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1 Introduction

The Colmez conjecture, proposed by Colmez [('0], is a conjecture expressing the Faltings
height of a CM abelian variety in terms of some linear combination of logarithmic derivatives
of Artin L-functions. The aim of this paper to prove an averaged version of the conjecture,
which was also proposed in [Co].

1.1 Statements

First let us recall the definition of Faltings heights introduced by Faltings [I'a]. Let A be an
abelian variety of dimension g over a number field K, and A the relative indentity component
of the Néron model of A over O . Assume that A is semi-abelian. Denote by 2(A) = Lie(A)Y
the sheaf of invariant differential 1-forms on A. Let w(A) be a metrized line bundle over
Spec Ok, whose finite part is defined as

w(A) :=det Q(A),
and whose metric || - |, at each archimedean place v of K is given by

1

lol? = g7 [y o270k @ew(4) =T (4,05,

Then Faltings [I'a, §3] defines a moduli-theoretic height h(A) by

h(A) = deg W(A).

1
[K:Q]
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Since A is semi-abelian, this height is invariant under base change.

Now let us state our main result as conjectured by Colmez. Let E be a CM field of
degree [F : Q] = 2g, with the maximal totally real subfield F' and a complex conjugation
c: E - E. Let ® c Hom(E,C) be a CM-type, i.e., a subset such that ® n ®¢ = @ and
® u d¢ = Hom(F,C). Let Ap be a CM abelian variety over C of CM type (Og, ®). By the
theory of complex multiplication, there is a number field K in C such that Ag is defined
over K and has a smooth and projective integral model A4 over Og. Colmez proved that the
height h(Ag) depends only on the CM-type ®. Thus we may denote this height by h(®).

Colmez gave a conjectural formula expressing the precise value of h(Ag) in terms of
linear combinations of logarithmic derivatives of Artin L-functions determined by ®. See
[Co, Thm. 0.3, Conj. 0.4]. When E/Q is abelian, the conjecture was proved up to rational
multiples of log2 in the same paper, and later the rational multiples were eliminated by
Obus [Ob]. When [E: Q] =4, the conjecture was essentially proved by Yang [Yal, ].

The goal of this paper is to prove the following averaged formula for general CM fields
using techniques in the proof of the Gross—Zagier formula ([G7]) and its generalization

([Y27]).

Theorem 1.1. Let E/F be a CM extension, 1 = ng/p be the corresponding quadratic char-
acter of A}, and dp (resp. dg/r) be the absolute discriminant of ' (resp. the norm of the
relative discriminant of E[F). Then

1 1L5(0,m) 1
— S h(®) = L= — Zlog(dgpd

where ® runs through the set of all CM types of E, and L¢(s,n) is the finite part of the
completed L-function L(s,n).

The averaged formula was explicitly stated in [Co, p. 634] with some typo. Note that
we use a different normalization of the Faltings height.

Remark 1.2. Note that the above theorem can be reformulated as an arithmetic expression
for L'(0,n). This expression is analogous to the class number formula

H
L(Ov 77) =2"—
w

where 2¢, H, and w are respectively the ratios of regulators, class numbers, and the number
of roots of unity of the fields £ and F.

Remark 1.3. When FE is imaginary quadratic, the Colmez conjecture can be deduced from
the Chowla—Selberg formula in [C'S] in 1967. Our method (and also the method of Yang
[Yal, Ya2]) thus give a different proof of the Chow—Selberg formula. Another very interesting
geometric proof of the Chowla—Selberg formula was discovered by Gross [Gr2]. He also
made a conjecture with Deligne for the periods of motives with CM by an abelian field.
Anderson [An] reformulated the conjecture of Deligne and Gross in terms of the logarithmic
derivatives of odd Dirichlet L-functions at s = 0. All these predictions were only up to
algebraic numbers. Colmez used the Faltings height instead of just the archimedean periods,
to make the conjectures precise.



Remark 1.4. Shortly after we posted our paper on arXiv, a different proof of the averaged
formula modulo a rational multiple of log2 has been posted on the arXiv by Andreatta,
Goren, Howard and Madapusi-Pera in | ]. In a more recent version, they have removed
the ambiguity of log 2, and thus their final result is the same as ours. Their proof uses integral
models of high-dimensional Shimura varieties and is based on the method of Yang [Yal, ].

Remark 1.5. By the recent work of Jacob Tsimerman [1s], the theorem implies the Andre—
Oort conjecture for Siegel abelian varieties: Let X be a Shimura variety of abelian type over
C. Let Y c X be a closed subvariety which contains a Zariski dense subset of special points
of X. Then'Y is a special subvariety.

Theorem 1.1 is a direct consequence of Theorem 1.6 and Theorem 1.7 below. The proof
of each of the latter two theorems forms a part of this paper, so this paper is naturally
divided into two parts. Theorem 1.6 is proved in Part I; Theorem 1.7 is proved in Part II.

1.2 Faltings heights

Part I (§2-85) of this paper is devoted to reducing Theorem 1.1 to a Gross—Zagier type
formula on quaternionic Shimura curves. In the following, for quaternionic Shimura curves,
Hodge bundles and CM points, we will use the terminology of | , §81.2) 81.3, §3.1]

Fix a CM extension E/F as above. Let B be a totally definite incoherent quaternion
algebra over A := Ap. Assume that there is an embedding A < B over A and fix one
throughout this paper. For each open compact subgroup U of ]B%]Xc, we have a Shimura curve
Xy, which is a projective and smooth curve over F. Let X be the projective limit of Xj.
Then X has a right action by B} with quotients X /U = Xy.

The Shimura curves Xy do not parametrize abelian varieties but can be embedded into
Shimura curves of PEL types over F. We will construct integral models A;; following the
work of Carayol [('a] and Cerednik-Drinfeld [3C] and define the Hodge bundle £y (Theorem
4.7).

Assume that U = []U, is a maximal compact subgroup of B% containing Gg Then Xy
has a canonical integral model X over Op. Let Ly be the arithmetic Hodge bundle of &,
whose hermitian metric at an archimedean place v is given by

ldz|, = 2Tm(z)

with respect to the usual complex uniformizations by coherent quaternion algebras. See §4.2
for the constructions of Xy and L.
Let Py € Xy (E?*P) be the image of a point P € X**. It has a height defined by

hz, (Py) = deg(Lulp,),

1
[F'(Py): F]

where Py denotes the Zariski closure of the image of Py in Xy. The first part of our paper
is to relate this height to the average of the Faltings heights of CM abelian varieties.



Theorem 1.6. Let dg be the norm of the product of finite primes of Op over which B is
ramified. Assume that there is no finite place of F' ramified in both E and B. Then

1 1 1
5 % W(®) = Shz, (Py) - 7 log(dsdr).

We prove this theorem by several manipulations of heights, which are sketched in the
following.

Decomposition of Faltings heights

Let K c C be a number field containing the normal closure of E over Q such that any CM
abelian variety by Og has a smooth model over Og. Let A/K be a CM abelian variety of
type (Og,®) and A/Ok be the smooth projective integral model. Then we will decompose
the height h(®) into a sum of g terms indexed by 7 € ®,

h(@,7) = STea (A, 7)

where each A/(A,7) is a hermitian line bundle over Spec Og. We will show that this height
depends only on the pair (®,7) in Theorem 2.2, and then denote it as h(®, 7). In Theorem
2.3, we obtain

h(®) - 3 h(e.7) = —mmg(d@d@).

Here Eg is the reflex field of (E,®) and dg, dg- are certain absolute discriminants of ®, ®¢.
Let (®1,®P2) be a nearby pair of CM types of E in the sense that |®; n®y| = g—1. Let 7
be the complement of ®; N ®, in ®; for ¢ = 1,2. Define

M@y, ®) = 2 (h(®1,72) + (@2, 7))

We will show that h(®P1,®,) does not depend on the choice of (®y,Py) and that (P, s)
is equal to %h(AO,T) for any abelian variety Ay with an action by Og and isogenous to
Ag, x Ag,, where 7 = 75|p. See Theorem 2.7. Thus Theorem 1.6 is reduced to the following
equality:

1
gh(Ao,7) = hg,, (Pv) - 3 log(dp).

Assume that A is defined over the number field K containing F'(Py) and has good reduction
over Og. We will prove the above identity by constructing an isomorphism of hermitian line
bundles over Spec Ok (cf. Proposition 5.7):

N’(AO,T);)(NUhDU) ®OF(PU) OK, (121)

where Ny := Z?](—DB) is a Q-bundle over Ay.



Kodaira—Spencer isomorphisms

We will construct the isomorphism 1.2.1 by applying Kodaira—Spencer maps for families of
abelian varieties, Hodge structures, and p-divisible groups parametrized by various Shimura
curves. These maps give relations “N = w®2?” between invariant differentials of these objects
and differentials of the base curves.

First of all, let (®1,P5) be a nearby pair of CM types of E. Let F’ be the reflex field
of ®; + ®5. Then there is a PEL-type Shimura curve X/, with minimal level defined over
F' parametrizing the quadruples (A, 7,0, k) of an abelian variety A, an action ¢ of Og on A
of type ®; + @5, a polarization 0 : A—> A? inducing complex conjugation on E, and a level
structure x : Og—T(A). On X}, there is a point P/, representing an abelian variety Ay
which is isogenous to Ag, x Ag,. By the Kodaira—Spencer map, there is an isomorphism

N(A(),T) = w?}%

U”P[’J"

We will prove an archiemdean Kodaira—Spencer isomorphism (Theorem 3.7) in terms of
hermitian structures using complex uniformization of X"’.

There is no natural maps between the Shimura curves Xy and X/, over the reflex fields,
even though they have isomorphic connected components over F. We will construct another
Shimura curve X}, with morphisms Xy— X/}, and X[,— X/}, so that both point Py and
P/, have the same image P//,. This gives an isomorphism over K required in (1.2.1):

N (A, 7)—Np, ®r(p,) K. (1.2.2)

This isomorphism is in fact an isometry at all archimdean places.

It remains to show that the isomorphism (1.2.2) extends to the isomorphism (1.2.1).
We need only do this by working on every place of K. For each prime g’ of F', there
is a p-divisible group H" on certain infinite cover X', of X7}, defined over K’ := FJ, the
completion of the maximal unramified extension of F{,,. This group restricts to the p-divisible
group H':= A[p>] on X1 s+ an infinite cover of X7;,. On the other hand, on an infinite cover
X1 of Xy over K := FY*, where g := p'|, there is a p-divisible group H independent of the
choice of E. The groups H and H" are related by the Tate module of a p-divisible group [
on Y. See Proposition 5.1.

We will give a description for Nj, in terms of the deformation of H via a Kodaira-
Spencer isomorphism (Theorem 4.10). By Proposition 5.1, this also gives a description of
Nio,®O Frus in term of the deformation of H" (Corollary 5.5) which is the required extension

of the isomorphism (1.2.1) at places over p'.

1.3 Quaternionic heights

Part IT (§6-§9) of this paper is devoted to the proof the following height formula on quater-
nionic Shimura curves. Let U =[], U, be a maximal open compact subgroup of IB%; containing

the image of Gg =11, 0%, -



Theorem 1.7. Assume that at least two places of F are ramified in B, and that there is no
non-archimedean place of F' ramified in both E and B. Then

L (0,m) o Ligg
Ly(0,m) 2 dgjr
Here dg = N(0p) is the absolute discriminant of B.

We prove this theorem by extending our method of proving the Gross—Zagier formula in
[YZ7]. Recall that the Gross—Zagier formula is an identity between the derivative of L-series
of a Hilbert modular form and the height of a CM point on a modular abelian variety. This
formula is proved by a comparison of the analytic kernel PrI’(0, g, ¢) and a geometric kernel
27(g,(1,1),¢) parametrized by certain modified Schwartz function ¢ € S(B x A*). More
precisely, we have proved that the difference

D(ga¢):PTI,(Oaga¢)_QZ(97(171)7¢)7 gEGLQ(AF)

is perpendicular to the relevant cusp forms.

The cancellation for the “main terms” of D(g,¢) eventually imply the Gross—Zagier
formula; however, the cancellation of the “degenerate terms” imply Theorem 1.7. To retrieve
information of these degenerate terms, we need to compute this difference for a wider class of
Schwartz functions ¢ than those considered in | |. In fact, [Y7Z7] makes some assumptions
on ¢ so that the degenerate terms vanish automatically. In the following, we sketch some
new ingredients of the proof here.

he, (Py) =~

Derivative series

By the reduced norm ¢, the incoherent quaternion algebra B is viewed as a quadratic space
over A = Ap. Then we have a modified space S(B x A*) of Schwartz functions with a Weil
representation r by GLg(A) x B* x B*. For each ¢ € S(B x A*) invariant under an open
compact subgroup U x U of B% x B}, we have a finite sum of products of theta series and
Eisenstein series
I(s.9.0)v =", > 0(vg)* Y r(v9)e(zr,w),
uep? \F* veP1(F)\SLa(F) z1€E

where py = F*nU, and P! is the upper triangular subgroup of SLs.

For the decomposition B = E + E,j, this function is a linear combination of the products
0(g, 1) - E(s,9,¢2) of the theta series 6(g,¢1) for some coherent Schwartz functions ¢; €
S(E,), and the Eisenstein series E(s, g, ¢s) for some incoherent Schwartz functions ¢, €
S(Exj). This implies that 1(0,g,¢) =0. Let PrI’(0,g,¢) be the holomorphic projection of
the derivative at s =0 of I(s,g, ).

In Theorem 7.2, we give a precise formula for Prl’(0, g, ¢) under some assumptions of
Schwartz functions, which particularly includes the following term:

L' (0,7)
0 L7 Logldp pd . 1.3.1
( Le(0,7) +log|dgr F|)MZUZ\1:W y;x o(y,u) ( )

Notice that this term was killed in | | by some stronger assumption on Schwartz functions.
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Height series

For any ¢ € S(B x A*) invariant under U x U, we have a generating series of Hecke operators
on the Shimura curve X :

Z(g.0)v = Zo(g,0) +wu ), Y, r(9)¢(x,aq(x) ™) Z(z)u,

aeF* er\]B;/U

where wy = |ug N U, the constant term Zy(g, @) is a linear combination of Hodge classes on
Xy x Xy, which can be neglected in this paper, and every Z(z)y is a divisor of Xy x Xy
associated to the Hecke operator corresponding to the double coset UzU. By | , Theorem
3.17], this series is absolutely convergent and defines an automorphic form on g € GLo(A)
with coefficients in Pic(Xy x Xy)c.

Let P = Py be the CM point of Xy as above, and Py € Jac(Xy) be the divisor of degree
zero modified by the Hodge classes. Then we can form a height series

Z(gﬂ¢)U = (Z(g7¢)UP(§a P[;)NT,

where the right-hand side is the Neron—Tate height pairing.
In Theorem 8.6, we give a precise formula for Z (g, ¢)y under some assumption of Schwartz
functions, which particularly includes the following term:

Gion T, St (132

where io(P, P) is a modified arithmetic self-intersection number of the Zariski closure P
on the integral model Ay. Notice that this terms was killed in | ] by some stronger
assumption on Schwartz functions.

Finally, Theorem 1.7 essentially follows from an identity between (1.3.1) and (1.3.2). To
get this identity, the idea is to use the theory of pseudo-theta series in §6.2. There is already
a basic concept of pseudo-theta series in [ |, but here we develop a more general theory
to cover the degenerate terms.

Pseudo-theta series

From the explicit formulas in Theorem 7.2 and Theorem 8.6, the difference D(g, ¢) is a finite
sum of the so-called pseudo-theta series:

Af;)(g) = Y Y ds(g.xu)rv(9)d® (z,u), g€ GLy(A),

uep\F* zeVi\Vp
where
e S is a finite set of places of F' including all archimedean places,

e 1 c O is a subgroup of finite index,



e VycVicV is a filtration of totally positive definite quadratic spaces of F,
o ¢° e S(V(A%) x AS*) is a Schwartz function outside S, and

e ¢ is a locally constant function on

Hg(GLQ(Fv) X (‘/1 - %)(Fv) X Fv)

with some extra smoothness or boundedness conditions.

Notice that a pseudo-theta series usually is not automorphic. But our key Lemma 6.1
shows that if a sum of pseudo-theta series is automorphic, then we can replace them by the
difference 041 — 04 of associated theta series:

0A71(g) = Z Z TV1(9)¢{9(Lx>u)TV1(g)¢S(xvu)v

uep?\F* xeV

0ao(9)= Y X mu(9)ds(1,2,u)ry(9)¢° (z,u).
uep?\F* xeVp
Since the weights of these theta series depend only on the dimensions of V;, there is a
vanishing of some sums of theta series grouped in terms of dim V;.
Combining Lemma 6.1 for D(g, ¢) with some local computation gives the following iden-
tity for the self-intersection of CM points P (Theorem 9.1):

1 Ly(0,m) 1
ﬁig(P, P) =——7+ —log(dE F/dB)
[0 : O%] Li(0,m) 2 /
This is essentially the desired identity between (1.3.1) and (1.3.2). Now Theorem 1.7 follows
the following arithmetic adjunction formula (Theorem 9.3):

1

mio(])ap) = _hZU(P)7

which will be proved by explicit local computations.
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Part 1
Faltings heights

The goal of this part is to prove Theorem 1.6. Throughout this part, we fix a quadratic CM
extension E/F.

2 Decomposition of Faltings heights

In this section, we will first decompose h(®) into a sum of components h(®,7) for each
7 € ®. See Theorem 2.3. This is done by using a hermitian pairing between 2(Ag) and
Q(AL). Then we define the height h(®4, ®;) for a nearby pair (®1,P;) of CM types of £ (in
the sense that ®; N ®, has g — 1 elements) as the average of two heights h(®;, 7;), where 7; is
the complements of ®; N Py in &;. We will end this section by showing that h(®;, Py) can
be computed by any abelian variety isogenous to the product of two CM abelian varieties
with CM types ®; and ;.

2.1 Hermitian pairings

Let A be a complex abelian variety with space Q(A) of holomorphic 1-forms. Then we define
a metric on the complex line w(A) = det Q(A) by

1 _
Jol? = = [ lanal
(2m)9 Jacc)

In terms of Hodge theory, this norm is given by the following pairing between det H' (A, C)
and det H,(A,Z):

1 _
ol = gl el

where ey is a basis of det Hy(A,Z) = Hy,(A, Z).
Let A? be the dual abelian variety of A. Then we have a uniformization

AY(C) = H'(A,04)/H' (A, 2miZ).
This induces the following canonical isomorphisms
Q(AY)Y = Lie(A") ~ HY(A,04) ~ H*(A) = Q(A).
Thus we have a perfect hermitian pairing:
Q(A) x Q(AH)—C.

The hermitian pairing is functorial in the sense that if ¢ : B— A is a morphism of abelian
varieties, then we have

(¢°a,8) = (o, (¢")°B),  aeQ(A), BeQ(B).

11



Here ¢! : A'— B! denotes the dual morphism.
Taking determinants, this gives a hermitian norm | -| on w(A)®w(A?). Using this norm,
we obtain the following product formula.

Lemma 2.1. For any o € det Q(A) and e det Q(A?),

[~ 18] = o ® BJ*.

Proof. The direct sum of the pairing Q2(A) ® Q(A")—C and its complex conjugate give a
perfect hermitian pairing
H'(A,C)® H'(A!,C)—C.

This pairing is dual to the canonical perfect pairing
Hl(A, Z) ® Hl(At, Z)—>27TZZ

by the above uniformization of A*. Taking determinants and using the Hodge decomposition,
we obtain isomorphism of lines:

w(A)ew(A)ew(A) ®w(A") ~C.
This isomorphism is dual to the isomorphism
det Hyy(A,7Z) ® det Hoy( A, Z)— (2mi)*Z.
Then we have

lal?- 1817 = 2m)*[{a na,ea)| - (B A B, ear)l
=2m) ¥ a®B-a®B, es®ecu)|=]|a® B>

Here in the last step, we use the pairing (e4,e4:) = (2m1)29. O

Now we assume that A has a multiplication by an order of a number field E. Then F is
either totally real or CM. Let ¢ be the CM involution on E (which is trivial if £ is totally
real). Then for each embedding 7: E—C, we have a projection £'® C—C, and a T-eigen

quotient space
W(A,7):=Q(A) ®pec,, C.

The action of £ on A induces an action of £ on A’!. More precisely, for any v € E
corresponding to v : A - A, let v act on A via ¢ : A - A!, where the latter is just
the morphism compatible with the pull-back map 7* : Pic’(A4) - Pic’(A4). Now we define
W (A, 7) analogously. Then there are decompositions

QA= @ W(AT), QA= @ WAL T).

T7:E—C 7:E—C

The above hermitian pairing between Q(A) and Q(A?) is an orthogonal sum of hermitian
parings between W (A, 7) and W (A, 7¢) for each complex embedding 7 of E.

12



2.2 Decomposition of heights

Now we assume that A is defined over a number field K c C with a semi-abelian relative
identity component of the Neron model A over Ok, that A has actions by the ring of integers
Op of a field F, and that K contains the normal closure of E in Q. Then for each embedding
7: EF— K, we can define the 7-quotient Ox-module

W(A,7) = Q(A) ®0xe0p.+ Ok

The action of E on A induces an action on A! as above, so we define W(A!, 7) analogously.
Define a line bundle over Spec Ok by

N(A,7):=det W(A, 7) ® det W( A", Tc).

At each archimedean place v of K, there is a norm | - ||, on N (A, 7) defined as above. Thus
we have a metrized line bundle N'(A,7) := (N, | -|). We define the 7-part of the Faltings
height:
1 —
WA, 7) = ————=deg(N(A,71)).
(A7) = gV (A7)

Theorem 2.2. Assume that A has CM by Og with type ® ¢ Hom(E, K). Then h(A,T)
depends only on the pair (®,7).

Proof. Let B be another abelian variety with CM by Op of type ®. After a base change, we
can assume that A and B are defined over K and have everywhere good reduction over O.
We can also assume that there is a dual pair of Og-isogenies over K:

f:A—B, ft:B'— A"
These isogenies extend to integral models over Og:
f: A—B, ft:B— A
They further induce nonzero morphisms of line bundles:
foW(B, 1) —W(A, 1), [ WA 7¢)—W(B', Tc).
Thus we have a rational map of metrized line bundles:
0:N(B,7)—N(A,T1).

Computing the norm of this map gives

MAT)-h(B.1) =g T T ol

P<oo K —Qp

Theorem 2.2 will follow from the identity

[T lesln=1

a:K—Qp

13



for each place p of Q. Notice that this identity is compatible with base changes. If p = oo,
by the above functoriality of the hermitian pairing of invariant forms, it is easy to see that
Yo 1s an isometry.

It remains to study the product when p < co. We will use the p-divisible groups A[p>]
and B[p>] over Ok, and analogous space of differential forms. For a place o of K over a
prime p, and an abelian variety X' from A, At, B, B, we have identities

QX)s = UX[PT]e, WX, 7)e =W(X[pT], 7)o
Thus we may view ¢, as a morphism of line bundles induced from p-divisible groups:
o : N(Bl[p=],7)—N(A[p~],7).

Notice that Homo,, (A[p>=], B[p>]) is a free module of rank 1 over Op,. Thus we have
an isomorphism of p-divisible Z, ® Og-modules over Ok:

v A[p™]—B[p™].

We can use this morphism to identify B[p>] with A[p>], and B[p>] with A![p>]. In this
way, f is an Op,-endomorphism of A[p*®]. Since the Tate module of this group at the
generic fiber is a free Op,-module of rank 1, f is given by multiplication by an element
a € Og, on A[p*]. Taking the dual, f! is given by a € Og, on A/[p>=]. Thus ¢, is given by
the multiplication by («a/@), on the group N(A[p=], 7). It follows that

Qor Uor
[T leolo= T 2= 1 21

o K-Qp o K—Q, |O'/UTC| aK—Qp |anUT|

Here ¢, is an element Gal(Q,/Q,) which induces the complex conjugation on E via every
embedding £—Q,. O

By Theorem 2.2, we can denote h(A,7) by h(®,7) if A has CM type (Og,®). In the
following, we want to compute the difference:

M®)- > h(P,7).
Ted
Let Eg be the reflex field of ® generated by all ®-traces and t : E— Fg be the induced trace
map. Then the action £ on the Eg-vector space Eg ®g E gives a decomposition into a direct
sum of F ® Eg-subspaces: o
E@@QE=E¢®E¢C

so that the traces of the actions of E are t and t¢ respectively. In particular E:? and Ege are
two quotient algebras of Fy ®g E. Let Rg denote the image of Op, ® Op in Eg. Denote by
04 the relative discriminant of the extension Rg/Op,, and by de the norm of dg.

Theorem 2.3.

h(®) - - h(®.7) = —mmg(d@d@c).
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Proof. By definition, we have morphisms

¢: QA)—DBWAT), ¢ QA)—DW(A, )

Ted Ted

Thus we have elements

Ted Ted

det ¢ € (® W(A, T)) ®det Q(A)™, det ¢’ € (® W(A, TC)) ® det Q(A")L
This gives a section of the line bundle:

(e (® N(A,T)) ® (w(A) ®w(Ah)) ™.
Ted

With metrics defined on these line bundles, we have an adelic metric on ¢. Now we have an

identity:

@) - S (@)= T log|ll.

Ted 2[K : Q] p<oo U;K%Qp

where

[€allp = [ det éo |, - | det & .

By the above discussion, it is clear that ¢ has norm 1 at all archimedean places. So we need
only consider p < oo.
As a Z,-algebra, Op, is generated by one element x € O ,,, which has a minimal equation

Pity= [l (@t-2°)ez,t], a°cK).

oeHom(E,K)

Write
Po(t)=[J(t-2") € Egp[t], Poc(t)= [ (t-27) € Eayplt].

Ted Tede
It is clear that Re, = Op, ,[t]/Pe(t). Thus the ideal 94, of Og, , is generated by A(®), =
[T (z7 —27)2.
To study 4, let us write K, for the completion of o(K), O, for the ring of p-adic integers
in K,, and A, for the model of A over O,. Consider the Hodge—-de Rham filtration

0—Q(A,)—Hig (As)—H'(A,,04,)—0. (2.2.1)

With respect to the action of Og, one has that Hj,(A,) is free of rank 1 over O, ® Op. See
[Co, Lem. II. 1.2]. The other two terms are free O,-modules under which Og acts with type
® and P¢ respectively.

Lemma 2.4. The above exact sequence of O, ® Og-modules is isomorphic to the following
sequence:

O, [t] Pi-(f)Og[t] . O, [t]
Pp(1) P(t)  Poe(t)

0—> —0. (2.2.2)
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Proof. First we want to show that 2.2.2 is an exact sequence. It is clear that the sequence is
exact at the first and the third term, and that it is exact at the middle term after base change
to K,. Thus the exactness at the middle term is equivalent to the following statement: an
element « € O, [t] divisible by Pepe(t) in K,[t] is divisible by Ppc(t) in Oy[t]. This follows
from the classical Gauss’s lemma.

It remains to construct an isomorphism from 2.2.1 to 2.2.2. By the above discussion, we
can fix an isomorphism of O, ® Og-module

O [1]
P(t)

We want to extend this isomorphism to an isomorphism from exact sequence 2.2.1 to 2.2.2.
It is clear that under the actions by Opg, all terms in the exact sequence 2.2.1 are torsion-
free with the same CM types as corresponding terms in 2.2.2. It follows that ¢ induces an
isomorphism from 2.2.1 to 2.2.2. O

T2 HéR(AU)_)

Corollary 2.5. There is an isomorphism of (O, ® Og)-modules
Q(A)o = O[]/ Po(t)
under which x acts as t.

By this corollary, the evaluation ¢ — x7 gives an isomorphism Q7 ~ O,. Thus we have the
following model of ¢,:

b0 : O,[t]/2(t)— P O, t— (27 :7 D).

Ted

Notice that O,[t]/® has the the basis (1,¢,--,¢971), and D¢ O, has a usual basis ey, -, e, by
choosing an ordering (7q,---,7,). We have

(det o ) (LAt ALE A AtIT) = 2det((E7)) - er A Aey =/ A(DP),-e1 A Aey.

Thus finally, we have shown
| det 65, = [A(P),]2.

Put everything together to obtain

h(0) = Y h(0.r) =g 30 3 Log|A@), - A®Y),
Ted : P<o0 K -Q,

1
== m 10g(d¢ . dcpc).
[

By a nearby pair of CM types of E, we mean a pair (®1,P,) of CM types of E such that
®, N Py has order g — 1. Let 7; be the complement of ®; N ®5 in &; for ¢ =1,2. Define

h(®,, By) = % (h(®1,71) + h(D, 7))
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Corollary 2.6.

1 1 1
— h(q)) = —— h(CI)l, q)g) - — lOng,
2 5" e X, ;

where the second sum is over non-ordered pairs of nearby CM types of E.

Proof. Take the average over all types ® in Theorem 2.3 to obtain

%;h )——Zh(cb RANiTet) [ 2 Zlog\A(@p A

P<°°JK—>@

where the second sum is over pairs of CM type ® c Hom(E, Q) and 7 € ®.

For a fixed ¢ : K—Q,, the last sum on the right-hand side is a sum of log |z — 3|3 over
pairs 1, xo of roots of ® with x5 # 21 and 9 # x§. Let z1, 29, -, x5, be all roots of P(t) such
that x¢ = x;,4. Then the last sum on the right-hand side is a multiple of

[Tic; (2 - x5)?

_ 2
Hi<g($i - $i+g)2 =log|dp|*.

log

log ‘d_E
dg/r

Since there are 297! such terms, we have

1
[K : Q] a:KZEQp 29 ; Og| ( )p ( )p| Og| F|p

Thus we have

1 1 1
g ZP: h(q)) - g ;h(@ﬂ') = _Z IOg |dp|

Then it is easy to obtain the result. O]

2.3 Some special abelian varieties

In this subsection, we fix a nearby pair (®;,®5) of CM types of E. We want to compute the
height h(®q, Ps) by a single abelian variety.

Theorem 2.7. Let A, Ay, Ay be abelian varieties over a number field K with endomorphisms
by Op such that the following conditions hold:

(1) Ay, Ay are CM-abelian varieties of type ®1 and Py respectively;
(2) A is Og-isogenous to Ay x As.

Then 1 1
h((I)l, <I>2) = 5 (h(AlaTl) + h(A277-2)) = §h(A77_)>

where T; is the complement of ®1 NPy in ®;, and 7 is the place F under ;. Here in the last
equality, A is considered to have a multiplication by Op.
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Proof. From an Og-isogeny A; x As,—> A, we obtain an Og-morphism 7 : A;— A with a
finite kernel. By Theorem 2.2, we may replace A; by the image of i to assume that 7 is an
embedding. Now we have an isogeny As—>A/A;. Similarly, we may assume that A, = A/A;.
Thus we have a dual pair of exact sequences of Og-abelian varieties:

0—A—A—A—0, 0—AL— A'— A1 —0.

After a base change, we may assume that A; and A, have good reductions over Ok.
This implies that A also has good reduction over Og. Thus we have a dual pair of exact
sequences of their Neron models:

0—A—A—A,—0, 0—A,—A'— AL —0.
These exact sequences induce a dual pair of exact sequences of their invariant differentials:
0—Q(Ay)—Q(A)—Q(A;)—0, 0—Q(A))—Q(AH)—Q(AL)—0.
Then we have exact sequences:
0—W( Az, ) —W(A, 7)—W(A1, 71)—0,

0—W(AL, 1) —W(A", 7)—W (AL, 71)—0.

Taking determinants, we obtain
det W(A,7) =W(A;,11) @ W(As,72), det W(A", 1) = W(A, ) @ W(AL, 7).
It follows that we have a canonical isomorphism
N(A,T) 2 N(A1, 1) @ N(As, ).

It is easy to show that this isomorphism is compatible with the metric defined by Hodge
theory at infinite places. Thus we have

h(A,7)=h(A1,171) + h(Ay, 7).

O
3 Shimura curve X'
In this section, we study a Shimura curve of PEL type following Deligne [De], Carayol [Ca],
and Cerednik—Drinfeld [BC, Ce]. After reviewing the basic facts about the moduli problems,

we will study in special cases of the integral models over the ring of integers of the reflex
field, and the Kodaira—Spencer map over complex numbers.
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3.1 Moduli interpretations

Recall that we have a totally real number field F', a quadratic CM extension E/F, and a
totally definite incoherent quaternion algebra B over A = Ap. We will consider one of the
following special cases later:

(1) E=F(/\) with a A € Q as in Carayol [C'a];
(2) Ag is embedded into B over A as in the introduction.

Let (®1,Py) be a nearby pair of CM types of E. Let 7 be the place of F' missing in ®;n®s,
and B the quaternion algebra over F' with ramification set ¥(B) \ {7}. We form a reductive
group G" := B* xpx E* the quotient of B* x E* by F* via the action ao (b,e) = (ba™!, ae).
Let B! and E' denote respectively the subgroups of B and E with norm 1. Then G” has
the same derived subgroup G, := B! as G = B* with quotient isomorphic to F* x E' via the
following map:

v=(1,15):G"|Gi—F*x E',  (be) — (q(b)ee, e/e).

Here ¢(b) denotes the reduced norm of b.
Define an algebraic group G’ over QQ as a subgroup of G by

G'(Q)={g9eG"(Q):11(g) eQ"}.

Let A’ : C*—G'(R) be the complex structure which has a lifting to a morphism h x hg
to (B®R)* x (E ® R) as follows: the component to (B ® R)* = G(R) is the same as h

for defining quaternion Shimura curve as in Carayol [('a], see also §4.1; the component to
3]

(E ® R)*—(C*)9 is given by

hg:z— (1,271 271)

where the first component corresponds to the place over 7. The class of G’(R)-conjugacy
class of A’ is identified with h* = C\ R by

ghg ' —g(i),  geG'(R).

Ihus we have Shimura curves over C indexed by open and compact subgroups U’ of
G'(Q): R
X(:(C) = G"(Q\b* x G"(Q)/U".
It is not difficult to show that the reflex field of A’ is the same as the reflex field of ¢, + ®,.

Let F” be the reflex field of h’. Then X], is defined over F’. The following is a relation
between F' and F:

Proposition 3.1. Let ¥ denote ®;n Py, and let 7: F—C be the place of F missing in ¥|g.
Then F' contains 7(F).

19



Proof. By definition, Gal(C/F") consists of elements o € Aut(C) fixing the weighted set
®; + &y. It is clear that
@14‘(1)2 :2\D+T1+7_2

with 7; the complement of W in ®;. Considering multiplicity, such a o fixes 7 + 75. In other
words, it fixes 7(F). O

Let X’ be the projective limit of X/, for all X,. Then X’ is a scheme over F” with a
right action by G’ (@) and a uniformization given by

X0 (C) = G'(Q@)\* < C'(D).

See Carayol [Ca, §3.1].

Denote by G"”(Q), the subgroup of elements (b,e) in G"(Q) = B* xpx E* such that
q(b) € F is totally positive. As in Carayol [C'a, §3.4], the curve X’ is equipped with a
right action of the subgroup G = G"(Q), - G'(Q) of G"(Q) as follows: for any elements

(90,91) € G"(Q), x G’(Q), define
[2,h] - (9091) = [90" 2, 90" Pgog1].

The subgroup of elements fixing every point on X’ is given by the center Z"(Q) ~ E* of
G"(Q)+.

In the following, we want to describe the moduli problem associated to X/, following
Carayol [Ca, §2]. For this, we will work on the quaternion algebra B’ = B®p E over E. Let
V’:= B’ as a left B’-vector space. Fix an invertible element +’ € B’ such that 4’ = =" where
b~ b is the involution on B’ = B®p F induced from the canonical involution on B and the
complex conjugation on F. Then we define a symplectic form on V' by

V' (v,w) = trgotre p(yvw). (3.1.1)
Here trp/g is the reduced trace on B’. This form induces an involution * on B’ by:
' (v, w) =" (v, 0 w), 0=~ (3.1.2)

The group G’ can be identified with the group of B’-linear symplectic similitudes of (V’,1").
More precisely, G’ is a subgroup of G which can be identified with the subgroup B*- E* of
B which acts on V' = B’ by right multiplications.

The composition of i’ and the action of G’(R) on Vg induce a Hodge structure on V"’ of
weights (-1,0) and (0,-1). One can choose a 7 such that ¢’ induces a polarization of the
Hodge structure (V' h'):

' (xz,xh'(1)7') 20, Va e Vg.

By Deligne [De, §6], X[, represents the following functor Fy» on the category of F’-
schemes when U’ is sufficiently small. For any F’-scheme S, Fy/(.S) is the set of isomorphism
classes of quadruples [A, ¢, 0, k] where

(1) A is an abelian scheme over S up to isogeny;
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(2) ¢: B'—>End’(A/S) is a homomorphism such that the induced action of E on the Og-
module Lie(A/S) has the trace given by

tr(é, Lle(A/S)) = t(trB//E(é)), Ve B,,
where t: E—F" is the trace map of ®; + ®s.

(3) 6: A—> Al is a polarization whose Rosati involution on End’(A4/S) induces the involution
* of B’ over F,

(4) k:V'x S—H;(A,Q) is a U'-orbit of similitudes of B’-skew hermitian modules.

The group G acts on the inverse system of Fy as follows:

[Aﬂ/?ea’%] g = [A7 L, Vl(g)evﬁ"g]'

3.2 Curves X' in case 1

Let p be a prime number, and g’ be a prime ideal of O dividing p. We want to study the
integral model of X[, over the ring O,y := Og[a™' : v € O \ p'] in the case considered in

Carayol [C'a, §2, §5], i.e., E = F(v/)\) with ) a negative integer such that p is split in Q(\v/X).
Fix a square root p of A in C which gives a CM type of E by

O E=FegQ(VA)—FeuC~C% VA (- p).

Let &5 be a nearby CM type of E which differs from ®; at the place over 7 of F'. Then the
reflex field of ®; + &, is F.
Using the isomorphism

E,=F, e F, A= (1, —p),

we have an identification B] = B, x B, so that the involution * on B’ defined in 3.1.2 induces
an involution on B,, still denoted by *, so that (a,b)* = (b*,a*). In this way we may
assume that Opr, = Oy @ Op,. The form ¢’ induces a perfect (B,, *)-hermitian pairing
Yy + B, x B,—Q, as follows

77/)1,7(((1, b)> (Cv d)) = ¢P(av d) - %(Q b)

The subgroup G'(Q,) of B)* consists of elements (Ab,b) with A € Q% and b € BY. We identify
G'(Qp) ~Qy x By by this description.

Let Opr, be an order of B, stable under involution £~ £*, and let A} be an Opr - lattice
of V] such that ¢’| A, takes integral value and is perfect. Such an oder Op ), and a lattice Aj,
can be constructed from a maximal order O, of B, by the following formulae:

OBQp = Ofg’p (&) OBJ), A;? = Oé,p (&) OB7p
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where
fv3,p ={reB,: (x,y)el, VyeOp,}.
The elements of G(Q,) fix Aj, form a maximal compact subgroup UJ/(1) = Z5 x 0%,

Let g be the prime of Op under p’. Write O, = O, + Of as a direct sum of Z,-algebras,
then we have a decomposition:

Opp=0pp®0F,=0,00°0 0, ® O°.
For any O ,-module M, there is a corresponding decomposition
M = My, + MY + My, + M§.
Let Z) = Z, nQ be the localization of Z at p. Let Op/ () = Opr, N B’ be the Z,)-lattice
in B’
For an open compact subgroup U’? of G’ (@p), define a moduli problem F; y» over O,

as follows: for any O,-scheme S, Fj y»(S) is the set of isomorphism classes of quadruple
[A,¢,0, K] where

(1) A is an abelian scheme over S up to prime-to-p isogeny;

(2) ¢: Opr (py—End(A/S) ® Z() is a homomorphism such that the induced action of Op
on the Ogs-module Lie(A/S) has the following properties:

o Lie(A)y, is a special Op,-module in the sense that it is locally free of rank 1 over
Ok ® Og for any unramified quadratic extension K of O, embedded into Opg;

o Lie(A) =0.

(3) 8 : A—A! is a polarization whose Rosati involution on End(A/S) ® Z,) induces the
involution * of Opr ;

(4) k:VPx S—H,(A,Qr) a U-orbit of similitudes of O, -skew hermitian modules.

Proposition 3.2. When U is sufficiently small, the scheme Fyyw is represented by a
reqular scheme X{ 1, over Oy with the following properties:

(1) for the embedding 7' : O(n—>C, the curve Xy yw(C) = Xyy1)vw(C), where Uy(1) is the
mazximal open compact subgroup of BJ* fixing Aj,;

(2) if p is split in B, then X ., is smooth over Oy ;

(3) if p is ramified in B, then X| ., is a semistable relative Mumford curve in the sense
that every irreducible component in the special fiber is isomorphic to PL.

Proof. Let Op: be an Og-order of B’. Replacing Op by Op: n O}, we may assume that
Op is stable under *. Let A’ be an Op-lattice of B” with localization Aj,. With A replaced
by mA with an m prime to p, we may assume that v’ takes integral value on A’. Assume
now U fixes A and fixes every point in A?/nA’? for some n > 3 prime to p. It is easy to
see that above functor is isomorphic to the following functor Fyw» over Op-schmes: for any
Op-scheme S, Fuw(S) is the set of isomorphism classes of quadruple [A,¢,0, K] where
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(1) A is an abelian scheme over S;

(2) ¢ : Op—End(A/S) is a homomorphism such that the induced action of Op on the
Og-module Lie(A/S) has the following properties:

o Lie(A)y, is a special Op,-module in the sense that it is locally free of rank 1 over
Ok ® Og for any unramified quadratic extension K of O, embedded into Op;

e Lie(A)§ =0.
(3) 6: A—> At is a polarization whose Rosati involution on End(A/S) induces the involution
* of OBI;
(4) r: AP x S—H,(A,ZP) a UP-orbit of similitudes of Opi-skew hermitian modules.

The condition (4) implies that the relative dimension of A/S is 2g. Also the degree of
the polarization ¢ in (3) is d = [A"Y,A’] where A’ is the dual lattice of A’. By Mumford
theory, there is a fine moduli space Moy g, over Z, classifying the the triples of (A, 0, k)
of an abelian variety A of dimension 2¢g, and a polarization 6 of degree d, and a full level
n structure x,. Thus we have a morphism of functor F/,,— My 4,. Now we can use the
theory of Hilbert schemes to prove the existence of a scheme X(§7U,p—>Mgg,d,n to classify

other additional structures on the triple (A, 0, x,) required in the functor Fo .
The second statement is proved in Carayol [Ca, §5.4] in the case p is split in B, and
proved by Cerednik-Drinfeld (cf. [BC, Cec]) in case g is not split in B. O

Remark 3.3. Our moduli problem here is slightly different from the moduli problem Dﬁa .
in Carayol [Ca, §5.2.2] in three points:

(1) we do not require that p is prime to the discriminant 05 c O of B;
(2) we allow A to have prime-to-p isogeny which is more flexible than [('a];

3) we do not input a level structure k% as in .
p P

p-divisible groups

Let U’ = U)(1) - U with U’ sufficiently small so that the functor Fy- is representable by a
universal family of abelian varieties:

AUI—>XU/.

There is a Barsotti-Tate Ops,-module Ay/[p>] on &/, for any sufficiently small compact
open subgroup U of G’ (@)p. With our assumption, this group has a decomposition

Av[p%] = Aur [p7]1 + Ave [ ]2 = A [p™ |1 + Aur [p™ 1§ + Avr[p™ ]2 + Aur [p™ 5.

We define
o= Av[p™ 2.
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By part (2) in the definition of Fi », the gp-part H; 1o 1S @ special Op,-module, and the
prime-to-p-part 5 is an étale O%,-module.

It is clear that the generic fiber H[, = Ay/[p=]s of H}, on X[, is dual to Ay/[p=]; by
the polarization; thus HJ,, determines the structure of Ay/[p>]. Notice that H/, can be
constructed without using abelian varieties:

H[,]/ = (p_ooOBJ)/OB’p X X’) /U;(l) xU'P.

Where Uj(1) ~ Zy x OF , acts on p~=Op,/Op, by the right multiplication of O  (cf. [Ca,
§2.5]).

Remark 3.4. Our p-divisible group Hj;, relates to the group EZ, of [Ca, §3.3] in the case
OB,@ = M?(O@) by

10 P TS
(0 O)'HU’[@ ]_Eoo‘

Level structure at p

For any ideal n of Op dividing a power of p, let U/(n) denote the subgroup of B) of the

form Z5 x (1 +n0py)*, and X[, denote X(’J;(n)xU,p. Let HJ , denote the pull-back of
Hi = H[’],(l)U,p to X/ ,». Using the above description, the map X, y»—>X; y» defines a
: f ,

full level n-structure on H; ., i.e., an isomorphism of Op ,-modules:
. -1 l
kpt 1 Opp/Opp— n,U'P [n].

When n is prime to 0p, this level structure extends to the minimal model X ,. More
precisely, the scheme X, represents a functor F, y» over Fip» to classity a péir of level
structures k, = (K, £5) so that &% is a full-level structure on the étale sheaf H,,,[n], and
kg is a Drinfeld basis of 1], 1, ,[n]. 7

Integral models

In the above, we have interpreted X, at a prime g as the functor F, y» when n is prime
to 0, and U'P is sufficiently small (in dependent of n). In the following, we want to extend
such interpretation to large U’?. Fix a lattice A’ of B’ with a completion Aj. For any positive

integer N, let U’(N) denote the subgroup of G’(Q) consisting of elements which stabilize A’
and induce the identity action on A’/NA’.

Proposition 3.5. Assume that U’ is contained in U'(N) as a normal subgroup for some
N >3 and prime to p. Then the functor Fu e is represented by the minimal regular model
X,y over Og.

Proof. First let us reduce the proposition to the case U’ = U'(N). In fact if Fy(ny is

represented by Ay vy—>4&/, then F,yn» is represented by an A7 -scheme Y, y» to

(N) U'(N)
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classify a pair (k,,x*) of a full Drinfeld level structure , and an etale level structure x¥.
Thus it is clear that YV, y» is regular without any exceptional curve. Thus YV, pyw = X, pw.
Assume now U’ = U(N). Let Uf be a sufficiently small normal subgroup of U’(N)?
so that Fy yw is representable by A; yr»—>&) yr. Then we have an action of U (N) on this
family. It suffices to show that U(N) acts freely on &) yr. Let v e U'(N) fixes a closed
point z in X {,Uép. Let [A,¢,0, k] be the quadruple corresponding to x. Replace A by some
abelian variety prime to p isogenous to A, we may assume that x? induces an isomorphism
morphism between A? and TP(A). In this way, we have an automorphism ¢ of (4,6), an
w € U'P such that k-v-u = roT(p). Since v € G(N), it follows that ¢ fixes all points in
A[N]. Thus p=1. Thus y=u"teU’. O

Corollary 3.6. The integral models X ;,,, with n prime to dp and U'P contained in U'(N)
with N >3 and prime to p, form a projective system of reqular schemes over O,. Moreover
the special fiber of each X ,, above g is a smooth curve if p + n0g, and a relative Mumford
curve if p | 0p. 7

3.3 Curve X'’ in case 2

In this subsection, we assume that F is embedded into B over F. Then we can write
B = E + Ej where j € B* such that jx = xj for all x € E. We can identify B’ = B ® E with
M5 (E) by the following maps:

2h s ab - 1
“ ab) 7\ )

It follows that V'’ = B’ is the sum of two copies of a subspace V over E. In fact, we can take
V; = B with two conjugate left multiplication of £

Vi—=VieV,: b®e—> (eb,eb).

The operator w = switches two factors by (u,v) = (jv,j 'u). We may assume that

1
v =vy®1 with vy e E®1 so that ¢’ is the sum of two copies of a symplectic form ¢ on V; = B
by
Y(u,v) = trpgtrg/p(yud), u,veV;=B.

The group G’ can be identified with the group of E-linear symplectic similitudes of (V1))
by right action on V: (b,e)x = exb.

It follows that when U’ is sufficiently small, X/, represents the following functor ), on
the category of F’-schemes. Here F” is the flex field as before. For any F'-scheme S, F/%(S)
is the set of isomorphism classes of quadruples [A4,,0, k] where

(1) A is an abelian scheme over S up to isogeny;
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(2) ¢ : E—End’(A/S) is a homomorphism such that the induced action of E on the Og-
module Lie(A/S) has the trace given by

tr(¢,Lied) = t(¢),  VleE,

(3) 6: A—> At is a polarization whose Rosati involution on End’(A/S) induces the complex
conjugation c of E over F;

(4) k:V x S—H;(A,Q) is a U'-orbit of similitudes of skew hermitian E-modules.

Let Op be a maximal order of B, and let A = Op be viewed as a lattice in V. Assume
that ¢ takes integral value on A. Then F/9 is equivalent to the following functor F},. For
any F’-scheme S, F/,,(S) is the set of isomorphism classes of quadruples [A, ¢, 0, k] where

(1) A is an abelian scheme over S;

(2) ¢ : Op—End(A/S) is a homomorphism such that the induced action of O on the
Og-module Lie(A/S) has the trace given by

tr(¢,Lied) = t(¢),  VLeOp,

(3) 6: A— At is a polarization whose Rosati involution on End(A/S) induces the complex
conjugation ¢ of O over Op;

(4) k:AxS—H(A,Z) is a U'-orbit of similitudes of skew hermitian Og-modules.

CM points

Again assume that E is embedded into B over F. Let T" (resp. T") be the subgroup of G’
(resp. G'(Q)) of elements (b,e) € (EX)? (resp. (b,e) € (E*)?). Then the subscheme X7’ of
X" of points fixed by 7" is a principal homogenous space of T'. Moreover each point P’ € X'T'
represents an abelian variety Aps which is isogenous to a product Ag, x Ag, of CM abelian
varieties by Op with types ®;,®,. In fact, in terms of above complex uniformization, X'’
is represented by pairs (z,t) with z the unique point on b fixed by 7', and ¢ € T. Fix a point

PleXT,

Hodge de Rham sequence

In the following, we want to study the Kodaira—Spencer map. Assume that Fy is represented
by a universal abelian variety 7 : Ayv—X7,. Then there is a local system H(Ay:) of
FeoO X{ﬂ—modules with an integrable connection V and a Hodge filtration

0—>Q(At ,)—>HfR(AUI)—>Q(AU/)V—>O,
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where Q(Ay) = m. (4, /x:,) and Q(A7,) = m. (Qae ,/x,)- This sequence of vector bundles
on X/, has an action by F' by pulling back of cohomofogy classes. Taking a quotient according
to the morphism F' ® OX{],—>(9X{J, given by sending (r ® y) — 7(x)y, we have

0—Q(AL) T —H®R (A —Q(Ay )™ —0.
For simplicity, let us introduce the following notations:
My = HER(Ap), W= Q(Ap)T,  Wh = W(AL)".
Then we have an exact sequence of vector bundles:
0— W} — My — Wy, —0. (3.3.1)

In terms of the complex uniformization, the bundle (M, V) and its filtration can be
described explicitly by representations of G'(Q) as follows. First define the local system of
R-vector spaces on X'y (C):

V=GV, xh* xG(@QU,  V.=Ver R

This system has a Hodge structure given by h*. This definition makes sense since the
stabilizer of G(Q) on every point of h* x G'(Q)/U" is its center Z(Q) which acts trivially on
V. Then we have

My =V &g Ox; , Wi = H"Y(V), Wy = (My [WE)Y.

Kodaira—Spencer maps at archimedean places
Inserting the Gauss—Manin connection to the sequence (3.3.1) gives a chain of morphisms:
Y
W5,—>MUI—>MUI ® QX{],—>W(}, ® szﬂ
By Kodaira—Spencer, this induces an isomorphism of E ® r Ox/-line bundles:
t v

WUI_)WUI ® QX&I .
Taking determinants, this gives an isomorphism of Ox-line bundles:

KSUI : NU/—>Q§2/ y

UI
where Ny is a line bundle on X7, defined by
Ny == det Wy ® det W(t]/

In the remaining part of this subsection, we want to study the Kodaira—Spencer isomor-
phism at a fixed place 7" of F’. Here we put a metric on Ny by the Hodge theory as in §2.1,
and put a metric on {2 X1, by the following formula

|dz| =2y

in terms of the complex unformization.
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Theorem 3.7. The morphism KSy is isometric.

Proof. The Kodaira—Spencer isomorphism induces a norm on §2 X1, We want to give an
explicit description of this metric as follows. First, let us give an explicit formula for the
Kodaira—Spencer map. Fix an isomorphism B, =V, ~ M(R) and identify h* with the moduli
space of B,-Hodge structures on My(R). It is equivalent to study the Hodge structures on
R2. In a concrete matter, for each z € h*, take a Hodge structure on L = R? inducing a
complex structure given by isomorphisms

@, : L—C, (a,b) — a+bz.
Then L%-! is given as ker ¢, ¢, so we have
L% = Ce,, L0 =Ce;, e,:=(-21).
Thus the filtration of the de Rham homology has the following form:
0—Ce,—C?—Ce;—0.
Apply the Gauss—Manin connection to obtain

éz_ez

V(e,) =(-1,0)dz = ——=dz.
21y

It follows that under Kodaira—Spencer map,

dz = 22.3/?_,2, |dz| = 2y.
€

p-divisible groups

Assume that U’ is sufficiently small so that X[, has a universal abelian scheme Ay repre-
senting the functor Fy». Then we have a p-divisible group

H[,J/ = AU/ [poo].
Notice that this p-divisible group can be constructed directly by the following formula:
Hiy = (By/Oppx X') U’

where U’ acts on B,/O, via its projection to the subgroup O3, X0, Oy, of G(Q,) and the
action ’

z(b,e) = exb, be By/Opyp, (be)eOp,x0%,.
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Integral models

In this subsection we give some results about integral models of X/, Ays, and H{,, which
can be proved in the later section 5.2. The results here will not be used in the rest of paper.

Assume that U’ is sufficiently small as in the previous paragraph. A natural question is
to extend the universal family Ay - Xy to a flat family Ay — A over Opr. The natural
way is to extend the functor Fy over schemes over Op/, which we don’t know how to define.
However we can extend this abelian scheme pointwise on Xy».

Proposition 3.8. Let L be a finite extension of F' and x' € Xy/(L) a point which represents
an abelian variety A, over L. Then Ay has good reduction A, over Op.

By the works of Grothendieck | ] and Raynaud [RRa], it is sufficient to extend p-
divisible groups locally. We will prove this extension in Proposition 5.2 using Breuil-Kisin
theory.

One consequence of this integral model is to give a hermitian integral structure on Ny, ,
at each point z € X/, (L) by N(A,7). Using method in §5.2, we can construct an integral
model &}, of X/, over O and a line bundle NL’,, such that

N(A, T) = N[,]/w/

as integral structures on the Hodge bundle LZ,.

4 Shimura curve X

In this section, we study a quaternionic Shimura curves X over a totally real field. We will
first review some basic facts about the integral models X studied in Carayol [C'a] at split
primes, and Cerednik-Drinfeld [BC, ('] at non-split primes. Then we will construct integral
models of the curve X by a comparison with the curve X'’ in the last section. Finally we will
study the integral models of p-divisible groups H using the p-divisible groups H'|X’, and
study the local Kodaira—Spencer morphisms induced from the Hodge-de Rham filtration
and the Gauss-Manin connections, following a deformation theory of p-divisible groups H
of Grothendieck—Messing [l1, Me].

4.1 Shimura curve X

Let F' be a totally real field and B a totally definite incoherent quaternion algebra over
A := A as before. Then we have a projective system of Shimura curves Xy over F' indexed
by open and compact subgroups U of Gy := B, see [Ca, ).

For any archimedean place 7 of F', the curve Xy, over C is defined by the following
Shimura data (G, h) where G = Resp)g(5*) with B a quaternion algebra over F' with the
ramification set X(B) \ {7}, and h: C*—G(R) a morphism as follows. Fix an isomorphism

G(R) = GLy(R) x (H*)s",
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Then h brings z = x + yi to

[(_xy g)_l,L...,l].

The class of G(R)-conjugacy class of h is identified with h* = C\ R by

ghg ' —g(i),  geG(R).

Fix an isomorphism B ~ B which gives an isomorphism G e G(@) Then we have a
uniformization

Xu.(C) = G(Q)\b* x G(Q)/U.

This curve is compact if B # M(Q) or equivalently 3(B) is not a singlet. In the following
discussion we always assume that X is compact; but the results hold in general with taking
care of cusps.

If '+ Q, this curve does not parametrizes abelian varieties but its geometric connected
component can be embedded into Shimura curves of PEL types over F. In the following we
want to review the work of Carayol [('a] on p-divisible groups on some integral model of Xy
with infinite level.

Let X denote the projective limit of X;. Then X has a right action by G(@) =B} The

maximal subgroup of IB%; which acts trivially on X is F*, the closure of Z (Q) = F* in ]B%;.

Thus we can write Xy = X /U with U := U/(U n F¥). When U is sufficiently small, U acts
freely on X. If F # Q, then F* # [*. This means that the intersection F* nU # {1} for any
open compact subgroup U of F*.

Fix a maximal order Op of B; and consider the projective system of Shimura curves Xy
indexed by open compact subgroup U of Oy. For each positive integer N, let U(N) denote
a compact subgroup of O of the form U(N) := (1+ NOg)*.

Proposition 4.1. If U is contained in U(N) for some N >3, then g(Xy) > 2.

Proof. This can be seen from the above complex uniformization. The curve Xy ; is a disjoint
union of quotients X, := I';\b, for g sits in a subset of G(Q) representing the double coset
quotient G(Q)\G(Q)/U, and

Fg = B: mgUg_l C B: N (1 + NgOBg_l)X.

Let T, denote the quotient I'y/(T'y n F*). We claim that T, acts freely on h. This claim will
show that X, has a (free) uniformization by b, thus its genus greater than 1.

Let v € I'y x F* be an element fixing a point z € h. Then the subfield E := F(vy) of
B generate by v over F' is a quadartic CM extension of F'. It is clear that v € O} and
v—1€ NOg. Write ¢ = /5. Then ¢ has norm 1 at all places of E. Thus ( is a roots of unity
with the property (—1€ NOgnQ(¢) c NZ[(]. Tt follows that Z[(]/NZ[(] = Z/NZ. On the
other handn we know that Z[(]/NZ[(] is a free module over Z/NZ of rank equal to deg Q(¢).
It follows that ¢ € Q, or ¢ = 1. Since N >3, ( = 1. It follows that v e (1 + NOp)*. O
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p-divisible groups

Let p be a prime and fix a maximal order Og, of B, containing Og,. For any ideal n of
Opr dividing a power of p, let U,(n) denote (1 +nOp,)*. Then we have a Shimura curve
Xy = X[Up(n). Write Uy(1) = Up(Or) = O, the maximal compact subgroup of By, and
X1 = Xy,1)- We define the p-divisible group H, on X, by

Hy = [B,/Op, x X]/Up(n),

where U,(n) c Og  acts on B,/Op, by right multiplications. This definition makes sense,
since U,(1) acts freely on X. Moreover, for each n, its n-torsion subgroup H;[n] can be
descended to Xy, (1)xy» for some open compact subgroup UP of IB%?’X as follows:

Hy,yxvw[n] = [07108/0p x X[ (Uy(n) x UP) | [(U(1)[Uy(n)).

For this we need to find U? so that U,(1)/U,(n) acts freely on X /(U,(n)xUP). The existence
of such a UP can be proved in the same way as [Ca, Cor. 1.4.1.3].

Relation between X° and X"

In the following sections we want to study integral models of Xy and Hy by Carayol [Ca]
by relating them to X/, and Hj,, studied in §3.1 and §3.2 for Shimura curves defined using
imaginary quadratic field £ = F(v/\) with X € Q such that p is split in Q(v/)).

Let X0 be the identity connected component of X over F' (which was denoted as M* in
[Ca, §4.1]), and A the stabilizer of X9 in G = G(Q)/Z(Q). Then A is represented by the
subgroup A ¢ G(Q) = B* consisting of elements g with determinants ¢(g) € F. In other
words, we have A = A/Z(Q).

Similarly, let X’° be the identity connected component of X’ over F' (which was denoted
asin M in [Ca], §4.1), and A’ the stabilizer of X0 in G := G/Z"(Q). Then A is represented
by the subgroup A’ ¢ G”(Q) = E* x 7. B* by elements (e, b) with norm (q(b)eg, e/€) € F x E
in F*. In other words, we have A = A’/ Z"(Q).

It is clear that the embedding G—G" induces an isomorphism A = A'. Here is the first
comparison result:

Proposition 4.2. There is an isomorphism X° ~ X' with compatible actions by A =~ A
Proof. Same as Carayol [Ca, Prop. 4.2.2]. O
For the second fundamental result, let p be a prime and let X? and X{° be the quotients
X0=X°/Oh,.  X{"=X"/0O},

where O  the subgroup of Op,, with norm 1. Then X7 and X[* are defined over a maximal
extension of F which is unramified over every place of F d1V1d1ng p. Let p be a prime of Op
over a prime p, and F}* the completion of the maximal unramified extension of F. Then
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XY (resp. X{") is the connected component of the limit X; (resp. X7) of Xipr (X 1)
over . Let Ay denote the subgroup A consisting of elements whose components over p
are in OF . Define Aj in the same way. Then X7 and X{° have actions respectively by

Zo/Opr c ZO/O}B,p'
Define the p-divisible groups on these schemes by

H|X? = (Bp/OBJ) x X9) /0%, H'|X{" = (B,/0p, x X") /O%.,

These are also defined over F'* with natural actions by Ag/ Op , and A)/OL , respectively.
Our second comparison result is as follows:

Proposition 4.3. There is an isomorphism of the p-divisible groups H|X?Y and H'|X{ with
compatible action by Ao/Op , c Ao/Op .

Proof. Same as Carayol [(a], Proposition 4.4.3. O
Here is a consequence of the above two comparison results:

Proposition 4.4. For any ideal n of Op dividing a power of p and prime to 0p, and any
sufficiently small open compact UP c G(Q) depending on n, there is an open compact U' c
G'(Q) such that X)) ;, is isomorphic to X[%, over K.

Proof. Same as Carayol [Ca, Prop. 4.5.5]. O]

4.2 Integral models and arithmetic Hodge bundles

The goal of this subsection is to introduce integral models Xy of Xy for any open compact
subgroup U =[], U, of B} which is maximal at every prime ramified in B. Then we introduce

an arithmetic Hodge bundle £y on Xy .

Integral models of Shimura curves

By Proposition 4.1, Xy has a unique minimal regular (projective and flat) model Xy over Op
when U c U(N) for some N > 3. We want to check if these integral models form a projective
system. More precisely, for any U; ¢ Uy ¢ U(N) there is a morphism Xy, — Xy, thus a
rational map Xy, — A&y,. We want to check if this rational map is actually a morphism. For
this, we first check the regularity over a prime p of O dividing a prime p. Let K = F* be the
completion of the maximal unramified extension of F{,. We will consider the open subgroups
of Oy of the form U = U,(n)UP, where U,(n) = (1+1n0g,,)* for some ideal n dividing a power
of p, and U? is an open compact subgroup of Op,. Let &, y» denote Xy, nyxu»-

Theorem 4.5. Consider the system of reqular surfaces Xy pr ® O, indexed by pairs (n,UP)
with the following properties:

(1) n is prime to Op;
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(2) UPcUP(N) :=(1+ NOge)* for some N >3 and prime to p.

Then these surfaces form a projective system of curves over O,. Moreover if p + n, each
such curve X, pyr ® O is smooth if g is split in B, and a relative Mumford curve if g s
ramified in B.

Proof. By Proposition 4.4, Theorem 3.2 and Corollary 3.6, there is a system of regular
models X%, of Xopr ~ X!, (for UP sufficiently small over O, depending on n) which is
smooth if p + n is split in B and a relative Mumford curve if © | 95. Under the condition of
the theorem, these models must be &; » by the uniqueness of the smooth models of curves
with genus > 2. It remains to enlarge this system to all cases of UP satisfying the condition
of the theorem.

Let &, be the projective limit of A, », which has generic fiber Xy /U,(n). Then X, has
an action by Bx := (Oﬁ’p . IB%?X) /% For any open compact subgroup UP, we can construct
a normal integral model Xy x of Xy i by the categorical quotient:

XU,K = XN/U = XUO,K/(U/UO)a

where Uj is a sufficiently small normal subgroup of U. This model satisfies the condition of
the theorem if U := U/[(U n F*)Og | has a free action on X,. Thus it suffices to show that

U(N) acts freely on X, for any N > 3 prime to p. Furthermore, we need only check this
freeness on the identity connected component X?, i.e., A(N)y = U(N)n Ay acts freely on
xP.

By our construction, the model XY is isomorphic to the identity connected component

—/

X/ of the limit &; of A7 ;, constructed in Theorem 3.2 with compatible action by Ao =Ay.

Thus it suffices to show that AL(N) := Z(’) N G(N) acts freely on X%, where Go(N) is the
subgroup of G fixes Op and induces identity on Op//NOpg:. Let § € Zg(N ) fix a point x on
XP. We want to show that § € U'P-F*. Let [A4, 1,0, k] be the object represented by . There is
an element ¢ € End(A) ®Z,, u € U'? such that Kodou = T(p)or. Replace 6 by jou, we may
simply assume that u = 1. The effect on the polarization gives an identity ¢(d) = pop* € F*.
It follows that ¢(d) also fixes x, and that §/0 fixes x too. Since §/6 € U’(NN), by Proposition
3.5,0=0. Thus 6 € Orx. n

Now we extend the definition of the integral model Ay to any open compact subgroup
U=TI,U, of IB%; which is maximal at every prime ramified in B. Let p be a prime number
coprime to 205 such that U, is maximal. Denote U’ = UPU,(p) with U,(p) = (1 + pOgp)*.
Define Xy to be the quotient scheme

Xy = Xy JU = Xy [(UIU") = X [(T]T).

Here U := U/(UnF*) as before, so the stabilizer of U/U, at the generic point of Xy is trivial.
Note that U/U" is a finite group, so U/U, is also a finite group. Then A} is a normal integral
scheme, projective and flat over O, and the quotient map 7 : Xy» - Xy is finite of degree
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[U : UI]. By Theorem 4.5, the definition does not depend on the choice of p. It recovers the
minimal regular model if U c U(N) for some N > 3.

By construction as above, the morphism 7 : Xpy— Ay is flat at all codimension one
points but not necessarily at all points. Thus 7.0y, is not necessarily a locally free sheaf
over Ay. But we can still define the norm map Ny : 7, Ox,,—Ox, by

N IT w'f
uEﬁ/U,
Using this norm map, for any line bundle £ on Xy we can define the norm bundle N, (£)
on Xy as the line bundle locally generated by the symbols N, (¢), where ¢ are sections of
7L, with relations for local sections f of 7,0x,,:

It is clear that if M is a line bundle on A}, then we have
N (7m*M) = degm- M.

Corollary 4.6. Consider the system {Xy}y of surfaces with U = ], U, mazimal at every
prime ramified in B. Then this system is a projective system of curves over Op extending
the system {Xy}u. Moreover, the following are true:

(1) If U c U(N) for some N > 3, then Xy is smooth at any prime g + 0p such that U, is
mazximal, and is a relative Mumford curve at any prime o | 0p.

(2) Let Xy be any element in the system. Let H be any finite extension of F which is
unramified above every finite prime v of F' such that B, is ramified or U, is not mazximal.
Then the base change Xy ®0, On 1s Q-factorial in the sense that any Weil divisor of
Xy ®0,. O has a positive multiple which is Cartier.

Proof. We already know (1) from Theorem 4.5. For (2), to illustrate the idea, we first treat
the case H = F'. Let m: Ay —» Xy be a quotient map in the construction of Ay, where
U’ =UrU,(p) and U,(p) = (1 + pOg,)* are as above. Let C' be a prime divisor of &y. The
schematic preimage 7~*(C') in Ay is locally defined by a single equation f € Oy, since Ay is
regular. Then the divisor (degm)-C' is locally defined by the image of f under the norm map
Nz :71,Ox,, = Ox,. This proves the case H = K. In general, the map A ® Oy - &y ® Oy
is still a quotient map by the same finite group U/U’. By (1), Xy» ® Og[1/p] is regular.
Then the same proof shows that Xy ® Oy[1/p] is Q-factorial. Take a different prime p’ and
apply the same argument. Then Xy ® Oy [1/p'] is also Q-factorial. This implies the result
for XU ® OH ]

For any ideal n of Op, let U(n) denote the compact group U(n) = (1 +nOg)*. Let X'(n)
denote the integral model X,y over O if n is coprime to dp. In particular we have an
integral model X' (1) := X(Op) which is a normal, projective, and flat scheme over Op, and
every X(n) is the normalization of X' (1) in the projection X (n)—X(1).

In the modular curve case, X(1) ~ P} is regular. In general, it is not clear if X'(1) is
regular. For the purpose of intersection theory, the property of being Q-factorial is sufficient.
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Arithmetic Hodge bundle

For any scheme S, denote by Pic(S) the groupoid of line bundles on S, and by Pic(S) the
group of isomorphism classes of line bundles on S. Denote by Pic(.S)gq the groupoid of Q-line
bundles on S. The objects of Pic(S)g are of the form aL with a € Q and L € Pic(S). The
homomorphism of two such objects is defined to be

Isom(aL,bM) := lim Isom(L®*™, M®™),
—

m

where m runs through positive integers such that am and bm are both integers. The group
of isomorphism classes of such Q-line bundles is isomorphic to Pic(S)g := Pic(S5) ® Q.

Similarly, we define the groupoid ﬁ(S )g of hermitian Q-line bundles on an arithmetic
variety S. We will usually write the tensor products of (hermitian) line bundles additively.

In | , §3.1.3], for each open compact subgroup U of By, the curve X has a Hodge
bundle Ly € Pic(Xy)g. It is the Q-line bundle for holomorphic modular forms of weight
two, and it is the canonical bundle modified by ramification points. It is determined by the
following two conditions:

(1) The system {Ly}y is compatible with pull-back maps.
(2) If U acts freely on X, then Ly = Wxy /P

For general U, we have the following explicit formula.

Ly = wx,/p+ Z (1—6521) 0(Q).

QeXy (F)

where the operation in Pic(Xy)qg is written additively, and eg is the ramification index of
the map X—Xy.

Next, we want to extend the Hodge bundle Ly to a hermitian Q-line bundle £y over Xy
for U =[], U, maximal at every prime ramified in B. Note that our definition is different
from that of | , §7.2.1] including the normalization of the hermitian metric.

Theorem 4.7. There is a unique system {ZU}U of hermitian Q-line bundles Ly on the
arithmetic surface Xy extending the system {Ly}y, where U = [, U, is mazimal at every
prime ramified in B, so that the following conditions hold:

(1) The system {Ly}y is invariant under the pull-back maps among different U.

(2) If U is sufficiently small in the sense that U c U(N) for some N > 3, then there is a
canonical isomorphism for any @ such that U, is maximal

Ly ® Op, = wx,00,/0, -

Here the right-hand side denotes the relative dualizing sheaf.
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(8) At an archimedean place, the metric is given by |dz| = 2y under the complex uniformiza-
tion.

Proof. The third property is simply a definition of metrics. So we only need to consider
the first two properties. To construct the system, by pull-back, it suffices to construct the
Q-line bundle Ly for the maximal compact subgroup U = Oﬁf of IB%;. Let m: Xy - Xy be
a quotient map in the construction of Ay. Then U’ = UPU,(p) with U,(p) = (1 + pOg,)*
for some prime p coprime to 20p. Let w? = Wx,,[1/p)jor[1/p] D€ the relative dualizing sheaf of
Xy away from p. Here we write Xy/[1/p] = Xy ® Op[1/p]. Then the bundle N (wP) is a
line bundle on Xy;[1/p] with restriction degw Ly on the generic fiber X;. Then @Nﬁ(uﬂ’)
already defines the restriction of Ly to Xy[1/p]. To get the whole Ly, take a different prime

p’, and glue @Nﬁ(wp) and m]\f,ﬂ(w?") along Xy;[1/pp']. This finishes the proof. [

For any ideal n of Op coprime to 9p, we have written X' (n) for Xy(). Here U(n) =
(1+10g)*. Write (L(n), £(n),L(n)) for (Ly(my, Lum)s L)) similarly.
Remark 4.8. For an alternative approach of this paper, instead of defining Xy as the quotient
scheme Xy / (U/U,), one may define it as the quotient stack [XUI / (ﬁ/U,)]. It is a regular
Deligne-Mumford stack, proper and flat over Opr. The quotient scheme is just the coarse

scheme of the quotient stack. Then one may define Ly to be the relative dualizing sheaf of
the quotient stack.

4.3 Integral models of p-divisible groups

Let p be a prime of Op dividing p, and O, the ring of integers in F,,, and H = H, x H¥
the decomposition according to the decomposition O, = O, ® O%p of Z,-algebras. When
B, ~ M,(F,) is split, Carayol [Ca, §1.4.4] has defined a p-divisible group E.|M, related to
our H|X; by the formula:

10
MO/UP(]‘) = X17 Eoo = (0 0) HKJ|M0‘

The treatment of all facts in Carayol [('a] can be copied to H|X; with some little modifica-
tions. In the following, we want to use his method to study integral model for H|X;.

Let K = F* be the completion of the maximal unramified extension of Fy, and O its
ring of integers.

Theorem 4.9. Let n be an ideal of Op prime to 0p, and X, the projective limit of Xy, myur ®
Ok as UP varies. Then H, has an integral model H, over X, with the following properties:

(1) He is étale over Xy, and H,, is a special formal Op,-module in the sense that Lie(H,,)
is a locally free sheaf over Ox,  ® O, of rank 1 where Ky is an unramified quadratic
extension of F, embedded into B,,.

(2) the formal completion X, along its special fiber over k (k = Oplp) is the universal
deformation space of Hy;
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3) for anynw prime to g and with decomposition n = ™-n' with n' prime to o, the morphism
ynp p ® p ® P
Xy,— X, classifies pairs of a full level-n' structure on on HY and a Drinfeld level p™-
structure on Hy .

Proof. 1t suffices to prove the corresponding statement for the connected component X of
X,. By Proposition 4.4, H|X? is isomorphic to H'|X/°. Thus the all conclusions of above
theorem follow from Theorem 3.5. See also Carayol [Ca, §6.4, §6.6, §7.2, §7.4, §9.5] and
Cerednik-Drinfeld [3C]. O

Let us define M, = ID(H,,) to be the covariant Deudonné crystal [II, Me], and W, =
Lie(H)Y, Wt = Lie(H')", where H! is the Cartier dual of H,. Then we have an exact

sequence
0— W, — M,— W —0.

Applying the Gauss-Manin connection V on M,,, we obtain the following composition of
morphisms:

W;—>Mpi>/\/l@ ®wx,—W, ®uwx,.
Taking determinants, we obtain a morphism
2
det W) — det W) ® Wy
In other words, we obtain a Kodaira—Spencer morphism of line bundles:
KSy : Np—w§2, Ny i=det Wy @ det W

Theorem 4.10. Let dg, be the divisor on Spec Op" corresponding to B,. Then KS, extends
to an isomorphism of line bundles on X, :

KS, : /\/;,—Nnu?}i (—0py).

Proof. Let (;?p,ﬁp) be the formal completion of pair (A&, H, ) along its special fiber over

the residue field k := k(p) of O Then (X,,H,,) is the universal deformation of (X i Ho k)
By deformation theory of p-divisible groups [!l] and [\ ¢], we have an isomorphism

Wy, ;>HomomP We W)
induced from the above composition of morphisms:
W;—>Mpi>/\/lp ®wx,—W, ®uwx,.
Taking determinants, we obtain an embedding

w;(i c N
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If p is split in B, then we can write Og, = M2(O,,). Using idempotents e; = ((1) 8) and

{0
~\0 1)
eiQ(H,) (vesp. Q(HL) = €;Q2(HL)). These two components are isomorphic by the operator

(O 1). Thus we have

) we can write Q(Ho) (resp. Q(HL)) as a direct sum of components Q(H,)" :=

10
Oy, = Homo, (QH,)", Q2(He)™) = QH )™ @ Q(H)™.
This shows in particular that
W =N,

Now assume that g is nonsplit in F'. Then M, is a free module over O, ® Ox,. Let K
be a unramified extension of F, in B,. Then we have a decomposition

OB@ = OK + OK]

where j a uniformizer of Og,, such that jz = Zj for all x € Ox. Making a base change to
Ok, then we have a decomposition of (#,,) to the direct sum of the eigenspaces of O
according to the embedding Ox—0Oy,  and its conjugate:

Q(H,) = L1® L, (resp. QH,)" =Ni @ N>)

The action of j has grade Z/2Z with j2 = 7 a uniformaizer of O,. Let j; and j, be the
restrictions of j on two components, then j; o jo = 7. It follows for each point on A, exactly
one of j; or jp is an isomorphism. Thus we can assign a type i € {1,2} to Q(H,,) if j; is an
isomorphism. Notice that the types of Q(H,,) and Q(H])" are opposite.

We claim that the condition j; o j5 = 7 implies the following identity:

Wwip = N,.

To prove this claim, without loss of generality, we assume that £, = j£; and N; = jN5. Now
an element « € {2y, corresponds a pair of morphism of line bundles

¢i: Li—N;

compatible with action of j. It is clear that this morphism determines and is determinated by
¢1, and that ¢g = j¢17~ ! always has image included into 7N5. Conversely, for any morphism
@9 divided by 7, the above equation determines a ¢;. Our claim follows from this description

of 1 ® ¢o. O
Define a system of Q-line bundles A'(n) on X (n) by
N(n) = L(n)**(-0p).
Then the following Theorem 4.10 shows that for any prime p of O, this bundle has the
pulling back N, on X/(Of ).
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5 Shimura curve X"

In this section, we study the relation between Shimura curves X and X’ in case 2: Ag is
embedded into B. For this, we need to consider another Shimura curve X’ which includes
both X and X’. We will first study some basic properties of X", especially the p-divisible
groups parametrized by X’ and the construction of X" using X and a Shimura variety Y of
dimension 0. Then we construct an integral model X" of X’ using the integral model X, and
a p-divisible group H/, for each p-adic point z” of X" using Breuil-Kisin’s theory [I<il, ].
We show that the deformations of the p-divisible group H”, is given by deformations of H,.
Finally, we use all results in this section to complete the proof of Theorem 1.6.

5.1 Shimura curve X"

Let (®1,P5) be a nearby pair of CM types of E, and F’ the reflex field of ®; + ®,. In the
following, we want to define a Shimura curves X" defined over F', depending on (®;,®s),
and with an action by the group

G" =B xpx A%
The stabilizer subgroup Z” is generated by (1,z) with = € EX, the closure of E* in E*. The
scheme X’ includes X’ as a union of connected components via the embedding G'—G".

At an archimedean place 7/ of F” over a place 7 of F, we define a reductive group over

Q as follows:

GII — Bx X ox EX,
where as before B is a quaternion algebra over F' with ramification set X(B) \ {7}. Then
we have an embedding G'—G". The Hodge structure h’ : C*—G'(R) induces the Hodge
structure b’ : C*—G"(R). The congugacy class of h” is h*. It is easy to show that the
reflex field of (G”,h') is still F’. Thus for each open compact subgroup U of G”(@) ~ G,
we have a Shimura curve X} over I’ with uniformization at 7/ given by

Xg5.(C) = G"(Q)\b* x G"(Q)/U.

Let X" be the projective limit of X/]. Then X" has a uniformization as follows:

X7(C) = G"(Q\b* xG"(Q)/2"

The embedding G'—G"" defines an embedding 7 : X'— X"".

In the following, we want to study the relation between X and X”. First let us start
with a Shimura variety Y of dimension 0 defined by the group E* with the Hodge structure
on hy : C*—(E ® R)* given by the composition of

CX_)((CX)Q7 Z'—>(1,Z_1,"',Z_1)

with the inverse of the isomorphism ®; : (£ ® R)*—(C*)9. Here the component 1 corre-
sponds to the unique element of ®; \ ®,. Note that hy is determined by ¥ = &;n®,. For any
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open compact subgroup J of E*, we have a Shimura variety Y of dimension zero defined
over F’ (which include the reflex field of hy). This set has an action by E*. In fact the set
of its geometric points is a homogenous space over F X\E x[J. Let Y be the projective limit
of Y;. Then the set of geometric points of Y is a principal homogenous space over ?\’E\X,
where EX is the closure of E* in E*.

At the archimedean place 7’ of F’ over a place 7 of F' as above, the product

(Xu xpYy)r = Xvyr xc Y

of Shimura varieties over C is defined by the reductive group B* x E* and the product of
Hodge structures (G x E*, h x hg). We have a natural homomorphism of reductive groups:

B*x E*—G = B* xpx E™.

which is compatible with the Hodge structures. Thus we have a surjective morphism of
Shimura curves over F”:
[ Xy *xpY;—Xpu

where U” is the image of U x J. Taking limits, we obtain a morphism of schemes over F”:
X xpY—X".

This morphism is compatible with the actions of Gy, E*, and G” ¢ and induces an isomor-
phism:
fr (X xpY)/A(F)—X",

where A is the twisted diagonal map
A: F*—B* x B, 2z (2z,271).
The isomorphism property of f can be checked at the place 7/ using uniformizations of
X, Y, X"
p-divisible groups

Fix a prime number p and a maximal order Og, containing O ,, we want to study certain
p-divisible groups parametrized by X/j, and Y;. Write A, = Og ), as a left Opj,-module. For
any idea n of Op dividing a power of p, denote by U)/(n) the closed subgroup of G} fixing
A, and acting trivially on A,/nA,. Write U)/(1) = U}/(Or). Then we define

X{=X"IU](1), Y1=Y/0%,.
With our previous definition of X7, we have an isomorphism
fr:(Xaxp Yl)/A(F\X);’X{’-
Define the p-divisible groups on Y; and X7 by making quotients
H" = [By/Opp x X"]JU(1),  [=(Ep/OppxY)[Of,.
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Here U}/(1) (resp. O ) acts on B,/Og, (vesp. Ep/Og,) on the right hand side as follows:
x-(b,e) = exh, reB,/Op,, (be)ecU"(1).

(resp. y-e=ey, y € Ey/Opp,ec O;J,p')

These definitions make sense since U”(1) and Oap act freely on X" and Y respectively.
These groups can be defined on finite levels as in the case of H over X;. We sketch the case
of H" as follows. The group H” is a direct limit of finite subgroups H"[p"]. Each H"[p"]
descends to a quotient X”/(U"(1) x U"P) for some compact open subgroup U"P of (G")? by
the formula

iy 0] = [0 B Ay % XPJ(UL ) % U™)] (U (1) % U7P).

For this we need to find U"? so that U}'(1)/U)(p™) acts freely on X" /(U (p™) x U"?). This
can be done by copying the argument in the proof of [Ca, Corollary 1.4.1.3]. It is clear that
H' = H"|x:. The groups H, H" and I are related as follows:

Proposition 5.1. Let m; and m be the projections of X1 xg YY) to the two factors, and
T(H"), T(H), T(I) be the Tate modules of the corresponding p-divisible groups. There is a
canonical isomorphism of étale sheaves on X1 xp Yi:

fIT(H")—m{T(H) ®0, 5T (I).
Proof. By definitions, the Tate modules of these groups can be written as follows:
T(H) = (O, x X)/U(1),  T(H")=(Op, x X")/U"(1),  T(I)=(0ppxY)/Of,
O

5.2 Integral models

Let p’ be a finite place of F" dividing p, and let p be a place of F' under p'. Let F}" be the
completion of the maximal unramified extension of F/,, which is a finite extension of FJ".
For simplicity, we introduce the following notations: K := F}}* and K':= F, p",“.

Consider the following schemes:

Xip=X10F K, X{,,p’:X{ Qp K', Yie =Y ®p K'.
Then we have an isomorphism:
Jor+ Xip XK YL@’/A(F\X);X{I,Q"

By construction, all geometric points of Y; are defined over K’. Thus Y;, is a principal
homogenous space of W\E\X /lef,p' In this way, the integral model &, of X;, and the
model Spec Ok of Spec K” induce an integral model &), for X{' ,. This in turn induces an
integral model &7 , by the embedding X| ,—X{,.
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Notice that if p does not divide 0, then & , is smooth over Og. It follows that both X} o
and Xll,p’ are smooth over Og+. If p divides g, then X, is a regular and stable Mumford
curve. It follows that X/, and X " are both stable Mumford curves. Notice that they are not
regular if p is ramified in E.

Recall that we have defined a line bundle MV ,, on X, extending w? X . This bundle induces
bundles /\/" o and /\/” con XY, and A7, respectlvely

Now we Would hke to extend the groups I, H', H"” to integral models Z,H',H" point by
point using Breuil-Kisin’s classification of p-divisible group [IXil]: any crystalline represen-
tation of Gy := Gal(K'/K') of Hodge Tate weights 0 or —1 arises from a p-divisible group
over OK/.

Proposition 5.2. Let L be a finite extension of K'. For each point y € Y (L) (resp. x' €
X'(L), resp. x" € X"(L)) the group I, (resp. H!,, H!,) over L extends uniquely to a
p-divisible group over Op,.

Proof. For I, recall that the action of G on T(I) ~ O, is given by the reciprocity map
for the type (E ®; N ®,). Fix an isomorphism C ~ Q,. Then T(I) xqg, Q, is a direct sum of
one-dimensional spaces V,, indexed by o € Hom(F,Q,) = Hom(E, C). The action of G on
V, is trivial if o ¢ U; otherwise it is given by the character:

GG = O < Q.

Thus T(7) is crystalline of weight —1 or 0.

For H”,, let (z,y) be an L-point of X; x Y; with image 2" € X]'(L). Consider the p-adic
representation T(H/),). By Proposition 5.1, it is the product T(H,) x T(1.). Both T(I,)
and T(H,) are cryslalline since both H, and I, extend to a p-divisible groups over ring of
integers by Proposition 4.9, and the above discussion. It follows that T(H/,) is crystalline.

It also has weights 0 and —1. Thus by Breuil-Kisin [IXil], H, extends to a p-divisible group
%gn over OL.
The statement for H' is clear as it is the restriction of H” on X". O

Deformation theory

Let L be a finite extension of K’ and let (z,y) be an L-point of X;xY); with image 2" € X{'(L).
We have covariant Dieudonné modules D(H,) over Ok, D(H,) over Ok, D(Z,) over O

and their filtrations:
0—>Q(’H;’ —D(H, ) —Q(HL, )" —0.

0—Q(HL)—D(H,)—Q(H,)'—0,
OHQ(ZZ)_’D(Iy)_’Q(Iy)V—’O-

Proposition 5.3. There is a canonical isomorphism of filtered O ,-modules:

D(#Hzn) = D(He) @05 00, D(Zy)-
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Proof. By Kisin [I[<i2, Thm. 1.4.2] for p # 2 and by Kim [Kim], Lau [La], and Liu [Li]
for p = 2, for a p-divisible group G over O with L a finite extension of the fraction field
of W(k) (k= Op,/p), the module D(G) with its filtration depends canonically on its Tate

criso

module T(g ) as an object in the category Repg;,” of integral crystalline representations of
Gp = Gal(L/L). More precisely, let & = W (k)[[u]] be the ring of power series over W (k)

with a surjective map &— 0Oy, by sending v to a uniformizer 7, of L, then

D(G) = Op, ®s ¢ MT(G).

where 901 is a functor from Repg ™ to certain category Modg of modules over non-commutative

ring S[¢], defined in [I<i2, Theorem 1.2.1].

Applying this to divisible groups H”,, (Hz)o,., I, over O = Ok, and taking care of
the isomorphism in the above proposition, we obtain a canonical isomorphism of filtered
Op p-modules:

]D)( alv,”) = ]D('Hx) ®0p,,®0K D(Iy)

O

Now we consider these p-divisible groups with actions by OF,. Their cohomology groups
are modules over of the Og-algebra O, ®z, Ox. The quotient Op,— 0, induces a quotient
7:0p)p ®z, Oxk—0Ok. Use this 7 to take quotients of cohomology groups to obtain:

0—W(HL)—M(H,)—W(H. )" —0,
0_’W(Ié)_’M (Z,)—W(Z,)"—0.

Notice that W(Z,) = 0 and W(Z}) is a free module of rank 1 over O = Op, ®0, Ok . Thus
we have:

Proposition 5.4. There are canonical isomorphisms:
W(H;,/t/) ~ W(,Hi) ®0p W(I;), W( ;’,,) ~ W(’HI) ®0p i W(z‘;j)v

We want to apply these facts to compute the universal deformation space of H!, as
p-divisible Op ,-module:

Homo,,  (Q(HL), Q(Her)") =Homo,, (W(HL,), W(HL)Y)
=Homo,, ,(W(H;), W(H.)") ®0, Ok
:HomO]B,p (W(Hi)7 W(Hx)v) ® OK’

_ -1
—CUXLPJ ® O+

-1
:CUXN ”e
x
17@”

Here
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the fourth identity follows from the Kodaira—Spencer map on #,
5) the last one follows from the definition.

This shows that the formal completion ;\;ffx" of X, at 2" is indeed the universal deformation
of the p-divisible group H,,.
Taking determinants of above isomorphism, we obtain the following identity of two O-
lattices of the module w;f{, -
1<

15
’

Corollary 5.5.
"= det W(HY,) ® det W(HIE).

:l.ll -

5.3 Proof of Theorem 1.6

Let y € Y be any fixed point. Then we have an embedding X— X". Recall that P e X7(@
is a fixed CM point by E. Let P” € X" be the image of (P,y). Then P" is a point fixed by

TII(@) .

Lemma 5.6. There is an embedding X'— X" such that P" s the image of a P" in X' fized
by T'(Q).

Proof. We fix one archimedean place 7" of F’ over a place 7 of F. This gives a nearby
quaternion algebra B = B(7). We may assume P is represented by (zp,1) € h x G(Q) with
2o € b a fixed point by E* in the following uniformization:

X(C) = G@\b* x GQ)/Z(Q).
Similarly, we may assume that y is represented by 1 € E*. Then
Y,(C) = EX\E*.
In this way, the image P” of (P,y) in X”(C) is represented by (z,1) € h x G”(Q):
X7 = G"(Q)\b* x G"(Q)/2"(Q).
Thus P” is the image of a point P’ € X'T". O

Recall that we have fixed a maximal order Og of B including Oz, which defines maximal
compact subgroups U,U’,U" of G, G" and G”, curves Xy, X[, X[}, and morphisms

XU—)XZ//, X’U/—)XIIJ,//.
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The image of P, P’, P" defines CM points Py, P, P/}, which is compatible with above mor-
phisms.
By Corollary 2.6, it suffices to show that for each nearby pair (&1, ®5) of CM types of E,

1 1
g- (D1, P9) = §hZU(PU) - Zlog(dﬁ)'

By Theorem 4.10, the right hand side is %hNU(PU).

Let Ap be the corresponding abelian variety represented by P/, over some finite extension
K of F'(P/,). Then Aq is isogenous to the products of CM abelian varieties A;, Ay of CM
types @1, 5. By Theorem 2.7,

1
h(®y, ) = §h(14077')-
Thus we have reduced Theorem 1.6 to the identity

1
h(Ao,7) = %hﬁU(PU)'

Since h ~, (PU) = treeoya P o) deg(/\/ ulp, ), it suffices to prove the following result.

Proposition 5.7. There is an isomorphism of hermitian line bundles over O :
N(AO,T) o NPU ®0F(PU) Ok.

Proof. Notice that both sides have the restriction L2 P, ® K on the generic fiber of X’. Thus

two sides define two integral and hermtian structures on L%, ® K. Also by Theorem 3.7,
they has the same metric. Thus it suffices to show that they define the same lattice at each
finite place of K. Let v be a finite place of K with residue characteristic p. Let O} be the
completion of the maximal unramified extension of O ,. Then ’

Q(Ag) ® O, = Q(Ao[p™]) ® OF .-

By Corollary 5.5
N(A07 T) ® O}lfr,’v = NP{J/II ® O}l{r,’v = NPU ® O}lé‘,’v'

This completes the proof of the proposition. n
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Part 11
Quaternionic heights

The goal of this part is to prove Theorem 1.7. We also use the notations in our previous
work [ |. We will make a specific explanation when we come to a setting different from
that of [YZZ].

6 Pseudo-theta series

In this section, we introduce the notion of pseudo-theta series, an important concept used in
the following sections. We will first recall the usual theta series defined by Schwartz functions
in | ]. Then we define a pseudo-theta series, which looks like a theta series but is not
automorphic. We will show that it can be approximated by the difference of two theta series
associated to it. Finally, we will show that if a sum of pseudo-theta series is automorphic,
then these pseudo-theta series can be actually replaced by the difference of the theta series
associated to them and we get some extra identities between these theta series.

6.1 Schwartz functions and theta series

We first recall the notion of Schwartz functions and theta series in [YZ7], which is a variant
of the standard notions.

Let F' be a totally real number field, and A the adele ring of F. Let (V,q) be a positive
definite quadratic space over R. Let

S(V(A) x A") =®,S(V(F,) x E})

be the space of Schwartz functions introduced in | , §4.1]. We recall it in the following.
If v is non-archimedean, then S(V(F,) x FX) is the usual space of locally constant and
compactly supported functions.
If v is archimedean, then F, = R and then S(V (F,) xR*) consists of functions on V (F),) x
R* of the form

¢ (w,u) = (Pr(ug(x)) + sgn(u) Py (ug(x))) e >
with polynomials P; of complex coefficients. Here sgn(u) = u/[u| denotes the sign of u € R*.
The standard Schwartz function ¢, € S(V(F,) x R*) is the Gaussian function
by (z,u) = e 2™4@) 1p (u).

Here 1g, is the characteristic function of the set R, of positive real numbers. In this paper,
¢ is always the standard Gaussian function at archimedean places.

Assume that dim V' is even in the following, which is always satisfied in our application. In
[ , §2.1.3], the Weil representation on the usual space S(V(A)) is extended to an action of
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the similitude groups on S(V(A)x A*). This gives a representation of GLy(A) x GO(V (A))
on S(V(A) x Ax). This extension is originally from Waldspurger [\Va].
Take any ¢ € S(V(A) x A*). There is the partial theta series

0(g,u, ) = Z r(g)p(x,u), geGLy(A), uelA”.

zeV

If uwe F*, it is invariant under the left action of SLy(F') on g. To get an automorphic form
on GLs(A), we need a summation on u.

There is an open compact subgroup K ¢ GO(Ay) such that ¢; is invariant under the
action of K by the Weil representation. Denote i = F*n K. Then ug is a subgroup of the
unit group OF, and thus is a finitely generated abelian group. Define a theta function by

0(g,0)k =, O0(gu,0)= > D r(ge(z,u), geGLy(A).

ue/@(\F>< ’LLE[I,%(\FX zeV

The summation is well-defined and absolutely convergent. The result 0(g,¢)x is an au-
tomorphic form on g € GLy(A), and 0(g,r(h)¢)k is an automorphic form on (g,h) €
GLy(A) x GO(V(A)). Furthermore, if ¢o, is standard, then 6(g,¢)x is holomorphic of
parallel weight %dim V.

By choosing fundamental domains, we can rewrite the sum as

0(g.0)x = ), 1(9)¢(0,u) +wk > r(g)e(x, u).

uep \F> (zuw)ep \((V-{0})xF*)

Here the natural action of pux on V x F* is just awo (z,u) » (az,a 2u). The summation
over u is well-defined since ¢(ax,a2u) =r(a !)p(x,u) = ¢(x,u) for any « € ug. The factor
wr = [{1,-1} n K| € {1,2}. See | , §2.1.3] for more details.

6.2 Pseudo-theta series

Now we introduce pseudo-theta series. Let V' be a positive definite quadratic space over
F,and Vj c Vi ¢ V be two subspaces over F with induced quadratic forms. All spaces
are assumed to be even-dimensional. We allow Vj to be the empty set @, which is not a
subspace in the usual sense. Let S be a finite set of non-archimedean places of F, and
¢S € S(V(AS) x AS<) be a Schwartz function with standard infinite components.

A pseudo-theta series is a series of the form

A= Y Y dhlgaur, (9)é (@), geGLy(A).

ueuQ\F>< zeV1-Vo
We explain the notations as follows:

e The Weil representation r, is not attached to the space V; but to the space V;

o ¢9(g,7,u) = [Tyes @4 (gu, T, uy) as local product;
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e For each v € .5, the function
6, GLo(F,) x (Vi = Vo) (F) x Fif = C

is locally constant. And it is smooth in the sense that there is an open compact
subgroup K, of GLy(F,) such that

¢;(9K7x’u) = ¢2}(g’x7u)7 v(g’x7u) € GL2(F'U) x (‘/1 - %)(F’U) X F;7 K € K’U'

e 1 is a subgroup of OF with finite index such that ¢¥(x,u) and ¢%(g,z,u) are invariant
under the action « : (z,u) — (az,a 2u) for any « € p. This condition makes the
summation well-defined.

e For any v € S and g € GLy(F),), the support of ¢/ (g,-,-) in (V1-V,)(F,)x F. is bounded.
This condition makes the sum convergent.

The pseudo-theta series A sitting on the triple V c V; ¢ V is called non-degenerate if
Vi =V, and is called non-truncated if Vj is empty. It is called non-singular if for each v € .S,
the local component ¢/ (1,x,u) can be extended to a Schwartz function on V;(F,) x EF.

Assume that Aéf) is non-singular. Then there are two usual theta series associated to
A View ¢/ (1,-,-) as a Schwartz function on V;(F,) x EX for each v € S, and ¢,, as a
Schwartz function on Vi(F,) x FX for each w ¢ S. Then the theta series

Oar(g)= 2, 2 r,(9)9s(La,u)ry, (9)9° (2, u)

uep?\F* xeV

is called the outer theta series associated to A;,S). Note that the Weil representation 7y, is
based on the quadratic space V. Replacing the space V| by Vi, we get the theta series

Oaolg)= 3. 2 1 (9)ds(La,u)r, (9)6° (z,u).

uep?\F* xeVp

We call it the inner theta series associated to Aéf). We set 040 =0 if Vj is empty.
We introduce these theta series because the difference between 04 ; and 6, somehow
approximates A . It will be discussed as follows.

Approximation by induced theta series

We start with two invariants of GLy(A) defined in terms of the Iwasawa decomposition. For
g € GLa(A), we define 6(g) = I1,0,(gv) and pe(g) = [Ty Pu(gy). Here the local invariants
are defined as follows.

Denote by P the algebraic group over QQ of upper triangular matrices. For any place v,
the character ¢, : P(F,) - R* defined by

a b
(1)
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extends to a function 9§, : GLy(F,) » R* by the Iwasawa decomposition.
If v is a real place, we define a function p, : GLy(F,) — C by p,(g) = €? if

[a b cosf sin6
9= d —-sinf cos@
is in the form of the Iwasawa decomposition, where we require a > 0 so that the decomposition
is unique.
Resume the notation in the last subsection. Now we consider the relation between the
non-singular pseudo-theta series A((;) and its associated theta series 041 and 04.
We first consider the non-truncated case. Then Vj is empty, and

A= Y Y k(9,7 u)r, (9)65 (z, u).

uep\F* xeVy

Obviously we have A((;)(l) =04.1(1), but of course we can get more.

A simple computation using Iwasawa decomposition asserts that, if ¢, is the standard
Schwartz function on V(F,) x Fy, then for any g € GLy(F,) and (z,u) € V1(F,) x F,

d-dy

w(g) 2 1y, (9)Pu(z, 1) if w + oo

Ty (9)¢w($, U) = {,Ow(g) d—2d1 6w(g)%rw (g)gbw(x,u) i w | .

Here we write d =dim V' and d; = dim V4.
This result implies that,

d_dl @ ’
A (9) = pe(9) 7 0(9) 7 0a1(9), ¥ g leGLy(AS).

Here S’ is a finite set consisting non-archimedean places v such that v € S or ¢, is not
standard.
Now we consider a general non-singular pseudo-theta series

A= %Y dslgzu)r, (9)6°(x,u).

uepu2\F* zeV1-Vy

We have to compare it with the difference between the same theta series

Oan(g)= > > 7, (9)s(1,z,u)r, (9)¢° (2,u)

uep?\F* xeV

and the non-truncated pseudo-theta series

B9y = X X r (9)ds(Lau)ry, ()65 (x.u).

uep2\F* xeVp

Note that B() is just a part of 641, where summation is taken over the whole V; but the
representation is taken over Vi. By what we discussed above, we should compare B(%) with
the associated theta series

63,0(9) = Z Z TVO(g)qb'S(l,:U,u)TVO(g)¢S(:C,u).

uep?\F* xeVp
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But this is exactly the same as 049. By the same argument, there exists a finite set S’ of
non-archimedean places such that

A(9) = peol9) = 0(9) = (Baa(9) - B (9)), ¥ gelaGLy(AY);
BS(9) = peol9) 7 0(9) "7 0a0(g), V¥ gelgGLy(AY).

Our conclusion is that for any g € 15:GLy(AS"),

d—d d-dg
2

AD(9) = pea(9) 7 8(9) 7 041(9) ~ poa(9) 78(9) 7 0a0(9)- (6.2.1)

By the smoothness condition of pseudo-theta series, there exists an open compact subgroup
Kg of GLy(Fg ) such that the above identity is actually true for any g € KgGLy(AS").

6.3 Key lemma
Now we can state our main result for this subject.

Lemma 6.1. Let {AES‘)}g be a finite set of non-singular pseudo-theta series sitting on vector
spaces Vo c Vi1 c V. Assume that the sum Y, AESE)(g) is automorphic for g € GLo(A). Then

(1) ZAgse): Z ‘914@,17
14

KEL()J

(2) Z 914871 - Z 0Ag,0 = 07 VEk e Z>0,

leLy 1 leLy, o
Here Ly, is the set of € such that dimV, - dimVyq = k, and Ly is the set of { such that
dimVy —dim Vy o = k. In particular, Ly, is the set of £ such that V;, = Vj.

Proof. Denote f =3, Afe). In the equation f -3, AESZ) = 0, replace each Af‘) by its
corresponding combinations of theta series on the right-hand side of equation (6.2.1). After
recollecting these theta series according to the powers of po.(9)d(g), we end up with an
equation of the following form:

;pm(g)’%(g)’“fk(g) =0, VgeKsGLy(A%). (6.3.1)

Here S is some finite set of non-archimedean places, Kg is an open compact subgroup of
GL2(Fs), and fy, f1,-+, fn are some automorphic forms on GLy(A) coming from combinations
of f and theta series. In particular, fo = f=> s, , 04,1. We will show that fo = fi=---= f, =0
identically, which is exactly the result of (1) and (2).

It suffices to show fi(go) = 0 for all gy € GLy(A7), since GLy(F)GLy (A7) is dense in
GL2(A). Fix gg € GLQ(A?). For any g € GLy(F) n KgGLo(AY), we have

lipoo(ggo)’%(ggo)’“fk(ggo) =0,
=0

20



and thus i
kZ Peo(9)*6(990)" fr(90) = 0
-0

by the modularity.

These are viewed as linear equations of fo(g0), f1(g0), ", fn(go). To show that the solu-
tions are zero, we only need to find many g to get plenty of independent equations. We first
find some special g to simplify the equation.

The intersection KsGLa(A%)NgoGLa(Or)gg" is still an open compact subgroup of GLy(A).
For any g € GLy(F) n (KsGLy(AS) n goGL2(Op)ggt), we have

990 = 90~ 95990 € GoCLa(Op).

Then 0;(gg0) = 6¢(go), and our linear equation simplifies as

époo(g)kéoo(g)’“éf(go)’“fk(go) =0.

To be more explicit, consider gy = ( ]1[ 1 ) for any N € Z. Then we know that gy €

GLy(F) n (KsGLy(AS) N goGLy(Or)gyt) when N is divisible by enough integers. Explicit
computation gives
Poo (9N )00 (gnv) = (L +iN)™"

where n = [F : Q]. Then we have
D, (1+iN)™05(g0)* fi(90) = 0.
k=0

Any n+1 different values of N imply that all fz(go) = 0 by Van der Mond’s determinant. []

7 Derivative series

The goal of this section is to study the holomorphic projection of the derivative of some mixed
Eisenstein—theta series. We will first review the construction of the series Pr1’(0, g, ¢) treated
in | , Chapter 6], the analytic ingredient for proving Theorem 1.7. Then we compute
the series under some assumptions of Schwartz functions. The final formula contains a term
L'(0,1)/L(0,n) which is a main ingredient of our main theorem in the paper. In [Y77], this
constant terms was killed under some stronger assumptions of Schwartz functions.

7.1 Derivative series

Let F be a totally real field, and E be a totally imaginary quadratic extension of F'. Denote
by A the ring of adeles of F'. Let B be a totally definite incoherent quaternion algebra over
A = Ap with an embedding Fy — B of A-algebras.
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Fix a Schwartz function ¢ € S(B x A*) invariant under U x U for some open compact
subgroup U of B. Start with the mixed theta-Eisenstein series

I(s,9.0)u =), Y, d(vg) Yl r(vg)d(a, ).

uep \F* veP1(F)\SLa(F) z1€E

It was first introduced in | , §5.1.1].
The derivative series Pri’(0, g, ¢) is the holomorphic projection of the derivative I'(0, g, ¢)
of I(s,g,¢). It has a decomposition into local components as follows.

Eisenstein series of weight one

To illustrate the idea, we first assume that ¢ = ¢; ® ¢ as in | , §6.1]. Then
[(Saga¢)U: Z e(gau7¢l) E(Sag7ua¢2)a
uepd \Fx

where for any g € GLy(A), the theta series and the Eisenstein series are given by

9(g7ua¢1) = Z T(g)¢1(.ﬁ[1,U),

E(s,g,u,¢2) >, 0(v9)r(v9)92(0, ).

veP! (F)\SL2(F)

The Eisenstein series has the standard Fourier expansion

E(S,g, u, ¢2) = (5(9)57’(9)@252(0, U) + Z WCL(S797U7 ¢2)

acF

Here the Whittaker function for a € ), u € F* is given by

Wals,g:u,02) = [ 8(wn(0)g)* r(wn(b)g)o(0, u)i(~ab)db.
We also have the constant term

E0(3797u7 ¢2) = 5(g)sT(g)gb2(0,u) + WO(Svgvu)'

For each place v of F', we also introduce the local Whittaker function for a € F,,, u e ¥ by

Wo(s.0.u.62,) = [ 3(wn(b)g)” r(wn(b)g)én.(0,u)i,(~ab)db.
For a € F, denote
Wau(s.g,u) = 7 Wau(s, g, u),
where v, is the Weil index of (E,j,,uq). Normalize the intertwining part by

L L(s+1,m,

W(iv(sa g,u, ¢2,v> =7 ) |DU|_%|d’U|_%WO7U(S7ga u, ¢2,v)-

0 L(s,my)

In the following we will suppress the dependence of the series on ¢, ¢1, 2 and U.
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Decomposition of non-constant part

It is easy to have a decomposition

E,(Oagau7¢2) = E(I)(Oaguu7 ¢2) - Z Z Wa,v,(oagau7¢2)W;(Oagau7¢2)7

v aeF™

according to where the derivative is take in the Fourier expansion. This gives a decomposition

of I'(0,g). Eventually, | , §6.1.2] converts the decomposition into
I'0,9)=- > I'0,9)()+ Y 0(g,u)EH(0,g,u),
v nonsplit uep? \Fx

where for any place v nonsplit in F,

1'(0,9,6)(v) = 2]/ K a0

Here
Cy = EX\E"(Ay)[E*(Af) nU

is a finite group and the integration is just the usual average over this finite group. The
series

K0, (tt2) = % S ktumen (9.5:0)r(g, (t,£2))8" (3, u)

uepZ \F* yeB(v)-E

is a pseudo-theta series. In the case ¢, = ¢1, ® ¢2, under the orthogonal decomposition, it
is given by

L(1,n,)

I(El) (g)¢1 v(ylvu) ;q(yQ)JJ (O,Q,U, ¢27v)7 Yo * 0.

ko, (9, u) =

Here kg4, (g,y,u) is linear in ¢,, and the result extends by linearity to general ¢ (which are
not of the form ¢; ® ¢5).

In | |, Assumption 5.3 was put to kill the minor term E/}(0,g,u). In this paper,
however, we will not impose this assumption, since E{(0,g,u) gives terms matching the
Faltings height from the arithmetic side. In the following, we give a little computation
about it.

Decomposition of constant term

Now we treat the derivative of the constant term

EO(S,Q, u, ¢2) = (5(g)57‘(g)¢2(0, u) + WO(Svga u)

It was actually computed in the proof of | , Proposition 6.7] (before applying the degen-
eracy assumption).
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In fact, by definition

L(s,n) 11
22Uy [11D.]2]d.|2

 L(sn)/L0.)
L(s+1,n)/L(1,n

We take the normalization W, (s, g, u) because

W(iv(07 g, U) = T(g)¢2,v(0a U)

W0(3797u) ==

) HW&U(S,Q,U).

for all v, and
W&U(S, g, U) = 51}(9)787”(9)@52,11(07 U)
for almost all v. See [ , Proposition 6.1].

So the expression gives the analytic continuation of Wy(s, g,u). Taking derivative from
it, we obtain

w000 = o (108 22 @600 = RGO (065000,

In summary, we have

I'0,g.0)== 3, T100,9,0)(v)-co > > r(9)e(yu)

v nonsplit uep? \F* yeE
-3 Yoo (gyu)r(9)e (g, u) +21ogd(g) Y, r(9)e(y,u),

v uepZ \F* yeE uep2 \F* yeE

where the constant (s.)
d L(s,n
= oo (log =)
0 d8| 0( 08 L(s+ 1,77))
and
Co, (g7 Y, 'LL) = TE(g)¢l,v(y7 U’)W(iv ,(07 9, U) + lOg §(gv)r(g)¢v(y7 U)

The term

1(0.9.0)0) =2f KL (9. (1.0))d

is as before. Both sums over v have only finitely many non-zero terms.
By the functional equation

L(1-s,m) = |dg/dpl'~5 L(s,n),
we obtain (0
¢ =22 (0)
L(0,n)
Note that here L(s,n) is the completed L-function with gamma factors.
The decomposition holds for ¢ = ¢; ® ¢o, but it extends to any ¢ € S(B x A*) by linearity.
In other words, ks, (g,y,u) and c4,(g,y,u) are defined by linearity. We will see that we can
actually have coherent integral expressions for them.

+log|dg/dEg|.
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Holomorphic projection

Asin | , §6.4-6.5], we are going to consider the holomorphic projection of I’(0, g, ¢).

Denote by A(GLy(A),w) the space of automorphic forms of central character w, and
by A(()2)(GL2(A),w) the subspace of holomorphic cusp forms of parallel weight two. The
holomorphic projection operator

Pr: A(GLy(A),w) — AP (GLy(A), w)

is just the orthogonal projection with respect to the Petersson inner product.
Consider the action of the center A* on I’(0, g, ¢) by

z:1'(0,9,¢) — I'(0, 29, ¢).

The action factorizes though the finite group ¥ X\A; /U mA;. It follows that we can decompose
I'(0,g, ) into a finite sum according to characters of this finite group. In other words,

[,(ngv(b) = ZI/(O,Q, (b)wa I/(O7ga (b)w € A(GL2(A)7w)7

where the direct sum is over the finite group of characters w : F’ X\A; JU mA; — C*. Hence, the
holomorphic projection PrI’(0, g, ¢) is still a well-defined holomorphic cusp form of parallel
weight two in g € GLy(A).

We can apply the formula in | , Proposition 6.12] to compute PrI’(0,g,®). Note that
the formula takes the same form in all central characters, and thus can be applied directly to
Pri’(0,g,¢), if it satisfies the growth condition of the proposition. For the growth condition,
we make the following assumption.

Assumption 7.1. Fiz a set Sy consisting of 2 non-archimedean places of F' which are split
i B and unramified over Q. Assume that for each v € Sy, the open compact subgroup U, is
mazximal, and

r(9)p,(0,u) =0, V geGLy(F,), ueFE).

This assumption is exactly | , Assumption 5.4]. Under the assumption, Pr1’(0, g, o)
satisfies the growth condition of the formula for holomorphic projection. The proof is similar
to that in | , Proposition 6.14]. Alternatively, one can expression 1’(0,g,¢) as a finite

sum of 1'(0, g, x, ¢) for different x.
Finally, we have the following conclusion.

Theorem 7.2. Assume that ¢ is standard at infinity and that Assumption 7.1 holds. Then
PTI,(0797¢)U == ZF(O,Q,¢)(’U)— Z [,(Oaga¢)(v)

v|oo v4oo nonsplit
—a o Y r(@elyu)= Y Y D o (9,y,u)r(9)e" (v, u)
uep? \F* yeEx vtoo yep? \Fx yeE™

+ > Y (2logds(gr) +loglug(y)ls) r(g)d(y,w).

uepd \F* yeE>

The right-hand side is explained in the following.
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(1) For any archimedean v,

7(0,9,6)(v) =2 ][ Ny K (g, (1, 1))dt,

—=(v) o
Ky (g, (t1,t2)) =wy ), limgg >

acF yeru\(B():-E)
L(s+1) [ 1

2@y h A=Ayt

T(g, (tla t2))¢(y)a kv,s(y)7

kv,s(y) =

where M(y) = q(y2)/q(y) is viewed as an element of F,.

(2) For any non-archimedean v which is nonsplit in E,

1(0.9.0))=2f K (g. (1))t
Icfpv)(ga (t17t2)) = Z Z kr(t1,t2)¢v(g7yau)r(g7 (t17t2))¢v(yau)7

uep? \F* yeB(v)~-E

L 1) v o 4
k¢v (ga Y, U) = %T(Q)Qsl,v(ylau)wuq(m)’v (07 g,u, ¢2,v)7 Yo #0.

Here the last identity holds under the relation ¢, = ¢1,® P2, and the definition extends
by linearity to general ¢,.

(3) The constant

(4) Under the relation ¢, = ¢p1., ® ¢a,,

¢, (9,9, 1) =7E(9) P10 (y, w)W5, (0, 9,u) +1ogd(g.)r(9)du(y, u).
The definition extends by linearity to general ¢,.

Proof. Apply the formula of | , Proposition 6.12] to each term of

I'0,g.0)== 3, I100,9,0)(v)-co > X r(9)e(yu)

v nonsplit uep? \F* yeE

=3 Yo (9.9, u)r(9)e" (v, w)

v uepZ \F* yeE

+2logd(g) >, . r(9)é(y,u).

uep2 \F* yeE

Denote by Pr’ the image of each term. Note that the holomorphic projection of 1'(0, g, ¢)(v)
is already computed in |

, Proposition 6.15]. Furthermore, if v is real, we have ¢y, (g,y,u) =
0 by Lemma 7.6.
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Note that Pr’ does not change I'(0,g,¢)(v) for non-archimedean v since it is already
holomorphic of parallel weight two at infinite. Similarly, we have

797“’( 3 ZT(9)¢(y,U))= 2. 2 r(@eyw),

uepZ \F* yeE uep? \Fx ye o

7’7“'( > Z%v(g,ym)r(g”)aﬁ”(yw))= SN o (9,9, w)r(g")8" (y,u), v+ oo.

uep, \F* yell uepg \F* yeE™

The only changes are to remove the contributions of y = 0, because the results do not have
constant terms.
It remains to take care of

logd(g) . Zr(g)¢(y,U)=wiU10g5(g) > r(9)p(y,u).

uep2 \F* yeE~ (y;u)epu \(E*xF)

Here puy = F*nU, and wy = [{1,-1} nU]| is equal to 1 or 2. The identity holds as in the case
of usual theta series. Its first Fourier coefficient is just

LY legd(e)r(9)é(uw).

WU (y,u)epu \(B*xF*)

Write

log 6(9)r () (y,u) =10g(g7)r(9)d(y, u) +1085(goo )W (goo) - (s ) by (3, w).

Then Pr’ doesn’t change the first sum of the right-hand side since it is holomorphic of
weight two at infinity, but changes 10g §(goo )W) (gs ) in the second sum to some multiple
e WP (geo) = o 7(9)deo(y,u), where ¢y is some constant to be determined. As a conse-
quence,

Pr’(logé(g) > Zr(g)cb(y,U))

uep \F* yek

_ L D 5 log &7 (d*(a)gy)r(d*(a)g)d(y, u)

WU aeF* (yu)epu \(E*xF*)

vt Y T (@ (a)g)é(yu)

WU aeF> (y,u)epu \(E*xF*)1

= 2 Z(10g5(9f)+10g|w(y)|§)7“(g)¢(y,w+02 > 2 r(9)e(y,u).

uep? \F* yeE* uepg \F> yebx

As for the constant, we have

d 00 1
[FC:2Q] =4 £1})% - y*e ™ (log yé)ye‘%ygy =27 '/0 e ™ log ydy = —5(7 +logdm).
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Here ~ is Euler’s constant. Then the combined constant

L'(0,m)
’ L(0,n)

Here m = [F': Q]. The gamma factor

L) = (7 #TCE))

c1=Co—2mecy = +logldg/dr|+ (7 + logdm)m.

2
gives

Li,(0,n) _ 1

S0 2 log 477).

Lu(0y) ~ 2™ OB
Thus 2(0.)
(0,

=2 log |dp/dF|

" TLg(0,m)

7.2 Choice of the Schwartz function

To make further explicit local computations, we need to specify the Schwartz function.
Start with the setup of Theorem 1.7. Let F' be a totally real field, and E be a totally
imaginary quadratic extension of F'. Let B be a totally definite incoherent quaternion algebra
over A = Ap with an embedding £y — B of A-algebras. Let U =[], U, be a maximal open
compact subgroup of B} containing (the image of) 5;3 = [To1e OF,- As in Theorem 1.7,
assume that there is no non-archimedean place of F' ramified in £ and B simultaneously.
Note that we have already assumed that U, is maximal at any v + co. Denote by Op, the
Op,-subalgebra of B, generated by U,. Then Og, is a maximal order of B,, and U, = Oﬁu is
the group of invertible elements. Furthermore, the inclusion Of, c U, induces Og, c Og,.
As for the Schwartz function ¢ = ®,¢,,, we make the following choices:

(1) If v is archimedean, set ¢, be the standard Gaussian.

(2) If v is non-archimedean, nonsplit in £ and split in B, set ¢, to be the standard char-
acteristic function lo, xox -

(3) If v is nonsplit in B, set ¢, to be Loz xox, (instead of lOBva;U)-

(4) There is a set Sy consisting of two (non-archimedean) places of F' split in E and
unramified over QQ such that

1

¢v = 10]§v xO}v - 1 +—Nv N Ng 1W;1(Omv)2xo}§v7 Yo e SQ.

Here w, denotes a uniformizer of O, , and

(Og,)2 ={z € Og, 1v(q(x)) = 2}.
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(5) If vissplitin F and v ¢ Sy, set ¢, to be the standard characteristic function los, ®1os, -

By definition, ¢ is invariant under both the left action and the right action of U.
Note that (4) seems least natural in the choices. However, it is made to meet Assumption
7.1. In fact, as in the proof of | , Proposition 5.15], any function of the form

Lo~ deg(L)do. 60 € S(B, x F), LeC2(BLO3,)

satisfies the assumption. The choice of (4) comes from ¢ = 1O§U ® 10;% and L =10, ),- It
is classical that deg((Og,)2) =[(Os,)2/Of | =1+ N, + NZ.

For any v 4 oo, fix an element j, € Op, orthogonal to F, such that v(q(j,)) is non-negative
and minimal; i.e., v(¢(j,)) € {0,1}, and such that v(q(j,)) = 1 if and only if B, is nonsplit
(and thus E,/F, is inert by assumption). We check the existence of j, in the following.

If v is nonsplit in B (and inert in F), then Og, is the unique maximal order of B,. It
is easy to see the existence of j,. We have v(¢(j,)) = 1 and an orthogonal decomposition
Og, = Og, +Og,jy.

If v is split in B, start with an isomorphism Op, - M5(Opg,). By this isomorphism,
Og, acts on M = O%U, and thus the subalgebra Op, also acts on M. Fix a nonzero element
mg € M. We have an isomorphism Og, — M of Op,-modules by ¢ — tomy. Thus it induces an
Op,-linear action of Op, on Op,, which is compatible with the multiplication action of Og,
on itself. Set j, € Op, to be the unique element which acts on O, as the nontrivial element
of Gal(E,/F,). Then j2 =1 and j,tj, =t for any t € Op,. It follows that j, is orthogonal to
E,, and ¢(j,) = -1 satisfies the requirement.

For any non-archimedean place v nonsplit in F, let B(v) be the nearby quaternion
algebra. Fix an embedding F - B(v) and isomorphisms B(v), ~ B, for any v’ # v, which
are assumed to be compatible with the embedding Ey — B. At v, we also take an element
Jv € B(v), orthogonal to E,, such that v(q(j,)) is non-negative and minimal as above. We
remark that this set {j, : v’ # v} U {j,} is not required to be the localizations of a single
element of B(v).

Lemma 7.3. Let v be a non-archimedean place of F and D, c Og, be the relative discrimi-
nant of E,|F,. Then in the above selting,

D,Og, c Og, +Og,j, c Og,.
Furthermore, Op, = Og, + Og,j, if and only if v is unramified in E.

Proof. This is classical. Assume that v is split in B, since the nonsplit case is easy. For
any (full) lattice M of B,, the discriminant dj; is the fraction ideal of F, generated by
det(tr(z;z;)), where xy,---, x4 is an Op,-basis of M. In particular, if M’ c M is a sub-lattice,
then [das : dyp] = [M : M']2. Direct computation gives dp, =1 and do, +0,,j, = D?. The
statement follows. O
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7.3 Explicit local derivatives

Let (U, ¢,ju,J») be as in §7.2. The goal of this subsection is to compute kg, (1,y,u) and
s, (1,y,u). The computations are quite involved, though the result are not so complicated
eventually. The readers may skip this subsection for the first time and come back when the
results are used in the comparison with the height series.

Throughout this subsection, v is non-archimedean. For y € B(v),, write y = y; + yo with
respect to the orthogonal decomposition B(v), = E, + F,j,. By Lemma 7.3, if v ¢ Sy and
v is unramified in E, we have a decomposition ¢, = ¢1, ® P2, with ¢q, = 1OEUijO}<:U' Here
b10 = 1oy, <03, if v is split in B, and ¢, = 107% <05, if v is nonsplit in B.

All Haar measures are normalized as in | , §1.6], unless otherwise described.

Derivative of Whittaker function 1

Lemma 7.4. (1) Letv be a non-archimedean place inert in E. Then the difference

1 .
ko, (Ly,w) = 0u(y1,1) - 1og, 5, (y2) - 5 (v(a(y2)/4(0)) + 1) log N,
extends to a Schwartz function on B(v), x FX whose restriction to E, x F is equal to

. |dvqov)|_1
(1+N;H)(1-Ny)

b (y,u) log N,

(2) Let v be a non-archimedean place ramified in E. Then the difference

b (1,3,0) = 60 (1,0) Loy 1, (2) - 5 (0(a(2)) + 1) log N,

extends to a Schwartz function on B(v), x EX whose restriction to E, x FX is equal to

buly ) (% + 5 (D,) - 1)) log N, + S0 (y. ),
where og o)1
() = g Loos,-0n, (1) 2 NI [ 6uly+n e
The result allows more ramifications of v in E or B than its counterpart in | , Corollary

6.8(1)]. The computation follows a similar strategy, but it is more complicated due to these
ramifications.
Recall that if ¢, = ¢1,, ® P2, then

L(1,m,)
k¢v(17y7 u) = VO](El)

¢1,v(y1, U)W;q(y2)7v,(07 1a Uu, ¢2,v)'
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Here vol(E}) is given in | , §1.6.2]. By | , Proposition 6.10],

where

We (5011, b0 = o3 (1 - N;*) S Ngmsem fD oy P20 0
n=0 nla

D, (a) = {zq € Ej, s uq(zs) —a € pd;'},

and dz, is the self-dual measure for (E,j,,uq), which gives vol(Og,j,) = |Dv|%|dvuq(jv)|. In
the following, we will always denote a = ug(yz) for simplicity.

We can also obtain a coherent expression of ky, (1,y,u) which does not require ¢, to be
of the form ¢; , ® ¢o,. In fact, in the case ¢, = ¢1, ® P2, (and v is nonsplit in £), the above

gives

k%(l: Y, u)

L(1,n,) d 1 R -
) v , . dv 1_Ns an+nf
st )- o (100N S [

L(l nv) d 1 _ > _
—’._S: dv 1-N- an+n[
vol(E}) ds 0(| 3 Y ),,;] Y Dn(a

n

(@) ¢2,v($2, U)dxg)

)qﬁv(yl +x2,u)dx2).

The last expression is actually valid for any ¢,. It is nonzero only if u € OF, , which we will
always assume in the following.

The computation relies on a detailed description of D,,(a). For example, we will see that
D, (a) is empty if n is sufficiently large, so the summation for k4, (1,y,u) has only finitely
many non-zero terms. Then the derivative commutes with the sum.

In the following lemma, v is a non-archimedean place nonsplit in £. Consider

and

Lemma 7.5.

Dn(a) = {xQ € Evjv : UQ(x2) —ae€ pZd;l}, u € O?ﬂ,? ac UQ(E;(]U)

D, ={xs € E,j, 1 ug(zs) € pid;'}, weOf .
(1) If v is inert in E, then

D, if n<wv(ad,);
@ if n>v(ad,).

Dy (a) = {

(2) If v is ramified in E, then

D, if n<wv(ad,);

D) = {@ it 0> v(ad,) +0(Dy) - 1.

If v(ady,) <n <wv(ady) +v(D,) -1, then

VOI(Dn(a)) = |Dv|% : |dv| : |a|v : Ng(adv)_n'

Here the volume is taken with respect to the self-dual measure for (E,j,,uq), which
gives vol(Og,jv) = | Dy|2|dy|.
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Proof. The key property is that a is not represented by (E,j,,uq), since it is represented by
(Eyjor ug).

We first consider (1), so v is inert in E. Then v(a) # v(ugq(z2)) for any xs € E,j, since a
is not represented by (E,j,,uq). It follows that

v(ug(z2) - a) = min{v(a), v(ug(zs))}-

The result follows.

Now we consider (2), so v is ramified in E. If n <wv(ad,), the result is trivial. Assume
that n > v(ad,) in the following. Let e, be the smallest integer such that 1+ pg® c ¢(E)). By
the class field theory, we have e, = v(D,).

The condition x5 € D, (a) gives

a tug(xs) € 1+ pived),

By a =uq(ys) with ys € EXj,, the condition becomes

a(2)a(y2) € 1+ pi .

Note that ¢q(EXj,) and q(EXj,) are exactly the two cosets of F* under the subgroup ¢(E})
of index 2. Then ¢g(z2)/q(y2) always lies in the non-identity coset. Hence, D, (a) is empty if
n —wv(ad,) > e, by the definition of e,.

It remains to compute vol(D,(a)) for v(ad,) <n <v(ad,) +e, - 1. Write m =n-wv(ad,),
which satisfies 1 < m < e, — 1. The above condition on xs is just a tug(xs) € (1 +p7). We
need to consider the intersection (1+p™)na-tuq(EXj,). By the definition of e,, we see that
(1+p™) is not completely contained in either g( EXj,) or ¢(E£Xj,). Thus (1+pm) is partitioned
into two cosets ¢(EXj,)n(1+pm) and q(EXj,)n(1+p7). In particular, (1+p™)natuq(E}j,)
is one of the cosets. Therefore,

vol(Oy, ,d*x) \d,|2
2(N, - 1)Nm-1 = 2(N, - 1)Nm-1’

vol((1+p™) natug(E),),d*z) = %Vol(l +pit, d*x) =

Here the volumes are under the multiplicative measure d*x = (g, (1)]x[;'dz, but we will
convert it back to dx. Similar measures dz and d*z are defined on E, as in | , §1.6.1-
1.6.2]. Both measures are transferred to FE,j, by the identification E,j, - F, sending j, to
1. The induced measure dr on E,j, is compatible with the self-dual measure with respect
to the quadratic form ugq.

Therefore,
vol(D,(a),d*z) = vol(E}) - vol((1 + p™) na tuq(Ej,), d ) = M
’ Y v v (N, - 1)Nm-1
The additive volume is just
lal, |al, - |Dv|é |dy|
vol(D,(a),dx) = ——vol(D,(a),d*x) = .
(D (@) dx) = L Esvol(D (0). ) = ]
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Derivative of Whittaker function II
The goal of this subsection is to prove Lemma 7.4.

Proof of Lemma 7.4. We first consider (1), so we assume that v is inert in E. We will take
advantage of the decomposition ¢, = @1, ® ¢2,, which simplifies the computation slightly. It
amounts to computing the derivative of

Wi (s 10) = duf5 (1= N72*) S N [ (a,u) s
n=0

Dy (a)

Note that we always write a = ug(y2). By Lemma 7.5,

v(ady)
Wi/ 0L u) = [dfilogNy 3Ny s )

It is nonzero only if v(a) > -v(d,).
We first consider the case —v(d,) <wv(a) < 0. In this case, we always have Og,j, c D,, for
all 0 <n <wv(ad,). It follows that

v(ady) L ||dv| _ Nv|a|‘1

we,'(0,1,u) = |d, |2 log N, Z N} vol(Og,jv) = |dv|Z|q(v) TN log N,,.

Note that this part does not affect the behavior as a — 0.

Now we assume that v(a) > 0 (still for part (1)). If n < v(dyq(j,)), then Og,j, ¢ D,; if
n > v(dyq(jy)), then D, c Og,j,. It follows that

v(dvq(iv))-1 v(ady)
W, (0,1,u) =|d, |2 log N, > N}vol(Ogju)+ Y. NIvol(Dy)
n=0 n=v(dvq(jv))
: _ v(ady)
[dvq (o)l =1,

=|d,|2 log N,
|dy|2 log ( N

N3VM(D@).

n=v(dvq(jv))

Note that
[roeldguday o
Dn = Do OE”JU’
SO
n=v(duq(jn))-2[ Louldralu)s1 1 if 2 = 0(dvq(jv));
NI vol(D,,) = N, (dva(iv))-2[ ]_{ if 2] (n-v(dug(iv))

NJI if 2 + (n_v(dUQ(jv))'

Since v(q(j,)) and v(a) always have different parities in this inert case, we have

log Ny (|dug(Go)l =1  v(q(y2)) —v(g(ju)) +1 4
1+Agl( 1-N, > (1+Ah))'

kg, (17 Y u) =
This finishes the proof of (1).
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Now we prove (2), so v is ramified in £. We need to compute
1 d &

— . — s 1- Nv_s Nv—ns+n /

2|D,|z ds | (( ) 7;) D

kg, (1,y,u)

nlQ

b (Y1 + $2,U)d$2) -

We first use Lemma 7.5 to write

IOg Nv v(ady)+v(Dy)-1

- N]}f Oo (Y1 + X2, u)dxs.
2D, |3 2 Dy P+ 2 )

ko, (Ly,u) =

It is zero if v(a) is too small, so kg, (1,y,u) is compactly supported.
In this ramified case, the first complication is that k4, (1,y,u) can be nonzero for some
1 ¢ Op,. Write

k%(lv y?“) = k¢v(1’ yau) ’ 10E1, (yl) + k¢v(17y7u) ’ ]'EU_OEU (yl)

We first treat the second term on the right-hand side, so we assume that y; € E, — Op,.
We claim that kg, (1,y,u) - 1g,-0,, (y1) is naturally a Schwartz function on B(v), x Fy.
In fact, by Lemma 7.3, in order to make ¢, (y; + 22, ) nonzero in the formula of k,, (1,y,u),
we have
€ DglOEv - OEN T2 € qulOEvjv - OEvjv'

Then both v(q(y1)) and v(g(z2)) are bounded from the above and the below. Consider the
behavior when a = uq(y2) approaches 0. By Lemma 7.5, x5 € D, (a) only if
n <v(q(x2)) +v(dy) +v(D,) -1 <v(d,D3) - 1.

The second bound is independent of a. Hence, if v(a) is sufficiently large, then D, (a) = D,
independent of a. So kg, (1,y,u) - 1g,-0,, (y1) is a Schwartz function on B(v), x Fy.
For the restriction to F, x F)¥, set yo - 0. The above discussion already gives

log Nv ’U(duDS)—l .
o -0y, (1) T;) N fD oy + 22, u)ds. (7.3.1)

k¢v(17 yl’u) ' 1EU_OE»U (yl) =

We can further change the bounds of n in the summation from [0,v(d,D3) 1] to [0,v(d,)],
because x5 € D,, implies

n<v(dy) +v(q(x2)) <v(dy).

Then the expression is exactly the function %ozv in the lemma.

It remains to treat kg, (1,y,u) 1o, (y1). Assume that y, € Og,. Then

lOg Nv v(ady)+v(Dy)-1
2Dz A4

kg, (Ly,u) = Ny vol(Dn(a) N Og,jo)-

The sum is nonzero only if v(a) > -v(d,) - v(D,) + 1. The behavior of ks, (1,y,u) when
—-v(d,) —v(D,) +1<wv(a) <0 does affect our final result. So we assume that v(a) >0 in the
following.
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The computation is similar to the inert case. Recall that vol(Og,j,) = |Dy|?|d,| and

Split the summation as

The first sum gives

Dy(a) = {z3 € B, s uq(z2) - a € pld;'}.

) v(dy)-1  wv(ady) v(ady)+v(Dy)-1
Y= > o+ +
n=0 n=0 n=v(dy) n=v(ady)+1

2D >, Ny vol(Ogjn) = 5y log Vo (7.3.2)
v n=0 v
The second sum gives
1 Nv v(ady) 1 Nv v(ady) o
B Y NPvol(D,) = By NN DD,
2|Dv’2 n=v(dy) 2|l)v|2 n=v(dy)
1
= —(v(a)+1)logN,. 3.
5 1)log N, 7.3.3
By Lemma 7.5, the third sum gives
1 Nv v(ady)+v(Dy)-1
o8 N vol(D,,)
2|D”U|2 n=v(ady)+1
log N, v@dw) (D)1 n 1 v(ady)-n
= T > NEIDE - |dy| - Jaf - NSO
2’Dv|2 n=v(ady)+1
1
= §(U(Dv) -1)log N,. (7.3.4)

Combining equations (7.3.1)-(7.3.4), we obtain the result for ramified v. The proof of Lemma

7.4 is complete.

[]

Derivative of intertwining operator

Recall that if ¢, = ¢1, ® ¢, for a place v, then

o, (9,y,u) = 1, (y, u)W5, "(0, 9,1, ¢2.) +10g 0(gu)7(9) P (y, u),

where the normalization

o _ _1 _
WO,U(3797U7¢2,U) = 7u,v|Dv| 2|dv|

Lemma 7.6.

1L(s+1,m)

W v 7 Y Y v
Dy o0

(1) For any archimedean place v,

cs,(g,y,u) =0, geGLy(R), (y,u) e E, x E.

65



(2) For any non-archimedean place v and any (y,u) € E, x FX,

2(|va(]v)| B 1) log N.

Gu(y,u) - T+ N-D(1=N,) if E,/F, inert;
C¢v(1? y7U) B ¢v(y’ U)log |dvq0v)| " ¢v(y, U) ’ |dv§(]v])\;_ ! log Nv + Oév(ya 'U,)7 Zf E’L}/F’U T@miﬁed;
0, if E,/F, split.
Here
log N, v(dy)-1

a,(y,u) =

as i Lemma 7.4.

lpp 10g, - OEU(y Z NZL[D G (Y + 22, u)dxy
n=0 n

| v|2

Proof. If v is archimedean, it suffices to check that

Wo.(s,9,u) =5(9)°r(9)p2,(0,u), geGLa(F,).

The behaviors of the intertwining operator W, (s, g,u) under the left action of P(R) and
the right action of SO(2,R) are the same as those of §(g)~*7(g)¢2.,(0,u). It follows that
two sides are equal up to a constant possibly depending on s. To determine the constant,
it suffices to check W&U(s, 1,u) = 1. By a change of variable, we can assume that u = 1. At
the end of the proof of | , Proposition 2.11], there is a formula for Wy ,(s,1,u) in terms
of gamma functions, which implies the result we need here.

Assume that v is non-archimedean in the following. The proof is similar to that of
Lemma 7.4. We first introduce some formulas for ¢4, (1,y,u). Note that the statement of
[Y'Z7, Proposition 6.10(1)] is only correct for a € F)¥ due to the different normalizing factor
defining W ,(0,1,u, ¢, ). However, its proof actually gives

WO,U(S» 1, u, ¢2,v) = 'Vu7v|dv|%(1 - Nv_s) Z N ./D ¢2,v(x2a u)dux%
n=0 n
where
Dy, = {3 € Eyjy t uqa(w2) € pipd,' }
and the measure d, x5 gives vol(Op, j,) = |Dy|2|dyuq(i,)|. Putting these together, we have

d 1L s+1 v
co,(Liy,u) = ‘ﬁl,v(y’u)'%’*o('DJ : (L( 5,1 :;

d 1 L(s+1,nm,) _ _ /
el 2 TR NS N-nstn d )
dsls—o (| | 2 L(S,nv) ( v )nZ% v D, va(y + Za, U’) w2

The last expression actually works for any ¢, (not necessarily of the form ¢, ® ¢o,).
For convenience, denote

)(1 N, )ZN”“”/ Ga.0 (T2, u)d,y, 33'2)

1L(8+1 Mo

() = DAL

)(1 N, )ZN”“”[ o (y + T, u)dy s,
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so that
cg,(1,y,u) =¢, (0).

Note that &, (s) or ¢y, (1,y,u) is nonzero only if u € OF, , which we assume in the following.
We will check the lemma case by case.
First, assume that v is inert in £. Then ¢, = ¢1, ® ¢2, With ¢, = Log,jux0% and

C¢v(]" y7u) = gbl,v(y?u)WOO,U ,(07 1,'LL)

Split the sum in
Wou(s,1L,u) = '7u,v|dv|%(1 ~ N;%) Y Nt /D Ga0 (T2, u)dxs
n=0 n

into two parts: n < v(d,q(j,)) and n > v(d,q(j,)). Denote n =m +v(d,q(j,)) in the second

case, and note Dy, i(d,q(n)) = pq[,T]OEUjU. We have

Won(s,1,u)

v(dvq(jv))-1 e .
- %,v|dvy%(1—NvS)( 3 NJH(S_I)VOI(OEUjU)+ZNv_(mw(d“qo”)))(S_l)vol(Dmﬂ,(duq(jv))))

n=0 m=0

1 1 _s |dvq(]y)| - |qu(Jv)|s 1+ N’U—(Sﬁ-l)
Snlds D, (1L - >( Le N

1 B Nv_(s_l) + |d’UQ(]U)| 1 _ Nv_QS

Then

L+ Ng* ldg(Go)l = dugGo)l®

e oy

W&U(S, 17“) = (1 - Nv_s)l

We get

2(ldvq(iv)[ - 1)
(1+ N1 = Ny)

W5, '(0,1,u) =log|dyq(j,)| + log N,.

This finishes the inert case.
Second, assume that v is ramified in E. Consider

0, () = IDH =N S N [ 6,y aa,u)das.
n=0 n

As in the proof of Lemma 7.4, the first complication of this ramified case is that ¢,,(s) can
be nonzero for some y ¢ Og,, but it can be treated similarly.

In fact, assume that y ¢ Og, and ¢4, (s) # 0. In order to make ¢,(y + x2,u) nonzero in
the formula of é,, (s), we have

yeD;lOEv—OEU, X9 ED;IOEUjU—OEUjv.
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Then x4 € D,, gives
n< ’U(Q(JTQ)) + 'U(dv) < U(dv)'

Then the summation for é,,(s) is a finite sum. We have

v(dy)
co.(190) =4, O = D H g M) 3 N7 [ 6ty + )i

This is exactly the function «, in the lemma.
Now we assume that y € Og,. Then

Goo(5) = Dy "2 (1= N;*) 32 N, vol(D,, 0 O, ju).
n=0

The computation is similar to the inert case. Split the sum into two parts: n < v(d,) and

n > v(d,). Denote n =m +v(d,) in the second case, and note D,,.y(4,) = P Op,j». We have

C,(5)
L v(dy)-1 ) - p B
= D 2(A-N| Y N vl (0, ;U)+ZNU<””“( DED G0l Dynvoan)
n=0 m=0
d,| - |d,
- (- R
N—(S )

Thus

. dy,| -1
cor(1,,1) = 2, 0) = logll + L iog v,

(2

Third, consider the case that F,/F, is split and v ¢ S. Then |¢(j,)| = |D,| = 1 and we use
it to relieve the notation burden. We compute

g, (1,y,1) = d1(y, u)Ws, "(0,1,u).

As before, split the sum into n < v(d,) and n > v(d,) and write n =m + v(d,) in the second
case. We have

Wo(s,1,u)

s |d | |dv|S s = -m(s-1
’yuv|d | (1 N )(W_Fkivl n;ONv

)VOl(Derv(dv) N OEUjv)
VOI(OEvjv) ‘

Identity E, = F,, & F,, and Op, = Op, ® Op,. For simplicity, we identify E,j, with F, by
sending j, to 1. Then

Dipiv(a)NOg, = {(21,22) € Op,®0p, : 2122 € py'} = Op,—{(21, 22) € Op, ®0p, : v(21)+v(22) < m-1}.
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Thus

m-1

VOl(Dinsv(a,) N O, ) =vol(Og,) = Y. vol(wlO5, )vol(Op, - p'™")
k=0

m~1
=vol(Og,) - vol(Og,) Y N;¥(1-N;')(1- N, Ry
k=0

=vol(Op, )(N;™ + (1 - N; Y YmN,;™).

Therefore,
L - |d | |d | s - —m(s— -m - -m
Wou(s, 1) = Fuuldof2 (1= N; )(W ol 32 NN (L= N m, ™)
N e S
Turl 00 )(W”d“' [r
Hence,
1- N (1-N;*)? |dy| = |do]*

W5,(s,1,u) = %%;WW o2 Wou(s,1,u) = +|dy|.

1— N;(erl) 1— Nvf(sfl)

The first term has a double zero and no contribution to the derivative, so
W(iv ,(07 17 U) = lOg |dv|

This finishes the case that E,/F, is split and v ¢ S,.
Fourth, we treat the case v € Sy, which is the last case. Then v is split in E, and

1
e T )

Note that |¢(j,)| = |ds| = 1 by assumption, so the result to prove is exactly ¢4, (1,y,u) =0
Recall that ¢y, (1,y,u) is the derivative of
(0-N) &

Cqbv(s) = 1 _ Nv_(s_'-l) =

N;"“”[ o (y + o, u)dxs.
Dy

We will make separate computations for

Y1 =1oz «o3,,  ¥2=1w1(0s,):x05, -
The results will be 0 for both functions. Make identifications FE,j, ~ E, ~ F, & F,, as above.
Start with

(A-N;)? &

6¢1(S) - 1 N (s+1) Z —n8+nf wl(y‘f‘l’g,U)dZL’Q
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It is nonzero only if y € O, , which we assume. For the integral, write x5 = (21, 22) € F,, @ F,.
Then we have

~ (1 N_s)2 S ns+n
Gy, (8) = LN e 2 Ny

VOl{(Zl,ZQ) €O, ® Op, : 2122 €y, q(y) — 2122 € OF, }.
If ¢(y) € py, in order for the volume to be nonzero, we have to have z;2; € O%, and n =0.
The summation has a single nonzero term equal to 1. Then ¢y, (1,y,u) = 0.
If q(y) € OF, , we can neglect the term with n = 0, since a single term does not change the
derivative due to the double zero of the factor (1 - N;¢)2. Then the remaining terms give
(1-N;¢
1- N (s+1)
A similar summation has just been computed above, and the eventual result is still ¢y, (1,y,u) =

0. (Note that d, =1 in the current case.)
Now we treat

Z N—ns+n VOI{(Zl,ZQ) € OFU fa>) OFU Z1%2 Gpv}

~ (1 N )2 - —ns+n
O N(S”)Z [, valy+az e,
(1 N ns+n
(s+1) Z N
1-N,

~V01{(21,z2) ep,lop,l iz epl, qly) -2z € OF, }-

Here we have assumed u € Op, and will assume y € @, 'O, in order to make the situation
nontrivial. It is similar to the case ;.

If ¢(y) ¢ OF,, the summation has no nonzero term and thus ¢y, (1,y,u) = 0.

If g(y) € p,, the summation has a single nonzero term coming from n = 0. Then
ey (1,y,u) = 0 again.

If q(y) € O%,, we can neglect the term with n =0 again. The remaining terms give

(1-N;¢ §
1 N (8+1) Z N e VO]’{(217 22) E pq_) @pv ZlZQ E p’l)}
_(1 N_S 2 -ns+n 2 "2
= 1- N, (s+1) ZN N VOl{(zl,ZQ)EOFUGBOFU zleGpv }
Here we have used the substitution z; = w,!2/. Then it is similar to the computation above
and still gives ¢y, (1,y,u) = 0. This finishes the case v € Ss. n

Remark 7.7. It is not surprising that some (complicated and un-wanted) terms in the result
of Lemma 7.4 appear in that of Lemma 7.6. In fact, it just reflexes that the identity

lir% Wi ,(0,1,u) = W5, (0,1,u),

which fails due to convergence issues, actually holds for some pieces of the two sides. Even-
tually we need these terms to cancel each other in order to get a neat Proposition 9.2.
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8 Height series

In this section, we study the intersection series of CM points, the main geometric ingredient
for proving Theorem 1.7. We will first review the construction of the series Z(g, (t1,t2), ¢)
in [Y77]. Then we will compute this series under some assumption of Schwartz functions.
In particular, we will obtain a term for the self-intersection of CM points which contributes
a main term for the identity in Theorem 1.7. In | ], this term was killed under a stronger
assumption of Schwartz functions.

8.1 Height series

Let F be a totally real number field, and B be a totally definite incoherent quaternion algebra
over F' with ramification set 3. To avoid complication of cusps, we assume that |%| > 1. For
any open compact subgroup U of IB%;, we have a Shimura curve X, which is a projective
and smooth curve over F. For any embedding 7 : F' < C, it has the usual uniformization

Xu-(C) = B(r)"\b* x B}/U.

Here B(7) denotes the nearby quaternion algebra, i.e., the unique quaternion algebra over
F with ramification set ¥ \ {7}.
For any x € B, we have a correspondence Z(x)y defined as the image of the morphism

(ru,vsmu,veTy): Xy, —Xux Xy.

Here U, = U nzUx™L, my, v denotes the natural projection, and T, denotes the right multi-
plication by x. In terms of the complex uniformization, the push-forward action gives

Z(x)y:[z,8lu— ), [2B8ylv.

yeUzU U

Generating series

We first recall the generating series in | , §3.4.5]. For any ¢ € S(B x A*) invariant under
K =U x U, form a generating series

Z(ga(b)U:ZO(g7¢)U+Z*(g7¢)U7 geGLQ(A)a

where
ZO(Q?¢)U = - Z Z Eo(oz_lu,r(g)gb) LK,OH
aeFj\A?/q(U) uepd \F
Z(g, ) = wy Yy, Y, r(g)o(r,aq(x)™) Z(x)o.

aeF* :L*EU\]BJX,/U
Here puy = F*nU, and wy = [{1,-1} nU| is equal to 1 or 2. We often abbreviate

Z(g7¢)U7 ZO(ga(b)U; Z*(Qv‘b)U
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Z(9)v, Zo(9)u, Z.(9)u-

For our purpose on the height series, we will see that the constant term Zy(g, ¢)y can be
neglected in our consideration, since its contribution is always zero.

Theorem 8.1. [V 77, Theorem 3.17] The series Z(g, )y is absolutely convergent and defines
an automorphic form on g € GLy(A) with coefficients in Pic(Xy x Xy)c.

Height series

Let E/F be a totally imaginary quadratic extension, with a fixed embedding £, — B over A.
In [Y77], we consider a CM point P € X**(E2P) on the limit of the Shimura curves. In this
paper, we only consider the point Py € Xy (E2P) for fixed U. For a more precise description,
fixing an embedding 7 : F' - C, take Py = [z, 1]y based on the uniformization

Xu-(C) = B(m)"\b* x B}/U,

where 2y € b is the unique fixed point of £* in h via the action induced by the embedding
E < B(7). For simplicity, we write P for Py.

In terms of the uniformization, there are two sets of CM points in Xy (FE?P) for our
purpose:

Cu={[z0,tlu:te EX(As)},  CMy ={[20,8]v: B eB}}.
It is easy to see canonical bijections
Cu 2 EX\E*(Ap)/(E*(Af)nU), CMy = EX\B}/U.
We will abbreviate [zo, 8]y as [8]v, [5] or just S.
For any t € E*(A), denote by
[t] = [t]v = [20, tf]U
the CM point of Xy ,(C), viewed as an algebraic point of Xy;. Denote by
t°=[t]y = [t]v - Eue

the degree-zero divisor on Xy, where & =y, is the normalized Hodge class of degree one on
the connected component of [t]y.
Recall from | , §3.5.1, §5.1.2] that we have a height series

Z(g,(t1,t2),0)v = (Z(g,0)v 17, G)nr,  ti,t2 € E*(Ap).
Here Z (g, ¢)u acts on ¢ as correspondences, and the pairing is the Néron—Tate height pairing
(v 2 Ju(F)e x Jy(F)e—C

on the Jacobian variety Jy of Xy over F.

By linearity, Z(g, (t1,t2),®)y is an automorphic form in g € GLy(A). By | , Lemma
3.19], it is actually a cusp form. In particular, the constant term Z,(g, ¢) of the generating
function plays no role here.
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Decomposition of the height series

By the theory of | , §7.1], we are going to decompose the height series into local pairings
and some global terms. We will use (possibly) different integral models to do the decompo-
sition.

Assume that (B, £, U) satisfies the assumptions of §7.2 in the following. In particular,
U is maximal at every place, and there is no non-archimedean place of F' ramified in both
FE and B.

Let Xy be the integral model of X over Op introduced before Corollary 4.6, and let Ly
be the arithmetic Hodge bundle introduced in Theorem 4.7. We are going to use (X, Ly)
to decompose the Neron—Tate height pairing.

Note that every point of CMy; is defined over a finite extension H of F' that is unramified
above X (By). The composite of two such extensions still satisfies the same property. By
Corollary 4.6, the base change &y o, is Q-factorial for such H. Then arithmetic intersection
numbers of Arakelov divisors are well-defined on A7 o,. Take the integral model )V used
in | , §7.2.1] to be Xy, (without any desingularization). We get a decomposition of
Z(g,(t1,t2))u by the process of | , §7.2.2].

We do not know whether Xy is regular everywhere or smooth above any prime of F split
in B. If both are true, then &y, is already regular, and the decomposition here is the same
as that in [YZ7].

Vanishing of the pairing with Hodge class

Now we use freely the notations of | , §7.1-7.2]. For the height series, the linearity gives
a decomposition

Z(ga (t17t2))U = (Z*(g)Ut17t2> - (Z*(g)Ut17€t2> - (Z*(g)Uétth) + (Z*(g)U§t17£t2>'

Here Z,(9)u = Z«(g,¢)u, and the pairings on the right-hand side are arithmetic intersection
numbers in terms of admissible extensions, as introduced in | , §7.1.6].

Now we resume the degeneracy assumption in 7.1, which mainly requires that there is a
set S consisting of 2 non-archimedean places of F' split in £ and unramified over Q such
that

r(9)P,(0,u) =0, V geGLy(F,), ueF), veSs.

By | , Proposition 7.5], the assumption kills the last three terms on the right-hand side
and gives the simplification

Z(ga (tlatQ))U = (Z*(Q)Ut17t2>-

Asin | , Proposition 7.5], we have a decomposition

Z(g, (t1,t2))v = —i(Z.(g)vt1, t2) = 5(Z.(g)uti, t2).

Here the i-part is essentially the arithmetic intersection number of horizontal parts, and the
j-part is the contribution from vertical parts.
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Now we have a decomposition to local intersection numbers by
J(Z(9tr;t2) = 3 ju(Z.(g)ts, 12) log N,

The sum is over all places of F', and we take the convention log N, = 1 if v is real. Decom-
posing the local intersection number in terms of Galois orbits, we further have

Jo(Z:(9)t1,t2) = ][c G5(Z.(g9)tty, tto)dt.
U
Here the pairing j; is introduced in | , §7.1.7], and
Cy = EX\E"(Ay)[E*(Af) nU

is a finite group and the integration is just the usual average over this finite group.

Unlike the j-part, the decomposition of the i-part into local intersection numbers is com-
plicated due to the occurrence of self-intersections. We have to isolate the self-intersections
before the decomposition. Such a complication is diminished in [ | by Assumption 5.3
in it, but we cannot impose this assumption here. In fact, the assumption kills all possible
self-intersections, but the purpose of this paper is to compute these self-intersections!

Self-intersection

The self-intersection in (Z,(g)t1,t2) comes from the multiplicity of [t2]y in Z,(g)t;. By
definition,

Z(9tr=wr 3, Y, r(g)e(@)d[trz]

aeF> cceIB?/U

Here r(g)p(x)a =7(g)0(z,a/q(x)). See also | , §4.3.1] for this formula.
Note that [t;2] = [t2] as CM points on Xy if and only if x € t; %, EXU. Tt follows that
the coefficient of [to]y in Z,(g)t; is equal to

wy Z Z r(g)o(x)e = wy Z Z r(9)o(t t2y)a-

aelF™* get7 Uty EXU U acF>* ye B [(E*nU)

Note that puy = F*n U has finite index in £* n U, the above becomes

i >, > (gt t2)e(y)a

[EXHU:MU] aeF* ye B [uy
1
BT ] e e O (DO

uepd \Fx yeB>

The last double sum already appeared in the derivative series, and will continue to appear
in local heights. So, we introduce the notation

Qs(g, (t1,t2)) = Z Zr(ga(tlatQ))¢(yau)'

uepd \F* ye B~
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Finally, we can write

(2. (9)112) = (20D 1 o + e 0 2),

Here

i(Z.(9)t1,t2) proper = (Z*(g)tl - Mtz, 752)

[EXnU: ]

is a proper intersection. The proper intersection has decompositions

Z-(Z*(g)tb752)p1roper = Ziv(Z*(g)tth)proper long:
iv(Z*(g)tlatQ)proper = ][C iﬁ(Z*(g)ttluttQ)properdt-
U

We further have an identity i(t2,t2) = i(1,1) since [1] and [¢] are Galois conjugate CM
points.

8.2 Local heights as pseudo-theta series

Now we are going to express the local heights i;(Z.(9)t1,t2)proper a0d j5(Z.(g)t1,t2) in
terms of multiplicity functions on local models of the Shimura curve. The idea is similar to
[ , Chapter 8|, with extra effort to take care of the self-intersections. Note that in [Y77],
self-intersections vanish due to a degeneracy assumption, which we cannot put here.

Archimedean case

Let v be an archimedean place. Fix an identification B(A) = By, and write B = B(v). The
formula is based on the uniformization

Xuw(C) = Bi\b x B*(Ay)/U.
Resume the notations in | , §8.1]. In particular, we have the local multiplicity function

ms(7) =Qs(1-2X(v)),  ~veB)-E;.

Here

Qs(t) = —/:o (t +Vit2-1 coshu>_1_s du

is the Legendre function of the second kind. For any two distinct CM points [S;]v, [B2]u €
CMy;, denote

9s(Br,B2) = Z ms(v) 1o (B7'52),

yepu \(BX-EX)

Then the local height has the expression

is(B1, B2) = limy_ogs(B1, Ba).
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Here lim,_, denotes the constant term at s = 0 of gs((z1,51), (22, 82)), which converges for
Re(s) > 0 and has meromorphic continuation to s = 0 with a simple pole.

In | ], the formula works for distinct points [ ]y and [$2]y. In this paper, we extend
it formally to any two points. Namely, for any (1, 82 € CMy, we denote

9s(Br,B2) = > ms(7) 1u(B'v52),
vepu\(BX-E)

and define .
i5(B1, B2) = limso0gs(B1, B2).

With the extra new notation, we have the following result.
Proposition 8.2. For any ty,t; € Cy,

iﬁ(t27 t2)

iﬁ(Z*(ga ¢)t17t2)proper = Mf;) (97 (tlatQ)) - m

Q5(g, (t1,2))

where

Qy(g, (t1,2)) S (g, (t, ) (y, w),

uep? \F* ye B~

wy Y limee Y (g, (t12))d(y)ama(y).

aek™ yepu \(BX-EX)

Mfz,v)(% (t1,t2))
Proof. By definition,

. _ (g, (1,1
ZU(Z*(g)tlatQ)proper:ZU(Z*(g)tlatQ)_Zv( (b(g ( ! 2))t27 t2)

[EXnU: ]

Here the first term on the right-hand side makes sense by the extended definition of 7; to
self-intersections. The rest of the proof is the same as | , Proposition 8.1]. O]

Supersingular case and superspecial case

Let v be a non-archimedean place of F' non-split in E. Let B = B(v) be the nearby quaternion
algebra over F'. We will write the local pairing ¢; as a sum of pseudo-theta series following
the idea | ]. The situation is more complicated by the self-intersections here. Note that
v can be either split or non-split in B, but the exposition here are the same (before going to
explicit computations).

Recall from | , Lemma 8.2] that for any two distinct CM-points [51]y € CMy and
[t2]u € Cp, their local height is given by

Z.1’)(617t2) = Z m(’ytlva51_1)1)1U”((61))_17t12])

veuy\B*

Here the multiplicity function m is defined everywhere on

bu, = B, xgx B /U,
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except at the image of (1,1). It satisfies the symmetry m(b=1, 571) = m(b, 8).

The summation is only well-defined for [51 ]y # [t2]y. Otherwise, we can find v € E* such
that S7lyts € U, and the term at +y is not well-defined. Hence, we extend the definition to
any two CM-points [ ]y € CMy and [to]y € Cy by

i5(B1,t2)
>, m(vtaw, B ) 1o ((B7) ' 15)

yepy \(BX—EXnB1Ut;1)

> m(ta, Br) e ((B7) ' yt5) + > m(vta, Bry) o ((B7)7'113)

yepu\(B*-E*) yeuu \(EX-B1Ut;"')
= >, mytae, Bi)) 1o ((BY) 7 ts) + > m(Yta, By ) Lo ((B7)7'15).
yepu \(B*-E*) yepu \(E*=p1Ust5")

The definition is equal to the previous one if [ ]y # [t2]v. In Lemma 9.4, we will see that

i5(t2,t2) can be realized as a proper intersection number via pull-back to X for sufficiently
small U” with U] = U,,.
With the extended definition, our conclusion is as follows.

Proposition 8.3. For any ty,t; € Cy,

. v v iﬁ(tQatQ)
Zﬁ(Z*(ga ¢)t17 t2)pr0per = Mé )(ga (tlatQ)) +N4§ )(g, (tlatQ)) - mﬂ¢(g, (tl,tg)),
where
Qu(g,(t1.t2)) = > Y r(g, (t1,t2))d(y,u),
uep? \Fx yeEx
Mg, () = Y Y 19, (1 12))0" (5, 1) Mg, (or.aanyen (1),
uep? \F* yeB-E
N g, (tit)) = S S (g, (h1,82))0" (o w) 7t ) p(gys, (4. w),
uep? \F* yeE~
and

me, (y,u) = BXZ/U m(y,z")ou(z,uq(y)/e(x)),  (y,u) € (By - E,) x F;

ng,(y,u)= Y, my,a ") (z,uq(y)/q(x)), (y,u)eE;xF).

ze(BX-yUy) /Uy
Proof. By the extended definition of i3, it suffices to prove
io(Z.(g, )11, t2) = M (g, (t1,12)) + NS (g, (11, 1))
The left-hand side is equal to

wy Y, Y, r(g9)o(x)a > m(yta, x7 7 ) g (27 o)

acF™ peBY /U yepu \(B*-EX)
+ owy Y, Y r(9)e(x)a > m(ytz, a7 ) Lo (271 t2).
acF™ zeB% /U yepu \(EX-t1zUyt51)
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The first triple sum is converted to ./\/l((:)(g, (t1,t2)) as in | , Proposition 8.4], and the
second triple sum is converted to A év)(g, (t1,t2)) similarly. O

Here we use the convention

r(t1, t2) N (g)p, (U 1) = Nn(gye, (81 Y2, q(8125 ) 00).

Note that in the above series, we write the dependence on (t1,t3) in different manners for
mg, and ng, . This is because my, (v, u) translates well under the action of P(F,)x (Ex x EX),
but ne, (v, u) only translates well under the action of P(F),).

Ordinary case

Assume that v is a non-archimedean place of F' split in . Then B, is split because of
the embedding F, - B,. In this case, the treatment of | , §8.4] is not sufficient for our
current purpose, so we write more details here.

Let v; and 5 be the two primes of E lying over v. Fix an identification B, = My(F),)

under which F, = ( Fy I3 ) Assume that 14 corresponds to the ideal ( Fy 0 and vy
0
corresponds to ( r ) of E,.
We will make use of results of [Zh]. The reduction map of CM-points to ordinary points

above 7y is given by
BB} U — E\(N(F,)\GLa(F,)) x B [U.
The intersection multiplicity is a function
my, : GLa(F,)/Uy—Q

supported on N(F,)U,/U, explicitly as follows. If U, = (1 + p;Og,)* for some r > 0, then
[Zh, Lemma 5.5.1] gives

1 b)) 1
T ) TN

for b e F,, with v(b) <r—1. Note that the case v(b) > r corresponds to self-intersection and
is thus not well-defined.

Lemma 8.4. The local height pairing of two distinct CM points 1]y € CMy and [t2]y € Cy
15 given by

i (Br,t2) = Y, mp, (517 B1) Luw (B t2).

yepu \EX
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Proof. Denote the right-hand side by iz, (51,t2)". We first prove that iy, (51,t2) = iz, (S1,t2)"
if U is sufficiently small. In that case, by the local moduli of [Zh], i3, (51, t2) is nonzero only
if there is 7y € E* such that yot5UY = SYUV and t;'v; 61 € N(F,)U,. In this case, iz, (01,t2)
is equal to my, (13175 61). Then it suffices to check that in the expression of i, (f1,t2)", the
summation has only one nonzero term which is exactly given by v = vy. In fact, assume that
~v € E* satisfies

My, ("7 B1) Lo (By 't2) # 0.

Write v = 7'7. Then the condition becomes

ma, (Y75 0 B 1o (B otay) # 0.

It gives v'N(F,)U, c N(F,)U, at v and «' € U? outside v. The former actually implies
~" € U,. Then we have v € U n E*. The condition that U is sufficiently small implies that
UnE* = puy. In fact, [Un E*: py] is exactly the ramification index of [t2]y. Hence, v =g
in puy\E*. This proves the case that U is sufficiently small.

Now we extend the result to general U. Let U’ = U, U’ be an open compact subgroup of
B; with U c U? normal. Assume that U is sufficiently small so that the lemma holds for
Xy Consider the projection 7 : Xy = Xy. By the projection formula, we have

i ([B1]u [to]v) = i (7 ([Br]0). [ta] )

To compute the right-hand side, we need to examine 7 : X;» — Xy more carefully. By the
right multiplication of U on Xy, it is easy to see that the Galois group of Xy - Xy is
isomorphic to U/(U’py). It follows that

T ([(Bu) = Y, [Bulw = ! >, [Bru]o

welU /(U uyr) (1o : ] uelU /U’

We can further change the summation to u e U?/U"™. Then

i ([B]u, [t2]u) = o (7 ([Bi]v), [t2]ur)
- S (B [B])

(1w : pr] uelU U’

1 N - - _
m U Z mﬁl(t?lfy 151)1U’“(U 151 17152)
‘ "1 weUv (U ~ep\EX

1 —_ —_ -
(i jor] Z ma, (85" 1) 1u+ (81 t2)
“HU L yepy\EX

> me (57 B) Lo (BTt

yeuy \E>

This finishes the general case. O]
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Just like the other cases, the above summation is only well-defined for [f; ]y # [t2]y. But
we extend the definition to any [51]y and [t2]y by

i, (B1,t2) Z my, (65777 61) 1w (B yt2)

yepu\(E*=1Ut3")

> ma, (t3" " B1) Low (B ' yts).

yepu \(EX-B1Unt3')

It is equal to the original pairing if [ ] # [t2]v-
If [B1]u = [t2]u, then we can assume that (31 = t9, a simple calculation taking advantage
of the commutativity of £* simply gives

7;171 (tz,tg) = O, v [t2]U € CU-

So in this case, the definition does not give anything new.
The results hold for v, by changing upper triangular matrices to lower triangular ma-
trices. For example, the intersection multiplicity mg, : GLy(F,)/U,—Q is supported on

NY(F,)U,/U, and given by

1 B 1
My, b 1] Ng*”(b)*l(Nv _ 1)

for b e F, with v(b) <r—1. Then we also have a similar extension for iz, (f1,t2).
Passing to v, we have

1 A .
m5:§(ml;2+m172), z@:§(zgl+zl;2).
Now we have the following result.

Proposition 8.5. For any t1,t5 € Cy,

i@(Z*(g, ¢)t1;t2)proper = Név)(g, (tlatQ));

where

N (g, (tt2)) = Y (g, (1, 82))0" (5, 1) (b, ) ngys, (4, ),

uepd \F* yeB>

and

1
n%(y,u) =3 Z (bv(yx’uvu) mp, (.T)
o €(N(Fy)Uy—Uy) /Uy

1
+ 5 Z ¢v(yxv7u) mﬁz(x)
:EUE(Nt(Fv)Uv_Uv)/Uv

for any (y,u) € EX x EX.
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Proof. Note that the extended intersection number i;(t2,t2) = 0 automatically. It suffices to

check

i5(Z.(9,9)t1,12) = ngv)(g, (t1,t2))-
The left-hand side is equal to

wy Y, Y 1(9)9(x)a > my(tyty ) 1ge (a7 yty).

acF> zeBY /U yepu \(B*-t1zUst51)
By 1y (a7 vts) = 1, we have xv € t714t,UY; by v ¢ t12U,t;', we have x, ¢ t7'9t2U,. Thus

it becomes

wy Z Z r(g)ﬁbv(til'yh)a Z 7(9)90(Tv)a mﬁ(t§17_1tlx)-

ael™ yepuy \EX zoe(By—t7 ' vt2Us) /Uy

It remains to convert the last sum to the desired form, which is reduced to similar results
for v; and v,. We have

Z 7(9)Pu(T0)a m91(t51771t1x)

zpe(B3-t71vt2Uy) /Uy

= D r(9)bu(@0)a M (1317 1)

zype(tyyta N (Fy)Up—t71vt2Uy) /Uy

= > r(9) 6o (220 )0 M, ().

2oe(N(Fy)Up=Uy) /U,

A similar result holds for vs. O

Decomposition of the height series

Finally, we end up with the following summary.

Theorem 8.6. Assume that Assumption 7.1 holds. Then for any ti,ts € Cy,

Z(g.(tt) v == ¥ (ogN)f M (a.(th. 1))t

v nonsplit
- 2 N (g, (b, 1) og Ny = 3 Gu(Za(g, ), 1) og N,
vtoo vt oo
io(t2,t2)
- 0 t1,t2)).
[Ex OU:MU] ¢(9a( 15 2))

The right-hand side is explained in the following.

(1) The modified arithmetic self-intersection number
io(t2,t2) = i(ta,t2) = > iy(t2, t2) log Ny,

where the local term
?;v(tg, tg) :][ i@(ttg, ttg)dt
Cy

uses the extended definition of i;.
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(2) The pseudo-theta series

Qg (t1.t2)) = Y, D (g, (t1,12))d(y, u).

uep? \Fx ye >

(8) For any place v non-split in F,

Mg(f)(g?(thb)) wy Y. Timg_g Y, (g, (t1,12))p(y)ams(y),  vloo,

aek™ yepu\(BY-E%)
MW (g, (t1,t2)) = t1,t2))e"
1) (gv( 1 2)) Z Z T(g,( 1, 2))¢ (yvu) mr(g,(t1,t2))¢v(y7u)7 v + 0.

ugu?]\FX yeB-FE

(4) For any non-archimedean v,

N (g, (tt)) = 3 3 r(g (h112))8 (. w) m(trt2)egys, (v, 1),

uepd \F* yeE>
The only new information used above is the identity
£ N (st = N (g, (11,82)).
U

This follows from the invariance

NS (g, (tty, tt2)) = NS (g, (1, 12)),

which in turn follows from the special situation that the summation only involves y € E* in

the definition of /\/;EU).

8.3 Explicit local heights

Let (U, ®,jv,j») be as in §7.2. The goal of this subsection is to compute my, (y,u) and

ng, (y,u), and treat j,(Z.(g, ¢)t1,t2). The results are parallel to those in §7.3.

Local intersection numbers

Lemma 8.7.

(B(U)U_Ev) XF;:

1 . .
Gu(y1,u) oy, 4, (y2) - 5 (v(q(y2)) + 1), B, split, £, inert;

Mg, (Y1) =1 ¢u(y1,u)log, 5, (12) - 5 (v(g(y2)) +v(Dy)), B, split, E, ramified;
bu(y1,u) o, 4, (y2) - §U(Q(y2))> B, nonsplit.
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(1) Let v be a non-archimedean place nonsplit in E. For any (y,u) €



(2) Let v be a non-archimedean place of F. For any (y,u) € EX x F,

1
1, (y,u) = 0u(y, w) - 5v(a(y))-
Proof. 1f v is nonsplit in F, by Proposition 8.3,

me,(y,u) = Y. my, 2o (z,uq(y)/e(x)), (y,u)e (B, - E,) x F;

zeBX /U,
ne,(yu)= Y m(y,a )e(z,ug(y)/a(x)), (y,u) € By x FY.
ze(BX-yUy) /Uy
If v is nonsplit in £ and split in B, then (1) is computed in | , Proposition 8.7], except
that there is a mistake in the case that FE, is wildly ramified over F,. The mistake came
from | , Lemma 8.6], which was in turn caused by the wrong formula of [Zh, Lemma

5.5.2]. As a digression, we remark that the mistake did not impact the main result of [Y 7]
because the result in this case was not used in the book elsewhere.

The correct version of | , Lemma 8.6] is as follows. The multiplicity function m(b, 5) #
0 only if ¢(b)q(3) € O, . In this case, assume that 8 € E;h.GLy(Op,). Then

s(v(A(b))+1) if c=0, E,/F, is unramified;
su(DyA(b)) if =0, E,/F, is ramified;
N!=¢(N,+1)™' if ¢>0, E,/F, is unramified;
IN;e if ¢>0, E,/F, is ramified.

m(b, ) =

Only the second case is different, and it can be verified by going back to the canonical lifting
of Gross [Grl]. Then it is easy to have the correct formula (1) of the current case.

If v is nonsplit in £ and split in B, then (2) can be verified by the same method as in
[ , Proposition 8.7], where the only difference is that

ng, (ysu) = ) m(y™", he)vol(E;heGLy(Or,) N M(Or, )n)
c=1

is a sum omitting c = 0.
If v is inert in £ and nonsplit in B, by Lemma 8.8,

m(y,z) = %U(A(y)) gy (1405, @) (¥) Lo (v(a(2) [a(y)))-

It follows that

M, (50) =50 A0) Lpsrs0p i) Y To(w(a()a()))bu(r, ua(w)fa(x))

zeB /U,

Note that Bx/U, = Z. It is easy to get (1). For (2), since the conditions = ¢ yU, and
1o(v(g(z)/q(y))) are contradictory, we get ngy, (y,u) = 0.
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If v is split in F, in the setting of Proposition 8.5,

1
nd)u(y?u) =35 Z ¢U(yxv)u) ml71(x)
2y€(N(Fy)-N(Or,))/N(OF,)
1
+ 5 Z o (Y, u) my, (z).

zve(N*(Fy)-N*(Op,))/N*(OF,)

We first consider the case v ¢ Sy. Then ¢, is the standard characteristic function. Write

a : : :
Y= ( d ) The summations are nonzero only if a,d € O, and u € OF, , which we assume.

1 b

1 ) Then we need ab € Op,. Eventually, the first sum

For the first sum, write x, = (

becomes

1 v(@) |(p=i — p=i+1) /O
Z —v(b)-1 - Z |(p})vi—1p1}\[ )/1 3 =v(a).
be(a~10p, -0p,)/0r, Nv (N,-1) =1 SNy - 1)

Similarly, the second sum equals v(d). Then

o (3,0) = 5 (0(a) + 0(d)) = J0(a(y))

This finishes the proof for v ¢ Sy. If v € Sy, the computation is similar, and we will get
everywhere 0. [
Multiplicity function: superspecial case

Let v be non-archimedean place nonsplit in B and inert in E. Recall that the multiplicity
function m is defined on

bu, = B(v); xgx B, /U,.

Note that we have assumed that U, is maximal. The following result does not need any
restriction on U".

Lemma 8.8. For any (v, ) € B(v); xgx B, we have m(v,8) # 0 only if q(v)q(B) € O,
and v € EX - (1+ Opg,w,j,). In this case,

1
m(.8) = 2o(A().
Here AM(77) = q(72)/q(7), where v = v, + ¥ is the decomposition according to B, = E, + E,j,.

Instead of deformation theory, our proof uses directly the theorem of p-adic uniformiza-
tion of Cerednik [Cc]. See also [BC].

84



Write B = B(v) for simplicity. Denote by F the completion of the maximal unram-
ified extension of F,, and C, the completion of the algebraic closure of F,. The p-adic
uniformization in terms of rigid-analytic space is

X&' xp, B = B\(Q xp, F) x B} /U.

Here € is the Drinfe’ld (rigid-analytic) upper half plane over F,, which gives Q(C,) = C,-F,.
The group B} = GLy(F,) acts on €2 by the fractional linear transformation, and on B /U, = Z
via translation by v o g = v o det.

To study the intersection multiplicity, we need the integral version of the uniformization.
The uniformization theory also gives a canonical integral model € of Q. It is a formal scheme
over Op, obtained from successive blowing-up of rational points on the special fiber of Po,,
constructed by Deligne. The uniformization takes the form:

X xspt 0y, SPE Oy = B*\(Q xspt 05, SPE Oryer) x B} /UL

Here A} is the canonical integral model over O, which is semistable at v, and Xy denotes
the formal completion along the special fiber above v.

The special fiber of €, or equivalently the underlying topological space of §, is a union
of PVs indexed by scalar equivalence classes of Op -lattices of F?. Then its irreducible
components are indexed by

GLy(F,)/F}GL2(OF, ).
It follows that the irreducible components of the special fiber of A}, above v are indexed by
B*\(GLy(F,)/F;GLy(Or,)) x B}/U.
Consider the set
CMy = EX\B*(Ay)/U = B*\(B* xp= B JU,) x B*(A%)/U".
The natural embedding CMy - X7 (C,) is given by the embedding

B xpx By [Uy—Q xZ, (7,5) — (720, v(q(7)a(B))),

where zp € Q(E,) is the unique point in Q(C,) fixed by EX. Thus the CM-points on 2 are
given by
b, = {(7.8) € By xi By Uy v(g(1)a(8)) = 0}

As U, is maximal, the class of (v, 3) in by, it determined by . Thus b7, can be identified
with
B}|E} = B z.

Then we have a multiplicity function m on B)/EX such that

m(7, ) =m(V)1o(v(g(7)a(8))),  ~veBy, feB,”

85



The problem is reduced to compute m(y), which is the intersection number of zy with ~vzg
on the special fiber.

The intersection number is on Xspt O, OPf Opyr. Since the irreducible components of
its special fiber are indexed by GLo(F,)/FxGLy(OF,), we see that m(7) is nonzero only if
lies in GLo(F,)/FxGLy(Op,). Then we can assume that v € GLy(Op, ), since the center acts
trivially on zp.

By the assumption, zy and vz reduce to the same irreducible component on the special
fiber of Q) Xspt O, SPf Opur. Remove the other irreducible components of Q Xspf O, OPf Opur.
We obtain a formal scheme, which is just the formal completion of ]P’1 - P'(k,) along the

special fiber. Here k, denotes the residue field of Op,, and the k,- pomts on the special fiber
are removed. Now the problem is elementary: z, and vz are points of Py, Opur and the goal

is to find their intersection number on the special fiber. We further replace IP’})Fur by Pg,.

which does not change the intersection number.

The point 2, € P'(Og,) corresponds to an Op,-linear isomorphism £ : O3, — Op,, which
is determined by zp up to Of -action. Then 7z corresponds to the isomorphism £y oy :
O%U — Opg,. We need to find the maximal integer n such that ¢y and ¢y o v reduce to the
same point in P1(Og, /p?). Identify E, with F? by ¢, so that My(F,) acts on E,. The action
is compatible with the embedding E - B(v) we specify at the very beginning because zq is
the fixed point of E}. Then the problem becomes finding the maximal integer m such that
the image of v in GLy(Op, /p?) actually lies in (Og, [p?)*.

Write v = a + bj, according to the orthogonal decomposition My(F,) = E, + E,j,. Here
q(j») € OF, by assumption. Some OF -multiple of j, acts on E, by the nontrivial element of
Gal(E, /F ). Hence, m(~) # 0 only 1f aeO3f and bep,Opg,. In that case, m(vy) = v(b).

Go back to an arbitrary v € GLy(F}). We have m(v) # 0 only if v € EX- (1 + Og,@yjy)-
In that case, m(7y) = v(A(v))/2.

The j-part

If v is a non-archimedean place of F' split in B, then the j-part j,(Z.(g,¢)t1,t2) = 0 au-
tomatically. This is a trivial consequence of the fact that the special fiber of Xy at v is a
disjoint union of irreducible curves. For the fact, in the construction of Ay, before Corollary
4.6, we can take the prime p to be coprime to v, then Xy is smooth at v. The special fiber of
Xy at v is a disjoint union of irreducible curves, and the quotient Xy has the same property
since it is also a quotient of the underlying topological space.

In the following, assume that v is a non-archimedean place nonsplit in B and inert in E.
Note that U, is maximal and ¢, = Loz oy, - It is proved that the j-part j,(Z.(g)t1,t2) is a
non-singular pseudo-theta series in [Y77] under | , Assumption 5.3]. The result is also
true in the current situation. Recall that

jv(Z* (g)tb t2) =J[CU j@(Z* (g)ttl,ttg)dt

The integration is a finite sum, so it suffices to prove the same result for jz(Z.(g)t1,t2).
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Lemma 8.9. Let v be a non-archimedean place nonsplit in B and inert in E. The j-part
J5(Z.(g,9)uti, ta) is a non-singular pseudo-theta series of the form

Z Z r(9)0°(y,u) ligye, (y,u).

ue;ﬁU\FX yeB(v)-{0}

Proof. Resume the notations of Lemma 8.8. As above, denote by F the completion of the
maximal unramified extension of F,. As all CM points of CMy are defined over F**, the
intersection number j(Z.(g)t1,t2) can be computed on the integral model &y 0,... By the
definition in | , §7.1.7], ’

J5(Z:(9)t1,t2) = Z.(g)t1 - Viy.

Here Z,(g)t; is the Zariski closure in XU,OFH, and V;, is a vertical divisor on XU,OF,yrv ie., a
linear combination of irreducible components in the special fibers of X0, which gives the

é—admissible arithmetic extension of ts.
We still use the p-adic uniformization

X xspt 05, SPE Opyr = B\(Q xspr0,r, SPE Opr) x B} JU.

Here B = B(v) as before. The map from )?U Xspt O, SPf Opur to its set of connected compo-
nents is exactly the natural composition

B*\(Q xspt 0y, SPE Ope) x By JU—B*\B} /U = FX\A}/q(U).

For the case to = 1, write V; = ¥, a;W;, where {W;}; is the set of irreducible components
of the special fiber of XU,OFgr lying in the same connected component as 1. Let W, be an
irreducible component of the special fiber of ﬁxspf o, SPf Opyr lifting W;. Note that the choice
of W is not unique, but we fix such choice. Write V= > aim, viewed as a vertical divisor of
O x5pr05, SPE Opye. The vertical divisor (V,1) = £, a;(W;, 1) of (Q xspoy, Spf Opye) x By /U
is a lifting of the vertical divisor V; =Y, a;W.

For general ¢, € A%, the vertical divisor (V,t3) = ¥ ai(Wi, ty) of (Q XSpf O, OPL Opr) x B}
is a lifting of the vertical divisor V;,. In fact, by the projection formula, it suffices to verify the
intersection number of (‘7, to) with any B*-invariant vertical divisors of (ﬁxspf 0p, SPf Opur)
B} JU are the expected ones. But these intersection numbers are given by the corresponding
ones from the case t5=1.

For any point 5 € CMy, the projection formula gives

B-Vie= 3 (720 V)log (a(ma(t2)[a(8)) 1o (8" 5).

yepu \B>

Here 2 € Q(O pur) is the unique fixed section of E}, and the intersection (7y~!zq- V) is taken
on XSPfOFv Spf OF’Ll}lr.
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Hence, as in all the previous cases of local heights, we have

ZA)h Vi =ww 3, 3 r(@e(@)a Y, (720 V)log (a(v)alta)/a(tia)) Lo (t3'y i)

aeF> xEIB;/U yeuy \BX
=wy y. 3 (@)t t)a Y r(9)du(2)a(v 20 - V) oy, (a(ti ) /a(x))
aeF™* vep \ B zeBX /U,

= Z Zr(g,(tl,tg))¢”(7,u) r(t1,t2)lr(g)p, (75 1),

uepd \F* veB*

where

lg, (7, u) = 2; ¢o(,uq(v)/a(x)) 1oy, (a(x)/a(v)) (720 V).
zeBX /Uy
Here we have used (t3'y-1t12- V) = (7712 - V), which is explained as follows. In fact,
t12z9 = 2o by definition. For t,, since the intersection number is invariant under the action of
B, we have (t;'97 12 - V) = (712 - t,V). But then t,V = V since t, € F*GLy(Op,) fixes
every irreducible component of the special fiber of Q) X$pt Op, SPf Opur.
Hence, the intersection number j;(Z,(g)t1,t2) is a pseudo-theta series. It remains to

prove that the function

lop,(v,u) = Y b, ug()/a() 1oy, (a(2)/9(7)) (20 V), (y,u) € By x F}

zeB% /U,

extends to a Schwartz function of B, x 7. The function is locally constant on B} x F)¥, and
we need to prove that its support is actually compactly supported in B} x F¥. In order for
the contribution of x € B} /U, to the summation to be nonzero, we need

reOg , uq(y)/q(r)eOr, q(x)/q(y)eOr,.
It follows that _
lg, (v:u) = (7" 20 V) - Loy (a(7)) - Loy, (u).

In particular, it is already compactly supported in u.
To get extra information on v, go back to the uniformization. Note that the irreducible
components of the special fiber of {2 xgpr0,, Spf Opur are indexed by

GLy(F,)/FyGL2(OF, ).

Denote by «o; FXGLy(Op,) the coset representing the component W; of V= > a;W;. Then
we simply have _
V20V = aila,rraraor,) (V).

Combining with ¢(v) € O, , we conclude that the support of v in l4,(1,7,u) is the union of
finitely many cosets of GLy(Op, ). This finishes the proof. O

Remark 8.10. As we can see from the proof, the result holds under the more general condition
that ¢,(0,u) = 0. This condition is weaker than [YZZ, Assumption 5.3].
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9 Quaternionic height

In this section, we will combine results in the last two sections to prove Theorem 1.7. We
will prove a formula for the modified self-intersection ig(1,1) by applying Lemma 6.1 (2) to
the difference

D(g7¢) = PT],(0797¢)U - 2Z(gv (17 1))U

Then we will connect iy(1,1) to the height of CM points defined by arithmetic Hodge bundles
by proving an adjunction formula.

9.1 Derivative series vs. height series

Let (F,E,B,U,¢) be as in §7.2. By comparing the height series and the derivative series,
we will show a formula of the modified self-intersection

io(P,P) =1ip(1,1) =i(1,1) = Y 4,(1,1) log N,..

Here i(1, 1) represents the horizontal arithmetic intersection of the CM point [1]y € Cpy with
itself, while the local term

iv(1,1) ][ o(t, t)dt

uses the extended definition of i5(¢,t) introduced in §8.2 case by case.
The following is the main theorem of this section.

Theorem 9.1. L0.)
. H0.n) 1. dgr
ﬁZQ(P, P) = + (0]

[0 : OF]

The theorem is already very close to Theorem 1.7. The bridge between these two theorems
is the arithmetic adjunction formula in Theorem 9.3.

The comparison

Let (B, U, ¢) be as in §7.2. Go back to
D(g7¢) = PTI’(0797¢)U - 2Z(ga (17 1))U
By Theorem 7.2,

PrI'(0,9,6)u 22][ K3 (g, (¢, 1)) dt - zf K9 (g, (1,1))dt

v|oo v4 o0 nonspht

+ > > (2logdr(gs) +loglua(y)ly) r(g)d(y,u)

uep? \F* yeE>

= > D a9y, w)r(9)e’(y,u)

vtoo yep? \Fx yeEX

—le¢(g).
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Here

L.(0,m) dE

=2 +
(R R

and

Q)= >, Y r(9)e(y,u).

uep? \F* ye X

By Theorem 8.6,

Z(0.(1L).6)u== ¥ (ogN)f Mo (L)t

v nonsplit
- SN (g, (L)) 1og N, — 3 ju(Z.(g,¢)uL. 1) log N,
v4oo Voo

- Zia(1,1) 2(9)

Here we write e = [OF : O} ] for simplicity. We already know that j,(Z.(g,¢)u1,1) # 0 only
if v is nonsplit in B.
Group the terms in the difference as follows:

Dig.0)=-2 % f (K (0.(t) - M (. (1.0)))at

v|oo

2 % K0 (00) - M (0. (11) log N,

v+oo nonsplit

+2 Y j(Z.(9,6)v1,1)log N,

’L)Ezf

3 Y de(g.y,u) T(9)e" (y,u)

vtoo ueu?]\Fx yeEX
2.
+ (220(17 1) = c1)Q4(9)

Here

dg, (9, y,u) = 2ng,(g,y,u)log N, — g, (g,y,u) + (2log 6 (g) + log [ug(y)|v)r(9)du(y, u),
V geGLo(F,), (y,u)e B x E), v+ oo.

The key term for us is the coefficient of Q4(g).
Every term in the expression of D(g,¢) is a pseudo-theta series, and each summation
over v is just a finite sum. In fact, we have the following itemized result:

(1) If v|oo, then

K5 (g, (t,6) = MY (g, (1,1)) = 0.

This follows from | , Proposition 8.1]. In the following cases, we assume that v is
non-archimedean.
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(2) If v is nonsplit in F, then

kg, (1,y,u) —mg, (y,u)log N,

extends to a Schwartz function on B(v), x F)¥. Furthermore, for all but finitely many
such v,

ks, (9,9, 1) = Mr(g)s,(y, u) log N, = 0
identically and thus
Ko (9. (1:6)) - M (9. (1.0)) = 0.
The second statement is just | , Proposition 8.8]. The first statement is a conse-

quence of Lemma 7.4 and Lemma 8.7.

(3) For any v 4 oo, the function

dg, (1,y,u) = 2ny, (1, y,u)log N, — cg, (1,y,u) +log|ug(y)|s ¢u(y,w)

extends to a Schwartz function on E, x F)Y. Furthermore, for all but finitely many v,

ddh(gvyau) =0

identically. The first statement is a consequence of Lemma 7.6 and Lemma 8.7. From
them, we see that dg,(1,y,u) = 0 for all but finitely many v. The vanishing result
extends to dy, (g,y,w) by considering Iwasawa decompositions as in | , Proposition

8.8].
(4) For any v nonsplit in B, the j-part j,(Z.(g,¢)y1,1) is a non-singular pseudo-theta
series of the form
2 Y o (g y,w)r(9)e" (v, u).
uep? \F* yeB(v)-{0}

This is Lemma 8.9.

With these results, every term on the right-hand side of D(g, ¢) is a non-singular pseudo-
theta series. Therefore, we are finally ready to apply Lemma 6.1 (2).
The outer theta series associated to the pseudo-theta series

Qu(g)= >, Y r(9)e(y,u)

uepd \F* yeE~

is exactly the weight-one theta series

0oa(9)= Y, D re(9)o(y, u).

uep? \F* yeE

By Lemma 6.1 (2), there is a unique identity including this theta series, and we are going to
write down this identity explicitly. This identity will be a sum of theta series of weight one.
We look at the contribution of every term in the expression.
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The contribution of
K (g, (1)) = MY (g, (t,)) log N,

to the weight-one identity comes from its inner theta series

Z Z TE(g)¢U(y,u) TE(g)(k%(la y>u) - Mg, (y,u) log Nv)'

uep? \F* yeE&

This sum does not change after averaging on Cy. The term j,(Z.(g,¢)r1,1) does not
contribute to the identity we want. The term

SN dy,(g,y,u) (9)¢" (y,u)

uepd \F* yeE>

contributes by its outer theta series

>, 2re(9)e"(y,u) re(g)ds, (1,y,u).

uepZ \F* yeE

Hence, we obtain the following identity

0=2 Z Z ZTE(Q)(bv(y?u) TE(g)(k¢u(17y7u)_m(bu(y?u)long)

vfoo nonsplit uep? \Fx yeE

+ Z Z ZTE(g)¢v(yau) TE(g>d¢v(1ayau)

voo yep? \F* yek

SCiD-a) ¥ T re()s).

uepd \F* yek
Now we need the following explicit local results.
Proposition 9.2. Let v be a non-archimedean place and (y,u) € E, x FX.

(1) If v is nonsplit in E, then
2k, (1,y,u) = 2my, (y, u) log Ny + dy, (1, y,u) = = log|dug(iu)|vpu(y, ).
(2) If v is split in E, then
dy, (1,y,u) = =log|duq(ju)[udu(y, u).
Proof. Recall that

d¢v(17yvu) = 2n¢u(17yau) 1OgNU - C¢v(17yvu) + log |UQ(y)|v gbv(y,u).

The proposition is just a combination of Lemma 7.4, Lemma 7.6 and Lemma 8.7. O]
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Therefore, the identity gives exactly
. 2.
0= ( Y. —logldyq(iv)le + =io(1,1) - 01) > Y re(9)é(y,w),
v4oo (& ’U,E/L2U\FX yeE

which is just
2.
0= (108§ |dpdg| + EZO(L 1) - Cl) 0a,1(9).
We claim that 0g;(g) is not identically zero. Then we get
2.
log |dFd[B| + —20(1, 1) —C1 = 0,
e

which proves Theorem 9.1.
It remains to check that the theta series

0oa(9)= Y, D re(9)o(y u)

uep? \F* yeE

is not identically zero. It suffices to check that the constant term

>, TE(9)e(0,u)

uep? \Fx

is not identically zero. For that, assume that for v € Xy or v € Sy

(L)

and g, = 1 at any other place v. By local computation, rg(g)$(0,1) >0 and rg(g)p(0,u) >0
for all w e F*. Then the (finite) sum over u is strictly positive. This shows that the theta
series is nonzero.

9.2 Arithmetic Adjunction Formula

Now we are going to relate

io(P, P) =io(1,1) =4(1,1) = Y i,(1,1) log N,
to the Faltings height. Here i,(1,1) = 0 if v is split in E. It is essentially an arithmetic
adjunction formula. The main result of this subsection is:

Theorem 9.3 (Arithmetic adjunction formula).

1

mio(R P) = ~hz, (P).
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The theorem and Theorem 9.1 implies Theorem 1.7. The goal of this subsection is to
prove the theorem.

Denote by H the Hilbert class field of £. Then P = [1]y is defined over H, and we view it
as a rational point of Xy . By assumption, F is unramified at any v € X;. By Corollary 4.6,
X0y, 1s Q-factorial. We will consider arithmetic intersections over Xy o,,. We will suppress
the symbol U from the subscripts. For example, Xy 0, is written as Xp,,.

Denote by P the Zariski closure of P in Xp,,. Then we have an arithmetic divisor

75 = (P7gP)7

where the Green funct_ion gp = {9pPw pwm-c is the admissible Green function as in | ,
§7.1.5]. Denote by O(P) the corresponding hermitian line bundle. By definition,

, 1
i1 = [(H:F]

(P.P)= deg(O(P)l).

[H F]

Denote by Lo,, the base change of the arithmetic Hodge class Ly = £ from X to Xp,,. It
follows that

(1) = g aea(Loule).

So the goal is to prove
11— _ —_— 1 .
;deg((’)(P)|p) +deg(Loy,lp) =[H : F]g sz(l, 1)log N,.

Here we denote e = [O}, : O] for simplicity, which is also the ramification index ep of P.
Rewriting the right-hand side according to places w of H, the equality becomes

- 1
deg (M|p) = - > iw(1,1)log N,

Here

M = ZOH ® 0(6_175)

is a hermitian Q-line bundle on Xp,,.
Denote by M and M the finite part and the generic fiber of M. We first claim that there
is canonical isomorphism
RGSP : M|p—>H

In fact, by definition,
L= Wx/F ® ® Ox((l - 6221)@)

QeX (F)
Then

MZLH®O(€_1P):u}XOH/OH®O(P)® ® Ox((l—eQ )Q)
QeX(F), Q=P
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It follows that we have canonical isomorphisms
M|P—)(WXOH/OH ® O(P))|P—>H

Here the second map is just the residue map

d—u ® ].p — 1,
u
where u is any local coordinate of P in Xy, and 1p denotes the section 1 of O(P). The map
does not depend on the choice of w.
By the residue map Resp : M|p - H, we have an induced hermitian line bundle N =
(N, -]) on Spec(Og). Here N denotes the image of M|p in H, which is a fractional ideal
of H, and the metric on N is determined by

du

It = |5 @10
u

(P), w:H->C.

Then we have

Eeg(/\;lha) :Eeg(ﬁ) = - Z log || 1] + Z dimy, (Nw/Omn,, ) 1og Ny.

w:H—-C w+oo

Here the second summation is over all non-archimedean places w of H, k, denotes the
residue field of w, and dimy, (NV,,/Op,, ) means —dimy, (O, [Ny) if N, is contained in Og,, .
However, we will see that N, always contains Oy, .

The theorem is reduced to the local identities

1
_IOg”l”w:giw(PaP), ZU:H—>(C7

and )
e
We will see that the ideas in different case are very similar even though the reductions are
completely different.
Archimedean case

We first check the local identity for archimedean case, so w is an embedding H — C. It
restricts to an embedding v : ' - C. We have a uniformization

Xo(C) = Bi\b x B*(Af)/U.

Here B = B(v) is the nearby quaternion algebra. Under the uniformization, the point P is
represented by (zo,t) for some ¢t € E*(Ay). The metric || - |, of O(P) is given by

—log|1p]w(lz, B1) = is([2, 8], [20,1])
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for any other point [z, 5] € X,,(C) not equal to [zo,t]. Here we recall from | , §8.1] that

iﬁ([zaﬁ]a[Z07t]) =HH18—>0 Z mS(ZOa’VZ)lU(t_l'Yﬁ)a

yepu \B3

where

I PO
ms(20,2) = Qs (1 QIm(zO)Im(Z)) '

Consider the covering map
m:hx B*(Ay)/U — X,(C).

Here the left-hand side is just a countable disjoint union of . Denote by P the point (20,1)
in this space, which is a lifting of P = [z, t]. By the construction of the Hodge bundle, 7* L
is canonically isomorphic to the sheaf Q! of holomorphic 1-forms on h x B*(Ay)/U. As a
consequence, we have canonical isomorphisms

(M]p) @, C— (7" M)|p = (" Ly @ 7 O(” P))] —(2 ® O(P))] p—C.

Here the last map is a residue map again, and the whole composition is exactly the base
change to C of the original residue map Resp: M|p - H.

Let Q = (21,t) be a point of  x B*(Af)/U, and @ = [z1,t] be its image in the quotient
X,(C). Consider the behavior as z; approaches zy, which also means Q—>PorQ—>Pin
the complex topology. Let z be the usual coordinate of f c C, so that z — z5 gives a local
coordinate at P in b x B*(A;)/U. Then the second residue map gives

. dz ~ 1
1), = tim (| (@ 1:@1).
Q-P - Pet
Recall that the Petersson metric gives
dz < 2Im(z)
Z = 20 llpet |21 = 2|

On the other hand, the Green function

—log [1p]lw(Q)
=is([21,t], [0, t])

:ﬁ\r/ns—ﬂ Z ms(207/721)1U(t_1/yt)
yeuy \BX

=e-mo(20,21) +lim,_g Z m(z0,v21) 1o (t191).
veuu\(BX-E%)

The definition has been extended to self-intersection as

Z'17([20715]7 [ZO7t]) = ﬁ\r/nsao z ms(207720)1U(t_17t)'
Yyepu \(Bi-EX)
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Hence,

2Tm(z)
|21 = 20l

1
—log||1], = lim (mo(zo, z1) — log ) + —iz (P, P).
2120 e

It remains to check that the limit on the right-hand side is exactly zero.
Note that

Moz, 1) = Qo 1+ 52l
020, #1 0 2Im(zp)Im(z) |
By [G7Z, 11, (2.6)], 9 1. t+1

1
t)= —F(1,1,2, —) = = log ——
Qo) = 7 F(LL2 7m) = s los iy

It follows that

2Im(z;) 1 |21 — 202
—log 022 _ 2 1 -
mo(20, 21) — log 21— 20| 2 og( " 4Im(zo)Im(21)

DN | —
—
B
~~
N
()
p

which converges to 0 as z; - z5. This finishes the archimedean case.

Non-archimedean case

Let w be a non-archimedean place of H. Let v be the restriction of w to F. To prove
the arithmetic adjunction formula, the key is the following geometric interpretation of the
extended intersection i, (P, P) = i5(P, P). For convenience, denote by R = Opuw the integer
ring of the completion H of the maximal unramified extension of H,,.

Lemma 9.4. Let U’ = U,U" be an open compact subgroup of By with U c UY normal.
Consider the projection m : Xy p = Xyr. Denote by P’ an irreducible component of the
divisor mYPg on Xy g. If U™ is small enough, then

iw(P,P) = (n"'"Pr—eP’, P).
Here the pairing denotes the intersection multiplicity on the special fiber of Xy .

In the lemma, the morphism 7 is étale, so P’ must be a section of Xy r over R. The
ramification index of P is e. Then the multiplicity of P’ in 7=!'P is e if U is small enough,
so the intersection in the lemma is a proper intersection. The lemma can be viewed as a
modified projection formula. We will prove it later, but let us first use it to finish the proof
of the arithmetic adjunction formula.

Recall that it is reduced to the local identity

dimy, (N /O, ) = éz’w(P, P).

Here N denotes the image of M|p under the residue map

Resp : M|p—H
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As in the archimedean case, we will use have a different interpretation of the residue
map. Let m: Xy g = Xy r and P’ be as in the lemma. Denote by P’ the generic fiber of P’.
By the definition of the Hodge bundle, we have canonical isomorphisms

7T*LU,H7‘J§T_>WXU,’H$/H5% W*EU,R_WJXU,’R/R-
Thus we have canonical isomorphisms
ur * * -1 ! ur
(M|P) R Hw —>(7T LU,H}},T ® T 0(6 P))|P’_’(WXUI,H$/H5Y ® O(P ))|pr—>Hw .

Here the last map is a residue map again, and the whole composition is exactly the base
change to H¥ of the original residue map Resp: M|p — H.

The computation is to track the change of integral structures of the composition. The
composition has the integral version

(Mlp) @0, B— (" Lug ® 7 O™ P))|pr > (w1 11 ® O(P)) | R.

The first arrow is an isomorphism by definition, and the last arrow is an isomorphism by
the adjunction formula on Ay g. The dashed arrow in the middle may only be well-defined
map after base change to HY, but we write it this way to track the change of the integral
structure. Thus dimy, (N, /Op, ) is equal to the dimension of the quotient of two sides of
the dashed arrow. Tensoring with (7* Ly gz|p/)®1), the dashed arrow becomes

0™ P)|p > O(P')|p:.

Tensoring with 7*O(-e'P)|ps, it further becomes
Opr - O(P' = e '7*P)|pr.

Note that e717*P — P’ is an effective divisor. The real map should be the inverse direction
O(P' - e 'n*P)|p—Op-.

The image of the last map is the restriction of the ideal sheaf of e~'7*P — P’ to P’, so the
cokernel of the map has dimension exactly equal to the intersection number

(O(eta*P-P', P').

Hence,

dimy,, (Ny/Om,) = {(O(e*n*P - P', P').
By Lemma 9.4, it further equals
1
—iw(P, P).
e

This finishes the proof of the adjunction formula.
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Proof of the lemma

Here we prove Lemma 9.4. Let U’ = U, U™ be as in the lemma. Recall that if v is nonsplit
in F,

is([Hors [1]or) = D m(y, 1)1y (7).

yeuy\(B*-E*nU’)

Here B = B(v), and the multiplicity function m : B} xgx B /U, - Q takes the same form for
U and U’. The key is the following result.

Lemma 9.5. If v is nonsplit in E, then iz([1]yr, [1]yr) =0 if U™ is small enough.

Proof. Note that m(~,1), as a function in ~, is supported on an open compact subgroup W,
of B}. In fact, by q(7) € OF, , we can take W, = OF if v is nonsplit in B, and W, still exists if
v is split in B by Lemma 8.8. Then ~ contributes to the summation only if v € B*nW. Here
we write W = W,U" as a open compact subgroup of B*(Ay). Since B is totally definite,
puw has finite index in B*n W. Let S be set of representatives of the nontrivial cosets of
B*nW [uw . Shrinking U" if necessary, we can keep py invariant, but make SnU" empty.
Hence, we end up with B*nW = py . It follows that B*nW c E*nU’. Then the sum for
i5([1]ur, [1]v) has no nonzero terms. O

Now we prove Lemma 9.4. By the right multiplication of U on Xy, it is easy to see that
the Galois group of Xy - Xy is isomorphic to U/(U'uy). Tt follows that

AP = ()= Y Bl 3 Bl

BeU/(U" ) [ por] s

Denote P’ = [1]y, and we can assume that P’ is the Zariski closure of P’ since the intersection
multiplicity in the lemma does not depend on the choice of P’ by the action of the Galois
group of Xy — Xy, Assume that U’ satisfies Lemma 9.5; i.e., iz(P’, P’) = 0. Then

(7P —eP', P') =iy(r7 P —eP', P') = iy(n7' P, P')

It is reduced to check
7;17(7T_1P, P,) = ZT)(P,P)

Here both sides use our extended definitions. It is straightforward by the expression of
7~1(P) above.
We first assume that v is nonsplit in £. Recall that for any 5 € B,

i5([Blur [L]or) = > m(7y, B;) 1o ((8°) ).

veuy \(B*-E*nB,Usy)

99



Then

1

(1w = por] BeU U’

E - > > m(y, 1)1y (B7')

[+ pr] BeU” U™ yepy \(BX-E*nUy)
1

[ = 1] ey (572 )

= ZT)(PaP)

ig(m P, P") is([Blor, [1]vr)

This finishes the nonsplit case.

It remains to treat the case that v is split in £. In this case, Lemma 9.5 is automatic,
since i5(P’, P") = 0 is actually true for any U’. The proof is similar to the nonsplit case by
the formula

is([Blur, [1ur) = >, mg(y8) 1w (B71).

yeuy\(B*~B,Uy)

It is also similar to the second half of the proof of Lemma 8.4. An interesting consequence
is that both sides of Lemma 9.4 are 0.
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