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The goal of this paper is to explicitly compute the Kodaira—Spencer map for a quaternionic
Shimura curve over Q and its effect on the metrics of the Hodge bundle. It is easy to define
the relevant maps canonically, but it is not easy to get the explicit constants due to various

abstract identifications. In fact, there are many wrong explicit results in the literature.

Let B be an indefinite quaternion algebra over Q. Denote by tr : B — Q and ¢: B — Q
the reduced trace and the reduced norm. Denote the main involution by ¢ : B — B, [+ [*.
Denote by dp the discriminant of B, which is the product of the prime numbers p at which

B is a division algebra.



Fix a maximal order Op of B throughout this paper. The main involution stabilize Op
by the formula 3* = tr(3) — 8. Let U = [[, U, be an open subgroup of Op. Let n = n(U)
be the product of primes p such that U, is not maximal, i.e. U, # Og,p

Associated to these data, there is a Shimura curve Xy over C, and the Shimura curve
has a canonical integral model Xy over Z[1/n]. In fact, Ay is a stack over Z[1/n] such that
for any Z[1/n]-scheme S, Xp;(S) is the category of triples (A,1,7) as follows:

(1) A is an abelian scheme of relative dimension 2 over S;

(2) i: Op — Endg(A) is a ring homomorphism satisfying the determinant condition
det(B|rie(ass)) = q(B), VB € Og;

(3) 7 is a U-level structure on A.

Then Xy is a flat regular Deligne-Mumford stack over Z[1/n], but it is actually a regular
scheme if U is sufficiently small. We refer to §2 for more details.

The moduli structure does not indicate any polarization, but it turns out that a polar-
ization is automatic. Fix an element p € Op such that p? = —dp throughout this paper.
This gives a positive involution on B by 8* = u~'8'u. Then for any triple (4,i,7) over S
as above, there exists a unique principle polarization A : A — A whose Rosati involution on
Endg(A) is compatible with the positive involution x on Op via i.

Denote by 7 : A — Xy the universal abelian scheme, and by X : A — A! the universal
principle polarization (depending on ). Denote by ¢ : Xy — A and € : Xy — A’ the
identity sections.

We have the relative differential sheaves €4,z /n), Qa/x, and Qux,/zp/m), the relative
dualizing sheaves w 4,1, and wx, /z(1/x), and the relative tangent sheaves T'4/x,, and Ty, /71 /n]
(of derivations). We further have the Lie algebra

Lie(A) == € Tujx, = mTa/x,
and the Hodge bundles
Q=€ Quny, = mQux,, Wy = € Wasx, X TWA Xy -
We have easy canonical isomorphisms
Q4 ~ Lie(A)Y, wy~det Q.

These definitions work for Deligne-Mumford stacks via étale descent.
Endow the Hodge bundle w 4 over Ay with the Faltings metric || - ||ra as follows. For any
point x € Ay (C), and any section o € w 4(x) ~ I'(A,, w4, /c), the Faltings metric is defined

by

1 / .
al\a
Az (C)

2 .
of[far := W
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Here A, is the fiber of A above x, which is a complex abelian surface, « is viewed as a
holomorphic 2-form over A, via the canonical isomorphism w 4(z) ~ I'( Az, w4, /c)-

Note that Ay is regular, so the dualizing sheaf wa;, /z(1 /) is a line bundle over Xy, Endow
Wy /z1/m) Over Xy with the Petersson metric || - ||pet as follows. Via the complex uniformiza-
tion of H to every connected component of Ay (C), it suffices to define a metric on wy ¢ that
descends to wax,(c)/c. Denote by 7 the usual coordinate function of # C C. Then we have
a canonical identification wyc = Oydr. The Petersson metric is defined by

||dT||pet := 2TIm(T).

Finally, we are ready to introduce the Kodaira—Spencer map. Start with the exact
sequence
OHW*QXU/Z[I/n]HQA/Z[l/n]—>QA/XU—>0-

Apply derived functors of 7. It gives a connecting morphism
oo : W*QA/XU—>R1W*(7T*QXU/Z[1/n]).
This is the Kodaira—Spencer map. There are canonical isomorphisms
R (7" Qay yzi1 ) — R 104 @ Qg yzpn ymg —Lie(A") @ Q21 ym)— Qe @ Qv 201/

where A' — Xp; denotes the dual abelian scheme of A — Ap;. Then the Kodaira—Spencer
map is also written as
d1: Qu— Q% @ Qe yz1 /)

There is a canonical isomorphism $x, /z[1/n) — Wy /z[1/n) OVer the smooth locus AF™ of
Xy over Z[1/n], and this isomorphism extends to a morphism over the A due to the fact
that Ay is regular and A \ A7™ has codimension 2. Then the Kodaira-Spencer map induces
a morphism

G2 s Qu— Qs © Wayy jzi1

Taking determinants, we get a morphism
) Y ®2
Y1 W W @ Wy JZ[1/n]"
This further induces a canonical morphism
) ®2
Vot WA B W =Wy
Finally, via the principal polarization \ : A — A’, it induces a canonical morphism
., ,82 ®2
Y3t wWy —Wxy /z(1/n)"
The following is the main result of this paper.

Theorem 1.1. The canonical map 3 : gi’f — W%ﬁ/zu/n] 15 1njective, and its image 18 the
subsheaf dp w%/z[l/n] of wf?i/z[l/n]. Moreover, under 13, we have || - |5, = || - ||3e: -
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From the result, we see that if B is a division algebra, then there is no morphism w 4 —
Wxy /z[1/n) Whose square is equal to 3 : gi’f — w?éi JZ[1/n]-

Note that our results agree with [Y7, Theorem 3.7, Theorem 4.10], but do not agree with
[ , Proposition 3.2, Lemma 3.3].

If B is a division algebra and U = 61§ is maximal, then A} is proper over Z, and we
can compute arithmetic intersection numbers of the above hermitian line bundles. As a
consequence of Theorem 1.1,

deg(é Al Ilper)?)  deg(e Ae)?) 1
8(e1(wWay/z, || - [lper)®) _ deg(Ci(wy, || - Ilrar) ) L ogds,
2 deg(wxyq/0) 2deg(wa ) 2
This is precisely stated in Theorem 2.2, which also includes arithmetic intersection numbers

over the coarse moduli schemes. A similar result for modular curves (in the case B = M»(Q))

is in Theorem 5.3. Then the main theorem of Yuan [Yua], a formula on the modular height
of quaternionic Shimura curves over totally real fields, is compatible with the formulas of
Kiithn [[<uh] and Kudla-Rapoport—Yang | | over Q. This the main motivation of this
paper.

Remark 1.2. In this paper, we only consider integral models Xy over Z[1/n], but one can
extend them to proper integral models A} over Z using Drinfel’d level structures. Then
Theorem 1.1 for X@g implies a similar result for X}; by considering the morphism X}; — Xég'

This paper is organized as follows. In §2, we introduce more on Shimura curves and their
coarse moduli schemes. In §3, we prove the first statement of Theorem 1.1, which follows
from deformation theory with a lengthy extra argument at places p|dp. In §4, we prove the
second statement of Theorem 1.1, which follows from a lengthy explicit computation of the
Kodaira—Spencer map in terms of complex uniformization. In §5, we extend the main results
of this paper to the Deligne-Rapoport compactification of modular curves.
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2 Shimura curves and modular curves

In this section, we review some basics on integral models of Shimura curves. While our
main result in Theorem 1.1 is described in term of moduli stacks, we will also consider its
consequence in terms of coarse moduli schemes here.

2.1 Shimura curves

Let us review integral models of Shimura curves following the expositions of [Mil, , ].
We will repeat some terminology of the previous section, but give more details in the follow-
ing.



Let B be an indefinite quaternion algebra over Q. Denote by tr: B — Q and ¢: B — Q
the reduced trace and the reduced norm. Denote the main involution by ¢ : B — B, [+ [*.
Denote by dg the discriminant of B, which is the product of prime numbers p at which B is
a division algebra.

Fix a maximal order Op of B throughout this paper. The main involution stabilize Og
by the formula 5* = tr(3) — 5. Denote OB = Op ®y, 7 and Opp = Op ®z Z, for any prime
p. Let U =[], U, be an open subgroup of O]_X;. Let

n=nU)= [ »

p: Uzﬁ’éog,p

be the product of primes p such that U, is not maximal.
By assumption, U contains U(N) for some positive integer N, where

N)=]]05, x [[1+ NOz,)*
pIN

p|N

is the principal open subgroup of é\g
Fix an isomorphism o : BRzR ~ Ms(R) throughout this paper. Then we have a complex
Shimura curve

Xy = B*\H* x B /U = BX\M x B} JU.
Here B* acts on H* via o, and
BY ={y€eB*:q(y) >0}

Note that Xy is understood to be an orbifold, but it is actually a smooth complex curve if
the quotient process is free, which happens if U contains U(N) for some N > 3.

The Shimura curve Xy has a canonical integral model Xy over Z[1/n] for n = n(U). In
fact, Ay is a stack over Z[1/n] such that for any Z[1/n]-scheme S, X;(.S) is the category of
triples (A, 1i,7) as follows:

(1) A is an abelian scheme of pure relative dimension 2 over S;

(2) i: Op — Endg(A) is a ring homomorphism satisfying the determinant condition
det(BlLie(ass)) = ¢(B), VB € Op;

(3) 7 is a U-level structure on A.

The U-level structure is defined as follows. Note that U contains U(N) for some positive
integer N dividing a power of n. Consider pairs (7',7n), where T — S is an étale cover of
S, and n: Og/NOg — A(T)[N] is an Opg-linear map satisfying 7o = 1, o u for some u € U
acting on Op/NOp, where n; : Og/NOp — A[N] is the composition of n with the map
p; + A(T)[N] — A(T x5 T)[N] induced by the projection p; : T'xs T — T for j = 1,2. Two
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pairs (7,n) and (7",7) are said to be U-equivalent if there is an étale cover V' — S refining
both T'— S and 7" — S such that 7y, = ny o u for some u € U acting on Op/NOpg, where
ny : Og/NOg — A(V)[N] and 7|, : Op/NOp — A(V)[N] are the maps induced by n and n’
respectively. Finally, a U-level structure on A is an equivalence class of pairs (7', 7).

As mentioned in the introduction, there exists a unique principal polarization compatible
with the moduli structure. In fact, fix an element u € Op such that p? = —dp throughout
this paper. This gives a positive involution

x:B—B, [*=up'pu pBeEB.

The involution stabilizes Op as a consequence of the same property at every finite place.
Then for any triple (A,4,7) over S as above, there exists a unique principle polarization
A: A — A" whose Rosati involution on Endg(A) is compatible with the positive involution
« on Op via i. This result is a consequence of [Mil, Lemma 1.1], [BC, III, Proposition 1.5,
Proposition 3.3], and [Bou, §8,§11].

It is well-known that Ay is a regular Deligne-Mumford stack, flat and semistable over
Z[1/n], and smooth outside dg. Moreover, it is actually a scheme if U contains U(N) for
some N > 3. If B is a division algebra, which is our major concern, then Ap is further
proper over Z[1/n].

As a Deligne-Mumford stack, Xy has an étale cover by schemes, so most terminologies
and properties of schemes can be transferred to Ay via étale descent. Explicitly in the
current situation, for any open subgroup U’ C U, the morphism Ay — Xy is étale. Let U’
be sufficiently small so that Ay is a scheme. Then all such Xy form an étale cover of Ay
by schemes. In fact, if U is maximal, we can always find two such Xy to cover Xy ; if U is
not maximal, we can find a single Xy to cover Xpy. Because of that, in our treatment, we
can usually reduce the problem for the stack Xy to that for the scheme Ay.

2.2 Coarse moduli schemes

Now we review the notion of coarse moduli schemes and Hodge bundles over them. Our
exposition is a special case of [Y7, §4].

Denote by XF the coarse moduli scheme of Xy over Z[1/n]. This can be constructed
explicitly as follows. Let U’ C U be a normal and open subgroup such that Xy is a (regular)
scheme over Z[1/n(U")]. The finite group U/U’ acts on the regular scheme Xj. Denote by
Xy JU = Xy /(U/U’) the quotient scheme over Z[1/n(U’)]. Recall that the quotient scheme
is locally defined by the spectrum of the ring of invariant functions. If U” is another subgroup
of that type, then Xy, /U and Xy /U are canonically isomorphic over Z[1/(n(U")n(U"))].
Thus we can glue all these Xy to form a scheme over Z[1/n], and the result is the coarse
moduli scheme A77.

By definition, X7 is a 2-dimensional normal scheme, flat and quasi-projective over Z[1/n].
The generic fiber X7, of A is a smooth curve over Q by the quotient process. If B is a
division algebra, then X is projective over Z[1/n]. Crucial to intersection theory, the
quotient process further implies that X5 is Q-factorial, i.e. any Weil divisor over A7 has a
positive multiple which is a Cartier divisor.



To prove the last statement, it suffices to prove it for an effective Weil divisor D over
Xy /U for i = 1,2. The pullback of D to Ay is locally defined by a regular function f on
Xyr. The key is that N(f) = JT ey 7(f) is a local regular function on Xy /U, and the
divisor div(N(f)) = [U : U’']D. This proves the Q-factorial property.

To introduce the Hodge bundle over the coarse moduli scheme, we first introduce the
category of Q-line bundles in an abstract setting. For any Deligne-Mumford stack S, de-
note by Pic(S) the category of line bundles over S, in which the objects are line bundles
(or equivalently invertible sheaves) over S, and the morphisms are morphisms of coherent
sheaves. Denote by Pic(S)g the category of Q-line bundles over S, in which the objects are
pairs (a, £) (or just written as £%%) with a € Q and £ € Pic(S), and the morphism of two
such objects is defined to be

HOm(£®a7£/®a’) — ligHom(ﬁ(g’(“m),ﬁ’@(a'm)),

where m runs through positive integers such that am and a’m are both integers, and “Hom”
on the right-hand side represents isomorphisms of integral line bundles. For the direct
system, for any mlk, there is a transition map

Hom(£®(am)7 £/®(alm)>—>HOm(£®(ak)7 £/®(a’k)>

locally given by taking (k/m)-th power. A section of a Q-bundle £%* is an element of
Hom(Og, L&%). We can also introduce rational sections and their divisors similarly.

Denote by (X)™® the regular locus of AF. Since A is normal, the complement of
(XP)8 in A7 is O-dimensional. Then the relative dualizing sheaf w Xesyreg /Z[1/n] extends to
a Q-line bundle over Xy, which can be checked by the passage between line bundles and
divisors. Denote this extension by Waes /Z[1/n]5 and call it the relative dualizing sheaf of X5
over Z[1/n]. It is unique up to unique isomorphisms.

Finally, the Hodge bundle Ly is a Q-line bundle over A5 defined by

-1
Ly = wxepnm @ [ Q) Oxe(P)0—er)

PEXg,

Here wyx,, /z1/n) 18 the relative dualizing sheaf defined above, the summation is through closed
points P on the generic fiber X7, of X7 over Q, P is the Zariski closure of P in A7, and
ep is the ramification index of P in the map Xy» — AXF° for any normal and open subgroup
U’ € U such that Xy is a scheme. One can check that ep does not depend on the choice of
U’, and that ep is also equal to the ramification index by the uniformization map from H to
connected components of X5 (C).

If Xy is already a scheme, then we simply have X = AY; if furthermore B is a division
algebra, then Ly = wx, zp1/n). The following result justifies the definition involving the
ramification indices.



Lemma 2.1. (1) Let U' C U be a normal and open subgroup such that Xy is a scheme.
Let myr iy« Xyr — X5 be the natural morphism. Then there is a canonical isomorphism

WEIVU,CU—%CU/
of Q-line bundles over Xy .

(2) Denote by [ : Xy — X the canonical morphism. Then there is a canonical isomor-
phism
[ Ly—rwx, /7.

of Q-line bundles over Xy .

Proof. Note that (1) implies (2) by descent via the étale morphism Xy — Ap.

For (1), we first have a canonical isomorphism 77, ;Lyq — Ly g of the generic fibers in
the setting of the classical Hurwitz formula. This gives a section of Wg,jUE&Q ® Ly g, and
thus a rational section s of 7y, ;L) ® Ly over Ayy. It suffices to prove that the Q-divisor
D = div(s) is 0 in Div(Xy )g. We already know that D is 0 on the generic fiber. It suffices
to prove that the support of D does not contain any irreducible component of a closed fiber
of Xy over Z[1/n(U’)]. Equivalently, it suffices to prove that 7y @ Xy — AT is étale
at the generic point £ of any irreducible component of the fiber of Ay, above any prime p.
Assume that U, = U, is maximal; otherwise, there is nothing to prove. We will separate the
situation into two cases depending on whether p is split in B.

We first treat the case that p is split in B. Assume that £ corresponds to a moduli triple
(A,i,77) over £&. To prove result, it suffices to prove that the stabilizer of U/U’ on (A, 1i,17)
is equal to ({£1}U’)/U’, so that the quotient process is free at & (up to {1}). For that, it
suffices to prove Aut(A4,i) = {£1}, and thus it suffices to prove End(A,i) ~ Z. Denote by
C' the Zariski closure of § in Ay, which is a curve over IF),. Let K be an imaginary quadratic
field which can be embedded in B. This is achieved by requiring K to be nonsplit at all
prime factors of dg. We further assume that p is split in K. There is an ordinary elliptic
curve E over F, with End(E) ~ Oy, which can be obtained as the reduction of an elliptic
curve over a number field with complex multiplication by Og. As K can be embedded in
B, we have B ®q K ~ My(K), so B can be embedded in My(K). As End(FE?) ~ M,(Of),
there is an embedding ¢’ : Op — End(E?). With a level structure, (E?,4,7’) defines a
point of X, 5 . By adjusting 7', we can assume that (E?,4',%’) actually lies in C. Then
(E?,7,77) is a specialization of (A,,7), which gives an embedding End(A, i) < End(E?,i").
By B®g K ~ My(K), the centralizer of B in My(K) is isomorphic to K, so End(E?,i") ®q K
is isomorphic to K. It follows that End(A, ) has an embedding to K. Varying K, we see
that End(A, ) has an embedding to Q, and thus End(A, i) ~ Z. This proves the split case.

Now we treat the case that p is nonsplit in B. We need the p-adic uniformization theorem
of Cerednik and Drinfel’d (cf. [3C]). Many ingredients of our treatment is already in [V,
§4.6]. Recall that the uniformization gives an isomorphism

.)/C'\U/Z;r = Dx\ﬁzgr X Bgf/U/



Here we denote
- > ur A A ur
Xy = Xur Xsptz, SPEZ,', Qzee = Q Xspez, SPLZ,

where )/(\U/ denotes the formal completion of Xy along the special fiber above p, Z;" denotes

the completion of the maximal unramified extension of Z,, and Qs Deligne’s formal integral
model of Drinfe’ld’s upper half plane €2 over Z,. The quaternion algebra D over Q is obtained
by changing the invariants of B at p,00. The group D) = GLy(Q,) acts on Q by some
fractional linear transformation, and on D) /U, = Z via translation by v, o ¢ = v, o det.

The special fiber of Q) is a union of infinitely many copies of IP’%FP indexed by homethety

classes of lattices in Qf,. Let Cy be the irreducible component of the special fiber of Q
corresponding to the standard lattice Zz. By this interpretation, the stabilizer of GL3(Q,)
on Cy is Q' GLa(Z,). Moreover, QxGLy(Z,) acts on Cy = ]P’}Fp by the natural action via the
quotient Q) GLy(Z,) — PGLy(Z,) — PGLy(FF,). Then the common stabilizer of GLa(Q))
on all points of Cy is Q) (1 + pMy(Zy)).

For the maximal compact subgroup U, a further quotient process gives

Xy = D*\Ogy x B /U = ({£1\D*)\Qzy x B} JU.

To prove that every irreducible component of the special fiber of )?nyz;r is mapped separably

to its image in )?ﬁszur, it suffices to prove that every irreducible component C of the special
"p

fiber of Qzu X Bgf/ U is mapped separably to its image in A - Then it suffices to prove

that the common stabilizer of D* on all points of C' is just {£1}.

Represent the irreducible component €' = (b,Co, bU/U) with b, € GL2(Q,) and b € Bgf.
By translation, the common stabilizer of D* on all points of b,Cy is b,Q) (1 4+ pMy(Zy))b;, .
Assume that v € D* fixes every point of C. By yC = (7b,Co,vbU /U ), we have

v E bp@?(l +pM2<Zp))b;1: YU = bU.

Note that v acts as v,(q(v)) on D) /U, = Z, so vbU = bU at the place p implies v,(q(v)) = 1.
Then the condition becomes

v € (1 + pbyMy(Zp)b, '), v € PUP(WP) 1.
For convenience, we write it as
yeD*NV, V=VVPC Dgf, Vp = Z;(l —l—pbng(Zp)b;l), VP =pPUP (b))

It suffices to prove that these two conditions imply v = +1. As they imply ¢(y) = +£1, it
suffices to prove v € Q*. The proof is very similar to those in [Yua, §4.6] and [Y7, Prop.
4.1], but we reproduce it here for convenience of readers.

Assume the contrary that v ¢ Q*. Then K = Q(y) = Q + Qv is a quadratic imaginary
extension of Q contained in D. Moreover, v lies in VN K gf, which is an open and compact
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subgroup of K gf. Note that 6;{ is the unique maximal open compact subgroup of K gf. It

follows that v € 6;(, and thus v € O is a unit. Then it must be a root of unity as K is
quadratic imaginary. If K is not isomorphic to Q(v/—1) or Q(v/=3), we have O} = {£1},
and the proof is finished.

To exclude these two exceptional cases, note that ~ lies in

KO (2 (14pby My (Z,)b 1)) = 2. - K N (14pby Mo (Zy,)b, ) = Z5 - (14p(KpNby Ma(Z, )b, 1))

Here we write K, = K ®qQ, and Ok, = Og ®zZ,. The intersection K, b, M(Z,)b, " is an
open and compact subring of K, so it is contained in the unique maximal compact subring
Ok, of K,. It follows that v lies in Z)(1 + pOk,). Then Z, + Z,y C Z, + pOy,, where the
latter is an order in O, .

If v # £1, then ~ is a root of unity of order 3,4,6, and Ok = Z[y] = Z + Z in all these
cases. This implies Ok, = Z,+Z,7v, contradicting the above result that Z,+Z,y C Z,+pOr, .
This finishes the proof. O

By the lemma, we further see that the pull-back of every connected component of L;(C)
to H is canonically isomorphic to €3;c. Then it is reasonable to define the Petersson metric
I l[pet of Ly by

|d7||per = 2TIm(7),

where 7 is the standard coordinate function on H C C. The isomorphism in Lemma 2.1 is
an isometry.

Theorem 2.2. Assume that B is a division algebra and that U = 5; Then the normalized
arithmetic intersection numbers satisfy

deg(é1(Los || - llper)?)  deg(ér(wayjzs || - lpe)?)  deg(@r(wa, | - ea)?) 1
— = + = log dp.
2deg(Lyg) 2 deg(way o/0) 2deg(w4g) 2

Proof. The first equality follows from Lemma 2.1(2), where the isomorphism is an isometry
under the Petersson metrics. The second equality follows from Theorem 1.1. O

Remark 2.3. Note that [Yua, Theorem 1.1] computes the first term of the theorem (as a

special case); | , Theorem 1.0.5] computes the numerator ge?g(él(gm | - llFa)?) in the
third term of the theorem. The theorem asserts that these two formulas are compatible.

3 Image over the integral model

The goal of this section is to prove the first statement of Theorem 1.1. The key is an
isomorphism from deformation theory.
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3.1 Isomorphism from deformation theory

Here we introduce an isomorphism related to the Kodaira—Spencer map, which comes from
deformation theory. It will be used in the proof of Theorem 1.1.

Denote by AF™ the smooth locus of Ay over Z[1/n], which is the maximal open substack
of Ay that is smooth over Z[1/n]. Note that A has semistable reduction over Z[1/n], so
the non-smooth locus A" = Xy \ &A™ is 0-dimensional in a suitable sense.

Recall that A — A} is the universal abelian scheme. The Kodaira—Spencer map

b1 Qu— Q% Q@ Wiy 21 /n)-

induces a morphism

(bg . w‘\)é-U/Z[l/n]—>Lle<At) ® Lle(A)

and a morphism
¢4 . TXBI“/Z[I/TL} —>7—[0m(Lie(.At)v, Lle(A))

By deformation theory, we know the image of this morphism.

sm ,
XU

Theorem 3.1. The morphism ¢4 induces an isomorphism

05 1 Toem 211 /m)—>Homo, (Lie(A")Y, Lie(A))

xgm.
Proof. The Kodaira-Spencer map ¢; induces a morphism
P61 Qg @ Qg —Way /z[1/n)-

The key point is that deformation theory implies that ¢g induces an isomorphism
¢7: (24 ©Qu)

where R is the subsheaf of (2,4 ® Q%:)|xsm locally generated by
(@(B)yu) @v—u®((@(B))v), weQy veQu, BEOs

Here i(8)" : A" — A" is the dual of i(f) : A — A induced by the pull-back map of line
bundles. For a serious proof of this fact, we refer to [Lan, Proposition 2.3.5.2]. Note that
our moduli structure does not involve a polarization, so there is no polarization in the
deformation, either.

To convert the isomorphism to the form in the theorem, we claim that the dual of ¢
gives an isomorphism

xpm /R—Wxgm/zu/n] )

Pg 1 Txsm g1 ) — (Lie(A) @ Lie(A"))|%5 xEm

where the right-hand side denotes the subsheaf of (Lie(A) ® Lie(A"))[xzm over A" locally
generated by local sections ) ;% QY satisfying

Z( )x;) ®y; = ij RA'y;), VB e Op.

J
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In fact, since Wxgm /z[1/n) 18 locally free, the exact sequence

0—)R—>(QA ® QAt) Xgm ——rWxsm /7[1 /n) —0
induces an exact sequence

0——Txzm zp1 /) — (Lie(A) @ Lie(A"))

pem—RY —0.
U

The remaining part can be checked by passing to an étale covering, and then checked Zariski
locally.
Finally, the theorem follows from the canonical isomorphism

(Lie(A) @ Lie(A"))

)Ofgm —Homo, (Lie(A")Y, Lie(A))

sm ,
XU

3.2 Image over the integral model

Now we are ready to prove the first statement of Theorem 1.1, i.e. the canonical map
Y3 gﬁg — w;@éi JZ[1/n] induces an isomorphism c_uf?lz — dp wf@i J2[1/n)- Since Xy is regular and
X" has codimension 2 in Xy, it suffices to prove that the map induces an isomorphism
Wi’ = dpwy? gy OVer AN

For simplicity, denote

T = Lie(A), T' = Lie(A"), N =Homo, (T, T).
These are coherent sheaves over Ap;. Recall that Theorem 3.1 gives an isomorphism

G5+ Tozm j1 jm) =N | xm.

A simple consequence is that A xgm 18 a line bundle over A7, which can also be seen by our
local argument later. There is a canonical composition

N @ T —Homo, (T, T)@T —T.
Taking determinants of the composition, we obtain a morphism
N @ det(T")— det(T).
over A", It suffices to prove that this map induces an isomorphism
N @ det(T")—dp det(T).

over A
It suffices to prove the base change of the result from Z[1/n] to Z, for every prime p { n.
In the following, we treat the cases p{dp and p | dp separately.

12



Good prime

We first treat case p t dg. For convenience, we use subscript p to indicate the base change
®zZy,. Then Op, = Op ®z Z, is isomorphic to My(Z,). Fix such an isomorphism. Take

idempotents e; = ( (1) 8 ), ey = ( 8 (1) ) and the involution € = < (i (1] ) in Op,. The

idempotents give decompositions

7;, = 617;7 S5, 627;,, T/ = 617;/ ©® 627;/.

p

The involution e gives isomorphisms e;7, — €27, and e;7, — e37,. These are locally free
over Xy, since they are direct summations of locally free sheaves, and they are line bundles
by the determinant condition.

For 7 = 1,2, the canonical maps

Ny—sHomo, (T}, Tp)—Homo,, (e/T;.;T)—(e;T})" @ (e;7T;)

p’ p

are isomorphisms. Then we obtain isomorphisms
NZ2— (e T))Y @ (e1T,) @ (e2T))" @ (e2T,)— det(T,))" @ det(7,).

This proves the case p { dp.

Bad prime

Here we prove the first statement of Theorem 1.1 at bad primes p | dg. Assume that p | dg
in the following.

To split B, we will pass to Q,2, the unique unramified quadratic extension of Q,. Denote
by Z,> the valuation ring of Q2. It suffices to prove that the determinant process induces a
canonical isomorphism

N @ det(T")—pdet(T)

over the base change A7™ Xz Z,2. By taking an étale covering, we can replace A7™ Xz Z,»
by a smooth scheme S over Z,.

The problem is local on S, so it suffices to prove the corresponding result at every closed
point s € S above p. Denote by R = Og the local ring. Denote the R-modules

T =T xos R=Lie(Ag/R), T =T xo4 R = Lie(A%/R)"

and
N = N®OS R = HOHIOB (T/, T)

We need to prove that the determinant process induces a canonical isomorphism

N® @ det(T")—spdet(T).
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For convenience, we start with some terminologies in basic algebra and basic representa-
tion. Denote
D = B ®q Qy, Op = Op @z Zy

Then Op is the unique maximal order of the division quaternion algebra D.

By a left (resp. right) Op-module of rank 2 over R, we mean a pair (M,1), where M
is a free R-module of rank 2 and i : Op — Endg(M) is a Z,-linear homomorphism (resp.
anti-homomorphism). A one-sided Op-module of rank 2 over R means either a left or a
right Op-module of rank 2 over R; an Op-module of rank 2 over R means a left Op-module
of rank 2 over R. In either case, the determinant condition means det(i(5)) = ¢(/3) for any
6 e Op.

Now we introduce two operations which keep the determinant condition. The first is the
conjugation action. Let 7 € D be a nonzero element, which gives the conjugation action

ad(y) : Op—Op, BByt

If (M,i) is a one-sided Op-module of rank 2 over R, then so is (M,i o ad(y)).

The second is the dual module. If (M, ) is a one-sided Op-module of rank 2 over R,
define the dual (MVY,i") as follows. The underlying R-module M = Hompg(M, R), and the
action of 8 € Op sends ¢ € Hompg(M,R) to £ oi(f). Then (MV,i") is also a one-sided
Op-module of rank 2 over R. The dual process switch left modules and right modules.

As a basic result, if (M,7) is a one-sided Op-module of rank 2 over R satisfying the
determinant condition, then (MVY,4Y) is isomorphic to (M,i o) as a one-sided Op-module.
Here ¢ : Op — Op is the main involution. In fact, consider the R-bilinear pairing

Mx M — R, (z,y)r— det(z,y).

Here we fix an isomorphic M ~ R? and view elements of M as column vectors, so det(z,y)
is the determinant of a 2 x 2 matrix. For any nonzero § € D, the determinant condition
gives

det(i(8)z,y) = q(B) det(i(8)"i(B)z,i(B)"'y) = det(z,q(B)i(B)'y) = det(z,i(8")y).

The pairing induces an isomorphism MY — M, under which ¥ becomes i o ¢.
Return to
T = Lie(Ag/R), T = Lie(A%L/R)Y

Then (7,14) is a left Op-module of rank 2 over R satisfying the determinant condition, where
i: Op — Endg(T) is as in the moduli structure. We claim that 7" with the natural action is
a left Op-module of rank 2 over R isomorphic to (T',i0ad(p)), where 1 € Op is the element
used to define the positive involution 8* = p~!f‘u = puB'u~—"' on B.

In fact, the principal polarization induces an isomorphism 7" — Lie(A%/R). By compat-
ibility with the Rosati involution, Lie(A%/R) with the dual action of Op is isomorphic to
(T,io0%). Then T" = Lie(A%/R)Y is isomorphic to (T,iox o) = (T,i0ad(u)).

Now the theorem follows from the following basic result on abstract Op-modules of rank
2 over R satisfying the determinant condition.
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Lemma 3.2. Let R be a flat noetherian local ring over Z,» such that pR is a prime ideal
of R. Let (T,i) be a left Op-module of rank 2 over R satisfying the determinant condition.
Let (T",i7") = (T,ioad(p)) be another left Op-module over R, where 1 € Op is any element
such that ord,(q(p)) = 1. Then the following hold.

(1) The R-module N = Home, (T",T) is free or rank 1.

(2) Let
Y N¥? @p det(T')— det(T)

be the determinant of the composition map
N QR T’—)HOHIR(T/, T) QR T —T.
Then v is injective with Im(¢) = pdet(T).

Proof. First, we claim that there is an R-linear ring isomorphism

R R
T.OD®ZPR—><pR R)

For this, it suffices to check the case R = Z,>. Write Op = Z,2 4+ Z,2j with j € Op satisfying

j'=—j. i*=p, jr=21j, Vo€ Ly

Here z denotes the image of x under the nontrivial element of Gal(Q,2/Q,), which is com-
patible with the main involution of D. Take an injective homomorphism

p1: Op—Ms(Z,2), mi—)(x j)’ j>—>(p 1), T € L.
It induces an injective homomorphism
ax . 1
p2 : Op®@z, Lyp—Ms(Zy2), @0 — ( . ) , Jr < » ) ;TR0 € L@z, L.

As Z,» is unramified over Z,, there is an isomorphism
Lop @z, Lip——Lpp ® L2, T @ a— (ax,al).

Then we see that the image of p, is as required.

Second, we claim that up to isomorphism, there are exactly two Op-modules M of rank
2 over R satisfying the determinant condition. Identify Op ®z, R with the matrix ring via
7. Then Op ®z, R contains elements

(10 (00 (01
“= =\ oo) 2"\ o1) 77 \po)
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We can write
M=e M & esM, e M= Rx, eM=Ry

as R-modules. Note that e; M, e; M are projective and thus free over R, and they have rank 1
by the determinant condition. The elements x, y are their bases. As je; = egj and jes = €17,
the action of 7 on M switches ey M, es M. Write the action

jr=ay, Jjy=>bx, a,be€ R.

Then we have ab = p by j2 = p. By assumption, pR is a prime ideal, so either a € R* or
bec R*. If b€ R*, replacing x by b~'z in the above, we obtain
Jjr=py, Jy=m.

This is the standard representation. If a € R*, replacing y by a~'y in the above, we obtain

jr =y, Jy=pz.
These give the two Op-modules, which are not isomorphic by considering surjectivity of
J:egM — exM.

Third, let T and 7" be the Op-modules as in the lemma. Then up to isomorphism, T
and T” are exactly the two distinct Op-modules in the above classification. In fact, as Op
is the maximal order and ord,q(j) = ord,q(p), the quotient ju~! lies in OF. Then in the
definition of 7", we can assume p = j. As the action ad(j) : Op — Op switches e, €3, we
see that composing Op — End(M) with ad(j) switches the two representations above. This
proves that 7" and T” are the two distinct Op-modules.

Fourth, we can finally prove the lemma. We only consider the case that T is the above
standard representation M, since the other case is similar. Then 7" has a presentation

T=eT®eT, e/T=Rx, eT1T =Ry jrx=py, Jy==z.
Then T" has a presentation
T =eT' @ e T, eT'=Ra', eT' =Ry, j2'=4v, jy =p2.

Any f € Homp, (T",T) sends e,T7" to e;T for i = 1,2. Write f(2’) = ax and f(y') = by with
a,b € R. The action of j gives f(y') = apy and f(pz’) = bx. Comparing these four relations
gives b = pa. One can check that any pair (a,pa) with a € R gives a unique homomorphism
f. Then the canonical maps

Homo, (T", T)—Homg(e1 T, e, T),

Homg, (7", T)—p Homp(eT", e5T)

are isomorphisms. Hence, the natural map

HOHlOB (T/, T) XR T —T
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induces an isomorphism
Homo, (T, T) @r T'—se1T @ peaT.
Taking determinants, we have canonical isomorphisms
(Homo,, (T',T))%? @r det(T')—(e1T) @ (peaT)—p det(T).

This finishes the proof. O

4 Comparison of the metrics

The goal of this section is to prove the compatibility of metrics in Theorem 1.1. Then
the situation is complex analytic, and can be performed over the universal abelian surface
over the upper half plane. In §4.1, we use Cech cohomology to describe the map between
tangent spaces induced by a polarization, which will be used in the proof afterwards. In
§4.2, we compute the Kodaira—Spencer map over the upper half plane explicitly. Then the
comparison of the metrics is easily done in §4.3.

4.1 Maps between complex tangent spaces

Let A = V/A be a g-dimensional complex abelian variety. Here V' is a complex vector space
of dimension g, and A is a full lattice in V. We have identification V= A ®z R and canonical
isomorphism Lie(A) ~ V. Let A : A — A' be a polarization induced by a Riemann form

E:AXxA—7.

The polarization is not assumed to be principal here. We refer to | , §1-3,89] for basics
of complex abelian varieties.
This induces isomorphisms

V—Lie(A)—Lie(A")—H'(A, O,),

where the second arrow is by the polarization and the third arrow is the canonical isomor-
phism by deformation of line bundles over A. The goal here is to describe this composition
explicitly.

Cech cohomology

The Hodge theory gives a split exact sequence
0—H(A, Qua/c)—rH' (A, C)—H' (A, 04)—0.
We have canonical isomorphisms

H'(A,C) ~ Homg(H,(A,Z),C) ~ Homg(A, C) ~ Homg(V,C) ~ Home(V ®g C, C),
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together with a canonical decomposition
Home(V ®@g C, C) ~ Homc jipear (V, C) @ Home _gemitinear (V; C).
This decomposition corresponds to canonical isomorphisms
H°(A,Qu/c) ~ Home ginear (V, C)

and

H! (A, OA) ~ HomC—semilinear(‘/a C)

Although these maps are canonical, they are not explicit or convenient enough for our pur-
pose, so we will not use them in the above setting.

Alternatively, we will use Cech cohomology for H*(A, O4) to introduce an explicit canon-
ical map

h: Homgz(A, C)—H'(A, Oy).

More generally, let F be either the sheaf O or the sheaf O* in the complex analytic setting.
We are going to introduce an explicit homomorphism

§: H' (A, F(V))—H' (A, Fa).

The homomorphism is an isomorphism for both cases, but we do not need this fact. Our
approach fits the general Hochschild—Serre spectral sequence for the Galois cover V — A,
but we do not need the spectral sequence, either.

We first need an open cover of A coming from the universal cover V. Take a set {U;}ser
of open subsets U; of V satisfying the following conditions:

(1) every composition Uy — V — A is injective,
(2) the induced map U;c;U; — A is surjective,

(3) for any t,t' € I (allowing t = t'), the difference Uy —U; = {2’ — 2 : z € Uy, 2’ € Uy}, as
a subset of V, contains at most one point of A. This point is denoted by ¢, € A if it
exists.

Denote U, the image of U, — A. Then {Ut}tel forms an open cover of A. We call it an
admissible cover of A. We are going to use this open cover to compute Cech cohomology.
Now we define the explicit map

§: H' (A, F(V))—H (A, Fy).

For a cross-homomorphism a : A — F(V), we define a Cech cocycle §(a) whose component
d(a)ry € F(Upy) on the overlap U,y = U, N Uy is defined by the image of a(c;y) under the
composition

F(V)—F(U)—F(U)—F Uy ).
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One checks that this is a Cech cocycle. Then we set
§(a) == (6(a)sy) € H' (A, Fa).
Now we define the map
h : Homgz(A,C)—H' (A, O,)
as the composition
Homz(A, C)—H' (A, C)—H' (A, O(V)) -2 HY(A,0.).

Here the first arrow is the canonical isomorphism by the fact that A acts trivially on C
(viewed as the space of constant functions), and the second arrow is the map induced by the
natural map C — O(V'). Similarly, we define the map

h* : Homy (A, C*)— H'(A, 0%).

as the composition
Homgz (A, C*)—s HY (A, C)—H (A, 0% (V) -2 H' (4, 0%).

Maps between tangent spaces

Recall that the polarization A : A — A’ is induced by the Riemann form F : A x A — Z.
Now we can present our main result of this subsection.

Lemma 4.1. The composition
V—Lie(A) = Lie(A")—H'(A, O,)
s given by
z+— 2mih(E(z,-)),

where E(z,-) : A — C is viewed as an element of Homz(A,C), and h : Homz(A,C) —
H'Y (A, O,) is the canonical map defined above.

Proof. Let us first describe the polarization A : A — A" in terms of the Riemann form
E:AxA— Z. Denote by H : V x V — C the hermitian form corresponding to F. By
[ , p- 20, §2], there is a line bundle L(H, «) over A depending on the choice of a map

a:A—S'={z€eC:|z| =1}

satisfying
aug + ) = a(uy)ouy)e™Euue),
This gives the polarization map

N A— A 2 — TH(L(H, o)) ® L(H,a)".
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The line bundle L(H, ) depends on the choice of «, but its cohomology class is given by H
and thus independent of a. As a consequence, the polarization A is also independent of «.
By | , §9, p. 84|, we actually have

A[z]) = L(0,7,), zeW
Here [z] € A denotes the image of z under V' — A, and
2miE(z,u)

Ve A—>Sla Vz(u) =€ :

Note that ~, lies in Hom(A,C*). By the loc. cit., the class of the line bundle L(0,~,) in
Pic(A) ~ H'(A, O}) is exactly h*(v,) via

h* : Hom(A,C*)— H'(A, O%).
In summary, the natural composition
A 25 A'—Pic’(A)—Pic(A)— H' (4, 0%)

is given by
M A—HY (A,0%),  [2] — h*(7.).

We can obtain the map
Lie(A)—H(A, O,)

by differentiating the map
At A—H' (A, 0%).

This corresponds to deformations of line bundles over A in algebraic geometry. For that, fix
z € V, and take € to be a real number converging to 0. Then the above argument gives

M([e2]) = W (7e) = h* (2™ E=)) = X(1 + 2miE(z, -)e + O(€?)).

The linear term in € gives

(d\1)(2) = 2mih(E(z,-)).
This finishes the proof. O

4.2 Explicit map in the complex setting

Consider the universal abelian surface 7 : A — H given by
A= O0p\(H x C?),
where Op acts on H x C? by

5(7_7 Z) = (T’ z+ U(/BxT: 1)t)'
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Here (7,1)" € C? is viewed as a column vector, and o(8)(7,1)" is the matrix multiplication
via the identification o : Bg — M3(R). For simplicity, we will write (7, 1)* for o(8)(r, 1)".
For each 7 € H, we have a canonical uniformization

A, =C2/A,, A, =O0p(r 1)

Note that the map Op — Op(7,1)" = A, is injective, so A, has rank 4 over Z. The space
A, @7 R = My(R)(7,1)! = C2. So A, is indeed a full lattice of C?.

The complex torus A, has a canonical positive Riemann form as follows. Recall that we
have an element ;i € Op such that p? = —dp. It induces a symplectic pairing

E: A xA—Z,  EB(1,1),8'(1,1)") = —tr(u™'BB").

By [Voi, Lemma 43.6.16, Lemma 43.6.22], this is indeed a self-dual positive Riemann form.
It gives principal polarizations

A A — AL A A— A

Denote by A the inverse image in H x C? of the identity section of A — H. Then we
have

A=|JA =] O, 1) ={B(r,1)' : B Op,7 € H}.

TEH TEH
We have a biholomorphic map

A—H x Op, B(r,1)' — (1,5),

and a natural bijection mo(A) — Op.

Explicit Kodaira—Spencer map

Now we are ready to compute the Kodaira—Spencer map
¢ gy —Lie(A/H) @ Qe
Similar to the algebraic setting, we denote
Q= T8 asu, Wy = Tewasn = det Q4.

Let 7 be the standard coordinate function of H C C. Let z = (z1,2) be the standard
coordinate functions of C?. Then we have

Q.A/H = OAd21+OAdZQ, QA/H = (’)Hdzl —|—07{ng, QA/’H = Oydzl /\ng, Q’H/(C = OHdT.

b ) under o : Bg — M3(R). The explicit Kodaira—

In the following, we write pu = ( Z J

Spencer map is as follows.
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Theorem 4.2. The Kodaira—Spencer map
¢ : W*QA/HHLIG(A/H) & Q'H/(C

gives 5 5
1

1 0 0
¢<d22) = —%(aa—Zl + 68_22> ® dr.

Therefore, the map
CE ‘—"%HHW%C
induced by det(¢) gives

Y((dz A d22)®2) = (52)2 (d7)®2'

Proof. 1t is easy to prove the second statement by the first statement. In fact, the map
det(¢) : det w2 4/3— det Lie(A/H) ® wfﬁ?c

is given by

ad —bc, O 0

——(=— AN =— dr)®?.

(27Ti)2 621 822) @ ( T)

This gives the second statement by ad — bc = q(u) = —p* = dp.
Now we prove the first statement. Recall that

dz1 N\ dzg —>

oo : W*QA/H — Rl’ﬂ'*(ﬂ‘*Qy/C) = le(’)A & Qy/(c

is the connecting map induced by the short exact sequence

0—>7T*Q’H/(C—>QA/(C—>Q.A/H—>O-
Fix a point 79 € H. We claim that on the fibers above 7,

¢0(dzj)|70 = h(éjl) ® d7_|707 J=12
Here the canonical map

h : Homz(A,,,C)—H'(A,,04,,)

is defined before, and

Uik : Nyy = 0(Op)(19,1)' —0(0Op)—R

J

picks up the (4, k)-coefficient of o0(Op) C Ms(R).
We will use Cech cohomology to prove the claim. Similar to the case of a single abelian
variety in §4.1, we can have a notion of admissible cover of A by the universal cover H x C2.

In fact, take a set {U;}sc; of open subsets U; of H x C? satisfying the following conditions:
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(1) every composition U; — H x C* — A is injective,
(2) the induced map U,U; — A is surjective,

(3) for any t,t' € I, the difference Uy —U;, = {(7,2'—2) : (1,2) € Uy, (1,2') € Up} in H x C?
intersects at most one connected component of A = U;A.. Denote by 8, € Op the

element representing this connected component (if non-empty) via the natural bijection
T O(A) — 0 B-

Denote by U; the image of U; — A. Then {U, }s; forms an admissible open cover of A.
Now we are ready to use Cech cohomology with respect to the admissible cover to compute
¢o(dz;), the image of the connecting map induced by

0—>7T*QH/(C—>QA/(C—>QA/H—>O-

Note that the section dz; of €14,c over each Uy lifts the section dz; of m,£24/%. Denote by
(dzj); the pushward of dz; via U; — U;. Now we compute (dz;)y — (dz;); on the overlap
Uiy = U; N Uy (if nonempty). This overlap induces an isomorphism U; y — Uy s, where Uy o
(resp. Uy ) is the subset of U; (resp. U]) bijective to Us». By definition, the isomorphism
Uiy — Uy maps (7, 2) to (7, 2+ By (7,1)"). Thus the pull-back of the function z; € O(Uy ;)
to O(U) becomes

2y = zj + L (Bew) T+ Lia(Biw),

Cia(Bry) Cr2(Bry)

where we write o(fiy) = ( (o (Bev) Lon(Brs)

(dzj)y — (dzj); to Upy is just

dz} — dzy = d(z; + L (Bre) 7+ Lia(Bre)) — dzj = L (Bry) dr.

). As a consequence, the pull-back of

As a consequence, the class ¢o(dz;) in R'm,O4 @ Qy /c is represented by the Cech cocycle
(i1 (Bre) dT)ewes = (Ui (Bey)rves ® dr.
Hence, the restriction of ¢g(dz;) to the fiber A, above 1y € H is exactly
00(d2))m = h(lj) @ drlr, € H' (Ar, O4,,) @ Qye(mo).

This proves the claim.
By Lemma 4.1, the composition

C? ~ Lie(A,,)—Lie(Al )—H' (A, O, )

is given by
p:zr+—2mih(E(z,-)).

We are going to find a w; € C? such that
() = (2m) " p(w;) = h(E(w;, -)).
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It suffices to find a w; € C? satisfying E(w;,-) = ¢;; in Homgz(A,,,C). Recall that the
Riemann form over A, = Op(7p,1)" is given by

E: A, XA, —7Z, E(B(1, 1), B (10, 1)") = —tr(u~*BB").
Set w; = B(10,1)" with 8; € My(R). Then the equation becomes

—tr(u' B 8") = £ (B), VB € My(R).

Recall that py = ( CCL 2 ) under o : Bg — M3(R). Some matrix calculations give a solution

o
|
o o o o
SIS S
~
<
I
\'P—‘

The corresponding

wj = Bj(m,1)" =

{(lxd)t i=1,

(_a7 _C)t .] = 2.

0 0
These vectors in C? are written respectively as b— + d—— and —a—— — c—— under the

821 822 821 822
identification C? ~ Lie(A,,).
Finally, the relation h(€;1) = (2mi) *p(w;) gives

1 0 0 1
go(dz1)]r, = %P(ba—zl + da—zz) ®dr € H (An, Oa,) @ Dyye(mo),
and
Go(d)lny = —p(—a-0 — L) @ dr € H(Ay, Ou,) ® V(o)
0LE=2)ln =50 a@zl 0822 ! et T

It follows that the map
(b : W*QA/HHLIG(A/H) & Q’H/(C7

which satisfies g = (p ® 1) o ¢, gives

1 0 0
= —(b—+d— Li Q
o(dz1) |7 " (baz1 + d@zQ) ®dr € Lie(Ay) ® Qe (10),
and
d(dz)| ——L(ai—kci)@dTeLie(A ) ® Q34/¢(70)
I o 0z, 02 0 H/CT0):
This finishes the proof. O
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4.3 Comparison of the metrics

Now we are ready to prove the second statement of Theorem 1.1. Every connected component
of Xy(C) is a quotient of H by a discrete subgroup of O. The pull-back abelian schemes of
A(C) — &y(C) to H (via connected components of Xy;(C)) are the universal abelian variety
A — H in the complex setting described above. The Hodge bundles, the canonical bundle,
the Kodaira—Spencer maps, and the metrics are compatible with the pull-back. So we only
need to compare the metric in this complex setting.
The Faltings metric on w 4, is given by
/ Oy N Qg
Az

0

1

“aTOH%‘al = (27’(’)2 )

where o, € wy /H(Tg) for 7o € H. The Peterson metric on wy ¢ is given by
|d7||pet = 2TIm(7).

Now we will see that these two metrics are equal under the Kodaira—Spencer map.
As before, let 21,2, be coordinates of C? as in A,, = C*/Opg(10,1)". By definition, we
have

1
dzn A a2y (o) = / 421 A dy N d21 A dzs| = —vol(€/Op(m, 1)1).
A

70

(2m)?

Here the right-hand side is the volume under the Lebesgue measure of C2.
First, we claim that

vol(C?/Op(10,1)") = (Im(7))* vol(My(R) /o(Op)),

where My(R) ~ R?* uses the Lebesgue measure. In fact, let g1, g2, 93,94 be a Z-basis of
o(Op). Write g; = ( Cclj Zj ) for j = 1,2,3,4. Write 19 = = + yi. Then we see that
J Y
Op(70,1)" is generated by (a;70 + bj, ¢;70 + d;)' € C? for j = 1,2,3,4. In terms of C* ~ R*,
this becomes (a;x + b;, a;y, c;x + dj, c;y)t for j = 1,2,3,4. They form a 4 x 4 matrix, and
vol(C?/Op (19, 1)) is the absolute value of the determinant of this matrix. By row operations,
this can be changed to (b;, a;,d;,c;)" for j = 1,2,3,4, and the determinant is changed by a
multiple 72.
Second, we claim that
vol(M3(R)/e(Op)) = dp.

In fact, for any full lattice A of Ms(R), we have
vol(My(R)/A)vol(My(R)/A*) = 1

for the dual lattice A# of A under the standard pairing (z,y) > tr(zy*) on My(R). Here
y* denotes the main involution. This can be checked by using elementary operations in
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My (R) ~ R* to convert A to the self-dual lattice My(Z) ~ Z*. By [Voi, Lemma 15.6.17], the
dual o(Op)* of the lattice 0(Op) satisfies #(c(Op)* /o (Op)) = d%. This gives the result.
As a consequence,

21 A dealff () = — (Im(m)Pds
As 1y varies, we have
21 A dzs |y = —(Im(r)?d.
Recall that Theorem 4.2 gives

dp
(2mi)?

(U Q%H—>w%i€, (dzy A dzp)®? — (dr)®2,

Then we exactly have

[dz1 A dzs I = [lo(dar A dzo) [P
This proves the compatibility of the metrics.

5 Modular curves

If B = M5(Q), then the Shimura curve Xy is just the usual modular curve. In this section,
we consider extensions of the Hodge bundles and the Kodaira—Spencer maps to the Deligne—
Rapoport compactification of the modular curves. Most of the treatment is similar to the
case of general Shimura curves, so our exposition here will be sketchy.

5.1 Compactification
Assume B = M5(Q) and take O = M5(Z). For simplicity, we assume that
U= U(N) = [[GLa(@,) x [[(1 + NMa(Z,))*
PIN

p|N

is the principal open subgroup of 5; = GLQ@) for some N > 1. As in §2, we have the
complex modular curve

Xy = GLy(Q)\H* x GLy(A;)/U = GLy(Q) \H x GLa(Af)/U.
Then we have the compactification
Xu = GLy(Q)\H* x GLy(Af)/U,

where H* = H U PY(Q) is the extended upper half plane. The result )N(U is a proper and
smooth orbifold, which is a projective curve if N > 3.

The modular curve Xy has a canonical integral model Xy over Z[1/N]. In fact, Ay is a
stack over Z[1/N] such that for any Z[1/N]-scheme S, X (S) is the category of pairs (F,n)
as follows:
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(1) E is an abelian scheme of pure relative dimension 1 over S;
(2) n:(Z/NZ)* — E(S)[N] is an isomorphism of groups.

Then Xy is a smooth Deligne-Mumford stack over Z[1/N].

Note that the definition of Ay here is compatible with the definition in §2. In fact, for a
triple (A, 7,7) in the setting of Shimura curve, we can use the usual idempotents of My (Z)
to get a canonical splitting A ~ E x E. B

Following [DR, IV, §2], the canonical compactification Xy of Ay is a stack over Z[1/N]
defined as follows. For any Z[1/N]-scheme S, Xy(S) is the category of pairs (E, ) as follows:

(1) Eisa generalized elliptic curve over S whose geometric fibers are either elliptic curves
or Néron N-gons;

(2) n: (Z/NZ)? — E°(S)[N] is an isomorphism of groups.

Here E° denotes the smooth locus of E over S , which is a smooth group scheme over S.
It turns out that Xy is a proper and smooth Deligne-Mumford stack over Z[1/N], and
it is a scheme if N > 3. The natural morphism Xy — Xy is open, and the complement

fgo = ./,YVU\XU

is finite and étale over Z[1/N].

5.2 Kodaira—Spencer map

Denote by 7 : £ — Xy the universal elliptic curve, and denote by 7 : & — Xy the universal
generalized elliptic curve. Denote by € : Xy — &£ and € : Ay — £ the identity sections.
The Hodge bundle we over Xy is defined as

we = Qe = Qe /n, = mlle)x, -
The Hodge bundle wg over XU is defined as
Wg = Qg = E*Qg/fU >~ %*Qf/fy'

Endow the Hodge bundle w, over Xy with the Faltings metric || - ||ra as follows. For any
point € Xy (C), and any section a € wg(x) =~ I'(&;, we, /c), the Faltings metric is defined

by
/ alNal.
£(C)

Here &, is the fiber of £ above x, and « is viewed as a holomorphic 1-form over &, via the
canonical isomorphism w¢ () ~ I'(&,, we, /c)-

1

2 ._
ol = 5
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Endow the relative dualizing sheaf wyx,, /z[1/n) over Xy with the Petersson metric || - ||pet
as follows. Via the complex uniformization of H to every connected component of Xy (C),
the Petersson metric is defined by

|7 ||pet := 2TIm(T).

Here 7 is the usual coordinate function of H C C.
The Kodaira—Spencer map is defined similarly. Start with the exact sequence

0—7" Q201 ) — Qe 21 ) — Qe s, —0.
Apply derived functors of 7,. It gives a connecting morphism
o+ TQe sy — R (7" Qe 211 /m)-
This is the Kodaira—Spencer map. There are canonical isomorphisms
R'm (7" Quy 21 ) — RO @ Qs s ) —Lie(E") © Qs 21 ) — e © Q21

where €' — Xy denotes the dual abelian scheme of & — X;;. Then the Kodaira—Spencer
map is also written as
b1 Qe— Qg @ Q21 /m)-

Via the canonical principal polarization X : & — £! induced by line bundle associated to the
identity section, the map induces a morphism

Go : WE W /21 )

Note that there is a natural identification i¢.y, : £ ~ £ coming from identification of line
bundles with divisors, but it turns out that A\ = —ic.,. So switching between A and ic.p
changes ¢, by a negative sign.

As an easier version of Theorem 3.1, deformation theory simply implies that this mor-
phism is an isomorphism over AXy. To extend the morphism to the compactifications, we
have the following result, which is parallel to Theorem 1.1.

Theorem 5.1. The canonical isomorphism ¢ : c_u?z — Wxy /z[1/n) nduces an isomorphism

P2 %?ZH%?U/ZH/?@(X(?O)-

Moreover, under ¢o, we have || - ||2, = || - ||pet over Xy (C).
The first statement is in [DR, VI, §4.5], a consequence of the calculation of deformation
in [DR, TI1,§1]. The second statement is proved similarly to Theorem 1.1, and it is actually

slightly easier. We give some main ingredients below.
It suffices to compute the Kodaira—Spencer map of the universal elliptic curve 7 : £ — H
given by
E=(HxC)/7?

28



where Z? acts on H x C by
(a,b)o(7,2) = (1,2 4+ aT + b).
For each 7 € H, we have a canonical uniformization
E-=C/A,, AN =7TZ+7Z.
The complex torus &£, has a canonical positive Riemann form
E: A x \,—7, E(ar +b,d'7+ V) = ab' — d'b.
Similar to Theorem 4.2, we can prove that the Kodaira—Spencer map
¢ : Qe jy—Lie(E/H) ® Q¢

gives

Then the induced map

gives

This implies the compatibility of the metrics in Theorem 5.1.

5.3 Coarse moduli schemes

In §2.2, we have introduced the coarse moduli scheme A} associated to Xy;. Denote by 2?55
the coarse moduli scheme associated to Q?U. This is also constructed by the quotient process
in §2.2. See also [DR, VI| for more properties of it. Similar to Shimura curves, ??55 is a
2-dimensional Q-factorial normal scheme, flat and projective over Z[1/N].

Similar to the situation in §2.2, the relative dualizing sheaf of the regular locus of /E‘}S over
Z[1/N] extends to a unique Q-line bundle over X&. Denote this extension by Wges /21 /N]>

and call it the relative dualizing sheaf of X& over Z[1/N].
In §2.2, we have defined the Hodge bundle Ly over X7°. The Hodge bundle Ly over X7
is a Q-line bundle over X7 defined by

—8_1
Ly = wygopm® | Q) Oxg (P)*77)

PEXg,

Here the summation is through closed points P on the generic fiber )?55@ of )?55 over Q, and
P is the Zariski closure of P in )?ﬁs. If Pis a cusp, set ep = 0o and 1 —ep' = 1; if P is
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not a cusp, then ep is the ramification index of P in the map Xy Ny — A7 for any open
subgroup U(N’) C U with N’ > 3. One can check that ep does not depend on the choice of
N’, and that ep is also equal to the ramification index by the uniformization map from H
to connected components of XF(C).

If Xy is already a scheme, then we simply have

Xy = Ay, Ly = %’EU/ZU/N](XLC;O)-

Here 5550 = PEU \ Xy is the locus of cusps, endowed with the reduced scheme structure. The
following result, a counterpart of Lemma 2.1, justifies the definition involving the ramification
indices.

Lemma 5.2. (1) Let U' = U(N') be an open subgroup of U for some N' > 3. Let Ty -
Xy — XF be the natural morphism. Then there is a canonical isomorphism

%E’,UZUHZU’
of Q-line bundles over Xy

(2) Denote by f : /'FU — /fﬁs the canonical morphism. Then there is a canonical isomor-
phism ) B
J Lo—wz, a1 m(X0)-

of Q-line bundles over fU.

Proof. The proof is similar to Lemma 2.1, noting that the Hurwitz formula also matches
multiplicities at cusps. 0

Recall that in §2.2, the Petersson metric Petersson metric || - ||per of Ly is defined such
that its pull-back to H is given by

[d7[[pet = 2Tm(7),

where 7 is the standard coordinate function on H C C. Then the isomorphisms in Lemma
5.2 are isometries.

Up to now, we have introduced the metric || - ||pa of we over Xy, the metric || - ||per of
Wy /zj1/m) over Ay, and the metric || - [|pey of Ly over A7, Considering the behavior of the
metics at the cusps, they are not smooth, but have logarithmic singularity. This lies in the
framework of Bost [Bos] or Kithn [Kuh], by which their arithmetic intersection numbers are
still defined. R B

In the case U = GLy(Z), we have X% ~ P}, via the j-function. See [DR, VI, §1]. Finally,
we have the following counterpart of Theorem 2.2.

Theorem 5.3. Assume U = GLQ(i). Then the normalized arithmetic intersection numbers
satisfy

ge?g(él(fy, |- 1lpet)?) deg(él(wa/z(Xﬁo)a I [pet)?) - ge\g(él((*_d@ - IlFar)?)

2deg(Lug) 2deg(wg, ,/0(X0%)) deg(wz o)
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Remark 5.4. Note that [Yua, Theorem 1.1] computes the first term of the theorem (as a
special case); | , Theorem 6.1] computes the numerator of the third term of the theorem.
The theorem asserts that these two formulas are compatible.
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