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1 Introduction to the main results

1.1 Local linear forms and pairing

Let F' be a local field and E a cubic semisimple algebra over F'. More precisely, E is one of
the three forms: F® F @ F, FF & K for a quadratic extension K of I, and a cubic extension
E of F. Let B be a quaternion algebra over F'. Thus either B = My(F) or B = D a division
algebra. Let 7 be a admissible representation of Bj;. Assume that the central character w of
7 is trivial when restricted to £

wlpx = 1.

Consider the space of
Z(r) ;== Hompx (7, C).

Then it have been shown that this space has dimension < 1. More precisely, if B’ is the
complement of B in {My(F'), D} and let " denote the Jacquet-Langlands correspondence of
mon B’ ( zero if 7 is not discrete). Then the work of Prasad (non-archimedean) and Loke

(archimedean) shows that
dim Z(7) + dim Z(7') = 1.

Let €(m) be the local root number
1
e(m) = 6(5,7'(',77/) otrg/p) € {£1}.

The definition here does not depend on the choice of non-trivial character ¢ of F. Then the
non-vanishing of these spaces can determined by €(7):

€(m) =1<= B = My(F)
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€(v)=—-1<= B=D.

Assume that 7 is tempered, then the following integration of matrix coefficients with
respect to a Haar measure on F*\B* is convergent:

/FX\BX(w(b)f, Hav,  fofereF

This integration defines a linear form on 7 ® ™ which is invariant under B* x B*, i.e., an
element in

g(’/’() ®$(%) :HOHIBXXBX(’/T®7~T,C).

One can show that this linear form is nonzero if and only if .Z(7) # 0. In order to obtain a
linear form on m ® 7, we need to evaluate the integral in the following spherical case:

1. E/F and 7 are unramified, f and ]?are spherical vector such that (f, f) =1;
2. dg takes value 1 on the maximal compact subgroup of B*.

In this case, one can show that the integration is given by

(e(2) L(1/2,0)
Cr(2) L(1,0,ad)

See Ichino [11], Lemma 2.2. Thus we can define a normalized linear form
me ZL(m)®ZL(T)

= (r(2) L(1,0,ad) _ _—
m(f, f) = @) L(1/2.0) /FX\BX( (b)f, f)db*.

Define a bilinear form on £ (7) ® Z(7) by

N Y-YA
-2 ¢

(€, 0) C.

m

If 7 is tempered and unitary then this pairing induces a positive hermitian form on £ (7).

1.2 Global linear forms and Ichino’s formula

Let F' be a number field with ring of adeles A and E a cubic semisimple algebra over F'. More
precisely, E is one of the three forms: FF® F @ F, F & K for a quadratic extension K of F,
and a cubic extension E of F'. Let ¢ be an irreducible cuspidal automorphic representation of
GLa(Ag). In [30], Piatetski-Shapiro and Rallis defined an eight dimensional representation
rg of the L-group of the algebraic group ResEGL,. Thus we have a Langlands L-series
L(s,0,13). When E = F @ F @ F and 0 = 01 ® 03 ® 03, this L-function is the Rankin type
triple product L-function. When F is a field, the L-function L(s, o, 1g) is the Asai L-function



of o for the cubic extension F/F. Without assuming of confusion, we will simply denote the
L-function by L(s, o).
Assume that the central character w of ¢ is trivial when restricted to A*

CU|A>< =1.
Then the o is self-dual and we have a functional equation for the Rankin L-series L(s, o)
L(s,0) =€(s,0)L(1 — s,0).

And the global root number €(1/2,0) = £1. For a fixed non-trivial additive character ) of
F\A, we have a decomposition

E(Sv g, ¢) = H 6(8, Oy, 77Z)v)

The local root number €(1/2,0,,1,) = +1 does not depend on the choice of 1,. Thus we
have a well-defined set of places of F"

Y=Av: €(1/2,0,,¢,) = —1.}

Let B be a quaternion algebra over A which is obtained from My (A) with My (F,) replaced
by D, if €(1/2,0,,1,) = —1, and let m be the admissible representation of B} which is
obtained from ¢ with o, replaced by o) if v € 3. Define

Z(m) := Homgx (m, C).
Then we have
dim Z(7) = dim ®,.Z (7).
Fix a Haar measure db = ®db, on A*\B* then local pairing with respect to dg,:
(o Z(m) x ZL(m) — C
defines a global pairing
(=@, Lm) @ ZL(F) — C.

The pairing here depends on the choice of decomposition db = ®db,.

Assume that the global root number is 1. Then |X] is even. In this case, B is the base
change B, of a quaternion algebra B over F', and 7 is an irreducible cuspidal automorphic
representation of By, Thus we may view elements in m and 7 as functions on B \Bj with
duality given by Tamagawa measures. As the central characters of 7 (resp. 7) is trivial when
restricted to A*, we can define an element ¢, € Z(m) by periods integral:

C(f) = b)db.
=

Here the Haar measure is normalized as Tamagawa measure. Jacquet’s conjecture says that
l, # 0 if and only if L(1/2,0) # 0. this conjecture has been proved by Harris and Kudla
[13]. A refinement of Jacquet’s conjecture is the following formula due to Ichino:
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Theorem 1.2.1 (Ichino [14]).

16(2) L(1/2,0)

e b = 5 (r(2) L(1,0,ad)’

Here the constant ¢ is 3,2, and 1 respectively if E=F®F®F, E=F® K for a quadratic
K, and a cubic field extension E of F' respectively.

1.3 Derivative formula in term of Gross—Schoen cycles

Now we assume that the global root number
€(1/2,0) = —1.

Then X is odd, the central value L(%, o) = 0 as forced by the functional equation, and we
are led to consider the first derivative L’ (%, o). In this case 7 is no longer an automorphic
representation and the construction in the previous subsection is not available. Instead,
heights of certain cohomologically trivial cycles will provide an invariant linear form as now
we describe.

We will need to impose certain constraints as follows:

1. Fis a totally real field.

2. FE = F& F&F is split. We may thus write 0 = 07 ® 09 ® 03 where each o; is a
cuspidal automorphic representation of GLy(A). In this case, the condition on the
central character of o can be rewritten as

w1 - Wy - w3 = 1.

3. For i = 1,2,3 and v|oo, all 0;, are discrete of weight 2. It follows that the odd set ¥
must contain all archimedean places.

For any open compact subgroup U of IB%?, we have a Shimura curve Yy defined over F
such that for any archimedean place 7, we have the usual uniformization as follows. Let
B = B(7) be a quaternion algebra over F' with ramification set 3(7) := X \ {7} which acts
on Poincaré double half plane #* = C \ R by fixing an isomorphism B ®, R = M(R).
Then we have the following identification of analytic space at 7:

YL = B\A* x B} /U.

We also have a similar unformization as a rigid space at a finite place in ¥ using Drinfeld’s
upper half plane.

When U various, the curves Yy form a projective system with an action of B*. We write
Y for the projective limit, and let B* act on Y so that B trivially on Y. Then it is easy to
see that the subgroup of B* acting trivially on Y is D := BX - F'* where F'* is the topological



closure of F* in A*/FZX. Notice that Y still has a scheme structure over F' but it is not of
finite type. Define the space of homologically trivial cycles on X := Y3 by direct limit:

Ch*(X)™ := lim Ch*(Xy,)".
Ug=U3

The height pairing on each level Xy, defines a pairing on their limit which is positive definite
by the index conjecture. Define the Mordell-Weil group of 7 by

MW (7) := Homgx (7, Ch?(X)?).
We have an induced height pairing
(-,): MW(m) @ MW(T) — C.

This pairing is conjecturally positive definite.
A refinement of the Birch and Swinneron-Dyer or Beilison—Bloch conjectures says that
MW () is finite dimensional and

dim MW (7) = ords—y/2L(s, 7).
Theorem 1.3.1. For each m as above, there is an explicitly constructed element
yr € Z (1) @ MW(T)
such that

Cr(2)°L'(1/2,0)
2L(1,0,ad)

Here the paring on the left hand side is the product of pairings on £ (m) and MW (7).

<yrr7 y%) =

There are some consequences:
1. L'(1/2,0) = 0 if and only if it is zero for all conjugates of o;

2. assume that o is unitary, then we take f = f. The Hodge index conjecture implies
L'(1/2,0) > 0. This is an consequence of the Riemann Hypothesis.

In the following we give a construction of y,. For each U, let Yy ¢ be the Gross—Schoen
cycle on Y7 which is obtained form the diagonal cycle by some modification with respect
to the Hodge class & on Yy as constructed in [12] and [36]. Such a class form a projective
system and thus defined a class in

Ve € Chy(X)™ := lim Ch*(Xy,) ™
U

where the supscript 00 means cycles with trivial projections Yy x Yy .



Let ¢ € C5°(B)/Dg) where D = D3, then we can define correspondence

Z(¢) € Ch*(X x X) := lim Ch*(Xy,, X Xp,).
Ug

Thus we can define a co-cycle

Z(¢)Ye € Ch*(X)™ := lim Ch*(Xy,)*.
Ug

In this way, we obtain homomorphism
ye HomBXXBE(CSO<BE/DE>7 ChQ(X)OO)'

Here B* x B acts on Cg°(B},/Dg) by left and right translation, on Ch*(X)% by projection
to the natural action of second factor Bj.

It has been proved by Gross—Schoen that this homomorphism factors though the action
on weight 2 form i.e., the quotient:

Co’Bg/Dg) — @7

where 7 runs through the set of Jacquet-Langlands correspondences of cusp forms of parallel
weight 2. Here the projection is induced by usual action p(f) on o with respect to a Haar
measure By /Dy = (B*/D)? normalized so that for an open compact subgroup Ug of B}/ D,
—vol(U)™! is the Euler characteristic of Xy, when Ug is sufficiently small. In this way, we
have constructed for each ¢ a pairing

g € Homy, g (1 % 7, Ch2(X)%) = Z() @ MW(7).

1.4 Symmetric and exterior products

Let .5 be the permutation group of three letters. Then .#5 acts on X and induces an action
on Ch*(X)% and on B} = (B*)? as usual. For a representation 7 of B}, and s € %3, we
have a representation 7° and a linear isomorphism 7 — 7° which we still denote a

MW (7)) — MW(7?) : (v) =L(v® ).

Assume that m; = my. Then for s a permutation (12) we have 7° = 7. Thus s gives an
involution W (7) and decompose them as a direct sum of + eigen spaces. The Beilonson—
Bloch conjecture in this case gives

dim MW (7)™ = ords=1/2L(s, Sym?o; ® 03),

and
dim 1\/IVV(7T)+ = ords:1/2L(8, 03 X wl)



where w; is the central character of o;. The second equality is compatible with the usual
BSD
dim MW(’/Tg X (JJl) = Ordszl/gL(S, O3 @ wl)

via an isomorphism

MW (m)* ~ MW (73 @ wy)
Here MW (73 ® wy) is the Mordell-Weil group for o3 which is define as
MW(?Tg ® w1> = HOHl]Bx (7'('3 & Wy, Chl(Y)%)

The composition MW () — MW (7)™ ~ MW (73 ® wy) is given as follows: define a corre-
spondence between Y? and Y by

a:Y? —Y?xY, (x,y) — (z,2,y) X (y).
Then Composing with «a, defines a map
MW (r) = HOHIBE(W, We) — Homgx (7, Ch*(Y)2).
One can show the elements in the image factor through the canonical map
TR T — W

and thus are in MW (73 ® wy).
Since Z(7) := Homgx (7, C) is one dimensional, it is given by a sign €(s) = +1. By work
of Prasad [25],
e(s) = e¢(Sym?o; ® 03).

Since yx is invariant under s, we thus have
Corollary 1.4.1. Assume that m; = 7.
1. If e(Sym®o; ® 03) = 1, then e(w; ® 03) = —1 and
Yr € L(m) @ W(m3 ® wy),
and

<F<2)2L(1/2, Sym201 & 0'3)
2L(1,0,ad)

<y7ray%> = L,(1/2,UJ1 ®0’3).

2. If (Sym®0;, ® 03) = —1, then e(w; ® 03) = 1 and
Yy € L(m) @ W(m)~,
and

CF(2)2L(1/27 w1 X 0'3)
2L(1, 0, ad)

(Yrr Yz) = L'(1/2,Sym’*c; @ 03).



Finally we assume that m = my = w3 with trivial central characters. Then .#3 acts on 7

and then MW (7) and decompose it into subspaces according three irreducible representations
of yg
MW (7) = MW (7)™ & MW~ & MW(7)°

where MW (7)™ is the space of invariants under .3, and MW (7)™ is the space where .3 acts
as sign function, and MW (7)? is the space where .%5 is acts as a direct sum of the unique 2
dimensional representation. Then the Beilinson—Bloch conjecture gives

dim MW (r)* = 0
dim MW (7)™ = ords_1 /2 L(s, Sym®oy)
dim MW (7)? = 20rds_1 /2 L(s, 01).

The action of .%5 on .Z(7) is either trivial or given by sign function. By Prasad’s theorem
we have:

Corollary 1.4.2. Assume that my = 7y = m3.
1. If e(Sym®0,) =1 or €(o1) = —1, then
Yr =0
2. If e(Sym®) = —1 and e(o,) = 1, then
Yo € ZL(m)” @ W(T)™,

and
(r(2)°L(1/2,01)
2L(1,0,ad)

2
<y7r7y%> = L/<1/2,Sym30'1>.

1.5 Strategy of proof

The strategy of proof of the height formula will be analogous in spirit to the proof of Gross-
Zagier formula. Basically it contains the analytic and geometric sides and the comparison
between them.

Assume that ¥ is odd. First we will describe the analytic side, i.e., the analytic kernal
function for the central derivative. Though we want to focus on our case under the assump-
tion in the lase section, the same argument for the analytic kernel also works in all cases
(i.e., ¥ is arbitrary, F' is any number field and E' is any cubic semisimple F-algebra.)

By the work of Garrett and Piatetski-Shapiro-Rallis, we have an integral representation
of L(s,o) using pull-back of Siegel-Eisenstein series. More precisely, let B be the unique
(incoherent) quaternion algebra over A ramified at exactly at X. One can associate to
¢ € . (Bg) the Siegel-Eisenstein series E(s, g, ¢). Due to the incoherence, E(s, g, ¢) vanishes
at s = 0. We obtain an integral representation

(1.5.1) /[@] E'(g,0,®)p(g)dg = %Ha(%%u)-
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where a(®,, W, ) is the normalized local zeta integral

Cho(2)

1.5.2 O, W, )= =l
( ) OC( %011) L(%,UU,TS)

/ B(ng) W, (9)dg.
FXNo\G

By the local theta lifting we have a map
(1.5.3) 0,10y @Ty — Ty @ Ty

which can be normalized such that if 0,(¢,, ¢,) = f, ® f;, we have

/ )60 ()Wy(9)dg = (Fo. o)
U(Fy)\SL2(Fy)

Under this normalization (and certain choice of measures), we have

@, W) = (1 8O [ g Foar

L(%,0)
In this method we obtain E’(g,0, ®) as a kernel function. This kind of Siegel-Eisenstein
series has been studied extensively. In particular, its first derivative was firstly studied by

Kudla in [19]. It is natural to consider its Fourier expansion:

E'(g,0,9)= > Ep(g,0,9).

TeSymgs(F)

For nonsingular 7' € Sym,(F'), we have an Euler expansion as a product of local Whittaker
functions (for Re(s) > 0)

ET(g, S, (I)) = H WT,U(gv S, ¢)

It is known that the Whittaker functional Wr,(g, s, ¢) can be extended to an entire func-
tion on the complex plane for the s-variable and that Wr,(g,0, ¢) vanishes if 7' cannot be
represented as moment matrix of three vectors in the quadratic space B,. This motivates
the following definition. For T' € Symg(F),e, (here “reg” meaning that 7" is regular), let
Y(T) be the set of places over which T is anisotropic. Then ¥(7") has even cardinality and
the vanishing order of Er(g, s, ¢) at s is at least

|{v: T is not representable in B,}| = |XUX(T)| — |[ENX(T)].

Since |X| is odd, Er(g,s, ¢) always vanishes at s = 0. And its derivative is non-vanishing
only if ¥ and 3(T') is nearby: they differ by precisely one place v, i.e., only if ¥(T") = 3(v)

with
by if by
() = \{v} ifve '
Y U{v} otherwise
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Moreover when ¥(7") = X(v), the derivative is given by

E%(Qu 0, ¢) = H WT,’LU(gwa 0, ¢w> ’ Wi/“,v(gva 0, (bv)
wWHV

We thus obtain a decomposition of E’(g, 0, ¢) according to the difference of X7 and X:

(1.5.4) E'(9.0.6) = E(9.0,0) + El,(9,0,0)
where
(1.5.5) Ei(9,0,¢) = > Ep(9,0,9)
ZT:E(U)
and
E;ing<g70a¢) = Z E%(ana ¢)
T,det(T)=0

Moreover, the local Whittaker functional W7, (g, 0, #,) is closely related to the evaluation
of local density. In the spherical case (i.e., B, = Ms(Fy) is split, 1, is unramified, ¢, is the
characteristic function of the maximal lattice My(&,)*), Wr,(g,0, ¢,) has essentially been
calculated by Katsurada ([17]).

Now two difficulties arise:

1. The vanishing of singular Fourier coefficients (parameterized by singular 7" € Syms(F))
are not implied by local reason. Hence it is hard to evaluate the first derivative E. for
singular 7.

2. The explicit calculation of W%,U(e, 0, ¢,) for a general ¢, seems to be extremely com-
plicated.

The solution is to utilize the uniqueness of linear form (note that we have a lot of freedom
to choose appropriate ¢) and to focus on certain very special ¢,. More precisely, define the
open subset ijﬂ,eg of B3 to be all # € B3 such that the components of = generates a non-
degenerate subspace of B, of dimension 3. Then we can prove

L. If ¢, is supported on B, for v € S where S contains at least two finite places, then

for singular 7" and g € G(A®), we have
E(g,v,¢) =0.

2. If the test function ¢, is “regular at a sufficiently higher order” (see Definition 2.7.1),
we have for all non-singular 7" with X7 = ¥(v) and g € G(A"):

E7(g,0,) = 0.
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To conclude the discussion of analytic kernel function, we choose ¢, to be a test function
“regular at a sufficiently higher order” for v € S where S is a set of finite places with at
least two elements such that any finite place outside S is spherical. And we always choose
the standard Gaussian at all archimedean places. Then for g € G(A®), we have

(1.5.6) E'(g,0,¢) = ZE’ 9,0,0)

where the sum runs over v outside S and

(1.5.7) E)(g,0,¢)= > Ep(g,0,0)

T.5(T)=%(v)

where the sum runs over nonsingular 7.
Moreover, we can have a decomposition of its holomorphic projection, denoted by E’(g, 0, ¢)por-
And it has a decomposition

(158) 970 ¢ hol - Z Z E;“(gu()?gb)hol

v T,5(T)=%(v)

where we only change Ef.(g,0,¢) to EZ(g,0, ) when 3(7T) = X(v) for v an archimedean
place. So similarly we may define E!(g,0, ®)pnor-

This yields an analytic kernel function of the central derivative L'(3,0) for all three
possibilities of the cubic algebra E.

Now we describe the geometric kernel function under the further assumptions appeared
in the beginning of the last subsection. The construction of geometric kernel function is
similar to that in the proof of Gross-Zagier formula. More precisely, for ¢ € .7 (By) we
can define a generating function of Hecke operators, denoted by Z(¢) (see Section 3). Such
generating functions have appeared in Gross-Zagier’s paper. Works of Kudla-Millson and
Borcherds first relate it to the Weil representation. A little extension of our result ([33])
shows that Z(¢) is a modular form on GLy(A). Thus it is natural to consider the generating
function for a triple ¢ = ®;¢; € 5”(18%33) fixed by U® for a compact open U C B}

deg Z(g,¢) :== (Aue, Z(g,9)Auve), g € GLI(A).

Now the main ingredient of our proof is the following weak form of an arithmetic Siegel-
Weil formula:

E'(9,0,¢) = —2deg Z(g,¢), g€ G(A)

where “=" means modulo all forms on G(A) that is perpendicular to o. Note that this is
parallel to the classical Siegel-Weil formula in the coherent case

E(g,0,9) = 21(g, ).

should be necessary due to representation theory reason.

—

The replacement of “=" by
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It follows that we have a decomposition to a sum of local heights:

deg Z(g,6) = = > _(Bue- Z(g,0)Aue)

v

where the intersection takes place on certain “good” model of Yy = X3 as described in [172]
and Ay is certain extension to the good model. Here we may write the extension as a sum
of the Zariski closure and a vertical cycle

Ape=Ape+V.

The Shimura curve Xy has a natural integral model 2 over & and when U, is maximal,
this model 27 has good reduction at v if v € X. In later case, one may take the good model
of Yy, to be the product of %US’U and simply take the Zariski closure as the extension ZU,E-

Among the summand in ZU@ one has the Zariski closure of the main diagonal Ay 2 3y.
We simply denote it by A. At v a finite good place, the work of Gross-Keating ([10])
essentially implies that for g € G(A®):

(A-Z(g,¢)A) = E(g,0,0).

And when v|oo, using the complex uniformization we may construct the Green current.
And we prove that the contribution from the main diagonal to the archimedean height in
the intersection is equal to E!(g,0, ®)ne (1.5.8).

Finally, we need to deal with the partial diagonal and the contribution from the vertical
cycle.

1.6 Notations

Some groups: H = GSpin(V), G = GL; ... We will use measures normalized as follows.
We first fix a non-trivial additive character ¢y = ®,1, of F\A. Then we will take the
self-dual measure dz, on F, with respect to v, and take the product measure on A. We
will take the product measure on F* as d*x, = (g,(1)|z,|"'dz,. Similarly, the measure
on B, and B are the self-dual measure dx, with respect to the character ¢, (tr(zy")) and

d*zy = (p, (1)CF, (2)|v(20) | dz,.
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2 Analytic kernel functions

In this section, we will review Weil representation and apply it to triple product L-series. We
will follow work of Garret, Piateski-Shapiro—Rallis, Waldspurger, Harris—Kudla, Prasad, and
Ichino etc. The first main result is Theorem 2.3.1 about integral representation of the triple
product L-series using Fisenstein series from the Weil representation on an adelic quaternion
algebra.

When the sign of the functional equation is +1, then the adelic quaternion algebra is
coherent in the sense that it comes form a quaternion algebra over number field, then our
main result is the special value formula Theorem 2.4.3.

When the sign is —1, then the quaternion algebra is incoherent, and the derivative of the
Eisenstein series is the kernel function for the derivative of L-series, see formula (2.3.7). We
study the derivative of Eisenstein series for Schwartz function ¢ € (B*) on an incoherent
(adelic) quaternion algebra B over adeles A of a number field F. We will first study the
non-singular Fourier coefficients 7. We show that these coefficients are non-vanishing only if
T is represented by elements in B if we remove one factor at a place v, see formula (3.1.2). In
this case, the fourier coefficient can be computed by taking derivative at the local Whittacker
functions at v, see Proposition 3.2.2.

Our last result is that the singular Fourier coefficients vanish if the Schwarts function are
supported on regular sets for two places of F.

2.1 Weil representation and theta liftings

In this subsection, we will review the Weil representation as its its extension to similitudes
by Harris and Kudla, and normalized Shimuzu lifting by Waldspurger.

Extending Weil representation to similitudes

Let F be a local filed. Let n be a positive integer and let Sp,,, be the symplectic group with
—Oln 10" > on F?". With the standard polarization
F? = Fn @ F, we have two subgroups of Spa,,:

M:{m(a):<3 tao_1>
N:{na)):(é ;’)

Note that M, N and J generate the symplectic group Spa,.
Let (V, (+,+)) be a non-degenerate quadratic space of even dimension m. Associated to V
there is a character xy of F*/F*? defined by

xv(a) = (a, (=1)"det(V))r

the standard alternating form J = <

aEGLn(F)}

and

be Symn(F)} :
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where (-,-)r is the Hilbert symbol of F' and det(V) € F*/F*? is the determinant of the
moment matrix Q({z;}) = ((z;,z;)) of any basis 1, ..., z,,, of V. Let O(V') be the orthogonal

group.

Let .(V™) be the space of Bruhat-Schwartz functions on V" = V& F" (for archimedean
F, functions corresponding to polynomials in the Fock model). Then the Weil representation
T =1y of Spa, X O(V') can be realized on . (V™) by the following formulae:

r(m(a))é(x) = xv (det(a))|det(a)| 2 d(xa),
r(n(b))g(x) = ¢(tr(bQ(x)))()

and

r(1)o(x) = 16()

where ~ is an eighth root of unity and 5 is the Fourier transformation of ¢:
o) = | Sy wiys)dy
jald p

for x = (1, ...,2,) and y = (y1, .., Yn)-

Now we want to extend r to representations of groups of similitudes. Let GSp,, and
GO(V) be groups of similitudes with similitude homomorphism v (to save notations, v will
be used for both groups). Consider a subgroup R = G(Sp,,, x O(V)) of GSp,, x GO(V)

R ={(g,h) € GSp,, x GO(V)|v(g) = v(h)}.

Then we can identify GO(V') (resp., Sp,,) as a subgroup of R consisting of (d(v(h)), h) where

(resp. (g,1)). We then have isomorphisms
R/Sp,y, ~ GO(V), R/O(V) ~ GSp,

where GSpg,, is the subgroup of GSp,, with similitudes in v(GO(V)).
We then extend r to a representation of R as follows: for (¢,h) € R and ¢ € #(V™),

r((g.h))é = L(h)r(d(v(g)")g)o

where
L(h)¢(z) = |v(h)[F"o(h~ ).
For F a number field, we patch every local representation to obtain representations of
adelic groups.

15



Local theta lifting

In this subsection, we consider the case when n = 1 and V' is the quadratic space attached to
a quaternion algebra B with its reduced norm. Note that Sp, = SLy and GSp, = GL,. And
GLj (F) = GLy(F) unless F = R and B is the Hamilton quaternion in which case GLj (R)
is the subgroup of GLy(R) with positive determinants.

For an infinite-dimensional representation o of GLo(F'), let m be the representation of
B* associated by Jacquet-Langlands correspondence and let m be the contragredient of .
Note that we set m = 0 when B = Myyo.

We have natural isomorphisms between various groups:

1—-G,, > B*"xB*—=GSO(V) =1
where (b1, by) € B* x B* acts on B via (by, by)x = byaby ',
GO(V) =GSO(V) x {1,¢c}

where ¢ acts on B via the canonical involution ¢(x) = z* and acts on GSO(V') via ¢(by, be) =
(b5, b5)7", and
R ={(h,9)) € GSO(V) x GLa|v(g) = v(h)}.

Proposition 2.1.1 (Shimizu liftings). There ezists an GSO(V) ~ R'/SLq-equivariant iso-
morphism

(211) (0’ ® T)SLQ ~ T ®f7:('/

Proof. Note that this is stronger than the usual Howe’s duality in the present setting. The
result essentially follows from results on Jacquet-Langlands correspondence. Here we explain
why we can replace GO(V') by GSO(V'). In fact, there are exactly two ways to extend an
irreducible representation of GSO(V') to GO(V'). But only one of them can participate the
theta correspondence due to essentially the fact that the sign of GO(V') does not occur in
the theta correspondence unless dim V' < 2. O

We thus denote by 6 the R'-equivariant map
(2.1.2) 0:0@r >R,

Let #, = #.¥ be the ¢-Whittaker model of ¢ and let W, be a Whittaker function
corresponding to ¢. Define

SV, = C

¢(2)
O, W)= S(p, W) = r(g)op(1)W(g)dg.
W) Sl W) = g S | ey
The integral is absolutely convergent by Lemma 5 of [32] and defines an element in

HOHlSLQXBx (T X o, (C)
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where B* is diagonally embedded into B* x B*. The factor before the integral is chosen so
that S(¢, W) = 1 when everything is unramified. Since

Homgy,«px (r ® 0,C) ~ Hompx ((r ® 0)sr,, C) ~ Hompgx (7 ® 7, C)

and the last space is of one dimensional spanned by the canonical B*-invariant pairing
between 7 and its (smooth) dual space 7, we can normalize the map 6 such that

S(¢> W) = (f17f2)

where f1 ® fo = 60(¢p @ W).
In the global situation where B is a quaternion algebra defined over a number field, then
we can define the global theta lifting by

¢(2)

Woo R =g 2o [ cleablag b, (h) € R(A)

Proposition 2.1.1. With definition as above, we have a decomposition 0 = ®60, in
Homp(a)(r ® o,m @ ).

Proof. 1t suffices to prove the identity after composing with the pairing on 7 ® w. More
precisely, let fi, fo € m be an element in a cuspidal representation of B, and ¢ € .7 (Vy)
and ¢ € o so that

e f=00®¢).

Assume everything is decomposable, we want to compute the product (fi, f2) in terms of
local terms in

PR P =QRp, ®p, ETrRo =Q(r, Vaoy,).
By definition,

k)= | R L) = /[BX]H(QS@go)(h)dh.

[B*

Notice that the diagonal embedding
B* — B* x B*/A(F*) — GO(V)

is given by the conjugation of B* on V = B. Let V =V} & V) with V; consisting of scale
elements, and V| consisting of trace free elements. Then B*/F* can be identified with

SO(Vp). Assume that ¢ = ¢1 ® ¢g with ¢; € 7 (V;(A)). Then

9(97 ha ¢) = 9(97 1a ¢1)9@’ h> ¢0)7 <g> h) € SL?(A) X SO(%)(A)

17



where § € SLy(A) lifts g. It follows that

¢(2) _ _
= dh h)o 0(qg, h d
(f17f2) 2L(1 o, ad) /SO o] /['SLQ(F)]QO< ) <g717¢1> (97 7¢0) g

%/SLQ ©(9)0(g,1, ¢1) (/[SO(VO)] 0(g,h, ¢0)dh> dg.

By Siegel-Weil the last integration defines an Eisenstein series:

6(q. h dh = 2 q 0
/[S oy 1) S w(@)l0)

YEP(F)\SL2(F)

where the measure on [SO(Vp)] = [B*] is taken as Tamagawas measure which has volume
2. Notice that the the sum on the right hand may not be convergent. To regularize this
integral, we may insert §(vg)® for Re(s) >> 0 then take limit s — 0. We ignore this process
and take formal computation. Bring this to our inner product to obtain:

o) =5psmty [ p00G 100 Y o0y

~EP(F)\SLa(F)
_ <@ o
m / F)\SL2(A) #(9)9(5. 91)2(8)90(0)dg

_ @ AN
2L(1, 0, ad)/ F)N(A)\SLa (4) </N(F)\N(A) plng)fing: 1) > ()90(0)dg

Compute the inside integral, we need to compute 8y, (ng) for n = ((1) gf)

0o, (ng) =Y w(ng)du (¢ Zwrxs (@)e1(9).

fer

Thus the inner integral can be written as

>0 Lo ((6 1)) vraena

Since ¢ is a cusp form, the integral here vanishes if x = 0. If z #£ 0, it is given by W ({ 0

0 &t
for W the whittacker function for ¢ for the character ¥. On the other hand for £ # 0,

W(§)(E) = w((g 52) $én(1). Tt follows that

(fi. f2) Z%f)ad) / s 2 <§>¢1<5>W((§ 591) g) w(§)02(0)dg

) = 5
) / iy T@@H D@01
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2.2 Trilinear form

In this subsection, we review tri-linear form following Garret, Piatetski-Shapiro and Rallis,
Prasad and Loke, and Ichino.
Consider the symplectic form on the six-dimensional space E?:

) DR DR AR H LN

(z,y) ® (2, y) = trg/r(zy — ya’).

where the first map is by taking wedge product and the second one is the trace map from F
to F. Let GSpg be the group of similitudes relative to this symplectic form. In this way, we
see that elements in GLy(E) with determinants in F* belong to GSpg. So we define

G = {g € GLy(E)| det(g) € F*}.

and identify it with a subgroup of G Sps.
Let I(s) = Indgsp‘i)\S be the degenerate principle series of GSpg. Here, P is the Siegel
parabolic subgroup:

P= {( g l/t;:*l ) € GSpgla € GLp(E),v € FX}

and for s € C, )\ is the character of P defined by

a * s|,,|—3s
A (5 e ) = ettt

For an irreducible admissible representation o of G, let W, = WY be the 1)-Whittaker
module of o.
There is a G(Sps x O(Bp))-intertwining map

(2.2.1) i: S (Bp)— I(0)

¢ = CI)(’O)

where for g € GSpg,
®(g,0) = [v(9)|*r(d(v(9)) " 9)(0).
Let II(B) be the image of the map (2.2.1). Similarly, for B’, we can define I1(B’).

Lemma 2.2.1. For nonarchimedean F,
(2.2.2) I1(0) =1I(B) & II(B').

Proof. See [13], section. 4, (4.4)-(4.7). Also cf. [18], II.1. O
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Now we treat the case when F' is archimedean.
If F = C, then one has only one quaternion algebra B over F'. In this case we have

(2.2.3) 1(0) = II(B).

This is proved in Lemma A.1 of Appendix of [13].
If FF = R, then one has two quaternion algebras, B = My, and B’ the Hamilton
quaternion. The replacement of Lemma 2.2.1 is the following isomorphism ([13], (4.8))

(2.2.4) 1(0) = TI(B) & TI(B')

where II(B") = 11(4,0) @& I1(0,4) where the two spaces are associated to the two quadratic
spaces obtained by changing signs of the reduced norm on the Hamilton quaternion.

Local zeta integral of triple product

The local zeta integral of Garrett ([7]) and Piatetski-Shapiro and Rallis ([30]) is a (family
of) linear functional on I(s) x W, defined as

Z(5, 8, W) /FXN\G B, (ng)W (g)dg, (®,W) € I(s) x W,.

Here, Ny is a subgroup of G defined as

N:{(é ll))]beE,trE/F(b):O},

and 1 € GSpg is a representative of the unique open orbit of G acting on P\GSps. The
integral is absolutely convergent for Re(s) > 0. And the integral Z(0,®, W) is absolutely
convergent when the exponent A(o) < 3. This condition holds if ¢ is a local component of
a cuspidal automorphic representation by the work of Kim-Shahidi ([21]).

Proposition 2.2.2. For o with A(o) < 5, Z(0,®, W) defines a non-vanishing linear func-
tional on 1(0) x W,.

Proof. See Proposition 3.3 [30] and [10], page 227 (cf. Proposition 2.1 in [13] and Lemma
2.1 1in [29]). But we will reprove this later in the proof of Theorem 2.7.4. O
Local tri-linear forms

Let B, B’ be the two inequivalent quaternion algebras over F. Define the sign(B) to be
0 (resp. 1) if B is split (resp. ramified). For a generic representation o of GLy(E) with
central character w,|px = 1, let mp (resp. m) be the representation of By (resp. By )
associated by Jacquet-Langlands correspondence. Here we set mp = 0 (resp. 7z = 0) if the
Jacquet-Langlands correspondence does not exist. Define m(mp) to be the number

m(7mp) := dim Hompx (75, C).
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Theorem 2.2.3 (Prasad-Loke). We have the dichotomy
m(rg) +m(np) = 1.

And the dichotomy is controlled by the root number
1 )
m(ms) = 1 €0, 3) = (~1)"0"®).
Proof. Prasad proves this for non-archimedean place, and Loke for archimedean place. []

Define the integral of matrix coefficient:
(2.2.5) I(f1, f2) = / (mB(b) f1, f2)db, fi €7, fo €T
FX\BX

Proposition 2.2.4 (Ichino, [11]). Under the normalization of 0 as in 7?7, we have
26, W,) = (=)™ B ¢p(2) " (1, f2)

where fi  fo = 0(6® ).
Proof. This is Proposition 5.1 of [14]. O

Proposition 2.2.5. Assume that 7 is unitary. Write I(f) = I(f, f) for f € 7.
1. One has the following positivity I(f) > 0.

2. Moreover, the following are equivalent:

(a) m(mp) = 1.
(b) Z does not vanish on o ® w(B).

(c) I does not vanish on mp.

Proof. The first one follows essentially from a theorem of He (cf. [15]). We need to prove
the second one. Obviously, ¢) = a). The previous proposition implies that b) < ¢). We are
left to prove a) = b). Let B’ be the (unique) quaternion algebra non-isomorphic to B. By
the dichotomy, m(mp/) = 0, and thus Z = I = 0 identically for B’. First we assume that
F is non-archimedean. Then by the direct sum decomposition 1(0) = 7(B) & 7(B) and the
non-vanishing of Z on 1(0) ® o, we conclude that Z does not vanish on 7(B) ® 0. If F is
archimedean, we only need to consider F' is real. The assertion is trivial if B is the Hamilton
quaternion since then B*/F* ~ SO(3) is compact. We assume that B = Msyor. Then one
can use the same argument as above. O]

2.3 Integral representation of L-series

In this subsection, we review integral representation of triple product L-series of Garret,
Piatetski-Shapiro and Rallis, and various improvements of Harris—-Kudla. Let F' be a number
field with adeles A, B a quaternion algebra over A, E a cubic semisimple algebra. We write
Br := B ®p E the base changed quaternion algebra over Ag := A ®p F.
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Eisenstein series

For ¢ € ./ (Bg), we define
D(g,s) =1(9)0(0)As(9)
where the character A\ of P defined as

As(d(v)n(b)m(a)) = [v|~*|det(a)|*.

and it extends to a function on GSpg via Iwasawa decomposition GSps = PK such that
As(g) is trivial on K. It satisfies

®(d(v)n(b)m(a)g, s) = |v|7**~*|det(a)**"*®(g, 5).

It thus defines an section of I ndIG_-,Sp °(As). Then Siegel’s Eisenstein series is defined to be

E@.g.5)= >  0qgs)= > 19609

YEP(F)\GSps(F) YEP(F)\GSpe(F)

This is absolutely convergent when Re(s) > 2.

Rankin triple L-function

Let o be a cuspidal automorphic representation of GLy(Ag). Let m be the associated to
Jacquet-Langlands correspondence of o on Bj. Let w, be the central character of . We
assume that

(2.3.1) Wolpx = 1.

Define a finite set of places of F’

(2.3.2) Y(o) = {v|e(0v, %) = —1} .
Define the zeta integral as

2.33) 2(00,9) = [ B@.0.5)60)ds

where [G] = A*G(F)\G(A).
Theorem 2.3.1 ([30]). For a cusp form ¢ € o and Re(s) > 0 we have an Euler product

L(s+ % 0,75)
2.3.4 Z (P =\|1|1Z(® = 2 o,
(2.3.4) (P, ¢.5) H (P, 0, ) Cr(2s 4+ 2)(rp(4s + 2) Has We.

where
Cr, (25 +2)(F, (45 + 2)

Dy, W) =
06(87 ‘Pv) L(S+%,UU7T8)

Z(®,,W,,,s)

which equals one for almost all v.
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At s = 0, the local zeta integral has already appeared earlier in this paper:
2@ W) = [ duligWe (o)ds
FXNo\G

This constant is non-zero only if €(B,) = €(0, 3). We also normalize local constants

Cho(2)

2.3.5 o, W, )=—""
( ) Oé( <Pv> L(%,O’, TS)

Z(®U7 W(Pv? O)

For o, a local component of an irreducible cuspidal automorphic representation, by Kim-
Shahidi’s work we have \(o,) < 1/2. Hence the local zeta integral is absolutely convergent
for all v at s = 0.

Thus the global Z(®,p,1/2) # 0 only if ¥(B) = ¥(¢) and both of them have even
cardinality. In this case we have an identity:

(2.3.6) 2(@,¢) = [[ 2(®0, .. 0) = %Ha(@

Assume that ¥ = ¥(o) is odd and that B is the incoherent quaternion algebra with
ramification set ¥.. Then for ¢ € . (B, ) we have

d !
(23.7) RZ @ e = [ Pl0.0.9)0(0)dg
(2.3.8) _L<C (MS []a(@..W,,)

2.4 Special value formula

In this subsection, we review a special value formula of Ichino (also independently proved by
the senior author of the present paper). We assume that ¥ is even. Let B be a quaternion
algebra with ramification set X. We write V for the orthogonal space (B, q).
Siegel-Weil for similitudes
The theta kernel is defined to be, for (g,h) € R(A),
0(g.h,¢) = > r(g,h)o(x).
iEGBE

It is R(F')-invariant. The theta integral is the theta lifting of the trivial automorphic form,
for g € GSp¢ (A),

[O(BE)]
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where hy is any element in GO(Bg) such that v(hy) = v(g). It dees not depend on the choice
of hy. When B = My the integral needs to be regularized.

I(g, ¢) is left invariant under GSpg (A) N GSpe(F) and trivial under the center Zgs,, (A)
of G'Sp.

Theorem 2.4.1 (Siegel-Weil). E(®, g,0) is holomorphic at s =0 and
(2.4.1) E(®,9,0) =21(g, ).
Proof. [13]. O

Remark 1. Similar argument shows that E(g,0,¢) = 0 if ¢ € ¥ (B,,) for an incoherent
By

-
Corollary 2.4.2 (Fourier coefficients for similitudes). For g € GSp™(A), we have
Wr(®,0,0) = 2()i* | (o) @ a)dun (o)
T
Proof. Take h € GO(V,) with the same similitude as g. We obtain

WT((I),g,O):/ z/;(—Tb)/ > r(hih, g)®(x)dhydb
Syms(F) OV) ey )

- —1b () ®(h g ) dhydb
/SymS(F)w ) /{Ow S o)l (g)®(h hy ) dh,

zeV(F)

— 1u(g)[;? / e /{Ow S r(g)@(h i ) dhadb
ymg )

zeV(F

=200 [ (o0 e
by Siegel-Weil for @'(z) = r(g;)®(h 'x). O

Special value formula

Theorem 2.4.3 (Inchino cf. [14], Zhang [35]). Let dg =[], dg, be the Tamagawa measure
on By \ By. For f =®,f, €, f = ®.f, €7, we have

= 1¢p(2) L(3,0) ~
BUD = 5 6@ Lo ag) D

Proof. Suppose that f ® f: 0(¢ ® ). Then by the seesaw identity and Siegel-Weil formula
we have

B T) =2 /{G} E(9.0,8)o(g)dg.
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This implies that

L(%,0)

(24.2) B(f.f) = oL lea@U,W%).

Then if 6, is normalized as in 7?7, by Prop. 2.2.4 we have for 0,(¢, ® ¢,) = f, ® fo € Tp ® Ty

Cro(2)

24.3 o quaW, = (=1 sign(By)
( ) ( ‘Pu) ( ) L(%,O’U,T’g)

| O T

Now we need to deal with the normalization of theta map and the measure in Prop 2.2.4.
Firstly the product of measures dg, in Prop 2.2.4 differs from the Tamagawa measure on
Bj\ By by a multiple (p(2).

In the normalization 7?7, the spherical case yields

(fo Jri) = (g, (2)7'L(1, 04, ad).

And in this normalization, by the work of Waldspurger we have the comparison

(f, f)Pet = 2%C(2)'L(1,0,ad) H (r,(2)

-+ L(1, 00, ad) (fos fo):

Therefore, to be compatible with the normalization in the theorem, we just need to re-
scale the formula 2.4.2 by multiplying 2°C(2) ' L(1, o, ad) on the left hand side and dividing
by (g, (2)"'L(1,0,,ad) in the right hand side of 2.4.3.

Finally, since X is even, the constant is [[,(—1)% = (=1)l = 1. O

We have the following consequence on the special values of triple product L-series:

Theorem 2.4.4. Let F' be an number field and E/F be a cubic semisimple algebra. For any
cuspidal automorphic representation o of GLy(Ag) with central character w|yx = 1, we have

1. (Positivity)

2. (Jacquet’s conjecture) L(3,0) # 0 if and only if there exists (uniquely determined)
quaternion algebra B over F' such that the period

F(b)db # 0

(BX]

for some f € Ilp g, the Jacquet-Langlands correspondence of o.
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Proof. These trivially follow from local results above and the global period formula

g F(D)AD]?
% — C-L(%,U)Hav(fmfv)

where C' > 0 is an explicit real number and « is proportional to I, by a positive multiple
such that o, = 1 for almost all v. O

Remark 2. The non-vanishing and positivity of the matrix coefficient integral is conjectured
to be true for all pair (SO(n),SO(n + 1)) in the refinement of Gross-Prasad conjecture by
Ichino-Tkeda. One consequence of the non-vanishing and positivity (together with the global
period formula) is the positivity of the central value of L-function.

2.5 Weak Intertwining property

In the case where ¥ is odd, the formulation ¢ — FE’(g,0,¢) is not equivariant under the
action of Mp4(A). The following gives a weak intertwining property:

Proposition 2.5.1. Let &7 (G)q be the image of I1(By) under the map ® — E(g,0,®) for
all quaternion algebra B over F. Fix one place vi and fix all ®, for v # vy and h € G, then
we have E'(gh,0,®) — E'(g,0,r(h)®) € o for ® = &) @ &, and ®,, € I,,(0).

Proof. Let a(s,h)(g) = a(s,g,h) = %(|%\5 —1),s # 0. Then it obviously extends to an
entire function of s and it is left Py-invariant. Now for Re(s) > 0, we have

E(gh,s,®) — E(g,s,r(h)®) = sE(g, s, a(s, h)r(h)®)

Now note that the section g — «(s, h)r(h)®(g)d(g)® is a holomorphic section of I(s). Hence
the Eisenstein series F(g, s, a(s,h)r(h)®) is holomorphic at s = 0 since any holomorphic
section of /(s) is a finite linear combination of standard section with holomorphic coefficients.
This implies the desired assertion.

Similarly one can prove the (¢, K)-intertwining if v; is archimedean. We skip this and
refer to [21]. O

2.6 Singular coefficients

In this subsection we deal with the singular part £,

(9,0, ¢) of the Siegel-Eisenstein series.

Definition 2.6.1. For a place v of F', define the open subset B2 _ . of B3 to be all x € B> such

v,sub
that the components of x generates a dimension 3 subspace of B,. We define the subspace

S (B3 ) of L (B3) to be the set of all Bruhat-Schwartz functions ¢ with supp(¢) C B3

v,sub v,sub*

Note that .7 (B} ;) is P,-stable under the Weil representation.

Our main proposition in this section is the following vanishing result:
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Proposition 2.6.2. For an integer k > 1, fiz non-archimedean places vy, vy, ...,vx. Let
¢ = Ry0, € L (B?) with supp(¢,,) C By o (i=1,2,...,k) . Then for T' singular and g € G(A)
with g,, € P,,, (i =1,2,...,k), the vanishing order of the analytic function ords—oEr(g, s, P)
15 at least k — 1.

In particular, for T singular, if k = 1, then E7p(g,0,®) = 0; and if k = 2, then
El(g,0,®) = 0.

For i = 1,2, 3, define

—13

Lemma 2.6.3. For a place v, if a Siegel-Weil section ®; € I(s) is associated to ¢ €
Fo(BS ), then @, is supported in the open cell PwoP for all s.

Proof. By the definition ®5(g) = r(g)¢(0)d(g)°. Thus it suffices to prove supp(Pq) C PwyP.
Note that by the Bruhat decomposition G = [[, Pw;P, it suffices to prove r(pw;p)¢(0) = 0
for i = 1,2,3. Since 7 (BS ) is P,-stable, it suffices to prove r(w;)¢(0) = 0 for i = 1,2, 3.
Since
r(wz)qﬁ(O) =7 ¢(0, 0, Liglyeey $3)d$i+1...d$3
]ani

for certain eighth-root of unity v, we compelete the proof since

¢<O,...,0,Ii+1,...,flf3> 0

when ¢ > 1. 0

Remark 3. Tt is probably true that this characterizes all ¢ such that supp(®) C PwgyP.

Proof of Proposition 2.6.2. We will use some results about Siegel-Weil formula and related
representation theory. They should be well-known to experts and are proved mostly in series
of papers by Kudla-Rallis. We will sketch proofs of some of them but don’t claim any
originality and we are not sure if there are more straightforward ways.

Suppose rank(T) = 3 — r with r > 0. Note that if T = yT"y, T' = ( 0
B € GLs_, and v € G L3, we have

3 ) for some

ET(ga S, (I)) = ET’(m(’y)ga S, (I))

Since m(y) € P,,, it suffices to prove the assertion for
0
T —
(")
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For Re(s) > 0, we have

E 0,P) = P, _ d
(9,0, ) /[N]P( %) (ng)t_r(n)dn

/N O (yng)_r(n)dn.

[N i=0 fyeP\PwZ

By Lemma 2.6.3, ®,(yn,g,,s) = 0 for v € Pw;P,i > 0, v € {vy,...,vx} and g, € P,. Thus
for g as in the statement, only the open cell has nonzero contribution in the coefficients

ET(g,s,(I)):/N O (wong)_r(n)dn.

This is exactly the Whittaker functional Wy (g, s, ®) = Wr(e, s,7(g)®) where r denotes the
right regular action of G(A) on I(s).
Let i : Sp(3 —r) — Sp(3) be the standard embedding indicated by

1,

ab}_> a b
c d 1,

c d

Then this induces a map by restriction: i* : I(s) — I°~"(s+%) to principal series on Sp(3—r).
We will frequently use upper/lower index n — r to indicate the rank of the symplectic group
we work on.

Lemma 2.6.4. Let Es(g, s,i*M(s)®) denote the B-Fourier coefficient of the Eisensetin se-
ries defined by section i* M * s)®. Then

Wr(e, s, ®) = Eg(e, —s + g i*M(s)®)
Remark 4. Note that in general, besides Wr(g, s, ®) in Er(g, s, ®) there are also other terms

including Eg(e, s + 5,7*r(g)®). Thus the result above is also consistent with the functional
equation E(g,s,®) = E(g, —s, M(s)P).
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Proof. Then we have
WT(€7 S, CD)
:/ O (wng)_7r(n)dn

N
= / O, (wnineg)_r(ning)dnidnsg
s N37'r,3

:/ </ CDs(ww;_lrwnfrnl (.1', y)wnirwnrn2<z)g)dnl) wfﬁ(nZ)dTQ
T N3_r3

—/ </U @s(w(’")u(x,y)wnrnQ(z)g)du) Y_g(n2)dns,
—Esle, s — g i*U(s)®)

where
1, vy T
-
u(w,y) = Ty
_ty 1377"
1, r oy
13, !
n(z,y) = )
137T
U(SL’, y) = w377"n<x7 y)ngr
and
1,
Ur(s)cbz/ O, (wug)du, w = 1 L3
Us_r3 T

1377'

Apply the functional equation to the Eisenstein series E(g, s,i* M (s)®),

Wr(e,s, ®) = Eg(e, —s + g, M(s — g) o i*U(s)D).

And now applying the relation (page 37., [22]),

M(s — g) 0 i*U(s) = i*M(s),

we obtain

Wr(e,s, ®) = Eg(e, —s + g,i*M(s)Q)).
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Now we have an Euler product when Re(s) > 0,

Wr(e,s,®) = [ Waule, —s + g i* My (s)D,).

Note that by the standard Gindikin-Karpelevich type argument, for the spherical vector
®Y(s) at a non-archimedean v and when Y, is unramified, we have

M()82(s) = T )

where
CLU(S) = LU(S + 03 — 37 XU)CU(2S - 1)

and
by(s) = Ly(s + 03, Xv)Cu(25 + 2).

Thus, for a finite set outside which everything is unramified,

w33 (@5

Mv<s)<1>v<s>>> ® Pg(—s).

For a local Siegel-Weil section @, for all v, ZZ((Z)) M, (s)®, is holomorphic at s = 0 and there

is a non-zero constant independent of ® such that

bls)
ay(s)

My (5)Py(5))]s=0 = APy (0).
Thus

WT(67 S, CI))
=TI Ws.le,—s + g M, (s)®,)

R st
_ 7" a(s)
=har(=5+3)305) };S[,BA“ 5 %)

where Sj is the set of all primes such that outside Sz, ®, is the spherical vector, 1, is

unramifed and ord,(det(5)) = 0.
Since ords—gAz_,,(—5+75) =0, Z:’)((Z)) M,(s)®,) is holomorphic and Wjs(e, s, @) extends to
an entire function, we know that Ag, (s, ®) is holomorphic at s = 0. And

M
A3 rv(o)

W37 (e, =, ®,(0)).

A5.,(0,@) = 3
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Lemma 2.6.5. Define a linear functional
L (B — C
by = A (0, Dy).
Then, we have v(r(n(b))g,) = pr(b)i(dy), i.e., « € Homy (S (B2), 7).

Proof. Let b = ( tIy Z ) € Syms(F,). Since M, is Sp(3)-intertwining,

Woae, s + 5. (M ()r(n(0)),))
=W (e, —s + g i (r(n(b)) M, (5)®,))

- [ oneeaen((§ %)) nsea
0 0

_ /S (MRl s (( 0ot )))dz’

[ om0, ) st
=U(2)Wa (e, —s + 5.8 Mo(s),)

(D) Ws(e, —s + g i* M, (5)®,).

Thus, the linear functional &g — Ag, (s, ®) defines an element in Homy(I(s),%r). In
particular, when s = 0, the composition ¢ of Ag, with the G-intertwining map .7 (B2) — 1(0)
defines a linear functional in Homy (. (B2), ¢r). O

Then the map ¢ factors through the ¢r-twisted Jacquet module .#(B3)y7 (i.e., the
maximal quotient of . (B?) on which N acts by character 7). Thus by the following result
of Rallis, ¢ is trivial on .(B3_ ;) when T is singular:

v,sub
Lemma 2.6.6. The map . (B*) — .7 (B*)n1 can be realized as the restriction .7 (B*) —
7 (Qr).
Now since ordszo% = 0, we can now conclude that

ords—oWr(e, s, ®) > k

if ¢, € (B}, ) since the restriction to Qp is zero.
For a general g € G, we have
WT <g7 S, (I))
:WT(ea S, ’I"(g)@)
a



where S3 4 is a finite set of place that depends also on g.

Since . (B3) — I( ) is G-equivariant, Ag,(0,7(g9,)®,) = t(r(g,)dy). Since g,, € P,,, we
have (g, )¢v, € (B, ) and by the same argument above Ag,, (0,7(gy,)®y,) = 0. This
completes the proof of Proposition 2.6.2. n

Remark 5. The proof would be much shorter if it were true that Wr,(g, s, ®,) extends to C
and holomorphic at s = 0 for singular 7.

Now it is easy to extend to the similitude group GSp;. Recall that we have a decompo-
sition of E'(g, 0, ¢) according to the difference of ¥(7") and X:

(2.6.1) E'(g,0,¢) = ZE’ 9:0,0) + Eling(9,0,0)

where

(2.6.2) Ey(9,0,¢)= > E(9,0,9)
2(T)=%(v)

and

ElLy(9.0,0)= > Ei(g,0,9).

T, det(T)=0

Corollary 2.6.7. The same assumption as in Proposition 2.0.2, then we have for T singular
and g € GSp;(A) with g,, € P,,, (i = 1,2,..., k), the vanishing order of the analytic function
ords—oEr(g,s,®) is at least k = 1. In other words, for such g we have

E;mg(g, 0, ¢) =0.

Proof. For g € GSps(A), one still have

a(s)
Wr(g,s,®) = Ag_..( o) H Ap o (5,7(gv;) Do)

for a finite set of places Sz 4. [

2.7 Test function

Let F' be a non-archimedean field. Let B be a quaternion algebra over F. And we have the
moment map
p: B* — Sym,(F).

Definition 2.7.1. We call a function ¢ € (B},,)
condition that p(supp(¢)) + p~*Sym,(0) C u(B2,).

reg

of “reqular of order k” if it satisfies the

Even though it looks that such functions are very special, they in fact generate .#(
under the action of a very small subgroup.

re)
g
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Lemma 2.7.2. Let k be any fized integer. Then y(Bfeg) 1s generated by all ramified function
of order k under the action of elements m(als) € Spy for all a € F*.

Proof. Without loss of generality, we can assume that k is even and that ¢ = 1y € . (Bfeg)
is the characteristic function some open compact set U C B3. Then u(U) is an compact open
subset of Symg(F)e. Let Z3 = {(a1,a2,a3) € Z?|a; < as < az}. Then the “elementary
divisors” defines a map ¢ : b € Symg(F) — (a1,a2,a3) € Z3. One can check that it is
locally constant on Symg(F),.,. Hence the composition of this map and the moment map
4 is also locally constant on Bfeg. In particular, this gives a partition of U into disjoint
union of finitely many open subsets. So we can assume that ¢ o p is constant on U, say,
do ,U(U) = {(ab az, a3)}‘

Consider m(a¢) which is certain multiple of 1,;. Choose a = p~# for some integer
A>1+a;+ (a2 —a1) + (a3 — a1) . Then we are left to prove that that such 1,-a-r/2y is a
highly ramified function of order k. It suffices to prove that, for any z € U and t € Syms(0),
w(p~A7F2x) + p~*t belongs to u(B3). Note that

reg

ay—1

o _ L _rap—1 _gra1—1
u(p A k/zx)er ky — k244205 }(M(P e x>+p2A 2[5 ]t).

Now ,u(p*[alTil]:v) € Sym,(0). Tt is well-known that for T € Symy () eq, T and T+ p? et
for any T" € Sym4(0) defines isomorphic integral quadratic forms of rank n. Equivalently,
T +p*TaeT =t 4T for some v € GL3(&). Now it is easy to see that p(p~4~%/2x) +p~*t €
1(Brig)- O

reg

The nice property of a ramified function of high order is exhibited in the vanishing of the
Whitatker function.

Proposition 2.7.3. Suppose that ¢ € Y(B?eg) 1s reqular of sufficiently large order k de-
pending on the conductor of the additive character 1. Then we have

Wr(¢p,e,s) =0
for reqular T ¢ ,u(Bf’eg) and any s € C. In particular, Wr(¢,e,0) = Wi(,e,0) = 0.
Proof. When Re(s) > 0, we have
Wr(p,e,s)
= [ e ) [ oy

_ / DO(T — T))3(wb)* M(T')dbdT"
Symg(F)

where Mo(T'") = f;rl(T’) ¢(x)drx is the orbital integral and defines a function M¢ €
L (Syms(F)reg). Since as a function of b € Symg(F'), d(wb) is invariant under the translation
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of Sym,4(&), we have
/ Y(bt)o(wb)*db
Symg (F)

_ ( /Syms(o)w(xt)da:> S Gnswb)

beSymg (F)/Syms(0)

which is zero unless ¢ € p~*Sym? (&) for some k depending on the conductor of the additive
character 1.

Therefore the nonzero contribution to the integral are from 7" — T' € p~*Sym?*(&) and
Mo(T") # 0. The assumption in the proposition forces that 7" is not in u(supp(¢)). But
this in turn implies that M¢(T") = 0!

In conclusion, we proves that, if ¢ is of highly ramified of order at least k and Re(s) > 0,
we have

Wr(p,e,s) =0

Hence after analytic continuation, we still have Wr (¢, e, s) =0 for all s € C!
O

To conclude the discussion of analytic kernel function, we choose ¢, to be a test function
“ramified of sufficiently higher order” for v € S where S is a set of finite places with at least
two elements such that any finite place outside S is spherical. And we always choose the
standard Gaussian at all archimedean places. Then for g € G(A®), we have

(2.7.1) E'(g,0,0)=Y_ Y. Ep(9,0,9)
v X(T)=%(v)

where the sum runs over v outside S and nonsingular 7'.

In this subsection, let F' be a non-archimedean local field and let B be a quaternion
algebra over F'.

Recall that we denote by B2, the open subset of B* consisting of z € B? such that

F(z) = Fxy+ Fxo+ Fxj is of dimension 3. Denote by Bf’eg the open subset of B consisting
of z € B? such that F(z) = Fz; + Fay + Fx3 is regular (=non-degenerate). Note that
B}, € B}, and they are equal if V' is anisotropic. Moreover B, is exactly the open

submanifold of B3 such that the moment map
2 B* — Sym,(F)

is submersive when restricted to B2,

Let 0 = ®2_,0; be unitary irreducible admissible representation of G° with each o; of
infinite dimensional and with A(c) < 1/2. Let A(0;) be zero if it is supercuspidal and |)| if
o =1Ind%(x|- [} - |7*) for a unitary y. Let A(c) be the sum of A\(o;). Note that if o is local
component of global automorphic cuspidal representation, we have A(og) < 1/2 by work of

Kim-Shahidi (Ramanujam conjecture predicts that A(o) =0 ).
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Theorem 2.7.4. Assume that Homge(R3(B) x 0,C) # Then the local zeta integral
Z(®,W) is non-zero for some choice of W € W (0,1) and ® € R3(B) attached to ¢ €
S(B2,).

reg

Corollary 2.7.5. For a finite place v of F, there exists 0(y, p,) = f, ® fo (27), such that
the local factor o f,, f,) is nonvanishing.

In the following we want to show that the theorem is true in some special cases including
the case when V is anisotropic. More precisely, we want to study the quotient .#(V3) of
< (V?) under SLy(F)? modulo the submodule generated by .7 (V?),ee. Let 0 = 01 ® 02®3
be irreducible representation of SLy(F)? with every o; infinite dimensional. We show that o

can’t a quotient of . (V3) if V is anisotropic. The proof is by induction.

Let F' be a non-archimedean local field and let (V,¢) be a non-degenerate orthogonal
space over I of even dimension then we have a Weil representation of SLy(F') on .7 (V),
the space of Bruhat-Schwartz functions on V. Let o, : (V) — 0; (i = 1,---m) be some
SLy(F')-surjective morphisms to irreducible and admissible SLy(F") representations. Then
we have an SLy(F)™-equivariant morphism

a: LSV —o=0® - Qop.
The main result of this note is to prove the following:

Theorem 2.7.6. Let W be a non-degenerate subspace of V' (with respect to the norm q|w )
such that
dimW +m < dimV.

Assume every o; are nontrivial and one of the following conditions hold for every proper
non-degenerate subspace W' of V' perpendicular to W and its orthogonal complement W :

1. oy is not a quotient of S (W");
2. S (W') does not have SLy(F)-invariant functional.

There is a function ¢ € (V™) such that a(p) # 0 and that the support supp(¢) of ¢
contains only elements © = (x1, -+, Xy,) such that

W(z) =W+ Fxy + - Fa,
s non-degenerate of dimension dim W + m.
The following is a statement with only condition on W:

Theorem 2.7.7. Let W be a non-degenerate subspace of V' (with respect to the norm qlw )
such that
dimW +m < dimV.

Assume every o; are nontrivial and one of the following conditions hold for the orthogonal
complement subspace W' of W :
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1. W' is anisotropic;
2. dimV < 3 and the Weil constant v for hyperplane is not 1;
3. dimV =4, W =0, and the Weil constant v for hyperplane is not 1.

There is a function ¢ € (V™) such that a(¢) # 0 and that the support supp(¢) of ¢
contains only elements v = (x1, -+ , Xy, such that

W(zx) =W+ Faxy+--- Fap,
is non-degenerate of dimension dim W + m.

Lets start with the following Proposition which allows us to modify any test function
to a function with support at points x = (x;) € V™ with components z; of nonzero norm

q(z;) #0.
Proposition 2.7.8. Let ¢ € .Z (V™) be an element with nonzero image in o. Then there is
a function ¢ € (V™) supported on
supp¢ C suppp N V5.
The key to prove this proposition is the following lemma:

Lemma 2.7.9. Let 7 be an irreducible and admissible representation of SLa(F') with dim > 1.
Then the group N(F) of matrizes n(t) := ((1) i) does not have any non-zero invariant on
.

Proof. Assume that v is a nonzero invariant of 7 under N(F'). Then v defines an element

in Homy (7, C). It follows that 7 is not supersingular. So is 7. It follows that = can be

embedded into induced representation IndSBLQ(F)(X) of SLy(F) from a quasi-character x of

the group B of upper triangular matrices. Notice that x is determined by a character pu of

P
X (8 alil) = p(a).

Thus v can be realized as a function f on SLy(F) such that

flbgn) = x(b)f(g), beB, neN.

0 —1
1 0
matrix e and the element w. Notice that 7 is admissible, f(k) = f(e) for k in a small open
compact subgroup K of SLy(F'). In particular, for t € F* with small norm,

()=
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On other hand, from the decomposition
1 0oy [ttt 1 1 ¢!
t o)~ \o )%\ 1
1 0\) _ 1
(3 1)) =wor s

Thus when |¢| is sufficiently small,

we have

It follows that p and y must be trivial and f(w) = f(e). It follows that f is a constant
function on SLo(F') which implies that o is trivial. Thus we have a contradiction for the
existence of nonzero v under N. ]

Proof of Proposition. First we reduce to the case where ¢ is a pure tensor ¢ = ¢ ® ¢ ®
cr ® Oy with ¢ € (V). Indeed, cover supp(¢) by local open subsets U; such that ¢ is a
constant ¢; on U; and that U; is a product of open subsets of V', then

¢ = Z cia(ly,).

Thus one of a(1y,) # 0. It is clear that 1y, is a pure tensor.
Assume now that ¢ = ®¢; is a pure tensor. Then

a(¢) = @ai().

Applying the lemma, we obtain elements ¢; € F' such that
oi(n(t;))ai(¢s) — ai(¢s) # 0.

The left hand side equals to a(g;) with

b = n(ti)di — @i
By definition B
oi(z) = (Y(tig(z)) — 1)di(x).
Thus "
suppg; C supp(¢;) N Vozzo.
Write 5 = ®<Ei, then 04(5) =# 0 and the support of gg is included in supp(¢) N V7. ]
In the following, we proceed to prove the theorem by induction on m. First we need

to give a description of maximal SLy(F)-trivial quotient of . (V). For any non-degenerate
orthogonal space (V,q), let #(V)y denote the SLy(F')-submodule of .7 (V) generated by

S (Vyzo), let (V) denote the quotient of .7 (V') by .7 (V).
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Lemma 2.7.10. The SLy(F)-modulo .# (V') is the mazimal quotient of (V') over which
SLy(F) acts trivially.

Proof. For any t € F let n(t) denote <(1) i) Then ¢ € .#(V), the element n(t)¢ — ¢ is

clearly in .(V,). Thus the n(t) acts trivially on (V). In other words, N(F) is included
in the normal subgroup of SLy(F) of elements acting trivially on .#(V'). Since SLy(F) is

simple, SLy(F) acts trivially on #(F). Conversely, if .7 (V) — M is a quotient where
SLy(F) acts trivially, then for any ¢ € .(V,), there is an ¢t € F such that ¢ (tg(x)) # 1

for all € supp(¢). It follows that ¢ = (n(t) — 1)¢ for ¢(z) € .7 (V') defined by

T() = { (()wofq(x)) ~1)7(), i o) #0
otherwise
It follows that ¢ has trivial image in M. ]

Proof of Theorem 1 in case m = 1. Since W is non-degenerate, we have an orthogonal de-
composition V = W & W’ and an identification .# (V) = (W) @ . (W’). The action of
SLy(F) is given by actions of the double cover SLy(F) on . (W) and .&(W') respectively.
Consider the restriction o of a on .7 (W) @ .7 (W')o. If ap is trivial, then « factors through
a morphism -
a: W) S (W) — o.
It follows that <57/(W’) # 0 and that ¢ is a quotient of (W) as the action of SLy(F') on
(W) is trivial. This contradicts to the assumption in the theorem.
Thus « is non-trivial. Choose any ¢ such that a(¢) # 0 and that ¢ is a pure tensor:

p=faf, fesW), [fecL(W.

By assumption, f’ is generated by .%(W,_,) over SLy(F). Thus we have a decomposition

=g, fl€S W) g cSha(F).

Then we have decomposition
¢:Zgi¢i- ¢i = (g f) @ fie

One of a(¢;) # 0. Thus we may replace ¢ by this ¢; to conclude that the support of ¢ consists
of points = = (w,w’) with W (z) = W @& Fw' non-degenerate. Applying the proposition, we
may further assume that ¢ has support on V.. O

Proof of Theorem 1: completion. We want to prove the theorem in case m > 1. We use
induction on m. Thus we assume that we have a ¢ € (V™ !) with nonzero image in
o1 R® -+ ® 0p,_1 under

=0 ® @ am,
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such that the support of ¢ consists of elements =’ = (z1,-- ,2,_1) with non-degenerate
W(z") of dimension dimW + m — 1. For any = € supp(¢’) by applying the proved case
m = 1 to the subspace W(a’), we have a ¢, € (V) such that supp(¢,/) contains only
elements x,, with non-degenerate

W(a)(wm) = W(z), o= (21, Tm)

of dimension dim W+m. By computing moment matrix of W”, we see that this last condition
is open in a’. Thus there is an open subset U(z’) of 2’ such that above non-degenerate for
all elements in U(z').

As ' varies in supp(¢’), U(z') covers supp(¢’). By the compactness of supp(¢’), we
can find finitely many U(z}) to cover supp(¢’). By replacing U(z) by sub-coverings of
U(x}) Nsupp(¢’), we may assume that ¢,, takes constants ¢; on every U(x}). Thus we have

an decomposition
¢ => cilyw)
i

As o/(¢') # 0, for one of z;, say y, o/(1y(y)) # 0. Now we define
¢ =lyy @ ¢, € L (V™)

Then ¢ satisfies conditions in Theorem. O

Proposition 2.7.11. The module . (V') = 0 in following cases:
1. if (V,q) is anisotropic;
2. if (V,q) is a hyperbolic plane and the Weil constant ~(q) # 1.

Proof. The case of anisotropic (V,q) is easy as .(V,z0) is a codimension 1 subspace in
(V). The quotient is given by evaluation at 0. Thus

S (V) = (Vo) + 0 (W)

as w acts as the Fourier transform up to a scale multiple.
It remains to deal the case of hyperbolic plane:

V=F qz,y) =ay.

Then V. is defined by equation zy # 0, the complement of the union of coordinates axes.
Let ﬁ\/) be the quotient of (V') by the SLy(F)-module generated by . (V). We need
to show that 5’7(‘/) = 0. Notice that the Weil representation induces an representation of
O(V) x SLy(F) on (V).

The quotient .7 (V)/.7 (Vyxo) is identified with . (V,—), the locally constant functions
with compact support. We want to study the quotient

V) (F (Vazo) + 0T (Vyzo))
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by studying the Fourier transform of functions in .(V,,) and their restriction to the coor-
dinate axes. Write ¢ € .#(V0) as a combination of pure tenors:

¢:Zui®% u;,v; € S (F).

Then the Fourier transform is given by

QZ:Z@@@,

The restriction of qg on coordinate axes is given by
@) = 8, 0) = 0@ m0), o) = 00,1) = 3 %O)).

Recall that ¢ satisfies the conditions

0=0(z,0)= Y w(x)u(0),  0=0(0.9) = w(0)u(y)

which implies
0="> @(0)v;(0), 0= u(0)5;(0).
In other words, we have ]?1(0) = .]/[\.2(0) = 0. It is easy to show that the quotient
S V) Vago) + wS (Varo)) = C?
by evaluation

W%M@:(AM%Wle@w@>

It follows that .#(V) is a quotient of C?. The Weil representation of O(V) ~ F* x {1, 7}
induces an irreducible representation on C2: the subgroup F* acts on C? given by characters
t — (Jt],]t|™"), the factor-switch operator 7 switches two factors of C2. It follows that . (V)
as a quotient of C? as an O(V)-module is either 0 or isomorphic C2. In either case, the action

—~

of SLy(F') is trivial as it is simple and commutes with action of O(V). If (V) ~ C?, then
w € SLy(F) has the following formula acting on C?: write ¢ = ¢, ® ¢» then we have

1(9) = (62(0)61(0), 61(0)6(0)

L(ws) = (@) (62(001(0),61(0)2(0) ).
It follows that w acts on C? with formula
(2, y) = (2, ).

Thus w is non-trivial on C? if v # 1, a contradiction. [
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Proof of Theorem 2. We will use the same strategy as in the proof of Theorem 1.

The proof under the first two conditions is easy. When m = 1, we may use Proposition
6. For large m, in either of these two case, the orthogonal complement of W (z') satisfies
condition 1. So the induction step in the proof of Theorem 1 holds by Proposition 6.

It remains to deal with condition 3: dimV = 4, W = 0. We may assume that m > 3
by repeating some «;. First we want to show the following claim: There is ¢ € % (V?3) with
supported on elements (x1,T2,x3) € V3 which are linearly independent and have nonzero
norms.

We want to construct such ¢ step by step. The first step is to use Proposition 4 to find
a ¢1 € 7 (Vyzo) with nonzero image in oy . The second step is to use the fact that . (V) is
the sum of . (V'\ 0) and w.(V '\ 0). The proof of Theorem 1 in case m = 1 will implies the
existence of ¢ € (V%) with nonzero image in oy ® oo with support on points (z1,z;) € V>
which are linearly independent with nonzero norm. If F'xy + Fzs is non-degenerate, then the
complement has dimension 2 thus we can use Proposition 6 to finish the proof. Otherwise,
we can embedded F'z; + Fzs into a non-degenerate hyperplane W. The proof of Theorem
1 then gives a ¢ € .(V3) supported on points (xy,x», z3) which are linearly independent
with nonzero norms. This proves the claim.

If M = Fx; 4+ Fxy + Fxsz is non-degenerate then we are done by proof of Theorem
1. Otherwise, the one dimensional kernel N of the pairing on M is included in M. Thus
two x;’s will generate the module M /N, say xy,xs after reordering. Now the orthogonal
complement of non-degenerate W := Fx; + Fxy is two dimensional. The proof Theorem 1
and Proposition 6 will finish the rest of proof. O]

2.8 First Decomposition

Fix an incoherent quaternion algebra B over A with ramification set ¥. We assume that B
has totally positive component B, at archimedean places. We consider the Eisenstein series
E(g,s,¢) for ¢ € #(B3). We always take ¢, to be standard Gaussian. In this case this
Eisenstein series vanishes at s = 0.

For T' € Symg(F),eq, let X(T") be the set of places over which T is anisotropic. Then
Y(T) has even cardinality and the vanishing order of Ep(g,s,¢) at s = is at least

S US(T)| — £ N X(T)].

Since |X| is odd, Er(g,s, ¢) always vanishes at s = 0. And its derivative is non-vanishing
only if ¥ and X(7') is nearby: they differ by precisely one place v. Thus we define

Z(U)_{E\{v} ifvel

~ |Zu{v} otherwise
When ¥(7T) = ¥(v), the derivative is given by

E%(ga Oa ¢) = H WT,w(gwa 07 (bw) : Wilﬂ,v(gva Oa ¢v)
wHv
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We thus obtain a decomposition of E'(g,0, ¢) according to the difference of ¥(7") and X:

(2.8.1) E'(g,0,¢) = ZE’ 9.0,6) + El;,(9,0,0)

where

(2.8.2) Ey(9.0,¢)= > Ep(9,0,9)
S(T)=%(v)

and

E;zng(g70’ ¢) = Z E’;“(gvovgb)
T, det(T)=0
2.9 Holomorphic projection

In this section, we want to study holomorphic projection of E’(g,0, ¢).

Firstly let us try to study holomorphic projection for a cusp form ¢ on GLy(A). Fix a
non-trivial additive character ¢» of F'\A, say ¢ = vy o trp/g with v, the standard additive
character on Q\Ag, and let W be the corresponding Whittacker function:

W,(g) = /F P

=26 0)0)

acF'x

Then ¢ has a Fourier expansion

We say that ¢ is holomorphic of weight 2 , if Wy = W, - W has a decomposition with W
satisfying the following properties:

W ( ) B y€2m'(x+iy)62i6 if y > 0
oo} = 0 otherwise

for the decomposition of g € GLy(R):

_ (Y z\ [y 0\ [ cosf sinb
9=7\0 1 0 1 —sinf cosf )’

For any Whittacker function W of GLy(A) which is holomorphic of weight 2 as above with
We(gs) compactly supported modulo Z(Af)N(Ay), the Poinaré series is define as follows:

pw(g) == lim > Wgihg)'

t—0+
YEZ(F)N(FN\G(F)
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where

a b
o) =lasfisl 9= (5 p)b kex

where K is the standard maximal compact subgroup of GLy(A). Let ¢ be a cusp form and
assume that both W and ¢ have the same central character. Then we can compute their
inner product as follows:

(¢, ow) = / ©(9)pw(g)dyg
Z(A)GL2(F)\GL2(A)

= lim Wi(g)d(g)'d
L e(9)W(9)é(9) dg
(2.9.1) = lim W,(9)W (9)d(g)'dg.

=0 J2(A)N(A)\CL2(8)

Let ¢y be the holomorphic projection of ¢ in the space of holomorphic forms of weight
2. Then we may write

W¢o (g) =W (gOO)WSOO (gf)

with W, as above. Then (11.1) is a product of integrals over finite places and integrals at
infinite places:

/ (Weao(goo)|Pdg = / yre Mdy/y? = (4m)
Z(R)N(R)\GL(R) 0

In other words, we have

292 (o) = (a0 [ W (9)W (97)dgy.
Z(Ar)N(Af)\GL2(Af)

As W can be any Whittacker function with compact support modulo Z(A;)N(A;), the
combination of (10.1) and (10.2) gives

Lemma 2.9.1. Let p be a cusp form with trivial central character at each infinite place. Then
the holomorphic projection o of ¢ has Wittacher function Weo(goo) W, (g5) with Wy, (gy)
given as follows:

Weo(g7) = (4m)? lim W (950 97) W (909 (900 ) Ao
E=04 J Z(Foo ) N(Foo)\GL2(Fux)
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3 Local Whittacker integrals

In this section, we study the derivative of Eisenstein series for Schwartz function ¢ € .7 (B?)
on an incoherent (adelic) quaternion algebra B over adeles A of a number field F'. We will
first study the non-singular Fourier coefficients 7. We show that these coefficients are non-
vanishing only if T is represented by elements in B if we remove one factor at a place v, see
formula (3.1.2). In this case, the fourier coefficient can be computed by taking derivative at
the local Whittacker functions at v, see Proposition 3.2.2. Our second main result is that
the singular Fourier coefficients vanish if the Schwarts function are supported on regular sets
for two places of F'.

3.1 Nonarchimedeanl local Whittaker integral

Let I be a nonarchimedean local field with integer ring & whose residue field has odd
characteristic p. And let w be a uniformizer and ¢ = |&/(w)| be the cardinality of the
residue field. Assume further that the additive character 1 is unramified.

Now we recall some relevant results about Whittaker integral and local density. Let
B = M(F) and ¢q the characteristic function of My(OF). Let T € Symy(0). It is a fact
that Wr(e, s, ¢g) is a polynomial of X = ¢~*. Moreover, there are two polynomial 7, (T, X)
and F,(T, X) such that

Wr(e, s, ¢o) = vo(T, ¢ **)F,(T, ¢~ %)

where
w(T, X) = (1-¢72X)(1 - ¢ °X?).

To describe F, (T, X) we need several invariants of 7' € Sym4(&,). Suppose that T ~
diag|u;w®] with a; < as < as. Then we define the following invariants:

L4 GK(T) = (ala az, a3);
e 7(T) is defined to be 1 (resp. —1) depending on T is isotropic (resp. anisotropic).

e £(T) is defined to be (%) = (—uwug, w) if a; = ag (mod2) and ay < as, otherwise
zero.

e 0(T) =2if a; = as (mod 2), otherwise 1.
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Theorem 3.1.1 ([17]). Assume that p > 2.
a1 (a1taz—0o)/2—i
Z Z 2+in+2j

ai (aﬁ—ag o)/2—1i

+ 77 Z Z q(al+a270')/27an3+o-+i+2j

a1 as—ag+20—4

+ §2q((11+02—0)/2+1 Z Z ijag—O'-‘rQ-‘ri—‘rj‘
" =0

In [17], this is proved for F' = Q,. But the method of course extends to general F.
Two corollaries now follow immediately. Firstly, we have a formula for the central value
of Whittaker integral Wr, (e, 0, ¢o).

Corollary 3.1.2. The Whittaker function at s = 0 is given by
WT,U<€7 07 ¢0) = (1 - qiz)Qﬁv(T)
where

1. When T 1is anisotropic, we have

51} = 0.
2. When T 1is isotropic, we have three cases

(a) If a1 # asmod?2, we have

a1 (a1+az—1)/2
Buo(T) =200 _(1+i)g + Y (a1 +1)g").
=0 i=ai1+1

(b) If a1 = asmod?2 and £ = 1, we have

a (ar+az-2)/2
Bu(T) =20} _(i+1)g'+ > (a1 +1)q)
=0 i=a1+1

+ (a1 + 1)(as — ay + 1)g' T2/,

(c) If ay = agmod2 and & = —1, we have

a1 (a1+a2-2)/2
BT =200 (i + D'+ > (@ +1)q)
1=0 i=ai1+1

+ (ay + 1)glata/2,
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Proof. In fact, we obtain that where

a1 (a1+az—0)/2
B(T) =1 +mQ G +Dd'+ Y (a+1)p)
i=0 i=aj+1

+ p(a1+a2—0'+2)/2(a1 + 1)R§

where
0, if £ =0,

or £ =—1and a3 # a; mod 2
az —as +20—3, if&=1
1

Re =

, if ¢ =—1and a3 =ay mod 2

O

The second consequence is a formula of the central derivative Wy (e,0, o). Since the
central value Wr, (e, 0, ¢y) = 0, we have

/ 0
WT,U(ea 07 Qb()) = /Y(Ta ]')_F’U(T7 X)|X:1-

0X
Note that v(T,1) = (1 — p~2)2. Tt can be verified that
UT) = S FT, X))
= 0X CAC) X=1

is given as follows: let T' ~ diag[t;] with a; = ord(¢;) in the order a; < ay < ag, then

1. If a; # asmod 2, we have

a1 (a14a2—-1)/2
v(T) = Z(l +1)(3i —ay — ay — az)q' + Z (a1 +1)(4i — 2a — 1 — ay — as)q".
i=0 i—ar+1

2. If a1 = asmod 2, we have ay # a3 mod 2 hence

al
y(T)=> (i+1)(3i — a1 —a—2— a3)q'

i=0

(a14a2—2)/2
+ Z (a1 +1)(4i —2a — 1 —ag — az)q’

i=a1+1

ap + 1

)

(a3 —as + 1>q(al+a2)/2-
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Theorem 3.1.3. Let ¢ be the characteristic function of the mazimal order of B, = M(Q,).
Let ¢ be the characteristic function of maximal order of the (ramified) quaternion algebra
Bl . Suppose that T' is anisotropic. Then we have (cf. Theorem 5.3.5)

Wi(e,0, do)
WT(67 07 ¢6> .

This follows from formulae above and the following lemma

vy(T)logq =

Lemma 3.1.4. Let T be anisotropic. We have

Wr(e,0,¢0) =2(1+q)(1+¢71).

3.2 Archimedean Whittaker integral
We want to compute the Whittaker integral Wr(g, ¢, g, s) when FF =R, B = H, and

p(x) = e QW) 4 e B3 = HA,
It is K -invariant. Recall that the additive character
U(z) =™, xR
Lemma 3.2.1. Let g = n(b)m(a)k be the Iwasawa decomposition. Then
Wi (g, 8, doo) = Y(T0)As(m(*a™))|det(a)|* Weara(e, 5, doc)-
Proof. By definition the Whittaker integral is
Wr(g, s, ¢oo)
= [ T an ()6 O (g

—(T) / T n@m@)on O (wn(wm(a)d

Since wn(u)m(a) = wm(a)n(a tuta ') = m(*a~)wn(a tula™t), we obtain

WT(Q; S, (boo)
:w(Tb))\s(m(ta_l))/ Y(=Tu)r(wn(a ula™)) oo (0) A (wn(a tula™))du

Syms(R)

=0(Th)As(m(‘a™))|det(a)[* / Y(=Tau'a)r(wn(u))doo(0)As(wn(u))du

Syms(R)
=Y(Tb)As(m(a™))|det(a)| Wiara(e, s, ¢oc).
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Thus it suffices to consider only g = e the identity element of Spg(R):
Wr(e, s, ¢) = / Y(=Tu)det(1 + u?)~*r(wu)p(0)du.
Syms(R)

Lemma 3.2.2. When Re(s) > 0, we have

7]_6

Wr(e, s, d) 5% /Sy . Y(=Tu)det(1 + iu)*det(1 — iu) > ?du.
ms

Proof. By definition we have

() = [ o))

Let u =k - diag(uy, us, u3)'k for k € SO(3) be the Cartan decomposition. We have

rlwn)o(0) = | w@QNo)dr= | () kQke O s,

Substitute z — xk and note that ‘kQ(z)k = Q(zk),

3

r(wu)p(0) = ﬁ/ o (i —1)a(25) g (12)31_[ 1
_j:I H ! j (1 —iuy;)?

Equivalently,
6

r(wu)(0) = g—4det(1 — )2

Since det(1 + u?) = det(1 — tu)det(1 + iu), the lemma now follows.
Now we introduce a function ([31, pp.274]) for g, h € Sym,(R) and «, 8 € C

n(g, h;a, B) = / e 9%det(x + h)* 2det(x — h)’2da
x>th

which is absolutely convergent when g > 0 and Re(a), Re(3) > %. Here we point out that
dz is the Euclidean measure viewing Sym,(R) as R™"*1/2 naturally. This measure is not
self-dual but only up to a constant 2*™~1/4 In the following we always use the Euclidean
measure as [31] does. For two elements hi, hy € Sym,(R), by hy ~ hy we mean that
hy = khyk™! for some k € O(n), the real orthogonal group for the standard positive definite

quadratic space.

Lemma 3.2.3. When Re(s) > 1, we have
Wr(e, s, ¢) = k(s)T'3(s + 2) ' Ts(s) (27, T; s + 2, 5)

where bor1o
7.(.s-i—l

K(s) = 5
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Proof. Before we proceed let us recall some well-known results. Let z € Sym,(C) with
Re(z) > 0, then we have for s € C with Re(s) > ”T_l,

(3.2.1) / e_tr(”)det(:p)s_n;ldm =T, (s)det(z)"*
Symn (R)+

where ) )
To(s) = 7T T (s)D(s — =)..T(s — 7).

2 2
For instance, when n = 1, we have when Re(z) > 0 and Re(s) >0

/ e tdr = T'(s)z .
R
Applying 3.2.1 to z = v 4 2miu for u,v € R, we obtain when Re(s) > "T_l,

Flu) = Tn(s)det(v + 2miu)~*

where

0 otherwise

fla) = {e‘”det(x)s_n;l r >0

Take inverse Fourier transformation, we obtain

1 vz s—ntl
(3.2.2) / €2muzdet(v + 2miu) " *du = 2 (—D/2T,, (5) € det(z)*""2 x>0
Symn (®) 0 otherwise.

By 3.2.1 above for n = 3, we have

76 35t ' |
Wr(e, s, ¢) = ——/ e 2T det(1 + iu)_s/ e ™1 det (1) da2® 2 du.
20 Ts(s +2) Jsymam) Syma(R)+

Here du is changed to the Euclidean measure and the constant multiple 2%/? comes from the
ratio between the self-dual measure and the Euclidean one. Interchange the order of the two
integrals

23/2 6 3546 )
67T W / e " det(z)® (/ ezmu(%x_mdet(l + iu)_sdu) dx.
2 F3(5 + 2) Sym3z(R) 4 Sym3(R)

By 3.2.2 again for n = 3, we obtain

23/271'6 35 +6 (271')6

e det(x)®
26 T3(s+2) /:c>o,x>2T (@) 23T3(s)
which yields:

e*%(%fﬂdet(zw(g — T))*2da.

7TGS+12

23/2F3(S + 2)F3(S)

/ e~ 2@ D) et () det(x — 2T)* 2d.
z>0,2>2T
Finally we may substitute  — T + z to complete the proof. O]
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We define ([31, pp.280,(3.2)]) for z € Sym,,(C), ( z with Re(z) > 0)

(3.2:3) Gz, 8) = / e det(x + 1) det(z)" "% dx.

Symn (R)+

Lemma 3.2.4 (Shimura). For z € Sym,,(C) with Re(z) > 0, the integral of (,,(z; a, B) is ab-
solutely convergent for o € C and Re(B3) > "51. And w(z, a, B) := Ty (B) " 'det(2)(a(z, o, B)
can be extended to a holomorphic function to (a, 3) € C2.

Proof. See [31, Thm. 3.1]. O

The following proposition gives an inductive way of computing the Whittaker integral
Wr(e, s, ), or equivalently n(2m, T; s + 2, s).

Proposition 3.2.5. Assume that sign(T) = (p,q) with p + q = 3 so that we have 47T ~
diag(a, —b) for a € R, b € RY. Let t = diag(a,b). Then we have

n(2m, T; s 4 2,5) = 25 2|det(T)|**€(T), s)
where

f(T7 3) — / e‘(aW+bW/)d€t(1 + W>28<p(ZaZ, s+ 2’ 5 3%]7)
M

1
x C,(Z'bZ',s, 5 + %)dw.

where M = RE, W =w ' w, W =" ww, Z = (1+ W)V and 7' = (1+ W)V2,

Proof. We may assume that 47T = kt'k™ where k € O(3) and ¢’ = diag(a, —b). Then it is
easy to see that

n2m, Ty s +2,8) = n2m,t'/(47); s + 2, 5) = |det(T)[*n(t/2, 1y 8 + 2, 5)

where 1, , = diag(1,, —1,).
By [31, pp.289, (4.16),(4.18),(4.24)], we have

n(2m, T; s 4 2,5) = 25572 det (T)|**€(T, 5).
[

Corollary 3.2.6. Suppose that sign(T) = (p,q) with p+ q = 3. Then Wr(e, s, d) is holo-
morphic at s = 0 with vanishing order

g+1

ords—oWr(e,s,¢) > | 5 ].
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Proof. By Proposition 3.2.5, we know that

Iy(s = 350005+ 51) *
W, ~ _P 2 q 2 / —(aW+bW )d H1+W 2s
1 3—0p 1 qg+1
——((ZaZ; 2,5 — YAYAE —)d
gyt e

where ~ means up to nowhere vanishing entire function. Lemma 3.2.4 implies that the latter
two factors in the integral are holomorphic in the whole C. Thus we obtain that

I (S - %)Fq@ + q;r_l)

1
ords—oWr(e, s, ¢) > ords—g P ¢+

T5(s + 2)T5(s) ==

]

Remark 6. 1. The same argument also applies to higher rank Whittaker integral. More
precisely, let V' be the n + 1-dimensional positive definite quadratic space and ¢q be
the standard Gaussian e=2""(#) on V™. Then for T non-singular we have

Fp(S_%)Pq@"_%) n—p+1 g+1

LG+ =re - 2 gk

orders—oWr(e, s, ¢g) > ord,—g

And it is easy to see that when T" > 0 (namely, represented by V'), Wr(e, 0, ¢g) is
non-vanishing. One immediately consequence is that: Wr(e, s, ¢o) vanishes with order
precisely one at s = 0 only if the quadratic space with signature (n — 1,2) represents
T. We will see by concrete computation for n = 3 that the formula above actually
gives the exact order of vanishing at s = 0. It should be true for general n but we have
not tried to verify this.
Proposition 3.2.7. When T > 0, we have
12

o ™ 27T
Wr(e,0,¢) = me :

Proof. Near s = 0, we have
n(2m, T;s+2,s)

:eZWT/ e *™det(x + 2T det(x)* *dx
>0

=e 2T (/ e 2 det (2T ) det () 2dx + O(s))
=e ™" (det(2T)%(2m) > T5(s) 4+ O(s))

Note that
1

[3(s +2)T3(s) = 7T (s + 2)0'(s + g)f‘(s + )I'(s)(s — 5)1“(3 —1).
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This has a double pole at s = 0. Thus when s = 0, we obtain
12

N i —onT
Wr(e, s, ¢) = me :

3.3 Indefinite Whittaker integrals

Now we consider a non-definite 7. We will find certain nice integral representations of the
central derivative of the Whittaker integral Wr(e, s, ®) in the sequel when the sign of T is
(p,q) = (1,2) or (2,1) respectively.

Case (p,q) = (1,2)
Proposition 3.3.1. Suppose that 4nT ~ diag(a, —b), b = diag(by,by). Then we have

0
W%(6707¢) _ _Letﬂ/ e—(a(1+w2)+b1(1+w%)+b2(1+w§))gQ(diag(zl’ 22)’0’
R2

AT D)
x (a(l 4 w?) — 1) dwdws.

3
2)

where (21, 29) are the two eigenvalues of b(1 + w'w) and w? = w? 4+ w3.
Proof. Recall by Prop. 3.2.5
(3.3.1) Wr(e, s, ¢) = k(s)Ts(s + 2) 1 T3(s) 7125572 det(T) [**£(T, 5)
where
(T, s) = /2 e~ @WHEW det(1 + W) ™2, (ZaZ; s + 2,5 — %)
R

1
X ((Z'0Z'; s, s + %)dw.

When (p,q) = (1,2), (1(ZaZ;s+2,s — 1) has a simple pole at s = 0. We here recall a
fact that will be used frequently later, namely (;(z;«, 8) has a recursive property ([31, pp.
282,(3.14)])

(3.3.2) BG(z,a,B) = 2G(z, 0, B+ 1) — (= 1)1 (2, — 1,8+ 1).
Using repeatedly
(s —=1D)G(z,8+2,s —1)=20(z,s+2,8) — (s + 1) (2, s+ 1, 5),

sCi(z,84+2,8) =20(z,s+2,s+1) = (s+ 1)1(2,s+ 1,s+ 1),
8C1(27S + 178) = ZCl(Zus + 175 + 1) o SC1(2757S + 1)7
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we obtain the residue at s =0
Ress—oCi(z,8+ 2,5 — 1) = —(22§1(z, 2,1) —22¢1(2,1,1)).

It is easy to see that

1
G(z,1,1) = / e *dr =
Ry

z

and
z € r+ l)dr = — + —.
E R, z 22

Thus, we have
Ress—oCi(z, 8 +2,s—1) = —z+ 1.

Suppose that w = (wy,wy) and b = (b1, by). Note that I'3(s) has a double pole at s = 0
with leading Laurent coefficient 2I'(1/2)s72 = 2\/7s™2. And Tr(t) = a + by + b:

H(O) _ 2 2 2 X 3
W 0,by) = — t/2/ (a(1+w?)+b1 (1+w7)+b2(1+w3)) d 0.2
T(ea a(b ) Qﬁrg(Q)e Fe CQ( Zag(ZhZQ)? "9

X (ZCI,Z — 1) dwlde.

)

Finally note that Z = (1 + w?)'/2.

O
The next result involves the exponential integral Ei defined by
o efz(H»t)
(3.3.3) —Bi(—2) :/ dt = e C1(2,0,1), z€eR,.
o 1+t
It satisfies p :
e

By -

dz =) = z
and

, el —1
Ei(z) = v+ log(—=z) +/ ; dt
0

where 7 is the Euler constant. Then it is easy to see that Ei(z) has logarithmic singularity
near 0.

Lemma 3.3.2. For simplicity, we will denote
(3.34)  F(wy,wy) = e O +barud) (51 20)0,3/2) = e G142 ((21, 20),0,3/2).

Then we have

8\/_ r3

WT(€ 0 (b) t/2 “ < 2’(1]1F1 + 2U}2F2 (1 + wZ)AF)dw — 47TF(O))
+

where F; = aa— aa— 1s the Laplace operator.
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Proof. Note that

and ,
AFEi(—aw?) = —4ae™™".

We may thus rewrite our integral as
/ e~ P ) (a(1 + w?) — 1)dw,dw,
RQ

:/ e_“(1+w2)(aw2—l)F(w)dwldw2+/ ae~ ") F(w)dwy dws
R2

RQ

= 1/(4@)/Ae“(1+“’2)F(w)dw — 1/4ea/AEz'(—aw2)F(w)dw.

Applying Stokes theorem and noting that the function Ei(z) has a logarithmic singularity
near z = 0, the second term is equal to:

1 /4 < / Bi(—aw®) AFdw — lim, /C VEi(—an)F(w)nds>

where C, is the circle of radius r centered at the origin. It is not hard to verify that this is
simplified as

—1/4e™" ( / Bi(—aw?)AFdw — 47TF(O)) :

Again apply Stokes to the first term:

~1/(4a) / Ve *+v?) . yp = 1/2 / e 0 (wy Fy + wy Fy)dw.

Note that VEi(—aw?) = 26;2w2 (wy, wy), this term is
1/46_“/VE2'(—aw2) (W Fy, W Fy).
Apply Stokes again:
—1/4e™ / EBi(—aw?) (2w Fy + 2wo Fy + w?AF)dw.
Putting together:

/ e~ Flw)(a(l 4+ w?) — 1)dw;dwy
R2

=— ;Le_“ (/ Ei(—aw?) (2w Fy + 2wo Fy + (1 + w?)AF)dw — 47TF(0)> .
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In the following we want to evaluate F'(w) (3.3.4) and its various derivatives. First we
deduce an integral expression of (>(diag(z1, 22); 0, 2) (recall (3.2.3)).

Lemma 3.3.3. For z = (21, 22) € Syma(C),., we have

, 3 ae _ _ VY
Co(diag(z1, 22); 0, = :2/ / e Y (4 1)y + 1) T e ee——dxdy.
2( ( ! 2) 2) x>0 Jy>0 ( ) ( ) ('T + Yy + 1)

Proof. By definition (y(diag(z1, 22); 0, 3) is given by

/ / e / (z+ 1)y +1) = )7 dtdxdy.
>0 Jy>0 t<vzy

Substitute ¢ — t(z + 1)V/2(y + 1)4/2

/ / G_Z“‘Z2y(x+1)_1(y+1)_l/ (1 — %) dtdxdy.
>0 Jy>0 |t|<\/%

It is easy to calculate the inner integral

Ne]
Q[t(l . t?)—l/Q”O\/(IH)?yH) —9 Vv ry

VE+y+1)

Lemma 3.3.4. We have

(3.3.5) 8iF(w) — _4F(3/2)6—21—22/ - NZ7 (

w1

ST+ bywy )dx

m S e TS DA
and
: Vi
3. F = ——F = —A['(3/2)e "1 7% - Aqd
(3.3.6) 11 (w) w2 (3/2)e /R+e (z + 21)32(z + 29)3/2 nar
where
w1 (1 + w2) — 2w%
All = —2b1w1(mx + blwl) + (1 + U)2)2 T+ bl
2b1b 2b
(=32 LI (B ),

(x4 21)(z + 22) 1+ w?

Similar formula for w,.
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Proof. By Lemma 3.3.3, we have

0 0z B 3 /Ty 87:2
— F(w) = =22 | e n(Fo)=20+y) dzd
ow; (w) Oow (y+D/1I+z+y y- 8w1

where we omit the similar term for z; and the integral is taken over z,y € R,. And all
integrals below are taken over R, which we hence omit.
Let us compute the integral. Substitute z — z(1 + y):

o VY / —re(ity)— z(1+y)y
e ATy dedy = | e se(0+y) =2y 1 +y)dzdy
/ (y+1)vI+z+y +1)\/1+x(1—|—y)+y( )

which can be simplified:

/ez”” y(ziztz2) \/_”xyd:vdy

I and separate variables:

Substitute y — y(z12 + 29)~

— VT / —y. 1/2
e T de [ e vy'2dy.
V14 x(z17 + 29)3/2 v

Substitute z + z2, '

—r (3/2) / Ve dz.
VI + z1(x + 29)3/2
Thus we have
0 VT 9,
—F = =2I'(3/2)e 7% -
Ow, (w) (3/2)e /6 (x + 21)32%(x + 22)3/2(8101
Note that 2129 = byiba(1 + w?), 21 + 20 = b1 (1 + w}) + by(1 + w3)
—In(z 2
w7V T 11w ow
From this we deduce further that

0
a_U]l(Zl + ZQ))d$.

In(z129)x +

(2,’1 + ZQ) = 2b1w1.

Fll(w) = —4F<3/2)6_21_Z2 /G_x \/E Alldl'

(.17 + 21)3/2(55 + 22)3/2
where
w1 (1 + w2) — 21,0% 3 261b2w1 + 2b1w1[L' w1
Ay =-—2b —_— b b —= b )
H 1w1(1+w2x+ ) + (14 w?)? ot 2> (x + 21)(z + 22) 1—|—w2$+ )
Similarly,
e _ Vi
— Z1—22 x
Fs(w) = —AT(3/2)e / A
where
Wa (1 + w2) - 211)% 3 261b2w2 + 26211)21‘ Wa
Ayy = —2b — b b —— b )
2 22 bawe) e e () sy (Tt T )
O
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Proposition 3.3.5. We have

Wi;“(ea 0, ¢00) - %I%etm_a (_47T€_b1_b2C2((blv bQ)a 0, 3/2) + f(T))

where

du

£(T) = —4T(3/2) / Bi(—aw?)e 2 / w2 a =1 b —by)

R2 R (U2+21)1/2(U2+Zz)1/2
i / €7u2 (22122 - 2b1b2 — 21— 22)U2 + 22122(21 + 20 — 1-— b1 — bg)
. (W + 21) 2 (u? + 2)32

du)dw.

Proof. Recall that we have

Wr(e,0,0) = %etﬂa </1R2 Bi(—aw?) (2w Fy + 2wo Fy + (1 + w?)AF)dw — 47TF(0)) :

By Lemma 3.3.4, we obtain that

AF(w) = —4T(3/2)e 5= / e 21)3/2\/(593 e

where

biw? + byw? 2
R —_— by +0b
1+ w? <1+w2)2x+ 17+ 02
3 2 blw% + wa% 2 b162w2

+<_§)(:v+z1)(x+zQ) T+u? O 1+u?

A= z — 2(bjwi + byws) +

z + (B3w? 4 b3w3)w + byby(bywi + bows)).

And

2(w Ay (w) + wa Fy(w)) = —AT(3/2)e™= 7% /e—w (z + 21)3/2\/(3_; + 2)3/2 Bdx

where

23z

Thus
VT Cdx

(2 + 20)%2 (2 4 22)3/2

(2w Fiw) + waFa(w)) + (1+ ) AF)(-AD(E/2) " === [

where C' is given by

— 2(byw} + bywi — 1)z — (by — by)(w? — w3) 4+ (b1(1 + w}) + ba(1 + w3)) + 2bibow? — 2(by — by)?

T
= 2bywi + bw) (1 + i) + ba(1+ w))) = 3(br = bo) wivy s
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In the integral above we substitute x + u?. Then our goal is to compare the integral in the

RHS of the above with:

/ 2 —2(21 + 29 — 1-— bl — bz) (2212’2 — 2b1b2 — 21— ZQ)U2 + 22’122(21 + 29 — 1— bl — bg)
R (u2+21)1/2(u2+22)1/2 (u2 +21)1/2(u2 +22)3/2

which is also equal to

)du

/ _2 —2(biw? 4 bywi — D)ut — 2(byw? + byw3) (21 + 22)u® + (2b1bsw? + 21 + 22)u2d
e u.

(2 + 20) 2 (w2 + 22)°°

Note that we have changed the domain of integration from x € R, to u € R.
Thus it suffices to prove that the following integral vanishes:

2 2u? 3ut
b_b2 Fil— 2 222122/u dud
(b1 — b2) / i(—aw”)wiwse € (U2 + 21) (W2 + 25))3/2 + (2 + 21) (U2 + 25) )3/ uaw
2
. 2 2 2\ ,—z1—% —u? u
+ (b — bg)/Ez(—aw Y(w] —w3)e /e (N 22))3/2dudw.
By the definition Ei(—aw?) = — floo e~ uy =1y, it suffices to prove that the following

integral vanishes

(bl . bg) /eaw2b1w%b2’w§w%wg / efu2 2u® + 3u’ dudw
((u? +21)(u? + )% ((u? + 21) (U + 22))5/?
2

—aw?—bjw?—bow? 2 2 —u? U
+ | e 1 2(wy —w e dudw.
/ (wy 2)/ ((u2+21)(u2+22))3/2

We substitute X = w? + w3 and Y = w? — w3. Then we have

dXdY = 2w1w2dw1dw2 =V X2 — Ydeldwg
and

2
—aw?—bjw?—bow? 2 2 Uu
e 1 2(wy —w dw
/ N N (CENeS TR
2 dyY

— / / o (atb1/24b2/2) X —(b1—ba)Y /2 u X
X>0J-x<y<x (u2 + 21)(u? + 2))3/2 /X2 _ Y2

We apply integration by parts to the inner integral

2

_ / e~ (atb1/2+b2/2)X / e~ (b1=b2)Y/2 u AV X2 — V24X
X>0 _X<Y<X

((u? + 21)(u? + 22))3/2

:/ e(a+b1/2+b2/2)X/ VX2 —Y2em(imb)¥/2 -
X>0 —X<Y<X

(w2 + 21) (u? + 22))*/?

2

_bi—by 3bi—bs v )dY dX
2 2 2 (U4 21)(u2 + 29) '

(
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We may simplify it and plug back

2

(b —by)/2 / o (a+by/24be/2)X / ST G (i—be)Y/2 U
X>0 —X<Y<X

((u? + 21)(u? + 22))%/2
3u?

(u? 4 z1)(u? + z)

(2+ )dY dX

2u® n 3u? )
(W + 21) (W2 + 22))32 " (U2 + 21) (U2 + 22))5/2

= —(by — by) / O dw.

This proves the desired vanishing result.
Finally note that F(0) = e 7°2¢y((by, b2),0,3/2) and we complete the proof of Proposi-
tion 3.3.5.

]

Case (p,q) = (2,1)

Lemma 3.3.6. (5([21,22];5+ 2,5 — %) has a simple pole at s = 0 with residue given by

LS / — (42120 — (21 + 20))u? + 221 29(21 + 22 — 1)du N / - A2129 — 221 — 229 + 2
2 R (u* + u?(21 + 29) + 2129)3/2 R (ut 4+ u?(z1 + 22) + 2122)

Proof. By [31, pp. 283], we have an integral representation when Re(s) > 1

1

Go([21, 22); 8 + 2,5 — 5)

= / e~ 2 (1 4+ w?) 2 V20 (21 4 mw?, s+ 2,5 — 1/2)C (22(1 4+ w?), 5 4+ 3/2, s — 1)dw.
R
Use (3.3.2):
(S - 1/2)§1(278 + 2a8 - 1/2) = ZC1(273 + 275 + 1/2) + <_S - 1)<1<Z78 + 178 + 1/2)

It is easy to compute

G1(2,2,1/2) = / e (1 + )z de = 271V2T(1/2) + 273/*1(3/2)

Ry

and

Therefore we obtain

1/2du> .



Use (3.3.2) again:
(s = 1)Ci(z,s+3/2,s = 1) = 2Ci (2,5 4+ 3/2,5) + (—s — 1/2)¢1 (2,5 + 1/2, 5).
We may obtain
ReseoCi(z,5 4+ 3/2,5 — 1)
- (202, 3/2,1) - %Q(z, 1/2,1)) + %(2(1(2, 1/2,1) + %Cl(z, _1/2,1))
=—22C1(2,3/2,1) + 21 (2,1/2,1) + i(l(z, —1/2,1).

Applying integration by parts to the first and third integrals, we may evaluate the sum:

1
Ress—oCi(z,5+3/2,s —1) = —2 + 7

Therefore we obtain the residue of (5([21, z2]; s + 2, s — 1) as an integral

1 1
2I'(1/2) / e 2 (1 4+ w?) V2 (z + w?) V(2 + zu? — 5)(,22(1 + w?) — §)dw.
R

Substitute u = zow? to obtain
2F(1/2)/ e (21 +u) 2 (2 + u) V(w4 21— 1/2)(u+ 2 — 1/2)u” 2 du.
R4

Now let A = z;+2,—1/2, B =—1/2so that A+ B = 21+ z3 — 1. Then we can split the
integral into three pieces:

2 2
etz —1/2)(uP + 2 — 1/2)
“ du=IT+11+11I
/UGR ¢ (Zl + U2)1/2(22 + u2)1/2 Y + +

where
/ 2 U4 + Au2
= [ e du
R (u4+u2(2’1 +22) +Z122)1/2
Bu?—1/4
I = / e w1/ du
R (u* + u?(z1 + 22) + 2129)1/2
and

II] — / eiqu 42122 - 221 — 222 + 2 du.
R 4 (ut 4+ u2(z1 + 29) + 2122) /2
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Now, we rewrite the first integral and apply integration by parts

1 u? + Au 2
J=—_Z= de
2 Jr (u* +u2(21 + 22) + 2122)1/?

1 / 2 ( 3u?+ A N (u? + Au)(—3) (4u® 4 2u* (2 + zQ))) p
=— e
R (u* + u2(21 + 22) + 2129)1/2 (u* + u?(21 + 22) + 2129)3/2

2
which can be simplified

du.

2 sul+ 1 1 2 (A2 + 22) — 28 — 22)u? + 22129 A — 2129(21 + 22)
4 2 1 2du+— € 4 2 3/2
R (u* + u?(z1 + 22) + 2129)V/ 2 /e (u* + u?(z1 + 22) + 2129)%/
Notice that the first term cancels I1. Plugging A = z; + 25 — 1/2 into the above, we obtain
/ 242 —1/2) (WP + 2 — 1/2)
e du
ueR (21 + u?) 2 (2 + u?)l/2
1 4 - 242 -1 1 4 — 221 —2 2
_ —/e_“2< 2120 — (21 + 29))u® + 22129(21 + 22 )du+ —/e‘“2 2129 2 29 + du.
4 Jp (u* + u?(z1 + 22) + 2129)3/2 4 Jp (u* + u?(z1 + 22) + 2129)1/2

O

Proposition 3.3.7. Suppose that 47T ~ diag(a,—b), a = diag(ay,as). Then we have an
integral representation

lej(e, 0, (boo) — _ﬂetﬂ E’i(—b(l + w2))efa1(1+wf)fa2(1+w§)dw
4F3(2) R2

(/ e (42122 — (21 + 20))u” + 22129(21 + 20 — 1)alu + / G_UQ( e 1/2 du)
. R

(u* + u2(z1 + 22) + 2129)3/2 ut + u?(21 + 22) + 2129)
where 21, zo are the two eigenvalues of ZaZ.

Proof. Recall by Prop. 3.2.5

(3.3.7) Wr(e, s, ¢) = k(s)Ts(s 4+ 2) 1 T3(s) "1 25%e!/2|det(T) [**£(T, 5)
where
x 1
E(T,s) = / e~ @WVHEWI) det(1 + W)™ 2G(ZaZ; s + 2,5 — 5)
R2

X (1(Z'b7"; 8,8+ 1)dw.
Note that

Ci(2;0,1) = /]R e #(x+ 1) tdr = —e*Fi(—2).

Now the statement follows from the previous Lemma and that T's(s) ~ 2/7s™2.
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4 Geometric Kernel function

In this section we construct the geometric kernel function for ¢ € % (B*) where B is an
incoherent totally definite quaternion algebra over a totally real field F'. We first recall the
Gross—Schoen [12] cycles and their Bloch-Beilinson height pairing on the triple product of
a curve. Then we review the generating series of Hecke operators and its modularity on
product of Shimura curves associate to B, see Proposition 4.3.1 following our previous paper
[33]. The geometric kernel associate ¢ is then an automorphic form on the subgroup G of
GL% of triples with same determinant. Finally, we decompose the geometric kernel function
to series of local heights modulo some Eisenstein series and their derivations.

4.1 Gross—Schoen cycles

Let us first review Gross and Shoen’s construction of the modified diagonal cycles in [12]
and definitions of heights of Bloch [1], Beilinson [2, 3], and Gillet—Soulé [9]. Let k be a field
and let X be a smooth, projective, and geometrically connected curve over k. Let Y = X3
be the triple product of X over k and let e = ) a;p; be a divisor of degree > a;degp; = 1
such that some positive multiple ne is defined over k. Define the diagonal and the partially
diagonal cycles with respect to base e as follows:

Aoz = {(z,z,2) : x € X},
A12 = Zai{(ﬂf,x,pi) NS X}7
Aoy = Zai{(pi,x,x) cx e X},

Az = Zai{(m,pi,aj) cx e X}

AI = Zalaj{(xap’mpj) NS X}7

,J

Ay = Zaiaj{(pi,:c,pj) cx € X},
,J

Az = Zaiaj{(pi,pj,x) cx € X}
,J

Then define the Gross-Schoen cycle associated to e to be
Ae = A123 — Alg — Agg — Agl —+ Al + AQ + Ag € ChQ(X3>Q.

Gross and Schoen has shown that A, is homologous to 0 in general, and that A, it is
rationally equivalent to 0 if X is rational, or elliptic, or hyperelliptic when e is a Weierstrass
point.

Over a global field k, a natural invariant of A, to measure the non-triviality of a homolog-
ically trivial cycle is the height of A, which was conditionally constructed by Beilinson—Bloch
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[2, 3, 1] and unconditionally by Gross—Schoen [12] for A.. More precisely, assume that k is
the fractional field of a discrete valuation ring R and that X has a regular, semi-stable model
Z over S := SpecR. Then Gross-Schoen construct a regular model % over S of Y = X3
and show that the modified diagonal cycle A, on Y can be extended to a codimension 2
cycle on ¢ which is numerically equivalent to 0 in the special fiber %;.

If £k is a function field of a smooth and projective curve B over a field, then Gross and
Schoen’s construction gives a cycle A, with rational coefficients on a model % of Y = X3
over B. We can define the height of A, as

(Ao, A = A, - A,

The right hand here is the intersection of cycles on % . This pairing does not depend on the
choice of % and the extension A, of A,.

If k£ is a number field, then we use the same formula to define the height for the arith-
metical cycle

A= (Aw g)
Gillet-Soulé’s arithmetic intersection theory [3] where
° Ee is the Gross—Schoen extension of A, over a model % over SpecOy};

e g is a Green’s current on the complex manifold Y (C) of the complex variety ¥ ®¢q C
for the cycle A.: g is a current on Y (C) of degree (1,1) with singularity supported on
A.(C) such that the curvature equation holds:

0
—g =0a.(C)-
T

Here the right hand side denotes the Dirac distribution on the cycle A.(C) when
integrate with forms of degree (2,2) on Y (C).

More generally, let t; € Ch'(X x X) (i = 1,2,3) be three correspondences on X, then
t=1 ®t; ®t; € Ch*(X? x X3) is a correspondence of X3, and we have a pairing

(4.1.1) (Ae, tAL).
Gross and Schoen have shown that
t = (Ag, tA)

factor through the natural action of on the Jacobian J = Jac(X). In other words, we have

a well defined linear functional:
End(J)®* — C.
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Generalities on correspondences

In following we give a slightly different description of correspondences which is more conve-
nient than what given in the paper of Gross—Schoen. Let %, %, be two regular arithmetic
schemes over the ring &}, of integers of a number field £ of relative dimension n with generic
fibers Y7, Y5. For any smooth subvariety Z € Z*(Y; x Ys), let 2 be the Zariski closure of Z
in % xg, % with induced projections: m; : & — %}, we can define a correspondence on
arithmetical Chow groups:

Z.:Ch (%) — Ch (%)
by
Z.a = o (i), a € Ch (#).

Such a definition in general does not preserve the composition in the sense that for
three regular schemes Y; (i = 1,2,3) and two correspondences Z; € Z*(Y; X Y, and Z, €
Z* (Y3 x Y3), the following identity holds

Z2/O\Zl = 2\2 o 21
Zy o 7y is well-defined as a cycle by the formula
Z1 9] ZQ = 7T13*(7TTQZQ . 7T>2k321).

Lemma 4.1.1. Assume that over any closed point ys € % either 29 — % or 25 — %
is smooth. Then L

ZQ O Zl == ZQ e} Zl
Proof. Under the assumption of the lemma, the cycle 25 := 27 x %,%5 is locally integral
whose generic fiber Z5 o Z; is the cycle image of the fiber product

ZIXYQZQ—>}/1X}/2.
%
S
% %
2NN
&2 % s

It follows that the cycle image of 25 on % x4, % is the Zariski closure of Zz/o\Zl. Thus
we can use Z3 to compute arithmetic correspondence:

Zyo Zy = ha, fa. f1 9]
As the middle diagram is Cartisian, with one side étale,

f3*f1* = h;g2*

It follows that - L
Zyo 4y = hg*hSQQ*gik = Zyo Z.
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4.2 Shimura curves

In the following, we will review the theory of Shimura curves following our previous paper
[31]. Let F' be a totally real number field. Let B be a quaternion algebra over A with odd
ramification set X including all archimedean places. Then for each open subset U of IB%; we
have a Shimura curve Xy. The curve is not connected; its set of connected components is
can be parameterized by FY\AT /q(U). For two open compact subgroups U; C Uz of By, one

has a canonical morphism 7y, 7, : Xy, — Xy, which satisfies the composition property.
Thus we have a projective system X of curves Xy .
For any x € By, we also have isomorphism T, : Xy — X,-1y, which induces an

automorphism on the projective system X and compatible with multiplication on IB%;: Tyy =
T, - T, if x and y are coprime with respect to U in the sense that for any finite place v of F,
either x, or y, is in U,. The induced actions are the obvious one on the sets of connected
components after taking norm of U; and .
For each archimedean place 7 of F', the associate analytic space at 7 can be described as
follows:
Xiry = B(r)]\A x B} /U U {Cusps}

where B(7)% is the group of totally positive elements in a quaternion algebra B(7) over F
with ramification set X\ {7} with an action on 5% by some fixed isomorphisms

B(7) ®, R = My(R)

B(T)@Af ZBf,

and where {Cusp} is the set of cusps which is non-empty only when F' = Q and By = Ms(Ay).
All of these morphisms on X;’s has obvious description on complex manifolds Xy -(C). In

this uniformization, the action 7}, is given by right multiplication by £ on component group
BY.
f

Modular interpretation

An important tool to study Shimura curves is to use modular interpretation. For a fixed
archimedean place 7, the space #* parameterizes Hodge structures on V; := B(7) which
has type (—1,0) + (0,—1) (resp (0,0)) on Vj ®, R (resp. Vp ®, R for other archimedean
places 0 # 7). The non-cuspidal part of X ,(C) parameterizes Hodge structure and level
structures on a B(7)-module V of rank 1.

Due to the appearance of type (0, 0), the curve Xy does not parameterize abelian varieties
unless F' = Q. To get a modular interpretation, we use an auxiliary imaginary quadratic
extension K over F' with complex embeddings o : K — C for each archimedean places
o of F other than 7. These ok’s induce a Hodge structure on K which has type (0,0) on
K ®,R and type (—1,0)+(0,—1) on K ®,R for all o # 7. Now the tensor product of Hodge
structures on Vi := V®p K is of type (—1,0) 4+ (0, —1). In this way, Xy parameterizes some
abelian varieties with homology group H; isomorphic to V. The construction makes Xy a
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curve over the reflex field for og’s:

K'=Q (Za(m), xGK) :

oFT

See our paper [34] for a construction following Carayol in the case K = F(v/d) with d € Q
where ok (v/d) is chosen independent of .

Integral model

The curve Xy has a canonical integral model 2 over & when U is included in a maximal
order Op is fixed. In fact at each place v where U, = Op , one can describe a integral
model 2y when U is small using either a modular interpretation when v is split in B or
the Drinfeld uniformization when v is not split in B. The scheme 2y is regular over v
and carries a formal Op,-module #. Locally at a geometric point, Xy, is the universal
deformation of the formal module. The model for general U with arbitrary U” and U, = O,
can be constructed by taking quotient.

For general U,, one takes 2y to be the integral closure of 20 in the function field of
Xy for an U° = U¥0y with U a maximal compact subgroup of B} containing U,

If v is not split in B, U" is small, and U, = 1 + 70, with n > 1, the scheme 2y is
regular at points over v and parameterizes Drinfeld level structure on the formal module
¥V over Zyo. If v is not split in B, then 2y may not regular and does not have a natural
modular interpretation.

Hodge class

The curve Xy has a Hodge class Ly € Pic(Xy) ® Q which is compatible with pull-back
morphism and such that Ly >~ wx, when U is sufficiently small. We may extend this class
to integral model 2y compatible with pull-backs. In this way, we need only describe the
model locally over a place v where U, maximal and U" small. In this case, we simply take
Zu to the relative dualising sheaf.

We also define a class &y € Pic(Xy)®Q which has degree 1 on each connected component
and is proportional to -Z;.

4.3 Hecke correspondences and generating series

We want to define some correspondences on Xy, i.e., some divisor classes on Xy x Xy. The
projective system of surfaces Xy x Xy has an action by IB%JT X ]B%?. Let K denote the open
compact subgroup K =U x U.

Hecke operators

For any double coset UzU of U\Bj /U, we have a Hecke correspondence
Z(%)U c ZI(XU X XU)
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defined as the image of the morphism

. 2
(WUmex—l,w TUNz—1Uz,U © Tx) : Zymaz—1 — XU-

In terms of complex points at a place of F' as above, the Hecke correspondence Z(x)y

takes
(Z, g) — 2(27 gﬁi)

2

for points on Xy.(C) represented by (z,g9) € % x By where x; are representatives of
UzU/U.

Hodge class
On My := Xy x Xy, one has a Hodge bundle £k € Pic(My) ® Q defined as

1
Lk = §(PT$U + p5Lr).

Generating Function

Let V denote the orthogonal space B with quadratic form ¢. For any x € V| let us define
a cycle Z(z)g on Xy x Xy as follows. This cycle is non-vanishing only if ¢(z) € F* or
x =0. If ¢(x) € F*, then we define Z(z)k to be the Hecke operator UzU defined in the last
subsection. If x = 0, then we define Z(x)x to be the push-forward of the Hodge class on the
subvariety M, which is union of connected components X, x X, with o« € F*\A*/FZ v (U).

Let K = O(Fx) - (U xU) act on V.

For ¢ € . (V)K we can form a generating series

Z2(¢) =Y d@)Z(z)k.

zeK\V

It is easy to see that this definition is compatible with pull-back maps in Chow groups in
the projection My, — My, with K; = U; x U; and U; C Us. Thus it defines an element in
the direct limit Ch'(M)g := limg Ch'(My) if it absolutely convergent.

Let .#(V)©(=) denote the subspace of O(F,,) invariants in (V). Let H = GSpin(V)
which can be identified with the subgroup of elements of pairs (b, be) in B* x B* with the
same norm. Then . (V) has a Weil representation by H x SLy(A). Define

2(9,9) = Zr(g)o-
By our previous paper [33], this series is absolutely convergent and is modular for SLy(A):
(4.3.1) Z(vg,9) = Z(9,9)
Moreover, for any h € H,
(4.3.2) Z(g,r(h)9) = p(h)Z(g,¢).
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where p(h) denotes the pull-back morphism on Ch'(M) by right translation of ;.
In the following, we want to extend the above definition to g € GLy(A). First, we consider
the extended Weil representation on . (V) by

B = {(b1,bs,9) € B* x B* x GLy(A) :  q(bib;") = det g}
by
r(h, 9)o(x) = lq(h)|~'r(d(det(g)) " g)d(h ™" x).

Let GLy(A)™ denote subgroup of GLy(A) with totally positive determinant at archimedean
places. For g € GLy(Ap)™, define

Z(g,¢) = p(h)~ Z(r(g, h)o),

where h is an element in B* x B* with norm det g. By (4.3.2), the definition here does not
depend on the choice of h. The the following is the modularity of Z(¢):

Proposition 4.3.1. The cycle Z(g, ¢) is automorphic for GLo(A)T: for any v € GLy(F)™T,
g c GLQ(A),
Z(vg,9) = 2(9,9)-

Proof. Let v € GLy(F)7 if suffices to show
Z(r(a,v)¢) = Z(¢)

where @ € B* x B* has the norm det~y. Write v, = d(y)~'7. By definition, the left is equal
to

p(@) ' Z(L(a)r(m)g) = Y rin)ela w)p(a) " Z(w)k

zeK\V

= Z r(y)e(a e)Z (o )k

2€K-O(Fso)\V

= Z r(m)o(z)Z(x) K

zeK\V

=Z(r(m)¢) = Z().

Notice that the natural embedding GLy(Ar)™ — GLy(AR) gives bijective map
GLQ(F)+\GL2(AF)+ — GLQ(F)\GLQ(AF)
thus we can extend the form Z(g, ¢) uniquely an automorphic form on GLy(Ag).

Corollary 4.3.1. For g € GLy(Af) define

Z(9,9) = Z(vh, 9)
for some v € GLy(F) such that vh € GL] (Ap). Then Z(g,¢) is automorphic for GLa(A).
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4.4 Heights of Gross—Schoen cycles

Let Aye be the Gross-Schoen cycle on X7 which is obtained form the diagonal cycle by
some modification with respect to the Hodge class & (the unique class in Pic'(X)g =
limgy Pic'(Xv)g that is B -invariant). Note that £ is a degree one divisor on any component
of Xyy. And varying level structure U, the Hodge class £y form a projective system hence the
Gross—Schoen cycleAy ¢ forms a projective system. It is shown in [12] that Ay is homolo-
gously trivial and a height pairing (Aye, T.Apg) is well defined for any self-correspondence
T of X2. More generally, one has well-defined height pairing

(Ave, Z(0) Avye)

for a Hecker operator T(¢) defined by a function ¢ in the space .7’ ((B})?) of locally constant
with compact support on (B})? invariant under U? x U®. Here .#(B¥) has two actions by
BF from left and right translations. In fact varying U, the Hecke operator T(¢) forms an
inductive system. The projection formula ensures that the above paring does not depends
on the choice of the open compact U.

Note that the Hodge class § is invariant (up to torsion) under Bf-translation. And the
diagonal cycle and various partial diagonals are automatically invariant under the diagonal
A(BF) C (BF)®. Tt follows from the projection formula that the linear form, denoted by vy,
defined by ¢ — (Ape, T(¢)Apg) is B} x Bf-invariant:

Vr € HomB;B; (y(B?)m» C).

Moreover, the height pairing depends only on the action of T(¢;) on the weight 2 forms
([12], Prop. 8.3). In other words, the linear form ~; factors through the natural (B} x B} )?-
equivariant projection

S (B;)® » P,

where the sum is over the Jacquet-Langlands correspondences p on B* of all weight 2 cuspidal
representation of GLy(A)?. In particular, by restricting to the subspace 7f ® 7 for one T,
we have a well-defined height pairing (still denoted by 7¢):

7y € Homge g (17 @ 7y, €).
We multiply this with matrix coefficients pairing «, at infinite places v to get a linear form:
(441) S HOmBXXBX (W@%,(C)

Lemma 4.4.1. Let ¢ € ./ (V) be such that (¢ @ ¢) = f ® fe r @7y Then we have an
equality in CHY(X x X)) modulo the space spanned by e x X, X x e for all e € Pic(X):

(Z(9), p)pet = (*)Tf®f-
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Thus we can consider the generating function for a triple ¢ = ®;¢; € .7 (V?) fixed by K3
for a compact open U C IB%JT:

deg Z(g,¢) :== (Auve, Z(g9,9)Ave), g € GLI(A).

Now the main ingredient of our proof is reduced to the weak form of an arithmetic
Siegel-Weil formula:

E'(9,0,¢) =2deg Z(g,¢), g€ G(A)

where “=" means modulo all forms on G(A) that is perpendicular to o.

4.5 First decomposition

In this subsection, we are trying to give a first decomposition of the height pairing. First let
us choose a decomposition of A by extend each term to an arithmetic class. Recall that we
can write

(4.5.1) Ae=A— E & Aij + E i+ &
i#£j 2
where

e two sums runs over non-ordered elements i # j in {1,2,3}, k is the complement of
o &, =€, A;; is the partial diagonal of elements x = (21, z2, z3) with z; = z;;

Fix a good model % of X3 as in Gross-Schoen’s paper. We extend the term in the right
side of (4.5.1) to arithmetic cycles as follows:

o A= (A, ga) and Au = (A, ga,,) by taking Zariski closures A, A, ; and some Green
currents ga and ga

4,57

° E the extension & over Zy as described in §4.3, and a metric on ¢ with curvature
proportional to the Poincare metric in the complex uniformizations.

By Gross—Schoen there is a vertical cycle W, formed by cycles supported on % and
smooth forms on Y (C) such that

(4.5.2) Ae=A->"G A+ > G- G+W

i#] 2
;From our previous work on Gross-Zagier formula, for any ¢ € .7 (V)0F=) we have that

Z(g9,0)¢ = E(g,9)¢
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where E(g, ¢) is an Eisenstein series for the section 7(g)¢(0), and that

Z(g, )€ = E(g,$)€ + D(¢)

where D(¢) is a derivation for E(¢). Tt follows that for g € GLy(A)3, ¢ € . (V3)OU=) the
series of the intersection numbers

(Ag,  Z(9,0)A¢)

is equal to

(A, Z(g. o)A+ W))

modulo some partial series and their derivation for variables g; in g = (g1, g2, g3). If for some
finite place v, ¢ = ¢" ® ¢, with ¢, supported on regular elements, then A and Z(g, p)A
are disjoint. Thus the above arithmetic intersection can be decomposed into a sum of local
intersections:

-~ -~ ~

(4.5.3) (A, Z(g. o) A+W) =D (A, Z(g,¢)(A+W)),

Triple product of Hecke operators

With notion as in the last section, let v be finite place of F' where the 2y is smooth over
v. In the following, we want to express this intersection as an triple intersection of Hecke
operators a good place. Let let Z(¢) be the Zariski closure of Z(¢) on 2;%. Then we have

(A~ Z(9)A)y = (T1A - Z(¢) - 3A), = degi”Z ()

where
Z‘%‘[Jz—>‘%‘(]ﬁﬂ (x>y)'_>($7xaxay7yay)-

After a linear combination, it suffices to consider the situation where ¢ = ¢ ® P9 ® ¢s.
In this case, the above gives the triple product of three Hecke operators on 23%:

(A, Z(9)A)s = (Z(01) - Z(¢2) - Z(93))w-

Such a decomposition formula holds even for archimedean place and bad places when we
use adelic metrics. More precisely, the cycle Z(¢;) can be extended into an arithmetic cycle

(@) which is admissible with respect to bundle § see our previous paper [306]. Then we
still have
(4.5.4) (Ae. Z(9.0)A¢)) = (Z(6n) - Z(62) - Z(93))

modulo partial Eisenstein series and their derivations. The right hand side has a canonical
decomposition into a sum of local intersections when ¢ has a regular support at some place

of F.
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5 Local triple height pairings

In this section, we want to compute the local triple height pairings of Hecke operators at the
unramified places and archimedean places.

For unramified place, we first study the modular interpretation of Hecke operators and
reduce the identity to work of Gross—Keating on formal groups.

For archimedean places, we ....

5.1 Reduction of Hecke operators

In this section, we would like to study reduction of Hecke operators. For an x € V with
positive norm in F'| the cycle Z(z)k is the graph of the Heck operator given by the cost
UzU. In term of analytic correspondences on Xy, Z(z)k is the correspondences defined by
maps:

Z(2)k ~ Xvnava—1 — Xv X Xy

Moduli interprstation at an archimedean place

First let us give some moduli interpretation of Hecke operators at an archimedean place 7.
Write B a quaternion algebra over F' with ramification set ¥ \ {r}. Fix an isomorphism
B” ~ B® A". Recall from §51 in our Asia journal paper, that the curve X parameterizes
the isomorphism classes of triples (V, h, k) where

1. V is a free B-module of rank 1;
2. h is an embedding S — GLpg(Vg) which has trivial component at 7; for i > 1;

3. & is a Isom(Vp, V) /U, where Vy = B as a left B-module.

If we decompose UzU = [] z;U, then Z(z)k sends one object (V, h, &) to sum of (V, h, Rx;).
It is easy to see that this class represents the isomorphism class of (V;, h;, <;) such that
there is an isomorphism f; : (Vi, h;) — (V, h) of such that the following two diagrams are
commutative:

(5.1.1) Vo —=V,
-l
.
Thus we may write abstractly,
(5.1.2) Z(@)k(V,hE) =Y (Vi hi ).
Notice replace x and k; by equivalent classes, we may assume that z; = x. Thus the

subvariety Z(z)k of My parameterizes the triple:

(‘/17h17’%1)7 (‘/27]127"_{2)7 f
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where the first two are objects as described as above for ki and ks level structures modulo

U :=UnNzUx ! and Uy = U Nz 'Ux respectively, and f : (Va, ho) — (V4, hy) such that:

(5.1.3) U217, .

por
W=
Now we want to describe the above moduli interpretation with an integral structure. We
assume that U is compact and then is included in a maximal open compact subgroup of
form Op = Op, where Op is a maximal order of B. Let V7 = Op as an Op-lattice in V.
Then for any triple (V, h, k) we obtain a triple (Vz, h, &) with Vz = k(Vyz) which satisfies the
analogous properties as above. In fact, My parameterizes such integral triples. The Hecke
operator Z(x)g has the following expression:

Z(x)k(Vz, h, k) = Z(ViZ, hi, k)

%

where Viz = k;(Voz). We can’t replace terms in the above diagram by integral lattices as f;
and z; only define quasi-isogeny:

fi € Homg, (Vig, Vo) @ F, 2, € B=FEndp(Voz) @ F.

When U is sufficiently small, we have universal objects (Vir, b, k), (Virz, h, &). We will also
consider the divisible @g-module V;; = VU / VU,Z. The subvariety Z(z) also have a universal
object f: Vy, — Vy,.

Goes back to curves over F', the rational object does not makes sense, but the local
system V and XA/Z make sense as By and Op, modules respectively. The Hecke operator

parameterizes certain morphism f: Vy, — V.

Modular interpretation at an finite place

Now we want to study the extension of Z(z)k to an integral model 2y over a finite place v
of F'. We assume that U = U, X U". Recall from §5.3 in our Asia journal paper, the prime
to v-part of (VU, R) extends to an etalé system over 2y, but the v-part extends to a system
of special divisible 05, -module of dimension 2, height 4, with Drinfeld level structure:

(7, a).

We would like to give an moduli interpretation for the integral model 2°(z)x of Z(z)x-
First of all the isogeny f : VU2 — VU1 induces the same quasi-isogeny on divisible Og, -
modules. For prime to v-part, this is the same as over generic fiber. We need to describe
the quasi-isogeny on formal modules. First lets us assume that U, = O is maximal.

If v is not split in B, then Uy, = Us, = U,. Thus condition on f, on the generic fiber is
just required to have order equal to ord(z™1). Thus 2 () will parameterizes quasi-isogeny
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of pairs whose order at v has order x. Recall from §5.3 in our Asia journal paper that the
notion of quasi-isogeny as quasi-isogeny of divisible module which can be lifted to the generic
fiber.

If v is split in B, then we may choose an isomorphism Oy, = Ms(0,). Then the formal
module ¥ is a direct sum & @ & where & is a divisible &r-module of dimension 1 and
height 2. By replacing x by an element in U,zU, we may assume that x, is diagonal:

7TC

v

Ty = d with ¢,d € Z and ¢ < d. It is clear that the condition on f on the generic

v
fiber is a composition of a scalar multiplication by 7¢ (as a quasi-isogeny) and a isogeny with

kernel isomorphic to the cyclic modulo &,/747%@,. Thus the scheme 2 (z)x parameterizes
quasi-isogeny f of geometric points type (¢, d) in the following sense:

1. the v-component 77¢f, : & — & is an isogeny;

2. the kernel of 7 “f, is cyclic of order d — ¢ in the sense that it is the image of a
homomorphism &, /7% ¢, — &.

We also call such a quasi-isogeny a type x,. Notice that the number a,b can be defined
without reference to U,. Indeed, a is the minimal integer such that 7—“%x, is integral over
0, and that a + b = ord(det z,,).

For a geometric point in My with formal object &1, &5, by Serre-Tate theory, the formal
neighborhood Z is the product of universal deformations Z; of &;. The divisor of Z(z)k in
this neighborhood is defined as the sum of the universal deformation of quasi-isogenies. In
the following, we want to study the behaviors of this divisor in a formal neighborhood of a
pair of surpersingular points on My when U = U,U" with U, maximal.

Recall from §5.4 in our Asia journal paper, all supersingular points are isogenous to
each other. Fix one of the super singular point B representing the triple (%5, Vi, k). Let
B = End’(P,) which is a quaternion algebra obtained from B by changing invariants at v.
We may use kg to identify Vo = ‘70/‘702. The action of (B ®A})X and (B’})X both acts on the
set of structures. We may use k¢ to identify them. In this way, the set 27 of supersingular
point is identified with

Bo\(B ® A%)*/U"

so that the element g € (B ® A}’)X represents the objects
(%7 %va ng)a

where By means the subgroup of B* of elements with order 0 at v. The set 2(z)3%,
of supersingular points on the cycle Z(x)x represents the isogeny f : P, — P; of two
supersingular points of level U; = U NaUz ! and Uy, = U N2~ 'Uxz. In terms of triple as
above, we have the following conditions that 2 (z)3 represents triples (g1, go, f) of elements
9i € (B® A%})*/U; and f € B* with following properties

(5.1.4) i gy = 27, ord,(det(z,)) = ord,(q(fy))-
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Two triples (g1, g2, f) and (¢}, g5, f') are equivalent if there is a 7; € B* such that

(5.1.5) Yigi = 9is nfvt=1r"

By (6.4), the norms of g; and g, in the same class modulo F7*. Thus by (6.5) we may modify
them so that they have the same norm. Thus in term of orthogonal space V' = (B, ¢) and

H = GSpin(V) = {(91,92) € B, v(q1) = v(g2)
(91,92) = qixgy ', g€ BX,x €V,
we may rewrite condition (6.4) as
(5.1.6) ' =g tfY, g=(91,92) € H(A})

It is clear that the equivalent class of (g1, g2, f) is completely determined by z¥. Indeed,
since norm of z is positive, we have an element f € B with the same norm as z. Then there
is a g € H(A}) such that z = g~' f* in V.

Let 77, be the universal deformation of 7{, then the union of universal deformation of
surpersingular points is given by

Bo\ . x (B ® AY)* /U

Notice that 7, is a formal scheme over &)". Thus the universal deformation of My at its
supersingular points are given by

H(F)o\Z, x H(A})/K".

where 9, = J, Qgw J,. For every f € (B')*, let Z¢(c,d) be the divisor of Z defined
by universal deformation of f of type (¢,d). Let H; be the stabilizer of f then for any
g € H(A}), we can define divisor

F(f.9.0.b)x =H(F)\H(F)o(Z(c.d) x Hy(A})g)K" /K"
~H (F)\Z;(c,d) x Hy(A})/K;

Ky = Hi(AY)NgK,g~'. As the equivalent class of the pair of (f, g) is completely determined
by zv and a, b is completely determined by x,, we also write this cycle as Z(z,, 2¥)k.In this
way, we have

(517) gss(l‘)K,v = ﬁf(xvaxv)K

5.2 Local intersection at unramified place

In this section, we want to study the local intersection at a finite place v which is split in B.
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We still work on H = GSpin(V). Let z1, 22, z3 be three vectors in K'\V such that the
cycles Z(z;)k intersects properly in an integral model .#j of Mg. This means that there
are no k; € K such that the space

is two dimensional with totally positive definite intersection pairing.

First let us consider the case where U, is maximal. We want to compute the intersection
index at a geometric point (P;, P,) in the spacial fiber over a finite prime v of F'. The non-zero
intersection of the three cycles will imply that there are three quasi-isogenies f; : P, — P,
with type determined by x;’s. Notice that P; is ordinary (resp. supersingular) if and only if
P, is ordinary (resp. supersingular).

If they both are ordinary, then we have canonical liftings P, to CM-points on the generic
fiber. All f; can be also lifted to quasi-isogenies of f; : P, — P;. This will contradict to
the assumption that the three cycles Z(x;)x have no intersection. This follows that P,’s are
supersingular points.

Now lets us treat the case of supersingular intersection. By (6.7), we know that Z(z;)x
has an extension Z°(f;, gi, ¢i, d;) k on the formal neighborhood of surpersingular points:

H(F)\Z x H(A})/K".

Ci

Here ¢;, d; € Z such that T 7rdi> € UyxpUy, and (f;, g;) € BXH(A}) such that g; ' (f;) =

zj in V§. If these three has nontrivial intersection at a supersingular point represented by
g € H(F)o\H(A})/K", then we can write g; = gk; with some k; € K". The intersection
scheme Z(kyxy, koo, kszs)k is represented by

Z k121, koo, ksws) g = [Py, (c1, dv) - Dy, (ca, da) - Dy, (cs,d3) X g]

on D, here f = (f;) € (V) and ¢ = (¢;),d = (d;) € Z>. As this intersection is proper, one
has that the space generated by f;’s is three dimensional and positive definite. Notice that
g € H(A})/K" is completely determined by the condition g ' f; € K’zY. Thus we have that

(Z(x1)k - Z(x2)K - Z(23)K )0 = Z deg Z(k1x1, kawa, k3ws) i
kxveKv\ (K} Kz}, Kx})

where sum runs through cosets such that k;x} generated a subspace of dimension 3.
In the following, we let us compute the intersection at v for cycles Z(¢;) for ¢; € .7 (V).
Assume that ¢;(z) = ¢Y(2V) ¢ (z,). By the above discussion, we see that

Z(1)- Z(da) - Z(s) =] D oilw)Z(zi)x

i=1 e R\Y

- > Y. d@)degZ()k

xvefﬁ\(vv)i I’UEKS\(V’U)iU

= Y St 6)

x“EK”\(V“)i
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where (YA/)i denote the set of elements z¥ € (YA/”)?’ such that the intersection matrix of zy
as a symmetric elements in Mz(A%) takes entries in F, (V;)3. denote the set of elements x;,
with norm equal to the norm of z}, and

m(xv7¢v) = Z ¢v(xv) degZ(x”,xU)K,

o€K3\(Vo)3,

In order to compare with theta series, let us rewrite the intersection in terms of space
V = B. Notice that every 2" can be written as z¥ = ¢~ *(f) with f € (V)3 of elements with
non-degenerate intersection matrix 7'(x), then we have

Z(¢n)- Z(¢2)- Z(s) = > > g Hmlf, du)k

FEH(F\V? geH(Av)/K?

where for f € (V,)3

m(f7 ¢v) = Z ¢v(xv) degZ(f, xv)K'

T, €K3\ (V)3

This is a pseudo-theta series if m(¢,) has no singularity over f € (V,)3.

In the following we want to deduce a formula for the intersection using work of Gross-
Keating. For a element f € (B), with integral norm, let .7; denote the universal deformation
divisor on Z of the isogeny f : ¥ — 7. We extend this definition to arbitrary f by setting
= 0if f is not integral. Then we have the following relation:

Di(c,d) = Tyecp — Tpomy.

Indeed, for any f € 70p, there is an embedding from %, to .7 by taking any deformation
@ & —> & to mp. The complement are exactly the deformation with cyclic kernel. It
follows that deg Z(z", x,) is an alternative sum of intersection of Gross—Keating’s cycles:

deg Z(.CCU, .CEU) == Z (—1)51—"_52—"_53 L%rfclfel fi chgfeg fo gﬂ_763763 fa

e;€{0,1}

Theorem 5.2.1 (Gross-Keating, [10]). Assume that ¢, is the characteristic function of O .
Then for f € (V)3, the intersection number m(f, ¢,) depends only on the moment T = T(f)
and

m(f,dv) = v(T(f))-
Comparison

In this subsection we will relate the global v-Fourier coefficient of the analytic kernel function
with the local intersection of triple Hecke correspondences when the Shimura curve has good
reduction at v.
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Recall that we have a decomposition of E’(g,0, ¢) according to the difference of X7 and
PIE

(5.2.1) E'(g,0,¢) = ZE’ 9:0,0) + Eling(9,0,0)

where

(5.2.2) Ei(9,0,¢) = > Ep(g,0,9)
ZTZE(U)

and

Elug(9,0.0)= 3 Fil9,0.0)

T,det(T)=0

Theorem 5.2.2. Assume that ¢, is the characteristic function of @’gv. And let S be the set
of places outside which everything is unramified. Assume that for w € S, ¢, is supported in
V3 Then for g = (g1, 92, 93) € G such that g;, = 1 for v € S, we have an equality

w,reg "’
deg(Z(g,0)) = E,(9,0,0).
Proof. By our choice of ¢, there is no self-intersection in (Z(¢1) - Z(¢2) - Z(¢3))e-

deg(Z(g,¢)u = >,  r(g")¢"(@")m(z",r(g,)¢)

2 e(Kv)3\(V*)3
Z H/ 9°)w(@w)dy - mr(r(ge) o)
S(T)=%(v) w#v
where
mT(¢v) = Z st(xv) deg ZT(xv)K

Zo EK \(BU )dlag(T)

where the sum is over elements of B2 with norms equal to diagonal of T', and the cycle Zr(z,)
is equal to Z(2", z,) with ¥ € (V) with non-singular moment matrix 7. Comparing with
Whittaker function of Eisenstein series, we are left to prove the following equality

(5.2.3) Wi (90,0, 00) = map(r(gy)do).

By Gross-Keating, this is true when g, = e is the identity element. We will reduce the
general g, to this known case.

Suppose that
go = d(v)n(b)m(a)k

for b, a are both diagonal matrices and k in the standard maximal compact subgroup of G.
Then it is easy to see that the Whittaker function obeys the rule:

W’},v (gm 07 ¢U) = w<VTb) ‘V‘ﬁg‘det(a’) ‘2W1£aTa(e7 07 (bv)
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On the intersection side, we have the similar formula:

mT(T(g)gbv) :|V|_3 Z T(gl)¢v($v) deg ZVT(xU)K

=0y (D)|v]~*| deta|* Y " ¢y (va) deg Zyr(xv)k

Ty

where h, € G, with v(h,) = v~! and the sum runs over all z, with norm v - diag(T).
By our definition of cycles, for diagonal matrix a, we have

Zyr(x) = Zyara(xa).

It follows that
mT(T(g)(bv) = %T(b)!V|73| det a|2ml/aTa(¢v)'

5.3 Archimedean height

Let B be the Hamilton quaternion and let ¢ be the standard Gaussian. Let B’ = M,y be
the matrix algebra. Let x = (x1, 73, 23) € B’ with non-singular moment matrix Q(z) and
let g; = g, be a Green’s function of D,,. Define the star product

(5.3.1) A(r) =/ g1 * g2 * g3.
2

Then A(x) depends only on the moment Q(z) € Syms(R) (with signature either (1,2) or
(2,1) since B’ has signature (2,2)). Hence we simply write it as A(=Q(z)) (note that we
need to shift it by a multiple 47).

We will consider a Green’s function of logarithmic singularity which we call pre-Green
function since it does not give the admissible Green’s function. Their difference will be
discussed later.

Now we specify our choice of pre-Green functions. For x € B’ consider a function
D = % — R, defined by

Sz(2) = q(x :w
2(2) == q(z.) =2 o

In terms of coordinates z = { =* 2 )andz = ¢ b , we have
1 —2 c d

(—CLZQ + le —b + 02’122)(—a32 + dgl —b + 03152)
sz(2) = = — .
—(21 —Z1)(22 — Z2)

We will consider the pre-Green function of D, on D given by
9:(2) = n(s52(2))

79



where we recall that
—tu@

o) =Bl = [ e

1
In the following we want to compute the star product for a non-singular moment 47T =
Q(z). Our strategy is close to that of [19], namely by steps: in the first step we will establish
a SO(3)-invariance of A(7") which simplifies the computation to the case T' is diagonal; in

the second step we compute A(7T) when T is diagonal and we compare the result with the
derivative of the Whittaker integrals Wi.(e, s, ¢).

u

Step one: SO(3)-invariance

The following lemma is a special case of a more general result of Kudla-Millson. For conve-
nience we give a proof here.

Lemma 5.3.1. Let w, = 00g,. For any (z1,72) € V2, the (2,2)-form wy, A wy, on S is
invariant under the action of SO(2) on V2.

cosf  sinf
—cosf  sinf
and s = sinf. Let x = cxy + sxy and y = —sxy + cxo. Then, by the formula

Proof. Let k € SO(2) be the matrix ( and for simplicity, we denote ¢ = cosf

=@, = 5,(2)0logs,(2)0logs,(z) — DDlogs,(z)

- D) o) 09(z,Zz I(z,%) _
- (27) ( (z,2) dlog(z,7))( @.9)

and similar formula for w,, we have that

e DGy A w,(2) = A+ B A9dlog(z,Z) + ddlog(z,Z)ddlog(z, %)

0log(z,%)) — 00log(z,%)

where
(7, 2)(2,Z) O(x, 2)  Dloa(s.E d(x,2) — Dloa(~. =
A= (2,%) ((m,z) dhog =, )_)(( %) Olog(z2)
<y72)<y72) a(sz) —dloa(z.z 8(3/,2) —_O 2.z
A 2 ((y7z> dlog(z,7))( .7 dlog(z,%))
and

(v 2)®.2) 0y, 2) o - OWZ) 5
M ((y,z) Olog(z,2))(— = — Olog(2,%)).

It is easy to see that

B = (s4(2) + 5(2))0log(z,7)dlog(2,7) — ((x,Z)(x, 2) + (¥, Z)(y, 2))0log(2,7)/ (2, %)
= 0((2,2)(2,2) + (4, 2)(y, 2))Olog(2,7) /(2,Z) + (0(x, 2)0(, Z) + O(y, 2)0(y, %)) /(. 7).
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Now it is easy to see that the above sum is invariant since the following two terms are
respectively invariant

(2.2)(z,2) + (4. D)y, 2),  (O(x,2)0(x,%) + 0y, 2)0(y, %))

Now we come to A:

(2,2)°A = 0z, 2)0(x,7)A(y, 2)0(y, Z) — ((y, 2)0(x, 2) — (2, 2)0(y, 2))0(x, Z))A(y, %)) Dlog (2, Z)
— ((y.2)0(x, %) — (2,2)0(y, 2))0(x, 2))(y, 2))dlog(=,Z)
+ (0(z, 2)0(z,Z) + Ay, 2)0(y, Z))0log(z, Z)0log(z, Z).

This is invariant since the following four terms are respectively invariant

Oz, 2)0(x,2), Oy, 2)0(y,2),
(y,2)0(x, 2) = (2,2)0(y, ), (y.2)0(,%) — (2,%)0(y,%).
This completes the proof. O

Proposition 5.3.2 (Invariance under SO(3)). The local archimedean height pairing A(T)
is invariant under SO(3), i.e.,

A(T) = A(kTK), k€ SO(3).

Proof. Note that the group SO(3) is generated by matrices of the form cosf  sind
—costl  sinf
and subgroup of even permutation of S3, the symmetric group. Thus it suffices to prove that

A(’rlu X, x3) = A(I7 Y, I3)

for x = cxy + sxy and y = —sxy + cxo where ¢ = cosf, s = sinf.
1

+1
depending on the sign of det(z3). Then Z,, = A(S) is the diagonal embedding of 7 if
det(x3) > 0, otherwise Z,, = (.

By definition,

Further, since ¢*w, = w,-1, for g € Aut(?), we can assume that z3 = \/a

A(z,y, z3) :/%72 gxg(Z)wx(Z)Awy(Z)Jr/ 9z * Gyl 2,-

Zaug

Now the first term is invariant by Lemma above and the second term is either zero (when
det(x3) < 0) or has been treated in the work of Kudla ([19]) when x,y generates a plane of
signature (1,1). The left case is when x,y generates a negative definite plane. In this case
the proof of Kudla still applies. This completes the proof. O

Remark 7. 1. The proof of SO(2)-invariance in [19] is in deed very difficult though ele-
mentary.

2. Similarly, by induction we can prove invariance for SO(n+ 1) for V' of signature (n, 2).

81



Step two: star product

It turns out that for the convenience of computation, it is better to employ the bounded
domain D? where D = {z € C||z| < 1} is the unit disk. We have an explicit biholomorphic
isomorphism from D? — J#? given by

.1"—21 .1+22
7 , 1
1—21 1—22

).

(21, 22) = (

Then, using the bounded model D?, we can express

) |(ai —b—c—di)z120+ (@i +b—c+di)zs + (—ai + b — c — di)zs + (—ai — b — c + di) |?
Sz(2) = )
A1 = |z P)(1 = [=[?)

We first compute several differentials which will be used later on.
Lemma 5.3.3. Let a; € R, and z; € B',1 = 1,2,3,4, be the following four elements

10

xl:ﬁ(o 1)’ “:\@((1) —01)

ws(34). v )

We will shorten s1(z) := s,,(2). Then we have

|]_ —2122|2

(1= [ (1 =[]?)

121 - Z2|2

2@ = M F TR - )

So(z) = ay

53(2) = a 11+ 2120]2 54(2) = a |21 + 29/
3 — w3 ) 4 — U4g .
(1 =]z = [21[?) (1= [z = [21]?)

Moreover, we have

B — |2 dzy Ndz

e 1P IOEI(—s1(2)) = (a +a e - 1) TP
(=s1(2)) 1 1(1 — |z1]2) (1 = |22]?) (1= [z1]?)?
(1—Z12)? dz1 N\ dzy

(1= T[22 (1 = |22*) (1 = [21)(1 = [2[?)

where we the omitted terms can be easily recovered by the symmetry of z1, zo. Similarly we
have

> 2 _
652(z)35Ei(—32(z)) = (CLQ( 71 — 2| ) _ 1) (dzl Ndzy

1= [z) (1 = |z 1—|z?)
(51 — 22)2 le A dzg
(1 =1z ) (1 = |22?) (1 = [21)(A = [22/*)
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= o z +22|2 le/\dzl
390 Fi(—s4(2)) = (a |Zl — ) —_—
CsE@) =T pa-mp Y =Py
o (Z1 + 22)? dz A dzo L

(1= [z = [2?) (1= |21 )(1 = |22f?)

_ +Z2|2 le/\dzl

e FOOEI(—s4(2)) = <a +a = N 1) 1~ [zf?)?
( 4( )) 4 4(1 — |Zl|2>(1 — |ZQ|2> (1 - |Z1‘2)2
(1+7%2) da1 A dz

A Py Ty P P ) Ty P )

And moreover
—s4(2) le A dEl d22 A dzg
(I—lz1?)? " (1 —|2]?)?

(1-— |le2|2)2 11+ E1ZQ|2 11— 2122|2 )
4aia —2a —2a +92].
( I =P = 12P)? A= laP) A= 12P) T A= AP - [2P)

OOEi(—s1(2)) N OOFi(—s4(2)) = e 51

3(2) dzl/\d21 A dZQ/\dzg
(1= 1[=)? (1= |z)?

(|21 = |22]?)? |Z1 — 2o |Z1 + 22|? )
dasa —2a —2a +21.
( B e e A D e C A B T P R (e A D I PAE)

Proof. Simple but tedious computation.

35Ei(—s2(z)) A aéEZ(_S?)(Z)) — e—sz(z)—s

We also need

Lemma 5.3.4 (Change of variables). Define a diffeomorphism between D* and C* ~ R* by
(21, 22) — (wy,wy) where w; = w; + v/ —1v; and

_ Li o Yi
ST AR PO B T A [P R - )
Then the Jacobian is given by
a(uhvlauzﬂb) . 1- |Z1‘2|Z2|2

o(x1,y1, T2, Y2) (1 —1]z1]?)3(1 - |Z2’2)3‘
Moreover we have

dl’ldyldIgdyg _ duldvldu2dvg

(L= 2P =22 /(T + P+ [wa]?)? = dfunPws
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_ 1
P’I”OOf. Let )\ = m Note that

1

and similarly
1

AR

This shows that A satisfies a quadratic equation

2., .2 _
uy; +v; = A

N — (14w ]* + [wa*)A + |w|*|we]* = 0.

Denote its two roots by A; > Ag. Since |z;| < 1, a careful check shows that A = A; is the
larger one of its two roots. Moreover, we have

1 — |21 |2
(1= [z1) (1 = [22)

where A is the discriminant of the quadratic equation above.

= A=A PlwgP = A — o = VA

Theorem 5.3.5. We have for T € Symgs(R) with signature either (1,2) or (2,1),

Wi oo(e,0,0) = ——=— e " A(T).

In particular, everything depends only on the eigenvalues of T (presumedly not obvious).

Proof. By Proposition 5.3.2, we may assume that 7" is a diagonal matrix.

We first treat the case (p,q) = (2,1) and let’s assume that 477 = (ay, a4, —b). And we
may choose x; as in Lemma 5.3.3 as long as we take as = b. Then by the same lemma, A(T)
is given by the integral

. |1 + 2122|2 _ _ le VAN dEl dZQ A\ dEQ

A(T :/ Ei(—b =51 (2)=sa(2)
0= L A T E P - TR - Pe " 1= =P
(1 — |z122)%)? |14 Z1 2]

= PP —[=PP A= faP) 1 - [=P)

Now let us make the substitution

|]_ —2122|2
(1= [z (1 = [2[*)

— 2@4

(4(11 ay + 2)

w — Ty + X9 w — T1 — X9
= aP) PA = =) T (A=) (1 - [2?)2
Y1+ Yo Y1 — Yo
v = Vo =

(I = |z 2(1 = [2f?) 2 (1= |22 (1 = [2f)
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From Lemma 5.3.4 we may calculate the Jacobian of our substitutions

1
A(T) = Z /R4 EZ(—b(l =+ u% + U%))efal(u§+vg)fa4(u%+vf)

du1 dU1 d’UQd’UQ

VA

(4arasA — 2a1 (1 4+ uf + v]) — 2a4(1 + u3 +v3) + 2)
which we may rearrange as

1
1 / Bi(=b(1 +uf +w3))e” "5 dvyduy / g -ain
4 R2 R2

(4G1G4A — 2@1(1 + U% + U%) - 2&4(1 + U% + U%) + 2)

Here
(5.3.2) A=1+ud+0v] +ui+ 03+ (uu + v1v2)°

Comparing with Proposition 3.3.7, it suffices to prove that the integral

1 dy,d
(633) e~ =9 (41 ay A — 2a, (1 + 22 + 1) — 2a4(1 + 22 + 32) + 2) %z
R2
is equal to
(5.3.4)

/ 2 AAB—2A 2B 12 /6_u2(4AB—A—B)u2+2AB(A+B—1)du
R R

(@ + A+ " (@ + A)(w? + B))PP
Here note that we rename the variables u;, v; to x;, y; and they should not be confused with
the real /imaginary part of z; (coordinates of the bounded domain D). And A, B are the two

eigenvalues (as the z;, z in Prop. 3.3.7) of 2 x 2 matrix (1 4+ x2')"/2a(1 4 x2')"/? for x be
the column vector (x1, z7)'and

A=1+22)1+yy) — (z'y)>

Now notice that the 2 x 2 matrix (1 +z2')™' =1 — 1+1x,x:)::v’. We have

yrx'y A

Lty () ly = 1tyy - 7 =

Substitute y — (1 + zz’)'/?y, the integral (5.3.3) is reduced

1
N

Now make another substitution y — ky where k € SO(2) is such that

) dyl dy2

e_y/(1+mm/)1/2a(1+zz')l/2y(4AB(1+y/y)—Qy’(]__i_xx/)1/2a(1+xx/>1/2y—2A—2B—|—2 T
vy

(14 z2")2a(1 + z2")'/? = K'diag(A, B)k

85



we obtain:

) dy,dys

1
(5.35) — [ e VEIABYYAB + y'y) — 2/ diag(A, B)y — 2A — 2B + 2 T
yy

NI

Using the integral
1

P IR
/wERe dx—\/zf(l/Q) \/_\/Z

we may rewrite the integral (5.3.5) as
/R 3 e~ T~ A= BYS (U AB(1 4 o2 + 42) — 2(Ay? + By?) — 24 — 2B + 2)dwdy, dy».
We interchange the order of integrals
/ v / (WA= B (4AB — 2A)y? + (A4AB — 2B)y2 — 4AB — 2A — 2B + 2)dy,dysdw.
R2

Now we can integrate against yi, y» and it is easy to verify that we arrive at the integral
(5.3.4). This finishes the proof when (p,q) = (2,1).

We now treat the slightly harder case (p,q) = (1,2). Assume that 477 = (a, —by, —b2)
and we may take a4y = a,b; = a3, by = ay as in Lemma 5.3.3. Then the same substitution as
before yields that A(T") is the sum of two terms:

1 / E@(—a(u% + v%))e—bl(1+u%+v§)—b2(l+u§+vf)
4 Jpa
duldUQd’Uld’Ug

VA

and (note that s,(z) has zeros along the divisor defined z; + 25 = 0 on D?)

X (4b1by(uruy + v1v9)? — 2b1 (U + v3) — 2ba(us + vi) + 2)

/DEZ'(—SQ(Z, —2))00Ei(—s3(z, —2)).

By Proposition 3.3.5, the Whittaker integral also breaks into two pieces. It is easy to
prove that the first one matches the second term above. In deed this already appeared in
the work [23, Thm. 5.2.7, (ii)]. It suffices to prove that the integral

dUQ dUQ

VA

(5.3.6) /R 2 e~ VB2 (4 by (ugus 4 v109)? — 26y (u2 + v2) — 2bs(u2 + v2) + 2)

is equal to
(5.3.7)
U2+A)1/2<U2+B)1/2 (U2+A)1/2<U2+B)3/2 u.

Here A, B are the two eigenvalues of (1 + w'w)2b(1 + w'w)'/? where w = (uy,v;).
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Similar to the previous case we may rewrite the integral (5.3.6) as

1 2 2,2
(5.3.8) — [ e T () dy
VT Jr
where
I(l’) = / 67(b1+x2)v§f(b2+x2)u%7mz(u1u2+v1v2)2 (4b1b2(U1U2+U1U2)2—2b1(U%"‘U%)—ng(U%"‘U%)"‘Q)dﬂzd’l)g.
R2

We now want to make the exponent in I(z) as a linear combination of only square terms
(we point out that the same idea also works for the previous case). This suggests to make
the substitution

by + 22 by + x2
o YO e S _ S N
up =1 ( by —|—:c2u1y1 viy), v2 =1 ( by +$201y1 + u1y2)
where
by 4+ 2?)ui + (b + )07
\/(bl + 1'2)(172 + S€2> .
And ) .2
1 1

Ytz = (b2 + 2%)uj + (by + 2%)v3)( )-

b2 + 22 bl + 2
Then after the substitution we obtain

(b +22) (g +22) 2

( (b12 zz)(bQ 222) 2 $2)y% 202 2,2 Y2 2 2 -1
I T) = bi+xz2)us+(bg+a)v bi+z)us+(bg+a4)v
() /26 (b1 )1(2 )1 (b1 )1(2 )1 (Oy1+Dy2+E>n dyldy2
R

where

C' = dbiby + 0 2(—2by 203 — 2b, 2420 02)
D= 77_2(—2b1U% — 2621}%)
E= —lelL% - 2[)21}% + 2.

Moreover let’s denote

F =(by + 2%)(by + 22) + ((b1 + 2°)ud + (by + 2°)v)2?
=(1+u?+ oDt + (b1 (1 +ud) + by(1 + v3))x? + byby.

Now we may fold the integrals against v, 2 to obtain

2\,,2 2\,,2
I(x) — 7TF_1/2 (CF_l((bl —l—x2)u% + (bg +$2)U%)/2 + D(bl +x )ul + (b2 +x )Ul /2 + E)

(bl + $2)<b2 + .CC2)
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which can be simplified as
TETVPE 4+ mF732 (2b1by(uf + 07) — bi(1 4+ ud) — ba(1 4 v1))2? + 2b1bo(byuf + bovi — 1)) .

Plug back to the integral (5.3.8) and make a substitution u = x(1 + u? + v}). Therefore, we
have proved that the integral (5.3.6) is equal to

_ / o —2byuf — 2byv} + 2 s
ro (w001 +ui) + a1+ o))u? 4 biby(1 + i + vy))Y2

4 7_(\/ 67u2 (2[)1()2(’11/% + U%) — bl(l + UJ%) — bg(l + U%))’LLQ + 2()1{)2(1 + ’U/% + vf)(blu% + bQ’U% — 1)du
R (ut + (b1 (1 + u?) + ba(1 4 v3))u? + bibo(1 + uf + v7))3/2

This is clearly equal to the integral (5.3.7). We then complete the proof. O]

Comparison

In this section, assume that 7|oo and ¥, (z) = €*™@ for z € R. Recall that the generating
function is defined for g € GL3 (A)

Z(g.0)= Y 1(917)0(2)Z(2)kWr(w)(9o0)

zeV /K

where the sum runs over all admissible classes. And for our fixed embedding 7 : F — C we
have an isomorphism of C-analytic varieties (as long as K is neat):

Y&~ G(F)\D x G(Ay)/K U {cusp}

where, for short, G = G(7) is the nearby group.
For z; € V.1 =1, 2,3, we define the archimedean height

(Z(21, M)k - Z (2, ha) i - Z (25, h3) K)o = Gor b K * Gao,ha K * G sk
where the Green function is defined as follows: for [z, h'] € G(F)\D x G(Ay)/K

Janr ([2,1]) = Z 7*[77(Sz(z>1az(ﬁ)h1<(h/))]-

YEG(F)/Gx(F)

For an admissible class 2 € V we will denote by g, its Green function.

Theorem 5.3.6. Let g = (g1,92,93) € Gp = GL;“S(A) and T be non-singular of sign (1,2)
or (2,1). And assume that ¢, is supported on non-singular locus at some finite place v. Then
the archimedean contribution (Z(g1,¢1) - Z(g2, ¢2) - Z (g3, 03))eo S given by

. (/ #lhe) dh) ( / ngi(z)dz)
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Proof. First we consider g = (g1, g, g3) € SL3(A). Afterwards we extend this to GLJ (A).
By definition we have

Z(g: ¢)oo = Z ¢<x)WT(xoo)(goo) (/G(F)\D Glhs)/K *?:193%(27 h/)d[z7 h/])
xG(Ag

o=(z;)e(K\V)3

where the sum is over all admissible classes.
Note that

7*[77(396(2)1Gx(ﬁ)h[((h/))] = n(sy—lz(Z)1(;712@)771;1;((”))-
For a fixed triple (x;), the integral is nonzero only if there exists a v € G(F') such that

VW € G -1y (F)yi hiK < 57 hi € G-y (F)YIK.

Observe that the sum in the admissible classes can be written as x; € G(F)\V(F) and
hi € le(ﬁ)\G(ﬁ)/K Here we denote for short V' = V(v) that is the nearby quadratic space
ramified at ¥(v). Thus we may combine the sum z; € G(F)\V(F) with v; € G(F)/Gy,(F)
and combine the sum over v € G(F') with the quotient G(F)\D x G(Ay)/K:

> B ( /h e ¢<h'm>dh’) ( /D *?zlgxi(z)dz>.

2€G(F)\V

Here we have used the fact that G, = {1} if T'(x) is non-singular and we are assuming that
¢, is supported in the non-singular locus at some finite place v.
It is routine to extend the result to GLj .

Holomorphic projection

In the rest of this subsection we will calculate the holomorphic projection of E’(g,0, ¢). By
the lemma above, we need to calculate the integral

1/2

dy

0)det 14+s_ —2nTy
y71/2 ) ) ) € (y) € det(y)2

o) = [ Wi, ( v

3
Ry

where y = diag(yy, yo, y3) and T' € Symgs(R) with positive diagonal diag(T) = t = diag(t, ta, t3).
Note that when ¢t > 1 and Re(s) > —1, we have an integral representation of the Legendre
function of the second kind:

0 (t)—/ du _l/oo (x —1)%dx
’ Ry (t+ V2 — 1coshu)+s 2 )y x1+5(%x + 1)t

And the admissible pairing at archimedean place will be given by the constant term at s = 0
of (the regularized sum of) Q,(1 + 2s,,(2)/q(z)).
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Consider another function for ¢t > 1, Re(s) > —1:
1 [ dx
P.(t) == .
®) 2/1 (5t + 1)t

One may use either of the three functions (i.e., Fi, Qs and P) to construct Green’s func-
tions. And Theorem 5.3.5 shows that to match the analytic kernel function, the function Fi

is the right choice; while the admissible pairing requires to use (5. The following proposition
relates Ei to P, and hence to ), by the coincidence Qg = F.

Then obviously we have

Proposition 5.3.7. Let x € MQ?”R such that T = T(z) is non-singular and has positive
diagonal. Then we have

0u(T) = det(t) ! (%) [ ) o) )

where )
Sz(z )

ns(z,z) = Ps(1+2 @)

1s a Green’s function of D,.
Proof. Firstly by the definition we have
dy
JT) = | det*(yHW! 0)det(y)e > Vdet(y)* —=
)= [ eI g0, Oetl)e = 0]
which is equal to
w’ 0)e 2™ Ydet(y) dy.
/Ri ﬁTﬁ(ﬁby@a Je et(y)*dy

If we modify z € M3y with moment 7' = T'(z) to a new z’ = (z}) with 2} = z;/q(z;)"/?,

we have T'(z') = ¢t 2Ttz (so that the diagonal are all 1). By Theorem 5.3.5 we have (after
substitution y — yt)

0o(T) = det(t) / AGT(Yyh)e det(y)*dy.

3
RJr

By the definition of A(T"), this is the same as
det(t) [ {sinlybals2), 1 pedet(y)’dy
R}

where

1 1
{*?:m(yfxé;Z),l}Dz/ <y s 2).
D
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It is easy to see that one can interchange the star product and integral over y. We thus
obtain

1
as(T) = det(t) " {x, / n(y? zi; z)e ™yidy;, 1}p.

Ry

Now we compute the inner integral:

/ n(yZa; 2)e ™yt dy
R4

_ / Bi(—dmys,(2))e ™y dy

/ / —4wysl(z)u due 4y sdy
R+

s+1

= lm) / a(l sz< s 1
I'(s+1)
=iy P+ 25.(2)).

[]

Based on the decomposition of E'(g,0, ¢) in sec. 2.8, we can have a decomposition of its
holomorphic projection, denoted by E’(g,0, ®)pe:

(5.3.9) E'(9,0, 0o = Y Z ET(g,o ) hot

v TX(T

where we only change E/(g,0, ¢) to E(g,0, ¢)ne when 3(T") = X(v) for v is one archimedean
place and in this case

Eé“(gv 07 ¢)hol = WT(QOO)"W/@(T)WT,JC(gfa 07 (bf)

where m(T) is the star product of Ps(1 + 2s,(z)/q(z)) for  with moment 7.

Note that all equalities above are for ¢ € G with g, = 1 when v € S, the finite set of
non-archimedean places where ¢, is ramified of sufficiently large order.

Summarizing all above, we have

Theorem 5.3.8. Assume that for at least two v where ¢, € . (V3 ..). Then for g € G with

v,reg

gw = 1 for w € Sy, the set of finite place outside which ¢, is spherical, Then we have

Z(ga gb)v = Z E&“(ga 07¢)hol-

T,5(T)=%(v)

Proof. Under the assumption, all nonsingular coefficients vanish on both sides! The compar-
ison of non-singular coefficients are done by Theorem 5.3.5 and the holomorphic projection
above. O]
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5.4 Local intersection at ramified places

In this subsection, we want to describe the local height pairing of Gross—Schoen cycles on
the triple product of a Shimura curve at bad places. Our treatment is complete only if v is
non-split in the corresponding quaternion algebra. Some further treatment needs to treat so
called non surpersingular local intersection.

Let ,V be the coherent quadratic space attached to the quaternion algebra ramified at
X (v).

Theorem 5.4.1. Assume that ¢, € % (V3) is ramified of sufficiently larger order. Then
there exists an ¢, € .7 (,V,3) such that for o) = ¢* @ ¢, € S (,V}}) we have

degZy(g), = E(g,0, ™)

when g € Gy has g, =1 for w € S (in particular for w =v).

A first decomposition of global heights

Let F' be a totally real field with adeles A and let B be an incoherent quaternion algebra
over A which is totally definite at archimedean places. For U an open compact group of
IB%? then we have Shimura curve Xy and Gross-Schoan cycles A¢ on X} with respect to the
Hodge class &:
DNe=A= Ny-mé+ Y mémé
1<j 1<j

where k is the complement of ¢, j and A, ; is the partial diagonal z; = z;.

Let ¢ € .#(V3) invariant under K? with O(F,) x U? then we have a well-defined
generating series of Hecke operators

Z(9)v = Z ¢(z)Z(z)y

2€0(Foo)3UB\V3

and the generating series of height pairing

(Ag, Z()uAg).

Recall that this height pairing is taken on a good model of X} or more precisely, the subva-
riety Y of points in the same connected components. This height pairing can be computed
using regular model % of Y. In fact, Gross-Schoen shows that this can be done using a
good semistable model: there is a unique arithmetic class A, perpendicular to any vertical
to any vertical classes. R R
(Ag, Z(9)uAe) = (D¢, Z(9)uAs)

Using de Jong’s alternation, this classes can be defined over any regular model.

The Shimura variety Y is attached to the subgroup G of B? consists of triples (b;) with
the same reduced norms. Assume that U = U'U, with U" sufficiently small. One good
model # can be chosen by the following process:
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1. Let UY = U°U? be an open compact subgroup of ]B% such that U? is maximal. Then
corresponding Shimura curve X° has a regular model 20,

2. Take a normalization 2" of 2°° in some base change X, for some finite extension.

3. Blowing up 2" at its singular points sufficiently many times to get a regular semistable
model 2.

4. Blowing up components of .23 in any given order to get a good model 23 for X 3.

5. The union of diagonal connected components in 273 gives a good model #'.

Let E be the canonical arithmetic extension of £ and let ﬁw be an arithmetic classes with
admissible currents at archimedean places. Then there is an unique arithmetic extension A

such that R R R R
= A= Ay mE+ Y mEmé
i<j i<j
Since Ag is perpendicular to vertical cycles, in the intersection pairing, we may replace
the first Ag by any arithmetic class AO For our purpose, we take this class in the fom

= A=) A mE+ )y e
1<j 1<j

with A° and ﬁgj are arbitrary arithmetic extensions of A and A; ;. By adjoint property of
Hecke operators:

(Zy, () Za) = (Z(8" ) 21, Zs)
where ¢¥(z) = ¢(T),

(B, Z(9)A¢) = (AL, Z(9)uAe) = (A, Z(9)A) + Y (Z(¢)mi&, Di) + > _(Z(¢")miE, D}

where Dy and Dj, are some cycles independent of ¢. By computation in Xinyi’s draft, the last
two terms are sums Eisenstein series and their derivations in variables gy € GLa(A). Thus
modulo these partial derivations of Eisenstein series, it remains to compute the intersection

(A%, Z(¢)u ).

Assume that ¢ has regular support at some finite places. Then A and support of Z(¢)yA
are disjoint. In this case, we have local decomposition:

(A, Z(¢)uA%) =D (A, Z(¢)vA),.

(2

Once a model % is chosen, we may choose A° to be (A, ga) formed by the Zariski
closure A of A and the Green’s current of A. In this case the difference V = A — A is a
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vertical 2 cycle supported on the singular fibers of /. The local intersection (3, Z ((b)UﬁO)U
has been computed explicit for archimedean and good finite places; and the results match
with computation from analytic kernels. The aim of this subsection is to estimate the local
intersection at a ramified finite place v. Using decomposition,

(A%, Z(9)uA), = (A, Z($)u D)y + (Z($)uA, V),

it suffices to estimate the intersection of Z(¢)yA with horizontal cycle A or a vertical cycle
C. Notice the horizontal intersections only happen at supersingular points or superspcial
point.

Recall that local intersection is at a finite place v can be defined as follows. Let W be
the subvariety of Y x Y consisting of pair of elements in the same connected component. Let
W be a good model obtained form % x % by successive blowing up as in Gross—Schoen’s
paper. Let Z(¢) be the generating series

.Z‘EI?E\VE

where Z(x)f is the Zariski closures of Z(z)k in #'. Then the local intersection is defined
by the intersection on #  of the three cycles:

(A, Z(¢)xA) = (mA, Z() i, 3A),

where 7; are the projections of # to two facts.

Horizontal intersection at a non-split prime

In this section, we assume that v is ramified in B. We want to study local horizontal
intersections.

Let B be the quaternion algebra over F' with ramification set ¥ U {v} and For each
positive integer n, let G,, denote the subgroup of (B*)" of n-tuple of elements (b;) with same
norms. Then Y and W are Shimura variety associated to the group GG3 and Gg respectively.
The intersection mfA and 73A is a Shimura variety associated to the group G2 embedded
into Gg by

(bl, bg) — (bl, b17 bl, bg, bg, bg)

We let G,, denote the subset of (B*)™ of n-tuples of elements b; with the same norm. Then
we can identify G, (A”) with G;,. Let U, denote the intersection of U™ and G, in (B})".
The formal completion of #° at these supersingular points can be identified with

WO = Go(F)o\( x Gs(AY)/KY = Go(F)\Z0 x Go(AY)/UY
where

e Gg(F)g is the subgroup of Gg(F) of elements of G(F') with norm of order 0 at v;
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e ) is Drinfeld upper-half plane which admits an action by G1(F})o;
e Q6 is certain resolution of singularity;
o 79 = Go(F,) Xcy(F) 06 which admits an action by Ge(F).

Let %5 be a the pull-back of 2 on # . Then the completion of # at its supersinular
locus is L

The cycle 7fA x 75 A is represented by a subvariety
(Ag)v = GQ(F)\@Q X GQ(A?)/U&J

For each pair of elements (x,y) € B> x B? with norms satisfying q(x;) = q(y;) # 0, we
can define a subvariety Z(x,y) of % which continuously depend on = and y. The Hecke
operator Z(z)g can be represented by

D(vo,y) x g, g ‘(y) =2,
ye B’ geGey(A)\Gs(A})

where ¢g~!(y) means action of G5 on B3 as usual:

g Wi = (9 "yigins),  1=1,2,3.
Let m(x,y) denote the intersection of Z(z,y) with %, in %;. Then m(x,y) is a locally
constant functions in x and y. The horizontal local intersection at v is given by
(Z(x) -mA-mA)= Y mlx,y), y€ B g€ GoylA))\Ga(AY).
g ly=x
Assume that ¢ = ¢ ® ¢,. Then the generating series of horizontal local intersection is

given by

(Z(0)-mA-mA) = Y d@)(Z(x) 7{A - m3A)

xEUS\V?’

=Y ox) Y mlxy)

g ly=x

=) S ¢l ymly, 6)

yeV? g€Ga y (AD)\Ga(AY)
where

m(ya gbv) = Z ¢(xv)m(x7y)a Q<xz) = q(yz)

z€B3
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Lemma 5.4.1. Fiz a ¢,. The function y — m(y, ¢,) # 0 only if the moment metriz is
supported in a compact subset of Syms(F,).

Proof. We need only prove the lemma for the function y — m(x,y) when an z is fixed.
In this case, the cycle %, and Z(x,y) has non-empty intersection only if they have non-
empty intersection in the minimal level, and only if any two of the graphs I'(y;) of the
isomorphisms y; : Q — Q have a non- intersection in the generic fiber P!(C,) — P}(F,).
Or in the other words, the morphism yiyj_l does not have a fixed point in P!(F,). This will
implies that y;y; = yiyj’lq(yj) is elliptic in the sense it generates a quadratic subfield Ej;
in B, over F,. Recall that in a quadratic field, an element ¢ is integral only if its norm
is integral. If 2n > —ord(q(t)), then 7t has integral norm, thus tr(zn?t) is integral. Take
n = —[ord(q(t))/2], then we get

ordtr(t) > —[ord(q(t))/2].
Since q(y;) = q(z;), we thus obtain that entries of Q(y) has an estimate
ord(tr(y;y;)) = —[ord(z:z;)/2].
This shows that Q(y) is in a compact subset of Sym;(F,). O

Vertical intersection at a non-split prime
Now let us to compute vertical local intersection at a split prime v:
(A, Z($)V),

where V' is a two dimensional vertical cycle on &. First let us assume that V' is irreducible
and represented by (S, ¢') for S a vertical cycle on 3 and ¢’ € G3(A}). Then TV - m3A is
represented by

(miS-m2 < (¢,9"), 9" €Gi(A}), qld") =ald).
For 2 € B? and y € B? with the same and nonzero norm, let
V(Iay> = (WIS ’ W;@l ’ @(xay))

Then we have
(Z(2) -7V -mA) = Y vlws.y)
T
where g = (¢/, ¢”) as above.
Assume that ¢ = ¢¥ ® ¢,. The generating series of local vertical heights is given by

(Z(0) - TV -mA) =D d(x) Y v(wy)

g ty=a¥

=Y Y ¢ vy b

yevs3 g”EGl(A?)q(g/)
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where subscript ¢(¢’) means elements with norm ¢(¢'), and

v(y,¢0) = > Sl vz y),  ql) = q(y)

z€B3

Thus we obtain a pseudo-theta series if we can show that v(y, ¢,) has a compact support
as a function of y.

Lemma 5.4.2. The function v(y, ¢,) has compact support in y.

Proof. Assume that S has image in Q2 included into A; x Ay x x A3, where A;’s are irreducible
components of special component of €). To show the compactness of this function, we need
only study the compactness of the set of elements y = (y;)’s such that the Zariski closure of
graph of multiplication of y on 2% x Q3 passing through A x B x C. Since BX also has a
natura action on the special components of €2, the non-empty intersection implies that there
is a irreducible component A such that

A = yiA0~

Recall that after fixing an isomorphism B, ~ Ms(F}), the irreducible components in the
special component of € are parameterized by homothety classes of lattices in F?. The
difference of two tuples y’s is a tuple g = (g1, g2, g3) of three elements g; € B with norm
1 such that g;A; = A;. This last equation implies that g; € SLy(A;) where A; is a lattice in
F? corresponding to A;. This follows the set of y’s is compact when z is fixed. Since ¢, has
compact support, this shows that the function v(y, ¢,) has compact support. O

Intersection at split prime

A point on # ® O, is called supersingular if its image in (:27°)% is a supersingular point. Fix
one supersingular point on 2°°. Then the set #.,%%* of super singular points can be identified
with
W = Ge(F)o\Gs(AY) /Uy = Gs(F)\Gg(Ay)/Ug.
More precisely, the formal completion of #° at these supersingular points can be identified
with
WD = Go(F)o\Q° x Go(A}) /K" = Go(F)\Z2 x Gg(A4) /UL

where
e Gg(F)g is the subgroup of Gg(F) of elements of G(F') with norm of order 0 at v;

e () is a universal deformation domain of a supersingular point which admits an action

by Gl(Fv)m

o 99 = Gs(F,) Xa4(p,), 2° which admits an action by Gg(F,).
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Let P be a the pull-back of 2 on #'. Then the completion of # at its supersinular
locus is

—~

W = Go(F)\Ds x Gs(AY)/UY.

The cycle 7;A x 73 A is represented by a subvariety
(82);" = Go(F)\Z2 x Ga(A}) /Ug.

For each pair of elements (z, f) € B3 x B3 with norms satisfying q(z;) = ¢(f;) # 0, we
can define a subvariety Z(z, f) of % which continuously depend on x and f. The Hecke
operator 2 (z)k can be represented by

v

(v, y) x g, g (y) =2,

y € B3, g € Gey(A})\Gs(AY)

where ¢g~!(y) means action of G5 on B? as usual:

g (W) = (9; 'Yigiva), 1=1,2,3.

Let m(z,y) denote the intersection of Z(x,y) with %, in %s. Then m(z,y) is a locally
constant functions in x and y. The horizontal local intersection at v is given by

(Z(z) -7t A -7 A)™ = Z m(z,y), ye B3 ge Goy(AG)\Go(AY).
g ly=x

Assume that ¢ = ¢ ® ¢,. Then the generating series of horizontal local intersection is
given by

(Z(9) - mA-mA)* = Y ¢(a)(Z(x) - mA - mA)*
zeU3\V3

—S 6(x) 3 mia,y)

9 ly=x

=) S g ymly. b)

YEV? g€Ga,, (A1)\Ga (AY)

where

m<y7 ¢v> - Z gzﬁ(xv)m(x,y), Q(xz) - Q<yz>

z€B3

Since B, is anisotropic, the equation ¢(z;) = ¢(y;) for x € supp(¢,) shows that the
function m(y, ¢,) has a compact support. In other word, the last sum is a pseudo-theta
series.
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Vertical intersection at a split place

Now let us to compute vertical local intersection at a split prime v:
(A, Z($)V),

where V' is a two dimensional vertical cycle on %. First let us assume that V is irreducible.
We divide V according the dimension of its image oV in the morphism o : & — 273

ordinary if dimaV =2
V = { supersingular  if dimaV =0

mixed fdimaV =1

For a general cycle V' as a linear combination ) a;V; of irreducible cycles V;, we say that
V has a type as listed as above if every V; has this type.

Lemma 5.4.3. If V has a type as above, then Z(x)V can be represented by a cycle with the
same type.

Proof. We need only treat the case where V is irreducible. Let Z(x) be the Zariski closure
of Z(x) in (27®) x (£®). Then the projection 3 : #? — 2% sends Z(z) to Z(x). Let
7 Z(2) — ¥ (i=1,2) and p; : Z(x) — 273 be projections. Then we have the following
commutative diagram:

)

@/1(%&@
| AT N

23 3
Recall that 77V can be represented by a linear combination ), a;V; so that each V'

has image m V' = V. The cycle Z(z)V is represented by » . ; a;[m2V;] where J is a subset
of j’s so that m2(V;) has dimension 2. Applying a to these cycles, we have

amV; = pafV;.
Since both p; and py are finite and flat,
dim p,8V; = dim 8V} = dimm BV, = dimam V; = dimaV.
O

Same proof as in superspecial case shows that the generating series of local intersection
of supersingular vertical components gives a pseudo-theta series.
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6 Proof of Main Theorem

In this section we will finish proving the main result of this paper. Note that we need to
prove

degZy = E'(+,0,0) o mod Hpon(G)

where 7,,,(G) is the subspace of &/ (G) generated by restrictions of F(-,0, ¢) for ¢ € S (V}})

for all possible coherent V.
Firstly we compile established facts. Note that the test functions are chosen as follows:

1. For v|oo, we have chosen ¢, to the standard Gaussian.

2. For those v where both 7, and 1, are unramified, we choose ¢, to be the characteristic
function of 073 .

3. Let S be the finite set of the rest of all (non-archimedean) places. And for v € S, we
choose ¢, to be ramified of sufficiently large order depending on ,,.

Now by the decomposition of E'(-, 0, ¢)s. (equation 5.3.9), we have for g € G with g, = 1
when v € S:

(601) E/(g707¢)hol = ZE;;(9707¢)hol

E 9.0, = Y Ep(9.0.0)na

T,5(T)=%(v)

where the sum runs only over non-singular 7" by the vanishing of singular coefficients for
such g. And when (7T') = X(v) for v|oo, we have

E%(Q? 07 (b)hol = WT(Qoo)mv<T)WT,f(gf7 Oa (bf)

where m,(T") is the star product of Ps(1 + 2s,(2)/q(z)) for x with moment 7.
On the intersection side, we also have a decomposition

degZy(g9) = _ degZs(g)w-

And we have proved the following comparison:

1. When v|oo, by Theorem 5.3.8, we have for g € G with g, =1 when v € S
degZ¢>(g)v = E;(ga 07 ¢)h0l-

2. When v < oo and v is outside S, by Theorem 5.2.2, we have for ¢ € G with g, = 1
when v € S

degZ¢(g>v = qu)(ga()?gb) = E;;(gaovgb)h()l‘
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3. When v € S, by Theorem 5.4.1, we have for ¢ € G with g, =1 when v € S

degZy(9)s = E“(g)
for some E®) € o7.,,(G). And by Proposition 2.7.3, we have for g as above
E,(9,0,¢) = 0.
To sum up, we have an automorphic form
F(g) = degZs(9) — E'(9,0, 0)no — Y _ EV(g) € #(G)
ves

with the property that for all ¢ € G with g, = 1 when v € S:
F(g) = 0.

But it is easy to see that for a finite set S of non-archimedean places, GrG* is dense in G,.
Therefore we must have

for all g € G,! This proves that
degZ¢(g> = El(g707¢)hol mOdefcoh(G)-

7 Application to cycles and rational points

Let X; (i = 1,2,3) be three smooth, projective, and geometrically connected curves over a
number field k. Let W = Ch*(X; x Xy x X3)® be the subgroup of codimension 2 cycles
z such that 7,2z = 0 in Ch'(X; x X;) for the projections m;; to X; x X;. Then it can be
shown that every cycle in W is homologically trivial. The conjecture of Beilinson and Bloch
says that W is finitely generated with rank

dimg Wy = ords—oL(s, M)

where M is the motive ®; H'(X) which has ¢-adic realization M, := ®;H'(X,;z, Q). In the
following, we would like to give a refinement using correspondences on X;.

In fact, let W' denote the subgroup of W generated by 77z with z € Ch*(X; x X;) with
trivial image in AIb(X; x X;). Then it is conjectured that W' = 0. Right W = W/W*.
Then one can show that the natural action of ®,;Ch! (X; x X;) on cycles stabilizes W and W
and that the induced action on W factors through the quotient ®NS(X;) where NS(X; x X;)
is the Neron—Severi group of X; x X; and also End(Jac(X;)). Since NS(X; x X;) ® Q is
semisimple, ®NS(X; x X;) is also semisimple. Thus its representation can be decomposed
into irreducible representation using idempotent ¢ such that
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is a division algebra over its center E;. Our refined Beilinson-Bloch conjecture is as follows:
for each embedding 7 : B, — C

dimpg, tw@ = ords—o L(s,tM,T).

Here the L-series of right hand is an Euler product over primes ¢ of k of local factors
Lg(s,tM,7) = P7(N(p)*)~", where P7(T) is a complex base change of a polynomial over Ej
defined as the determinant of 1 —Frob,,-T" on the ¢}, ZI “ as Q, ® E;-module for any ¢ different
than the characteristic of o and inert in F;. One consequence of the conjecture is that
ords—1 L(s,tM, 7) does not depend on 7. As Neron—Tate height pairing on the Mordell-Weil
group of rational points of an abelian variety, the group W has height pairing defined using
arithmetical intersection theory. The volume of W should be related to the leading term in
the Taylor expansion of L(s,tM) =[] L(s,tM,7) at s = 2.

Now we go back our projective limit X of Shimura curves. For each open compact
subgroup U, let Wy denote the group Chz(XU x Xy x Xy)%, and let W denote the direct
limit of Wy, Then W admits an action by (B*)3. The action on W¢ factors through the
action of T ®7, where 7 are Jacquet—Langlands correspondences of cuspidal representations
of GLy(Ag) of parallel weight 2. Thus Wt is decompose into isotropic pieces of

We=@,W(memn
where
W(r) = HOIHBE(W, We).

The Beilinson—Bloch conjecture says
dime W () = ords—1/2L(s, 0).

One consequence of this conjecture is that ords—y/2L(s,0) if we replace o by a conjugate
o7 for any 7 € Aut(C), where o7 is the unique cuspidal representation of GLy(Ag) whose
eigenvalues are 7-conjugate of those of 7. Indeed, let L denote the subfield of C generated
by Hecke eigenvalues of m. Then 7 is the base change of absolutely irreducible representation
7V over an L-vector spaces. For each 7 € Aut(C) we get a complex representation 77 by

base change 7|, whose Jacquet-Langlands correspondence is 7. Define
W(r%) = HomBE (7%, W)
as Q(Bj)-modules. Then W (x°) is a vector space over L and
W(r™) = W(n°) ®, C.
Thus dime W(n7) = dimz, W (7°) which is independent of 7.
A more precisely conjecture should relate the regulator of a lattice in W (7°) with leading

term of L(s,7°) := [[. L(s,7"). The regulate should be defined as the discriminant of a
bilinear pairing on W (7%) and W (7°) as follows. On W, there is a height pairing induced by
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the height pairings of Wy ’s with weight vol(Ug). The invariance of this pairing under the
action of B} further induces a bilinear pairing between W (7°) and W (7") as follows such
that for o and 8 in these spaces respectively, and u € 7% and v € 7%

(o, B)(u, v) = {a(u), B(v)).

With the terminology as above the Gross—Schoen cycles A, define a map

T—Wr), f=Wr,  WiHy) =T f)A.

Now for f € m and 7, their pairing is computed as follows: for any v € 7,v € 7, we have

(W W) (0,0) =(T(v ® f)Ae, T[T f)As)
(T(f ®7) 0 T(v® f)Ag, Ac)

(T(f ® [)Ag, Ag)(v,v)

Thus we have

<Wf7 Wf> =(T(f® f)Af’A§> =7:(f ® f).

The main theorem in the last section is equivalent to

(W5 W) = Ep a5 ).

There are some consequences:
1. L'(1/2,0) = 0 if and only if it is zero for all conjugates of o;

2. assume that o is unitary, then we take ]7 = f. The Hodge index conjecture implies
L'(1/2,0) > 0. This is an consequence of the Riemann Hypothesis.

3. assume that o is unitary the height pairing is positive definite, then W} are proportional
to each other.
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