|x — L'|x in Pic(X)
satisfying the property that for some quasi-projective model V of X over
k endowed with open immersions ¢ : ¥V — U and ¢’ : V — U’ extending
the identity morphism X — X, the isomorphism ¢ : L]y — L'|x can be
extended to an isomorphism L}, — £L'|y; in Pic(V) and induces an isomor-
phism L]y, — £ |y in EE(V/I’J) Here we take the convention L]x = (L|y)|x,
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and if £ = (L, (X;, L;,4;)i>1) in 7/3;3(01/14:), then L]y = (Ll]y, (X;, Ls, 4i]y)i>1)
in Pic(V/k).

By definition, 7/3'E(X/k) is a groupoid. We call objects of TDE(X/k) adelic
line bundles on X/k.

As an easy consequence of Lemma 2.5.1, there is a canonical isomorphism

CaCl(X/k) —s Pic(X/k)

for any flat and essentially quasi-projective integral scheme X over k.
Let P represent one of the symbols in {snef, nef,int}. Define

Div(X/k)p : = lim Div(l/k)p,
u

CaCl(X/k)p: = lim CaClU/k)p,
u

Pic(X/k)p: = limPic/k)e,
u

Pie(X/k)p : = limPic(U/k)p.
u

Objects of TD-E(X/k)snef (resp. ﬁ(X/k)neﬁ ﬁ(X/k:)int) are called strongly
nef (resp. nef, integrable) adelic line bundles on X /k. Elements of EE(X / k) snef
(resp. ]S-i?/(X/k:)nef, m(X/k‘)int) are called strongly nef (resp. nef, inte-
grable) adelic divisors on X/k.

In special situations, we take the following simplified or alternative nota-
tions:

(1) The definitions also work for X = Spec F' for a finitely generated field F’
over k. We will write

Pic(F/k) = Pic((Spec F) /).
Apply this similarly to the other groups or categories.

(2) If k is minimal, i.e., k = Z or k = F, for a prime p, then we may omit
the dependence on k in the groups or categories, as k is determined by
X as an abstract scheme. In this case, we will simply write

Pic(X) = Pic(X/k), Pic(F) = Pic(F/k).

This includes particularly the arithmetic case. Apply this similarly to
the other groups or categories.
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(3) If k is a field, we may also write
Div(X/k), CaCl(X/k), Pic(X/k). Pic(X/k)

B Div(X/k), CaCl(X/k), Pic(X/k), Pic(X/k).

This is to emphasize that there is no archimedean component involved
in the terms.

We can compare our definition with that of Moriwaki | ] in the set-
ting of projective varieties over finitely generated fields. Let F' be a finitely
generated field over k, and X be a projective variety over F. Then our
adelic line bundle on X comes from an adelic line bundle (£, (X;, L, £;)i>1)
on a quasi-projective model U of X over k. We will see that the sequence
{(X;, L) }i>1 is close to the notion of an adelic sequence in [ , 63.1]. In
fact, by Lemma 2.3.3, we can shrink U such that there is a projective and
flat morphism U — V extending X — Spec F', where V is a quasi-projective
model of Spec F over k. We can further take a boundary divisor (), &g) of V
over k, and assume that there is a morphism &; — ) extending X — Spec F'
for every i > 1. If £; is nef, then {(X;, £;)}i>; is indeed an adelic sequence
in the loc. cit.. Note that the loc. cit. defines a Cauchy condition in terms
of both effectivity and intersection numbers, and we define the Cauchy con-
dition purely in terms of effectivity.

2.5.4 Forgetful maps

Let U be a quasi-projective variety over k. For any projective model X of U,
there are forgetful maps

Div(X,U) — Divtd),  Pic(X,U) — Pic(Ud).
Taking limits, they induce forgetful maps
Div(U/k) — Div(id), Pic/k) — Pic(Ud), Pic(U/k) —> Pic(ld).

Here the last two maps send an object £ = (L, (&;, L;, (;)) to L.
Let X be a flat and essentially quasi-projective integral scheme over k.
Then the above maps induce forgetful maps

Div(X/k) —s Div(X), Pic(X/k) —s Pic(X), Pic(X/k) — Pic(X).
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As a convention, we usually write an object of 73;()( /k) in the form L, where
L is understood to be the image of L in Pic(X). We often refer L as the
underlying line bundle of L, _and refer L as_an adelic extension of L. We
take similar conventions for P1C(X /k) and D1V(X k).

2.5.5 Functoriality

Here we introduce a few functorial maps between the Picard groups and
the divisor groups. In the following, P represents one of the symbols in
{void, int, nef, snef}, and take the convention that Plc(X /k)p for “P = void”

means Plc(X/k)

Pull-back. Let k be either Z or a field. Let f : X’ — X be a morphism of
flat and essentially quasi-projective integral schemes over k. Then there are
canonical maps

£+ Pie(X/k)p — Pic(X'/k)p,
£ Pic(X/k)p — Pic(X'/k)p.

In fact, for quasi-projective models X’ — U" and X — U over k, the ratio-
nal map U’ --» U is defined in an open neighborhood of X’ in U’. Replacing
U' by that neighborhood if necessary, we obtain a morphism f, : U" — U.
Then it suffices to define a canonical functor PlC(L{ Jk) — 771(3(1/{’ /k).

Let (L, (X, L;, ;) be a Cauchy sequence in PlC(U/k)mod. There is a
projective model X! of U’ with a morphism f; : & — X extending f :
U'" — U. This can be achieved by taking any projective model X! of U’,
and blow-up A&7 along a suitable center supported on X/ \ U’. Set the image
of (L, (X;,L;,¢;)) under f* to be (fiL, (X!, fiLs, fi4:)). To prove that the
later is a Cauchy sequence in 73;(1/{ '/k)mod, we need to compare the boundary
topologies.

Let (Xy, &) (resp. (X[,&,)) be a boundary divisor of U (resp. U’) over
k. As above, we can further assume that there is a morphism fy : X — A&p
extending U’ — U. Note that fi& is supported in X\ U’. As in our proof
that the boundary topology is independent of the choice of the boundary
divisor in §2.4, there is a rational number ¢ > 0 such that fi&y < czg. This
gives the compatibility of the boundary topologies.

Hence, we have a functor PIC(U/]{J) — Pic(U'/k) and a functor Plc(X/k)
Plc(X '/k). The functor keeps tensor products.
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In the above construction, if f : X’ — X is dominant, there is also a
canonical map

£ Div(X/k)p —> Div(X'/k)p.

We will see in Corollary 3.4.2 that these maps are injective if X’ and X
are normal and f is birational.

Varying the base. Let k'/k be a finitely generated extension of fields, and
X be an essentially quasi-projective integral scheme over k’. Then there are
canonical maps - -

Div(X/k)p — Div(X/K)p,

Pic(X/k)p — Pic(X/K)p,
Pic(X/k)p — Pic(X/K)p.

To define the maps, note that if U (resp. V) is a quasi-projective model of X
(resp. Speck’) over k, then by shrinking U/, we can assume that there is a flat
morphism U — V extending X — Speck’. This is similar to Lemma 2.3.3.
Then it suffices to define a map Div(U/k) — Div(X/k’) and its analogue for
the line bundles. By composition, we can further assume that X is isomorphic
to the generic fiber of U — V.

Fix a projective model B of V over k. For any projective model X of U
over k, we can assume that there is a morphism X — B extending / — V by
blowing-up X'. Then the generic fiber X, of X — B is a projective model of X
over k'. Finally, the map is induced by the natural map Div(X’) — Div(&}).

If k' /k is a finite extension, the above maps are actually isomorphisms.

Base change 1: geometric case. Let k'/k be a finitely generated extension
of fields, and X be an essentially quasi-projective integral scheme over k.
Assume that the base change Xj- is still integral. Then there are canonical
maps - -

DlV(X/k)p — DiV(Xkl//{Z/)P,

Pic(X/k)p —> Pic(Xp /K)p,
Pic(X/k)p — Pic(Xp /K )p.

This is induced by the fact that, if ¢ is a quasi-projective (resp. projective)
model of X over k, then Uy is a quasi-projective (resp. projective) model of
Xy over k'. Then the maps are induced by the pull-back maps via the base
changes.
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Base change 2: from Z to Q. Let X be a flat and essentially quasi-projective
integral scheme over Z. For any projective model X of X over Z, the generic
fiber Xy is a projective model of Xg over Q. There are natural maps

Div(X) — Div(Xg), Pic(X) — Pic(Xy), Pic(X) — Pic(Xg).
These maps induce canonical maps
Div(X/Z)p — Div(Xg/Q)p, D +—
Pic(X/Z)p — Pic(Xo/Q)p, L+ L,
Pic(X/Z)p — Pic(Xg/Qp, L+
We call D (resp. Z) the geometric part of D (resp. L) over Q.

Base change 3: from Z to F,,. Let X be a flat and essentially quasi-projective
integral scheme over Z. Let p be a prime number such that the fiber X, of
X over p is integral (and non-empty). For any projective model X of X over
Z, the Zariski closure Xlgp of X¥, in Xy, is a projective model of X, over IF,,.
There are natural maps

Div(X) — Div(X ),  Pie(X) — Pic(X ),  Pic(X) — Pic(Xy. ).
These maps induce canonical maps
Div(X/Z)p —> Div(Xg, /F,)p,
Pic(X/Z)p — Pic(Xs, /F,)p,
Pic(X/Z)p — Pic(Xg, /F,)p.

Mized situation. Let F be a finitely generated field over Q, and X be a quasi-
projective variety over F. Combining the above constructions, we obtain
compositions

Div(X/Z)p — Div(X/Q)p —s Div(X/F)p,

Pic(X/Z)p — Pic(X/Q)p — Pic(X/F)p.

If X is projective over F, then the compositions are just the forgetful maps
defined above. In general, the image of an element of Div(X/Z)p (resp.

lsi\c(X/Z)p) in m(X/F)p (resp. 151\(3(X/F)P> is called the geometric part
of this element over F.
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2.5.6 Extension to (Q-coefficients

Let k be either Z or a field. Let X be a flat and essentially quasi-projective
integral scheme over k. To work with Q-line bundles on X, we write

Pic(X/k)g = Pic(X/k) ®2Q,  Pic(X/k)mno = Pic(X/k)um @7 Q.

We further write f/)i\c(X/k:)stnef (resp. ].S-i\C(X/k)QVHQf) as the sub-semigroup of
lgi\c(X /k)g consisting of positive rational multiples of elements of 151\(3(X / k) snet
(resp. ].:/)I\C(X /k)net). Extend the notations to Div and CaCl similarly.

Let U be a quasi-projective variety over k. Then we can also interpret
elements of the above groups directly in terms of Cauchy sequences. In fact,
by the isomorphism Dlv(/'\f' U)g — Dlv(X)@, the group Dlv(Z/{/kJ) is simply
isomorphic to the completion of

Div(U /K)mod.0 = limy Div(X)g
X
with respect to the boundary topology defined similarly, and
CaCl(U/k)q = DIv(U/k)moa.o/PrU /K)o

On the other hand, Plc(Z/{ /k)g is the group of isomorphism classes of
objects of a category 731(:(2/{ /k)g defined as follows. An object of 731(:(2/{ /k)o
is a sequence (L, (X;, L;,¢;)), whose definition is similar to the integral case,
except that £ is an object of Pic(U)g (instead of Pic(Z/{ )). A morphism from
an object (£, (X;, L;,¢;)) to another object (£, (X!, L;,¢})) is also similar to
the integral case, except that it is given by an isomorphism £ — £ of Q-line
bundles (instead of integral line bundles) on & which induces an isometry
between the two objects in a similar sense. -

Note that we do not derive Plc(l/l /k)g from the category Pic(U/k) by
multiplying a rational number to the objects, but they give equivalent cate-
gories. We choose the current definition for its simplicity.

These descriptions can be used to define DIV(U / k)Q, 7710(2/{ / /{:)Q and
Plc(Z/{ / {/k)q without introducing their integral versions Dlv(U /k), 7310(2/{ /k)

and Plc(u /k) first. Moreover, we can even define the integral versions from
the Q-versions, which can be served as a slightly different approach of the
theory. For example, DIV(Z/{ /k) can be defined by the canonical exact se-
quence

0 — Div(U/k) — Div(U /k)g & Div(U) — Div(U)q.
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Here the last arrow sends a pair (D,D’) to D|y; — D'. Here D + Dy, is the
forgetful map as in §2.5.4.

2.6 Examples and connections

Here we present some usual examples of adelic line bundles, and relate the
general theory to Zariski-Riemann spaces.

2.6.1 Families of algebraic dynamical systems

This example is our major motivation to introduce the theory of adelic line
bundles. Let k be either Z or a field. Let the base S be either one of the
following;:

(a) a quasi-projective variety over k,

(b) a quasi-projective variety over a field F' which is finitely generated field
over k.

Let (X, f, L) be a polarized dynamical system over S; i.e.,
(1) X is a flat projective scheme over S;
(2) f:X — X is a morphism over S;

(3) L € Pic(X)g is a Q-line bundle, relatively ample over S, such that
f*L = gL from some rational number ¢ > 1.

By Tate’s limiting argument, there is a nef adelic line bundle L; € F/’l\c(X /k)q
extending L such that f*ff = qff.

The construction is similar to the case that S is the spectrum of a number
field in | ]. We refer to Theorem 6.1.1 for the current case.

There are many natural polarized dynamical systems over bases S of
positive dimensions. For example, this happens if S is a moduli space, which
includes the moduli space of endomorphisms of PV of fixed degree d > 1 and
a fine moduli space of polarized abelian varieties over k.

52



2.6.2 Hodge bundle for Faltings height

In the proof of the Mordell conjecture by Faltings | |, Faltings heights
of abelian varieties over number fields are interpreted in terms of the height
function associated to the Hodge bundle on certain moduli space of abelian
varieties. It is known that the Hodge bundle and the Faltings metric do
not form a hermitian line bundle due to the singularity of the metric at the
boundary, but they do form an adelic line bundle in the framework of this
paper. Here we describe the situation briefly. We will state the result for
general families of abelian varieties instead of just moduli spaces.
The base ring here is k = Z. Let S be either one of the following:

(a) an integral quasi-projective scheme over Z,
(b) a quasi-projective variety over Q.

Let 7 : X — S be a principally polarized abelian scheme of relative dimension
g. Denote by e : § — X its identity section.
The Hodge bundle on S is the line bundle

w(S) = "0 /g = 05 g

The Faltings metric of w(S) on S(C) is defined by

i’
/ al\a| = — / al\a
X4(C) 29 Jx, )

for any point s € S(C) and any element « of the fiber

w(9)(s) = g o = T(Xs, O ).

1

Jallta = 5

Then we have a metrized line bundle (w(S), | - [|pa) on S. If S is not
projective over Z, then it is not a hermitian line bundle in our strict sense.
In general, it does not extend to a hermitian line bundle on a projective
model of S over Z due to the logarithmic singularity of the metric at the
boundary. However, we will see that (w(5), || - [|ra) extends canonically to an
adelic line bundle w(S) on S/Z, and the height function associated to w(S)
exactly computes the stable Faltings heights of the abelian varieties on fibers
of X — S.

The precise statement and proof require the analytification and the height
function of adelic line bundles, which will be introduced in the future sections,

so we postpone the treatment to Theorem 5.5.1.
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2.6.3 Arithmetic curves

Let K be a number field. Here we compute the group I—/’E:(K ) of adelic line
bundles. Note that our definition in this case agrees with that in Zhang

[Zha2)].

Lemma 2.6.1. Let U be an open subscheme of X = Spec O. Denote
Pic (U) = ker(deg : Pic(U) — R),
Pic (K) = ker(deg : Pic(K) — R).

There is a canonical exact sequence

0 — (OU)* /ux) ®z (R)Z) —s Pic (U) —s Pic(td) —s 0

and a canonical isomorphism
(K* Jux) ®z (R/Z) —> Pic (K),

Here pug is the group of roots of unity in K.

Proof. Tt suffices to prove the results for ¢. Denote &€ = X \ U, endowed
with the reduced scheme structure. Denote by |X|, ||, |€]| the set of closed
points of the corresponding schemes. Recall that

Pic(t) = Div(U)/PrU)moa.
Note that X" is the only normal projective model of U. We simply have
Div(U)moa = Div(X,U),  PrU)moa = Pr(X).
Explicitly,
Div(X,U) = (BpepyZ) ® Q¥ @ RM= Pr(X) = divy(K*).

Here . -
divy : K* — Div(X)
is the map of taking principal divisors.
Take the arithmetic divisor

Eo=EN= > bl

vE|E|UMoo
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It defines the boundary topology on 61;(2\? ,U). The completion gives
Div(U) = (DoepqZ) ® RIEVMx,
The restriction map 5;(1/{ ) — Div(U) induces a canonical exact sequence
0 — Pr(X) NREWM=> s RIEVM= __, Pic(1f) —s Pic(Ud) —» 0.
It is easy to have
Pr(X) NREWM= ~ divy (OU)*) =~ OU)* /.
By Dirichlet’s unit theorem, div x(OU)*) is a full lattice of the hyperplane
(RIEWM<) . ker(deg : RIEWM> _ R).

This gives an isomorphism

—

divy (OU)*) @z R = (RIEWMee)

The result follows. O

2.6.4 Line bundles on Zariski-Riemann spaces

Our model adelic line bundles can be realized on some generalized Zariski—-
Riemann space as introduced by Temkin | |. Here we recall the definitions
and connections briefly. The treatment here will not be used in this paper
elsewhere.

To illustrate the idea, we restrict to the geometric case that k is a field.
Let X be an essentially quasi-projective integral scheme over k, as defined
in §2.3. Define the Zariski—Riemann space associated to X to be the ringed
space B

X = 1£1 X,
X

where the limit is over all projective models X of X over k. In the limit
process, the underlying space X is endowed with the limit topology, i.e.,
the coarsest topology so that all the projections py : X — X to projective
models X of X are continuous. The structure sheaf O is defined to be the
direct limit of p3'Ox over all projective models X of X.
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If X = SpecF for a finitely generated field F' over k, the space X is
exactly the classical Zariski-Riemann space introduced by Zariski. In the
general situation, the space X is the relative Zariski-Riemann space RZ x (X)
introduced by | , §B2], here A} is a fixed projective model of X over k.

By definition, there is a canonical morphism X — X induced by the
morphism X — X. Another key property is that X is quasi-compact; see
[Lem, Prop. B.2.3].

Slnce Xisa ringed space, coherent sheaves, invertible sheaves, and Cartier
divisors are defined on X. Then we can still define line bundles on X to be
invertible sheaves. By the quasi-compactness of X , we can prove that the
natural maps

lim Div(X) — Div(X),
lim Pic(&X) — Pic(X)

are isomorphisms. If X = Spec F', the first limit is the group of Carter
b-divisors introduced by Shokurov [Sho] in the minimal model program.
To connect to our adelic divisors, we see that

DiV(X)mod@ = hﬂ DIV(X)Q
X

is canonically isomorphic to Div(X)g. Then the group [/)R/(X /k)g is a suit-
able completion of Div(X)g. Similarly, the group Div(X/k) is a suitable
completion of the mixed divisor group

Div(X, X) := ker(Div(X)g @ Div(X) — Div(X)g).

Here the arrow sends (D, D) to D|x — D as before.

2.7 Definitions over more general bases

The above theory of ﬁ(X/k) and 7/3E(X//’<;)7 when £k is either Z or a field,
covers all the global situations we are interested in, but it does not include
the local situation that k comes from a local field. Moreover, the definitions
can also be generalized by replacing k£ by a general Dedekind scheme. The
goal of this subsection is to sketch the treatment in these situations, which
also includes the function field case.
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The exposition here is very similar to the previous case, but we do not use
it throughout this paper to avoid extra burden of terminology and potential
confusion of cases. In fact, the setup here is only restricted to this subsection
and partly to §3.6 and §4.6.2.

Valuations

By a waluation over a field K, we mean a map |- | : K — R satisfying the
following properties:

(1) (positivity) |0] =0, and |a| > 0 for any a € K*.
(2) (triangle inequality) |a + b| < |a| + |b] for any a,b € K.
(3) (multiplicativity) |ab| = |a| - |b] for any a,b € K.

The valuation is trivial if |a| = 1 for any a € K*. The valuation is
archimedean (resp. non-archimedean) if |n| is unbounded (resp. bounded)
for all n € Z viewed as elements of K under the natural map Z — K. If | - |
is non-archimedean, the valuation ring of K is Ok :={z € K : |z| < 1}.

By a non-archimedean field (K,|-|), we mean a field K endowed with a
complete non-archimedean non-trivial valuation | - |.

Base valued schemes

Recall that an integral domain is called a Priifer domain if all of its local rings
are valuation rings. This is a classical term widely studied in commutative
algebra. We refer to [Bou, p. 558, Ch. VII, §2, Ex. 12] for 14 equivalent
definitions of Priifer domains, and refer to [B(:] for more properties and
history of the concept.

It is easy to see that a Priifer domain is a Dedekind domain if and only if
it is noetherian. Thus Priifer domains can be viewed as a non-noetherian gen-
eralization of Dedekind domains, and thus many nice properties of Dedekind
domains also hold for Priifer domains. For example, a module over a Priifer
domain is flat if and only if it is torsion-free, which can be checked by taking
localizations.

A quasi-compact integral scheme is called a Prifer scheme if all of of
its local rings are valuation rings. We introduce this concept to include the
following three important classes:
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(1) Speck for a field k;

(2) a Dedekind scheme, i.e, a regular and integral noetherian scheme of di-
mension 1;

(3) Spec Ok, where K is a non-archimedean field and Ok is the valuation
ring.

As a consequence of the flatness property, a reduced scheme X over a Priifer
scheme B is flat over B if and only if every irreducible component of X has
a Zariski dense image in B.

By a base valued scheme, we mean a pair B = (B, X)) consisting of a Priifer
scheme B and a subset ¥ of Hom(K, C), where K denotes the function field
of B. The set X is allowed to be empty, in which case we get a scheme
B =B.

Note that every o € ¥ induces an archimedean valuation | - |, over K.
We may also think B as (B, {| - |,}sex), but note that | - |, = |- |, if and
only if 0’ = c o ¢ for the complex conjugation ¢ : C — C.

We introduce this definition to include the following important and nat-
ural types of base valued schemes:

(1) (geometric case) Spec k, where k is a field;
(2) (number field case) (Spec O, Hom(K, C)), where K is a number field;

(3) (function field case) a projective and geometrically integral regular curve
B over a field k;

(4) (archimedean case) (SpecR, i) or (SpecC,id), where iy, : R — C is the
standard injection and id : C — C is the identity map;

(5) (non-archimedean case) Spec Ok, where K is a non-archimedean field
and Og is the valuation ring;

(6) (Dedekind case) a Dedekind scheme B.

Note that 3 = () in cases (1), (3), (6), and X is finite in all the cases. We
usually write K for the function field of B.

Case (1) with any k£ and case (2) with K = Q are exactly our original
case k = Z or k is a field in §1.6. The Dedekind case actually includes the
function field case, but we list the function case separately for its importance.
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Let B be a Priifer scheme. By an arithmetic variety over B, we mean
an integral scheme which is flat, separated, and of finite type over B. By a
quasi-projective arithmetic variety (resp. projective arithmetic variety) over
B, we mean an arithmetic variety over B which is quasi-projective (resp.
projective) over B. For a quasi-projective arithmetic variety U over B, a
projective model means a projective arithmetic variety X over B endowed
with an open immersion 4 — X over B.

As in §2.3, a flat integral scheme X over B is essentially quasi-projective
over B if there is a pro-open immersion X — X to a projective arithmetic
variety X over B. A quasi-projective model (resp. projective model) of X
means a quasi-projective (resp. projective) arithmetic variety U over B en-
dowed with a pro-open immersion X — U over B.

Model adelic divisors and adelic line bundles

Let B = (B,X) be a base valued scheme. Let X’ be a projective arithmetic
variety over B. We define arithmetic divisors and hermitian line bundles on
X as follows.

An arithmetic divisor on X is a pair (D, gp), where D is a Cartier divisor
on X, and gp : A(C) \ |Dx(C)| — R is a continuous Green’s function of
Dy(C) on X5(C) as in §2.1.2. Here A5(C) := [] o5 A,(C) is a projective
analytic variety, and the Cartier divisor Dy (C) on A5 (C) is defined similarly.
By restriction, we have a Green’s function gp, : X,(C) \ |D,(C)| — R of
D,(C) on X,(C). Then we can also think gp as a collection of gp, over
<IN

The Green’s function gp is further required to be invariant under the
complex conjugation ¢ : C — C in the sense that for any o € ¥ such that
0 = co0o € ), werequire gps = gp,s © C.

The divisor (D, gp) is effective (resp. strictly effective) if D is an effective
Cartier divisor on X', and gp > 0 (resp. gp > 0).

A principal arithmetic divisors on X is an arithmetic divisor of the form

div(f) := (div(f), — log | f])

for some f € K(X)*.

A hermitian line bundle on X is a pair (L, || - ||), where L is a line bundle
on X, and || - || is a continuous hermitian metric of Lx(C) on X5 (C) as in
§2.1.1. As above, the metric || - || is equivalent to a collection of continuous
metrics || - ||, of the line bundle £,(C) on &,(C) over ¢ € ¥. The metric
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is also required to be nvariant under the complex conjugation in the above
sense.
Now we have the following groups (or category)

Div(X), Pr(X), Pic(X), Pic(X), Pic(X)q.

Here I/);/(X ) (resp. f’}(X )) is the group of arithmetic divisors (resp. principal
arithmetic divisors) on X'. And Pic(&X’) (resp. Pic(X)) is the category (resp.
group) of hermitian line bundles on X’ under isometry. The category Pic(X)g

is defined from TDE(X) similar to that in §2.2.
Define o - .
CaCl(X) := Div(&X)/Pr(X).

Then there is a canonical isomorphism
CaCl(X) —» Pic(X).

If ¥ = (), and thus B = B is a scheme, then the above groups are just
the usual ones

Div(&), Pr(Xx), CaCl(X), Pic(X), Pic(X).

Let U be an open subscheme of X'. As in §2.2, we also have the groups
of objects of (Q, Z)-coefficients:

Div(X,U), CaCl(X,U).

For example, BR/(X,L{) is the fiber product of the natural map ]5;/(?()@ —
Div(U)g with the natural map Div(U) — Div(U)g, whose elements are pairs
(D, D), called arithmetic (Q, Z)-divisors on (X,U), where D € 5;()()@ and
D’ € Div(U) have equal images in Div(U)g.

An element of ]5;/(2( JU) is called effective if its images in 5;/()( )o
and Div(U) are both effective. The effectivity induces a partial order on
15;/(/\?,1/1) as before.

Adelic divisors on a quasi-projective variety

Let U be a quasi-projective arithmetic variety over B. Using pull-back mor-
phisms,; define

Div(U ) B)mod = n?n} Div(X,U),  PrU/B)mod = 1171}1 Pr(X).
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Here the limits are over projective models X of U over B.

The direct limit is actually filtered, i.e., for any two projective models
X1, Xy of U over B, there is a third projective model ) of i over B dominating
Xp, X5 in the sense that there are morphisms )Y — A} and Y — A5 of
projective models of U over B. In fact, it suffices to take ) to be the Zariski
closure of the image of the composition Y — U X gl — X} X g Xy, where the
first map is the diagonal map. Here ) is flat over B by the Priifer property.

The partial order in D1V(X U) induces a partial order in Dlv(u /B)mod
by the limit process.

Let (X, o) be a boundary divisor of U over B; that is, X} is a projective
model of U over B, & is a strictly effective arithmetic divisor on X, with
support |&| = Xy \ U. This gives an extended norm

I+ Iz, : Div(U/B)moa — [0, 0]

defined by S

ID||g, :=inf{e € Qs : —e€o < D < €0}
Here the inequalities are again defined by effectivity of divisors, and we take
the convention that inf(()) = oco. The boundary topology on DlV(L{ /B)imod is

the topology over ﬁTv(u /B)moa induced by the extended norm || - ||g,. Thus
a neighborhood basis at 0 of the topology is given by

B(e, Div(U /B)mod) = {D € Div(U/B)moa : —€Eo <D < €€y}, € € Qup.

By translation, it gives a neighborhood basis at any point.
Let Dlv(L{/B) be the completion of Dlv(U/B)mod with respect to the

boundary topology. An element of Dlv(L{ /B) is called an adelic divisor (or
a compactified divisor) on U. Define the class group of adelic divisors of U
to be

CaCl(U/B) := Div(U /B)/Pr(U/B)moa.

Adelic line bundles on a quasi-projective variety

Let U be a quasi-projective variety over B. Let (X, y) be as above. Define
the category Pic(U/B) of adelic line bundles on U as follows. An object of
Pic(U/B) is a pair (L, (X, L;, l;)i>1) where:

(1) L is an object of Pic(U), i.e., a line bundle on U;
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(2) A is a projective model of U over B;
(3) L; is an object of 731(3( ), i.e. a hermitian Q-line bundle on Aj;
(4) €; : L — L]y is an isomorphism in Pic(U)g.

Similar to §2.5, the sequence is required to satisty the Cauchy condition that
the sequence {dlv(é /171) }is1 is a Cauchy sequence in Dlv(u /B)mod under the
boundary topology. -

A morphism from an object (£, (X, L;,4;)i>1) of Pic(U/B) to another
object (L', (&X], El,fi)pl) of 7/7E(Z/{/§) is an isomorphism ¢ : £ — L' of the

integral line bundles on U satisfying the following properties. Denote by
1 Ly -—» le the rational map on U induced by ¢, which induces an element
CT'R/(Ll) of Div(U/B)moa. Then we require that the sequence {ﬁ/(ﬁéf’fl) -
JR/(K oh + (Ti:/(l,l)}z>1 of ﬁ(ﬂ/?)mod converges to 0 in ]S;/(U/E) under
the boundary topology.

An object of PlC(L{/B) is called an adelic line bundle (or a compactified

line bundle) on U. Define Plc(LI/B) to be the group of isomorphism classes
of objects of Pic(/B). As before, there is a canonical isomorphism

CaCl(U/B) — Pic(U/B).

Definitions on essentially quasi-projective schemes

Let B = (B,X) be a base valued scheme. Let X be a flat and essentially
quasi-projective integral scheme over B. Define

Dw(X/B) :UH} iv(u/E),
CaCl(X/B) = lim CaCl(U/B),
Pic(X/B) := ;mu/m,
Pic(X/B) = ﬂng Pic(U/B).

An element of I/);(X/E) is called an adelic divisor on X/B. An object of
Pic(X/B) is called an adelic line bundle on X/B.
We take the following alternative notations:
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(1) If ¥ = @ and thus B = B is a Priifer scheme, we may also write
Div(X/B), CaCl(X/B), Pic(X/B), Pic(X/B)
as - - - N
Div(X/B), CaCl(X/B), Pic(X/B), Pic(X/B).

This is to emphasize that there is no archimedean component involved
in the terms. If B = Spec R is affine, they are further written as

Div(X/R), CaCl(X/R), Pic(X/R), Pic(X/R).
(2) If B = (Spec O, Hom(K, C)) is in the arithmetic case, we may also write
Div(X/B), CaCl(X/B), Pic(X/B), Pic(X/B)
as — — — o~
Div(X/Ok), CaCl(X/Ox), Pic(X/Ox), Pic(X/Ox).

We take a similar notation for the archimedean case B = (SpecR, i) or

B = (SpecC, id).

To compare the notations with the original setting (k = Z or a field), we
have the following.

(a) If k is a field, the current term m(X/B) with B = Speck is the same
as the original term Div(X/k).

(b) If k = Z, the current term 5;()(/?) with B = (SpecZ, Hom(Q, C)) is

—

the same as the original term Div(X/Z). On the other hand, the term

Div(X/Z) removes the Green’s functions from the arithmetic case. Then
we have natural forgetful maps

Div(X/Z) —s Div(X/Z),  Pic(X/Z) — Pic(X/Z).
They are actually surjective (or essentially surjective).

(¢) If K is anumber field, for any flat and essentially quasi-projective integral
scheme X over Ok, we have canonical isomorphisms

Div(X/Ox) — Div(X/Z),  Pic(X/O) — Pic(X/Z).

In fact, this follows from the fact that a scheme over O is projective
(resp. flat) over O if and only if it is projective (resp. flat) over Z.
Therefore, our original approach essentially includes this case.
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For any base valued scheme B = (B,X), there are canonical forgetful
maps L -
Div(X/B) — Div(X/B) — Div(X),

and
Pic(X/B) —s Pic(X/B) — Pic(X).

These are induced by the forgetful functor
Pic(U/B) — Pic(U/B) —> Pic(Ud),

given by

As a convention, our notation for the three objects are usually denoted by
L— L+— L.

We often refer L as the underlying line bundle of L and Z, and refer L as an
adelic extension of L.

The theory over function fields

Arakelov geometry is analogous to algebraic geometry over fields, which is the
reason why have the uniform terminology throughout this paper. However,
Arakelov geometry is actually more analogous to algebraic geometry over a
projective curve. Here we explore this analogue briefly.

Let k£ be a field, and B be a projective and regular curve over k. Denote by
K = k(B) the function field of B. In the above perspective, the counterpart
of the arithmetic object ﬁ;( /Z.) should be the geometric object ]/)\1:7( /B).

Let X be flat and essentially quasi-projective integral scheme over B.
Then X is also essentially quasi-projective over k. We claim that there are
canonical isomorphisms

Div(X/B) —» Div(X/k),

CaCl(X/B) — CaCl(X/k),
Pic(X/B) —» Pic(X/k),
Pic(X/B) —» Pic(X/k).
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In this sense, we do not lose much in our original setup by considering the
objects over the absolute base field k.

To see the isomorphisms, note that any quasi-projective (resp. projective)
model of X over B is a quasi-projective (resp. projective) model of X over
k. Moreover, for any quasi-projective (resp. projective) model U of X over
k, the rational map U --+ B is defined along X and can be turned to a
morphism by shrinking ¢/ (resp. blowing-up U along a center disjoint from
X). Therefore, the inverse systems of quasi-projective (resp. projective)
models of X over B is cofinal to the inverse system of quasi-projective (resp.
projective) models of X over k.

3 Interpretation by Berkovich spaces

Let k be either Z or a field. Let X be a flat and essentially quasi-projective
integral scheme over k, as defined in §2.3. In §2.5, we have introduced the
category Pic(X/k) of adelic line bundles on X. The goal of this section is
to introduce a category TDE(X 1) of metrized line bundles on the Berkovich
analytic space X™" associated to X, and study the analytification functor
from Pic(X/k) to Pic(X?®). The analytification functor is fully faithful, and
thus gives a convenient interpretation of adelic line bundles. This generalizes
the work of | | for projective varieties over number fields.

3.1 Berkovich spaces

In this section, we review definitions and some basic properties on Berkovich
spaces. In the end, we introduce a density result which will be useful in
analytification of adelic divisors and adelic line bundles.

3.1.1 Generality on Berkovich spaces

Berkovich spaces are best known as analytic spaces associated to varieties
over non-archimedean fields, whose foundation was introduced by Berkovich

[ |. By Berkovich | , 1], the base fields are relaxed to be Banach
rings, and the old construction works similarly. In the following, we recall
the construction of | , 81] to adapt our setting that the schemes are not

required to be of finite type.
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Let k£ be a commutative Banach ring with 1. Let X be a scheme over k.
In the following, we recall the definition and basic properties of the Berkovich
space X* associated to X, which is more rigorously written as (X/k)* to
emphasize the dependence on k.

(1) Affine case. If X = Spec A, then X*" is defined to be the space M(A) =
M(A/E) of multiplicative semi-norms on A whose restriction to k is
bounded by | - |gan. For each x € M(A), denote its corresponding semi-
norm on A by ||, : A — R. For any f € A, write |f|, as |f(z)|, which
gives a real-valued function |f| on M(A). The topology on M(A) is the
weakest one such that the function |f|: M(A) — R is continuous for all
feA

(2) General case. 1f X is covered by an affine open cover {Spec A;};, then
X" is defined to be the union of M(A;), glued in the canonical way.
The topology of X" is the weakest one such that each M(A;) is an open
subspace of X?".

(3) Residue field. For each x € M(A), the corresponding semi-norm | - |,
induces a norm on the integral domain A/ker(| - |,). The completion
of the fraction field of A/ker(| - |,) is called the residue field of x, and
denoted by H,. Denote by |- | the valuation (multiplicative norm) on H,
induced by |- |,. Then |- |, : A — R is equal to the composition

A—H, LR
We write the first map as f — f(x), which is compatible with the con-

vention |f|, = |f(x)|. The notation H, generalizes to any scheme X over
k.

(4) Contraction. There is a canonical contraction map s : X** — X. It
suffices to describe it in the case X = Spec A. For each z € M(A), the
kernel of the map |- |, : A — R is a prime ideal of A, and thus defines
an element k() € Spec A.

(5) Injection. Assume that for any x € Speck, the semi-norm | - |, on k,
induced by the trivial norm on the residue field k/z, is bounded by | |gan.
This gives a natural injection ¢ : Spec k — M (k) by sending « to | - |..

Under this assumption, there is a natural injection ¢ : X — X?®" defined
similarly. In fact, it suffices to describe it in the case X = Spec A. For
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any x € Spec A, still denote by |- |, the semi-norm on A induced by
the trivial norm on the residue field A/x. Then ¢ : X — X®" sends x to
| - |z0- It is obvious that x o ¢ is the identity map on X.

(6) Functoriality. Any morphism f : X — Y over k induces a continu-
ous map f* : X* — Y* . For any point v € Y*", the fiber X3" =
(fa)~1(v), defined as a subspace of X" is canonically homeomorphic
to the Berkovich space (Xp,/H,)*. More generally, for any subset
T C Y?*, denote by X" the preimage of T', viewed as a subspace of
X2 These notation automatically applies to the case Y = Speck and

yen = M(k).

By | , Lem. 1.1, Lem. 1.2], we have the following basic topological
properties:

(1) If X is separated and of finite type over k, then X?" is Hausdorff.
(2) If X is of finite type over k, then X®" is locally compact.
(3) If X is projective over k, then X®" is compact.

It is well-known that Berkovich spaces also include the complex analytic
spaces coming from algebraic varieties.

(1) If k = C with the standard absolute value, and X is of finite type over
C, then X" is homeomorphic to the analytic space X (C).

(2) If k = R with the standard absolute value, and X is of finite type over
R, then X" is homeomorphic to the quotient of the analytic space X (C)
by the action of the complex conjugation.

In general, we have a decomposition
X = X*oo] U X*f],

where X*"[o0] is the subset of all archimedean semi-norms in X" and X?"[f]
is the subset of all non-archimedean semi-norms in X",
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3.1.2 Our choice of base ring

Let k be either Z or a field. Similar to §1.6, we introduce a uniform termi-
nology for these two cases. Endow k with a norm |- |g., as follows. If k = Z,
| - |Ban is the usual archimedean absolute value | - |o; if k is a field, | - |gan is
the trivial valuation |- |o. This makes k into a Banach ring.

Concerning our special situation, we have the following easy results and

notations:

(1)

(2)

If £ is a field, then M(k) has only one element vy = | - |o by definition.
In this case, if X is a finite type over k, then X +— X" is just the
analytification functor constructed in | , §3.5].

If k£ is a field, and X is a projective regular curve over k, then X?" is
the union of the closed line segments {|- |, : 0 < ¢ < oo} for all closed
points v € X, by identifying | - | with the trivial norm |- |, for all v € X
as one point. Here | - |, denotes the normalized valuation exp(—ord,).
The space M(k(X)) for the function field k(X)) is exactly the subspace
of X*" obtained by removing the subset {| - |3° : v € X closed}.

In the arithmetic case (k = Z), the space M(Z) is compact and path-
connected. As described in | , 1.4.3], it is the union of the closed line
segment

0, 1o :={] - |5 : 0 <t < 13,

o0

and the closed line segments
0,00, := {| [, : 0 < t < o0}

for all finite primes p, by identifying the endpoints | - |3 and |- |9 for all
finite primes p with the trivial norm |-|o of Z. Here |-|» and |-|, denote the
usual normalized valuations. The canonical injection ¢ : Spec Z — M(Z)
sends the generic point to the trivial norm | - |, and sends a prime p to
| - [5°, the semi-norm of Z induced by the trivial norm of F,. The space
M(Q) is exactly the subspace of M(Z) obtained by removing the subset
{I-15°:p < oo}. There is a very similar description for number fields.

For convenience, denote

U0:|'|07 UOO:|"OO> Uéo:|'t
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We may also write oo and p for v, and v,, viewed as points of M(Z).
For convenience, denote by

(0, oo (0, D)oo, (0,00]p,  [0,00)p, (0, 00),

the sub-intervals of the line segments obtained by removing one or two
endpoints; for example,

(0,00), :=={]- [, : 0 <t < o0}

In the arithmetic case (k = Z), there is a structure map X** — M(Z).
This gives disjoint unions

an
- U =
veEM(Z

where X2" is the fiber of X®" above v. The most distinguished fibers are
X0 =X" = Xg", Xt =X, =Xg,

According to the structure of M(Z), we can further write X*" as a
disjoint union of the following subspaces:

(i) X3 = (Xo/Q)™ under the trivial norm of Q;
(ii) Xim = (Xr,/F,)* under the trivial norm of F, for finite primes p;
i)

(ii

(iv) X(O,l]oo’ homeomorphic to X" x (0, 1].

XG. homeomorphlc to Xg X (0, 00) for finite primes p;

In both cases (that k is Z or a field), if X is connected and of finite type
over k, then X" is path-connected. In fact, we can assume that X is
normal by passing to its normalization.

We first treat the geometric case that k is a field. By blowing-up X,
there is a flat morphism X — C' to a connected regular curve C' over k.
We can further assume that the fibers of X — C are connected by taking
integral closure of C' in X. The fibers of X** — C*" are path-connected
by induction and by the well-known case of non-trivial valuation fields.
There are finitely many (connected) closed curves Cy,--- ,C, in X such
that Im(Cy, — C),--- ,Im(C,, — C) is a Zariski open cover of C. Note
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that C",--- , C2" are path-connected by example (2) above, so X*" is
path-connected.

In the arithmetic case, denote by Ok the integral closure of Z in Ox. The
fibers of X** — M (Og) are path-connected. For any finite extension K’
of K, and any open subscheme C” of Spec O, the space C"" is connected
by an explicit description similar to (3). So X*" is path-connected as in
the geometric case.

Note that any multiplicative semi-norm on Z is bounded by the standard
archimedean absolute value, and thus belongs to M(Z). The space X*" in
the arithmetic space is actually the “largest” Berkovich space associated to
X defined in terms of multiplicative semi-norms.

Let k be either Z or a field. Let X be a proper scheme over k. There is
a specialization map (or reduction map)

ro X" — X

defined as follows. For any point z € X?*"[f], recall that H, is the (complete)
residue field of z in X?" denote by R, the valuation ring of H,, and denote
by m, the maximal ideal of R,. As X is proper over k, the valuative cri-
terion gives a unique k-morphism Spec R, — X extending the k-morphism
Spec H, — X associated to x. Define r(x) to be the image of the unique
closed point of Spec R, in X.

For any point € X*"[0o], we still have a morphism Spec H, — X. Here
H, is isomorphic to either R or C. Define r(z) to be the image of Spec H,
in X.

3.1.3 Density result

We are interested in X®" for essentially quasi-projective scheme X over
k. The following result asserts that the Berkovich spaces of essentially
quasi-projective schemes do not lose “much points” from those of its quasi-
projective models. In the arithmetic case, the space X*" is somehow deter-
mined by its fibers above the non-trivial absolute values of Q.

Lemma 3.1.1. Let k be either Z or a field. Let X be a flat and essentially
quasi-projective integral scheme over k.

(1) Let X — U be a quasi-projective model of X over k. Then the in-
duced map X® — U is continuous, injective, and with a dense image.
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Moreover, the set of v € X®" corresponding to discrete or archimedean
valuations of H, is dense in U>".

(2) If k = Z, then X*"\ X[(§ .z is dense in X*". Here 1 : Spec Z — M(Z)
is the canonical injection whose image consists of vo and v,° for finite
primes p.

Proof. We first prove (1). Only the density is not automatic from the defini-
tions. Denote by F' the function field of X, which is also the function field of
U. There is a composition of injections (Spec F')** — X" — /", It suffices
to prove that (Spec F')*" is dense in U*". We can assume that U is projective
over k by passing to a projective model.

A point £ € U*"[f] is called divisorial if there is a birational morphism
U" — U from a normal integral scheme of finite type over k, together with a
prime Weil divisor D C U’, such that |- |¢ = exp(—t ordp) for some constant
t > 0. Note that £ actually lies in (Spec F')*"[f]. It suffices to prove that the
set of divisorial points is dense in Y*"[f] for all projective variety U over k.

Note that the analogous statement for a non-archimedean field k& (with
a non-trivial valuation) is a well-known result. For example, in this case,
Berkovich’s theory implies that the analytic space U*" has a topological basis
consisting of strictly k-affinoid domains, and any k-affinoid domain has a
(non-empty) Shilov boundary. By [GM, A.3, A.6, A.9], any point in the
Shilov boundary of a strictly k-affinoid domain is actually a divisorial point.

Return to the original (U, k). We will prove the density by induction on
the dimension of . Assume that I/ is normal by passing to its normalization.
The case of dimension 1 essentially follows from the explicit descriptions, not-
ing that the space M(Op) for a number field F' has a description analogous
to that of M(Z). Assume that dim#/ > 1, and that the density statement
holds for all lower dimensions.

We first prove the case k = Z (for the density of divisorial points). Let I’
be the algebraic closure of Q in Q(U), so that U has geometrically connected
fibers over Spec Op. Write U*" as unions of fibers U2 above v € M(Op).
By induction and by the case of non-archimedean fields, it suffices to prove
that, for any v € M(Op) \ M(F) corresponding to the trivial norm of the
residue field I, for some prime ideal p of Op, and any irreducible component
U (endowed with the reduced scheme structure) of the special fiber Uy, any
divisorial point £ € (U/F,)* lies in the closure of the divisorial points of
u*.
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To illustrate the key idea, we will first treat the nice case that U = Up,, is
smooth over F,, £ € (U/F,)* is a divisorial point corresponding to a prime
divisor D C U, and that there is a section S of Up, over Op, such that
the point u = Sg, is regular in all D,U,U. In that case, we can find a local
system of parameters w,zq, -+ ,xq4 € Oy, such that locally at u € U, U
is defined by the ideal (@), and D is defined by the ideal (w,z;). Here we
require w € Op to be a generator of p. Any f € Oy, can be uniquely
written as a power series

Let 0 < r <1 and ¢ > 0 be real numbers. Set
[l = max (lanfr")-

Here | - |, = exp(—ord,,). We can check that y, € U** with

lim |f|yt = rmm{”:‘aﬂm:l} — Tordxl(fmodp).
t—00

As r varies, the right-hand side gives exactly all the divisorial points of
(U/F)* corresponding to the divisor D C U. This finishes the nice case.

Now we need to make a few operations and replacements to convert the
general case (Z/{OFK)7 ©,U, &, D) to the nice case. Note that the situation is
local at o over Op, so we are only concerned with Uop, instead of . The
process is mostly geometric, but a little tedious.

First, we convert to the case that U is normal and £ € (U/F,)* is a
divisorial point corresponding to a prime divisor D C U. In fact, assume
that £ € (U/F,)* is a divisorial point given by a prime divisor D" on a
normal projective scheme U’ over F,, with a birational morphism U’ — U.
Then U’ — U is obtained by blowing-up U along a closed subscheme Z of
U. Let U’ — U be the blowing-up of U along Z, the strict transform of U is
exactly U’. Replace (U,U) by (U',U").

Second, there is a finite and flat morphism L[OFp — PdOFp with d = dimU.
Take any ample line bundle £ on UOFK,- Denote by Ly its pull-back to U, .
There is a positive integer m, such that I'(Ur,, mLy) contains a base-point-
free subspace V' of dimension d + 1 such that the corresponding morphism
Uop, — P(V) is finite. This is done by the classical argument of embedding
to a projective space of a high dimension and projecting to hyperplanes
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successively. For m large enough, the map I'(Uo,, ,mL) — I'(Us,, mLo) is
surjective, and thus we can lift V' to an Op,_-submodule V of I‘(Z/IOFp ,mL) of

the same rank. The morphism U, — P(V) satisfies the requirement.

Third, in the morphism Uop, — PdOF@, denote by Uy and Dy the images
of U and D respectively. Note that Uy = IED%@. We claim that the result for
(]P’dOF ,Uo, Do, &) implies that for (Uo,, ,U, D, §). Here & is the image of { in
Ug". In fact, denote by " — P the Galois closure of Uoy, — P}, , defined
to be the normalization of the Ga101s closure of the function fields. Denote by
&1, -+, &, the preimage of  in (U'/Op, ). If the result for (P4, Or, Uy, Do, &)
holds, then by taking preimages of divisorial point, one of & lies in the closure
of divisorial points of (U'/OF,)*". This also uses compactness of (U'/OF, )™
As the Galois group acts transitively on &, --- £, any & lies in the closure
of divisorial points of (U'/Op,)*". Taking images in U™, we see that £ lies
in the closure of divisorial points /*".

Replace (UOF ,U,D, &) by (IF’OF ,Uo, Do, &p). We have convert the prob-

lem to the case that U = Up, is smooth over F, and { € (U/F,)™ is a
divisorial point corresponding to a prime divisor D C U.

Fourth, it remains to construct a section S of Up, over O, passing
through a regular point of D. This is easily done by the base Change by a
finite unramified extension of F,.

Therefore, our proof of (1) for the arithmetic case k = Z is complete. If
k is a field, by blowing-up U, there is a fibration & — P}. Then the above
induction argument still works.

Now we prove (2). Let U be a normal projective model of X as in (1).
Still consider the composition (Spec F))* — X** — U*". The topologies of
(Spec F')* and X" are the same as the subspace topologies induced from
U™. It suffices to prove that (Spec F')*" \ (Spec F)(g .z is dense in 4*". In
(1), we have proved that (Spec F')*" is dense in U*", but the proof actually
gives the statement that (Spec F')* \ (Spec F)i(g oz is dense in U™ \ U
Here vg denotes the trivial norm of Z. Therefore, it suffices to prove that,
any divisorial point § of U lies in the closure of Up<oolg! in U™

As above, we have a geometrically connected morphism & — Spec Op.
Then the divisorial point ¢ lies in U = (Ur/F)* under the trivial norm
of F'. By replacing U by a blowing-up if necessary, we can assume that &
corresponds to a prime divisor D of Ur. Denote by D the Zariski closure of
D in Y. For all but finitely many prime ideal o of O, the reduction Uy, is
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normal and Dr,, is a prime divisor of Up,. For any rational function f of U,
for all but finitely many prime ideal p of Op, the specializations above p of
the irreducible components of div(f|;,) are irreducible and distinct, which
give ordp(flu,) = ordp, (flu, ). This proves that exp(—ordp) is the limit of
exp(—ordp%) as g varies. Therefore, x lies in the closure of divisorial points
of (Spec F)™ \ (Spec F')5" in U*". This proves (2). O

(¥

3.2 Arithmetic divisors and metrized line bundles

In this subsection, we introduce arithmetic divisors and metrized line bundles
on Berkovich spaces, which are analytic counterparts of the adelic divisors
in §2.4 and the adelic line bundles in §2.5.

3.2.1 Arithmetic divisors

Let k£ be a commutative Banach ring, which is also an integral domain. Let
X be an integral scheme over k. Let X*" = (X/k)* be the Berkovich space
defined above.

Let D be a Cartier divisor on X. By a Green’s function of the divisor D
on X® we mean a continuous function g : X**\ |D|*® — R with logarithmic
singularity along D in the sense that, for any rational function f on a Zariski
open subset U of X satisfying div(f) = D|y, the function g + log|f| can be
extended to a continuous function on U?".

The pair D = (D, g) is called an arithmetic divisor on X**. An arithmetic
divisor is called effective if D is an effective Cartier divisor on X and g > 0
on X\ |DJ|*. An arithmetic divisor is called principal if it is of the form

divan (f) := (div(f), —log|f])

for some nonzero rational function f on X.

An arithmetic divisor D or its Green’s function g is called norm-equivariant
if for any points x,z; € X\ |D|*" satisfying ||, = |-]%, for some 0 < ¢ < oo
locally on Ox, we have g(z) = tg(z1). By definition, principal arithmetic
divisors are norm-equivariant. -

Denote by Div(X?®") the group of arithmetic divisors on X", by Pr(X?")
the group of principal arithmetic divisors on X?", and by ]SR/(X ) qv the
group of norm-equivariant arithmetic divisors on X*". Denote the class group
of arithmetic divisors as

CaCl(X*) := Div(X™)/Pr(X™),
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CaCl(X™) gy := Div(X™)oqe/Pr(X™).

Notice that for any arithmetic divisor D = (D, g) on X®", the algebraic
part D is a Cartier divisor on X (instead of X*") and ¢ is a function on X®".
We take this ad hoc definition to avoid defining general Cartier divisors on
X2 by the lack of a good theory of analytic functions on X®".

3.2.2 Metrized line bundles

Let k be a commutative Banach ring which is also an integral domain. Let
X be an integral scheme over k. Let X*" = (X/k)* be the Berkovich space
defined above.

Let L be a line bundle on X. At each point x € X", denote by Z the
image of z in X. The fiber L*(x) of L at x is defined to be the H,-line
L(Z) ®i(z) Hy, or equivalently the completion of the fiber L(Z) of L on = with
respect to the semi-norm | - |,. By a metric || - || of L on X" we mean a
continuous metric on ] . yan L*"(2) compatible with the semi-norms on Ox.
More precisely, to each point z € X?", we assign a norm || - ||, on the H,-line
L*(z) which is compatible with the norm | - |, of H, in the sense that

[flle = 1fle - [lelle; € Hey L€ L™(x).

We always assume that the metric || - | on L is continuous in the sense
that, for any section ¢ of L on a Zariski open subset U of X, the function
I|16(x)|| = ||¢(x)]|. is continuous in x € U?".

The pair (L, || - ||) above is called a metrized line bundle on X*". An
isometry from a metrized line bundles (L, || - ||) to another one (L', | - ||') is
an isomorphism i : L — L’ of line bundles on X such that || - || = *| - ||'.

A metrized line bundle L = (L, || - ||) or its metric || - || is called norm-
equivariant if for any rational section s of L on X, and any points x,x; €
X\ |div(s) ™ satisfying | - [, = | - |4, for some 0 < ¢t < oo locally on Oy,
we have [|s||, = [|s]|Z,.

Denote by EE(X an) the category of metrized line bundles on X" where
the morphisms are isometries. Denote by ﬁi\c(Xan) the group of isome-
try classes of metrized line bundles on X**. Denote by 7/7E(X ) qv (resp.
P/’i\c(X ) .qv) the full subcategory (resp. the subgroup) of norm-equivariant
line bundles in 7/7E(Xan) (resp. I-/’i\c(Xan)).

Similar to ]SiTI(Xa“), elements of ISE(XB‘“) are of the form (L, ||-|), where
L is a line bundle on X (instead of X®") and || - || is a metric on X*". We
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have forgetful maps
Pic(X™) —s Pic(X), Pic(X™) — Pic(X).

The fibers of the second map are homogeneous spaces of the group of metrics
on O X-
There are canonical isomorphisms

CaCl(X™) —> Pic(X™),

CaCl(X™)oqe — Pic(X™)oqe.

In fact, given any arithmetic divisor (D, g) on X**, the term e~9/? defines a
metric on O(D), and thus we obtain a metrized line bundle on X®*". Con-
versely, for any metrized line bundle (L, || -||) on X?", if s is a rational section
of L, then .

divxan(s) := (div(s), — log ||s]|)

defines an arithmetic divisor on X®". Both processes keep the properties of
being norm-equivariant.

In the case k = 7Z, a norm-equivariant Green’s function or a norm-
equivariant metric on a line bundle on X®*" is uniquely determined by its
restriction to the disjoint union of the distinguished fibers Xj" = Xg' over
all places v < 0o. This follows from Lemma 3.1.1(2). Later one, all Green’s
functions and metrics in our consideration will be norm-equivariant.

3.3 Analytification of adelic divisors

The adelic divisors in §2.4 induce norm-equivariant arithmetic divisors on
Berkovich spaces. The goal of this section is to study this analytification
process. The main result is as follows:

Proposition 3.3.1. Let k be either Z or a field. Let X be a flat and essen-
tially quasi-projective integral scheme over k. There are canonical injective
maps - -

Div(X/k) — Div(X™)eqvs

CaCl(X/k) — CaCl(X™)uq.

In the following, we will construct the maps and prove the injectivity
in the order of projective case, quasi-projective case and essentially quasi-
projective case.
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3.3.1 Projective case

Let k be either Z or a field. Take the uniform terminology in §1.6.
Let X be a projective variety over k. Then there is a canonical map

Div(X) — Div(X™)eqy.

In the following, for any D = (D, g) € ]SK/(X ), we will introduce a Green’s
function g of D on X*", and define the map by (D, g) — (D, 7).

We will define g according to the decomposition X*" = X*"[f] U X*"[o0],
and then check the continuity.

For any point x € X*"[f], recall that there is a specialization map r :
X [f] — X by the properness of X’ over k. Let U be a Zariski open subscheme
of X containing r(z) such that D]y is defined by a single equation f € k(U)*™
on U. By r(z) € U, the image of Spec R, — X lies in U and thus z € Y*".
Define g(z) = —log|f(x)|. This definition is independent of the choice of
)

It is easy to define g on X**[oc] (in the arithmetic case). In fact, the
Green’s function g on X' (C) descends to the fiber X2 = A3". This gives
the definition of g on X2". Tt extends to X*"[oc] by requiring g to be norm-
equivariant. In fact, for any point z € X**[oc], there is a unique point
x; € X2 such that |- |, = |- |5, for some 0 < t < 1, and then we set
g(z) =tg(x1).

Now we prove that g is indeed a Green’s function; i.e., g is continuous on
X2\ |D|*, and has logarithmic singularity along D.

Lemma 3.3.2. The function g is a Green’s function of D on X",

Proof. We first note that the continuity of g on X\ |D|** (for all such D)
implies that ¢ has logarithmic singularity along D. In fact, let f be a local
equation of D on an open subscheme U of X. Assume that the continuity
holds for the arithmetic divisor (D — divy(f), g + log|f|~), i-e., g + log|f]
is continuous on X*" \ |D — div(f)|*", Then g has the correct logarithmic
singularity on U*". Vary (U, f) to cover X.

Now we prove the continuity of g on X**[f]\|D|*". Let r : X*" — X be the
specialization map. Let {z,,},>1 be a sequence in X*"[f] \ |D|** converging
to x € X*[f] \ |D|*. We need to prove that g(x,,) converges to g(z). Let
U, --- U, be an open cover of X such that, for any ¢ = 1,--- ,n, U; contains
r(x) and D is defined by a single equation f; on U;.
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To see the existence of the open cover, by quasi-compactness, it suffices
to prove that for any point y € X, there is an open neighborhood of {r(z), y}
in X such that D is principal on U. Note that D is principal on U if and only
if the line bundle O(D) is trivial in Pic(i/). We can further assume that D is
very ample, by writing D as the difference of two very ample Cartier divisors
on X. Then there is an embedding X — PY using global sections of O(D).
For any hyperplane H of PY | the line bundle O(D) is trivial in Pic(X \ H),
since Opy (1) is trivial in Pic(PY \ H). Now it suffices to choose a hyperplane
H disjoint with {r(x),y}. This is easy if k is infinite. If k is finite, it is also
easy if N is large.

Now we have the open cover Uy, --- ,U,. Denote by I; the set of m > 1
such that r(z,,) € U;. Then we have I; U---U I, = {1,2,---}. It suffices
to prove lim,¢cr, g(xm) = g(x) for each i = 1,--- ,n. By definition, r(z) € U
implies that the image of the closed point of Spec R, — & lies in U, where
R, C H, is the valuation ring. This implies that the image of Spec R, —
X lies in U, and thus = € U*. Thus g(z) = —log|f(x)| by definition.
Similarly, m € I; implies z,, € U* and g(z,,) = —log|f(zy)|- It follows
that lim,,ecz, g(x,,) = g(x). This proves that g is continuous on X**[f]\ |D|*".

If £ = Z, we need to make extra arguments to extend the continuity
of g from X**[f] \ |D|* to A*" \ |D|*". By definition, ¢ is continuous on
X* oo\ |D|*. It remains to prove that g is continuous when X**[oc] \ |D|**
approaches A3" \ |D|*, where vy € M(Z) is the trivial norm of Z. Namely,
let {z;,}m>1 be a sequence in X**[oc] \ |D|* converging to a point z in
X2\ [D]*™. We need to prove that g(z,,) converges to g(z).

The canonical homeomorphism X*"[co] — X2 x (0,1] induces a pro-
jection 7 @ X*[oo] — X2, Here A2 = A" = X(C)/Gal(C/R) is com-
pact. To prove lim,,>1 §(x.,) = g(x), by proof by contradiction, it suffices
to prove lim,,e; g(z,,) = g(z) for all subsequences I of {1,2,---} such that
{m(xm) }mer converges in X2,

For such a subsequence I, denote by z = lim,,e; 7(z,,) in X2". There
is an open neighborhood U of {r(x),r(z)} in X such that D is defined by a
single equation f on U. The existence of U has already been proved in the
above the non-archimedean case.

Similarly, the condition r(z),r(z) € U implies z, z € Y**. This holds for
x as in the above non-archimedean case, and holds for z since r(z) is the
image of Spec H, — X.

By removing finitely many elements of I, we can assume that x,, lies in
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U for every m € I. Then —log | f|(x,,) for m € I converges to —log | f|(x) =
g(x). Denote h(y) = g(y) + log|f|(y), as a function on U**. It suffices to
prove lim,,cr h(x,,) = 0.

Note that A is norm-equivariant on U**. For m € I, denote by t,, the
image of x,, under the canonical projection X*"[co] — (0,1]s = (0,1]. We
have lim,,¢; t,, — 0. It follows that lim,,c; h(x,,) = limy,es b, R(7(z),)) =0
as limy,er () = 2z in Y22, This finishes the proof. O

The following effectivity result will be very useful to prove injectivity of
the analytification map.

Lemma 3.3.3. Let k be either Z or a field. Let X be a projective variety
over k and let i : X — X be a pro-open immersion. Let D = (D, g) be an
arithmetic divisor on X, and denote by g the Green’s function of D on X*"
induced by D. Assume one of the following two conditions:

(1) X is normal;

(2) the scheme X s integrally closed in X, and the Cartier divisor D|x is
effective on X.

Then D is effective if and only if § > 0 on X\ |D|*™.

Proof. Note that (1) is a special case of (2) with X equal to the generic point
of X, but we list it separately for its independent importance. It suffices to
prove the “if” part. Assuming g > 0, we need to prove that D is effective.
This is an analytic version of Lemma 2.3.6. It suffices to prove that for any
v € X\ X of codimension one in X, the valuation ord,(D) in the local ring
Oy, is non-negative. Consider the divisorial point { = exp(—ord,) of X*".
Let f be a local equation of D in an open neighborhood of v in X. By
definition,

9(&) = —log|f(§)] = —log(exp(—ord, f)) = ordy f = ord,(D).
It follows that ord,(D) > 0. O

3.3.2 Quasi-projective case

Let k be either Z or a field. Let U be a quasi-projective variety over k, and
X be a projective model of U. The analytification map

Div(X) — Div(X™)eq
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defined above induces a map
Div(X,U) — Div(U™)eqy,

which sends D = (D, gp) to D" := (D|y, §p). Here D]y is the integral part
of D, which is an integral Cartier divisor on /. By direct limit, the map
gives a map

Div(U /%) mod — Div(U™)eqy-

In the following, we prove that the map can be extended to adelic divisors
of quasi-projective varieties by taking limits.

Proof of Proposition 3.3.1: quasi-projective case. We need to define and prove
the injectivity of - -
Div(U/k) — Div(U™ )eqv,

CaCl(U /k) — CaClU™)eqy.
The injectivity of the first map implies that of the second map. In fact, if

DlV(Z/{/k’) — Dlv(Z/la’“)eqV is defined and injective, then the map Pr(l/{/k)mod —

Pr(ua“) is also injective. Thus Pr(Z/{/k)mod — Pr(Z/Ian) is bijective as both
groups are quotients of k(U)*. The quotients give a well-defined and injective

map CaCl(U/k) — CaCl(U™)uqy.
To treat the first map, we will extend the map

Div(U /k)mod — Div(U™)eq
to a map - -
Div(U/k) — Div(U™)eqy

by continuity. Recall that the left-hand side is endowed with the boundary
topology using £o; similarly, we endow the right-hand side with the boundary
topology using the divisor 83“. Here

38“ = (€O’U7£~70> = (0790)

is the image of &y = (&, go) in ﬁ(uan)eqv.

Note that that the map 61?/(2/{ /) mod — ]Sﬁ(uan)eqv keeps the partial
order of effectivity, so it sends Cauchy sequences to Cauchy sequences. To
prove that the map is well-defined, it suffices to prove that Dw(?/{am)eqV is

80



complete under the boundary topology. Let {(D;, g;)}i>1 be a Cauchy se-

quence in ﬁﬁ(uan)eqv. Then we have D; = D; for all i, and there is a
sequence {¢;}; of positive rational numbers converging to 0 such that

—€00 <G —§; < €go, Vj>i>1

Note that gy is continuous on U** and thus bounded on any compact subset
of U*. Then {g; — ¢1}; is uniformly convergent (to a continuous function)
on any compact subset of U*". As U™ is locally compact, the sequence
{gi — g1} is pointwise convergent to a continuous function on U*"*. Then
Gi = g1+ (§; — g1) converges to a Green’s function of D; on U**. This gives
the limit of {(D;, ;) }i>1 in Ei\v(uan)eqv. Therefore, ]Si\v(uan)eqv is complete,
and the first map of the proposition is well-defined.
In the definition

Div(U /k)moa = lim Div(X,U),
X

we can replace each X" by its normalization in ¢, so that &' is integrally closed
inU. By Lemma 3.3.3, an element of Div(U /k)meq is effective if and only if its

image in ﬁ(uan)eqv is effective. As a consequence, for any sequence {D;};
of Div(U/k)moa, if the image of {D;}; in Div(U*")eq is a Cauchy sequence
equivalent to 0, then {D;}; is a Cauchy sequence in [/)E(Z/l /k)mod equivalent
to 0. This proves the injectivity. O]

3.3.3 Essentially quasi-projective case

Let k be either Z or a field. Let X be a flat and essentially quasi-projective
integral scheme over k. Recall

Div(X/k) = lim Div(U/k),
u

CaCl(X/k) = lim CaCl(U/k).
u

Here the limits are over quasi-projective models U of X over k.
Note that we have already had an injection

Div(U k) — Div(U™)equ
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for quasi-projective models U of X. Its direct limit gives an injection

Div(X/k) — lim Div(U™)aqy-
u

Composing with the map

iy B ), — DX
u

we get a map - -
Div(X/k) — Div(X™)eqy-

This is the map in Proposition 3.3.1. Now we are ready to finish the proof
of the proposition.

Proof of Proposition 3.3.1: essentially quasi-projective case. Similar to the quasi-
projective case, it suffices to prove the injectivity of

Div(X/k) — Div(X™)eqe-
By the above composition, it suffices to prove that the map

limg Div(U™)aqy — DIv(X™)eqy
u

is injective. By Lemma 3.1.1, X" — U®" is injective with a dense image.
Then it suffices to prove that the map

D : T%Div(l/l) — Div(X)

is injective.

Fix a quasi-projective model 4y of X. By Lemma 2.3.4, in the above
limits, we can take {{/} to be the inverse system of open subschemes of U,
containing X. If D is an element in the kernel of ®, then we can assume that
D lies in Div(U) for some U. At any point = € X, D is defined by a single
equation f in a neighborhood of x in Y. By assumption, f is invertible in
Ou .z, so f is invertible on a neighborhood V, of x in U, or equivalently D is
0 on V,. Taking unions of V, for all x € X, we see that D is 0 on an open
neighborhood of X in Uy. Thus D = 0. This proves the injectivity of ®. The
proof is complete. n
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3.4 Analytification of adelic line bundles

The adelic line bundles in §2.5 induce norm-equivariant metrized line bundles
on Berkovich spaces. The goal of this section is to study this analytification
process. The main result is as follows:

Proposition 3.4.1. Let k be either Z or a field. Let X be a flat and es-
sentially quasi-projective integral scheme over k. There is a canonical fully
faithful functor - -

Pic(X/k) — Pic(X™)eqvs

which induces an injective map
Pic(X/k) — Pic(X™)eqe-

Most of the process is parallel and implied by the analytification of adelic
divisors in §3.3. We will include it for the sake of readers. As in the case of
adelic divisors, we will construct the maps and prove the injectivity in the
order of projective case, quasi-projective case and essentially quasi-projective
case. In the end, we will consider the canonical measures on Berkovich spaces
induced by this process.

3.4.1 Projective case

Let k be either Z or a field. Take the uniform terminology in §1.6. Let X be
a projective variety over k. Then there is a canonical functor

Pic(X) — Pic(X™)eq

and a canonical map . -
Pic(X) — Pic(X™)eq-

This is very similar to that construction in §3.3, and it is actually a conse-
quence of the latter for choosing a rational section s of a line bundle on X
and convert metrics ||s|| to Green’s functions — log [|s||.

For importance, we sketch the definition here. Let £ be a hermitian
line bundle on X. We need to define a metric of £ on X*". The metric of
the fibers of £ on X2 = AR" are given by the original hermitian metric,
and it extends to X*"[oo] by norm-equivariance. For the metric of £ at a
point = € X*[f], let ¢S : Spec R, — X be the k-morphism extending the
k-morphism ¢, : Spec H, — X under the valuative criterion. Then (¢2)*L
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is a free module over R, of rank 1. Let s, be a basis of this free module.
Define the metric of L(z) = ¢:L by setting ||s,|| = 1. The continuity of the
metric is a consequence of Lemma 3.3.2.

3.4.2 Quasi-projective case

Let k be either Z or a field. Let U be a quasi-projective variety over k. We
are going to have a canonical functor

Pic(U/k) — PieU™)eq
and a canonical map
Pic(U/k) — PicU™ )eqy-

___The functor is described as follows. Recall from §2.5 that an object of
Pic(U/k) is a sequence L = (L, (X;, L;, {;)i>1). Resume the other notations
for this sequence in §2.5. Note that each £; induces a metric || - ||¥ of £; on
X2, By the isomorphism ¢; : £ — L;|;;, and by restriction, we get a metric
|| - []; of £ on U*. We will see that the Cauchy condition implies that these
metrics converge pointwise to a continuous metric || - || of £ on U*. Then
L = (L,]|-|) defines an element of ﬁ(uan)eqv, which is the desired image
of the functor.

By the above idea, we prove Proposition 3.4.1 for quasi-projective vari-
eties.

Proof of Proposition 3.4.1: quasi-projective case. We need to prove that the
above construction gives a functor

Pic(U/k) — PicU™)eqy,

and prove that the functor is fully faithful. This is more or less a consequence
of the quasi-projective case of Proposition 3.3.1. We will write some parts of
the proof, and convert some other parts to the proposition.

Resume the above notations in the construction of the functor. Let L=
(L, (X;, L;,¢;)i>1) be an object of Pic(U/k). Denote by || - ||; the metric of £
on U™ induced by (X;, L;).

We first check that the metric || - ||; converges pointwise to a metric of
| - |l: of £ on Y. This is very similar to the quasi-projective case of Propo-
sition 3.3.1. In fact, from §2.5, the Cauchy condition means that there is a
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sequence {¢;};>1 of positive rational numbers converging to 0 such that in
Div(U k) mod,

—e;80 < div(lily!) — div(467Y) < €8, i > 1.
This implies
—€;G0 < log(|| - li/1 - 1l;) < €590, i=3j=1.

Here g is the Green’s function of & on A" induced by &y, which is contin-
uous on U*. Write f; = log(|| - ||;/]| - |l1) as a continuous function on U*".
Then the above condition gives

—€00 < fi— f; <€go, 1>7>1.

As in the proof of Proposition 3.3.1, since U*" is locally compact, f; converges
pointwise to a continuous function f on U*". As a consequence, ||-||; converges
pointwise to a continuous metric || - ||, and

—€590 < log(|[ - I/l - ly) < €90, 7> 1.

This gives the functor image £ = (L, || - ||).

_To check that it is indeed a fully faithful functor, let L be another object
of Pic(U/k) with image £ in Pic(U™)eqy. We need to prove that there is
a canonical isomorphism

Hom(z/7 L) — Hom(zlan, ).
This is equivalent to a canonical isomorphism

—/an

Hom(Ox,, L ® L) — Hom(Oy, (™) & L™).
Here Oy, = (Oy, (X5, Ox,, 1)) and Oy = (Oy, || - ||o) are the neural elements,
where || - ||o is defined by [|1]|o = 1.

Replacing .'er by L, it suffices to prove that there is a canonical
isomorphism

—»an

® : Hom(Ox,, L) — Hom(Oy, L ).

Write £ = (L, (X, L;, {;)i>1) as above.

Elements of both sides of ® are represented by regular sections s of £ ev-
erywhere non-vanishing on ¢/. Such a section s gives an element of the right-
hand side if ||s]| = 1 on U*". The section s gives an element of the left-hand
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side if the Cauchy sequence {&Rf(ﬁiﬁfl) + CTR/(Xth)(S)}ZZI of ER/(U/k:)mod
converges to 0 in ﬁE(u /k) under the boundary topology. These two condi-
tions on s are equivalent, since

Div(U k) — Div(U™)equ

is injective by Proposition 3.3.1. The proof is complete. O]

3.4.3 Essentially quasi-projective case

Let k be either Z or a field. Let X be a flat and essentially quasi-projective
integral scheme over k. Recall that

Pic(X/k) = lim Pic( /k),
u

Pic(X/k) = lim PicU /k).
u

Here the limits are over quasi-projective models U of X over k. Note that
we have a fully faithful functor

Pic(U/k) — PieU™)eq

for quasi-projective models U of X. Its direct limit gives a fully faithful
functor - -
Pic(X/k) — liﬂPiC(Z/{an)eqv.
u

Composing with the functor
lim Pic(U™)eqy — Pic(X™)aqy,
u

we get a functor - -
Pic(X/k) — Pic(X™)eqy-

This is the functor in Proposition 3.4.1. Now we are ready to finish the proof
of the proposition.

Proof of Proposition 3./.1: essentially quasi-projective case. It suffices to prove

that the functor - -
lim Pie(U™ )eqe — Pic(X™)eqy
u
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is fully faithful. Similarly, by Lemma 3.1.1, X®" — U*" is injective with a
dense image, so it suffices to prove that the functor

U I%Pic(U) — Pic(X)

is fully faithful.

Fix a quasi-projective model Uy of X. By Lemma 2.3.4, in the above
limits, we can take {U} to be the inverse system of open subschemes of Uj
containing X.

To prove that the functor W is fully faithful, it suffices to prove that for
any line bundles £, £’ on some open neighborhood of X in U, the canonical
map

hﬂHom(fJu, £/|u) — HOIH(,C|X, ;C/‘X)
u

is an isomorphism. The map is isomorphic to

lim MU, LY @ L) — T(X, LY @ L').
u

The injectivity is clear as both sides are subgroups of rational sections of
LY ® L on X. For the surjectivity, it suffices to prove that, if a rational
section s of LY ® L' is regular and nowhere vanishing on X, then it is regular
and nowhere vanishing on a neighborhood of X in if,. In fact, for any x € X,
as s is regular and non-vanishing at z, it is so at an open neighborhood V),
of = in Uy. Take unions of V, for all z € X. It gives an open neighborhood
of X in U satisfying the requirement. This finishes the proof. O]

3.4.4 Consequence on shrinking the underlying scheme

A quick consequence of Proposition 3.3.1 and Proposition 3.4.1 is the follow-
ing injectivity result.

Corollary 3.4.2. Let k be either Z or a field. Let f : X — Y be a morphism
of flat and essentially quasi-projective integral schemes over k. Assume that
X and Y are normal, and f induces an isomorphism k(Y) — k(X) of the
function fields. Then the canonical maps

Div(Y/k) — Div(X/k),
Pic(Y/k) —» Pic(X/k),
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Div(Y*) — Div(X™),
Pic(Y™) —> Pic(X™)
are injective.

Proof. By Proposition 3.3.1 and Proposition 3.4.1, it suffices to prove the
last two maps are injective.

We claim that the injectivity of the fourth map is is 1mphed by that of the
third map. In fact, by the isomorphism between Pic and CaCl the fourth
map is isomorphic to the canonical map

CaCl(Y™) —s CaCl(X™).
As k(Y) — k(X) is an isomorphism, the canonical map
Pr(Y™) — Pr(X*)

is surjective. Then the injectivity of the third map implies that of the fourth.
Now we prove the injectivity of the third map

Div(Y™) —s Div(X™).
Assume that an arithmetic divisor (D, gp) on Y?" lies in the kernel of this
map. Then gp is zero on (Spec k(Y))*. By Lemma 3.1.1, gp is zero on Y?".

Note that gp has logarithmic singularity along |D[*" in Y*". This implies
that |D|*" is empty, and thus D = 0. It finishes the proof. O

3.5 Restricted analytic spaces

Let k be either Z or a field. Let X be a flat and essentially quasi-projective
integral scheme over k. The Berkovich space X" = (X/k)*" is intrinsic and
functorial. Moreover, the analytification map

Pic(X/k) — Pic((X/k)™)eq

is functorial in the sense that it is compatible with the functoriality maps
listed in §2.5.5.

However, a disadvantage is that the space is too large and too abstract
to work on, mainly because it contains “too many” redundant points. The
goal here is to consider a smaller subspace of (X/k)*", as the union of some
distinguished fibers, which is sufficient for many applications. In this new
setting, metrized line bundles are closer to the adelic line bundles of Zhang
[ | for projective varieties over number fields (cf. Proposition 3.5.2). We
will first write the arithmetic case, and give a sketch for the geometric case.
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3.5.1 Arithmetic case

Recall that (SpecZ)® = M(Z) is the set of all multiplicative semi-norms
of Z. Define (SpecZ)™*" to be the subspace of (SpecZ)* of non-trivial
standard absolute values | - |, of Z. Hence (SpecZ)"™" is bijective to the set
{00,2,3,5,7,-- -} and endowed with the discrete topology.

Let X be a scheme over Z. There is a structure map X** — (SpecZ)
Define the restricted analytic space X™*" = (X/Z)"* associated to X/7Z to
be the preimage of (SpecZ)™*" under the map X** — (SpecZ)**. It follows

that
w0 xe

v€E(Spec Z)r-an

an

where X2" is the fiber of X*" above v. Then X" is canonically homeomor-
phic to X§' = (Xgq,/Q,)*", the Berkovich space associated to Xgq, over the
complete field Q,. The topology on X™*" is induced by the disjoint union,
so that each X" is both open and closed in X™*".

Define an arithmetic divisor on X" to be a pair (D, gp), where D is
a Cartier divisor on X, and gp is a Green’s function of D on X' ie. a
continuous function g : X"\ |D|"*" — R with logarithmic singularity along
D in the sense that, for any rational function f on a Zariski open subset U
of X satisfying div(f) = D]y, the function g + log |f| can be extended to a
continuous function on U™*".

An arithmetic divisor on X™" is called principal if it is of the form

A e (f) 1= (div(f), — log |
for some nonzero rational function f on X.

Denote by 5;/(X an) (resp. f’;(X a0y the group of arithmetic divisors
(resp. principal arithmetic divisor) on X. Define

CaCl(X™®") := Div(X™®")/Pr(X™").

Define a metrized line bundle on X" to be a pair (L, || - ||), where L is
a line bundle on X, and || - || is a continuous metric of fibers of L on X"
This is similar to the original case, we omit the details.

Denote by Pic(X™*") the group of isometry classes of metrized line bun-
dle on X, and EE(X ram) the category of metrized line bundle on X whose
morphisms are isometries. There is a canonical isomorphism

CaCl(X™") —» Pic(X™"),
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Finally, the motivation for restricted analytic spaces is as follows.

Proposition 3.5.1. Let X be a flat and essentially quasi-projective integral
scheme over Z. There are canonical injective maps

Div(X) —» Div(X™™),

Pic(X) —s Pic(X™),

and a canonical fully faithful functor
Pic(X) —s Pic(X™m).

Proof. This is a consequence of Proposition 3.3.1 and Proposition 3.4.1. For
example, the first map is obtained as the composition

Div(X) — Div(X™)eq — Div(X™2").

Here the first arrow is injective by Proposition 3.3.1. The second arrow is
injective, since a norm-equivalent Green’s function on X*" is determined by
its restriction to X*"\ X5 ..z by Lemma 3.1.1, and the latter is determined
by its restriction to X" by norm-equivariance. O

3.5.2 Comparison with the definition of [ ]

Let X be a projective variety over Q, which is not assumed to be geometri-
cally integral.

The coherence condition of an adelic line bundle L on X™®" is the ex-
istence of an open subscheme V of SpecZ, a projective and flat morphism
U — V whose generic fiber is isomorphic to X — SpecQ, and a line bundle
L on U endowed with an isomorphism Lo — L over X, such that the metric
of L on X5 C X7 is equal to the metric of L on X" induced by L for all
primesp € V. -

Denote by Pic(X™").on the full subcategory of Pic(X™*") whose objects
are adelic line bundles on X satisfying the coherence condition.

Note that the coherence condition is part of the definition of the adelic
line bundle in | , (1.2)]. Objects of Pic(X"™)qn is very close to the
adelic line bundles in the loc. cit., except that the loc. cit. uses metrics on
algebraic points of X over local fields instead of Berkovich spaces.
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Proposition 3.5.2. Let X be a projective variety over Q. Then the functor
Pic(X) — Pic(X™m)
mduces an equivalence
Pic(X) — Pie(X"")can
of categories.

Proof. Note that the first functor is fully faithful, so it suffices to prove that
its essential image is Pic(X"™*")con. By definition,

Pic(X) =l Pic(l),
u

where the limit is over quasi-projective models & of X. Replacing U by an
open subscheme if necessary, we can assume that there is a projective and
flat morphism & — V for some open subscheme V of SpecZ. It is reduced
to treat the functor - -

Pic(U) — Pic(X™").

Let £ = (L, (Xi, L;, 4;)i>1) be an adelic line bundle on I, with underlying
line bundle £ on Y. Denote by L = (L, {||-||,}») the image of £ in ﬁ(Xr'an),
with underlying line bundle L = £|x on X. Denote by || - ||;» (resp. || - ||2)
the metric of L on X induced by (X;, £;) (resp. (U, L)) for v < oo (resp.
v € V). By definition, || - ||, is the pointwise limit of || - ||;, on X2

As the base change of (X;, £;) to V is isomorphic to (U, L), they induce
the same metrics of L at any closed point v € V. It follows that || - ||;», =
|- lI5 =1 -1, for v € V. This proves that the metric of L satisfies the
coherence condition over V.

We claim that the convergence of |- ||;, to [|-||, is the uniform convergence
on X" for any place v < oco. In fact, take any projective model &p of U.
Take the arithmetic divisor &g = (€, 1) over Spec Z, where & = (SpecZ)\ V
is endowed with the reduced structure. Take Fg tgloe the pull-back of &,
to Xy. Use Fy to define the boundary topology of Pic(U)med. There is also
a boundary topology of 7/DE(X ran) defined by ?3‘“. Note that the Green’s
function g of T:SH is 0 on X7" for any v € V and a positive constant on X3"
for v ¢ V (including v = 00). As a consequence, the convergence of || - [|;, to
|| - || is the uniform convergence.
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Conversely, given any metrized line bundle L = (L, {]| - |l,},) on X™"
satisfying the coherence condition over an open subscheme V of SpecZ, we
will prove that L is isomorphic to the image of some adelic line bundle £ =
{(X;, L, ;) }i>1 on some quasi-projective model U of X. In fact, by the
coherence condition, there is a model (U — V, L) of (X — SpecQ, L)

inducing the metric of L above V. For any v ¢ V, the metric || - ||, is
continuous. By a theorem of Gubler (cf. | , Thm. 7.12] and | :
Lem. 3.5)), || - || is & uniform limit of model metrics {|| - ||, }i>1 if v is finite.

For any 7 > 1, we can find an integral model (X}, £;) of (X, L) which extends
(U, L) and induces the metric {||-||;»}» of L. This gives the adelic line bundle

L. It finishes the proof. O

Let X be a projective variety over (. One can also check that our notion
of nef adelic line bundles on X /Z agrees with our notion of strongly nef adelic
line bundles on X/Z. They also agree with the notion of “semipositive” in

[Zha2].

3.5.3 Function field case

Let k£ be any field. Let X be a scheme over k. Recall that the analytic space
X2 = (X/k)™ is (Zariski locally) given by multiplicative semi-norms trivial
over k. To define a restricted subspace of X?" as in the arithmetic case, we
need an extra data to get a global field. This fits the setting at the end of
§2.7.

Let B be a projective regular curve over k. Denote by K = k(B) the
function field. Any closed point v € B gives a normalized absolute value
| - |, = exp(—ord,) of K. Define B™" = (B/k)"" to be the subspace of
B* = (B/k)* of non-trivial normalized absolute values of K. Therefore,
B is bijective to the set of closed points of B and endowed with the discrete
topology.

Let X be a scheme over B (instead of just over k). There is a natural
map X" — B*. Define the restricted analytic space

XT'—(Zn — (X/B)?"—(ln — (X/B/k_)"’—an

associated to X/B/k to be the preimage of B™*" under the map X*" — B?".
It follows that

Xr—an — H Xsn ,

vE Br-an
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where X3" is the fiber of X*" above v. Then X" is canonically homeomor-
phic to X% = (Xg,/K,)™, the Berkovich space associated to Xg, over the
complete field K,. The topology on X™*" is induced by the disjoint union,
so that each X" is both open and closed in X™*".

Similar to the arithmetic case, we can define arithmetic divisors and
metrized line bundles over X™*". Then Proposition 3.5.1 also holds for any
flat and essentially quasi-projective integral scheme X over B. More pre-
cisely, there are canonical injective homomorphisms

Div(X/k) — Div(X™™"),
Pic(X/k) —s Pic(X™),

and a canonical fully faithful functor
Pic(X/k) —s Pic(X™).

Recall that from §2.7, we also have canonical isomorphisms
Div(X/B) —s Div(X/k),
Pic(X/B) —s Pic(X/k),
Pic(X/B) — Pic(X/k).

In the end, we remark that the theory depends on the structure X/B/k.
In general, if we are only given X/k, then we may use some geometric oper-
ations to construct the curve B in the middle. For example, if X is quasi-
projective over k of dimension at least 2, take K = k(¢) for some transcen-
dental element ¢ € k(X), which gives a rational map X --+ B with B = P;,
and then blow-up X to get a morphism X — B.

3.6 Local theory

Let X be a quasi-projective variety over Q. We want to know more about
the essential image of the functor

Pic(X) — Pic(X™m).

If X is projective, Proposition 3.5.2 gives a satisfactory answer. If X is not
projective, such a task might be impossible, but the situation simplifies when
restricted to fibers of X" i.e., considering the essential image of

Pic(X) — Pic(X™)
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for any place v of Q. This is the motivation of the theory in this subsection.

In this subsection, we will first study the completion process of adelic di-
visors on Berkovich spaces over complete fields, and introduce the Chambert-
Loir measure in this situation.

3.6.1 The analytification functor

Let K be a field complete with respect to a non-trivial valuation |- |. If K is
non-archimedean, denote by Ok the valuation ring of K. If K is archimedean
(K = C or R), write Ox = K for convenience.

Let U be a quasi-projective variety over K. By §2.7, we have introduced
the groups

Div(U/B), CaCl(U/B), Pic(U/B), Pic(U/B).

Here we understand that the base valued scheme B to be Spec O in the non-
archimedean case, and to be (SpecRR,ig) or (Spec C,id) in the archimedean
case. By abuse of notations, we will write the groups uniformly by

Div(U/Ok), CaCl(U/Ox), Pic(U/Ox), Pic(U/Ox).

Let U™ be the (usual) Berkovich analytic space associated to U over
K. Asin §3.2, an arithmetic divisor on U is pair D = (D, gp), where
D is a Cartier divisor on U, and gp : U™ \ |D|* — R is a continuous
Green’s function of D on U?". Similarly, a metrized line bundle on U™ is
pair L = (L, || - ||), where L is a line bundle on U, and || - || is a continuous
metric of L on U?".

Therefore, we have the following groups

Div(U™), Pr(U™), CaClU™), Pic(U™), Pic(U™).

Here 61;(U an) - (resp. 1/3}(U 1)) is the group of arithmetic divisors (resp.
principal arithmetic divisors) on U**. And 7/3E(U %) (resp. Pic(U am)) is the
category (resp. group) of metrized line bundles on U*" under isometry. The
group
CaCl(U™) := Div(U™)/Pr(U™)
is canonically isomorphic to ﬂ:(U an),
The local counterparts of Proposition 3.3.1 and Proposition 3.4.1 are as

follows. The proof is similar to and easier than the global case, so we omit
them.
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Proposition 3.6.1. Let K be a field complete with respect to a non-trivial
valuation. Let U be a quasi-projective variety over K. There are canonical
mjective maps
Dlv(U/OK) — Dlv(Uan)
CaCl(U/OK) — CaCl(Uan)
PlC(U/OK) — Plc(Uan),
Pic(U/Ox)

In the following, we are going to study the images of the analytification
functors. Denote

Div(U™)epet = Im(Div(U/Og) — Div(U™)),

Pic(U™)epes = Im(Pic(U/Ok ) — Pic(U™)),
Pic(U™)eptr = Im(Pic(U/Ok ) — Pic(U™)).

They are compactifications of
Div(U™)moq = Im(Div(U/Ox )moda — Div(U™)),

Pic(U™)mod = Im(Pic(U/ O )moa — Pic(U™)),
Pic(U™)mod = Im(Pic(U/Ox Jmod — Pic(U™)).

We will first describe the compactification process directly on U?".

3.6.2 Compactified arithmetic divisors

Let K be a field complete with respect to a non-trivial valuation |- |. Let U
be a quasi-projective variety over K. Recall that projective model of U over
Ok is a flat and projective integral scheme X over Ok together with an open
immersion U — Xk.

If K is non-archimedean, an arithmetic model (or integral model) of a
Cartier divisor D of U is a pair (X, D), where X is a projective model of U
over Ok, and D is a Cartier Q-divisor on X extending D in that D and D
have the same image in Div(U)g.

If K is archimedean, an arithmetic model of a Cartier divisor D of U
is a pair (X, D), where X is a projective model of U over Ox = K, and
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D= (5, g5) consisting of a Q-divisor Don X extending D and a continuous
Green’s function gz : X"\ |DJ™ — R of D on X"

In both cases, the arithmetic model (X, D) induces a Green’s function
gp of Dg on AR, and thus a Green’s function gp|yan of D on U by re-
striction. The process is essentially the same as the global case described in
§3.3. The Green’s function gp|yan is called a model Green’s function, and the
arithmetic divisor (D, gp|yan) is called a model arithmetic divisor on U".
The model Green’s function or the model arithmetic divisor is called nef (or
semipositive) if either D is nef on X in the non-archimedean case, or D has
a semipositive Chern current on X' (C) in the archimedean case (cf. §2.1).

By definition, the image

Div(U™)moq = Im(Div(U/Ox )mod — Div(U™))

is the group of all model arithmetic divisors on U*". It is a natural subgroup
of Div(U*"). Now we endow it with a boundary topology as in §2.4.

By a boundary divisor of U over Ok, we mean an arithmetic model
(Xo, &) over Ok of the divisor 0 on U such that the support of & x on
Xo.x is exactly Xy i \ U, and such that the induced Green’s function gg, > 0
on X%, Then (X, &) induces an arithmetic divisor Ey = (0, go) on U™
Here gy = gg,|van is a continuous function on U?". Moreover, gg, has a strictly
positive lower bound on X§*. We call Ey = (0, go) a boundary divisor of U,

Now have a boundary norm

I Iz, : Div(U*™") — [0, oc]
defined by o L
| Dz, :=inf{e € Qso: —eLy < D < eFEp}.

Here we take the convention that inf(()) = co. Then |[| - ||z, is an extended

norm. Now we have a boundary topology on m(U an) induced by the bound-
ary norm, for which a neighborhood basis at 0 is formed by

B(e, Div(U™)) := {D € Div(U*™) : —€Eo < D < ¢Eo}, €€ Qs

Here “<” is still given by effectivity. By translation, it gives a neighborhood
basis at any point. The topology does not depend on the choice of Ej.
By a similar method, we have a boundary topology over Div(U*")y04,

which is the same as the subspace topology induced from EE(U any,
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By construction,
Div(U™)eper = Im(Div(U/Ok) — Div(U™))

is equal to the completion of 61?/(U ) od With respect to the boundary

topology. An element of ]S;f(U am) e 1s called a compactified divisor on U,
An compactified divisor or its Green’s function is called strongly nef (or
strongly semipositive) if it is a limit of nef model arithmetic divisors under the

boundary topology. A compactified divisor D of I/);(U am) ote or its Green'’s
function is called nef (or semipositive) if there exists a strongly nef element

Dy of ﬁ;(U an) ot such that aD + D, is strongly nef for all positive integers
a.

Lemma 3.6.2. The space ]SE(U”) 1s complete with respect to the boundary
topology, and contains Div(U) e as a subspace.

Proof. The second statement is by definition, while the first statement is
similar to and easier than Lemma 3.6.3 below. We omit the proof. O

3.6.3 Singularity of Green’s functions

It turns out that there is a surprisingly explicit description of El\v(U ) opth
which is determined by the space of Green’s functions in it. For that purpose,
we start with the following spaces of real-valued functions on U?".

(1) C(U*) denotes the space of real-valued continuous functions on U";

(2) G(U*) denotes the space of Green’s functions on U®" associated to
Cartier divisors of U.

By definition, there is a natural injection
Div(U™) — Div(U) & G(U™)
and a canonical exact sequence
0 — C(U™) — Div(U™) —> Div(U) —» 0.

In terms of the boundary divisor (0,gy) with gy = gg,|van, We have a
boundary topology on C'(U*") and G(U*). The topologies are compatible
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under inclusion. For example, the boundary topology on G(U®") is induced
by the boundary norm on G(U®") given by

191lg0 := 9/ ollsup = sup{lg(z)/go(2)] : x € U™}

Then a neighborhood basis at 0 to be formed by
B(e, G(U™)) :={g € GIU™) : —ego < g <ego}, €€ Q.

Here the inequalities are understood to hold pointwise away from the loci of
the logarithmic singularities. By translation, it gives a neighborhood basis
at any point.

We have the following basic result, which is essentially contained in our
previous treatments.

Lemma 3.6.3. The space C(U*) is complete with respect to the boundary
topology. If U is normal, the space G(U®) is complete with respect to the
boundary topology.

Proof. This is similar to the quasi-projective model case of the proof of
Proposition 3.3.1. We only treat G(U®"), as C(U*") is similar. In fact, let
{fi}i>1 be a Cauchy sequence in G(U®"). Then there is a sequence {€;};>1
of positive rational numbers converging to 0 such that

—€ig0 < fi— f; <¢€go, 12721

Note that gg is continuous on U*", so h; = f; — f1 is bounded on any compact
subset of U?*". Note that h;, = f; — fi has logarithmic singularity along a
Cartier divisor D; on U. By assumption, U is normal and we can view D; as
a Weil divisor on U. The boundedness of h; implies D; = 0, and thus implies
that h; is actually continuous on U?".

Hence, {h;};>1 is a sequence of continuous function on U*". By the bound-
ary norm, {h;/go}:>1 is uniformly convergent, and thus the limit is a contin-

uous function. Then {h;};>; pointwise converges to a continuous function h
on U*. Then f, + h is the limit of {f;};>1 in G(U™). O

In order to study I/)E(U ) otf, we introduce the following spaces:

(3) C(U*)moa denotes the space of model functions on U™, i.e., model
Green’s functions induced by a pair (X, D), where X’ is a projective
model of X over Ok, and D is an arithmetic Q-divisor on X such that
the generic fiber D = 0 on Xk (instead of just on U);
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(4) G(U*)moa denotes the space of model Green’s functions on U** associ-
ated to Cartier divisors of U.

(5) C(U*)cpte denotes the completion of C(U)mea With respect to the
boundary topology;

(6) G(U™)cpte denotes the completion of G(U*)moq With respect to the
boundary topology.

As C(U*) and G(U®*") are complete, we have inclusions
C(U™)moa —> C(U™)epts —> C(U™),

G(U)moda — G(U™)epts — G(U™).

By the direct limit defining 51;(U an) od (commuting with exact sequences),
we have a canonical exact sequence

0 — C(U™)moa — Div(U™ )mod — Div(U/K )moq — 0.

Here - -
Div(U/K)moa = Div(U/K ) moa = ligDiv(X, U),
X

where the limit is over all projective models X of U over K. We use Div
instead of Div to avoid confusion. We further have a canonical injection

Div(U™)moa — DIV(U/ K )moa © G(U*™)moa.
Taking completions, we have a canonical injection
Div(U™)epst — Div(U/K) @& G(U™ )epst
and a sequence
0 — C(U™)eptr — Div(U™)eprr — Div(U/K) — 0.
Our main result below claims that the sequence is exact, and gives an explicit
description of C(U™)¢ptt-

Recall that the boundary divisor (0, go) on U*" induced by the boundary
divisor (Xp, &) on U. We further denote X, = &y x and Ey = & k.
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Theorem 3.6.4. Let K be a field complete with respect to a non-trivial
valuation. Let U be a quasi-projective variety over K. The following are
true:

(1) The canonical sequence
0 — C(U™)eptr — DIv(U™)pes — Div(U/K) — 0
18 exact.

(2) For any projective model X of U over K, denote by C(U**, X*) the space
of continuous functions h : X* — R supported on U*; i.e., h(z) = 0
for any x € X* \ U*". Denote by C(U), the image of the injection

CU™, X™) —s C(U™),  h > Ry,

Then C(U?)q is independent of the choice of X as a projective model of
U over K. Moreover,

O(Uan)cptf = 4o - C(Uan)o = {ggh . h € C(Uan)()}.

A major feature of the theorem is that functions in C(U™)cpr grow as
0(go) along the boundary, which is a very broad type of singularity. For a
natural example of a compactified divisor on C with a Green’s function of
singularity O(log go), see §5.5 for the Hodge bundle of the moduli space of
principally polarized abelian varieties.

In the literature, there are many research on Green’s functions with sin-
gularity. We first note that Burgos—Kramer—Kiihn | | has introduced a
general arithmetic intersection theory of arithmetic Chow cycles with pre-log-
log currents. This theory treats particularly singularities of type O(log go)
and thus includes the above example of Hodge bundles. We also refer to Bost
[Bos] and Moriwaki | ] for an arithmetic intersection of arithmetic Chow
cycles with L2-currents. To compare with our current theory, all these ref-
erences treat intersection theory on a fixed projective arithmetic variety and
focus on singularities of Green currents, while we treat intersection theory
of suitable limits of hermitian line bundles (which corresponds to arithmetic
Chow cycles of co-dimension one). In the limit process, our underlying line
bundles also vary.
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3.6.4 Proof of Theorem 3.6.4

The proof of Theorem 3.6.4 is long as it contains many different parts. We
include a detailed proof in the following.

We first prove that the space C'(U*")g in Theorem 3.6.4(2) is independent
of the choice of X. Namely, if X’ is another projective model of U over K,
then

Im(C(U™, X™) — C(U™)) = Im(C(U™, X"™) — C(U™)).

We can assume that there is a birational morphism 7 : X’ — X extending
the identity map of U. By pull-back via 7" : X — X' we have an
inclusion

Im(C(U™, X™) — C(U™)) C Im(C(U™, X'™) — C(U™)).

It suffices to prove the inverse direction. For any h' € C(U*, X'*"), we
want to descend it to the left-hand side. Define h : X* — R by setting
hlgan = W |yan and h|xan\pan = 0. Then the pull-back of h via 7®* : X'*» —
X is exactly h'. It suffices to prove that h is continuous on X?". Since
X and X" are both Hausdorff and compact, their closed subsets are the
same as compact subsets, so 7" is a closed map. Then the continuity of A’
implies that of h by the basic result listed in Lemma 3.6.5. This proves the
independence on X.

Now we prove the second statement of Theorem 3.6.4(2), i.e. C(U™)cpts =
go - C(U*)g. For any projective model X of U over K dominating X, the
image of the natural map C'(X*") — C(U®") is contained in gy - C(U*)y. As
a consequence, we have a composition of injections

C(U™) o — lim C(X™) — go - C(U™)o.
X

Here the limit is over all projective models X of U over K. To prove the
result, it suffices to prove that gy - C(U)g is complete and that C(U*)y0a
is dense in go - C'(U*)o under the boundary topology.

It is easy to prove that go-C'(U?")g is complete. In fact, under the bijection
C(U™)o — go - C(U™ ), the boundary topology on go - C(U"), corresponds
to the uniform topology on C'(U*")q, which also corresponds to the uniform
topology on C (U, X§") C C(X§"). The last space is complete.

Now we prove that C(U®)y0q is dense in go-C'(U*)o. Note that C(X§")moa
is dense in C'(X3") under the uniform topology. This is already used in the
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proof of Proposition 3.5.2; as a theorem of Gubler (cf. | , Thm. 7.12] and
[ , Lem. 3.5]). As the uniform topology is stronger than the boundary
topology, we see that C'(X§") lies in the closure of C'(U*)pmeq in go - C(U™)o.
Thus it is reduced to prove that C'(X§") is dense in gy - C(U, X§") under
the boundary topology.

Let f = goh be an element of g - C(U*, X3"). Define

fn == min{go,n} - h.
One checks that min{gy,n} € C(X3") and thus f, € C(X§"). Denote
Zn=A{x € X§": go(x) > n}, €, =max{|h(z)|: 2z € Z,}.
Note that {Z,}, decreases to |Ey|*", so €, decreases to 0. Then we have

|f = ful = max{0, go — n} - || < €90

Thus {f,}» converges to f. This proves Theorem 3.6.4(2).
Now we prove Theorem 3.6.4(1), i.e., the exactness of

0 — C(U™)eptr — Div(U™)eptr — Div(U/K) — 0.

We first prove the exactness in the middle. Let D be an element in the kernel
of Div(U*) it — Div(U/K). So D is the limit of a sequence D; = (D;, g;)
(with i > 1) in Div(U™)yeq with lim; D; = 0 in Div(U/K). We need to
prove that g := lim; g; lies in C(U™)epts. Denote h; = g¢;/go, viewed as a
continuous function on U®*". It suffices to prove that h., := lim; h; defines an
element of C'(U*)q naturally. We will use the following properties:

(a) The sequence h; converges uniformly to he, on U?".
(b) There is a compact subset W; of U*" for each i > 1, such that
[1illyamwi sup = sup{|hi(2)] - € U™\ Wi}
converges to 0 as ¢ — 00.

Property (b) comes from the condition lim; D; = 0 in ]/:)\1;'<U /K). In fact,
the condition gives —¢;FEy < D; < ¢;FEy with ¢, — 0. In terms of Green’s
functions, this implies that €;go £ ¢; is bounded below on U*". As €;gy goes to
infinity along the boundary of U?", we see that 2¢;g0+¢g; = €;90+(€:90£g:) > 0
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in a neighborhood of A% \ U*" in A%, where (X;, D;) is a projective model
of (X,0) over Ok inducing D;.

We claim that (a) and (b) imply that Ao, = lim; h; lies in C'(U*")y. This
is basic in topology. In fact, the function h lies in C(U*) by (a). It suffices
to prove that h, converges to 0 along the boundary X&" \ U?". Assume
the contrary. Then there is a sequence {z;};>; in U*" converging to a point

€ X§" \ U™ such that |ho(x;)] > ¢ for a constant ¢ > 0. By (a), we
can assume that there is iy such that |h;(z;)| > ¢/2 for all i > iy and j > 1.
This implies that ||k, ||an\w, sup > ¢/2 for all ¢ > 4y, which contradicts to (b).
This proves the exactness in the middle.

It remains to prove the right exactness in Theorem 3.6.4(1), i.e. the
surjectivity of ]S;f(Ua“)cptf — ]51V\/(U/K) Let D be an element of ]/DTV(U/K)
represented by a Cauchy sequence {D;}; in Dlv(U /K )moa. We need to find
a preimage of D in DlV(U am).otr- There is a sequence ¢; of positive rational

numbers such that
—€iky < Dy — Dy < €;Ey.

By the Cauchy property, replacing {D;}; by a subsequence if necessary, we
can assume that ) .., ¢ converges. We claim that for any ¢ > 1, there is a
model Green’s function g; of D; on U*" such that the sequence {g;}; satisfies

—€00 < Gi — Giv1 < €¢go, 1> 1.

If the claim holds, the sequence {(D;, g;)}: is a Cauchy sequence, and repre-
sents a preimage of D in D1V(U ) eptf -

It remains to prove the claim. We will construct g; inductively. Assume
that gq,---,¢; is constructed, and we need to construct g;;; satisfying the
requirement. Let g/, , be a model Green’s function of D;;; on U*". Assume
that (D, g;) and (D;y1,¢9:+1) can be realized as a model arithmetic divisors
of mixed coefficients on (X;,1,U) for some projective model X1 of U over
K. Set git1 = gi.— f for f € C(X2})moa- It suffices to find f € C(X2}))mod
satisfying

—€igo < 9i — Gim1 T < €go-

As before, (X! )mod is dense in C'(X?},) under uniform convergence. So it
suffices to find f € C'(X?},) satisfying

—€i(go —co) < gi — g§+1 + f < €i(g0 — co),
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where ¢y > 0 is a constant with gy > ¢y on U*". The condition is equivalent
to

giv1 — 9i — €i(go —co) < f < giyy — gi +€i(go — co).
This is an inequality of Green’s functions on X, corresponding to the divisor

relation
Diyv—D; —€Ey <0< D11 — D; + ¢ Ep.

By the first inequality of divisors, g;,, — i — €:(go — ¢o) has a finite upper
bound ¢ on X};. Then we can take

f=min{e, g1 — gi+ €90 — o)},

which is continuous by the second inequality of divisors. This finishes the
proof of Theorem 3.6.4.

In the above proof, the following basic result was used. We list it sepa-
rately, since it will be used again later.

Lemma 3.6.5. Let m: M — N be a surjective, closed and continuous map
of topological spaces. Let f: N — R be a map, and n*f = fom : M — R
the pull-back. Then f is continuous if and only if 7 f s continuous.

Proof. For the “if” part, prove that inverse images of closed sets under f are
closed. O

3.6.5 Compactified metrics

Here we briefly introduce the corresponding notions of compactified line bun-
dles. Resume the above notations. Namely, let K be a field complete with
respect to a non-trivial absolute value |-|. Set Ok to be K in the archimedean
case, and to be the valuation ring in the non-archimedean case. Let U be a
quasi-projective variety over K.

Recall from Proposition 3.6.1 that there are canonical injective maps

Pic(U/Ox) —> Pic(U™),

Pic(U/Ox) — Pic(U™).

Denote

Pic(U™)epee = Im(Pic(U/Ox) — Pic(U™)),

— —

Pic(U™)eprr = Im(Pic(U/Ok) — Pic(U™)).
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They are compactifications of
Pic(U™)moq = Im(Pic(U/Ox )moa — Pic(U™)),
Pic(U™)mod = Im(Pic(U/Ox )mod — Pic(U™)).

As in the case of arithmetic divisors, we are going to describe these groups
or categories directly on U?".

If K is non-archimedean, an arithmetic model (or integral model) of a line
bundle L on U is a pair (X, L), where X is a projective model of U over Oy,
and L is a Q-line bundle on X extending L.

If K is archimedean, an arithmetic model of a line bundle L on U is a pair
(X, L), where X is a projective model of U over O = K, and £ = (L, | -||7)
consisting of a Q-line bundle Lon X extending L and a continuous metric
|- |z of L on A",

In both cases, the arithmetic model (X, £) induces a metric ||-||z of Lx on
X, and thus a metric of L on U*" by restriction. The process is essentially
the same as the global case described in §3.4. The metric || - ||z of L on U™
is called a model metric, and the metrized line bundle (L, | - ||z) on U™ is
called a model metrized line bundle.

The model metric or the model metrized line bundle is called nef (or
semipositive) if either £ is nef on X in the non-archimedean case or the
metric of £ is semipositive on X'(C) (cf. §2.1).

Recall that we have boundary topologies on 5;()( ) and C(X*) in
terms of gy = gg,|yan obtained by the choice of a pair (Xp, &).

A metrized line bundle L = (L, || - ||) on U™ or its metric is called com-
pactified if there is a sequence of model metrics {|| - ||;}i>1 of L on U*", such
that the continuous function log(|| - ||;/]| - ||) on U converges to 0 under the
boundary topology on C'(X?").

The metrized line bundle L or its metric || - || is said to be strongly nef (or
strongly semipositive) if there exists such a sequence such that every model
metric || - ||; is nef. The metrized line bundle L or its metric || - || is said to
be nef (or semipositive) if there exists a strongly nef metrized line bundle
M such that aL + M is strongly nef for all positive integers a. The metrized
line bundle L or its metric || - || is said to be integrable if L is isometric to
the difference of two strongly nef metrized line bundles.

Finally, our result is as follows:

(1) ﬁi\C(Uan)mod (resp. ﬁij(Uan>Cptf) is the subgroup of lgi\c(Uan) consisting
of model metrized (resp. compactified) line bundles on U?".

105



(2) 7/71\C(U ) hod (resp. 7/3;3(U ) .ptf) 1 equivalent to the full subcategory of
Pic(U*) consisting of model (resp. compactified) metrized line bundles
on U™,

3.6.6 Chambert-Loir measures

Let U be a quasi-projective variety over a complete field K with a non-trivial
valuation as above. Denote n = dimU. Let Ly, Lo, --- , L, be strongly nef
(compactified) metrized line bundles on U*. We will see that there is a
canonical Radon measure ¢;(L;)ci(Ls) - - - ¢1(L,) on the Berkovich space U",
which generalizes the Monge-Ampere measure in the complex case. We will
call this measure the Chambert-Loir measure.

If K is archimedean, this is easily done by classical analysis in [B3T, Thm.
2.1] (or | , Cor. 1.6]). If K is non-archimedean and U is projective, this
is constructed by Chambert-Loir [C'[.] when K has a dense and countable sub-
field, and extended to general K by Gubler | ]. If K is non-archimedean
and U is quasi-projective, we will follow the theory of Chambert-Loir and
Ducros in [C'D], a vast generalization of the construction of [('l] via a local
analytic approach.

In the following, assume that K is non-archimedean and that U is quasi-

projective over K. We are going to apply [('D, Cor. 5.6.5] to L1, Lo, - - - , Ly,.
Before that, we claim that the metric of a strongly nef metrized line bundle
satisfies the condition of [C'D, Cor. 5.6.5]; i.e. it is locally psh-approachable

on U*" in the sense of [('D, 6.3.1, Def. 5.6.3, Def. 5.5.1].

In fact, let L = (L,|| - ||) be a strongly nef metrized line bundle on U?".
By definition, the metric || - || is the limit of a sequence of nef model metrics
|| - ||; under the boundary topology of C(U®"). Since U*" is locally compact,
the convergence is locally uniform as in Lemma 3.6.3. Therefore, it suffices
to prove the nef model case. So we assume that the metric || - || is a nef
model metric, and we need to prove that it is locally psh-approachable. This
is a consequence of [C'D; Cor. 6.3.4], since the metric || - || is induced by a
nef line bundle £ on a projective model & of U over O. Note that the loc.
cit. is only stated for the ample case, but can be extended to the nef case.
In fact, take any ample line bundle M on X', which induces a metric || - ||
of M = M|y on U*. For any local sections s and t of L and M regular
and everywhere non-vanishing on a Zariski open set W of U, the function
—log ||s|| — €log ||t]| pm is globally psh-approachable on W2" for any positive
rational numbers € > 0. As € — 0, the function converges to — log ||s||, which
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is uniform on any compact subset of W?". This proves that || - || is locally
psh-approachable, and finishes the quasi-projective case.
Finally, by [C'D, Cor. 5.6.5], there is a canonical measure

cr(Ly) - er(Ln) = d'd"(=log| - 1) A+~ Ad'd"(=log | - ||n)

over U*". Here the right-hand side is understood as follows. If W is a Zariski
open subset of X and s is a regular and everywhere non-vanishing section
of L on W, then we set d'd"(—log|| - ||;) = d'd"(—1log]||s]||;) on W?". This is
independent of the choice of s by the Poincaré-Lelong formula in [C'D; Thm.
4.6.5].

The measure is defined by a weak convergence process. We describe it
as follows. For any i = 1,---,n, the metric of L; is the limit of model
metrics induced by (projective) arithmetic models (X ;, £; ;) of (U, L) over
Og. We can assume that &j ; is independent of ¢, and write it as X;. Denote
X; = Xk, which is a projective model of U over K. Denote by L;; =
(Lij, || - [ls,7) the metrized line bundle on the compact space X3, induced by
the model (&; ;, £; ;). Denote by C.(U*") the space of real-valued, continuous
and compactly supported function on U*". Then the construction gives, for

any f € C.(U™),
/ feT) @) = lim | feTu) - a@ny).

As X is projective over K, the right-hand side is equal to the integration
defined by global intersection numbers by [CL, ]

It is worth noting that by [C'T, Cor. 4.2], the integral of ¢; (fl’j) el (fn’j)
on any Zariski closed subset of X" of positive codimension is 0.

3.6.7 Application to finitely generated fields

Let k£ be either Z or a field. Take the uniform terminology in §1.6. Let F' be
a finitely generated field over k. Let v be a point of (Spec F)** = M(F/k)
that is not the trivial valuation over F. Denote by F), the completion of F'
with respect to v. It can be either archimedean or non-archimedean.

Let X be a quasi-projective variety of dimension n over F. Let L be
a strongly nef adelic line bundle on X with an underlying line bundle L
on X. Let X" be the Berkovich space associated to the variety Xz, over
the complete field F,, which is the fiber of X** — (Spec F')*" above v. By
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Proposition 3.4.1, L induces a metric || - || of L on X which restricts to a
F,-metric || - ||, of L on X3".

Lemma 3.6.6. Assume that X is quasi-projective over F and that Z 18
strongly nef on X. Then the metric || - ||, of L on X2 induced by L is
strongly nef.

With the lemma, there is a Chambert-Loir measure

cai(L)y == ci(Lp,, | - [|o)"

over the Berkovich space X2" for any point v € M(F/k) which is non-trivial
over F'. This measure will be used in our equidistribution conjectures and
theorems.

By multi-linearity, for any integrable line bundles L1, - - - , L, on X, there
is a (signed) Chambert-Loir measure

ci(Ly)y - er(Ln)o == cr(Lyp, || - o) - e (Lo, || - 1)

over the Berkovich space X" for any point v € M(F/k) which is non-trivial
over F'. Now we prove the lemma.

Proof of Lemma 3.6.6. We only treat the case that v is non-archimedean,
since the archimedean case is easier.

Assume that L is represented by a Cauchy sequence £ = (£, (X;, L, £;)i>1)
in 7/3E(Z/{ /k)moa. HereU is a quasi-projective model of X, and each L; is nef on
X;. By Lemma 2.3.3, we can assume that U is equipped with a flat morphism
U — YV to a quasi-projective variety V, whose generic fiber is isomorphic to
X — Spec F. Let S be a fixed projective model of V. By blowing-up &; if
necessary, we can assume that &4 — V extends to a morphism &; — S.

The point v € (Spec F)* C S&* has a residue field F, and a valuation
ring R, C F,. By the valuative criterion, the morphism Spec F;,, — S extends
to a morphism Spec R, — S. The base change of X; — S gives a morphism
Xir, — Spec R, whose generic fiber contains Xp, as an open subvariety.
Denote by &jp the Zariski closure of Xp, in &jp,, so that X}y is the
unique irreducible component of &; g, flat over R,. By pull-back, we get
a sequence of Q-line bundles L] X!, on X/ p,, which induces a sequence of
model metrics || - [|; of L on X*. The limit of these metrics is exactly the
desired metric || - ||,. Moreover, the convergence of {|| - ||;}; to || - ||, is with
respect to the boundary topology, as we can see in the proof of Proposition
3.4.1 for quasi-projective varieties. 0
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Remark 3.6.7. By the lemma, if X is projective over F', then ||-||, is semipos-
itive in the sense that it is a uniform limit of metrics induced by nef models.
In this case, we can also use the construction of [CL, | to define the
measure.

4 Intersection theory

In this section, we develop an intersection theory of integrable adelic line
bundles. There are two types of intersection pairings. The first type gives
an absolute intersection number; the second type is an intersection pairing
in a relative setting in terms of the Deligne pairing. While the absolute
intersection number is very easy to obtain, the construction of the relative
intersection pairing takes most of this section.

4.1 Intersection theory

In this subsection, we state both intersection pairings, prove the existence of
the absolute version, and leave the proof the relative version to the rest of
this section.

4.1.1 Absolute intersection numbers

In algebraic geometry, for a projective variety X of dimension d over a base
field, there is an intersection pairing Pic(X)? — Z.

In Arakelov geometry, by the theory of Gillet—Soué [:S1], for each pro-
jective variety X of absolute dimension d over Z, there is an intersection
pairing Plc(X)smth — R, which was extended to a pairing Plc(X) — R as
recalled in §2.1.

We are going to extend these pairings to adelic line bundles. As in the
case of | , |, we cannot expect the intersection to be defined for all
adelic line bundles, but only for the integrable ones.

int

Proposition 4.1.1. Let k be either Z. or a field. For any flat and essentially
quasi-projective integral scheme X owver k, the intersection pairing above ex-
tends to a canonical multi-linear homomorphism

Plc(X/k) — R.

int

Here d is the absolute dimension of a quasi-projective model of X over k.
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Moreover, if Ly,--- , Ly are nef adelic line bundles on X, then their in-
tersection number Ly - Lo--+- Lg > 0.

Proof. Tt suffices to treat the case that X = U is a quasi-projective variety
over k. We need to define (Ly,---,Ly) for any Ly, -+, Ly € Pic(U/k)snet-

Let (Xp, £o) be a boundary divisor of U over k, and we will use it to define
the boundary topology of ﬁ;(u /k)mod- We can further assume that & is
nef, which is possible by simply replacing £, by a nef arithmetic divisor EIO
on Aj satisfying &) > & and replacing U by Xy \ |E)|-

For j = 1,--- ,d, assume that Zj is represented by a Cauchy sequence
(L, (X, Lji,0;:)i>1) with each £;; nef on a projective model X; dominating
Xy. Here we assume that the model A&} is independent of j, which is always
possible. There is a sequence {¢;};>1 of positive rational numbers converging
to 0 such that -

—GZ‘EO S d1V(€J,Z/€;}) S 6@'30
forany j =1,---,d and any i’ > 1.
For any subset J C {1,--- ,d}, consider the sequence

—d—|J| —_
an=& [ L
jeJ

We will prove by induction that {ay;};>1 is a Cauchy sequence and thus
convergent in R. When J is the full set, we have the proposition.

There is nothing to prove if J is the empty set. Assume the claim is true
for any |J| < r for some r > 0. We need to prove the result for any J with
|J| = r. Without loss of generality, assume J = {1,2,--- ,r}. Then

—=d—r— =d—r—
g —agi=Ey Lyg- Ly —E L Ly

< zg_r(zu +eEp) - (Zm‘ +€:E0) — Eg_rzl,i Ly

_ ||
= EZ- O{J/J‘.

J'CT

Similarly,
g — gy < zgir(zw + Ez‘go) s (Zm‘/ + Eigo) — zngl,ﬂ - 'Zm"

— r=|J'|
= €; Q gt

JcJ

It follows that {a,;}; is a Cauchy sequence. This finishes the proof. O
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A basic property of the intersection number is the following projection
formula.

Proposition 4.1.2 (projection formula). Let k be either Z or a field. Let
f: X" — X be a morphism of flat and essentially quasi-projective integral
schemes over k. Assume that the absolute dimensions of quasi-projective
models of X' and X over k are all equal to d. Let Ly,--- , Ly be integrable
adelic line bundles on X. Then

f*zl'f*z2'“f*zd:deg(f)(zl'ZQ'“Zd)-

Here if f is dominant in that it maps the generic point of X' to the generic
point of X, then deg(f) is the degree of the extension between the function
fields; otherwise, we take the convention deg(f) = 0.

Proof. By the limit process, it is reduced to the well-known formula projec-
tive case. N

4.1.2 Deligne Pairing: main theorem

Let f: X — Y be a projective and flat morphism of noetherian schemes of
pure relative dimension n. The Deligne pairing is a multi-linear functor

Pic(X)" — Pic(Y), (Li, - L) — (L1, Loya)-

The functor refines the intersection of the Chern classes of the line bundles,
and satisfies many natural functorial properties, including the base change
property, the multi-linearity, the symmetry, and the induction formula.

For a brief history of pairing, the case n = 0 is just the norm functor N,y
Deligne [Del] constructed the functor for n = 1, and speculates a similar
pairing for general n. For general n, the pairing was constructed by Elkik
[ | for any f which is projective, flat and further Cohen-Macaulay, and
by Munoz Garcia [V G] for any f which is projective, equi-dimensional and of
finite Tor-dimension (which implies the projective and flat case). Moreover,
Ducrot [Duc] had a different treatment of the projective and flat case.

If X and Y are smooth varieties over C and f is smooth, and if Ly, -+ , L1
are endowed with smooth hermitian metrics, then the metrics transfer to
a canonical smooth hermitian metric on (L, -+, L,y1), as constructed by
Deligne [Del] and Elkik [[E1k2]. As we will prove later, the metric construc-
tion can be generalized to the projective and flat case, and in this case the
Deligne pairing transfer continuous metrics to continuous metrics.
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Our goal here is to extend the Deligne pairing to adelic line bundles. The
main result of this section is as follows.

Theorem 4.1.3. Let k be either Z or a field. LetY be a flat and essentially
quasi-projective integral scheme over k. Let f : X — Y be a projective and
flat morphism of relative dimension n. Assume that X is integral and Y
1s normal. Then the Deligne pairing induces a symmetric and multilinear
functor - -
Pic(X/k) M — Pic(Y/E)in,

When restricted to strongly nef or nef adelic line bundles, the functor induces
functors

Pic(X/k) " — Pic(Y/k)snet,

snef
Pic(X/k)" N — Pic(Y/k) net.

Moreover, the maps are compatible with base changes of the form Y’ — Y,
where Y’ is any normal integral scheme, flat and essentially quasi-projective
over k, such that X' = X xy Y’ is integral.

The proof of this theorem will take up the rest of this section. After some
preparations about metrics of the Deligne pairings and basic properties in
the model case, the proof of the theorem will be given in §4.5.

4.2 Metrics of the Deligne pairing: statements

The goal of this subsection is two-fold. First, we review the treatment of the
Deligne pairing of [M (] to setup a framework for our treatment. Second, we
state some results on natural metrics of the Deligne pairing from metrics of
the original line bundles, which generalizes the result of [Del, | from the
smooth case to the general case. Note that the treatments of | ) ]
on the metrics have gaps due to mis-interpretations of the definition of the
canonical section (sq,---, 8,41) of (Ly,-++, Lyyq) on Y.

4.2.1 Deligne Pairing: review

Here we recall some results of the Deligne pairing in [M(G]. Our main in-
terest is the Deligne pairing for projective and flat morphisms, but it seems
inevitable to treat non-flat morphisms of finite Tor-dimension if we want to
pass to generic hyperplane sections by an induction formula. Therefore, we
will follow the generality of [V (] to treat morphisms of finite Tor-dimension.
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Recall that a morphism f : X — Y of noetherian schemes is of pure
relative dimension n if for every y € Y, every irreducible component of X,
(if non-empty) has dimension n.

Recall that a morphism f : X — Y of noetherian schemes is of finite
Tor-dimension if one of the following two equivalent conditions holds:

(a) there is an integer dy such that Torf (A, M) = 0 for any d > dy, for
any affine open subscheme Spec A of X whose image under f lies in an
affine open subscheme Spec B of Y, and for any B-module M.

(b) there is an integer dy such that Tordoy’y(OX,x, M) = 0 for any d > d,
for any point z € X with y = f(z) € Y, and for any Oy,-module M.

See | , 111, §3, Def. 3.2, Prop. 3.3] for more information. Note that this
holds automatically if f is flat or Y is regular. Moreover, if f: X — Y is of
finite Tor-dimension, and Z is an effective Cartier divisor of X, then Z — Y
is also of finite Tor-dimension.

Let f: X — Y be a projective morphism of noetherian schemes of finite
Tor-dimension and pure relative dimension n. Let si,--- 5,11 be global
sections of Ly, -+, L, on X respectively. For any i =1,--- ,n+ 1, denote
by Z; = div(sy) N --- N div(s;) the schematic intersection in X. Set Z; =
X for convenience. Following [MG, Def. 4.3.2], we say that the sequence
(81, , Sne1) is strongly regular if the following conditions hold:

(1) for any i = 1,--- ,n + 1, the section s; is not a zero-divisor on Z;_; in
the sense that the morphism Oz, _, — L;|z,_, induced by s; is injective;

(2) forany i =1,--- ,n, the scheme Z; is purely of relative dimension n — i
over Y.

If (1) and (2) hold fori = 1, - - , n, then we say that the sequence (s, -, sy)

is strongly regular. The condition (1) is actually symmetric in s1,--+, S,11
by a basic property of regular sequences in local rings. Note that the notion
of strongly regular is stronger than the notion of very regular in [N, Def.

3.2.1, Def. 3.2.4], and is more convenient in applications.

The following existence of strongly regular sequence will be frequently
used in our treatment. If Lq,---, L, are f-ample on X, then there is a
finite Zariski open cover V' of Y and a positive integer m, such that the base
change (L{™)v, -+, (L27)v has a strongly regular sequence of sections for
the morphism fy : Xy — V. In fact, for any closed point y € Y, let V,, be an
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affine open neighborhood of y in Y. Then we can find a global section s; of
(L$™)v, on Xy, for some positive integer m such that s; is non-vanishing at
any associated point of Xy, or X,. This can be guaranteed by requiring s; to
be non-vanishing at a prescribed closed point of every irreducible component
and every embedded component of Xy, and X,. Then s, is not a zero-divisor
on Xy, or X,, and thus div(s;) N X, is pure of dimension n — 1. By semi-
continuity of dimensions of fibers (cf. | , IV-3, Cor, 13.1.5]), div(sy) is
of pure relative dimension n — 1 over a neighborhood of y in V. Replace
V, by this open neighborhood. By induction, this gives the strongly regular
sequence.

Let (s1,- -+, Spt1) be astrongly regular sequence of sections of (Lq, -+, L,11)
on X. By [MG, Prop. 3.2.6], there is a canonical global section (sq, -, Sp41)
of (Ly, -+, Lys1) on Y. In fact, there is a canonical isomorphism

. <L17"' 7Ln+1> — NZn/Y(LnH)-

The global section s, gives a global section Ny, /v (sn41) of Nz, /v (Lyt1).
Set
<817 Tty 8n+1> = T_I(NZn/Y(Sn—H))'

Note that Z,, — Y is finite but not necessarily flat over Y, the norm functor

NZn/Y : PlC(Zn) — PIC(Y)

is defined in [M(G,; §1.2], as a natural generalization of the finite and flat
case. The section (sq,---,8p11) of (L1, , L,+1) behaves well if switching
the orders of Ly, -+, L,yq; see [MG, Thm. 3.4.2].

This essentially gives construction of (Lq,--- , L,41) for relatively ample
line bundles Ly, ---, L,y on X. By linearity, it generalizes to arbitrary line
bundles Ly, -+, L+ on X.

As a convention, the Deligne pairing (Lq,- -+, L,1) for the morphism

f X — Y will also be written as

f*<L17"' 7Ln+1>7 <L1a"' 7Ln+1>X/Y7 <L17"' 7Ln+1>X'

This may be used when we vary f : X — Y to avoid confusion. We take this
convention for all similar pairings introduced later.
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4.2.2 Deligne Pairing: metric at a point

Let Y = SpecC and f : X — Y be a projective morphism of pure relative

dimension n. Let Ly, - - - , L,41 be line bundles on X, endowed with integrable
metrics. The goal is to endow a metric of (L, -+, L,11) on Y in this general
setting.

Note that we do not assume that X is integral, so we need to extend
the definition of metrics and integrations to this setting. Denote by X,q the
reduced structure of X. Denote by Xj,---, X, the irreducible components
of of X,cq, endowed with the reduced structures. For ¢ =1, | r, denote by
7; the generic point of X;.

Define the multiplicity of X; in X to be

0(X;) = 0(X;, X) = lengthe,  (Oxy,)-

i

See | , §9.1, Def. 3] for example. For integrations, we define

/Xa::zila(xi)/xia

in reasonable settings to be used later. For example, if X is a finite scheme
over C (son = 0), then for any function o : X;eq — R, we take the convention

/Xa - ga(xi)a(xi).

Most notions in §2.1.1-2.1.2 can be generalized to the current setting. By
a continuous function on X, we mean a continuous function on X,,q. By a
smooth function on X, mean a continuous function g : X,.q — R, such that
for any closed point z € X, there is an open subscheme U of X containing
x together with a closed immersion U — M to a complex manifold M such
that ¢g|y can be extended to a smooth function on M. Let L be a line bundle
on X. By a continuous metric of L on X, we mean a continuous metric of
L|x.., on X,eq. By a smooth metric L on X, we mean a continuous metric
||| of L|x,., on X,eq such that ||s]|? is a smooth function for any local section
s of X, which is not a zero-divisor Zariski locally. Define Chern currents,
semipositive metrics, integrable metrics similarly. In terms of integration, we
essentially only care about the pull-back of these terms to X1, , X,,.

X;
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Let Ly, -+, Ly41 be line bundles on X, endowed with integrable metrics.
Then (L, -+, Lyy1) is a 1-dimensional complex vector space. We endow a
metric of (L, , L,y1) as follows.

We assume that all L; are very ample by linearity. For any nonzero section
sy of Ly on X, which is a regular sequence in that s; is not a zero-divisor
Zariski locally on X, we have a natural isomorphism

[81] : <L17 T 7Ln+1> — <L2a Tt 7Ln+1>Z1-

Here Z; = div(s;), and the right-hand side is the Deligne pairing with respect
to the morphism Z; — Y. Define the norm of the map [s1] by

1%wm=—ébmwm@»~mam.

This defines the metric of (Ly,--- , L,11) by induction on dim X.

We have a few remarks to justify this definition. First, the integral is
a sum of integrals on X; with weight §(X;), so we only need to consider
the pull-back of the measure ¢;(Ls) - --¢1(Lyn;1) to X;. Second, the measure
c1(Ly) -+ c1(Lny1) (over X;) is regularized by [BT, Thm. 2.1] (or | ,
Cor. 1.6]), and the integral on the right-hand side is convergent by [T
Thm. 4.1]. Third, there is a Stokes formula as follows.

Lemma 4.2.1 (Stokes formula). If (s, s2) is a strongly regular sequence of
sections of (Ly, Ly) on X. Then

/Xlog\|31||01(fz)01@3)"‘Cl(fnﬂ)—/ log [|s2]ler(Li)er(Ls) - - 1 (L)

X
= [ toglsla@) e - [ gl alm)
div(s2) div(s1)
Proof. This is a generalization of | , 1.1.3]. If X is integral, the formula
holds for integrable metrics by a regularization process, or as an easy con-
sequence of [T, Thm. 4.1]. If X is not integral, by the case of integral

schemes, it suffices to check that for any irreducible component V' of div(s;),
endowed with the reduced structure,

S(Vdiv(sy)) =Y (V. div(si|x,))d(X;, X).

i=1
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This is a consequence of | , 89.1, Lem. 6] by setting A = Ox,,, M = A
and a to be a defining equation of V' in A. Here 1y denotes the generic point
of V. O]

With the Stokes formula, as in | , Thm. I.1.1(c)], we can prove that
the definition of the metric is independent of the choices of the induction
process, and the Deligne pairing with the metric is symmetric and multi-
linear.

In a single formula, if (s1,---,S,41) is a strongly regular sequence of
sections of (Ly,---, L,y1) on X, then the metric of (Ly,---, L,y1) is given
by

n+1
—log|[{s1,- -, sn)ll = —Z/ log [|siller(Lita) - - - e1(Ln1)-
i=1 7 %1

If X is integral, this is exactly the local intersection number
div(sy) - div(se) - - div(sps1).

See [T, §2] or | , Appendix 1] for basic properties of the local intersection
number.

4.2.3 Relation to integral schemes

The following result converts the Deligne pairing of non-integral schemes to
those of its irreducible components. It can serve as a substitute of the above
treatment of non-integral schemes, and will also be used later.

Lemma 4.2.2. LetY be either the spectrum of a field or an integral Dedekind
scheme. Let f : X — Y be a projective and flat morphism of pure relative
dimension n. Denote by X1, --- X, the irreducible components of X, endowed
with the reduced structures. Assume that for eachi=1,--- ,r, the morphism
X; — Y is smooth at the generic point of X;. Let Ly, -+, L1 be line bundles
on X. Then there is a canonical isomorphism

X' 7Ln+1 X;

Moreover, if Y = SpecC, Ly,--- , L, are endowed with integrable met-
rics on X, and both sides are endowed with the induced metrics, then the
isomorphism is an isometry.
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Proof. We will only prove the first statement, as the second statement can
be checked through the same process. _

Denote by 7; the generic point of X;, and denote by X, the schematic
closure of 7; in X. Then we have a birational morphism

i=1
Apply [MG, Thm. 5.3.1] to this morphism, we have a canonical isomorphism
<L17 T 7Ln+1> — ®£:1<L1’)?i’ U 7Ln+1|)?2.>-

Therefore, it suffices to establish for each ¢ a canonical isomorphism

<L1|)~(i7 ) Ln+1|)~(i> — <L1|X1" Tty Ln+1|Xi>®5(Xi)'

Let_ U be an affine open subscheme of X, such that the reduced structure
U = (U)yea is smooth over Y. By the infinitesimal lifting theorem (cf. [ :
§2.2, Prop. 6]), the identity morphism U — U can be lifted to a morphism
o : U — U over Y. Replacing U by an open subscheme if necessary, we

can further assume that ¢ : U — U is flat. Note that ¢ : U — U is finite
automatically. By the morphism ¢, a little argument gives

3(X;) = 6(U,U) = deg().

_ The morphism U—U gives a rational map X; —-» X;. By blowing-up
X, the rational map becomes a morphism X! --+ X;. Apply the Raynaud—
Gruson flattening theorem in [RG, Thm. 5.2.2]. We can further blow-up X!
and X; to change the rational map into a flat morphism :~Z — Z. Here
U and U are respectively open subschemes of Z and Z, and Z — Z extends
the morphism U — U. We can assume that Z is normal by taking the base
change of 7 = 7 by the normalization of Z. The morphism (E)Ied — 7
is finite, birational, and equi-dimensional, so it must be an isomorphism.
Note that the blowing-up does not affect the Deligne pairings by [M G, Thm.
5.3.1].
Now it suffices to establish a canonical isomorphism

T (w*Mb e ’w*MnH> — <M1’ e ’Mn+1>®deg(¢)
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for line bundles My, .-, M, 1 on Z. Here ¢ : 7 — 7 is the finite and flat
morphism. Write the isomorphism in the form

<w*M17 o 7w*M7’L+1> — <M17 o 7Mn7 NZ/Z(w*MnJrl))

This isomorphism follows from the projection formula of [V, Prop. 5.2.3.b].
Now we have established the desired isomorphism. We can also check that

the isomorphism is independent of the choice of U — U. In fact, the mor-

phism 7 sends the section (s, - - - , 5,41) to the section (s1]z,- - , Spy1]|2)20@),

for any strongly regular sequence (sq, - - , S,41) of sections of (V* My, -+ "M, 1)

on Z which can be descended to a strongly regular sequence of sections of

(My,-++ ,M,41) on Z. Then we can check the independence by comparing

different strongly regular sequences. O]

4.2.4 Deligne Pairing: metrics in a family

Let f: X — Y be a projective morphism of quasi-projective varieties over C

of finite Tor-dimension and pure relative dimension n. Let Ly, - - , L,y be
line bundles on X, endowed with integrable metrics. The goal is to endow a
natural metric of (L, -+, L,41) on Y in this general setting.

For any closed point y € Y, we have a canonical metric || - ||x, of

(L1y, -+, Lny1y) at y. This is just the above construction applied to f, :
X, — y. By the canonical isomorphism

(L1, Lont1)y — (L1ys - s Lnt1y),

we get a natural metric of the left-hand side. Varying y, this gives a “metric”
of (L1, , Lpt1) on Y. Denote this metric by || - || x/v,fbra1, to indicate that
it is fiberwise defined. The metric is not a priori continuous. The main result
of this subsection asserts that it is indeed continuous if f is flat, and can be
“modified” to a continuous one if Y is normal.

Theorem 4.2.3. Let f : X — Y be a projective morphism of quasi-projective
varieties over C of finite Tor-dimension and pure relative dimension n. As-
sume that either f is flat or Y is normal. Let Ly,--- , Ly41 be line bundles
on X, endowed with integrable metrics. Then there is a continuous integrable

metric || - || x/y of (L1, -+, Lny1) on'Y satisfying the following properties.

(1) Let V' be the mazimal open subscheme of Y such that Xy is flat over V.
Then the metric || - || x/y is equal to the metric || - ||x/v,aoral at all fibers

of (Ly,-++, Lpy1) above V.
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(2) The metric ||-|| x/v is compatible with base changes by morphismsY' —Y
of quasi-projective varieties such that the image of Y' intersects V and
that X x Y — Y has finite Tor-dimension.

(3) The metric || - || x/y is symmetric and multi-linear in the components
Ll?'” 7Ln+1-

(4) The Chern current
cr((Ly, -+ Loy, || - HX/y) = f*(Cl(Z1) e cl(fnﬂ))

as (1,1)-currents on Y.

5) If the metrics of Ly,--- , L,y are semipositive, then the metric || - || x/v
/
of (Ly,-++ , Lny1) is also semipositive.

If fis flat, then we have || - || x/y = || - || x/v,fibral €verywhere, so || - || x/y
is continuous. In this case, part (2) holds for any base change Y’ — Y.

In general, |- ||x/y is determined by || - || x/v,sbra1 By continuity, but it may
happen that they are not equal.

In the theorem, by continuity, (1) determines the metric uniquely and
implies (2) and (3). It is also easy to see that (4) implies (5). Thus the task
is to prove that the metric || - || x/y determined by (1) exists and also satisfies
(4). The proof of these two parts will be given in the next subsection.

4.3 Metrics of the Deligne pairing: proofs

The goal of this subsection is to prove Theorem 4.2.3. The idea is to apply
the classical analytic results of Stoll and King to treat continuity of relative
integrals.

4.3.1 Continuity of relative integral

As a preparation to prove Theorem 4.2.3, we first convert classical results of
Stoll [Stol, ] and King [I<in] into the following statement.

Theorem 4.3.1. Let f : X — Y be a projective morphism of quasi-projective
varieties over C of pure relative dimension n. Let o be a continuous differ-
ential (n,n)-form on X. Denote by Ix;y : Y(C) — R the function defined
by
L) = [ o yevio
X

Yy
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The following are true:
(1) If f is flat, then Ix;y(y) is continuous for all y € Y (C).

(2) IfY is normal, there is a unique continuous function fx/y :Y(C) =R
such that Ixy(y) = Ix;y(y) for all y € Y(C) over which X is flat.

For a singular complex variety, there are notions of continuous differential
forms and smooth differential forms in [[Kin, §1.1]. Some of these are recalled
in §2.1.

Recall that by definition, the integration

Ix/y(y) /Xya—zfs / a

where Wy, .-+, W, are irreducible components of X, endowed with reduced
structures, and 6(W;) is the multiplicity of W; in X, introduced in last sub-
section.

We first recall some results of Stoll [Stol, ]. Let f: X —- Y and «
be as in the above proposition. Assume furthermore that X is regular and
Y is normal. Then | , Thm. 3.9] asserts that the integral

i@ = [ va
(Xy)red

defines a continuous function of y € Y(C). Here the multiplicity function
vt (Xy)red(C) = Z is defined in [Stol, p. 17, p. 48]. Instead of reviewing
the definitions of the multiplicity function, we first state the following result,
which is sufficient for our application, and then we review some details on
the multiplicity function in the proof.

Wi

Lemma 4.3.2. Let f : X — Y be a projective morphism of smooth varieties
over C of pure relative dimension n. Let y € Y(C) be a closed point. Then
the following holds:

(1) For any smooth (closed) point x of (Xy)red, we have vy(z) = 6(W(x), X,).
Here W (x) is the irreducible component of (X, )rea containing x.

(2) For any continuous differential (n,n)-form on X, we have

/ vt = / .
(Xy)red Xy
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Proof. Note that (1) implies (2), since it implies v¢(z) = §(W(x), X,) for =
outside a subset of (X, ).ea of measure 0.

Now we prove the case n = 0 of (1). For the purpose later, we will prove
the following slightly more general statement:

Let f: X — Y be a morphism of varieties over C with dim X = dimY.
Let x € X and y € Y be closed points with f(x) = y. Assume that X is
smooth at x and that'Y is smooth at y. Assume that x is an isolated point
of Xy, i.e., {x} is a connected component of X,. Then

Vg (.CE) = dim@(OX,x/myOX,x).

Here m, (resp. my) denotes the mazimal ideal of Ox 4 (resp. Oy, ).

For a brief definition of v;(x), recall that there is an open neighborhood
U of = under the analytic topology such that U — f(U) is proper and
Y y)NU = {z}. Then v;(x) is the degree of U — f(U), i.e., the common
order of f71(f(z)) for any z € U \ R, where R is an analytic subset of U of
positive codimension. See also | , Chap. 3, Def. 3.12].

Denote by O%, (resp. OF,) the local ring of germs of analytic functions
at a point x € X(C) (resp. y € Y(C)). By | , Appendix to Chap. 6,
Thm. A.8], the formula of Weil gives

vi(z) = rankog OF,.

Here by convention, the rank of an R-module M for an integral domain R
means the dimension of the base change of M to the fraction field of R.

Note that 0%, is a finite module over O, by [ , Appendix to Chap.
6, Prop. A.7]. As a consequence,

vi(z) = rank@m@X,m.

Here @X,w (resp. (/’)\y,y) is the completion of OF, (resp. OF)), which is
canonically isomorphic to the completion of Oy, (resp. Oy,).
Note that Ox . is flat over Oy, by the miracle flatness (cf. [Mat, Thm.

23.1]). It follows that (’3)(,1 is flat (and finite) over @y@. It follows that
vi(z) = dimg(Ox o /myOx o) = dime(Ox o /my,Ox 4).

This proves the case n = 0.
Now we prove (1) for n > 0. The idea is to reduce it to the case n = 0.
Assume n > 0. Fix an irreducible component W of (X, ).eq. Denote by
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U an affine open subscheme of W which is smooth over Spec(C). Denote
by U the unique open subscheme of X, supported on U. Then we have the
reduced structure U = (U)yeq. By the infinitesimal lifting theorem (cf. | :
§2.2, Prop. 6]), the identity morphism U — U can be lifted to a morphism

o : U—U. Replacing U by an open subscheme if necessary, we can further
assume that ¢ : U — U is flat. Note that ¢ : U — U is finite automatically.
By the morphism ¢, a little argument gives

§(W, X,) = 6(U,U) = deg(¢).

This technique to treat the multiplicity is also used in the proof of Lemma
4.2.2.
We are going to prove v¢(x) = 6(W, X)) for any closed point x € U. This

extends to all closed points of W that are smooth in (X, )weq by [Stol, Thm.
5.6] about the global multiplicity function.
Let x € U be any closed point. Let ¢1,---,t, € Oy, be a coordinate

system; i.e., a minimal set of generators of the maximal ideal of the regular
local ring Oy . Fori =1,--- ,n, denote by E = @¢*t; € (’)5@ the pull-back via
the morphism ¢ : U — U. Denote by 7 a lifting of t; in Oxy. Thenty,--- .t
are defined on an open neighborhood W of z in X. Finally, denote by Z the
closed subscheme of W defined by the equations ¢7, - - - ,¢*. The base change
of ¢ : U—U gives a finite and flat morphism Spec(Oznx, ) — z of the
same degree. It follows that

0(z, Z N X,) = deg(p) = (W, X,).

On the other hand, by [Stol, Thm. 5.5], v¢(x) = vy, (z). By the case
n = 0 we have just proved, we further have vy, () = 6(z,Z N X,). Thus
vi(z) = 06(W, X,). This finishes the proof. O

Now we can prove Theorem 4.3.1.

Proof of Theorem 4.3.1. In (1), by Lemma 3.6.5, we can take a normalization
and take the base change, so we will assume that Y is also normal in (1).

We will start the proof with (2) and then move to (1). Let f: X — Y be
as in (2), so that Y is normal. By [[Kin, Thm. 3.3.2], there is a continuous
function T x/y : Y(C) — R representing the current f.o. Recall that we also
have functions Iy : Y(C) — R and I}y : Y(C) — R defined by

IX/Y<y):/ Q, §(/Y(y):/ vra.
X (Xy)red

Y
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Here we will only need I,y (y) for the case that X and Y are smooth. We
are going to compare fX/y, Ix/y and Ij(/y.

Denote by 1 : X’ — X a generic desingularization of X. Then there is a
Zariski open and dense subset V) of Y such that V{ is regular, X is flat over
Vo, and X’ is smooth over V{. Shrinking V{ if necessary, we can assume that
for any point y € V4, the morphism X/ — X, is a birational morphism of
reduced schemes. Then for any y € V(C),

[X/Y(y):/x Q= w*a:/X Vf/w*@:I*//Y(y)'

/ /
y Xy Y

Here the third equality inequality follows easily from Lemma 4.3.2. By | ,
Thm. 3.9], I% )y (y) = I3y (y) is continuous in y € Vo(C). This is also easy
to prove directly, since Xy, is diffeomorphic to a constant family over V4 by

Ehresmann’s fibration theorem. By continuity, we have Iy/y(y) = I x/v ()
for any y € V4(C).

Now let V' be the maximal open subscheme of Y such that Xy is flat
over V. We need to prove Iy/y(y) = Ix/y(y) for any y € V. Note that V'
contains Vy. It suffices to treat the case Y = V;ie. f: X — Y is flat. This
is actually case (1).

By taking a desingularization of Y and taking the base change of f ac-
cordingly, we can assume that Y is smooth over C. This uses Lemma 3.6.5
again. Fix a point y € Y/(C). Take a smooth curve C' C Y passing through
y and intersecting Vy. This can be done by successively applying Bertini’s
theorem. Consider the base change g : Z — C of f : X - Y by C = Y.
Then g is projective and flat. Since C' intersects Vj, the generic fiber of g is
integral. Then the flatness of g implies that Z is integral.

Note that we need to prove Iy/y(y) = Ix/y(y) for all y € C(C). As they
are equal for y € C'(C)NV4(C), it suffices to prove that Ix,y (y) is continuous
in y € C(C). Since Ix)y(y) = Iz/c(y) for all y € C(C), we only need to
consider everything for the fibration g : 7 — C.

If Z is smooth over C, this is a consequence of | , Thm. 3.9] and
Lemma 4.3.2. Otherwise, we need to take a resolution of singularity and check
that I,c(y) does not change in this process. The advantage of dimC =1 is
that the resolution of singularity does not violate the flatness of Z over C.

By Hironaka’s theorem, there is a birational and projective morphism
7' — Z from a projective and smooth variety Z’ over C. We need to check
that I7/c(y) = Iz//c(y) for any y € C(C). Let W be an irreducible compo-
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nent of (Zy)ea. Denote by W1, --- W, the irreducible components of (Z} )rcq
mapping surjectively to W. To prove I;,c(y) = Izc(y), by pull-back of
integrals, it suffices to prove

Zé (W, Z})) deg(W]/W).

Take a finite morphism Z — P{ over ', which exists by replacing C by
a Zariski open cover. The construction is similar to the construction of the
morphism Uo, — PdOFp in the proof of Lemma 3.1.1, so we will not repeat
it here. Denote Z, = P} in the following.

Denote by 1y (resp. 7,7;) the generic point of Zy, (resp. W and W).
Denote by Oc,y, Oz .y, Oz, the local rings. Denote by Oy, the base change
Oz ®0, Oz, which is the semi-local ring of Z’ at the points 7, --- , 7). All
these rings are integral domains of dimension 1. Moreover, O¢, and Og, ,,
are discrete valuation rings. Then Oy, and Oy, are finite and flat over
OZOJ?O'

The inclusion Oy, — Oz, gives the same fraction fields, since it comes
from the birational morphism Z" — Z. As a consequence, Oy, and Oy,
have the same rank over Oy, ,,. Computing the degrees between the fibers
above y, we have

deg(Spec Oz,,/ Spec Oz, p,) = 0(W) deg(n/m0)
and

deg(Spec Oz ,,/ Spec Oz, ny) Z S(W/) deg(n:/no).

The equality of these two degrees gives the desired result. The proof of
Theorem 4.3.1 is complete. [

4.3.2 Deligne Pairing: patching metrics

Now we prove Theorem 4.2.3. The major task is to prove part (1) of the
theorem. Note that we have two cases: f is flat, or Y is normal. These
correspond to the two cases of Theorem 4.3.1.

For convenience, denote

<L17 e azn—i-l)ﬁbral - <L17 T aEn+1>X/Y,ﬁbra1 - ((Lla T >Ln+1>> || . ||X/Y,ﬁbra1)
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and

<Zl7' te 7Zn+1> = <zlv' o 7fn+1>X/Y = <<L17' o ?Ln+1>7 H ’ HX/Y)

in the following, where the second metric is the continuous one to be con-
structed.

Find a smooth metric. By multi-linearity, we can assume that Ly, -, L, 41
are all isomorphic to the same f-ample line bundle L on X; see | , 81,
Step 2| for the argument for this reduction process. Of course, the metrics
of L; are allowed to be very different.

We first claim that, up to passing to a Zariski open cover of Y, there
exists a smooth metric || - || of L, such that the induced metric || - || x/v,fbral
of (L,---, L) is also smooth.

In fact, replacing Y by a Zariski open cover and replacing L by a tensor
power if necessary, we can assume that there is a finite morphism ¢ : X —
Py over Y such that ¢*Opy (1) ~ L. The construction is similar to the
construction of the morphism Z/IOFp — IP’dOF@ in the proof of Lemma 3.1.1, so
we will not repeat here.

Denote Mo = (Opn (1), || - ||rs) with the Fubini-Study metric ||- [|rs on Pg.
Denote M = p*M,, where p : P% — PZ is the projection. Denote L = ¢*M,
or equivalently L = (L, [| - [|) with || - || = (p o )*[| - [|ps.

By the base change ¢ : Y — Spec C, we have a canonical isometry

C]*<M0, e ,M0>Pg/<c,ﬁbra1 — (W, T ,Mﬁ;/xﬁbral-

As a consequence, the right-hand side is isomorphic to the trivial bundle Oy
with a constant metric.
There is also a natural isometry

(M, - - 7M>P§L,/Y,ﬁbral — (L, 7Z>X/Y,ﬁbral-

In fact, the functoriality gives a natural isomorphism of the underlying line
bundles, and a natural isometry on the fibers. The isomorphism and the
isometries are compatible.

As a consequence, the metric || - ||x/v.aoral Of (L, , L)x/y is smooth.
This gives the requirement.

Compare the metrics. Consider the identity map

v <L> ’L>—><L17"' 7Ln+1>'
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We first prove Theorem 4.2.3(1) in the case that f is flat. Then it suffices to
prove that the norm ||7|| of v under the fibral metrics is continuous on Y in
this case.

For i > 1, denote f; = —log(]| - |l;/Il - ||), which is a continuous function
on X. Write v as the composition of

,Yi:<L17"'Li—17La"' 7L> — <L1"”Li’L’.” 7L>

fori=1,--- ,n+ 1. The norm of v at any y € Y(C) is given by

n+1

—log [[7ll(y) = Z/X fier(T)er(Ta) - - en(Tir )en (D)1

Denote d = 9+ 0 and d° = (0 — 0)/(27i). Note that some literature normal-
izes d° by a denominator 47i instead of 2wi. By ¢1(L;) = c1(L) + dd°f;, we
see that —log||v||(y) is a linear combination of

fi(NETdde f;) A ey (D)L,
X'y
Herei e {1,--- ,n+1}and JC{l,---,i—1,i+1,--- ,n+ 1}
We are going to prove that for any ¢ = 1,--- ,n+1, and for any integrable
functions fi,---, f; on X, the function

yr— /X fi(ddefo) A -+ A(ddEfi) A ey (D)1

is continuous in y € Y'(C). Here an integrable function f on X is a continuous
function such that the trivial bundle Ox with the metric defined by ||1]| = e~/
is integrable.

If fo, -, f; are all smooth, the continuity is given by Theorem 4.3.1. In
general, the strategy is to approximate them by smooth functions. For any
7 =2,---,1, by the Stokes formula,

Fuldde fo) A+ A(ddef;) A er (D)
Xy

= fiddefi) A AddCfi—1) A (ddEfian) A--- A (ddEfi) A e (L)

Xy

This is an easier version of Lemma 4.2.1. Over any compact subset of Y, f;
is a uniform limit of smooth functions on X. Looking the second integral,
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it suffices to prove the same statement assuming that f; is smooth. By this
method, we can assume that all fs,---, f; are all smooth. This proves the
continuity for flat f.

In the case that Y is normal (but f is not necessarily smooth), let V'
be the maximal open subscheme of Y over which X is flat. Then we have
already proved that all the relative integrals above are continuous on V', and
it suffices to prove that they can extended to continuous functions on Y.
This is proved in the same way by Theorem 4.3.1(2).

The Chern current. Once we have part (1) of Theorem 4.2.3 it is easy to
obtain part (4) of the theorem. The goal is to prove

c1((Ly, -+ s L), |- lxpy) = fuler(Ly) - - - e1 (L)

as (1,1)-currents on Y. Recall that for any metrized line bundle (M, || - ||)
on Y, the Chern current

cr(M, |- ]) = dd*(—log ||s]|) + daiv(s)

for any rational section s of M.
Similar to the above, it suffices to prove the formula when all L; are
isomorphic to a single L. In the above, we have the identity map

7<L7 7L>—><L17"' 7Ln+1>-

Then B _ _ _
c1({L1, -+ s Lnga)) = ar((L, - -+, L)) + dd*(— log [|7])).

Here if f is not flat, then || - || x/y is not necessarily equal to || - || x/v.fbral at
a subvariety of Y of positive codimension, but the ambiguity can be ignored
in the sense of currents.

Note that the identity

Cl<<zﬂ T 7z>) = f*(cl(f)n)

holds as both sides are 0 since L is constructed from a constant family.
Considering the expression of log ||v|| above in terms of the function

F(y) = i fddf) Ao A(ddfi) A e (D), y € Y(C).
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It suffices to prove that
dd°F = f.((dd°f) A -+ A(ddf;) A e (z)nﬂﬂ').

Denote d = dim Y. For any smooth and compactly supported (d —1,d —
1)-form « on Y, we have by definition

(dd°F, o) = / Fdd‘a.
Y

By the expression of F', the right-hand side is equal to
/Xfl(ddcfQ) A A(ddEf;) A ey (D)™ A frddCa.
By the Stokes formula, this becomes
/X (dd®f1) A (ddCfo) A -+ A(ddCf;) A el (D)™ A fra,
which is exactly

(fo((ddfr) A -+ A(ddCf;) A el (L)1), a).

As « is an arbitrary test form, this finishes the proof.

4.4 Positivity of the Deligne pairing

In this subsection, we consider the Deligne pairing for projective varieties
in both the geometric case and the arithmetic case. We will focus on some
positivity results for the purpose later. For simplicity, we will only focus on
the flat case. For clarity, we do not take the uniform terminology here.

4.4.1 Geometric case

The following easy result asserts that Deligne pairing sends nef (resp. ample)
line bundles to nef (resp. ample) line bundles. It was proved by Nakayama
[Nak, Cor. 4.6], but we provide a more direct proof here.

Lemma 4.4.1. Let f : X — Y be a flat morphism of relative dimension n
of projective varieties of over a field k. Let Ly,--- | L,1 be line bundles on
X. Then the following are true:
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(1) If dimY =1, then

deg((L1, -+, Lny1)) = L1+ Ly -+ L.

(2) ]f L17 e aL’rH—l are nef? then <L17 e 7Ln+1> is nef'
(8) If L1, , Lyy1 are ample, then (L1, , Lyy1) is ample.

Proof. For (1), we can assume that Y is regular by taking its normaliza-
tion (and taking the corresponding base change of X — Y). We can as-
sume that X is normal by taking its normalization and applying [V, Thm.
5.3.1]. By linearity, we can assume that Lq,--- , L,,1 are very ample on X.
The intersection number of (Li,---, L,41) on X is equal to deg(div(s;) N
- N div(s,41)) for a strongly regular sequence (s1,--- ,s,41) of sections of
(L1, , Lpy1) on X. There are many Bertini-type of results to guarantee the
existence of strongly regular sequences in the current situation. The quickest
one is the Bertini-type of theorem of Seidenberg [Sci] for normal varieties.
Then (1) holds essentially by definition.

To prove (2), it suffices to prove that (Ly,---, L,41) has a non-negative
degree on any closed integral curves C' in Y. Take the base change of X — Y
by C — Y. It suffices to compute the degree of the Deligne pairing for
X¢o — C. If X¢ is integral, this is just (1). If X is not integral, take a finite
and flat base change ¢’ — C for some regular projective curve C’ so that
the reduced structure of X is smooth over C” at all the generic points of
X¢r. Then we can apply Lemma 4.2.2 to convert to the integral case in (1).

To prove (3), assume that Li,---, L,y are ample on X. Let L be an
ample line bundle on Y. By [MG, Prop. 5.2.1], (f*L, Lo, -+ ,L,11) is a
positive multiple of L and thus is ample. Replacing L; by a multiple if
necessary, we can assume that Ly — f*L is ample on X. Now we have

<L17L27' oo 7Ln+1> ~ <f*L7L2a Tt 7Ln+1> + <L1 - f*La L27 Tt 7Ln+1>-

The two terms on the right-hand sides are respectively ample and nef, so the
left-hand side is ample. This finishes the proof. O]

Next we introduce a mixed pairing between Cartier divisors and line bun-
dles in a suitable situation, and consider the effectivity in this situation.

Let f: X — Y be a projective and flat morphism of integral noetherian
schemes of pure relative dimension n. Let Lq,--- , L, be line bundles on X.
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Let D be a Cartier divisor on X, and O(D) be the line bundle associated to
D. Let V be a dense and open subvariety of Y, and denote by U — V the
base change of X — Y by V — Y. Assume that D|y is the trivial divisor on
U, which gives a canonical isomorphism Oy — O(D)|y. There is a canonical
isomorphism

(O(D), L1, -+, Lu)lv — (O(D)|v, Lilv, -, Ln|v),
and canonical isomorphisms
<O<D)’U7L1’U7 o 7Ln‘U> — <OUaL1‘U7 T >Ln’U> — OV'

Here the last map is a special case of [MG, Prop. 5.2.1.a]. Thus we have a
canonical isomorphism

Oy — (O(D), Ly, , Ly)|v.
This defines a rational map
OY -—* <O(D)7 L17 e 7L7’L>

and thus a rational section s of (O(D), L1, - - - , Ly). Define our mized Deligne
pairing by
(D, Ly,---, L) :=div(s),
which is a Cartier divisor on Y, supported on Y'\V. Note that (D, Ly, --- , L,)
is multi-linear in Ly, --- , Ly,.
The following result concerns the effectivity of the pairing, which is com-

patible with the general fact that the intersection number of an effective
divisor with nef divisors is non-negative.

Lemma 4.4.2. Let f : X — Y be a flat morphism of relative dimension n
of projective varieties over a field k. Let Ly,---, L, be line bundles on X.
Let D be a Cartier divisor on X. Let V be a dense and open subvariety of
Y, and denote by U — V' the base change of X — Y by V — Y. Assume
that D|y is the trivial divisor on U. Then the following are true:

(1) If D = f*Dy for a Cartier divisor Dy on 'Y, then
<D, Ll, e 7Ln> = (le . L2777 e Ln,n) DO;

where (L, - Lo, -+ Ly,) is the intersection numbers of Ly, -, L, on
the generic fiber of f: X — Y.

131



(2) IfY is normal, D is effective, and Ly, - , L,, are nef, then (D, Lq,--- | Ly)
18 effective on Y.

Proof. Note that (1) is a consequence of [\, Prop. 5.2.1.a]. For (2), we first
assume that Lq,---, L, are ample on X. As Y is normal, by passing to Weil
divisors, (D, Ly, -+ , L,) is effective on Y if and only if some positive multiple
of it is effective. Thus we can replace Lq,---, L, by positive multiples if
necessary. Therefore, passing to a Zariski open cover of Y, we can find a
strongly regular sequence (sq,--- ,$,) of sections of (L, --,L,) on X. By
the induction formula, this reduces the problem to Z,, = div(s;)N---Ndiv(s,,).
Then the effectivity follows since the norm map from Z, to Y sends global

sections to global sections by [MG, Prop. 1.2.4(4)]. This proves the ample
case.
Now we consider the case that Li,---, L, are nef on X. Let A be an

ample line bundle on X. Then we have proved that
Dy, =(D,mL, +A,--- ,mL, + A)

is effective for all positive integers m. Note that D,, is a linear combination
of the finitely many prime divisors of Y supported on Y \ V. Then

D= lim m™"D,,
m—00

is effective. O

4.4.2 Arithmetic case

Now we consider the arithmetic analogues of the above results. Let f: X —
Y be a flat morphism of relative dimension n of projective arithmetic varieties
(over Z). Let Lq,--- 7Zn+1 be hermitian line bundles with integrable metrics
on X. Define their Deligne pairing

(Cy,  Logr) = (L1, Log)s |- Ilxyv)

Here the metric on the right-hand side is given by Theorem 4.2.3. This
defines a functor - -
Pic(X)ii" — Pic()im-
Following [ , Appendix 1, Def. 5.3|, we say that a hermitian line
bundle £ on a projective variety 7 : X — SpecZ is arithmetically positive if

the following holds:
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(1) the generic fiber Lg is ample on Xy;

(2) there exist a hermitian line bundle N on SpecZ with d/eTg(./T/' ) > 0 such
that £ — 7*A is nef on X.

Zhang’s arithmetic Nakai-Moishezon theorem holds for arithmetically posi-
tive hermitian line bundles, see | , Cor. 4.8] and | , Cor. 5.1].

Lemma 4.4.3. Let f : X = Y be a flat morphism of relative dimension n of
projective arithmetic varieties (over Z). Let Ly,--- ,L,1 be hermitian line
bundles with integrable metrics on X. Then the following are true:

(1) If dimY =1, then
deg(<zl7 U 7Zn+1>) = Zl 'ZQ o ‘Zn+1.

(2) If Ly, , Loy1 are nef, then (L1, , Loi1) is nef.

(3) If Ly, , Lny1 are arithmetically positive, then (Ly,--- , Ln41) is arith-
metically positive.

Proof. By Theorem 4.2.3, the Deligne pairing of semipositive metrics is semi-
positive. The other parts of the proof are similar to that of Lemma 4.4.1.
We omit it here. O

Now we introduce the arithmetic counterpart of Lemma 4.4.2. The situ-
ation is more or less included in the geometric case, except that there is an
extra metric involved.

Let f : X — ) be a projective and flat morphism of projective arithmetic
varieties of pure relative dimension n. Let L£;,---,L, be hermitian line
bundles on X with integrable metrics. Let D be an arithmetic divisor on X',
with an integrable Green’s function, and O(D) be the hermitian line bundle
associated to D. Let V be a dense and open subvariety of ), and denote by
U — V the base change of ¥ — ) by V — ). Assume that D| is the trivial
divisor on U. As in the geometric case, we have a rational map

Oy -2 <O<D>7£17"' 7£n>

and thus a rational section s of (O(D), Ly, - , L,). Define our mized Deligne
pairing by

—~

(D, Ly, ,L,) = div(s) = (div(s), — log||s|)),
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which is an arithmetic divisor on ). The Green’s function uses the canonical
metric of the Deligne pairing, which is simply given by

~toglsl = [ gper(Cy)er- ()
X(C)
As in the geometric case, (D, Ly, --- , L,) is multi-linear in Ly, -, L,,.

The following effectivity result is the arithmetic version of Lemma 4.4.2.

Lemma 4.4.4. Let f : X — Y be a flat morphism of relative dimension n
of projective arithmetic varieties (over Z). Let Ly,--- , L, be hermitian line
bundles with integrable metrics on X. Let D be an arithmetic divisor on X
with an integrable Green’s function. Let V be a dense and open subvariety of
Y, and denote by U — V the base change of X — Y by V — Y. Assume
that Dy is the trivial divisor on U. Then the following are true:

(1) If D = f*Dy for an arithmetic divisor Dy on Y, then
<D7 *Ch ot 7Zn> = (El,n : »C2,n e ﬁn,n) Z_DOa

where (L1, - Loy -+ Ln,) is the intersection numbers of Ly,--- , L, on
the generic fiber of f: X — Y.

(2) If Y is normal, D is effective, and L+, - - - , L,, are nef, then (5, Ly, ,Zn)

18 effective on Y.

Proof. This is similar to Lemma 4.4.2. In (2), the Green’s function
~toglsl = [ gper(E-eelE)
X(C)

is positive, since the current ¢;(£;)---c1(L,) is positive by the nefness of
Zl) e 7Zn- ]

4.5 Deligne pairing of adelic line bundles

Now we are ready to prove Theorem 4.1.3. With the preparation in the
previous subsections, the proof here is similar to that of Proposition 4.1.1.
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Proof of Theorem /.1.3. Note that

Pic(X /)i = lim PicU k)i,

U—y

where the direct limit is over all quasi-projective models Y — V of X — Y,
i.e., projective and flat morphisms U4 — V extending X — Y, where U and
Y are quasi-projective models of X and Y over k. In fact, similar to Lemma
2.3.3, for any quasi-projective models i/ and V of X and Y, the rational map
U --+V can be turned into a projective and flat morphism by shrinking i/
and V suitably. We can further assume that ) is normal.

Therefore, it suffices to prove the results for projective and flat morphisms
f U — V of quasi-projective varieties U,V over k, where )V is assumed to
be normal. We only need to define the functor

Pic(U/k)iid — Pie(V/k)smer.

In fact, the functor is extended to integrable adelic line bundles by lin-
earity. To extend it to nef adelic line bundles, it suffices to check that if
L1, Lny1 are nef on U/k, then M = (Lq,+ , Lps1) € Pic(V/k)ime is
nef over V/ k. In fact, there is a strongly nef adelic line bundle N on U/k
such that £, + aN,--- , L1 + a/N are strongly nef for all positive rational
numbers a. It follows that

M <£1 + (IN n+1 + CLN>

is strongly nef all positive rational numbers a. Expanding it in terms of
powers of a, we see that

My=M+aN|+ - +a"""N,

is strongly nef for integrable adelic line bundles N1, --- ,N,41 on V/k. By
integrability, there is a strongly nef adelic line bundle IC such that IC —
N1, -+, K—N,41 are strongly nef. As a consequence, M+ (a+---+a"t)K
is strongly nef. This implies that M is nef.

Now we construct the functor for strongly nef adelic line bundles. For
the sake of the boundary topology, let (V,,Eo) be a boundary divisor of V
over k. Assume that there is a projective model &} of U with a morphism
fo: Xy — Yo extending f : U — V. Then (&p, f*&,) is a boundary divisor of
U over k.
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Let Ly,---, L, be objects of EE(U/k')SHef. For each j =1,--- ,n+ 1,
suppose that £; is represented by a Cauchy sequence (L, (X;, L, €ji)i>1)
with each Zj,i nef on a projective model X; of U over k. Here we assume
that the integral model &; is independent of j, which is always possible. For
any ¢ > 1, assume that there is a projective model ); of V with a morphism
fi» X = YV extending f : U — V. We assume that for each i > i > 0, we
have morphisms &y — &; and )V, — ) extending the identity maps of U
and V.

Apply the Raynaud—Gruson flattening theorem in [RG, Thm. 5.2.2].
After blowing up ); and replacing X; by its pure transform, we can assume
that f; : X; — Y is flat for any ¢ > 0. By the Deligne pairing, we have a line
bundle

M - <£1, £2, te 7£n+1>

over V, and a hermitian Q-line bundle

M= (L1, Lo, L)
over Y; for any ¢ > 1. The isomorphism ¢;; : £; — L,;;| induces an
isomorphism m; : M — M|y of Q-line bundles on V. By Lemma 4.4.1 and
Lemma 4.4.3, each M, is nef on ).
To prove the theorem, we will define the Deligne pairing (L1, Lo, -+ , Lny1)
to be
M= (M, (yzwﬂi, mz‘)z‘zl)-
For that, we need to check that (M, ()i, M;, m;)>1) is indeed a Cauchy
sequence in EE(V)mOd. Then it suffices to prove that {Ji?f(miml_l)}i is a
Cauchy sequence in BE(V)mod.
For any 7 =1,--- ,n + 1, by the Cauchy condition,

—€Z'f0*€0 S &1\V<€JJ/€]_711) S Eifggo, 1 S Z S i/.

Here {¢;};>1 is a sequence of rational numbers converging to zero.
We claim that for any 7 < ¢/,

—

—€; deg(bln)zg < dlv(mlzmz_l) <g deg(l/ln)zg
in ﬁi;(V)mod. Here

n+1

deg(U,)) = Z deg(Uy);,
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with

deg(Uy); = deg(Lry - Loy Ljrn- Livrn - Lnsin),
where U,, — 1 is the generic fiber of f : U — V, and L;,, is the restriction of
Ej to L{n.

The situation is similar to the proof of Proposition 4.1.1. Note that the
isomorphism m; o m; Yo Myly — Myly is induced by the isomorphism
Uiy o f;} c Ljilu = Ljily for j =1,--- ,n+ 1 via the construction of the
Deligne pairing.

In the following, for simplicity of notations, view line bundles on &; as line
bundles on X via pull-back by abuse of notations. Apply similar conventions
to V; and V.

Write the rational map m; o m;
rational maps

tj : <'C1,i’a o 7£j—1,i’7 *Cj,iv te a£n+1,i> -2 <‘C1,i’a T 7£j,i’a £j+17i7 o a£n+17i>

for j =1,--- ,n+ 1, which are induced by the natural isomorphisms on .
View t; as a rational section of

(Logrs o Ljiry Ly Logrg) = (Loars 5 Ljovins Ly 5 Logra),s

which is canonically isomorphic to

L' M, --» M, as a composition of the

N] = <Zl7i’a e 7Zj—1,i’7zj,i’ - Zj,iazj-i-Li) e a£n+1,i>
over V. It suffices to prove
—€;deg(Uy);€0 < div(t;) < e deg(Uy),Eo

in Div(V)mod. B
The line bundle N fits the framework of Lemma 4.4.2 and Lemma 4.4.4.
In terms of the mixed Deligne pairing, we exactly have

div(ty) = (div(C (1), Lrary  Ljorar, Lierin s Lo,
Apply Lemma 4.4.2 and Lemma 4.4.4. We get
&i\v(tj) < <eif5‘go, Zl,i/, e ,Zj—l,i’;zj+1,i7 e ;Zn+1,i> =€ deg(un)jEO
by the Cauchy condition
—€if3E0 < ﬁf(@,i’fj_,il) < e fo&o.
Similarly, we have - B
div(t;) > —e; deg(U,);€o-
It finishes the proof. ]
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4.6 More functorialities of the pairing

In Theorem 4.1.3, we have listed that the Deligne pairing is compatible with
base change. In this subsection, we list two more natural properties. The
first one is the behavior of the pairing in some situation under compositions,
and the second one is a non-archimedean local version of the pairing.

4.6.1 Functoriality properties

We first present various projection formulas on Deligne pairings. To avoid
confusion, for a morphism ¢ : X — Y, we use write 1, (- - ) for the Deligne
pairing with respect to this morphism.

Lemma 4.6.1. Let k be either Z or a field. Let ¢ : X — Y be a projective
morphism of relative dimension r over k, and @ :'Y — S be a projective
morphism of relative dimension m over k. Here X,Y, S are quasi-projective
and flat integral schemes over k. Assume thatm:Y — S and wovy : X — S
are flat, and assume that S is normal. Let Ly,--- , L,41 be integrable adelic
line bundles on X, My, -+, M1 be integrable adelic line bundles on Y,
and N1 be an integrable adelic line bundles on S.

(1) Assume that ¢ : X — Y is flat, and assume that Y is normal. Then
there is a canonical isomorphism

(qup)*<fl,... ,fr+1,¢*ﬂl’... ’w*MWJ
— 1 (Y (L, Lygq), My, -+, My,).

(2) There is a canonical isomorphism
7T*<M1, s ,Mm,W*N1> — ewl.

Here e is the intersection number of the underlying line bundles of M+, --- , M,
on the generic fiber of m: Y — S.

(8) There is a canonical isomorphism

(ﬂ-ow>*<zl7'“ 7zraw*mla'“ >w*Mm+1> — dﬂ'*<M17'“ 7Mm+1>-

Here d is the intersection number of the underlying line bundles of Ly, -+ , L,
on the generic fiber of 1 : X —'Y if ¢ is surjective; set d = 0 if ) is not
surjective.
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(4) If r =0, then there is a canonical isomorphism

(ﬂ- o ¢)*<¢*M17 e a¢*Mm+1> — deg(,@b) 7T*<M17 e aMm—i-l)-

Here deg(v) is degree of the extension between the function fields of X
and Y induced by ¢ 1 X — Y if ¢ is surjective; set deg(v)) = 0 if ¥ is
not surjective.

Proof. We first prove (1). See [MG, Prop. 5.2.3.b] for the isomorphism of
the underlying line bundles. By taking limit, this already implies the result
for the geometric case that k is a field.

If k = Z, we need an extra argument to check the compatibility of the
hermitian metrics. By Theorem 4.2.3, metrics of Deligne pairings are fiber-
wise defined, so it suffices to check the equality of the metrics assuming that
S = SpecC, and L;, M; are metrized line bundles on the complex varieties
X,Y. Induct on m = dimY. By linearity, assume that M, is very ample
on Y, and take a section s € I'(Y, M,,) such that Y = div(s) is integral and
X' = X Xy Y’ is also integral. Denote by ¢/ : X’ — Y’ and 7’ : Y’ — S the
morphisms. Denote L; = L;|x and M; = M;l|y:. By induction, we have an
isometry

(7(’ © w/)*<zllv e 7z;+1’ w*Mllu e 7w*M:n—1>
—>7T>/k<w>/k<z,17 e 7Z;+1>7M,17 e 7M/m—1>‘
It suffice to check that the changes of the metrics of both sides are equal. By
§4.2.2, this amounts to check

/ log ||¢*3||Cl(zl> e '01(_r+1)01(¢*M1) e (YT M p_y)
X

_ / log sller (4 (Fas -+ s Eran))er (T2 -+~ 1 (M ).

This follows from Theorem 4.2.3(4). It proves (1).

Note that (2) is actually the special case of (3) when 7 is the identity map
on Y, and (4) is also a special case of (3). We also have two quick proofs of
(2). First, [MG, Prop. 5.2.1.a] gives an isomorphism of the underlying line
bundles in (2), and then we can extend it to the adelic case as in the proof of
(1). Alternatively, write N, = O(D) for some adelic divisor D on S. Then
the result follows from limit versions of Lemma 4.4.2(1) and Lemma 4.4.4(1).
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To prove (3), the key is to establish a canonical isomorphism
(ﬂ- o 2/))*<L17 e 7Lr7w*M17 T a¢*Mm+1> — dﬂ-*<Ml7 T 7Mm+l>

of the underlying line bundles, since the extension of this to the adelic case
is similar to that in (1). For the isomorphism of the underlying line bundles,
we can assume that all M;, L; are very ample by linearity. By passing to a
finite Zariski open cover of S, we can find a section t,,,1 of M,, ;1 such that
div(t,,41) is integral and flat over S. This reduces the problem from (XY, S)
to (Xaiv),div(t),S), and thus eventually we can assume that m = 0. Then
m:Y — S is finite and flat, and by passing to a Zariski open cover of S, we
can take a section of L, to reduce dim X, and eventually we can also assume
that » = 0. The case m = r = 0 can be checked by an easy relation of the
norm maps. This finishes the proof. O

4.6.2 Local theory

In this subsection, we are going to consider the Deligne paring over a non-
archimedean field, and write the metrics in this setting.

Let K be a non-archimedean field with a discrete valuation, and let Og
be the valuation ring. Let X be a projective variety of dimension n over K.
Recall that in §2.7, we have defined Pic(X/Ok) as the completion of

Pic(X/Ox Jmod = lim Pic(X, X)
X

along the boundary topology. Here the limit is over projective models X of
X over Og. -

Similar to the global case, we can introduce the category Pic(X /O )snet
(resp. ﬁE(X/OK)nef, ﬁ(X/OK)im) of strongly nef (resp. nef, integrable)
objects of ﬁ(X/OK) In fact, a line bundle on a projective model X of
X over Og is nef if it has a non-negative degree on every projective and
integral curve in the special fiber of X — SpecOg. An adelic line bundle
on X is strongly nef if it is the limit under the boundary topology of model
adelic line bundles induced by nef line bundles on projective models of X.
An adelic line bundle L on X is nef if there exists a strongly nef adelic line
bundle M on X such that aL + M is strongly nef for all positive integers a.
An adelic line bundle on X is integrable if it is isomorphic to the difference

of two strongly nef adelic line bundles on X.
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By continuity, the Deligne pairing
Pic(X)"t — Pic(Ok)
extends to a canonical pairing

Pic(X/Ox )it — Pic(K/Ok).
Note that 7/3;(K/OK) = ﬁ(Spec K/Ok) is equivalent to the category of
triples (L, £, /¢) with L € Pic(K), L € Pic(Ok)q, and £ : L — Llgpec k an
isomorphism in Pic(K)q. If Ok is a discrete valuation ring, the proof of
this extension is similar to Theorem 4.1.3, and it is actually easier without
the archimedean metrics. If Ok is not a discrete valuation ring, an extra
ingredient of the extension is from Xia [Xia], who extends the Deligne pairing
of [Del, , , ] to non-noetherian schemes. In fact, the idea of [Xia,
Prop. 3.7] is that a projective and flat morphism of (possibly non-noetherian)
schemes can be Zariski locally descended to a projective and flat morphism
of noetherian schemes.

On the other hand, in Proposition 3.6.1, we have a canonical fully faithful

functor - -
Pic(X/Ok) — Pic(X™).

We have essential images
Pic(X™)eper = Im(Pic(X/Ox) — Pic(X™)),

Pic(X™)gner = Im(Pic(X/Og Janet — Pic(X™)),
Pic(X™) et = Im(Pic(X/Ox )net — Pic(X™)),
Pic(X™ )iy = Im(Pic(X/Ok )i — Pic(X™)).

Note that in §3.6, we have also given direct descriptions of compactified (resp.
strongly nef, nef, integrable) metrized line bundles on X®".
Parallel to the archimedean setting in §4.2.2, we use integration to define
a Deligne pairing - -
Pic(X*™) —s Pic(K™).
In fact, let Ly, -, L,.1 be integrable metrized line bundles on X", we
endow a metric of the 1-dimension K-space (Lq,--- , L,;1) as follows.
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We assume that all L; are very ample by linearity. Let s; be a nonzero
section of L; on X. We have a natural isomorphism

[81] : <L1>"‘ 7Ln+l> — <L2,"' 7Ln+l>Z1/K‘

Here Z; = div(s;) and the right-hand side is the Deligne pairing with respect
to the morphism Z; — Spec K. Define the norm of the map [s;] by

log [[sa]]l = —/ log [[s1le1(La) -+ e1(Lns)-

Here the right-hand side uses the Chambert-Loir measure. This defines the
metric of (Ly, -, Ly41) by induction on dim X. Note that if Z; is not inte-
gral, we can use Lemma 4.2.2 to convert it to the pairings from its irreducible
components. As in the archimedean case, the definition is independent of the
choice of s; by [('T, Thm. 4.1], and the pairing is symmetric and multi-linear.

Similar to the archimedean case, in a single formula, if (s, -, s,11) is a
strongly regular sequence of sections of (Ly,- -+, L,41) on X, then the metric
of (Ly,-++, Lyy1) is given by

n+1
—log (s, -+, snt1)l| = —Z/ log [[sil|er(Lis+1) - - - e1(Ln)-
i=1 Y 2%

This is exactly the local intersection number
(TR/(Sl) . CTRf(SQ) cee (TR/(SR_H).

See [T, §2] or | , Appendix 1] for basic properties of the local intersection
number.

Finally, we have the following result, which asserts that the two pairings
are compatible.

Theorem 4.6.2. Let K be a non-archimedean field, and let O be its valua-
tion ring. Let X be a projective variety of dimension n over K. The Deligne
PaITINGS - -
Pic(X/Og)kt — Pic(K/Ok)
and - -
Pic(X*™)M ! — Pic(K™)

int
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are compatible with the analytification functors

Pic(X/Ox )i — Pie(X™)ing

and - -
Pic(K/Ok) — Pic(K™).
Proof. 1t suffices to prove the model case. Namely, let £y, ---,L,11 be

line bundles on a projective model X of X over Ok, with generic fibers
Ly,--+,Lyyy on X. Then the metric of (Lq,---, L,+1) on X* induced by
(Ly,-++,L,41) is equal to the one defined by the integrals.

To prove the model case, assume that X is normal by taking a normal-
ization. Assume that all £; are very ample by linearity. Let s; be a nonzero
section of £; on X such that Z; = div(s;) is flat over Og. Then we have a
natural isomorphism

[81] : <£1>“' 7£n+1> — <£2,"' 7£n+1>21/oK-

Thus (L1, -+, Lp1) and (Lo, -+, Lny1) 2,0, induce compatible metrics on
the line bundles (L1, -+, Lyq1) and (L, -+, Lny1)z, /x- By induction, it
suffices to prove that the analytic term

g sl == [ togllsillen(Z) 1T

vanishes. By definition, the Chambert-Loir measure on the right-hand side
is supported on the divisorial points of X?" corresponding to the irreducible
components of the special fiber of X. On the other hand, ||s;|| = 1 at these
divisorial points by the assumption that div(s;) is flat over Og. Then the
integral vanishes. O

5 Volumes and heights

In this section, we are going to study effective section of adelic line bundles,
volumes of adelic line bundles, heights of algebraic points and subvarieties,
and equidistribution of small points. It turns out that many definitions and
results for hermitian line bundles can be extended to the current situation.

As before, we will treat the geometric case and the arithmetic case uni-
formly, taking the uniform terminology in §1.6.
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5.1 Effective sections of adelic line bundles

The goal of this subsection is to introduce effective sections of adelic line
bundles and derive some basic finiteness properties.

5.1.1 Effective adelic divisors

Effective sections of adelic line bundles are defined in terms of effective adelic
divisors, so we start with the following definition.

Definition 5.1.1. Let & be either Z or a field.

(1) Let U be a quasi-projective variety over k. An adelic divisor D in
Div(U/k) is called effective if it can be represented by a Cauchy sequence
of effective divisors in Div(U/k)moa-

(2) Let X be a flat and essentially quasi-projective integral scheme over k.
An adelic divisor D in Div(X/k) is called effective if it is the image of

an effective adelic divisor of Div(U/k) for some quasi-projective model
U of X.

As before, we will use > and < to denote the partial order on I/);/(X /k)
induced by effectivity.

Note that the above definition is very similar to the definition of strong
nefness. The following is the justification of this definition.

Lemma 5.1.2. Let k be either Z or a field. Let X be a flat and essen-
tially quasi-projective integral scheme over k. Then an adelic divisor D c
Div(X/k) is effective if and only if its image D" in Div(X®) is effective.

If furthermore X is normal, then D is effective if and only the total
Green’s function G5 induced by D is non-negative on X\ |D|*.

Proof. 1t suffices to prove the case that X = U/ is a quasi-projective variety
over k. For the first statement, assume that D™ is effective, and we need to
prove that D is effective. Assume that D is represented by a sequence {D; };>1

in 5;/(2/{ /k)moa. By definition, there is a sequence {¢;},>1 of positive rational
numbers converging to 0 such that

—6;€0 <D;—D; <€, i>j>1.
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This implies
—€;0¢y < Gp, — v, < €08y, 127 > 1.
Here g, denotes the corresponding Green’s function on U*". Set i — oo. It
gives
gp; +€;9sy 2 gp >0,  j = 1.

By Lemma 3.3.3, D; + ;& is effective in m(U/k)mod. Note that D is also
represented by the Cauchy sequence {D; + €;E¢ }i>1 in ]3;(7/{ /E)moa. Then it
is effective.

For the second statement, it suffices to prove that g5 > 0 implies D > 0.
This can be proved as in the proof of Corollary 3.4.2. O

5.1.2 Effective sections of adelic line bundles

Let k be either Z or a field. Let X be a flat and essentially quasi-projective
integral scheme over k, and let L be an adelic line bundle on X. For any
nonzero rational section s of L on X, there is an arithmetic divisor div(s),
defined as an element of Div(X/k). In fact, it suffices to define this for
any quasi-projective model U of X. This is in Lemma 2.5.1. Namely, if
L = (L,(X;, L, 0;)i>1) is an adelic line bundle on U, and s is a nonzero
rational section of £ on U, then

in Div(U/k).

Now we are ready to introduce the key definitions.

Definition 5.1.3. Let k be either Z or a field. Let X be a flat and essentially
quasi-projective integral scheme over k.

(1) Let L be an adelic line bundle on X with underlying line bundle L on
X. Define R B .
HX,L):={se€ H°(X, L) :div(s) > 0}.

Here the partial order is in EE(X /k). Elements of H°(X, L) are called
effective sections of L on X. If k = Z, denote

hO(X,I) = log #H (X, L);
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if k£ is a field, denote
1°(X,L) := dimy, H°(X, L).
We say that L if effective if EO(X,Z) > 0.
Let L be a metrized line bundle on X" with underlying line bundle L.
For any s € H°(X, L) and any v € M(k), define the supremum norms

[s|lsup == sup ||s(z)],
reXxan

||3||v,sup = sup ||s(z)].
TeXan

Both “sup” are allowed to be infinity. Define
HX,T):={s € H'(X, L) : ||s]|aup < 1}.

Elements of ﬁO(X, L) are called effective sections of L on X. If k = Z,
denote R B R B
h(X, L) :=log #H"(X, L);

if k is a field, denote

1°(X, L) := dim, H°(X,T).

The definitions in (1) and (2) are compatible. Namely, for any adelic

line bundle L on X, which induces a metrized line bundle L™ on X?*, the
canonical map

H(X,I) — H°(X,L™)

is bijective. This follows from Lemma 5.1.2.

If £ is a field, it is easy to see that fAIO(X, L) is a vector space over k

in the setting of (2), and thus the same holds in the setting of (1). So the

dimension ﬁO(X , L) is well-defined (as a finite number or infinity).
In both the arithmetic case and the geometric case, we will prove that the
number h°(X, L) in (1) is finite. The proof is not hard, but we will postpone

it till Lemma 5.1.6 to set up a framework to bound sections of adelic line
bundles.

In terms of arithmetic divisors, the definitions are written more easily.

For example, if D is an adelic divisor on X, then

HY(X,0(D)) = {f € k(X)* : div(f) + D > 0} U {0}.
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Because of this, we may work on adelic divisors instead of adelic line bundles.
For simplicity, we will denote

H(X, D)= H(X,0(D)), hX,D)=hr"X,0(D)).

5.1.3 Effective sections of arithmetic (Q-divisors

For the purpose later, we generalize the definition of effective sections to
arithmetic Q-divisors.

Let k be either Z or a field. Let X be a projective variety over k of
absolute dimension d. Let D be an arithmetic Q-divisor on X. Denote

HO(X, D) = {f € k(X)* : div(f) + D > 0 in Div(X)g} U {0}.

If kK =7, denote R B R B
h’ (X, D) = log#H’(X,0(D));

if £ is a field, denote
1°(X, D) = dim; H'(X,O(D))"
If D is integral, recall the usual set of effective sections defined by
HO(X, D) :={f € k(X)* : div(f) + D > 0 in Div(X)} U {0}.
There is a canonical injection
H°(X,D) - H(X, D),

which might fail to be bijective due to the difference of the effectivity relations
in Div(X) and Div(X)g. However, if X' is normal, then it is bijective by
Lemma 2.3.5.

In general, h°(X, D)’ is always finite. In fact, the finiteness holds if X is
normal and D is integral by h%(X, D) = h°(X, D). The normality condition
can be removed by passing to the normalization, and the integrality condition
can be removed by bounding D by an integral arithmetic divisor on X under
the relation “<”.
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5.1.4 Model case

Let k be either Z or a field. Let X' be a projective variety over k of absolute
dimension d. Let U be an open subscheme of X'. Let D be an arithmetic
(Q, Z)-divisor on (X,U). Definition 5.1.3 gives

HOWU,D) = {f € k)" : div(f) + D > 0 in Div(U/k)} U {0}.

Note that the partial order is taken in ]SiT/(Z/{/k)mod. Here (Tl:/(f) € ]51?/(2\?)
is viewed as an element of [/)1;(.9(' ,U) via the canonical map I/);/(X ) —
Div (X, U).

Using the rational part of D, we have a well-defined H °(X,D) in the
above, which might be different from H O(U,D), as they use different effec-
tivity relations. The following result give some inequalities between these
different notions.

Lemma 5.1.4. Let X be a flat and essentially quasi-projective integral scheme
over k. Let U be a quasi-projective model of X, and let X be a projective
model of U. Let D be an arithmetic (Q,Z)-diwvisor on (X,U).

(1) There is a canonical injection
H°(X,D) — H(X',x*D)’.
Here m: X' — X is the normalization of X .

(2) If D is the image of an integral arithmetic divisor D e 51;()() in
Div(X,U), then there is a canonical injection

H°(x,D") — H°(X,D).

(3) /EO(X,Y_)) is always finite.

Proof. Part (2) is trivial. Part (3) is a direct consequence of (1). For (1),
denote by X’ the generic point of X’. The canonical map

H(X,D) — H(X',7*D)
is injective, so it suffices to prove that the canonical injection

H(X',7*D) — H(X', D)

148



is bijective. It suffices to note that for any D e 51;(2\? '"U), the relations
D > 0, viewed in
Div(X", '), Div(X')g, Div(X'/k),

are all equivalent. This is a consequence of Lemma 2.3.5, Lemma 3.3.3 and
Lemma 5.1.2 by converting effectivity to positivity of Green’s functions. [J

Remark 5.1.5. If X is normal, then the injection in (1) is actually an isomor-
phism.

5.1.5 Adelic case
Now we can easily obtain the finiteness of h° in Definition 5.1.3(1).

Lemma 5.1.6. Let k be either Z or a field. Let D be an adelic divisor on
a flat and essentially quasi-projective integral scheme X over k. Then the
following are true:

(1) There is a model adelic divisor D' on U, induced by an effective and nef
arithmetic divisor on a projective model of U/k, such that

-D'<D<D
in Div(U/k).
(2) B%(X, D) is always finite.

Proof. Part (1) implies part (2) by Lemma 5.1.4(3). For part (1), assume
that D is represented by a Cauchy sequence {D;};>; in 5;/(1/{ /Ek)moa for a
quasi-projective model U of X. The Cauchy condition implies that for some
rational number ¢; > 0,

—6150 < 51 — 2_)1 < 6130, Vi > 1.

The limit gives L _
—6150 < D — Dl < 6150-

This gives a model adelic divisors D' on U such that —D’ <D< D'. Assume
that D is defined on a projective model & of X. We can find a nef and
effective arithmetic divisor D on X such that —D' < D < D", This
finishes the proof. ]
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5.2 Volumes of adelic line bundles

The goal of this subsection is to extend many fundamental properties on
volumes of hermitian line bundles to adelic line bundles, including the arith-
metic Hilbert-Samuel formula, the arithmetic bigness theorems, the Fujita
approximation theorem, the log-concavity theorem, and continuity of the
volume function. The key to these extensions is that volumes of adelic line
bundles are naturally approximated by volumes of hermitian line bundles.

5.2.1 Volumes on arithmetic varieties

Let k be either Z or a field. Let X be a projective variety over k of abso-
lute dimension d. For any hermitian line bundles £ on X (with continuous
metrics), denote the volume

— J— . d! /\0 J—

vol(X, L) := nll_rgo Wh (X, mL).
The limit defining the volume always exists. In the geometric case, this is a
result of Fujita (cf. | , 11.4.7]). In the arithmetic case, this is indepen-
dently proved by Yuan | ] and Chen | ]. We need the following basic
properties of the volume function:

(1) In the arithmetic case, if there is a sequence {L;};>; of hermitian line
bundles on & with underlying line bundles £; = £ such that the metrics
of £; converges to the metric of £ uniformly, then vol(X, £;) converges
to \70\1(X ,L). This is a direct consequence of [Y7t, Prop. 2.1]. As a
consequence, in many situations, we can easily extend the results from
smooth metrics to continuous metrics.

(2) In both cases, the volume function is homogeneous in that \70\1(2( ,mL) =

md;(;l()( , L) for any positive integer m. Therefore, the definition of vol
extends to all hermitian Q-line bundles by homogeneity.

(3) In both cases, the volume function is a birational invariant. Namely, if
7w X' — X is a birational morphism of projective varieties over k, then

\751(2(’, L) = \751(2\,’,2). The geometric case is proved in | , Prop.
2.2.43], and the arithmetic case is proved by Moriwaki | , Thm. 4.3].
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The arithmetic Hilbert—Samuel formula asserts that, for any nef hermitian
line bundles £ on X,

vol(X, L) = C".
Here the right-hand side denotes the arithmetic self-intersection number. In
the geometric case, this is the classical Hilbert—Samuel formula in algebraic
geometry (cf. | , Cor. 1.4.41]). Now we briefly describe the history of

the formula for the arithmetic case. If £ is ample in the sense of Zhang
[ |, then the formula is a consequence of the arithmetic Riemann—Roch

theorem of Gillet-Soulé [(-52], an estimate of analytic torsions of Bismut—
Vasserot [BV], and the arithmetic Nakai-Moishezon theorem of Zhang | ].
See | , Corollary 2.7] for more details of the implications. The formula

was further extended to the nef case with continuous metrics by Moriwaki

[Mor5, Mor6].

We will also need a bigness theorem, which asserts that for hermitian line
bundles £, M on X such that £ and M are ample,

vol(X, L — M) > L' —dZ""M.

In the geometric case, this is a theorem of Siu [Siu]. In the arithmetic case,
this is the main theorem of Yuan | ]. This extends to the case that £
and M are nef. In fact, fix an ample hermitian line bundle A on X. For any
positive rational number ¢ > 0, apply the result to (£ +eA, M +¢eA). Then
set € — 0.

5.2.2 Main theorems on volumes

Now we are ready to state our generalization of the theorems to adelic line
bundles.

Let k be either Z or a field. Let X be a flat and essentially quasi-projective
integral scheme over k. Let L be an adelic line bundles on X. Define

—_~ pa— . d! /\0 —
vol(X, L) := nll_r}(lxj Wh (X,mL).
Here d is the absolute dimension of a quasi-projective model of X over k.
An adelic line bundle L on X is said to be big if vol(X, L) > 0. Many
results on big hermitian line bundle can be generalized to the current setting.
Our first result asserts that the limit defining vol(X, L) exists.
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Theorem 5.2.1. Let k be either Z or a field. Let X be a flat and essentially
quasi-projective integral scheme over k. Let L be an adelic line bundle on X .

(1) The limit
—_ — . d! /\O —_—
vol(X, L) = n}gréo Wh (X, mL)

exists. Here d is the absolute dimension of a quasi-projective model of X
over k.

(2) If L is represented by an adelic line bundle (L, (X;, L, 4;)i>1) onU for a

quasi-projective model U of X over k, then

vol(X, ) = lim vol(X;, ;).
1— 00

On the right-hand side, \70\1(262-,21-) is the volume of £; as a hermitian
Q-line bundle on &j, defined by homogeneity. By the theorem, the definition
of vol(X, L) extends to adelic Q-line bundles on X by homogeneity.

The proof of Theorem 5.2.1 will take up most of the rest of this subsec-
tion. Let us first note that by the theorem, the arithmetic Hilbert—Samuel

formula and the arithmetic bigness theorem can be generalized to the follow-
ing theorem.

Theorem 5.2.2. Let k be either Z or a field. Let X be a flat and essentially
quasi-projective integral scheme over k. Denote by d the absolute dimension
of a quasi-projective model of X over k.

(1) Let L be a nef adelic line bundles on X. Then

vol(X,I) = I".

(2) Let L, M be nef adelic line bundles on X. Then
vol(X,I — M) >T" - dI" 'L

It is immediate that Theorem 5.2.2 holds for strongly nef adelic line bun-
dles, as a limit version of its counterpart on projective (arithmetic) varieties
by Theorem 5.2.1. The theorem will be further extended to nef adelic line
bundles by the continuity of the volume function in Theorem 5.2.9 below.

In application, the above theorem is usually combined with the following
basic result.
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Proposition 5.2.3. Let k be either Z or a field. Let X be a flat and es-
sentially quasi-projective integral scheme over k. Denote by d the absolute

dimension of a quasi-projective model of X over k. Let L be an adelic line
bundle on X.

(1) If k =17, let N € 151\(:(2) be a hermitian line bundle with d/e\g(ﬁ) > 0.
Then for any positive rational number c,

vol(X, I — ¢N) > vol(X, L) — d cdeg(N) vol(Xg, L).
Here N is viewed as an adelic line bundle on X wvia pull-back, and L is
the image of L under the canonical map Pic(X/Z) — Pic(Xqp/Q).

(2) If k is a field, assume that there is a projective and regular curve B over
k together with a flat k-morphism X — B. Let N € Pic(B) be a line
bundle with deg(N) > 0. Then for any positive rational number c,

vol(X, L — ¢N) > vol(X, L) — d ¢ deg(N)vol(Xg, L).

Here N is viewed as an adelic line bundle on X wvia pull-back, K is
the function field of B, and L is the image of L under the canonical
composition

Pic(X/k) — Pic(Xx/k) — Pic(Xx/K).

Proof. By Theorem 5.2.1, the problem is reduced to the case that X is pro-
jective over k, and L is a hermitian line bundle on X. Then the result is
more or less well-known, and one easily checks that the result depends only
on cdeg(N) (or cdeg(N)). In fact, the arithmetic case is implied by | :
Prop. 4.2(2)]. The geometric case can be proved by assuming that N is

linearly equivalent to a closed point P € B, and applying the exact sequence
0 — H°(X,aL—bN) — H°(X,aL—(b—1)N) — H°(Xp, (aL—(b—1)N)|x,)
to count the dimensions for a > b > 1. O

5.2.3 Volumes of model adelic divisors

For the proof of Theorem 5.2.1, we need a slightly generalized limiting ex-
pression about volumes of arithmetic Q-divisors.
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Let k be either Z or a field. Let X be a projective variety over k of
absolute dimension d. Let D be an arithmetic Q-divisor on X. Recall that
in §5.1.3 we have introduced

HY(X, D) = {f € k(X)* : div(f) + D > 0 in Div(X)g} U {0}.

If k = Z, denote

~

(X, D) == log #H°(X,0(D));
if £ is a field, denote
(X, D) := dim, H'(X,0(D)).
On the other hand, we have an extended definition of
vol(X, D) = vol(X, O(D))

from integral divisors to Q-divisors by homogeneity. Namely, let a be a
positive integer such that aD can be realized as an integral arithmetic divisor
D on X. Then

vol(X, D) := —vol(X,D ) = — lim —hY(X,mD").

a a m—oo m4
It turns out that we have the following compatibility.

Lemma 5.2.4. Let D, be arithmetic Q-divisors on X. Then

vol(X,D) = lim %EO(X,m§+E)’.
m—o0 M
Proof. This actually holds for arithmetic R-divisors by Moriwaki [ ,
Thm. 5.2.2(1)] (in the arithmetic case). For our purpose of arithmetic Q-
divisors, the situation is much easier. We sketch a proof, which will be used
later.

/Lgt D, and D, be integral arithmetic divisors on X with D, <D<D,
in Div(X)g. Let a be a positive integer such that aD can be realized as an
integral arithmetic divisor on X. Let X’ — X be the normalization, and let
(5/,1_);,3/) be the pull-back of (D, D;,E) to &’. Forany r =0,--- ,a—1, we
have

/

(X, maD + 1Dy + &) < WX, (am +r)D + &) < h(X',maD +1Dy+E).

154



On the other hand, we have

lim ihO(X maD + 1Dy + &) = VOI(X aD)

m—oo M4
and il
lim —dhO(X’, maD + 1Dy + &) = vol(X,aD).
m—o0 M

In the arithmetic case, the extra terms rD; and 7“5,2 and the normalization
do not change the limit by | , Thm, 4.3, Thm. 4.4]. The corresponding
results also hold in the geometric case, and we omit them. O]

Now we introduce a compatibility result on volumes of model adelic divi-
sors, which will be used in the proof of Theorem 5.2.1. The setting is similar
to that of Lemma 5.1.4.

Lemma 5.2.5. Let X be a flat and essentially quasi-projective integral scheme
over k. Let U be a quasi-projective model of X, and let X be a projective
model of U. Let D be an arithmetic (Q,Z)-divisor on (X,U). Then the limit

vol(X, D) = lim ihO(X mD)

m—oo md

exists and equals

\781(2(,5) lim d—hO(X mD)'.

m—o0 m

Proof. Denote by
Div(X,U)* = Im(Div(X) — Div(X,U)).

We claim that there are D;, D, € [/)Q(X,U)* with D; < D < D, in
]SiT/(X ,U). In fact, it suffices to construct Dy, since D; can be obtained
by considering —D. We will find effective divisors D), D, € ﬁ(é\f ) with
D <D, in ﬁR/(X) and D|u < DYy in ]51?/(2/{) Then we can just set Dy to
be the image of D, + D, in Dlv(X U).

The existence of D; is easy. For the existence of DQ, we can assume
that D|y is effective on U, and then extend it to a closed subscheme D of
X by taking Zariski closure. Take a very ample line bundle A on & with
a nonzero global section s vanishing along D; i.e., s lies in the kernel of
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HO(X, A) — HY(D, Al5). Then we can set Dy to be div(s) (with a positive
Green’s function in the arithmetic case).

With the claim, by the method of the proof of Lemma 5.2.4, it suffices to
prove that for any D, € € Dlv(X uy-,

lim ihO(X mD + &) —vol(./'\f' D).

m—oo M4

Assume £ = 0 for simplicity of notations, since the general case is similar.
By Lemma 5.1.4(1),

dal - | o~ _
lim sup —hO(X mD) < limsup —; h (X', mm*D) = vol(X', 7*D).

m—00 md m—00 md

The right-hand side is further equal to \751(.)( , D) by the birational invariance
of the volume function. It remains to prove

dl ~
lim inf —hO(X mD) > Vol(X D).
m—oo m
Assume that D is the image of D € ﬁ(é\f) in 5;(/1?,2/{). Lemma
5.1.4(2) implies

lim inf d—hO(X mD) > lim inf iho(./Y mD’) = \751(2\?,5*) = \7(;1(2\?,5).

m—oo ma m—oo nd

This finishes the proof. O

5.2.4 Proof of Theorem 5.2.1

Now we are ready to prove Theorem 5.2.1. It is easier to write the proof in
terms of divisors, so we reformulate the problem as follows.

Let . D be an adelic divisor on X. Assume that D is represented by
De Dlv(Z/l/k:) for a quasi-projective model ¢ of X, and that D is a Cauchy

sequence {D;};>; in D1V(Z/{ /E)moa- The goal is to prove that the limit

lim d—ho (X,mD)

m—00 m

and the limit
lim vol(X%, D;)

1—00
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exist and are equal. Here we write D instead of O(D) in the notations for

h? and vol, and take similar conventions in the following.
For convenience, denote

vol(X, D)_ = liminf —h°(X, mD),

m—00 md

— _ (1PN —
vol(X, D), = limsup i'dho(X, mD).

m—oo TN

The Cauchy condition implies that there is a sequence {e;};>1 of positive
rational numbers converging to 0 such that

Dj— €& <D;<Dj+¢€, i>j>1

Here (X, &) is a boundary divisor, and we have assumed that there is a
morphism &; — Ap extending the identity map on U for any ¢ > 1. The
effectivity relations hold in Div(U/k), but we can actually assume that it
holds in fiv(?(j)(@ by replacing each &; by a projective model of i/ dominating
X;. Set i — oco. This gives

5j—ej30§5§5j+6j20, jZl

The effectivity relations hold in ]51?/(2/{ /k).
Take volumes in the above inequality. By Lemma 5.2.5, this implies

\70\1(X,E)_ Z \ﬁ(&,ﬁl - Gigo),
\70\1<X, ﬁ)Jr S \70\1()(;, I_DZ + 61?0).
Here &, is viewed as a divisor on &} via pull-back. It suffices to prove

1—00

Here we also omit the dependence on X; of the volume function, noting that
the volume function on projective varieties is a birational invariant.
We first consider the case that

lim inf;(;l(ﬁi +€:&9) > 0.

1— 00

For convenience, we assume that ;(;1(1_32- + €:E9) > 0 for every i.
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We are going to apply Fuijita’s approximation theorem proved in [Fuj],
and its arithmetic counterpart proved independently by Yuan | | and
Chen | ]. As a consequence, for any § > 0, there is a birational morphism
Y X! — X; of projective varieties over k, together with an ample arithmetic
Q-divisor F; on X/ such that

vol(F3) > vol(D; + €:89) — 6

and such that 1/1*(51» + eigo) — F,; is an effective arithmetic Q-divisor on X;.
Then we have o B o B
vol(D; — €;Eq) > vol(F; — 2¢,Ep).

Now we are going to apply Siu’s theorem and Yuan’s arithmetic version
recalled before. Write £y = A — B for nef divisors A and B on Xj. Then

\70\1(?1—261'30) = \70\1(?1—1-2@?—261-71) > (]_:i+2€¢g)d—2dei(7i+262-B)CHZ_

We need a uniform upper bound on F;. We claim that there is a nef
arithmetic Q-divisor N on X such that N > F; in Div(X!)g for any i. In
fact, by the Cauchy condition,

.Ti S 52 —+ 62'?0 S 7_)1 + Gizo + 61?0

for any ¢. Then it is easy to find N to bound Dy + €,y + 61&,. See also
Lemma 5.1.6(1).
With the uniform bound N, we have

(Fi +26B) 7 A < (Fi +26B) 2N +26B) T A < - < (N 4 26B) 1A
It follows that
vol(D; — 6€0) > Fi — 26:d(N + 2¢,B) ' A.
Set & — 0, so that 7? — \751(@1- + €Ep). The bound becomes
vol(D; — €:€g) > vol(D; + :€0) — 26;d(N + 2¢;B)* " A.

As a consequence, we have

lim (VOI(D + &€o) — Vol( —&0)) =

1—00
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This proves the theorem under the assumption lim inf;_, \751(7_)2» +6E0) > 0.
It is easy to extend the result to all cases. In fact, if

lim inf;(;l(]_Di + &) =0,
1—00
then \751()(,2_)) = 0. Moreover, lim;_,, \70\1(51-) =0, since D; < 1_)j + ejgo for
any j > 4. It follows that the theorem also holds in this case. Combining these
two cases, we have that if v is a limit point of the sequence {vol(D;+¢;E¢) }i>1,

then \70\1(X ,D) is convergent and equal to v. This proves the uniqueness of
v, and thus covers all cases.

5.2.5 More properties of the volume function

Here we generalize some other fundamental properties of volumes of (hermi-
tian) line bundles to adelic line bundles. The first result is the log-concavity

property.

Theorem 5.2.6 (log-convavity). Let k be either Z or a field. Let X be a
flat and essentially quasi-projective integral scheme over k. Let Ly, Ly be two
effective adelic line bundles on X. Then

vol(Zy + Lo)"% > vol (L) Y4 + vol(L,) /4.
Here d is the absolute dimension of a quasi-projective model of X over k.

Proof. The result is easy if Ly or Ly is not big. Assume that both Ly and Lo
are big. Apply Theorem 5.2.1. The problem is converted to the model case.
Then the geometric case is the classical result in | , Thm. 11.4.9], and
the arithmetic case is | , Thm. B]. O

A morphism between two flat and essentially quasi-projective integral
schemes over k is called birational if it induces an isomorphism between
the function fields. The next result says that the volume function is also a
birational invariant.

Theorem 5.2.7 (birational invariant). Let k be either Z or a field. Let
m: X' = X be a birational morphism of essentially quasi-projective integral
schemes over k. Let L be an adelic line bundle on X. Then

—

vol(X', 7*L) = vol(X, T).
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Proof. This is the adelic version of the geometric case in [ , Prop. 2.2.43]

and the arithmetic case in | , Thm. 4.3]. For the current case, it suffices
to check the case that X' is the generic point of X. Then the result follows
from Theorem 5.2.1(2). O

We also have the Fujita approximation theorem for adelic line bundles.
There are many slightly different notions of ampleness of hermitian line bun-
dles, we take the notion of “arithmetically positive” introduced right before
Lemma 4.4.3. By abuse of terminology, “arithmetically positive” on a pro-
jective variety over a field means “ample”.

Theorem 5.2.8 (Fujita approximation). Let k be either Z or a field. Let
X be a flat and essentially quasi-projective integral scheme over k. Let L
be a big adelic Q-line bundle on X. Then for any € > 0, there exist a
flat and essentially quasi-projective integral scheme X' over k, a birational
projective morphism m : X' — X over k, a projective model X' of X' over
k, and an arithmetically positive hermitian Q-line bundle .A on X' such that

VOI(X’ A) > Vol(X L) — ¢ and 7L — A is effective in Plc(X /k)o.

Proof. Apply Theorem 5.2.1. The problem is converted to the original Fujita
approximation theorem proved in [F1]], and its arithmetic counterpart proved
independently by Yuan | ] and Chen | | O

__Now we consider a continuity property of the volume function vol
Pic(X/k)g — R. Recall that in the projective case, the volume function
has very nice continuity properties by Lazarsfeld | , Thm. 2.2.44] for
the geometric case and by Moriwaki | | for the arithmetic case. The
following result generalizes these two, but our proof is different from theirs.

Theorem 5.2.9 (continuity). Let k be either Z or a field. Let X be a flat
and essentially quasi-projective integral scheme over k. Let L, My, --- , M,
be adelic Q-line bundles on X. Then

t1,,tr—0
Here ty,--- ,t,. are rational numbers converging to 0.

Proof. For convenience, a model adelic line bundle is called nef if it is induced
by a nef hermitian line bundle on a projective model. We will apply Theorem
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5.2.2 for nef model adelic line bundles. In fact, we already know that Theorem
5.2.2 holds for strongly nef adelic line bundles by Theorem 5.2.1.
By Lemma 5.1.6(1), there is a nef and effective model adelic line bundle

M; on X such that M;iﬁi are effective for any 7. Denote M = M/ﬁ—- : -—i—M;,
which is still a nef and effective model adelic line bundle. It suffices to prove

lim vol(Z + tM) = vol(L).

t—0

We first treat the case that L is big. If t < 0, denote ¢ = —t. Apply the
Fujita approximation theorem in Theorem 5.2.8. By replacing X by some X_’
with a birational morphism X’ — X if necessary, we can assume that L > A

for some nef model adelic line bundle A on X with vol(A) — \751([/). Then
the bigness result in Theorem 5.2.2(2) gives

vol(Z — t'M) > vol(A — ¢31) > A" — ar A" 'I1.

Here d is the absolute dimension of a quasi-projective model of X over k.

We can bound A% '3 from above as in the proof of Theorem 5.2.1. In
fact, by Lemma 5. .1.6(_1) again, we can find a nef model adelic line bundle N
on X such that L < N. This implies A < N. It follows that

AT M <NT'M
is bounded as A varies. Then the above lower bound of \751(3 —t'M) gives

lim inf vol(Z — #'AT) > vol(L).

t'—0+

This proves the case t < 0.
If £ > 0, by the log-concavity theorem in Theorem 5.2.6,

vol(L + M) < 2vol (L)Y — vol(L — 7).

Then the result follows from the case t < 0. This idea of applying the
log-concavity theorem is inspired by Chen | ).

Now we treat the case that L is not big. Then \Tc;l(f) = 0, and we need to
prove @(f%—tﬂ) converges to 0. Assume that it is not true, and thus there

is a constant ¢ > 0 such that vol(L + tM) > ¢ for all rational number ¢ > 0.
Apply the Fujita approximation theorem in Theorem 5.2.8 again. There is
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a birational morphism X; — X such that/f\%—_ tM > A, on X, for some nef
model adelic line bundle A; on X; with vol(A4;) > ¢/2. Then the bigness
result in Theorem 5.2.2(2) gives

vol(Z) > vol(A, — ¢3) > A, — dtA) .

We can bound Zj M by the above method. In féct, as above, we have
a nef model adelic line bundle N on X such that L' < N. This implies
A, < N +tM. It follows that

AM < (N + M) M
is bounded as t — 0. As a consequence,
Vol( )>¢/2—-0(t), t—0.

This contradicts to \781(3) = 0. The proof is complete. O]

In the end, we present a basic result, which asserts that the bigness of the
geometric part is not far from the bigness of the whole adelic line bundle.

Lemma 5.2.10. Let k be either Z or a field. If k = Z, let K be a number
field; if k is a field, let K be a function field of one variable over k. Let X be
a quasi-projective variety over K. Let N € PlC(K/k’) be an adelic line bundle
with deg(N) > 0, viewed as an adelic line bundle on X/k via pull-back. Let
Lc Plc(X/k;) be an adelic line bundle on X/k Assume that the image L of
L under the canonical map Plc(X/k:) — Plc(X/K) is big on X/K. Then for

sufficiently large rational number c, the adelic line bundle L 4+ ¢N is big on
X/k.

Proof. We only consider the arithmetic case k = Z, since the geometric case
is similar. Let U be a quasi-projective model of X over Z such that L actually
lies in Plc(L{ /Z). Tt is more convenience to work on adelic divisors, so we

take an adelic divisor D € 5;/(2/{ /7) linearly equivalent to L. We first prove
the general fact that D is represented by an increasing Cauchy sequence in
DIV(Z/{ /Z) mod-

In fact, by definition, D is represented by a Cauchy sequence in ﬁE(L{ /Z) mod,
i.e., a sequence {D;};>; in 51;(?/{ /Z)moa satisfying the property that there is
a sequence {¢;};>1 of positive rational numbers converging to 0 such that

—6E0 <Dy —D; <&, >i>1
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Replacing {D;};>1 by a subsequence if necessary, we can assume €;11 < ¢;/2
for every i > 1. Now D is represented by the Cauchy sequence {D;—2¢;E }is1,
which is increasing by

(51'_;,_1 2€z+150) ( — 2¢; go) —E'Eo - 251‘—}—130 + 26‘20 > 0.

With the general fact, we assume that D is the limit of an increasing
sequence {D;};>; in Dlv(Ll/Z)mod Then the image 7 D of D in Dlv(X/K) is

the limit of the i 1ncreasmg sequence {D; g}i>1 in Dlv(Z/IQ/ @)mod Note that

VOI(DZ () converges to Vol(D) > 0. Then there is an i such that VOI(D ) > 0.
Note that

\751(54— cN) = Jlirglo VOI(D +¢cN) > Vol(D + cN)
by the increasing property of the sequence. It suffices to prove that D; + cN
is big for sufficiently large rational number ¢, under the condition that D; g
is big. This reduces the problem from the adelic divisor D to the arithmetic
divisor D;.

The arithmetic case is well-known to experts. In fact, by linear equiva-
lence, we can reduce the problem to the case that N is represented by (the
pull-back of) the arithmetic divisor (0,1) on SpecZ with underlying divisor
0 € Div(Z) and with Green’s function 1 at the archimedean place. Then the
arithmetic case of the result we need is an easy consequence of | , Cor.
2.4(1)(4)]. O

5.3 Heights on quasi-projective varieties

In this section, we introduce heights on quasi-projective varieties over finitely
generated fields. In the projective case, we can define vector-valued heights,
which refines the Moriwaki height in | , | in the arithmetic case.
Note that vector-valued heights were introduced by Moret-Bailly [MB] for
different purposes. The Northcott property in the projective case is deduced
from that of Moriwaki, and the fundamental inequality is extended to the
current case following an idea of Moriwaki.

5.3.1 Vector-valued heights

Let k be either Z or a field. Take the uniform terminology in §1.6. Let F be
a finitely generated field over k£ and X be a quasi-projective variety over F.
Let L be an element of Plc(X /E)int,q; 1.€., an integrable adelic Q-line bundle.
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For any point x € X (F'), define the vector-valued height

Ly _—
bf(l‘) = hf(l'/) = (feg#&?) € PiC(F/k)inth.
Here 2’ denotes the closed point of X containing z, deg(z’) is the degree of the
residue field of 2’ over F, L|,» denotes the pull-back of L in ISI\C(ZL‘/ /k)int,q, and
(L|,) is the image of L|,» under the norm map lgi\c(x’/k‘)int@ — lsi\c(F/k)intQ,
which is the Deligne pairing of relative dimension 0 in Theorem 4.1.3.
Therefore, we have a height function

by : X(F) — Pic(F/k)mo.

Note that we do not require X to be projective here.

We can generalize the definition to high-dimensional projective subvari-
eties. Let Z be a closed projective F-subvariety of X, i.e. a closed subvariety
of X% which is projective over F. Define the vector-valued height of Z with
respect to L as

<(Z|Z/)dim Z+1>

Pic(F/k) i 0.
(dim Z + D) deg, (7)) - ie(F/k)int.0

br(2) == bz(2') ==

Here Z' denotes the image of Z — X, L| denotes the pull-back in F/’i\C(Z’/k)int,
and the self-intersection is as in Theorem 4.1.3. As we do not require X to
be projective or L to be ample, the height b7 (Z) is only well-defined if Z is
projective and deg; (Z') # 0.

The following are some special situations:

(1) If L is nef on X, then the height h7(Z) is also nef if it is defined.

(2) If X is projective over F' and L is ample on X, then the degree deg, (Z’)
is well-defined and positive for all closed subvarieties of X+. This gives
a function .
f)f : ‘Xf’ — PiC(F/k’)int’Q.

Here | X%| denotes the set of closed subvarieties of X.

(3) If k =7Z, let F be a number field; if k is a field, let F' be a function field
of one variable over k. There is a degree map

deg : Pic(F/k)g — R.
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This follows from Lemma 2.6.1 in the number field case, and limits of
degrees of divisors on curves in the function field case. In both cases,

generalizes the height function of Zhang [ | (from the projective case
to the quasi-projective case).

5.3.2 High-dimensional base

The above definition works well because any scheme over Spec F' is auto-
matically flat over Spec F', which is required in the Deligne pairing. This
still works well if we change Spec F' to a Dedekind scheme, but if we change
Spec F' to a high-dimensional base, we easily lose this convenience and thus
the definition only works in some special cases.

Let k be either Z or a field. Let B be a flat and essentially quasi-projective
integral scheme over k, and X be a flat and quasi-projective integral scheme
over B. Let L be an element of PIC(X /E)int,0- Then we have a vector-valued
height function

by : X(B) — Pic(B/k)umg, «+— 2L

In general, for any integral subscheme Y of X which is projective and flat
over B, we can still define a vector-valued height of Y with respect to L in
terms of the Deligne pairing. We omit it here, since we will not use it in the
current paper.

5.3.3 Moriwaki heights

Let (k, F, X, L) be as above. Namely, k is either Z or a field, F is a field
finitely generated over k, X is a quasi-projective variety over F', and L is
an element of PIC(X / k)mt o- Denote by d the absolute dimension of a quasi-
projective model of F' over k, and denote by n the dimension of X.

Let Hy,---,Hy_1 be any d — 1 elements in PlC(F/k‘)mt o. For any pomt
r e X(F), deﬁne the Moriwaki height of x with respect to L and (Hy,--- , Hg_1)
by o o
Ly -Hy - Hy

deg(z’)

h?l:"'»ﬁd—l(aj) e gl’”.’ﬁd_l(m/> e

- € R.
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Here 2/ and L|, are as above, and the intersection number is taken in
Pic(2'/k)ins.0, as defined by Proposition 4.1.1, where H, - -+ , Hy_; are viewed
as elements of Pic(2'/k)int,q via pull-back. This gives a height function
ﬁu“,ﬁd—l . T
U . X(F) — R.

~ We can also generalize the definition to high-dimensions. For any closed
F-subvariety Z of X, the Moriwaki height of Z with respect to L and (Hy,--+ , Hq_1)

is o -
Hiyw Hay Ty T (L|g)¥mZ+L Hy oo Hy

Z) = pvo e gy = :
L (2) (Z) (dim Z 4+ 1) degz(Z'/F)
Here Z' and L|z are as above, and the intersection number is taken in
Pic(Z'/k)int 0, as defined by Proposition 4.1.1, where Hy, -, Hy_, are viewed
as elements of Pic(Z'/k)int,@ via pull-back. The term L denotes the image of
L under the canonical map

Pic(X/k )i — Pic(X/F)ing

introduced at the end of §2.5.5, and
degz(Z'/F) = (L)%™ € R

is the self-intersection number of L|z in P/)I\C(Z "/ F)int,@ defined in Proposition
4.1.1. o
The height 77" "**(Z) is only well-defined if degz(Z'/F) # 0. If Z is
projective, then we have L|z = L|z, and thus deg;(Z'/F) = deg, (Z').
The vector-valued height refines the Moriwaki height by the simple for-
mula _
Hyy Hy o =
- d (Z)ZUZ(Z)'H1"'H(1_1
as long as the right-hand side is well-defined. We introduce the following
simplified notations.

(1) For any H € F/’i\C(F/k)intQ, denote hg = h?’“"ﬁ, where the right-hand
has d — 1 copies of H.

(2) If F is a number field, then d = 1 and thus hg is independent of H, so
we just write hy = h%[ . In this case, we simply have

(E|Z,)dimZ+1

R.
(dimZ + 1) degz(Z//F) ©

hi(Z) = h(Z') =
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A similar convention holds for function fields of one variable.

In the arithmetic case (k = Z), if X is projective over F', and both
L and (H,,---,Hg ) are realized on some projective model X — S of
X — SpecF, then hgl""’Hd‘l
[ . In | ], Moriwaki generalizes the definition to the case that L is
given by an adelic sequence.

Let us briefly compare our adelic line bundles with the adelic sequence
in | |. Roughly speaking, the adelic sequence in the loc. cit. are more
numerical in nature since it uses intersection numbers to define its topology,
while our adelic line bundles uses effectivity to define its topology. Then
our notion includes more restrictive objects and allows coarser equivalence
relations. These two notions are not too different in the definition of absolute
intersection numbers, but our notion has the advantage of having Deligne
pairings, effective sections and volumes.

is exactly the height function introduced in

5.3.4 Northcott property in the projective case

In the projective case, we have the following Northcott property of Moriwaki
heights, which generalizes | , Prop. 3.3.7(4)].

Theorem 5.3.1 (Northcott property). Let k be either Z or a finite field.
Let F be a finitely generated field over k, and let d be the absolute dimension
of a quasi-projective model of Fover k. Let X be a projective variety over
F. Let L be an element in Pic(X/k)ntq with an ample generic fiber L. Let

Hy,---,Hq 1 be nef and big elements in lgi\c(F/k)int,Q. Then for any D € R
and A € R, the set

{w € X(F): deg(z) < D, KM (2) < A}
is finite.

Proof. We only treat the arithmetic case k = 7Z, since the geometric case is

similar. If L, Hy,- -+ , Hq_; are model adelic divisors, this follows from | ,
Prop. 3.3.7_(4)]. We will extend it to the current generality by replacing
L,Hy,---,Hy 1 successively by more general adelic line bundles.

Let T be any integrable adelic line bundle on X with underlying line

bundle L' = L. To replace L by f/, it suffices to check that hgl""’H"H —
hg,l""’Hd‘l is a bounded function on X(F). Assume that L and L' lie in
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7/3;(1/{ /Z)q for a quasi-projective model U of X over Z with a projective
and flat morphism f : 4 — V to a quasi-projective model V of F over
Z. Let (Yo, £o) be a boundary divisor for V. By L' = L, the difference
T-Tis represented by a Cauchy sequence D = {D;};>; in DlV(U)mOdQ
with D;|x = 0. As in the proof of Lemma 5.1.6, the Cauchy condition
implies

51 - Ef*zo S 5 S 7_)1 + Ef*go

f_or some positive rational number e. Thus — f*l_)l <D< f*@l for some
D; € Div(V)moda,q- It follows that

H"7H F,"',F, ) TT T7
‘hl d—1 f/l d1|§D1'H1"‘Hd_1.

Now we replace Hy,--- , Hy_1 successively by more general line bundles.
By symmetry, it suffices to do that for H;. Let Hl be a nef and big element

in Pic(F/Z)img. To replace Hy by H, it suffices to have hHl’“’Hd t>

chJ’ Mt for some positive rational number c¢. We can further assume

that L is nef. Then it suffices to prove that H, | — ¢ Hy is effective for some
positive rational number ¢. By Theorem 5.2.2,

—

vol(H, —CH1)>H —ch H

is positive if ¢ is sufficiently small. This finishes the proof. ]

5.3.5 The fundamental inequality

The fundamental inequality, a part of the theorem of successive minima of
Zhang | , ], is generalized to projective varieties over finitely gen-
erated fields by Moriwaki | |. Now we further generalize the result to
quasi-projective varieties over finitely generated fields.

We first introduce the Moriwaki condition on polarizations of finitely
generated fields. Let k£ be either Z or a field. Take the uniform terminology
in §1.6. Let I’ be a finitely generated field over k. Denote by d the absolute
dimension of a quasi-projective model of F over k. Let H € Plc(F /K)o
an adelic Q-line bundle.

If k = Z and d > 1, we say that H satisfies the Moriwaki condition if H is
nef on F'/Z, the arithmetic top self-intersection number degs(F/Z) = " =
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0, and the geometric top self-intersection number degz(F/Q) = H' > 0.
Here H is the image of H under the canonical map

Pic(F/Z)g — Pic(F/Q)q.

Itk is a field and d > 1, we say that H satisfies the Moriwaki condition
if H is nef on F'/k, the geometric top self-intersection number degg(F/k) =
o= 0, and the geometric top self-intersection number degz(F/K) =

Iz d=1 > ( for some extension K of k in F' of transcendental degree 1, where
H is the image of H under the canonical map

Pic(F/k)g —» Pic(F/K)q.

Note that the definition depends on the choice of K.

We will assume that d > 1, and take the convention that the Moriwaki
condition is automatically satisfied if d = 1. Now we are ready to state the
theorem.

Theorem 5.3.2 (fundamental inequality). Let k be either Z or a field. Let
F be a finitely generated field over k. Assume that F' is an infinite extension
of k if k is a field. Let H be an element of Pic(F/k)q satisfying the Moriwaki
condition. Let X be a quasi-projective variety over F. Let L be a nef element
in Pic(X/k)q such that degz(X/F) > 0. Then

MI(X,T) > W (X).
Recall that the essential minimum

M(X,T)=sup inf hg(a:),
UCX z€U(F)

where the supremum is taken over all Zariski open subschemes U of X. Recall
that L denotes the image of L under the map

Pic(X/k)g — Pic(X/F)q.

The theorem is a part of | , Cor. 5.2] if k = 7Z, X is projective over
F, and L, H are model adelic line bundles. The general case here is proved
similarly, while the new ingredient is our results on volumes of adelic line
bundles in Theorem 5.2.2.
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Proof of Theorem 5.3.2. Let N € F/’l\c(B/k)@ be an element of degree 1. Here
if k=7, then K = Q and B = SpecZ; if k is a field, then K is the function
field of one variable over k in F' defining the Moriwaki condition, and B is

the unique projective regular curve over k& with function field K.
View N as elements of Plc(F/k) and Plc(X/k) by pull-back. Denote

T' =T —cN with c € Q. Note that
M(X, D) - M(X,T) = h(X) = h(X) = cH*.

Thus it suffices to prove that for any ¢ € Q such that hg(X ) > 0, we also
have M (X, I') > 0.
By the assumption T = 0, we see that both A (X, ') and hg (X) remain

the same if we replace I by '+ mH for some positive rational number m.
Note that we always have

vol(Z' + mH) > (L' + mH)™".
This follows from Theorem 5.2.2(1) if ¢ < 0, and follows from Theorem
5.2.2(1) and Proposition 5.2.3 if ¢ > 0.
By the assumption " = 0,
d+ n) —m+1

g1 " HE it 4 O(m*?), m — oo.

(z/ 4 mﬁ)d—i—n — (
Therefore, there is a positive integer m such that \7(;1(3/ +mH) > 0. By
definition, there is a positive integer N > 0 such that N(L + mH) is an
integral adelic line bundle with an effective section s on X. For any point
x € X(F') outside the support |div(s)|, we have

H . H o T w77d—1
hp(x) = hi () = div(s)|y - 7*H > 0.

I +mH

N deg(z)

Here the intersection is on the closed point ' € X corresponding to x. This
finishes the proof. ]

5.3.6 Fundamental inequality in the number field case

Here we provide a different proof for Theorem 5.3.2 for the special but rather
important case that F'is a number field. We can see more clearly the role
of the small sections from this proof. The treatment also works for function
fields of one variable. For convenience, we re-state the result as follows.
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Theorem 5.3.3 (fundamental inequality: number field case). Let X be a
quasi-projective variety over a number field K. Let L be a nef element in
PIC(X)Q with degz(X) > 0. Then A(X, L) > hy(X).

The theorem is a consequence of the arithmetic Hilbert—Samuel formula
in Theorem 5.2.2 by the following result.

Lemma 5.3.4. Let X be a quasi-projective variety of dimension n over a
number field K. Let L be an integrable adelic line bundle in PlC(X/Z)mt
Then for any positive integer m such that hO(X, mL) > 0,

. B(X,mL) 2
WXL 2 mhO(X, mL) m[ Q

if the right-hand side is strictly positive. As a consequence,

M(X,L) > LEN
(n+ 1)vol(L)

if both \a(f) and \7(;1(5) are strictly positive.

Proof. 1t suffices to prove the first inequality. Recall that H 0(X, mZ) is
a vector space of dimension /EO(X , mZ) over K, which contains the finite
set H°(X,mL). By Definition 5.1.3, we have a v-adic norm || - ||ysp on
H O(X, mZ) for any place v of Q. We claim that there is a nonzero element
5 € ﬁO(X, mL) such that

W(X,mL)
(K : Q[hO(X,mL)

—log [|s]jec =

The claim follows from a basic result in the classical geometry of lattices.
For example, we can apply [ , Prop. 2.1]. To match the notations, denote
by M the Z-submodule of HO(X mL) generated by HO(X,mL). Then M =
(M, || - |loosup) is @ normed Z-module in the sense of the loc. cit.. Denote
r = rank M, which is at most [K : Q[h°(X,mL). Note that

hO(X, mL)

= — — 2> 0.
[K : Q]hO(X,mL)

1~ —
a:=-h"(M)—-2>
r
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By the first inequality of [YZt, Prop. 2.1], we have
WO (M(—a)) > (M) — ra — rlog3 > 0.

Then there is a nonzero element s € H°(M(—«)) satisfying — log [ ——
«. This proves the claim.

With the section s € H°(X, mL), for any 2 € X(K) not contained in
divx(s), we have

1 degg, (¥)
mhf(:v) = Mdeg(ml)[ degK Z Z lOg H ng Y )

v y€Exh

The first summation is over all places v of Q, but the point z € X(K), so
there are a lot of Galois orbits in the above. Namely, 2’ is the closed point
of X corresponding to z, x} is the image of 2’ X @Q, in Xg,, which is a finite
set of closed points of Xq,. Any y € 2/ is also viewed as a classical point of
X3, Then we have

mhp(x) > [K : Qla,

since ||s||, < 1 for any finite v and —log ||s||ccsup > @. It follows that

1
m

This finishes the proof. O]

5.3.7 The height inequality

In the end, we present the following height inequality, which is a general form
of the height inequality in Theorem 6.2.2. It holds over finitely generated
fields in a suitable sense, but we restrict to global fields for simplicity.

Theorem 5.3.5 (height inequality). Let k be either Z or a field. If k = Z
let K be a number field; if k is a field, let K be a function field of one variable
over k. Let m: X — S be a morphism of quasi-projective varieties over K.

Let L € Plc(X/k:) and M € PlC(S/kJ) be adelic line bundles.

(1) If L is big on X, then there exist ¢ > 0 and a Zariski open and dense
subvariety U of X such that

ht(z) > ehyp(n(x)), Vaz e U(K).
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(2) If L is nef on X/k, and the image L of L under the canonical map
Pic(X/k) — Pic(X/K) is big on X/K, then for any ¢ > 0, there exist
e >0 and a Zariski open and dense subvariety U of X such that

hi(z) > ehgp(m(z)) —¢, Vo e U(K).

(3) If the image L of L under the canonical map P/’l\c(X/k) — F/)I\C(X/K) is
big on X/ K, then there exist ¢ > 0, € > 0, and a Zariski open and dense
subvariety U of X such that

hi(z) > ehyp(n(z)) — ¢, VaeU(K).

Proof. We only write the proofs in the arithmetic case k& = 7Z, since the

geometric case is similar. o -
We first see that (1) implies (2). In fact, if (L, L) is as in (2), let N €

ﬁi\c(OK) be a hermitian line bundle with &E(N) = 1, and view N as an
adelic line bundle on X by pull-back. Denote L' = L+ ¢N for a rational

number ¢ > 0. It follows that
= (T +cN)? =T + deL** > 0.

Here d = dim X + 1. Then L is big and we can apply (1) to (f/,M). This
gives (2) by the simple relation

hy(z) = hy(z) +c.

Now we see that (1) implies (3). In fact, if (L, Z) is as in (3), we still
denote L' = L + ¢N for a rational number ¢ > 0. By Lemma 5.2.10, T is
big on X/Z for sufficiently large rational number ¢ > 0. We still apply (1)
to (L', M).

Now we prove (1). The key is that there exists a rational number € > 0
such that \70\1(3 —em*M) > 0. If L and M are nef, this is a consequence of
Theorem 5.2.2, which asserts

\E(f —em*M) > ¢ —ae " DI

In general, by the continuity of the volume function in Theorem 5.2.9,

—

lim vol(Z — ex* ) = vol(I).

e—0
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Then there still exists such an e.
Consequently, there is a positive integer m and a nonzero effective section
sof m(L —en*M) on X. We claim that this implies

hroer(®) 20, Vo€ X(K), s(z) 0.
Then the result follows by the simple relation

hi—cw1(®) = hap(x) — ehgp(m(x)).

For the claim, the reason is already in the proof of Lemma 5.3.4. Al-
ternatively, denote by z’ the closed point of X corresponding to x, Then
the pull-back of L — en*M to 2’ gives an adelic line bundle on 2z’ with a
nonzero effective section, and thus is linearly equivalent to an effective adelic
divisor on /. This effective adelic divisor can be written as a limit of effec-
tive model divisors on a quasi-projective model of 2/, and thus the degree is
non-negative. [

5.4 Equidistribution: conjectures and theorems

In this subsection, we formulate an equidistribution conjecture and prove
two equidistribution theorems for small points. More precisely, we have the
following;:

(1) Theorem 5.4.3, an equidistribution theorem for quasi-projective varieties

over number fields or function fields of one variable;

(2) Conjecture 5.4.1, an equidistribution conjecture for quasi-projective va-
rieties over finitely generated fields;

(3) Theorem 5.4.6, an equidistribution theorem for morphisms between quasi-
projective varieties over number fields or function fields of one variable.

All these statements generalize the equidistribution theorems of Szpiro—Ullmo
Zhang [SU7], Chambert-Loir [C'L] and Yuan | | for projective varieties
over number fields. Theorem 5.4.6 also generalizes an equidistribution the-
orem of Moriwaki | . Conjecture 5.4.1 generalizes Theorem 5.4.3 by
changing the base fields; Theorem 5.4.6 generalizes Theorem 5.4.3 by chang-
ing it to a relative version.

Our main ingredient is the extension of the arithmetic Hilbert—Samuel
formula and Yuan’s bigness theorem to quasi-projective varieties in Theorem
5.2.2, with which we are able to apply the variational principle of Szpiro—
Ullmo—Zhang to the current quasi-projective situation.
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5.4.1 Small points

We will first state the equidistribution conjecture (Conjecture 5.4.1), and
then prove the two equidistribution theorems. We start with some definitions.

Let k be either Z or a field. Let X be a quasi-projective variety of
dimension n over a finitely generated field F' over k. Let d be the dimension
of any quasi-projective model of F over k. Let L be a nef adelic line bundle
on X. Recall that we have a Moriwaki height function

W X(F) — R

for any polarization H € F/’l\c(F [k ) net-
Denote by L the image of L under the canonical map Pic(X/k)uer —

P/’i\c(X / F)ner introduced in §2.5.5. Assume that the self-intersection number
(defined in Proposition 4.1.1)

deg; (X/F) = LmX > 0,

Then we have a well-defined Moriwaki height

zn—i—l ) Fd—l

(n+ 1) deg (X/F)

hH( X) =
A sequence {Z,, }m>1 in X (F) is said to be generic if any closed subvariety

Y ; X contains only finitely many terms of the sequence. B
Let H € Pic(F/k)gnuer be a polarization. A sequence {z,,} in X(F) is

said to be directionally small with respect to H, or just hg—small, if hg(xm)

converges to hg(X ).

A sequence {z,,} in X(F) is said to be small, or just hr-small, if it is
hg—small for any polarization H € Pic(F/k)qnet-

If X is projective, so that h7(X) is well-defined. Then the sequence is hz-
small if and only if hz(x,,) converges to hz(X) numerically in Pic(F/k)int.0
in the sense that

nlii%ohf(xm) - H, .ﬁ2...ﬁd_l = bz(X) - H, .EQ...ﬁd_l
for any Hy,--+, Hy_1 € Pic(F/k)in.0-

If £k = 7Z and F is a number field, both ge?ghf and hg are equal to the
usual height function h;. Then both smallness are equivalent to the usual
one given by hz(x,,) — hy(X).
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5.4.2 Equilibrium measure

Resume the above notations for (k, F, X, L).
Let v € M(F/k) be a point corresponding to a non-trivial valuation of
F; i.e., a non-trivial multiplicative norm | - |, : F — R. It could be either
archimedean or non-archimedean. Denote by F, the completion of I’ with
respect to v. Then we have the Berkovich space X;" associated to the variety
Xp, over the complete field F,.
There is an equilibrium measure
d (D)
7= ————C
KT v degZ(X/F) 1 v
over the analytic space X3". If v is archimedean, this is classical. If v
is non-archimedean, this is defined in terms of the Chambert-Loir measure
developed by Chambert-Loir and Ducros in [C'D]. We refer to §3.6.7 for the
precise definition.

5.4.3 Equidistribution conjecture over finitely generated fields

For each point x € X (F'), we have the measure

1
T —5$’
Hor ™ deg ()

on X". Here 6,, is the Dirac measure for the Galois orbit z; of z in X"
More precisely, 2’ is the closed point of X corresponding to x, and z, is the
image of 2’ xp F, in X, viewed as a finite set of classical points of X2

We say the Galois orbit of a sequence {z,,}n>1 of points of X(F) is
equidistributed in X" with respect to dug,, if the weak convergence

M0 — dﬂﬂv
holds on X7". Namely,
fll’l/xmyv — fd/’LEﬂJ
Xan Xan

for any f € C.(X2"). Here C.(X2") is the space of real-valued continuous
and compactly supported functions on X2".
Finally, we are ready to state our equidistribution conjecture. Recall that

L denotes the image of L under the map Pic(X/k)net — Pic(X/F)pet.
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Conjecture 5.4.1 (equidistribution over finitely generated fields). Let k be
either 7 or a field. Let F' be a finitely generated field over k. Let v be a non-
trivial valuation of F'. Assume that the restriction of v to k is trivial if k is
a field. Let X be a quasi-projective variety over F. Let L be a nef adelic line
bundle on X/k such that degz(X/F) > 0. Let {x,}m be a generic sequence

of small points in X(F). Then the Galois orbit of {Ty}m is equidistributed
in X" with respect to dug .

In the arithmetic case (k = Z), if F' is a number field and X is pro-
jective, the conjecture is fully known previously. In fact, the pioneering
work of Szpiro-Ullmo—Zhang | | proved the equidistribution for number
fields F" and archimedean places v assuming pointwise positivity of the Chern
form ¢;(L, || - ||»). Their work was extended to non-archimedean places v by
Chambert-Loir [C'L]. The full case of number fields with L ample was proved
by Yuan | | by developing a bigness theorem for difference of ample her-
mitian line bundles. The proof of | | actually works by replacing the
ampleness of L by the positivity deg;(X) > 0. For more history of this
subject, we refer to [ , §6.3].

The above arguments were also generalized to the geometric case. In
that case, if X is projective over I, and the valuation v of F' comes from a
prime divisor of a projective model of F' over k, the conjecture was proved
independently by Faber ['ab] when the transcendental degree of F/k is 1
and by Gubler | | for general transcendental degrees.

In Theorem 5.4.3 below, we will prove the conjecture for any quasi-
projective X and for any number field F' or function field I’ of one variable.
However, the conjecture seems widely open if F' has a positive transcendental
degree over Z.

Remark 5.4.2. In the conjecture, we have assumed that v is a non-trivial
valuation of F. Nonetheless, if v is the trivial valuation of F', a similar
equidistribution theorem on X?2* was proved by [Xic, Cor. 5.6]. Here the
equilibrium measure on X2" is the Dirac measure supported at the point
corresponding to the trivial valuation of the function field of Xp,.

5.4.4 Equidistribution theorem over number fields

The goal here is prove the following theorem, which asserts that Conjecture
5.4.1 holds if F' is a number field or a function field of one variable. It is a
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consequence of the variational principle of | , | and the bigness result
in Theorem 5.2.2.

Theorem 5.4.3 (equidistribution over number fields). Let k be either Z or
a field. Let K be a number field if k = 7Z; let K be the function field of
one variable over k if k is a field. Let X be a quasi-projective variety over

K. Let L be a nef adelic line bundle on X/k such that degp(X/K) > 0.
Let {xmy}m be a generic sequence in X (K) such that {ht(zm)}m converges to
h(X). Then the Galois orbit of {x ., }m is equidistributed in X2 with respect

to dug,, for any place v of K.

Proof. We only write the proof for the arithmetic case k = Z, since the
geometric case is similar. Apply the variational principle of | , | to
Theorem 5.2.2. The process is standard at the beginning, and then there will
be a new situation due to quasi-projectivity.

The conditions and the result do not change if replacing Lby L+ I*N for
an element N € Pic(K)iy with deg(N) > 0. Here 7* : Pic(K )i — Pic(X )i
is the pull-back map. As a consequence, we can assume " > 0. Here we
denote n = dim X. . L

Let M be an element in the kernel of the map Pic(X )y — Pic(X/K ).
Let € be a nonzero rational number. By Lemma 5.3.4,

MK, T+ i) > YA+
(n+ 1)vol(L)

if both \751(3 + €M) and \751(5) are strictly positive. o
Now it is straight-forward to apply Theorem 5.2.2. In fact, by writing M
as the difference of two nef adelic line bundles, Theorem 5.2.2 implies

vol(L + €M) > L' + e(n+ 1)I"M + O(&2).

By the assumption " s 0, the right-hand side is strictly positive if |e| is
sufficiently small. Theorem 5.2.2 also implies the geometric volume

\a(z) = L" = deg;(X)

which is assumed to be strictly positive. It follows that

—n+1

- . _ L LM
MX T+an s fdntl)

t Ddeg(x) o)
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Apply the inequality to the generic sequence {z,,},,. We have

—n+1 —n—=—
L 1)L M
lim inf hf+eﬁ(xm) > + E(n + )

i Z T degz () O

By assumption,

s
lim h7 = h+(X) = .
A () = he(X) = G deg (%)
Then the inequality implies
. 'M
llrnHLloI(l)f Ehﬁ((ﬂm) > Em + O<€2>
If € > 0, the above implies
. L'M
If € < 0, the above implies
"M
lim sup hs7(2,,) < —— 4+ O(le]).
msup (1) < s+ O(1)
Set ¢ — 0 in each case. We obtain
'M
li T = .
i Prin) = G

We are going to deduce the equidistribution theorem on X>" from the

above limit identity. Assume that L € P/’i\c(Z/{)Qnef for a quasi-projective
model U of X over Z, and assume that L is represented by a Cauchy sequence
(L, (X, L, 4i)i>1) in Pic(U)mod,o- Here X; is a projective model of U, and
L, is a hermitian Q-line bundle on &;. Assume that there is a morphism
v+ Xy — X extending the identity morphism of ¢. Denote X; = &,

which contains X as an open subvariety.

Let &/ be another projective model of X; over Z. Let M be a hermitian
Q-line bundle on X}, with a fixed isomorphism Mg — Ox,. Then it induces
a metric || - ||, of Ox, on X{%, for any place w of K. Assume that the
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metric ||1]|, = 1 for any place w # v of K. Denote f = —log ||1]|,, which is
continuous on X77. By definition,

and

Then the above result gives a limit identity

I o = = i L),
ml—I)nOO X,gn f/’t m degZ(X> 21)1110 X/an f Cl( >U

Here f is viewed as a function on X/ by the pull-back induced by ¢; ¢ :
X, — X,

Now we going to vary f = —log||1][,, which is a model function on X{%
associated to (X}, M). By Gubler’s density theorem (cf. | , Thm. 7.12]
and | , Lem. 3.5]), the space of all such model functions f is dense in
C(X{%) under the topology of uniform convergence. Note that

’liglo Xan L)y = Zlgglo(ﬁl@) = L" = degg(X).
Therefore, the limit identity also holds for any f € C(X{%).
Finally, assume f € C.(X3"), viewed as an element of C(X/}) by the
open immersion X — X;. Then

lim fei(Ly)y = lim fcl(zimen :/ fel(L);.
Xgn

i—00 xan 1—00 Xan
)

Here the last equality follows from the definition of ¢;(L)? in §3.6, based on

the theory of [C'D] in the non-archimedean case. Therefore, the limit identity
becomes )
lim fluxm,v T SY Ja (Z)Z
m=00 J xan degz(X) Xan
This proves the equidistribution theorem. O
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5.4.5 Total volume

In the following, we prove that the equilibrium measure dyz ,, in Theorem
5.4.3 is indeed a probability measure. Our proof uses the global intersection
theory to bounded local integrals, so it only works over number fields and
function fields of one variable. We refer to Gauthier—Vigny [V, Thm. B|
for a complex approach of such a result in the dynamical setting.

Lemma 5.4.4. Let k be either Z or a field. Let K be a number field if k = Z;
let K be the function field of one variable over k if k is a field. Let X be a
quasi-projective variety of dimension n over K. Let Li,---, L, be integrable
adelic line bundles on X/k, and let Ly, - - - , L, be their images under the map

].SI\C(X/]{Z) — ].Sl\c(X/K) Then for any place v of K,

/ \(T)o-e1(Tn)e = Ty - Tn -+ L.
XSI\

Proof. By multi-linearity, it suffices to assume that all L1, - - - , L,, are strongly
nef. By multi-linearity again, it suffices to assume that all Ly, --- , L, are
isomorphic to the same adelic line bundle L on X.

Assume that L is represented by a Cauchy sequence £ = (£, (X;, L;, £;)i>1)
in 7/DE(L{ Jmod- Here U is a quasi-projective model of X over k, and each £;
is nef on X;. We further assume that for each ¢ > 1, there is a morphism
¢; © Xi — A extending the identity morphism of U. Here (X, &) is a
boundary divisor. Denote X; = X, g, which is a projective model of X over
K.

The weak convergence formula gives, for any f € C.(X2"),

1—00
an an
X3 Xi,v

See §3.6.6 for more details. As X; is projective over K, the right-hand side
is equal to the integration defined by global intersection numbers by [CL,
]. It suffices to extend this formula to the case f = 1.
Denote by g, > 0 the Green’s function of & on Xy For any m > 1,
define a continuous and compactly supported function f,, : X§% — R by

(1) fule) = 1if Gol) < m;

(2) fo(x)=m+1—g,(x)if m <g,(x) <m+1;
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(3) @) = 0if Gul) = m + 1.

Then f,, increases to the constant function 1 on X7". We have

/ cl(f)ﬁz lim fmcl(f)ﬁz lim lim fmcl(zz):}
Xan

m—00 an mM—00 1—00 an
X’U Xi,'u

The first equality follows from Lebesgue’s monotone convergence theorem,
and second equality holds by viewing f,, as an element of C.(X2"). Then it
suffices to prove

lim lim (1= f)er (L) = 0.

m—00 1—00 xan
1,V

By definition, 0 < 1 — f,, < g,/m everywhere on X?". Therefore, it suffices

to prove ¢7gyc1(L;)y is bounded above as i varies.
Xan
By the global intersection formula of Chambert-Loir and Thuillier in [T
Thm. 1.4],

Here H, is the horizontal part of ¢;D, as an effective divisor on A&;. As
L; is nef, D is effective, and gy > 0, every term on the right-hand side is
non-negative. This gives

¢1g0 c1(Ly)y < L7 - ¢7D.

an
Xi,v

The right-hand sides converges to L" - D by Proposition 4.1.1. This finishes
the proof. O

Remark 5.4.5. In Lemma 5.4.4, the result is local at the place v, but the
condition assumes that the adelic line bundles come from a global field. This
global assumption seems strange, but gives us convenience to bound local
integrals by global intersection numbers. In a recent work, Guo [GGuo] proves
the volume formula by local methods, and thus removes our global assump-
tion.
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5.4.6 Equidistribution theorem in the relative situation

Inspired by an original idea of Moriwaki | |, we generalize Theorem 5.4.3
to equidistribution of directionally small points in the relative situation. The
statement is closely related to the fundamental inequality in Theorem 5.3.2.
The key is still the variational principle of | , | and the bigness result
in Theorem 5.2.2. The theorem is as follows.

Theorem 5.4.6 (equidistribution in the relative case). Let k be either Z or
a field. Let K be a number field if k = 7Z; let K be the function field of one
variable over k if k is a field. Let m: U — V be a flat morphism of relative
dimension n of quasi-projective varieties over K. Set d to be dimV + 1 if
k=727, setd to be dimV if k is a field. Let X — Spec F' be the generic fiber
of U —=V.

Let H be an element of Plc(V/k)nef satzsfymg the Moriwaki condition that
H isnef, H =0 and H%' > 0. Here H is the image of H in Plc(V/K)nef

Let L be an element of PlC(U/k:)nef such that degz(X/F) > 0. Here L is
the image of L under the canonical composition

Pic(U/k)net — Pic(X/k)net — Pic(X/F)pet.

Let {2} be a generic sequence in X (F) such that hg(xm) converges to
hg(X). Then for any place v of K, there is a weak convergence
1 — 1
——— Oy (TH) T — —————
Jeglam) e T HIT = G TP

of measures on U. Here A(x,,) C U denotes the Zariski closure of the
image of Ty, in U, and Oa(s,,)» denotes the Dirac current of A(xm)%?v m
Uz,

ci(L)pey(m H)!

In the theorem, the weak convergence means that

1 / «FF\d—1 1 - “FF\d—1
— fa(@H) — —/ fa(L)re(n*H)S
deg(Tm) J Az (" H) deg7 (X/F) Jyan i(L)yer(mH)

Ky

for any continuous and compactly supported function f : U™ — R. Here the
measures are defined in §3.6.7.

The prototype of the theorem is | , Thm. 6.1], which proves the
equidistribution at archimedean places with the additional assumption that
U — V is projective and the metric of L is smooth and strictly positive (at
archimedean places).
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Proof. The proof is a hybrid of the proofs of Theorem 5.4.3 and Theorem
5.3.2. As in_the proof of Theorem 5.4.3, let M be an element in the kernel
of the map Pic(X/k)in — Pic(X/K)in. Let € be a nonzero rational number.
The key is the claim that
MU(X, L+ eM) > W, (X)+0(), e—0.
Let us first see how the claim implies the equidistribution theorem, fol-
lowing the proof of Theorem 5.4.3. In fact, the claim gives

-n d—1
. M-L -H
hmni)lolgfehﬁ(xm) > EW + O(€%).
Then this implies
M-T"-HT

t o) = S
As in the proof of Theorem 5.4.3, it further implies the equidistribution
theorem by taking M to be the trivial bundle on U with metrics given by
model functions.

Now we prove the claim. The proof is similar to that of Theorem 5.3.2, but
more delicate due to the extra term eM. As in that proof, let N € Pic(B/k)qg
be an element of degree 1. Here if k = Z, then B = Spec Ok and further
assume that N comes from the pull-back of Pic(Z)g; if k is a field, then B is
the unique projective and regular curve over k with function field K.

We make two convenient assumptions. First, assume that ¢ > 0, which
can be achieved by replacing M by —M if necessary. Second, assume that
" H" > 0. This can be achieved by replacing L by L + N, which does
not affect the inequality we want to prove.

Denote L' = L — ¢N with ¢ € Q. We still have

M(X, T+ eM) = M{(X, T+ €M) = hil, (X) =l _(X)=cH"".
It suffices to prove that
-, _
NT(X,T + €M) — b (X) = O(e)

for some rational number c.
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Write M = A — B for nef adelic line bundles A, B on X. Denote by
Ly, My, Ag, B the images of L, M, A, B in Pic(X/K). Note that Mg = 0
by assumption. In the following, take

T+ A H ' —n+ )T+ A" B-H

c=ce) = — —d(e),
() (n+1)(L")(HT) o

where ¢ : Q-9 — R is a fixed function such that 0 < §(e) < ¢* and such that
c(e€) is always a rational number. For this choice of ¢, we will check that

H
h’f/ —I—eM

(X) =0(e")

and L
M(X,L +eM) > 0.
This clearly implies the claim.
By definition, it is easy to have

cle) = (Z—I—GMYH 'Nﬁdil O(e2).
= @@ O

This implies

hE, _(X)=h

T +eM L+eM

(X)—cH*™ = 0(e).

It remains to prove B
A(X, T + €M) > 0.

The assumption ' =0 still implies that
MNU(X,T + €M) = \I(X, L + €M + mH)
for all rational numbers m. Then it suffices to prove
MNUX, L' +eM +mH) >0
for some m. As in the proof of Theorem 5.3.2, it suffices to prove
\751(5/ +eM +mH) >0
for sufficiently large m.
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Now we estimate ;c?l(fl +eM +mH) for m > 0. Note that c(e) > 0 when
€ is sufficiently small, due to the assumption a0 By Proposition

5.2.3,

—

vol(Z' + €M +mH) > vol(L + €M +mH) — (d + n) c(e) vol(Lx +mH).
Write - L o o
L+eM+mH = (L+eA+mH)— (eB),
and apply Theorem 5.2.2 to the above terms. We have
@(Z’ +eM +mH)
> (L+eA+mH)"™" — (d+n)(L+eA+mH)"" . B
—(d+n) c(e)(Ti +mH)* ",

By the assumption " = 0, the right-hand side is a polynomial in m of
degree at most d — 1, and the coefficient of m?~! is equal to

d — = a1 d -1\ - - —a-1 =
(dtD(LjLeA)”“Hd 1—(d—|—n)( ;ﬁl >(L+EA)”.Hd LB

~ @ ()" )@@,

d
This is exactly the product of ( d+ ?;) with

T+ A H ™ —(n+ )T+ A" H B — (n+ 1) cle)(L)(H).
It is strictly positive by the definition of ¢(¢). This finishes the proof. O

Remark 5.4.7. Note that Conjecture 5.4.1 can be viewed as a fiberwise version
of Theorem 5.4.6. We expect that Theorem 5.4.6 implies Conjecture 5.4.1,
while the obstruction is some complicated regularization processes.

5.5 The Hodge bundle

In §2.6, we have introduced the example of Hodge bundles and mentioned
that it naturally defines an adelic line bundle. The goal of this section is to
state the result precisely and give a proof.
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5.5.1 Hodge bundle for a general family

Recall from §2.6 that S is an integral projective scheme over Z or Q, and
m: X — S is a principally polarized abelian scheme of relative dimension
g. Recall that w(S) = e*Q*‘;(/S is the Hodge bundle on S, and the Faltings
metric || - ||ga of w(S) on S(C) is defined by integration. Our precise theorem
is as follows.

Theorem 5.5.1. There is a canonically defined adelic line bundle w(S) on
S/Z which extends the pair (w(S), || - ||ra1). Moreover,

hm(s) = hFal(Xs)a Vs e S(@)

Here we explain some terms of the theorem. First, that (—S) extends
(w(S), || - ||lra) means that the underlying line bundle of w(S) is w(S), and
that the metric of w(S) on S(C) induced by w(S) (via Proposition 3.5.1) is
equal to || - ||fa- -

Second, by restriction, w(S) induces an adelic line bundle on Sg, and thus
defines a height function Ay - So(Q) — R.

Third, the stable Faltings height hp,(Xs) of the abelian variety X over
Q associated to y is defined as follows. Note that X, descends to an abelian
variety G over a number field K with semi-abelian reduction. Then we define
the stable Faltings height by

hrat(Xs) = f@wwmm

1
(K :Q
Here wg = eEQg JOx is the Hodge bundle of the Néron model G of G over Oy,

where eg : Spec O — G is the identity section, and || - ||ga is the Faltings
metric of wg defined by

g
|wa:L/ anG
29 Ja, (0

for any embedding o : K — C and any element « of
wg ®; C = T(Go(C), Q% ¢)/c)-

The definition is independent of the choice of (G, K).
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5.5.2 Hodge bundles for moduli spaces

Theorem 5.5.1 is implied by a similar result for the minimal compactification
of the coarse moduli scheme of abelian varieties. To introduce it, we will
start with many constructions by Faltings—Chai [F'(']. We will eventually
only work on schemes, but the construction is easier to describe in terms of
stacks.

Denote by A, the moduli stack of principally polarized abelian varieties
over Z. It is a smooth Deligne-Mumford stack over 7Z, endowed with a
universal abelian scheme X, — A,. Denote by Aj the coarse moduli scheme
of A,, which is a flat and quasi-projective integral scheme over Z.

By [F'C, IV, Thm. 5.7], there is a toroidal compactification .Agor of A,
(by choosing a suitable combinatorial datum), which is a proper Deligne-
Mumford stack over Z containing A, as an open and dense substack. More-
over, the universal abelian scheme X, — A, extends to a semi-abelian scheme
A0 — AL

In terms of the universal abelian scheme (resp. semi-abelian scheme), we
have a Hodge bundle w(Ay) on A, (resp. w(A") on A;") defined similar to
the Hodge bundle w(S) on S.

By [FC, V, Thm. 2.3], there is a minimal compactification Aj of the
coarse moduli scheme A. It is a normal projective scheme over Z defined by
contracting A;OT via linear systems associated to w(Azor). As a consequence,
the Hodge bundle w(A;") descends to a Q-line bundle w(A%) on A?. In fact,
w(A?) is just m~'L in the notation of [F'C), V, Thm. 2.3], so it is indeed a
Q-line bundle. Denote by w(Aj) the restriction of w(A?) to AY.

Note that (A;,w(Aj)) is constructed by choosing a toroidal compactifi-
cation, but the final result does not depend on the choices.

Since Aj is the coarse moduli scheme, any point y € A (C) corresponds
to a complex abelian variety G. Then the fiber w(A})(y)®™ is canonically
isomorphic to the m-th tensor power of the Hodge bundle of G/C. Then the
integration on G(C) as before induces a Faltings metric | - ||pa of w(A3)(y).
Varying y, we obtain a Faltings metric || - [|pa of w(A}) on A7 (C).

Consider pair (w(A}), [ - |lpa). It is similar to the original pair (w(S),|| -
[|Fa1), but it has the huge advantage that A’ is projective over Z. In particu-
lar, (w(A3), || - [[Fa1) induces a metrized line bundle w(A;)r_an in Pic(A;™")g
with underlying Q-line bundle w(A}).

The following is an analogue of Theorem 5.5.1, which is still based on the
analytification functor in Proposition 3.5.1.
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T-Q

Theorem 5.5.2. The metrized Q-line bundle w(A}) " in 7/3E(A’gr'“")@ is
the image of a unique adelic Q-line bundle w(A)) in 7/31\0(A;/Z)Q via the

analytification functor. Moreover, for any y € A,(Q) corresponding to an
abelian variety G over Q, we have hory(y) = hra(G).
g

Proof. Let A%* — A% be the blowing-up of A} along the boundary A7 \ Aj .
The exceptional divisor £ can be extended to a boundary divisor (€, g¢) on
A5*. Let w(A3) be the pull-back of w(AY) to Ay*. Tt suffices to consider the
pair (A7), - lrw).

By [FC, V, Def. 4.2, Rem. 4.3, Prop. 4.5], the metric || - ||pa has loga-
rithmic singularities along the boundary £(C). Namely, take any hermitian
metric [ - | of w(A;*) on AZ*(C). Denote

f="log(|l - llear/ Il - 1)

which is a continuous function on A} (C). Then the logarithmic singularity
means that

|f| < clogge
over A**(C) for some constant ¢ > 0.

The “arithmetic divisor” (0, f) is a natural element of 5;7(.,4’9) This is
an example of the local theory in §3.6. In fact, by Theorem 3.6.4, for any
real-valued continuous function f on Aj (C) which grows as o(ge) along £(C),

the pair (0, f) lies in f)E(A;) The theorem is stated in the local setting (over
C), but its proof holds for the global (0, f) (over Z) since the only problem
appears at the archimedean places.

Therefore, we have proved that the metrized Q-line bundle w(A_ﬁ])r_an

comes from an adelic Q-line bundle w(A}) on A7.

It remains to prove the identity hm(y) = hpa(G) for y € AL(Q). In
fact, we can assume that y corresponds to a point y : Spec K — A, for a
number field K. This induces a point y : Spec K — Agor on the proper stack
Azor over Z. By the properness and the valuative criterion, by enlarging K
if necessary, we can assume that y : Spec K — Agor extends to a morphism
§ : SpecOg — Ay". Via the universal semi-abelian scheme A" — A",
we obtain a semi-abelian scheme G = gj*thor over Ok. The generic fiber G
is a descent of the abelian variety G to K. By this, we see that hpa(G) is
equal to Ee\g(g*(w(Agor), Il - [|[Fa1))/[K : Q. Here the Faltings metric || - ||ga of
w(A¥") on Ay(C) is defined by integration as before. By the compatibility
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of the Hodge bundles, (w(Ay"), || - [lra) can be changed to (w(A3), || - [|rar)-
This finishes the proof. O

Once we have Theorem 5.5.2, the proof of Theorem 5.5.1 is immediate.
In fact, the family X — S induces a moduli morphism S — A,. Composing
with the canonical morphism A, — A, we obtain a morphism S — A7.
Then w(S) is just the pull-back of w(Aj) to S. This pull-back is a priori only
an adelic Q-line bundle, but it is uniquely realized as an adelic line bundle
since the underlying line bundle w(.S) is an integral line bundle on S.

6 Algebraic dynamics

In this section, we first develop a theory of admissible adelic line bundles for
polarized algebraic dynamical systems over finitely generated fields, following
the idea of | , |. Then we generalize the arithmetic Hodge index
theorem of Faltings [FFall] and Hriljac [Hri] to projective curves over finitely
generated fields.

To work with adelic Q-line bundles on flat and essentially quasi-projective
integral schemes X over k, we recall the definitions of Plc(X / k:)Q, Plc(X /K )int.Q
and PlC(X/k’)Q nef 10 §2.5.6. Recall the categories Plc(X/k‘)Q, Plc(X/k)mt@

and 'PlC(X /k)gner defined similarly.

6.1 Invariant adelic line bundles

Let (X, f, L) be a polarized dynamical system over an integral scheme S, i.e.,

(1) X is an integral scheme projective and flat over S;
(2) f:X — X is a morphism over S;

(3) L € Pic(X)g is a Q-line bundle on X, relatively ample over S, such that
f*L ~ gL for some rational number ¢ > 1.

We refer to | , §1.7] for relative ampleness. In particular, | , Thm.
1.7.8] asserts that a line bundle on X is relatively ample over S if and only
if it is ample on every fiber of X over S.

If S is the spectrum of a number field, Zhang | ] applied Tate’s limit-
ing argument to construct a nef adelic Q-line bundle ff extending L and with
f*L § qu The goal here is to generalize the result to finitely generated
fields or even essentially quasi-projective schemes S.
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6.1.1 Invariant adelic line bundle

Let k be either Z or a field. Take the uniform terminology in §1.6. Let S be a
flat and essentially quasi-projective integral scheme over k. Let (X, f, L) be
a polarized dynamical system over S. Fix an isomorphism f*L — ¢L with
q > 1 by assumption.

Choose a projective model 7 : X — § of X — S| i.e., a projective model
S of S over k and a flat morphism 7 : X — S of projective varieties over k
whose base change by S — § is isomorphic to X — S. Choose a hermitian

Q@-line bundle £ = (L, || - ||) on X such that (Xs, L) ~ (X, L).

For each positive integer ¢, consider the composition X Lx 5 ox
Denote the normalization of the composition by f; : X; — X, and denote
the induced map to S by m; : X; — S. Denote £; = ¢~*f L, which lies in
Pic(X))q.

The sequence {(X;, £;)}i>1 is an adelic sequence in the sense of Moriwaki
[ , 83.1]. In our setting, we will complete the datum to an adelic line
bundle Ly = (Ly, (X;, L;, £;)i>1) for a quasi-projective model U of X over k.

In fact, there is an open subscheme V of § containing S, such that & = &),
is projective and flat over V), and that f : X — X extends to a morphism fy :
U — U and such that the isomorphism f*L — gL extends to an isomorphism
Ly — gLy in Pic(U)q. By the construction, we make identifications X}, =
Xy =U and £z|Z/{ = ,Cm;.

Start with the isomorphism

I EV — qilf{zﬁv

in Pic(U)q. By applying ¢~ f3; to £ successively, we obtain canonical isomor-
phisms

Ly — ¢ Ly — () Ly — - — a7 () Ly
in Pic(U)q. This induces an isomorphism
i Ly — Ly
in Pic(U)q by the identification L;y = ¢~*(fy;)'Ly. Then we have introduced
every term in (Ly, (X5, Li, 4;)i>1).

Note that if S is already a quasi-projective variety over k, then we can
simply take (U, V) = (X,S). This is the essential case of the result.

191



Theorem 6.1.1. Let k be either Z or a field. Let S be a flat and essentially
quasi-projective integral scheme over k. Let (X, f, L) be a polarized dynamical
system over S. Fiz an isomorphism f*L — qL in Pic(X)q with ¢ > 1.

The above sequence (Ly, (X;, L, {;)i>1) converges in ﬁ(lx[/k)@, and thus
defines an object Ly of TDE(X/k)Q The adelic line bundle Ly is uniquely
determined by (S, X, f, L)/k and f*L — qL up to isomorphism, and satisfies
the following properties.

(1) Ly is f-invariant in the sense that f*L; ~ qL; in 7/3E(X/k:)@

(2) Ly is nef in 7/71\C(X//<:)Q If S has an affine quasi-projective model over
k, then Ly is strongly nef in Pic(X/k)q.

(3) If furthermore L € Pic(X) (instead of Pic(X)g) and q € Zsy with
f*L ~ qL in Pic(X), then all the results hold in Pic(X/k) (instead of
Pic(X/k)g).

Proof. We first prove the existence of the limit. By blowing-up S along S\ V
if necessary, we can assume that there is a boundary divisor (S,&) of V.
Then we get a boundary divisor (X, 7*&,) of U.

View the isomorphism ¢ : £y — ¢ 1f5;Ly as a rational map £ --» L;.
This defines a model adelic divisor CTR/(E) in BE(Z/{ /k)mod,p Whose image in
Div(U) is 0. Then there exists 7 > 0 such that

—T’ﬂ'*go < d/.l;'(e) < 7”7'('*?0

holds in ﬁ(“)mod,@. The existence of r can be seen in the comparison of
the boundary norms in the proof of Lemma 2.4.1.

By construction, the isomorphism ;410 L. Liy — Liy1y is obtained
from ¢ : Ly — ¢ 'fyLy by applying (¢ 'f3)". Accordingly, the rational
map &-Héi_l : L; —-» L;41 is obtained from the rational map ¢ : £ --» L,
by “applying” (¢~'f*)’. The situation can be conveniently described by the
analytification functor in Proposition 3.4.1 or the Zariski—-Riemann space in
§2.6.4, but we give a precise description in terms of projective models of U
as follows.

Write &y = X and £, = L for convenience. There are projective models
Y and Y1 of U over k, together with morphisms

=X, V=X, T Vi — & T*/+1 Vg1 = X

]
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extending the identity morphism & — U, and a morphism
gi: Viy1 = N1

extending the morphism f}, : & — U. Then the rational map ¢ : Lo --+ L4
is realized as a rational map ¢’ : T{*ZO — Tl*Zl over Yi; the rational map
Cial;t 2 L; —-» Ly is realized as a rational map ((;16; ") : 7/5,L; —
T;:rlzi_H over V;11. The second rational map, including its source and its
target, is obtained by applying ¢ 'g} to the first rational map via g; : V; 11 —
V1. As a consequence, we have

div((lia 7)) = g grdiv(¢)

in Div(yiﬂ)@.

Denote by 77 : Yy — S and 7}, : Vi1 — é\ the structure morphisms.
Note that g;77"Eq = 7}, Eo is equal to 7&( in Div(U )mod,- We obtain
T e T _

—Eﬂ' Eo < div(l;1f; h <

71'*50

N

holds in m(U)mod,@. As a consequence, {(Ti?/(&fl_l)}izl is a Cauchy sequence
in BR/(U)mod,@.

This finishes the existence of the limit. The independence of the limit on
the auxiliary data can be proved similarly, so we omit it. It remains to treat
the nefness of L; on X.

At the beginning of the construction, if we are able to choose (X, £) such
that £ is nef on X, then ff is strongly nef by definition. This happens if S
has an affine quasi-projective model V over k. In fact, in this case, we can
assume that S is an open subscheme of V, and then relative ampleness of L
on S implies the ampleness of L on X, so we can choose (X, L) such that £
is nef.

However, such (X, £) might not exist in general, and we will have to make
a slightly weaker choice. Namely, we claim that there is a projective model
7:X — Sof X = S over k, together with a hermitian Q-line bundle £
on X extending L and a nef hermitian Q-line bundle M over S, such that
L =L+ Misnefon X.

To prove the claim, by taking a sufficiently small quasi-projective model
of X — S over k, we can assume that S is quasi-projective over k. Since L
is relatively ample, there is an ample line bundle M on S such that L+ 7n*M
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is ample on X. Take a tensor power of L + 7*M, use it embed X into PY,
and take the Zariski closure of X. Then L+ 7*M extends to an ample Q-line
bundle £’ on a projective model X of X over k. Extend L to a nef hermitian
line bundle £ on X. Similarly, using a tensor power of M to embed S into
Py " and taking the Zariski closure, we have a projective model S of S such
that M extends to a nef hermitian line bundle M on S. The rational map
X --+ S extends to a morphism 7 : X — S by blowing-up X, and we
can further assume that X — S is ﬂat by the Raynaud Gruson ﬂattemng
theorem in [RC:, Thm. 5.2.2]. Finally, we set £ = £ — 7*M. This proves
the claim.

Now we prove that L; is nef. Let Ly = (Ly, (X;, £;, £;)i>1) be constructed
using the new pair (X, £) as in the claim. Note that L = L+n"M is nef on
X. Then L; + ¢~'m;M = ¢~ f#L is nef on X; for any i > 1. It follows that
for any positive integer a, the line bundle Litva+q %" M is nef for any ¢ > 1.
View Lf as the limit of (EV, (X, ivar Liva,liva)i>1). We see that Zf +q M
is strongly nef. This proves that L ¢ is nef. O]

For the uniqueness of ff, we actually have the following result. For
convenience of applications, we do not require L to be ample.

Theorem 6.1.2. Let k be either Z or a field. Let X and S be flat and
essentially quasi-projective integral schemes over k. Let m : X — S be a
projective and flat morphism with geometrically connected fibers. Let f :
X — X be a morphism over S. Let L € Pic(X)g be an element such that
f*L = qL in Pic(X)g for some rational number ¢ > 1. The following are
true:

(1) There exists a unique preimage L of L under the map Igi\c(X)@ — Pic(X)g
such that f*L = qL in Pic(X)q.

(2) If f' : X — X is a morphism over k such that f'f = ff and that
f*L = q¢'L in Pic(X)q for some rational number ¢’ # 0, then the adelic

line bundle L defined in (1) satisfies f*L = ¢'L in Igi\c(X)@.

Proof. Note that (1) implies (2). In fact, f'f = ff’ implies f*(f*L) = qf"L.
Then L = ¢~ f"L is an extension of L with f*f/ = qf/. By the uniqueness
in (1), we have L' = L. This proves (2).

For (1), the existence of L is the similar to Theorem 6.1.1. For the
uniqueness, we can assume that L = Oy is the trivial line bundle.
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By Proposition 3.4.1, there is a canonical injection
Pic(X/k)g — Pic(X™)g.

As L = Oy, the image of L in lsij(X an)o is represented by an element (0, g) of
Div(X®")g, where the underlying divisor is 0 on X, and the Green’s function

g is actually a continuous function on X*". The condition f *L = gL implies
in Div(X?")

m(0, f*g — q9) = (div(a), —log|al]), «a € k(X)*, meZ, m#0.

This implies div(a) = 0 on X, and thus « lies in I'(X, O%) = I'(S, OF).
As a result, the difference

. 1
79 —q9=——1log|a|
m

is constant on every fiber of X** — S%".

Let v € S* be a point with residue field H,. The fiber X" of X"
above v is exactly the Berkovich space associated to Xy, over H,. We have
that f*g — qg = ¢, is constant on X?". Denote by gmax and gmi, the global
maximal value and the global minimum value of the continuous function g on
the compact space X2". Note that f : X7 — X3" is surjective. The relation
79 = qg + ¢y giveS Gmax = QGmax + ¢, and thus gn.x = —c,. Similarly,
Gmin = —Cy. This forces gmax = gmin and thus g is constant on X2".

As a consequence, f*g = g on X*". The original equation gives

m(1 = ¢)(0,g) = (div(a), - log|af).

Then L is 0 in P/’1\C(X/k:)@ This finishes the proof. O

6.1.2 Abelian schemes

The most important example of the above construction is for abelian schemes.
In this case, we can prove that the adelic line bundles Ly in Theorem 6.1.2
is actually integrable (without assuming that L is relatively ample.)

Theorem 6.1.3. Let k be either Z or a field. Let S be a flat and essentially
quasi-projective integral scheme over k. Let m : X — S be an abelian scheme
with the identity section e : S — X. Let L be a line bundle on X with a
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rigidification, i.e., an isomorphism e*L — Og. Assume that [—1]*L ~ €L for
some € € {£1}.

Then there is an adelic line bundle L on X extending L satisfying [2]* L ~
4L fore =1 and [2]*L ~ 2L for e = —1. The adelic line bundle L is uniquely
determained by the rigidification.

Moreover, L is always integrable. For any integer m, [m]*L ~ m?L if
e=1; and [m]*L ~mL if e = —1.

Proof. Set @ = 2 for the symmetric case ¢ = 1, and ¢ = 1 for the anti-
symmetric case ¢ = —1. Note that [~1]*L ~ eL implies that [m]*L ~ m'L.
In fact, we first see that [m]*L — m’L is trivial on fibers of 7 : X — S, and
thus is isomorphic to 7*M for some M € Pic(S). But M is trivial by the
rigidification.

The rigidification determines a unique choice of an isomorphism [2]*L —
2'L. Apply Theorem 6.1.2(1) to the dynamical system (X, [2], L) over S. We
obtain a unique adelic line bundle L on X extending L such that [2]*L ~ 2'L.
Moreover, Theorem 6.1.2(2) implies [m]*L ~ m'L.

It remains to prove that L is integrable. In the case e = 1, if L is relatively
ample, then L is nef by Theorem 6.1.1. In the case ¢ = 1 for general L,
we can write it as the difference of two relatively ample line bundles with
rigidification, and then the integrability still follows.

Assume € = —1 in the following. Let XV — S be the dual abelian
scheme of X — S. Let P be the Poincare line bundle on X xg XV, with a
rigidification along the identity section of X x g X" — S. Then L corresponds

to a section o : S — XV in the sense that L ~ (id, o o m)*P. Here (id,o o)

id,o
is the composition X — X xg .5 (—>) X xg XV,

For any m € Z, denote by
[m]:XXSXV —>X><5Xv

the (total) multiplication of the abelian scheme X xg X" over S, and denote
by
[m]':X szv — X XsXV

the (partial) multiplication of the abelian scheme X xg¢ XY on XV. By the
universal property, [—1]*P ~ P and [—1]"*P ~ —P. Then there is a unique
adelic line bundle . P in Pic(X xg X" /k) extending P with [2]*P ~ 4P. It
further gives [2]*P ~ 2P by Theorem 6.1.2(2). Moreover, P is integrable by
the case e = 1.
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Finally, under L ~ (id, o o 7)*P, we have L := (id, o o 7)*P extends L
and satisfies [2]*? ~ 2T . 1t follows that I~T by the uniqueness. Finally,
L is integrable since so is P. This finishes the proof. ]

6.1.3 Canonical height

Let k£ be either Z or a field. Let F' be a finitely generated field over k. Let
(X, f, L) be a polarized dynamical system over F.

By Theorem 6.1.1, there is an f-invariant line bundle L in P/)I\C(X /)@ nef-
For any closed F-subvariety Z of X, define the vector-valued canonical height
of Z as .

bs(Z2) =b1s(Z) := bz, (Z) € Pic(F/k)umo-

It gives a map by : | Xz — f’i}(F/k)int,@.
We can also define the canonical height by Tate’s limiting argument:

05(Z) = lim bz (/™(2)).

m—0o0 q
Here (X, £) is any initial model of (X, L) as in the construction of L; above.

Then one can check that it is convergent in lsl\(i(F /k) and compatible with
the previous definition.

Proposition 6.1.4. Let Z be a closed subvariety of X. Then the following
are true:

(1) The height b¢(Z) lies in ].:/)-i\C(F/k:)Q’nef.
(2) The height is f-invariant in the sense that b;(f(Z)) = q by (Z).
(3) The height h;(Z) =0 in lsi\c(F/k)int if Z is preperiodic under f. Con-

versely, if bs(Z) = 0 (numerically trivial) and Z is a point, then Z is
preperiodic under f.

Proof. Since L; is nef, the height h;(Z) is nef. The formula h;(f(Z)) =
qhs(Z) follows from the projection formula in Lemma 4.6.1(4) and the in-
variance of Ly. Thus h;(Z) = 0 if Z is preperiodic under f. The second
statement of (3) follows from the Northcott property. O
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By choosing adelic line bundles Hy,--- ,Hy41 € 7/3E(F /k)Qnet, We can
form the canonical Moriwaki height

T (2) () e

It is a non-negative real number.

6.1.4 Néron—Tate height

Let k be either Z or a field. Let F' be a finitely generated field over k. Let
X be an abelian variety over F', f = [2] be the multiplication by 2, and L be
any symmetric and ample line bundle on X. Then the canonical height

b =brp : X(F) — Pic(F/k)gne

as a generalization of the Néron—Tate height, is quadratic in the sense that

~ -~

(x,9)r, = bz +y) — bo(z) — h(y)

gives a bilinear map
X(F) x X(F) — Pic(F/k)m.o-

It can be proved by the theorem of the cube as in the classical case over
number fields. We refer to [Ser, §3.3] for the classical case, and omit the
proof in the current case.

6.1.5 Equidistribution conjecture of preperiodic points

Since all preperiodic points of a polarized dynamical system have height 0,
Conjecture 5.4.1 implies the following conjecture.

Conjecture 6.1.5 (equidistribution of preperiodic points). Let k be either
Z or a field. Let F be a finitely generated field over k. Let v be a non-trivial
valuation of F'. Assume that the restriction of v to k is trivial if k is a field.
Let (X, f, L) be a polarized dynamical system over F. Let {xmy}m be a generic

sequence of preperiodic points in X (F'). Then the Galois orbit of {xm,}m is
equidistributed in X3* with respect to the measure dpy, ¢,.
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Here X" is the Berkovich space associated to Xp,, where F, is the com-
pletion of F' with respect to v. The equilibrium measure is the Chambert-Loir
measure

1 .
d — L . dim X
//I/mev,u degL<X)Cl( 7” Hf,l))
over the analytic space X3", where | - ||;, is an f-invariant metric of L on

X" obtained by Tate’s limiting argument.
One can also formulate the consequence of Theorem 5.4.6 for preperiodic
points. We omit it here.

6.2 Heights of points on a subvariety

Let S be a quasi-projective variety over a number field K. Let (X, f, L) be a
polarized dynamical system over S. Let L; € P/)I\C(X )Jonet be the f-invariant
extension of L. Let Y be a closed subvariety of X. The goal of this subsection
is to explore properties of the height function

hg,  YV(E) —R.

We consider two special cases. If Y is a section, then we have a specialization
theorem. If Y is non-degenerate, then we have an equidistribution theorem.

The following exposition also works over function fields of one variables,
but we restrict to number fields for simplicity.

6.2.1 Height of specialization

Now we consider the variation of the height of a section specializing in an
algebraic family of algebraic dynamical systems.
Let S be a quasi-projective variety over a number field K. Let (X, f, L)

be a polarized dynamical system over S. Let L; € Pic(X)guet be the f-
invariant extension of L. Let ¢ : S — X be a section of 7 : X — S. Denote
the vector-valued height

M =y, (i) = i"Ly € Pic(S)qner-
This gives a height function
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For any point s € S (E ), denote by s’ the closed point of S corresponding
to s. Then i(s) € X(K) is actually a point on the polarized dynamical
system (Xy, fy, Ly) over s’. Denote by hy ; (i(s)) the canonical height of
i(s) with respect to the polarized dynamicai system (X, fo, Ly) over s
Now we have the following identity.

Lemma 6.2.1 (specialization). For any point s € S(K),

hz, , (i(s)) = hyz(s).

5/

Therefore, i(s) is preperiodic under f if and only hyz(s) = 0.

Proof. By definition, the fy-invariant extension of Ly on Xy is exactly
Ly¢|x,. Then hgz(s) is the normalized degree of the pull-back of L; via
the composition s — S — X, and hy ; (i(s)) is the normalized degree of

the pull-back of L; via the composition s — Xy — X. Then both terms
are equal to hy (i(s)). O

If X is a family of elliptic curves over a smooth curve S over K, a similar
height identity was obtained by DeMarco-Mavrak [D)\, Thm. 1.1]. Their
approach was very different and their result is stronger in this case. In fact,
they proved that there is an adelic line bundle M on the unique smooth
projective model 5" of S over K such that hgp(s) = hy (i(s)) for any s €
S(K). In other words, their result implies that our M lies in the image of
f/)i\c(sl)(@,nef — 1j/)i\C(S)Q,nef-

As the work of [D)] is a refinement of the specialization theorem of Tate
[Tat] and Silverman [Si12, : ] for elliptic surfaces, our height identity
can be viewed as a generalization and new interpretation of the specialization
theorem for families of algebraic dynamic systems.

6.2.2 Non-degenerate subvarieties

Let S be a quasi-projective variety over a number field K. Let (X, f, L) be
a polarized dynamical system over S. Let Y be a closed subvariety of X.
Let Ly € Pic(X)gnet be the f-invariant extension of L. Denote by

M = Zf|y
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the image of Zf under the pull-back map
Pie(X/Z)guner — Pic(Y/L)g e,
and denote by M the image of M under the canonical composition
Pic(Y/Z)guet — Pic(Y/Q)gumet — Pic(Y/K)gner-

Note that the last arrow is an isomorphism. We refer to §2.5.5 for the defi-
nitions of these maps. By nefness, both self-intersection numbers

d/e\gM(Y) _ MdimY"rl’

deg(Y) = MAimY
are non-negative. .
We say that Y is non-degenerate in X if degg7(Y) > 0. As M is nef on

Y, the condition is equivalent to that M is big on Y. Another related result
is Lemma 5.4.4, which asserts that, for any embedding o : K — C,

degr(v) = [ a@i.
+(C)

So Y is non-degenerate if and only if the measure ¢, (Zf)gimy|ya((c) is nonzero

on Y, (C). The same result holds over non-archimedean places.

If X — S is an abelian scheme over a smooth variety .S over K, in terms of
Tate’s limiting argument, ¢;(Ly), defines a semipositive smooth (1, 1)-form
on X,(C). In particular, it is the Betti form as defined in | , §2]. By
[ , Prop. 2.2, ¢;(L;)3mY is non-zero on Y, (C) if and only if the Betti
map Y,(C)y — (R/Z)?* has a full rank at some point of Y, (C)y for some
simply connected open subset of S,(C). Strictly speaking, the Betti form in
[ , Prop. 2.2] is the one comes from a principal polarization (instead of
a general L), but Betti forms of any two relatively ample line bundles can
bound each other by positive constant multiples. Therefore, our definition of
“non-degenerate” agrees with that of the loc. cit., and generalizes to families
of algebraic dynamical systems.

Now we have the following theorem, which generalizes [GH, Thm. 1.4]
and | , Thm. 1.6] from abelian schemes to dynamical systems. Our proof
follows the idea of | |, but is simplified significantly by our new notion
of adelic line bundles.
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Theorem 6.2.2 (height inequality). Let S be a quasi-projective variety over
a number field K. Let (X, f, L) be a polarized dynamical system over S. Let
Y be a non-degenerate closed subvariety of X over K. Let B € ﬁi\c(S)Q be
an adelic Q-line bundle on S. Then for any ¢ > 0, there exist € > 0 and a
Zariski open and dense subvariety U of Y such that

hr,(y) = chg(n(y)) —c. Yy e UK).
Here m: X — S denotes the structure morphism.

Proof. Apply Theorem 5.3.5(2) to the morphism Y — S and the adelic line
bundles L¢|y and M. O

6.2.3 Equidistribution theorem over non-degenerate subvarieties

Restricted to the setting of non-degenerate subvarieties, we get a special
example of Theorem 5.4.3.

Theorem 6.2.3 (equidistribution over non-degenerate subvarieties). Let S
be a quasi-projective variety over a number field K. Let (X, f,L) be a po-
larized dynamical system over S. Let Y be a non-degenerate closed subva-
riety of X over K. Let {ym}m>1 be a generic sequence of Y (K) such that
hzf(ym) — 0. Then for any place v of K, the Galois orbit of {Ym }m>1
15 equidistributed over the analytic space Y™ with respect to the canonical
measure djg | .-

The theorem generalizes [D )\, Cor. 1.2], which treats the family of elliptic
curves described above. If X — S is an abelian scheme, the theorem confirms
the conjecture (REC) of Kiihne [I[<uh], and our proof is independent of the
slightly weaker version in [[KXuh, Thm. 1]. The proof of [IX1h] is a limit version
of the original proof in | ] and uses a result of Dimitrov—Gao—Habegger
[ ] for uniformity in the limit process.

Note that the existence of the sequence {y,, }m>1 implies hg7(Y) = 0 and
thus geTgM(Y) = 0, as a consequence of Theorem 5.3.3. In the following,
we make some remarks on the existence of Y satisfying the condition of the
theorem.

First, the non-degeneracy of Y is easy to check if dimY = dim S = 1.
In fact, in this case, it becomes deg(M) > 0, and deg(M) is exactly the
canonical height E(Yn) of the closed point Y, with respect to the polarized
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dynamical system (X, f,, L,) over the generic point 7 = Spec K(S) of S.
For example, if X is a family of abelian varieties over S with trivial K(S)/K-
trace, then ﬁ(Yn) = 0 if and only if Y, is torsion in X, (n). See [Con, Thm.
9.15] for example.

For an abelian scheme X — S of relative dimension g with a high-
dimensional base S, there are natural generalizations of the above situation
by André-Corvaja—Zannier | ] and Gao | ]. Namely, by | , Thm.
2.3.1, Prop. 2.1.1] and | , Thm. 9.1], a closed subvariety Y of X is non-
degenerate and contains a Zariski dense set of torsion points if the following
conditions hold:

(1) dim S = g;

(2) the morphism from S to the moduli space of abelian varieties of dimen-
sion g (with a polarization of degree equal to deg(L,)/g!) is generically
finite;

(3) X is simple over the algebraic closure of the function field of S;
(4) Y is a non-torsion section of X — S.

Contrary to the case g = 1, the result does not hold if we change condition
(3) to the statement that X has a trivial K(5)/K-trace by Gao | , Thm.
1.4(ii)].

6.3 Equidistribution of PCF maps

In this subsection, we consider equidistribution of post-critically finite en-
domorphisms on P", as another application of the equidistribution theorem
(Theorem 5.4.3). The equidistribution fits perfectly to the setting of the dy-
namical Andre-Oort conjecture of Baker-DeMarco [BD, Conj. 1.10]. Our
treatment plays a crucial role in the recent solution of the dynamical Andre—
Oort conjecture for 1-dimensional families by Ji—Xie [JX].

We will only write the case of number fields, though some of the results
also hold over function fields of one variables.

6.3.1 Post-critically finite maps

Let f : P" — P" be a finite separable morphism over a field. Assume that
its algebraic degree d (defined by f*O(1) ~ O(d)) is strictly larger than 1.
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Denote by R(f) the ramification divisor (or critical locus) of f in P}, whose
definition will be recalled below in the family version. The morphism f is
said to be post-critically finite (PCF) if every irreducible component of R(f)
(with reduced structure) under f is preperiodic.

Let S be a smooth and quasi-projective variety over a number field K.
Let X = PP§ be the projective space over S, and let f : X — X be a finite
morphism over S of algebraic degree d > 1 (over the fibers above S). A point
y € S(K) is called post-critically finite (PCF) if the morphism f, : X, — X,
is post-critically finite.

The main result here is the construction of a natural adelic line bundle
M over S, and equidistribution theorems of Galois orbits of PCF points.

6.3.2 The adelic line bundle M

Let S and f : X — X be as above. Namely, S is a smooth and quasi-
projective variety over a number field K, X =P%, and f: X — X is a finite
morphism over S of algebraic degree d > 1.

Denote by 7 : X — S the structure morphism. The canonical morphism
[fwx/s — wx/s induces a global section §f of wy = wxs ® f*w}/(/s on X.
The ramification divisor R = R(f) of the finite morphism f : X — X is
defined to be the divisor of the section 6 f. It is also viewed as a (possibly
non-reduced) closed subscheme in X. By definition, we have a canonical
isomorphism wy ~ O(R). We have the following basic result.

Lemma 6.3.1. The scheme R(f) and every irreducible component of it (with
the reduced structure) are projective and flat of relative dimension n—1 over
S. The fiber R(f), of R(f) above any pointy € S is equal to the ramification
dwisor R(f,) of f, : Xy = X,.

Proof. Since the canonical map fjwx,,, — wx,/y, is the base change of
[fwx/s = wxys via y — S, we see that 6(f,) is the base change of Jf,

and R(f,) is the base change of R(f) via y — S. Then R(f) is of pure
relative dimension n — 1 over S. Since R(f) is a Cartier divisor on X, it is

actually Cohen-Macaulay over S. By the miracle flatness (cf. | , Thm.
23.1]), the morphism R(f) — S is flat. Similarly, any irreducible component
of R is flat over S. O

Let L be a Q-line bundle on X, isomorphic to O(1) on fibers of S, such
that f*L ~ dL. There is a unique class in Pic(X)q satisfying these require-
ments. In fact, we can set L = Opy (1) @ m*N for a suitable Q-line bundle N
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on S. Then f*L >~ dL becomes f*Opy (1) — Op(d) = (d —1)7"N. Note that
f*OpL(1) — Opy(d) is trivial on fibers of X — S, and thus lies in 7*Pic(S5).
The equality determines the class N € Pic(S)g uniquely.

Denote by L = L; the nef f-invariant extension of L in 151\(:(X )o such
that f*L ~ dL, as constructed in Theorem 6.1.1. Recall that the ramification
divisor R is projective and flat of pure relative dimension n—1 over S. Define

M := (L|g)k)s = (Llr, -+ , LIr) rys € Pic(S)q.

Here the Deligne pairing is as in Theorem 4.1.3. Since the theorem requires
R to be integral, we need to extend the definition if R is not integral. In
fact, write R = Z:zl m; R; in terms of distinct prime divisors Ry, --- , R, of
X, and interpret the definition by

=1

R:)Rys € Pic(S)o:

In all cases, M is a nef adelic Q-line bundle on S.
If n =1, then R is finite and flat over S, so

M = Ngys(Llg) € Pic(S)g

is actually given by the norm map.
As before, denote by

L—sL+—s L, M+— M— M
the images of L and M under the maps
Pic(X)g — Pic(X/K)g — Pic(X)g, Pic(S)g — Pic(S/K)g — Pic(S)g.

6.3.3 The height function

Consider the height function
It detects PCF points by the following result.

Lemma 6.3.2. Let y € S(K) be a point. The following are true:
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(1) har(y) = 0
(2) If y is PCF in S, then hy;(y) = 0.
(3) If n =1, then y is PCF in S if and only if hyz(y) = 0.

Proof. Part (1) holds since M is nef. For (2) and (3), for convenience, assume
that y is a closed point of S instead of an algebraic point. By Theorem 4.1.3,
the Deligne pairing is compatible with base change y — S. It follows that

M|, = (L|r)"ly = (LIr,)" Zme Llg,,)"

Here R, = ), mg, R, is the decomposition into prime divisors in X,. Then
we have

deg (M]|,) Zme Ry

In terms of heights, we have
= Z m;,ihf(Ry,i)’

Here my ; = mg, ,ndeg; (R,;:)/deg(y) is strictly positive.

Then h w7(y) = 0 if and only if hz (R, ;) = 0 for every irreducible compo-
nent R, ; of R,. This gives (2) immediately. For (3), R,; is a closed point,
and thus hf(Rm) = 0 further implies R, ; is preperiodic. O

Remark 6.3.3. In the case n = 1, the height function hz; : S(K) — R is equal
to the critical height as considered in Ingram [Ing] and Gauthier-Okuyama-—
Vigny | ]. This leads to a new proof of [[ng, Thm. 1] by the method of
Theorem 6.2.2.

Problem 6.3.4. We raise the question of whether Lemma 6.3.2(3) holds
for n > 2. This amounts to ask: for a finite morphism f : P — P of
algebraic degree d > 1 over a number field K, if every irreducible compo-
nent of the ramification divisor R(f) has canonical height 0, does it follow
that every irreducible component of R(f) is preperiodic? This is actually the
dynamical Manin—Mumford conjecture for R(f) under the dynamical system
Py — Py, We refer to Ghioca—Tucker—Zhang ['T7] for various versions
and examples about the dynamical Manin—Mumford conjecture.
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6.3.4 The equidistribution theorem

With the nef adelic line bundle M over S, we have the following equidistri-
bution theorem, which is a direct consequence of Theorem 5.4.3.

Theorem 6.3.5 (equidistribution: PCF maps on projective space). Let S
be a smooth and quasi-projective variety over a number field K. Let X = P
be the projective space over S, and let f : X — X be a finite morphism over
S of algebraic degree d > 1. Assume that degg(S) > 0. Let {ym}m be a
generic sequence of PCF points of S(K). Then the Galois orbit of {ym }m is
equidistributed in Sy with respect to dug; ,, for any place v of K.

Note that the existence of a generic sequence of PCF points implies
hy7(S) = 0. This follows from the fundamental inequality

lim inf higr(y) > iy (S)
y€S(K)

proved in Theorem 5.3.3.

The condition degg7(S) > 0 seems very hard to check in general. However,
in the case n = 1, it is equivalent to a very easy condition in terms of the
moduli space of endomorphisms.

To describe the condition, denote by M the moduli space over K of
endomorphisms P" of algebraic degree d. The moduli space was constructed
using Mumford’s geometric invariant theory, by the works of Silverman [Sil5],
Levy [Lev] and Petsche—Szpiro—Tepper [PST].

If n = 1, there is a special type of PCF morphisms P! — P!, called the
flexible Lattes maps, which are descended from multiplication morphisms of
elliptic curves. We refer to Silverman [Sil6, §6.5] for the basics of the flexible
Lattes maps. In M), there is a distinguished closed subvariety, called the
flexible Latteés locus, parametrizing the flexible Lattés maps on P!. The
flexible Lattes locus is empty if d is not a perfect square, and has dimension
1 if d is a perfect square.

Return to the dynamical system f: X — X for X = P§. Recall

M = Npys(Lys|r) € Pic(S)q.

By the moduli property, there is a morphism S — M. Finally, the main
result here is the following variant of Theorem 6.3.5.
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Theorem 6.3.6 (equidistribution: PCF maps on projective line). Let S be
a smooth and quasi-projective variety over a number field K. Let X = Pk be
the projective line over S, and let f : X — X be a finite morphism over S of
algebraic degree d > 1. Assume that the morphism S — M} is generically
finite and its image is not contained in the flexible Lattés locus. Let {ym }m be
a generic sequence of PCF points of S(K). Then the Galois orbit of {ym}m
is equidistributed in Sy with respect to dugz,, for any place v of K.

If S is a family of polynomial maps on P!, the theorem was previously
proved by Favre-Gauthier [I'G:]. Their strategy is to reduce the problem to
the equidistribution of Yuan | |, which works for the polynomial maps,
but not for rational maps.

As a dilation, we remark that the nef adelic line bundle L; for general n
is actually strongly nef. For this, it suffices to treat the case that S is the
moduli space M. Note that the corresponding moduli space over Z is affine
(cf. [Lev, Thm. 1.1]). Then L; is strongly nef by Theorem 6.1.1.

6.3.5 The Lyapunov exponent

Let us recall the classical Lyapunov exponent in the current setting. For com-
pleteness, we will include both the archimedean case and the non-archimedean
case.

Let K be a complete field with a non-trivial absolute value | - |. Let
f Pk — P be a finite and separable morphism of algebraic degree d > 1.
Recall that the ramification divisor R(f) = div(df), where d f is the section
of wy = wpn ® f*w[g?( induced by the canonical morphism f*wpn — wpn .
This definition gives a canonical isomorphism w; ~ O(R(f)).

Fix a continuous metric || - [|o of wpr on the analytic space P™ over the
valued field (K, |-[), and take the metric f*[|- ||o of f*wpn on PR™. Then we
have the quotient metric || - ||; of wy = wpr. ® f*wfp(?{ on P*". The function

—log ||0f]]1 is a Green’s function of R(f) on Pu™. The Lyapunov exponent
of f is defined by

Ly(f) = / log 131 du;-
P20

K

Here djiy = ¢1(O(1) ;)" is the f-invariant probability measure on P™. The
definition is independent of choice of the metric || - [[o of wpr. In fact, if
Il-1l6 = |l [o€" is a different choice for a continuous function h on PR™; then
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the integral of
log 16, — log 6]l = h — f*h

with respect to py is 0 by fiduy = dpy.

It is convenient to choose [ - |lo to be an f-invariant metric of wpr =~
O(—n—1) on PE*™. This metric is unique up to constant multiples, but then
the induced metric on w; does not depend on the constant multiple, and we
will denote this metric by || - ||;. Then the Lyapunov exponent is just

Ly(f) = / log |16/l dyis.
Pran

K

Now we assume that K is a number field, and that f : P% — P} is still

a finite morphism of algebraic degree d > 1. Choose || - [0 = {|| - |lon}v to
be an f-invariant adelic metric of wpr ~ O(—n — 1) on PE™ in the classical
sense of | ]. This induces an f-invariant adelic metric || - ||f = {|| - || 0 }v

of wy = wpy @ frwpn = O((n+1)(d—1)) on P, Write wy = (wy, || -[|4) for
the adelic line bundle. Via these metrics, the arithmetic intersection number

n+1

@y -0} = (n+1)(d— DO} =0,

On the other hand, we can apply [C'], Thm. 1.4] to the section ¢ f of wy to
compute the arithmetic intersection number. It gives

27+ O1); = (0T lup) " = 3 / tog 1571 (O1) )
This gives the height formula

(O);x Z Ly(fx,)-

6.3.6 The bifurcation measure

Return to the situation of Theorem 6.3.5, where f : X — X and X = P} are
over a number field K.

It turns out that the equilibrium measure at a complex place v in the theo-
rem is exactly the probability measure associated to the bifurcation measure
introduced by DeMarco | , | for n = 1 and further studied by
Bassanelli-Berteloot [313, §5] for general n. The goal here is to explore this
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relation in our adelic setting, which implies the identity of the measures in
both the archimedean setting and the non-archimedean setting. The expo-
sition here is a family version of the above height formula in terms of the
Lyapunov exponents.

Let v be a place of K. The Lyapunov exponent defines a function

Ly, : 55" — R, y+— Ly(f,)

If v is archimedean, the pull-back of Ly, to S,(C) is continuous and psh; if v
is non-archimedean, then Ly, is locally psh-approachable on S3" in the sense
of [C'D, 6.3.1, Def. 5.6.3, Def. 5.5.1]. The archimedean case of this statement
can be derived from | , , |, and we will present an approach
including both cases. The bifurcation measure of (X, f) over S?" is defined
to be the Monge-Ampere measure

d/'bbif,v - (ddCLYU)dimS‘

Now we have the following description of the equilibrium measure in the
setting of Theorem 6.3.5.

Theorem 6.3.7 (bifurcation measure). Let v be a place of K. As (1,1)-
currents on S3", o
(M), = dd°Ly,.

As measures on S3",
(VIS = (dd°Ly, )",

and 1
d,uiy - = dchyv dimS.
Mo deg (S ) )
Note that the third equality follows from the second one. In fact, by
Lemma 5.4.4, we have

degy;(S) = /

1 (M)gims — / (dchyv)dimS‘
San

San
This also implies that the integral on the right-hand side is independent of
.

The complex version of Theorem 6.3.7 is essentially Bassanelli-Berteloot
(B35, Cor. 4.6]. The following theorem is an adelic treatment of the situation,
which actually asserts that the Lyapunov exponents for all places v can be
glued together to form an adelic divisor.

210



Theorem 6.3.8. (1) There is a unique adelic divisor Dy on S with un-
derlying divisor 0 whose total Green’s function gp, : S*™ — R satisfies
95, |san = Ly, on Si™ for every place v of K.

(2) For the above adelic divisor Dy, we have M = O(Dy) in P/’i\c(S)@.

It is easy to see that Theorem 6.3.8 implies Theorem 6.3.7. It also implies
the continuity and reasonable psh properties of Ly, : S2" — R, since M is
nef by construction.

Proof of Theorem 6.3.8. The uniqueness in (1) follows from Proposition 3.5.1.
The major part of the proof follows from an adelic version of the above
construction to derive the height formula in terms of > Ly(fk,) on single
dynamical systems. -

Recall that L = L; € Pic(X)g is a nef f-invariant extension of L with
f*L ~dL, and M € 7/7%(5)@ is the Deligne pairing (L|g)". Here we assume
that L and M are adelic Q-line bundles instead of just isomorphism classes.

Recall that R = div(df) is the divisor of the canonical global section 4 f
of wy = wx/g — ffwx,s on X. Here we write the operation of line bundles
additively again. By comparing the fibers above S, there is an isomorphism
To : wxys = —(n+ 1)L + 7*N for some Q-line bundle N € Pic(S5)g. This
induces an isomorphism 7y : wy — (n + 1)(d — 1)L, which does not depend
on the choice of 7. In fact, different choices of 7y (for fixed L, N) are up
to multiples by elements of I'(S,OF ), and these elements are killed in the
definition of 7.

Denote by wy the adelic line bundle on X with underlying line bundle
wy, such that 7 : wy — (n 4+ 1)(d — 1)L induces an isomorphism w; —
(n +1)(d — 1)L. Note that the extension @; of w; is unique up to unique
isomorphism.

With these extensions, the Deligne pairing

(@, L") xys = (n+1)(d — (L)ys =0
in Pic(S)g. Here the last equality is similar to Proposition 6.1.4(3), as a
consequence of the projection formula in Lemma 4.6.1(4) and the invariant
property f*L ~ dL.
On the other hand, using the section 0f of wy to compute the Deligne
pairing, we have a canonical isomorphism

(wr, L") x5 — (L|r) /s = M.

211



This gives a canonical section t; of M — (wy, L") x/g, and thus an adelic Q-
divisor Dy = div(tpi) on S with respect to M — (wy, E"> x/s- The underlying
divisor Dy = 0 on S by definition. By construction, we have

M ~ @f»fn)X/S + O(Duir) =~ O(Dyt)

in PlC(S )Q.
Now we can compute the total Green’s function g, . on Sp*. If v is
archimedean, for any y € S,(C), the fiberwise formula in §4.2.2 gives

9D, (y) = —log [[tie]|(y) = / log |6l e1(L)y = Ly, (y).
Xan

The formula also holds for non-archimedean v by Theorem 4.6.2. This proves
Theorem 6.3.8. O

6.3.7 Bigness problem

In the case n = 1, to deduce Theorem 6.3.6 from Theorem 6.3.5, it suffices
to check that the total volume of fu,f, is strictly positive if and only if the
morphism S — M} is generically finite and its image is not contained in
the flexible Lattes locus. The essential part of the statement is the “if” part
when S — M, is a closed immersion, which follows from [B13, Prop. 6.3]
and | , Lem. 6.8]. This proves Theorem 6.3.6.

In the case n = 1, it is well-known that the set of PCF points are dense
in M}. See | , Thm. A] for example.

In the case n > 1, the situation is very different. In fact, by the work
of Ingram—Ramadas—Silverman [[R5], PCF points in M} are expected to be
very sparse in some sense. As in [IRS; Question 5|, we do not know if the set
of PCF points in MY is Zariski dense. Then we raise the following question.

Problem 6.3.9. Assume n > 2, S = M} and f : Pé — P§ is the universal
family. Is M big on S? Is M big on S?

The bigness of M is equivalent to deg7(S) > 0, which is a condition of the

equidistribution theorem. The bigness of M is equivalent to d/e\gM(S ) >0,
which becomes hz;(S) > 0 assuming degg7(S) > 0. It is further related to
the existence of a generic and small sequence for hy; considering Theorem
5.3.3. In particular, if M is big, then the set of PCF points in M7 is not
Zariski dense.
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6.4 Admissible extensions of line bundles

Let (X, f, L) be a polarized dynamical system over a finitely generated field
F over Q. Assume that X is normal. We have already constructed an adelic
line bundle Ly € Pic(X/k)gner extending L and with f*Ls = qLs. Following

the idea of [Y71], we can construct an admissible extension in Pic(X/k)q nt
for any line bundle M € Pic(X)g.
Our exposition is sketchy, and we refer to [YZ1, §4.3] for the common

arguments, but we will explain the difference of the current case. Moreover,
we will only restrict to the arithmetic case (k = Z), and refer to [ : ]
for the counterparts in the geometric case, where the extra argument is to
treat contribution of the F'/k-image of Pic% /-

6.4.1 Semisimplicity

The pull-back map f* preserves the exact sequence

0 — Pic’(X) — Pic(X) — NS(X) — 0.

We refer to | , Appendix 1] for a list of properties of this sequence. In
particular, NS(X) is a finitely generated Z-module. By the Lang—Néron
theorem (cf. [Con, Thm. 2.1]), Pic?(X) is also a finitely generated Z-module,

since it is the Mordell-Weil group of the Picard variety representing the
functor Pic s over the finitely generated field F'. The counterpart of | ,
Theorem 4.7] is as follows.

Theorem 6.4.1. Let (X, f, L) be a polarized dynamical system over a finitely
generated field F over Q. Assume that X is normal.

(1) The operator f* is semisimple on Pic’(X)c (resp. NS(X)c) with eigen-
values of absolute values ¢'/? (resp. q).

(2) The operator f* is semisimple on Pic(X)c with eigenvalues of absolute

values ¢*/? or q.

Proof. The proof is similar to its counterpart. The only difference is some
extra work to prove that f* is semisimple on Pic’(X)c with eigenvalues of
absolute values ¢'/2. We describe it briefly here.

As before, (X, f,L) extends to a dynamical system (U, f,Ly) over a
smooth quasi-projective variety V over Q with function field F'. Here U — V'
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is a projective and flat morphism with generic fiber X — Spec F', f : U — U
is a V-morphism extending f : X — X, and Ly is a Q-line bundle on U,
relatively ample over V', and with f*Ly, = qLy,. We can further assume that
all the fibers of U — V are normal. We claim that there is a closed point
v € V such that the reduction map Pic’(X)¢ — Pic’(U,)c is injective. If
this holds, then the result follows from its counterpart over number fields.
Note that the Picard functor Picy, is representable by a group scheme
by | , §8.2, Thm. 1]. Its relative identity component Pic}, /v is an abelian
scheme over V by [Kle, Thm. 9.5.4]. Then the injectivity is a consequence
of the specialization theorem of Wazir [\Waz], which is a generalization of the
specialization theorem of Silverman [Sil1] using the Moriwaki height. ]

By the theorem above, the exact sequence
0 — Pic’(X)g — Pic(X)g — NS(X)g — 0.
has an f*-equivariant splitting
ls: NS(X)g — Pic(X)g.

Denote by Picy(X)g the image of /.
We say an element of Pic(X)gq is f-pure of weight 1 (resp. f-pure of
weight 2) if it lies in Pic”(X)g (resp. Pics(X)qg).

6.4.2 Admissible extensions

The action f* : lsi\c(X)Q — ﬁi\c(X)@ is compatible with the action f* :
Pic(X)g — Pic(X)g. The goal is to study the spectral theory of this action.
The following result is the generalization of | , Thm. 4.9].

Theorem 6.4.2. Let (X, f, L) be a polarized dynamical system over a finitely
generated field F over Q. Assume that X is normal. The projection

Pic(X)g — Pic(X)g

has a unique section

M — Mf
as f*-modules. The image M is always integrable. If M € Picy(X)q is
ample, then My is nef.
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We call M; the f-admissible extension of M in F/’i\c(X)Q. An adelic line

bundle in P/)I\C(X )o which is isomorphic to some M is called f-admissible.
Note that the theorem for abelian schemes is actually Theorem 6.1.3. In
fact, any Q-line bundle L on an abelian scheme X can be written as the
sum of the symmetric Q-line bundle (L + [—1]*L)/2 with the anti-symmetric
Q-line bundle (L — [-1]*L)/2.
As in the case of number fields, we also have the following result, as the
counterpart of [Y71, Cor. 4.11].

Corollary 6.4.3. For M € Pic(X)q, the following are true:
(1) If f*M = AM for some A\ € Q, then f*M; =AM in ﬁi\c(X)@.

(2) For any x € Prep(f), one has M|, = 0 in F/’i\c(az’)Q. Here 2’ is the
closed point of X corresponding to x. Hence, the height function f)Mf 18
zero on Prep(f).

Now we sketch a proof of Theorem 6.4.2, following the line of that of
(Y71, Thm. 4.9].

Proof of Theorem 6.4.2. Assume that X is geometrically connected over F',
which can be achieved by replace F' by its algebraic closure in F/(X). Let
V be a quasi-projective model of Spec F' over Z, and (U, f, L) be a polar-
ized dynamical system over V whose generic fiber is the polarized dynamical
system (X, f, L) over Spec F.

Step 1. We claim that there is an affine open subscheme V' of V such that the
canonical map Pic(Uy) — Pic(X) is an isomorphism. This is a well-known
fact, but we provide a proof due to lack of precise reference.

(1) There is an open subscheme V'’ of V such that V' is regular and U — V'’
has geometrically connected fibers.

(2) We can assume that Pic()’) is trivial by [Lan, Chap. 2, Cor. 7.7].
Then Pic(V") is trivial for any open subscheme V" of V' since Pic(V') —
Pic(V") is surjective by passing to Weil divisors, where the key is that
V' is regular.

(3) The canonical map Pic(Uy») — Pic(X) is injective for any open sub-
scheme V" of V'. It suffices to prove that CaCl(l») — CaCl(X) is
injective for the class groups of Cartier divisors. Then it suffices to prove
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that Cl(Uy») — CI(X) is injective for the class groups of Weil divisors.
If a Weil divisor of Uy is trivial on X, then it is vertical in the sense that
it is the pull-back of a Weil divisor from V", which is linearly equivalent
to 0 by Pic(V") = 0.

(4) The canonical map @Pic(b{vu) — Pic(X) is an isomorphism by | :
V//
IV-3, Thm. 8.5.2].

(5) By (3) and (4), Pic(Uy») — Pic(X) is an isomorphism for sufficiently
small open subscheme V" of V'] since Pic(X) is finitely generated.

Therefore, we can assume that the canonical map Pic(U) — Pic(X) is an
isomorphism, by replacing V by a sufficiently small affine open subscheme.

Let 7 : X — S be a projective model of Y — V; i.e., X and § are pro-
jective models of U and V respectively, and X — S is a morphism extending
U — V. We can further assume that there is a strictly effective arithmetic di-
visor £y on S, whose finite part has support equal to S\ V. Use the boundary

divisor (X, 7*Ey) to define the boundary topology of ]SE(U )o-

Step 2. Consider the exact sequence
0 — PicU)verr.o — Pic(U)g — Pic(U)g — 0.

Here 151\c(u )vert,@ 1S defined by the left exactness. For the right exactness, it
suffices to prove that any effective Cartier divisor D on U can be extended to
a projective model X’ of U. This is easy, by setting X’ to be the blowing-up
of X along the Zariski closure of D in X.

Denote by R(t) the characteristic polynomial of f* on the finite-dimensional
vector space Pic(U)g = Pic(X)g. We claim that

R(f*) : lgi\C(Z/Overt,Q — lgi\c(u)vert,(@

is surjective.

Contrary to the proof of | , Thm. 4.9], we do not use the interpretation
of the metrics on Berkovich analytic spaces as in Proposition 3.5.1, since it
would be hard to control the convergence in terms of the boundary topology.

Define Div(U )yert,@ by the left exactness of

0 — Div(U)verr.o — Div(U)g — Div(U)g — 0.
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In terms of Proposition 2.5.1, there is a canonical surjection
Div(U )vert,0 — Pic(U )vert,0-

It suffices to prove that

—

R(f*) : DivU ) yert.g — Div(U)vere.g

is surjective.
Take the Taylor expansion at ¢ = 0 by

= i ant™, a, € Q.

m=0

R(t)

By Theorem 6.4.1, the roots of the polynomial R(t) have absolute values
equal to g or ¢*/2. Using partial fractions to expand 1/R(t), there is a poly-
nomial Q(¢) of rational coefficients such that

|am| < Q(m)g ™2, Vm.

Denote ,
T

Sit) = ant™, i>1
m=0

To prove the surjectivity, take any D € 55(2/{ Jvert,0- We claim that the
sequence {S;(f*)D}; converges in 61;(2/1 Jvert,@- 1f so, then the limit gives an
inverse image of D under R(f*).

For the convergence, note that there is positive rational constant ¢ such
that

—cm* €y <D < cm*E,.

This holds automatically if D lies in the kernel of 61;(1/{ Jmod,0 — Div(U)g.
In general, D is a limit of such elements, but then the Cauchy condition of
D gives the constant c.

For any ¢ > j > 1, we have

Si(f)D=S;(f)D= D an(f)"D<c > am|7E,.

m=j+1 m=j+1
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We similarly have

7

S(f D= S;(f D> —c > an|7Eo.

m=j+1

By the bound of a,,, we see that {S;(f*)D}; converges in m(U)Vertv@.

Step 3. The remaining part of the proof is almost identical to that of | ,
Thm. 4.9]. In fact, for any M € Pic(U)g, take any extension M° of M in
Pic(U )int,0, and set

—0 _1 -0

My =T = ROk (RGO,

The proof of the nefness of Mf under the ampleness of M on U, though
lengthy, is similar to that in | , Thm. 4.9], so we omit it. O

6.5 Néron-Tate height on a curve

When X is a projective curve over a finitely generated field, we present a
theorem (Theorem 6.5.1) which interprets the intersection numbers in terms
of the Néron-Tate height. It generalizes the result of Faltings [['all] and
Hriljac [Hri] to finitely generated fields.

6.5.1 The arithmetic Hodge index theorem

Let k be either Z or a field. Take the uniform terminology in §1.6. Let F
be a finitely generated field over k, and let 7 : X — Spec F' be a smooth,
projective, and geometrically connected curve of genus g > 0. We first
introduce the canonical height function

b : Pic®(X3) — Pic(F/k)gnet.

Denote by J = @%F the Jacobian variety of X. Denote by © the
symmetric line bundle on J associated to the theta divisor. Namely, choose
a point zy € X (F) and denote by j : X — J& the embedding x — [z — ).
Denote by 6 the image of the composition X% ' < J2 " — J= The second
map is the sum under the group law. Then 6 is a divisor of J%. Denote by ©

the line bundle on J& associated to 6 + [—1]*0. The isomorphism class of ©
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does not depend on the choice of g, so it is Galois invariant and descends to
a line bundle on J. See [Ser, §5.6] for more details about the construction.
By the symmetric and ample line bundle © on J, we have the canonical
height X -
h@ : J(F) — PiC(F/k)Q’nef.

By convention, we set

A 1~
h = 3be.
The goal of this section is to prove the following extension of the arith-
metic Hodge index theorem of Faltings [Fall] and Hriljac [Hri] to finitely

generated fields.

Theorem 6.5.1 (arithmetic Hodge index theorem). Let k be either Z or a
field. Let F' be a finitely generated field over k, and let m : X — SpecF
be a smooth, projective, and geometrically connected curve. Let M be a line
bundle on X with degM = 0. Then there is an adelic line bundle M, €
Pic(X/k)intq with underlying line bundle M such that

7 (Mo, V) =0, VYV € Pic(X/k)ver0-
Moreover, for such an adelic line bundle,
(Mo, Mo) = —2h(M)
in Pic(F/k)g.
In the theorem, 7, (-, ) denotes the Deligne pairing
Pic(X/k)img X Pie(X/k)mg — Pic(F/k)mo

introduced in Theorem 4.1.3. And P/’l\c(X /k)vert0 denotes the kernel of the
forgetful map P/’i\c(X/k)int,@ — Pic(X)g.

If we fix a polarization of F/k, and intersect both sides of the equality
with the polarization, then we obtain an equality about the Moriwaki heights.
This was proved by Moriwaki | , Thm. B].

Remark 6.5.2. We will see in [Y72] that the extension My is unique up to
translation by 7T*].51\C(F/k})mt.
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6.5.2 The universal adelic line bundle

Now we construct the extension M, in Theorem 6.5.1. It is written almost
the same as the number field case. We include it here briefly. For basic
geometric results on abelian varieties and Jacobian varieties, we refer to
Mumford | | and Serre [Ser].

Denote by p; : X x J — X and p, : X x J — J the projections. Via py,
we view X X J as an abelian scheme on X. Denote by [m]x : X xJ — X x J
the multiplication by an integer m as abelian schemes on X, i.e., the map
sending (z,y) to (z,my).

We claim that there is a universal line bundle @ € Pic(X x J)q satisfying
the following properties:

1) For any a € J(F'), the Q-line bundle Q|xx, on X X a = X+ is equal to
( y F
a in Pic’(X%)qg.

(2) For any integer m, [m|5Q = m@ in Pic(X x J)g.

The line bundle @ is unique up to translation by p3Pic’(.J)q.
In fact, let o be a line bundle on X of degree d > 0. Denote the canonical
morphism
io: X —J, x+—dr— «p.

Denote by
(19,id) : X x J — J x J

the natural morphism. Set
R
Q= 8(10,1d) P,

where P is the Poincaré line bundle on J x J.

If there is a line bundle on X of degree 1, we can choose () to be an
integral line bundle on X x J. If X(F) is non-empty, take o € X (F) and
use it to define i : X — J. Then @ is an integral line bundle on X x J
such that Q.,x; = 0 and that for any o € J(F), the line bundle Q|xxq
on X x a = X7 is equal to a in Pic’(XF). These properties determine Q
uniquely.

With the universal line bundle ) € Pic(X x J)g, by Theorem 6.1.3, there

is a unique extension Q € F/’1\C(X Xp J/K )i of Q such that [2]%Q = 2Q.
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Let a be the point of J(F) represented by the line bundle M € Pic’(X).
Set o B -
MO = Q‘an € PiC(X/k)intQ.

We need to prove that M, satisfies the requirement of Theorem 6.5.1; i.e.,
7 (Mo, V) =0, VYV € Pic(X/k)vert.0-
Consider the adelic line bundle
R:= pz,*<@7 pikv>

in ];/)I\C(J /k)imt,0. Note that R is universal in the sense that the pull-back of
R via a : Spec(F) — J is exactly m. (M, V). Thus it suffices to prove that
the adelic line bundle R = 0 in F/’l\c(J /K )int,0-

This is a consequence of Theorem 6.1.2 by noting the following two prop-
erties:

(1) the underlying line bundle R = 0 in Pic(X x J)g, as a consequence of
the underlying line bundle V' = 0;

(2) [2]%R =2R in f/’ij(J/k)@ by the dynamical property of Q;

6.5.3 The height equality

It remains to prove

7 (Mo, M) = —25(M).

Replacing the field F' by a finite extension if necessary, we can assume that
X (F) is non-empty. We first express the left-hand side as a height function.

Take zp € X(F). Use x¢ to define the canonical embedding iy : X — J,
and identity X as a subvariety of J. As before, let () be the restriction of
the Poincaré line bundle P from J x J to X x J.

Note that P is symmetric on J x J. Thus [2]* P = 4P and we can extend
it to [2]*P = 4P for some P € P/)I\C(J X g J/k)int by Theorem 6.1.3. We claim
that @ = P|xxy in Pic(X xp J/k)g.

In fact, note that [2] : J x J — J x J is multiplication by 2 on both
components, while [2]x : X x J — X x J is only the multiplication by 2 on
the second component. Denote by [2] : J x J — J x J the multiplication
by 2 on the second component. By Theorem 6.1.2(2), [2]*P = 4P implies
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2]5P :_2?. This argument was used in the proof of Theorem 6.1.3. This
implies @) = P|xx, by the uniqueness of ) in Theorem 6.1.2(1). All these
equalities are viewed as isomorphism classes of adelic Q-line bundles.

Lemma 6.5.3. For any o, f € J(F'), we have
7T*<?OHF5> = hf(a7ﬁ)'
Here Py = Plxyx and ﬁﬂ = P|xxp are viewed as adelic line bundles on X.

Proof. Note both sides are bilinear in (a, ). We can assume that « repre-
sents the divisor x — 2y on X. Then a = j(x). Here we assume z € X(F)
by replacing F' by a finite extension if necessary. Then we have

7T*<?Q,F5> = 7T*<f — j?o,?g) = 7T*<§3,?5> - 7T*<.7A50,F5>.

Here Z and I are any extensions of x and xg in P/)I\C(X /k)int,0- Note that Pg
has zero intersection with any vertical classes. The above becomes

T(Plaxs) = Te(Plagxp) = Tu(Plaxs) = bp(a, B).

Now we are ready to prove

7 (Mo, Mo) = —25(M).

By the lemma, it suffices to prove
bp(e, @) = —bgla), Vae J(F).
It is well known that the Poincaré bundle on J x J has the expression
P = pif + p30 — m™0.

Here m,py,ps : J X J — J denotes the addition law and the projections. It
induces

2P = pi© + p;© —m™06.
We use © because it is also symmetric. It follows that

2P = pi© + p;© — m*O.
Computing heights using the identity, we have

2hp(a, a) = bg(a) + bg(@) — hg(20) = —2bg(a).

This finishes the proof of Theorem 6.5.1.
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6.5.4 High-dimensional bases

The above setting treats X — Spec F' for a finitely generated field F' over
k. We can replace Spec F' by an essentially quasi-projective scheme S over
k, but due to flatness problem, we have to restrict to vector-valued height of
sections of the relative Jacobian scheme.

Let k be either Z or a field. Let S be a normal integral scheme, flat
and essentially quasi-projective over k. Let m : X — S be a projective
and smooth morphism, whose fibers are smooth and geometrically connected
curves. Denote by Pic’(X/S) the group of line bundles on X with degree 0
on the fibers of X — S. We first introduce a canonical height function

b : Pic®(X/S) —> Pic(S/k)guet.

This is obtained as a slight generalization of the case S = Spec F', and is thus
compatible with the latter.
Denote by J = Picg(/s the Jacobian scheme of X over S. For basics

of Jacobian schemes, we refer to | , Chap. 6]. By | , 86.1, Prop.
6.9], there is a canonical principal polarization A\; : J — J¥ over S. By the
construction of | , §6.2, Prop. 6.10], there is a symmetric line bundle

© on J such that the polarization g : J — JY corresponding to © is
exactly twice of \; : J — JY. To relate it to our previous case of fields, ©
recovers that on each fiber of J — 5. We can uniquely determine © by the
rigidification e*© ~ Og for the identity section e : S — J.

Finally, by the symmetric and relatively ample line bundle © on J, we
have a unique extension © of © in Pic(J/k)guef such that [2]*© = 40. Then
we have the vector-valued height function

6@1 J(S) — f’i\c(S/k:)Q,nef-

By convention, we set

~

~ 1
h=3be
By the canonical map Pic’(X/S) — J(S), we obtain
b : Pic®(X/S) — Pic(S/k)gner-

As in the classical case, this height function is also quadratic.
As before, we have a universal Q-line bundle @ € Pic(X xg.J)g satisfying
the following properties:

223



(1) For any base change X’ — S" of X — S, and for any a € Pic(X’) of
degree 0 on fibers of X’ — ', the pull-back of the Q-line bundle ) via
(id,a) : X xg 8" = X xg J is equal to « in Pic(X')q.

(2) For any integer m, [m|5Q = mQ in Pic(X xg J)q.

The line bundle @ is unique up to translation by piPic(.J)g. There is a unique
extension @ € Pic(X xg J/k)is,o of Q such that [2]%Q = 2Q.
The following is a variant of Theorem 6.5.1 over high-dimensional bases.

Theorem 6.5.4. Let k be either Z or a field. Let S be a normal integral
scheme, flat and essentially quasi-projective over k. Let m : X — S be a
projective and smooth morphism of relative dimension 1 with geometrically
connected fibers. Let M be a line bundle on X with degree 0 on fibers of X —
S. Then there is an adelic line bundle My € Pic(X/k)in,o with underlying
line bundle M such that

Tk <M0,V> = 07 VV € 15i\C<X/k)vert,Q'

Moreover, for such an adelic line bundle,

~

7T*<M0,M0> = —2 h(M)

in Pic(S/k)q.

Proof. The existence of M, can be obtained by generalizing the construc-
tion by the universal line bundle @ in Theorem 6.5.1 to the general base S.
Namely, let i : S — J be the morphism corresponding to [M] € J(5), i.e., by
the morphism (id,7o7) : X — X xgJ, the pull-back (id,iom)*Q = M +7*N
for some N € Pic(S)g. Then we set

My = (id,ion)*Q — "N

for any N € Pic(S/k)ino extending N. For the height identities are conse-
quences of Theorem 6.5.1, as Pic(S/k)qg — Pic(F/k)q is injective by Corol-
lary 3.4.2. Here F' = k(S) is the function field. O

The following universal Hodge index theorem is essentially equivalent to
Theorem 6.5.4.
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Corollary 6.5.5. By the second projection ps : X XgJ — J,

p2*<§7 @) = -0
in Pic(J/k)q.

Proof. Let S’ be a normal integral scheme, flat and essentially quasi-projective
over k, endowed with a k-morphism S” — S. Denote by «’ : X’ — S’ the
base change of 1 : X — S by S = S. Let i : S — J be a morphism over S.
Consider the morphism (id,7) : X xgS" — X xgJ. Apply Theorem 6.5.4 to
7' X" — 5" and the line bundle M = (id,7)*@ in Pic(X")g. We obtain

7 ((id,)*Q, (id,)*Q) = —i*O.

Set S’ = J and set i : S” — J to be the identity morphism. ]

References

[ACZ] Y. André, P. Corvaja, U. Zannier, The Betti map associated to a
section of an abelian scheme. Invent. Math. 222 (2020), no. 1, 161-
202.

[Ara] S.J. Arakelov, Intersection theory of divisors on an arithmetic surface,
Math. USSR Izvest. 8 (1974), 1167-1180.

[BB] G. Bassanelli, F. Berteloot, Bifurcation currents in holomorphic dy-
namics on P, J. Reine Angew. Math. 608 (2007), 201-235.

[BD] M. Baker, L. DeMarco, Special curves and postcritically finite poly-
nomials. Forum Math. Pi 1 (2013), e3, 35 pp.

[Bee] G. Beer, Norms with infinite values. J. Convex Anal. 22 (2015), no.
1, 37-60.

[Ben] O. Benoist, Le théoréme de Bertini en famille. Bull. Soc. Math. France
139 (2011), no. 4, 555 569.

[Berl] V. G. Berkovich, Spectral theory and analytic geometry over non-
archimedean fields, Math. Surv. Monogr. 33, American Mathematical
Society, 1990.

225



[Ber2]

[BG]

V. G. Berkovich, A non-Archimedean interpretation of the weight zero
subspaces of limit mixed Hodge structures. Algebra, arithmetic, and
geometry: in honor of Yu. I. Manin. Vol. I, 49-67, Progr. Math., 269,
Birkhauser Boston, Boston, MA, 2009.

S. Bazzoni, S. Glaz, Priifer rings. Multiplicative ideal theory in com-
mutative algebra, 55—-72, Springer, New York, 2006.

[BKK] J.I. Burgos, J. Kramer and U. Kiihn, Cohomological arithmetic Chow

[BLR]

[Bos|

[Bou]

[BT]

[BV]

[Carl]

[Car2]

[CD]

rings, J. Inst. Math. Jussieu 6 (2007), 1-172.

S. Bosch, W. Liitkebohmert, M. Raynaud, Néron models, Ergebnisse
der Mathematik und ihrer Grenzgebiete (3) [Results in Mathematics
and Related Areas (3)], 21. Springer-Verlag, Berlin, 1990.

J.-B. Bost, Potential theory and Lefschetz theorems for arithmetic
surfaces, Annls Scient. Ec. Norm. Sup. 32 (1999), 241-312.

N. Bourbaki, Commutative algebra. Chapters 1-7, Elements of Math-
ematics, Springer-Verlag, Berlin,1998.

E. Bedford, B. Taylor, A new capacity for plurisubharmonic functions.
Acta Math. 149 (1982), no. 1-2, 1-40.

J. -M. Bismut, E. Vasserot, The asymptotics of the Ray-Singer an-
alytic torsion associated with high powers of a positive line bundle,
comm. math. physics 125 (1989), 355-367.

A. Carney, The Hodge-index theorem for arithmetic intersections over
function fields, to appear, Pacific Journal of Mathematics.

A. Carney, Arithmetic heights and dynamics over finitely generated
fields, preprint, 2020.

A. Chambert-Loir, A. Ducros, Formes différentielles réelles et courants
sur les espaces de Berkovich. arXiv:1204.6277, 2012.

[CGHX] S. Cantat, Z. Gao, P. Habegger, J. Xie. The geometric Bogomolov

(CGZ]

conjecture. Duke Math. J. 170 (2021), no. 2, 247-277.

D. Coman, V. Guedj, A. Zeriahi, Extension of plurisubharmonic func-
tions with growth control, J. Reine Angew. Math. 676 (2013), 33-49.

226



[Chel] H. Chen, Arithmetic Fujita approximation. Ann. Sci. Ec. Norm.
Supér. (4) 43 (2010), no. 4, 555-578.

[Che2] H. Chen, Differentiability of the arithmetic volume function. J. Lond.
Math. Soc. (2) 84 (2011), no. 2, 365-384.

[CL] A. Chambert-Loir, Mesures et équidistribution sur les espaces de
Berkovich. J. Reine Angew. Math. 595, 215-235 (2006).

[Con] B. Conrad, Chow’s K/k-image and K/k-trace, and the Lang-Néron
theorem. Enseign. Math. (2) 52 (2006), no. 1-2, 37-108.

[CT] A.Chambert-Loir, A. Thuillier, Mesures de Mahler et équidistribution
logarithmique. Ann. Inst. Fourier (Grenoble), 59 (3), p. 977-1014.

[Del]  P. Deligne, Le déterminant de la cohomologie. Current trends in arith-
metical algebraic geometry (Arcata, Calif., 1985), 93-177, Contemp.
Math., 67, Amer. Math. Soc., Providence, RI, 1987.

[DGH] V. Dimitrov, Z. Gao, P. Habegger, Uniformity in Mordell-Lang for
curves, arXiv:2001.10276v2.

[DM] L. DeMarco, N. M. Mavraki, Variation of canonical height and equidis-
tribution. Amer. J. Math. 142 (2020), no. 2, 443-473.

[DeM1] L. DeMarco, Dynamics of rational maps: A current on the bifurca-
tion locus. Math. Res. Lett. 8, No.1-2, 57-66 (2001).

[DeM2| L. DeMarco, Dynamics of rational maps: Lyapunov exponents, bi-
furcations, and capacity. Math. Ann. 326, No.1, 43-73 (2003).

[DeM3| L. De Marco, Dynamical moduli spaces and elliptic curves. Ann.
Fac. Sci. Toulouse Math. (6), 27(2): 389-420, 2018.

[Dem1] J. P. Demailly, Monge-Ampére operators, Lelong numbers and inter-
section theory. Complex analysis and geometry, 115-193, Univ. Ser.
Math., Plenum, New York, 1993.

[Dem2] J. P. Demailly, Complex Analytic and Differential Geom-
etry, https://www-fourier.ujf-grenoble.fr/~demailly/
manuscripts/agbook.pdf.

227


https://www-fourier.ujf-grenoble.fr/~demailly/manuscripts/agbook.pdf
https://www-fourier.ujf-grenoble.fr/~demailly/manuscripts/agbook.pdf

[Duc]

F. Ducrot, Cube structures and intersection bundles. J. Pure Appl.
Algebra 195 (2005), no. 1, 33-73.

[EGA] J. Dieudonné, A. Grothendieck, Eléments de géométrie algébrique,

[Elk1]

[Elk2]

[Fall]

[Fal2]

[Fab]

[FC]

[FG]

[Fuj]

Publ. Math. IHES. 4, 8, 11, 17, 20, 24, 28, 32 (1960-1967).

R. Elkik, Fibrés d’intersections et intégrales de classes de Chern. Ann.
Sci. Ecole Norm. Sup. (4) 22 (1989), no. 2, 195-226.

R. Elkik, Métriques sur les fibrés d’intersection. Duke Math. J. 61
(1990), no. 1, 303-328.

G. Faltings, Calculus on arithmetic surfaces, Ann. of Math. 119
(1984), 387-424.

G. Faltings, FEndlichkeitssatze fiir abelsche Varietiten dber
Zahlkérpern. Invent. Math. 73 (1983), no. 3, 349-366.

X. W. C. Faber, Equidistribution of dynamically small subvarieties
over the function field of a curve. Acta Arith. 137 (2009), no. 4, 345
389.

G. Faltings, C. Chai, Degeneration of abelian varieties, Ergebnisse der
Mathematik und ihrer Grenzgebiete (3) [Results in Mathematics and
Related Areas (3)], vol. 22, Springer-Verlag, Berlin, 1990. With an
appendix by David Mumford.

C. Favre, T. Gauthier, Distribution of postcritically finite polynomi-
als. Israel J. Math. 209 (2015), no. 1, 235-292.

T. Fujita, Approximating Zariski decomposition of big line bundles,
Kodai Math. J. 17 (1994), 1-3.

(Gaol] Z. Gao, Mixed Ax-Schanuel for the universal abelian varieties and

some applications;, Compos. Math. 156 (2020), no. 11, 2263-2297.

[Gao2] Z. Gao, Generic rank of Betti map and unlikely intersections. Com-

[Gau]

pos. Math., 156 (2020), no. 12, 2469-25009.

T. Gauthier, Good height functions on quasi-projective varieties:
equidistribution and applications in dynamics, preprint, 2021.

228



[GH] Z. Gao, P. Habegger, Heights in Families of Abelian Varieties and the
Geometric Bogomolov Conjecture, Ann. of Math., 189 (2), 527-604,
2019.

[GM] W. Gubler, F. Martin, On Zhang’s semipositive metrics. Doc. Math.
24 (2019), 33-372.

[GOV| T. Gauthier, Y. Okuyama, G. Vigny, Approximation of non-
archimedean Lyapunov exponents and applications over global fields.
Trans. Amer. Math. Soc. 373 (2020), no. 12, 8963-9011.

[GTZ] D. Ghioca, T. Tucker, S. Zhang, Towards a dynamical Manin—
Mumford conjecture, Int. Math. Res. Not. IMRN 2011, no. 22,
51095122.

[GV] T. Gauthier, G. Vigny, The geometric dynamical Northcott and Bo-
gomolov properties, arXiv:1912.07907 [math.DS].

[GS1] H. Gillet, C. Soulé, Arithmetic intersection theory, Publ. Math. IHES,
72 (1990), 93-174.

[GS2] H. Gillet, C. Soulé, An arithmetic Riemann-Roch theorem, Inven-
tiones Math., 110 (1992), 473-543.

[Gubl] W. Gubler, Tropical varieties for non-Archimedean analytic spaces.
Invent. Math. 169(2), 321-376 (2007).

[Gub2] W. Gubler, Equidistribution over function fields, Manuscripta Math.
127 (2008), no. 4, p. 485-510.

[Gub3] W. Gubler, Local heights of subvarieties over non-archimedean fields.
J. Reine Angew. Math. 498, 61-113 (1998).

[Guo] R. Guo, An integration formula of Chern forms on quasi-projective
varieties, arXiv:2309.03692.

[Hri] P. Hriljac, Heights and Arakelov’s intersection theory, Amer. J. Math.
107 (1985), 23-38.

[Ing] P. Ingram, The critical height is a moduli height. Duke Math. J. 167
(2018), no. 7, 1311-1346.

229



RS

[JX]

[Kin]

[Kle]

K]

[Kuh]

[Lan]

[Lazl]

[Laz2]

[Lev]

[Mat]

P. Ingram, R. Ramadas, J. Silverman, Post-Critically Finite Maps on
P™ for n > 2 are Sparse, arXiv:1910.11290 [math.DS].

7. Ji, J. Xie, DAO for curves, arXiv:2302.02583.

J. R. King, The currents defined by analytic varieties, Acta Math.,
127 (1971), 185-220.

S. L. Kleiman, The Picard scheme. In: Fantechi, B., Gottche, L.,
Mlusie, L., Kleiman, S.L., Nitsure, N., Vistoli, A. (eds.) Fundamen-

tal Algebraic Geometry. Mathematical Surveys and Monographs, vol.
123, pp. 235-321. American Mathematical Society, Providence (2005).

M. Klimek, Pluripotential theory, London Math. Soc. Monogr. 6, Ox-
ford Univ. Press, 1991.

L. Kiithne, Equidistribution in Families of Abelian Varieties and Uni-
formity, arXiv:2101.10272v2.

S. Lang, Fundamentals of Diophantine geometry. Springer-Verlag,
New York, 1983.

R. Lazarsfeld, Positivity in algebraic geometry. I. Classical setting:
line bundles and linear series. Ergeb. Math. Grenzgeb.(3) 48. Springer-
Verlag, Berlin, 2004.

R. Lazarsfeld, Positivity in algebraic geometry. I1. Positivity for vector
bundles, and multiplier ideals. Ergebnisse der Mathematik und ihrer
Grenzgebiete. (3) 49. Springer-Verlag, Berlin, 2004.

A. Levy. The space of morphisms on projective space. Acta Arith.,
146(1):13-31, 2011.

H. Matsumura, Commutative ring theory. Translated from the
Japanese by M. Reid. Second edition. Cambridge Studies in Advanced
Mathematics, 8. Cambridge University Press, Cambridge, 1989.

L. Moret-Bailly, Pinceaux de variét’es abéliennes. Astérisque No. 129
(1985).

230



[IMFK] D. Mumford, J. Fogarty, F. Kirwan, Geometric invariant theory.
Third edition. Ergebnisse der Mathematik und ihrer Grenzgebiete (2)
[Results in Mathematics and Related Areas (2)], 34. Springer-Verlag,
Berlin, 1994.

IMG] E. Munoz Garcia, Fibrés d’intersection. Compositio Math. 124 (2000),
no. 3, 219 252.

[Morl] A. Moriwaki, Intersection pairing for arithmetic cycles with degener-
ate Green currents, arXiv: AG/9803054.

[Mor2] A. Moriwaki, The continuity of Delignes pairing. Internat. Math. Res.
Notices 1999, no. 19, 1057-1066.

[Mor3] A. Moriwaki, Arithmetic height functions on finitely generated fields,
Invent. Math. 140 (2000), no. 1, 101-142.

[Mor4| A. Moriwaki, The canonical arithmetic height of subvarieties of an
abelian variety over a finitely generated field. J. Reine Angew. Math.
530 (2001), 33-54.

[Mor5] A. Moriwaki, Continuity of volumes on arithmetic varieties, J. Alge-
braic Geom. 18 (2009), no. 3, 407-457.

[Mor6] A. Moriwaki, Zariski decompositions on arithmetic surfaces. Publ.
Res. Inst. Math. Sci. 48 (2012), no. 4, 799-898.

[Mor7] A. Moriwaki, Semiample invertible sheaves with semipositive con-
tinuous hermitian metrics. Algebra Number Theory 9 (2015), no. 2,
503-509.

[Mum1] D. Mumford, Abelian varieties. Tata Institute of Fundamental Re-
search Studies in Mathematics, Oxford University Press, London,
1970.

[Mum2| D. Mumford, Algebraic geometry. I. Complex projective varieties.
Reprint of the 1976 edition. Classics in Mathematics. Springer-Verlag,
Berlin, 1995.

[Nak] N. Nakayama, Intersection sheaves over normal schemes. J. Math.
Soc. Japan 62 (2010), no. 2, 487-595.

231



[PST] C. Petsche, L. Szpiro, and M. Tepper. Isotriviality is equivalent to

potential good reduction for endomorphisms of PV over function fields.
J. Algebra, 322(9):3345-3365, 2009.

[Rayl] M. Raynaud, Un critere de effectivité de descente, Séminaire Samuel,

Algebre commutative, vol. 2, 1967-1968, pp. 1-22.

[Ray2] M. Raynaud, Flat modules in algebraic geometry. Compos. Math. 24

(1972), 11-31.

[Rem| R. Remmert, Local theory of complex spaces. Several complex vari-

[RG]

[Ser]

[Sei]

ables, VII, 7-96, Encyclopaedia Math. Sci., 74, Springer, Berlin, 1994.

M. Raynaud, L. Gruson, Criteres de platitude et de projectivité. Tech-
niques de “platification” dun module, Invent. Math. 13 (1971), 1-89.

J. -P. Serre, Lectures on the Mordell-Weil theorem. Aspects of Math-
ematics, E15. Friedr. Vieweg & Sohn, Braunschweig, 1989.

A. Seidenberg, The hyperplane sections of normal varieties. Trans.
Am. Math. Soc. 69, 357-386 (1950).

[SGAG6] P. Berthelot, A. Grothendieck, L. Illusie, Théorie des intersections

[Sho]

[Sil1]

[Sil2]

[Sil3]

et théoreme de Riemann-Roch, Lecture Notes in Mathematics, vol.
225, Springer-Verlag, 1971, Séminaire de Géométrie Algébrique du
Bois—-Marie 1966-67.

V. V. Shokurov, Prelimiting flips. Tr. Mat. Inst. Steklova 240 (2003),
82-219; translation in Proc. Steklov Inst. Math. 2003, no. 1 240, 75—
213.

J. Silverman, Heights and the specialization map for families of
abelian varieties, J. Reine Angew. Math. (1983) 197-211.

J. Silverman, Variation of the canonical height on elliptic surfaces. I.
Three examples. J. Reine Angew. Math. 426 (1992), 151-178.

J. Silverman, Variation of the canonical height on elliptic surfaces.
II. Local analyticity properties. J. Number Theory 48 (1994), no. 3,
291-329.

232



[Sild]

[Sil5]

Sil6]

[Siu]

[Stol]

[Sto2]

SUZ]

[Tat]

[Tem]

[

[Voj]

[Waz|

J. Silverman, Variation of the canonical height on elliptic surfaces.
III. Global boundedness properties. J. Number Theory 48 (1994), no.
3, 330-352.

J. H. Silverman, The space of rational maps on P!, Duke Math. J. 94
(1998), no. 1, 41-77.

J. H. Silverman, The Arithmetic of Dynamical Systems, volume 241
of Graduate Texts in Mathematics. Springer, 2007.

Y. -T. Siu, An effective Mastusaka Big Theorem, Annales de I'institut
Fourier, 43 no. 5 (1993), p. 1387-1405.

W. Stoll, The multiplicity of a holomorphic map. Inv. math. 2, 15-58
(1966).

W. Stoll, The continuity of the fiber integral, Math. Z., 95 (1967),
87-138.

L. Szpiro, E. Ullmo, S. Zhang, Equidistribution des petits points,
Invent. Math. 127 (1997) 337-348.

J. Tate, Variation of the canonical height of a point depending on a
parameter, Amer. J. Math.105 (1983), no.1, 287-294.

M. Temkin, Stable modification of relative curves, Journal of Alge-
braic Geometry 19 (2010), 603-677.

E. Ullmo, Positivité et discrétion des points algébriques des courbes,
Ann. of Math. (2), 147 (1998), 167-179.

P. Vojta. Siegel’s theorem in the compact case. Ann. of Math. (2),
133(3), 509-548, 1991.

R. Wazir, On the specialization theorem for abelian varieties. Bull.
London Math. Soc. 38 (2006), no. 4, 555-560.

M. Xia, Deligne-Riemann-Roch Theorems I. Uniqueness of Deligne
Pairings and Degree 1 Part of Deligne-Riemann-Roch Isomorphisms,
arXiv:1710.09731.

233



[Xie] J. Xie, Remarks on algebraic dynamics in positive characteristics,
preprint.

[Yual] X. Yuan, Big line bundle on arithmetic varieties, Invent. Math. 173
(2008), no. 3, 603-649.

[Yua2] X. Yuan, On volumes of arithmetic line bundles, Compos. Math. 145
(2009), no. 6, 1447-1464.

[Yua3] X. Yuan, Algebraic dynamics, canonical heights and Arakelov geom-
etry. Fifth International Congress of Chinese Mathematicians. Part
1, 2, 893-929, AMS/IP Stud. Adv. Math., 51, pt. 1, 2, Amer. Math.
Soc., Providence, RI, 2012.

[Yuad] X. Yuan, Arithmetic bigness and a uniform Bogomolov-type result,
in preparation.

[YZ1] X. Yuan, S. Zhang, The arithmetic Hodge index theorem for adelic
line bundles, Math. Ann. 367 (2017), no. 3-4, 1123-1171.

[YZ2] X. Yuan, S. Zhang, The arithmetic Hodge index theorem for adelic
line bundles II: finitely generated fields, preprint.

[YZt] X. Yuan, T. Zhang, Effective bound of linear series on arithmetic
surfaces, Duke. Math. J. 162 (2013), 1723-1770.

[Zhal] S. Zhang, Positive line bundles on arithmetic varieties, Journal of the
AMS, 8 (1995), 187-221.

[Zha2] S. Zhang, Small points and adelic metrics, J. Alg. Geometry 4 (1995),
281-300.

[Zha3] S. Zhang, Heights and reductions of semi-stable varieties, Comp.
Math. 104 (1996), 77-105.

[Zha4] S. Zhang, Equidistribution of small points on abelian varieties, Ann.
of Math. 147 (1) (1998) 159-165.

234



	Introduction
	Adelic line bundles
	Intersection theory and heights
	Volumes and equidistribution theorems
	Algebraic dynamics
	Connection to other recent works
	Terminology and notation

	Adelic divisors and adelic line bundles
	Preliminaries on arithmetic varieties
	Objects of mixed coefficients
	Essentially quasi-projective schemes
	Adelic divisors
	Adelic line bundles
	Examples and connections
	Definitions over more general bases

	Interpretation by Berkovich spaces
	Berkovich spaces
	Arithmetic divisors and metrized line bundles
	Analytification of adelic divisors
	Analytification of adelic line bundles
	Restricted analytic spaces
	Local theory

	Intersection theory
	Intersection theory
	Metrics of the Deligne pairing: statements
	Metrics of the Deligne pairing: proofs
	Positivity of the Deligne pairing
	Deligne pairing of adelic line bundles
	More functorialities of the pairing

	Volumes and heights
	Effective sections of adelic line bundles
	Volumes of adelic line bundles
	Heights on quasi-projective varieties
	Equidistribution: conjectures and theorems
	The Hodge bundle

	Algebraic dynamics
	Invariant adelic line bundles
	Heights of points on a subvariety
	Equidistribution of PCF maps
	Admissible extensions of line bundles
	Néron-Tate height on a curve


