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Abstract

We derive the spatially homogeneous Landau equation for Maxwellian molecules
from a natural stochastic interacting particle system. More precisely, we control
the relative entropy between the joint law of the particle system and the tensorized
law of the Landau equation. To obtain this, we establish as key tools the pointwise
logarithmic gradient and Hessian estimates of the density function and also a new
Law of Large Numbers result for the particle system. The logarithmic estimates
are derived via the Bernstein method and the parabolic maximum principle, while
the Law of Large Numbers result comes from crucial observations on the control
of moments at the particle level.

Résumé

Nous obtenons une dérivation de 1’équation de Landau spatialement homogéne
pour les molécules maxwelliennes & partir de systémes de particules stochastiques.
Plus précisémment, notre approche est basée sur un controle sur I'entropie relative
entre la loi jointe des particules et la solution tensorisée de 1’équation de Landau.
Pour ce faire, nous développons plusieurs estimations clés, notamment des bornes
sur le gradient et la hessienne du logarithme de la fonction de densité a la limite
ainsi qu'un nouveau résultat de loi des grands nombres sur le systéme de particules.
Pour nos bornes sur le logarithme, nous utilisons la méthode de Bernstein couplée
au principe du maximum parabolique, tandis que la loi des grands nombres repose
sur une analyse précise de la propagation des moments au niveau de la dynamique
des particules.
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1. Introduction

We consider the spatially homogeneous Landau equation for Maxwellian molecules
in dimension d in the following form

T QU - J tos(v = v2) (1 <“*>a§5§) /) 85532)> o

f(O) = fo,

(1.1)

where t > 0 and v € R?, and we shall always adopt the Einsten’s summation
convention with o and [ running from 1 to d. Hereinafter we shall call it the
Landau-Maxwellian equation. The nonlinear operator () is referred as the Lan-
dau collision operator. The coefficient matrix appearing in the integrand of the
operator () given by

Za kB
K

a(z) = |z|’TI(z), where the projection matrix Il,5(2) = dup —

This matrix is symmetric and non-negative (here é,4 is the Kronecker delta). The
unknown function f represents the density in velocity of gas molecules at time
t > 0 in a plasma undergoing short-range interactions according to the Maxwellian
potential. We shall always assume that f is a non-negative density function with
finite moments up to second-order in order to have finite kinetic energy.

The celebrated Landau equation [34] has been widely used in plasma physics
as it can be derived from the Boltzmann equation [1| through the grazing collision
limit. The most physically meaningful Landau equation should consider Coulomb
interactions. In this work, we instead focus on the Maxwellian molecules case due
to its simpler structure as pointed out for example in [45].

1.1. Notations

We gather here some global notations throughout this article. The Landau-
Maxwellian equation conserves the total mass, momentum and kinetic energy.
Hence without loss of generality, we normalize the quantities to

» f(v)dv =1, Ld vf(v)dv =0, JRd | f(v) dv = d, (1.2)
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where we always use f(t,v) to represent the solution to the Landau-Maxwellian
equation (1.1). We can also rewrite (1.1) into a compact formulation as

of =V -[lax )V = (= f)f], (1.1a)
or in a non-divergence form as
Of = (axf):V2f —(cx f)f, (1.1b)

with the vector field b = V - a and the scalar ¢ = V - b, namely
bo (V) = Ogaap(v) = —(d — 1)ve, c(v) = Oubo(v) = —d(d — 1),

which will also appear in the simplified formulation of the Landau collision operator
in Section 3.

1.2. Particle System

We are interested in deriving the Landau-Maxwellian equation as the mean-
field limit of several many-particle systems, via the classical strategy, namely the
propagation of chaos argument. Our starting point is the following interacting
particle system of NV indistinguishable particles, proposed for instance by Fournier
[19]: fori=1,2,--- N,

Zb _ V) dt+\f<ﬁz ) B, )

7j=1

Vs =¢,

where the (B');>; denote N independent copies of standard d-dimensional Brown-
ian motions which are independent with the initial data ¢*. The diffusion coefficient
matrix is given by the square root of the non-negative symmetric matrix.

In our setting for the Landau-Maxwellian equation, we have that a(0) = 0 and
b(0) = 0 hence the self-interaction is automatically 0. We thus use the convention
Z;V:l in (1.3) instead of the one },;_;. The same formulation of particle systems has
been considered in some previous works for instance [19, 9]. Under the assumption
of Maxwellian molecules, the existence and uniqueness of the strong solution of the
system (1.3) have been proved in [19]. Applying the 1t6’s formula and using the
relation V-a = b, we write down the Liouville equation (Landau master equation)
of the N-particle joint distribution Fy (¢, V), where V = (v',...,0") e R™ as

N N
(%FN:ZVW-[%Z (v' — V)V, F ——ZbU—U])FN] (1.4)

=1 j=1 7j=1
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where the initial data is denoted by Fxn(0). And we also define the k-marginal
of the joint distribution Fp, which is simply the joint distribution for the first &
particles, thanks to the exchangeability, as

Fn gt vt . 0F) = J Fn(t, V) do*tt. . do™.
RA(N—F)

Remark 1.1. To prove the Law of Large Numbers Theorem in Section 5, we need
to assume that Fy(0) is symmetric and close to the tensorized law f&~. To be more
precise, if we let the test functions gy (k = 1,2,3) be any of 1,04, 02, v4vg, |v|?,
where o # 3, then it requires that the third-marginal of the joint distribution Fy 3
satisfies that

3
| Fra0pieeatoente?) dot aira [ ] [ foheneh) k| <
R3d k=1 Rd

for some constant C'. For simplicity, we can brutally assume that the initial data
of (1.3) are i.i.d., namely Fy(0) = f&N.

We can formally obtain a first a priori estimate by multiplying the Liouville
equation (1.4) with Fy and integrating over the domain, say

1d N 1 ¥
- FZdv — QAN )22 dV
2 dt J]RdN NV ;JRdN N ;a(v V) (VorF)

N 1N
— V,Fy-— Y b —v)FydV = 0.
;LW ot EN N; (W' = ') Fy

Together with the identity given by integration by parts

1S . 1 1Y o
— iFy - — Y b —v)FydV = = FR— b(v' — !
o TN 2 =V =5 [ ERR 319 bt o)

-1
= _MJ F%adv,
2 RAN

we obtain that

1d al 1
- F2d — A FN)®2dV
2 dt fRdN vV ;J]RdN N ;a(v V) s (VsFy)

Nd—1) f FZ dv.

(1.5)
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Similarly, multiplying the Liouville equation (1.4) with log Fy and integrating over
the domain, we obtain that

d 1 &
— FNlogFNdV%—J Fn— Z a(v’ —v?) : (Vyilog Fy)®*dV = Nd(d — 1).
dt Jpan RAN Nz‘j:l

(1.6)
The well-posedness of the particle system (1.3) implies the existence of some
measure-valued solution of the Liouville equation (1.4). Combining with the a
priori estimates above, we state the following proposition of existence of the weak
solutions.

Proposition 1.2 (Existence of Weak Solutions of the Liouville Equation). As-
sume that the initial data Fy(0) for the Liouville equation (1.4) is tensorized, i.e.
Fn(0) = f&N with fy e L' n L*(R?) satisfying that

fo=0, fodv =1, and J folog fodv < 0.
Rd Rd
Then for any T > 0 and fired N, there exists a weak solution Fy of (1.4) satisfying

Fy(t,V) =0, f Fn(t,V)dV =1,
RAN

Nd(d—1)¢
| ()]l ey < €™ 7 | foll ey

and
RAN Rd

for any t € [0,T].

The L? bound and the entropy bound for Fy are deduced from our a priori
estimates (1.5) and (1.6). For more detailed discussion of the advection-diffusion
theory, we refer to the book by Le Bris-Lions [35]. In the appendix, we will also
see that if fy has finite p-th order moment, then so does the first marginal of
joint distribution F ;. Notice also that if f, has finite entropy, then Fjx; has
finite entropy by Jensen’s inequality. In our main result Theorem 1.7, we will
further assume fy to be C* with Gaussian type decay, which naturally satisfies the
assumptions for the initial data in Proposition 1.2 and Proposition Appendix A.1.

Remark 1.3. There is also another kind of particle system which has been intro-
duced by Fontbona-Guérin-Méléard [18], also in the sense of probabilistic interpre-
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tation, to approrimate the Landau-Mazwellian equation,

vy =
Vo =('

Here (Bf’j)i,j>1 are N? independent copies of standard d-dimensional Brownian
motions and are also independent with the initial data ('. We notice that the
particle system (1.7) shares the same Liouville equation with the previous one
(1.3). Since we will always work on the Liouville equation level in this article, our
results can also be applied to the system (1.7), once we make the same assumptions
on the nitial data.

Remark 1.4. We also propose another particle system which has the same Liou-
ville equation (1.4), thus our results can also be applied to this case. The SDE
system s given by

J J J,0,8
v NZb - V) dt+—225a5 —V/) B 18)
. j 1 a<p )
Vg =¢
where the vector field &, g(v) = (0, ey = UBy ey Vg - .O) is given with two non-

zero components at the a-th and B-th positions (a < B); (BY*")is1.0<p are i.i.d.
1-dimensional Brownian motions and independent with the initial data ¢*. Notice
that the identity of the quadratic variation term holds:

L2 fzzgw - vy asie|

j=la<p
N . N
Z Zgaﬁ@fa,/jdt: szla Ve —
j=1a<p =

The advantage of the formulation is that we write explicitly the martingale term
without taking the square root of the corresponding matrices. For non-Maxwellian
case, we replace the current vector field by [v]"?¢, 3(v). This formulation of ran-
domness is inspired by the environmental noise for instance in Guo-Luo [28].

Remark 1.5. Apart from the particle systems (1.3), (1.7) and (1.8), Carrapatoso
[7] has constructed another Kac-type particle system to approximate the Landau-
Mazxwellian equation, by passing the Kac’s walk model to the grazing limit. We
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present here the Liouuville equation of this system.

9 XN - 1 & - ;
atFN - szz—l b(UZ — U]) -VyiFy + N ijz—ll CL(vZ N UJ) : (v?ﬂzﬂFN B Vii?)jFN}'

Due to the conservation law of momentum and energy in the collision process of
the Kac’s walk, the new system also conserves the momentum and energy, which
1s different from the first two systems, formally leading to the appearance of the
cross term Vzivj Fy in the Liouville equation. We expect a similar relative entropy
estimate for this new system approximating the Landau-Mazwellian equation, but
since the Liouville equation has a different form, we shall not deal with it in this

work.

1.3. Main Results

The key idea in this article to establish propagation of chaos is to evaluate the
normalized relative entropy defined below between the joint law of the particle
system and the N —tensor product of the solution of the limit equation, bounding
it with some quantities vanishing when N goes to infinity. Then by the classi-
cal Csiszar-Kullback-Pinsker inequality, the relative entropy estimate implies the
quantitative propagation of chaos in L' sense.

Definition 1.6 (Normalized Relative Entropy). The normalized relative entropy
between two probability measures on R¥Y | say Fy and fy € P(RdN), 1s defined by

1 F
HN(FN|fN) = N R FN lng—]]VVdV

We set the relative entropy quantity to be +o0 if F is not absolutely continuous
with respect to fx. In this article, we take Fn as solutions of the Liouville equation
as defined before, and we take fyn as

In(V) = 12V o) = [T,
i=1
that is the tensorized distribution of the solution to (1.1).

Now we state our main result, where |A| denotes the Frobenius norm of a
matrix A.

Theorem 1.7 (Entropic Propagation of Chaos). For any T > 0, given the clas-
sical solution f € C*([0,T],C*(R%)) solving the Landau equation for Mazwellian
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molecules (1.1) with non-negative initial data f, € C*(R?) that satisfies the con-
servation laws (1.2). Assume further that there exists some positive constant Cy
such that fy satisfies the Gaussian-type bound from above that

fo(v) < Coexp(=Cq ' |vl?), (1.9)

and the logarithmic growth conditions
|Vilog fo(v)| <1+ |vul, (1.10)
IV2log fo(v)] < 1+ [v]?. (1.11)

Then for any weak solution of the Liouville equation (1.4) with Fy(0) = f&V

have the following estimate for N large enough

, We

C(1+T°7?)
VN

where C' 1s a constant depending only on the initial bounds above and the initial
4-th order moment of the first marginal Fi ;.

Hy(Fn|fn)(t) <

Remark 1.8. The well-posedness and reqularity of the Landau-Mazxwellian equa-
tion have been established in Villani [45]. If fo is non-negative with finite mass

and energy, then (1.1) admits a unique classic solution which is bounded and in
C*(R?) for all time t > 0.

Due to the sub-additivity of the relative entropy, we obtain that

1 F
Hy,(Fy x| f&) = EJW Fnk log%dvl---dvk < Hy(Fn[fn),

which in turn implies the strong L' propagation of chaos as follows from the
classical Csiszar-Kullback-Pinsker inequality, namely

[ = 10 < o/ 2kHe(Fy ] f55).

Corollary 1.9 (Propagation of Chaos in L'). Under the same assumptions of
Theorem 1.7, the propagation of chaos in L* holds with the convergence rate as

C(1 + 154
| Fn g — f®kHL°O([O,T],L1(de)) < —NUA

Remark 1.10. Our main results, Theorem 1.7 and Corollary 1.9, can be compared
to the result by Fournier in [19], which established the propagation of chaos in
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the sense of the Wasserstein-2 distance between the k-marginals Fy (t) and the
tensorized law ft®k, that is,

Cr
sup Wr(Fyx i, k) < ,
te[OB‘] 2Fwe Si7) N2

(1.12)
where the constant Cp depends onT'" exponentially. Combining our relative entropy
estimate and the Talagrand’s inequality, see for instance in the book by Villani [46],
we can also obtain a convergence rate estimate in the Wasserstein-2 distance, but
suboptimal compared to Fournier’s result. On the other hand, if we replace our
new argument in the flavor of the Law of Large Numbers in Section 5 simply by
(1.12), we can also obtain our relative entropy estimate in the same order in N,
but then the dependence on T will be less optimal compared to our result.

The relative entropy method employed in this article has been proved effec-
tive for singular interacting particle systems. Nevertheless, two major obstacles
prevent its extension to the Landau equation with Coulomb interactions. On the
functional-analytic side, establishing sharp pointwise estimates for the gradients of
the log density is considerably more difficult, owing to the weak diffusive structure
and nonlinear nature of the Landau collision operator. On the particle-system
side, the law of large numbers we established for Maxwellian molecules crucially
exploits the explicit polynomial structure of the coefficients, a feature absent in
the case of singular potentials. Recently, the first- and third-named authors ob-
tained the first compactness result for the unmodified Kac particle system with
very soft and Coulomb potentials [8], thereby deriving the infinite Landau hierar-
chy via Fisher-information bounds. The qualitative propagation of chaos for the
Landau equation with Coulomb interactions and very soft potentials was obtained
by the second-and last-named authors of this article [17], and independently by
Tabary [42], using respectively the duality approach of [2] and the classical tight-
ness—uniqueness method (see, e.g., [22]). Achieving quantitative entropic prop-
agation of chaos, however, still requires substantial new advances. For a related
development-namely, a stability estimate via relative entropy for the Landau equa-
tion with Coulomb interactions - we refer to the recent work [43].

1.4. Related Works

The well-posedness and regularity results of the Landau equation have been
deeply investigated, where we refer to Villani [44, 45| for physical and mathemati-
cal details of the equation and for the Maxwellian molecules case. In terms of hard
potentials, the well-posedness, regularity and long-time behavior have been studied
by Desvillettes-Villani |13, 14] and Fournier-Heydecker [23]. For moderately soft
potentials, the global well-posedness result is obtained in Fournier-Guérin [20]; for
very soft potentials. Villani [44] defines the notion of H-solution and proves its
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existence, but the regularity and uniqueness of H-solutions remain open. Desvil-
lettes [12] has proved that the H-solutions are actually weak solutions through an
entropy dissipation estimate. Recently Golding-Loher [25] proves the local exis-
tence, uniqueness and stability results for smooth solutions with L? initial data,
where p is arbitrarily close to 3/2. Most recently Guillen-Silvestre [26] has shown
that the classical solution of the Landau equation for Coulombian potential does
not blow up. Combining with this argument, Golding-Gualdani-Loher [24]| has
proved the global existence of bounded smooth solutions.

The derivation of the Landau equation from particle systems is interesting
and challenging. The first quantitative propagation of chaos result for the Landau
equation was given by Fontbona-Guérin-Méléard [18] using optimal transportation
techniques. Later in Fournier [19] a better result in the decay rate of Wasserstein-
2 distance was obtained via the classical coupling method. Both results work on
the Landau-Maxwellian equation. Fournier-Hauray [22] was also able to obtain
the quantitative result of the same particle system for the Landau equation with
moderately soft potential using a weak-strong argument and the classical weak
martingale approach introduced firstly by McKean. By applying a (modified) Kac
particle, Miot-Pulvirenti-Saffirio [36] have derived the infinite Landau hierarchy
with Coulomb potential by a compactness argument. Carrapatoso [7]| constructed
the Kac particle system in SDE form via passing the Kac’s walk process to the
grazing limit to approximate the Landau-Maxwellian equation, with a quite slowly
decaying rate, using the abstract analytic method developed in [37|. This result
was improved and extended to the hard potential case by Fournier-Guillin [21].

The relative entropy method to prove quantitative propagation of chaos re-
sult for McKean-Vlasov systems was first introduced by Jabin-Wang in [31] for
second-order systems with bounded kernels and in [32] for general first-order sys-
tems with W™5% kernels, including the point vortex model approximating the
2D Navier-Stokes equation on the torus. Recently much progress has been made
in extending the relative entropy method to more general cases and models, es-
pecially with singular interacting kernels. Those results include Wynter [48| for
the mixed-sign point vortex model, Guillin-Le Bris-Monmarché [27] for pushing
forward the results in [32] to the uniform-in-time propagation of chaos by using
the logarithmic Sobolev inequality (LSI) for the limit density, Shao-Zhao [41] for
the general circulation case with common environmental noise approximating the
stochastic 2D Navier-Stokes equation, and Carrillo-Guo-Jabin [9] for the deriva-
tion of the mean-field approximation for Landau-like equations, all of which are
working on the torus case. In the recent work Feng-Wang [16], the propagation
of chaos result for 2D point vortex models in [32] has been extended to the whole
space case, by carefully investigating regularity results of the limit density, say
growth estimates of Vlog p and V?log p, once given some growth estimates on the
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same quantities of the initial data py. These estimates are expected to be universal
in many models with some Gaussian type equilibrium. We also remark that those
assumptions on the initial data are reasonable, since they will automatically be
recovered at any positive time given initial data with Gaussian decay. We further
mention the work Huang [30] which shows that for weakly interacting diffusions
of the McKean-Vlasov type with bounded interaction kernels, given weak chaotic
initial data for instance in the Wasserstein metric sense, one can obtain entropic
propagation of chaos for ¢ > 0.

Recently the modulated energy method introduced by Serfaty [40] has also
seen great effectiveness in proving mean-field limit and propagation of chaos of
McKean-Vlasov equations with singular interacting kernels. Instead of focusing
on the Liouville equation level as in the relative entropy method, this modulated
energy method works on the empirical measure of the particle system. By in-
troducing and estimating a Coulomb/Riesz-based metric between the empirical
measure and the limit density, which can be viewed as a renormalized negative-
order Sobolev norm and is called the modulated energy, [40] arrives at proving the
quantitative convergence rate of the empirical measure, acting on some test func-
tion, for the Coulomb and super-Coulomb case without additive noise in the whole
Euclidean space. Later the method was extended to Riesz-type singular flows by
Nguyen-Rosenzweig-Serfaty [38] and global-in-time result by Rosenzweig-Serfaty
[39]. Combining the modulated energy with the relative entropy multiplying with
the viscosity, Bresch-Jabin-Wang [5, 4, 6] developed the modulated free energy
method to deal with the attractive singular kernel case with additive noise, in par-
ticular the 2D Patlak-Keller-Segel model. De Courcel-Rosenzweig-Serfaty [11, 10]
also extended the modulated free energy method to the periodic Riesz-type flow
and the attractive log gas, proving uniform-in-time propagation of chaos results.

We also mention the recent work of Lacker [33], where the local relative en-
tropy of any order, say Hy(EFnx(t)|fEF), is considered instead of the global quan-
tity Hy(Fn(t)|f®Y). Using the BBGKY hierarchy and some careful iteration,
Lacker established the optimal convergence rate of the relative entropy between
the k—marginals and the tensorized law for weakly interacting diffusions with
bounded interaction kernels. Combining with the analysis in [32], Wang [47] has
extended the sharp convergence rate in N to the 2D Navier-Stokes case on torus,
but restricted to the high viscosity case. Bresch-Jabin-Soler [3]| also works on the
BBGKY hierarchy, combining with the compactness argument, to derive the mean-
field limit of the second-order singular interacting Vlasov-Fokker-Planck system,
in particular the 2D Coulomb case. Finally, we also mention the new approach in
Bresch-Duerinckx-Jabin [2] that also relies on estimates on a hierarchy, based this
time on a new notion of dual cumulants.
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1.5. Outline of the Article

The rest of this article is organized as follows. In Section 2 we derive the
evolution of the relative entropy, and prove the main theorem by taking advan-
tage of the logarithmic gradient and Hessian estimate and a new Law of Large
Numbers theorem, which will be proved in later sections. We give the analysis
of the Landau-Maxwellian collision operator and provide some discussions on the
parabolic maximum principle in Section 3. Then we present our main regularity
estimates, namely the logarithmic gradient and Hessian estimates in Section 4.
Section 5 is devoted to the proof of the Law of Large Numbers result. We leave
the moment estimate of the Liouville equation in Appendix Appendix A.

2. Proof of the Main Result

In this section, we will first prove our main result, i.e. the entropic propagation
of chaos result Theorem 1.7, while admitting some intermediate results. It is
given firstly by deriving the evolution of the normalized relative entropy, and then
exploiting the Law of Large Numbers Theorem 2.2 and logarithmic gradient and
Hessian estimate Theorem 2.3 and Theorem 2.4, to control the time derivative of
the relative entropy. Integrating in time will conclude our entropy estimate result.

Proposition 2.1 (Evolution of the Relative Entropy). For any t € [0,T], it holds
that

Hy(Fn|fn)(t) < Hy(Fn|fx)(0)
o1y Vi Iy
- — F * f(0') — — b dV ds.
Z“Rdw vas s - 5 Rat' =) Tix
(2.1)
Proof. Recall from Definition 1.6 that
1 1
Hy(Fyl|fn) = —J Fylog FydV — — Fylog fndV,
N RdN N

RAN

and the tensorized limit equation (1.1a) satisfies

N
ool = Y Vo - [an f) - Vi i — b f() fi]. (2.2)
=1
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We calculate the time derivative of the relative entropy as
d 1J FloFdV—lf (14 log FN)0:Fn dV
At AN Joan VBN )TN | §EN)o TN
Vvi Fy®V,iFy
= — — _ ] .
ZJM N Z a(v® — v Fy dVv

1 o
— b —v7) - V,Fyd
+N;LMN;@ V) - Vi FydV,

where we plug in (1.4) and integrate by parts in the second step; similarly, we have

d L Oufy
— Fyl dVv 1 O Fy + F dv
d( . v log fv ) NRdN<ngNtN+ NfN>
1 Y f 1 ¥ .  V,ifn®VuiFy
- TN N o) — i1
N;JRdNNEG(U U) fN
1 & (1 N Vafw
— _ b(v' — o) - v FodV
+N;WW;“UU) N
_li ( a*f(vz‘). ®V deV+_ZJ ) \V4 ﬁdeV
N = Jpax o f ’ RAN " fn '
Using the identity
\V4 VFN . fNVUiFN_FvaifN
vt T B} ,
I Iy
we are able to rewrite
d
AN ENI)()
15[ 1 & , Fy
= - Fn— P ?) Vil V,il —dV
NEWWNN;““”) %f® 08 7
1 Nor ; 1 N . Fy
+N;JRdNFN|:a*f(/U)_N‘;1a<U —UJ)] szlogf—®vvzlogf]vdv
L[ o1y
N Fy|bs f(v') = = p b(v" =/ Jog 2N
VE L mloe s S ] v
= ]1+Ig+]3.

(2.3)
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For the first term [;, due to the idempotency of the projection matrix, i.e.
12 =TI, we have

ZJ Fy|v' — i ? (Id <U_UJ)®<Ui_Uj)) (szlogFN) %

i,5=1 |U _UJP fN

ZZJ Fylv' — vi]? ‘ (1d— — ) ®(?Z_U]>)szl g—‘ dv <0,

i=1j5=1 |vl U]|2

which is non-positive. For I3, it holds from integrating by parts that

I—lN Fn b« LS N - Vil Iy
3——NZJRM N[ x f(v NZ U—U] vi ng—N

:%ZJW @+ () —%ia(vi — ") |+ Vi | Fy Vs log ?g] dv

RN N
:NZL@N FN[a*f(vZ)* Za(vlivﬁ)] VU’IOgFN®leng—NdV

N N Py
— a(v’ —vj ] lo dv.
N & Iy In

7j=1
The following trivial identity holds:

Fy V24Fy  Vify
v .fN FN .fN

Fy
_sz]. g

T ® Vi log(Fi fn),

1 & 1 & . ViFy  Vifn
12”3—N;JMFN[ LI o' =)+ (S -
1 X 1 & . .
<> |0+ %) - ~ D a(v' - W] VEFyav

JRdNFN[a*f@i)_%ia@i_?ﬂ)]3 f}fN qv

N N 2
=—%Z FN[a*f(vi)—%Za(vi—vj)]:v;;deV,
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where the last step is obtained by integrating by parts twice and using that V? :
a = —d(d — 1) in the Landau-Maxwellian case. Proposition 2.1 is obtained by
integrating with respect to time. O

In order to control the last term in Proposition 2.1, one may recall the Law
of Large Numbers and the Large Deviation type results obtained in [32, Theorem
3, Theorem 4|. As observed in [16], it will work once the integrand satisfies a
quadratic growth estimate. However, due to the unboundedness of the coefficient
matrix a(z), it is not the case this time. Hence we shall apply the Cauchy-Schwarz
inequality to the three-index variables as

N d N d % N d 1
Z Z TiapYiap < ( Z Z x?oz,@) < Z Z y?ozﬁ)
B= o= i=1a,f=

i=1a 1 i=1a,

to the integrand of (2.1), which yields that

<JWFN<N;W>—%iaw—wr>2<%;1iif<vz> ) av
([orZheror-g B —ef) ([os g Ter)

where the last inequality is due to the Holder’s inequality.

Now we can treat the two parts in the last line separately. For the first part,
we observe that the quantity inside the square term has mean zero if the joint law
of (v',...,v") equals to the tensorized law fy. This will be shown by the following
Law of Large Numbers result, which can be viewed as an extension to unbounded
kernel case of the Law of Large Numbers type result [32, Theorem 3.

Theorem 2.2 (Law of Large Numbers). Assume that T ~ O(N), we have the
following Law of Large Numbers estimate:

fRdNFN Z'a*f %i a(v' —v7)

The proof of Theorem 2.2 will be postponed to Section 5, but we emphasize
here that, the reason why we keep the structure % >, instead of using some fixed
index ¢ is to see the symmetry property easily. To deal with the second part in

(2.5)
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the last line of (2.4), we need to take advantage of the logarithmic gradient and
Hessian estimates and bound it with the moment of Fy. For the completeness of
the proof, we present here two key estimates.

Theorem 2.3 (Logarithmic Gradient Estimate). Assume that the solution of the
Landau-Mazwellian equation f € C*([0,T],C*(R?)) with its initial data satisfying
the logarithmic growth bound (1.10)

Vlog fo| <1+ |vf;

we further assume that the initial data can be controlled above by some Gaussian-
type function with some constant Cy > 0 as (1.9)

fo < Coexp(=Cy ' uf?).
Then for any t € [0, T] we have
Vieg fl S 1+t + v

Theorem 2.4 (Logarithmic Hessian Estimate). Under the same assumptions as in
Theorem 2.3 and further assume that fo satisfies the logarithmic Hessian estimate
(1.11)

[V21og fo| <1+ |vf?,
then for any t we have

VZog f| < 1+t + v’

The proofs, which are similar to the logarithmic estimates in [16], are presented
in Section 4. These two estimates together tell us that the V?f/f has the quadratic
growth bound in velocity, say

Vif ., ) . 2 -
T(v’,t)’ < [V log f(v',t)] + ’Vlogf(v’,t) S1+t+ .
By the moment estimate Proposition Appendix A.1, for ¢ € [0, 7], the second part
can finally be bounded by some constant only depends on 7" and the initial 4-th
moment My(0) as

1 N va ) 2 1 N -
sup Fy— )—v’,t‘ dVﬁf Fy— 1+t+ [')*dV
te[0,T fRdN NN; / ( ) R4N NN;( | | ) (2-6)

<1+ T2+ My(0)e™.
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We plug estimates (2.5) and (2.6) above into (2.4) to obtain that for 7' < N,

N

%2 fRdN Fy [a*f(vi)—% ]Z]i a(vi—vj)] :

=1

Vify

N

_ (L Ma(0))(1 + T%)'

V| <
VN

sup
te[0,T]

By the evolution of the relative entropy Proposition 2.1, together with our initial
assumption Hy(Fx|fn)(0) = 0, we can conclude the main result Theorem 1.7 as

Hy(Fn|fn)(t)

+ N
< f sup
0 s€[0,T]

1 Wl o VR
N;fRdNFNI:a*f(U)_N;a(U —v)].—fN dV’ds

_ C(1L+ Mu(0)(1 +T7%)
< i .

3. Maximum Principle

We shall present in this section the classical formulation of the Landau-Maxwellian
equation. Briefly speaking, we rewrite the Landau collision operator in the form
of a second-order elliptic operator, which is natural to satisfy some maximum
principle. This will be the key method to derive our logarithmic estimates.

3.1. Formulation of the Landau-Maxwellian Equation

The first step is to simplify the collision operator by making use of the conser-
vation laws (1.2), which is directly computed as in [45, Section 2|, say rewriting
(1.1b) into

Ouf = Lf = aplusf +d(d—1)f.

where the matrix (Gap)axq is given by
C_Lalg = QAup * f = d5a5 + <|U|25a5 — UQUB) — ga (t), (31)

where &,4(t) is the directional temperature defined by

Eap(t) = | f(t,v)vavsdv. (3.2)

Rd

Define the initial condition

Dag = f fovavg — 6a5.
Rd
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Without loss of generality, by choosing an appropriate orthonormal basis, we may
diagonalize the matrix (Dyg)ixa as

(Daﬁ) = Dlag (Dlla ---ded)

with
d
D.g = f fovaug =0, for a # B;  Dao = f fovi — 1, and Z Dyo = 0.
R4 R4 a=1

For any smooth test function ¢(v), the weak form of the collision operator L is
given by

L)) do
- %c;; ff F) f(w)aas(v — w) (Oapp(v) + Capp(w)) dv dw
3 [ s ) ) — ) v

By taking ¢ as 1,v,|v|* respectively, we can easily verify the conservation laws
(1.2); moreover, we can take ¢(v) = v2 to obtain that

4 f(t,v)v2 dv =2f (Jo —wf* = (v —w)2) f(t,w)f(t,v)dwdv

dt Rd RdXRd
S2d -1 [ @ wfe) (o) duds
R4 x R4
=4 2dv — 4d 24d
fRd f(t,v)|v|*dv JRd f(t,v)vs do,

which yields the explicit expression of the directional temperature (3.2) when o =

B

Ealt) i= Enalt) = 1+ (£,4(0) — Ve =1 + Dyqe™. (3.3)
As mentioned in [45, 14], under the assumption that f, € L', it cannot hold that
Dyo =d—1o0r D,, = —1, since the density function cannot be concentrated in

some (d — 1)-dimensional hyperplane. Hence there exists some 1 > 0 depending
on fy, such that for any «,

149 <Dpa<d—1—n, (3.4)
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and the collision operator L is strictly elliptic for any time ¢t > 0 due to (3.3).
Similarly, if we fix some indices a # [ and take ¢(v) = v,v3, We can obtain that

% JRd f(t, v)vavgdv =2 Jde ( — (v —w)a(v — w)ﬁ)f(t, w) f(t,v) dwdv
—2(d-1) Jde(v —w)o(v—w)af(t,w)f(t,v)dwdv

=— 4df f(t, v)vavs du,
Rd

with initial condition fovaus = 0, for a # 3. This implies that for any ¢ > 0,
R4

Eap(t) = | ft,v)vav =0, for a # . (3.5)

Rd
Substitute the explicit form of £, into (3.1) to get
dap = ddap + (|v|2(5a5 — UaVg) — 0ap(1l + Dyoe '),
and the simplified formulation of Maxweillian-Landau equation
Of =Lf = ((d— DA + [oPA = 0405005 — € " Dyalaa + d(d — 1)) f.  (3.6)

We can further decompose the collision operator into two parts as in [45, Section
4], which are both independent of the orthonormal basis, say

Lf=Lf+Lsof,
where the linear Fokker-Planck-like part reads as
Lif =(d=1DAf+ (d—1)V-(fv) — e *"Daalaalf,
and the Laplace-Beltrami type operator part becomes
Laf = ([v]das — vavs)lasf — (d = 1)v- V.

3.2. Parabolic Maximum Principle

As explained in previous texts, the key technique which we shall use in the
main logarithmic estimates is the well-known parabolic maximum principle. Since
the collision operator in the form of (3.6) is strictly elliptic, one may expect that
0y — L satisfies the parabolic maximum principle as the classical heat equation.
Our main logarithmic estimates rely on this property. We now give a detailed
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discussion of the principle in our collision operator setting.

Proposition 3.1 (Maximum Principle). Suppose that u € C'([0,T],C*(R?)) sat-
isfies

(0 — L)u = (6, — (d — 1)A — [v]2PA + 0405045 + € ¥ DynOne — d(d — 1))u <0
with the initial condition
u(0,-) < 0.

Assume further that u satisfies the a priori exponential growth condition with some
constants A, M > 0,
2
u(t,v) < AeMl (3.7)

forte[0,T] and v e RY Then u < 0 holds for any t € [0, T].

Proof. We first assume that

1 1
o
<<mm{2ﬂd—1YSMW}’

which then follows that there exists some ¢ that

1 1
' -T.
0<€<mm{2d(d—1)’8dM}

Our idea is similar to the proof of the maximum principle of the heat equation
[15, Section 2.3|, say firstly proving the result for a short time horizon [0,T], and
then proceeding from time T to prove the result in [T, 27T] and so on.

We firstly need to change the variable to make the Constaglt term in the
parabolic operator to be non-negative. Hence we set w = e~ (=1t 6 find
that

2 2
(0 — L)w = e @4V, — L)y — (d* — d + 1)e” @ 4Dy,

which satisfies

O — L)w :=(0; — (d— DA = [v]2PA + 005005 + € D 10 0ne + Dw
Blap

— (0 — Gaplap + Dw = e~ TV, — £)u < 0.

Next, we construct a radially symmetric auxiliary function ¢ which satisfies (J; —
L)¢ > 0, namely,

|v|2

B(t,v) = e OS

where G(t) and (t) are some functions to be determined, and p is any positive
number. Notice that the Laplace-Beltrami type part does not play a role on the



3.2 Parabolic Maximum Principle 21

radially symmetric function ¢, i.e. Lo¢ = 0, then it holds that

(6 — L)
(0 —(d=1DA=(d—=1v-V +e D, 00 + 1)

/

(5’ 5/‘ off d(d —1)6 — (d — 1)8*[v]* — (d — 1)d|v]* + e **6* Dyv? + 1>¢
( d—1)5 +1) + |v]? (5——2(d—1)52—(d—1)5))¢,

since
]Dmv2

al

< (sup| Do )[o* < (d =1 =n)[v].
To satisfy (6, — £)¢ > 0, it is sufficient to choose

B >dd-1)6—-1, §>4(d—1)8+2(d—1)6.
This can be verified by choosing

1 (d—1)t

W= amreop 4 AO="4¢

thanks to the assumption on 7. Now we summarize that w — ¢ satisfies
(0 — L)(w —¢) <0

1
with w(0) — ¢(0) < u(0) < 0. Since T'+ ¢ < SaML for large enough R > 0, in the

region |v| = R we have

2
w(t,v) _ ¢(t,v) < e—(d2—d+1)tA€MR2 ue(dzxel)tem <0.

We prove by contradiction that if w — ¢ had its positive maximum in [0,7"] x Bg,
say at (to,vp), then following conditions hold:

O(w — @) (to,v0) = 0,  aplap(w — @)(to, vo) < 0, and (w — ¢)(to, vo) = 0;

namely .
(@ = L)(w = ¢) = (0 = Gaplap + 1)(w — ¢) = 0
which contradicts with that (6, — £)(w — ¢) < 0. Hence for any p > 0, we have
for sufficiently large R that w(t,v) < ¢(t,v) holds in [0,T] x R%. Fix w and let
w— 0, we have w(t,v) < 0 and thus u(t,v) < 0 for t € [0,T].
Finally, for general 7' > 0, we divide [0, 7] into many time intervals such that
the length of each interval satisfies the assumption, and proceed as above. O
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In the similar spirit of Proposition 3.1, we can derive the Gaussian lower bound
by the comparison principle, which is useful for further regularity estimates. This
has been done in [45, Theorem 3|, once we notice that the initial growth condi-
tion (1.10) implies directly that the initial density has Gaussian lower bound, say
fo(v) = C ™ exp(—C|v|?) for some large constant C.

Proposition 3.2 (Gaussian Lower Bound). Assume that the solution of the Landau-
Mazwellian equation f € C*([0,T],C*(R?)) with its initial data satisfying the loga-
rithmic gradient growth estimate (1.10)

[Vlog fol < Ci(1 + |o]),
then for any t € [0, T] we have

[vf?

f(t,v) = Cyexp < — Cé(t)T)

for some constant Cy and Cy(t) > 1 with Cy(t) — 1 as t — 0.

4. Logarithmic Estimates

In this section we shall give the logarithmic gradient estimate and logarithmic
Hessian estimate as in [16], which are necessary for evaluating the relative en-
tropy. Our goal is to derive the linear growth of |V log f| and quadratic growth of
|V21og f|, once the same conditions are satisfied by the initial case. We shall apply
the Bernstein method by constructing suitable auxiliary functions and propagat-
ing them under the parabolic operator. Using the maximum principle Proposition
3.1 and the initial condition, these functions are proved to be non-negative, which
gives bounds on our desired quantities, namely Theorem 2.3 and Theorem 2.4.
Proofs are given respectively in the coming subsections.

4.1. Logarithmic Gradient Estimate

We will need the following two results of propagation, which are nothing but
elementary calculations.

2 2

Lemma 4.1. (¢; — £) Vi < 4d‘vf’ .
f f

VP2

Lemma 4.2. (0,— L)flog f < —n

+d(d—1)f, where n is the small positive

constant given in (3.4).
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For simplicity of the proof, we first prove our main estimate assuming the above
two lemmas. The technical proofs of Lemma 4.1 and Lemma 4.2 will be postponed
to the end of this section.

Now we construct the auxiliary function to be propagated as

VP
f

From the two lemmas above we have

F(t,v) = + Cflogf—d(d—1)Ctf —C'f.

(0, — L)F < 4d@ —on@ +d(d—1)Cf —d(d—1)Cf <0,

4d
for any C' > —.

n
The formula at ¢ = 0 simply reads

_ IVl
fo

By the initial condition (1.9) and (1.10), we choose C' large enough and then C’
large enough to make F'(0,v) < 0. Notice that f is bounded from [45] and that f
has Gaussian lower bound from Proposition 3.2. Hence in order to check that the
auxiliary function F' satisfies the a priori exponential growth condition (3.7), we
only need to prove the boundedness of V f. This is obtained from [26, Theorem 2.1],
which is the space-homogeneous case of the previous result Henderson-Snelson-
Tarfulea |29, Theorem 1.2|. Hence by the parabolic maximum principle Theorem
3.1, we have F < 0 for any ¢, or

F(0,v)

+ C'folog fo — C' fo.

|Vlog f|> < Cd(d — 1)t — Clog f + C". (4.1)
We also note that from Proposition 3.2 we have
logf = *MQ — Cg(t)|1)|2.

This will give our main estimate Theorem 2.3.
Now we present the proofs of the two technical lemmas.

Proof of Lemma 4.1. We first list some elementary calculations.

Claim 4.3 (Elementary Calculations I).

VIR VAR
f Iz

2

Oy 7

of +=Vf-Vof,
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VIR IR, 2
oL~ Bl s+ 2vsvas
2 2
6a5 |v];ﬂ = — |vfjj 6a5f + ;Vf . V&aﬂf
+ (F90uS V06 = 55001 T Vot~ 50ufVE-OsS + 0SSV AT).

By Claim 4.3 we propagate that

2
(at — (d— 1)A — [0PA + 0405005 + €D e — d(d — 1)) VIE

f
- |Zé‘2 (@f —(d—=DAS = 0P Af + vavglasf + € **Daalaaf + d(d — 1) f)

+ §Vf - V(&tf —(d = 1D)Af — [vPAf + 005005 + e—4dtDaaaaaf)

- ;<d ~1-etD,,) aaffaﬂf ’
4

4 2
+ 0 VHAS = 2030afasf = Zlol”

aoa,@f -

aoefaﬁf 2
f
2 2 V2
+?Ua?m(V@af-V@gf—?agfv_f-vaaf—l- | ff’ aafaﬁf)

=Term; + Termy + Terms; + Term, + Terms.

aa,@f -

(4.2)
We then analyze these terms respectively. Term; + Term, can be simplified

directly by the evolution equation of f, which shows that the sum of them vanishes;
Termys is obviously non-positive since Do, < d—1; The last two terms in Term, +

Term; can be changed into negative sum of square terms.
We first expand it as

2 2 2 2 Onf0O 5 (O 200, )2
?a%<_v”<a“ﬁf> 2050 ] ffﬁf‘“v( f)fg )

+ VoVs0ayfOpyf = 2“&”6% + vwg%W))

then divide it further into three parts:

1
—02(0apf)? + Vas0ay [ Opr [ = —5(%55# — 000 f)?,
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2
UV

0uf)?(05f) 0ufOsf(0,F)2 1/ dsfd, Oufd )2
( f)f(Qﬁf) + 05 fﬁjé( ) =—§<va /3ff f_% ff f>7

G MY Y P S N A L

f f f f

Hence we are able to rewrite Term, + Terms into a more compact form as

4 1 dgfo OafOyf\2

F0a0sf — 00a10nf = 5 (va0isf — 030 = P 10, LT
1 s fo Oaf O f\2

= — ? Z Z (vaé}gvf — ’Ugaa,yf — Vg Bff ’Yf + UB( fff'yf)

v#EB «

2U,2y(9aﬁf

+ %Z(vaaﬁﬂf — 03003 f)0af
a,B

! dsf0 OnfOsf\2
_?;3(@@85316—@56@%_%%+U6M) '

f
(4.3)
Notice that the cancelling property holds
0pf0sf Oaf0sf VI VI
Vg —v Ouf = v-Vf———v-Vf=0.
§< oo ) f f
The last two lines of (4.3) are then equivalent to
1 Jafosf OafOsf 2 V£
—— Vo083 f — V300 f — Vo +v —20,f) +4d )
7 azﬁ < 68) — valap 7 5T ) 7
This concludes our desired propagation estimate. O

Proof of Lemma 4.2. We also list some other elementary calculations first.

Claim 4.4 (Elementary Calculations II).

& flog f) = (1 + log ).
Ja(flog f) = (1 +1log f)ouf.

0o f0
ous(flog f) = (1 + log f)ousf + oI %1

f
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By claims above we propagate that
(0= (4= 1)A = [oPA + v4vs0us + € Doalan — d(d 1)) [ log f
—(1+10g ) (0f = (A= DAS = [VPAS + vavslas + € Daalanf — d(d ~ 1))

+dd—1)f — (d—1—6_4dtDaa>M_ <M2@—vaq§M)

f f
\V4 2
<—nﬂ+d(d—1)f,
f
where the last term before the inequality coincides with
VP (V)1 2

U2| — = —(va0pf —v30.f)". 4.4

|| 7 7 5 f( sf — vslaf) (4.4)
This will give our desired estimate. O
4.2. Logarithmic Hessian Estimate

2
It suffices to bound —= by some quadratic function as in [16]. We will also

need the following two results of propagation as in the previous proof of Theorem
2.3.

V2P
f

V2P

Lemma 4.5. (¢; — £) < 16d 7

Lemma 4.6.

(0y — L) f(log f)? =2d(d — 1) flog f — (d — 1 — e ** Dy, )= (1 + log f)(8af)?

|

2
- ?(1 +1og f)(valsf — vs0af)’.

For simplicity of the proof, we first prove our main estimate assuming the above
two lemmas. The technical proofs of Lemma 4.5 and Lemma 4.6 will be postponed
to the end of this subsection. Recall in the proof of Lemma 4.1, if we keep Termj
in (4.2) then by the Cauchy-Schwarz inequality we get

VP VAP 2 _ OafOsf)?
(@t £) f < 4d f f(d 1 (& Daa) 5a5f f
Vf2 v2f2 adt 2 va
<4d| f| —n' f| +(d—1—e4dDaa)?|f2| (Ouf)?.
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Also the identity (4.4) in the proof of Lemma 4.2 implies

—adt (Qaf)? 1 2
(0 —L)flogf<dd—-1)f—(d—1—¢ Daa)T — ﬁ(vaagf—vﬁaaf) :
(4.5)

Notice that for large enough A > 4 + 4 sup(log f),, which exists since the solution
of the Landau-Maxwellian equation is bounded, as explained in Remark 1.8, we
have

(0 — L)(— f(log f)* + (2d(d — 1)t + A) f log [)
<—2d(d—1)flogf+(d—1— e‘4dtDaa)z(0af)2(1 + log f)

f
T %@am — 050 f)? +2d(d = 1) flog f + (2d°(d = 1)*t + d(d = 1) A) f

) A 2dd—-1)t+ A
~ (=1 D) Ll - e+ ) -
2

f(aaf)Q log f + (2d%(d — 1)%t + d(d — 1) A) .

Also recall the inequality (4.1) we obtain in the proof of Theorem 2.3 that

(Uaaﬁf - Uﬂaaf)z
<(d—1—e*D,,)
1|V C’

G tlef <dd—1t+ o, (4.6)

for any sufficiently large C' and then large enough C’. Hence by using d — 1 —
e 1D, = n again, it holds that

2
(0~ £)( — Fllog f)? + (2d(d — 1)t + A)flog ] + % Wf' )
D ) (o 20"\ (2a])’
<(d—1—e 4dDaa)(C—n+2d(d—1)t+ - ) ;

V2P

U 2 2
—G 7 TPE-D+dd-DAf.
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Recall (4.5) to get

(0, — L) ((é—i +2d(d—1)

2C"
=)/ log f)

< (d-1- e—4dtDaa)<é(f7 + 2d(d — 1)t+ c )(%ff)
+ (%ﬁ‘l) +2d%(d — 1)%t + M)JC +2d(d —1)flog f.

Then combining with Lemma 4.5, we evaluate the following quantity to obtain

1 |VFP 20"
(8t—£)[—f(logf)2+ (2d(d — 1)t + A) flog f + C’ ]ﬂ - (C77 +2d(d — 1)t + . )
VR
Jloe f+ 6407 |
< (%ﬁ‘l) +4d?(d— 1)t +d(d—1)A + M)J‘ +2d(d —1)flog f
< (6d2(d —1)% + %{1) +d(d—1)A+ wﬁ,
where we use that 2d(d — 1)flog f < 2d*(d — 1)*tf + Mf by (4.6). In

terms of the computation above, we construct a new auxiliary function by adding
terms compensating the right-hand side above to let (0, — £)F < 0, which reads

as

o 1|V
F(t.0) = = [(log f)* + (2d(d = 1)t + A) flog f + 57—
20 n_ V2P

4d
+ (C_n +2d(d — 1)t +

- <3d2(d ~ 122 1 d(d - 1)At +

VAP
“16dC f

- <3d2(d 122 1 d(d - 1)At +

o )loef + 15055
4?(d 1), 4dd—-nC .,
Cn r o it¢ )f
d C’ 2
— fllog f)? + (4d(d— 1)t + A+ é—n + 2 s s + é'V]{'

IB(d—1), 4ddd-DC .,
TR A t+0)f.

The initial case holds

on V2 fol?
FO.0) = 567

4d C’ \V4
—fo(logf0>2+(f4+on 2 >f010gf0 é| J{;O| —C" fo.
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By the initial condition (1.10) (1.11), we choose one-by-one C, C’, C" large enough
to make F'(0,v) < 0. Also the a priori exponential growth condition (3.7) is
satisfied similar to the logarithmic gradient estimate, with the boundedness of
V?f is also obtained from [29, Theorem 1.2] and [26, Theorem 2.1]. Now we apply
the parabolic maximum principle Theorem 3.1, which implies F' < 0 for any t, or

V2P
72
for some C' = C(d,n, A). We also note that from Proposition 3.2 and [45] we have

< C((logf)2 — (1 +t)log f +|Viog f|* + (1 —|—t—|—t2)>

—M2 - Cg(t)|’0|2 < lng < Ml.

This will give our main estimate Theorem 2.4.
Now we present the proofs of the two technical lemmas.

Proof of Lemma 4.5. We again start with some elementary calculations.

Claim 4.7 (Elementary Calculations III).

2 £12 2 r12
2
5,5 ‘V f’ = — ‘V f‘ 5tf + —VQf . VQé’tf.

f f? f
aa‘V;fP _ _‘vaLZanaf"i_;va:VQaaf-
2 r|2 2 r|2
aa,3|vff‘ _ ‘Vféﬂ &aﬁf+;v2f:v2aaﬁf
+ %\VQf\Zéafaﬁf + ;VQ(?af V205 f

P 2
——V2f:V2&5f0af—F

I V2f 1 V20, f05f.
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By Claim 4.7 we propagate that

(0= (@ DA~ [oPA + 0005605 + € Do —d(d 1)) V2P
f
21|12

- |Vf§| (atf —(d—1D)AF — [VPAf + 003005 f + € " Dynluaf + d(d — 1)f>

+ %VQf : V2<(7tf —(d=1Af - |U|2Af + VaUs0us f + 674dt-Dozaaaaf>

- ;(d —1- 674dtDaa> Oapyf — aﬂf?ﬁ'yf 2

OnfO
+ ;<|Af|2 + 2va0asf A5 f — [V fI* = 2vaaﬁvfaaﬁvf> - ;W Oas f — ffmf‘?
+ ;vavﬂ (V20 V20uf - ;aafwf  V20,f + |V;_2f|2(9afaﬂf>

=Term; + Term, + Terms; + Term, + Term;.

Similarly as what we did in the previous subsection, we can see the sum of first two
terms Term; +Terms; vanishes; Termgs is obviously non-positive since D, < d—1.

To deal with Term, + Terms, we expand the sum of Terms; and the second
part of Term, together into sum of square as

.f0 OafOr0f\2
—? (Uoﬁgvgf — Uﬂaw/@f — Uy Bfffyef + Vs ff 0f) .

This again allows us to combine with the first part of Term,, which satisfies

1

(4.7)

4
(AF? + 20alasf Adsf — [V fI* = 20a0p,.f Qapr f)

<

~| 00 = |

(Uaaﬂﬁ’yf - Uﬁfaaﬂfyf) aa'yf
Note also the cancelling property

Osfo Oaf 0py
Z (Ua /Bffﬂvf —Ug ffﬁ f>aa7f = 0.

B,y
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Hence we extract terms with § = 3 from (4.7) to obtain

Term, + Term;

1
S ? Z (Uaaﬁ'yOf - U,Baa'yaf — Uy

aﬁf&y@f + v aaf87€f>2

B
a,y,B#6 f f
1 dsf 0y Oaf Opy f 2

P (00380 = V50asnf = o R ~ 400, )

7,8

V2 fI?
+ 16d i
f
Summarizing all estimates above, we arrive at our desired propagation estimate.

]

Proof of Lemma 4.6. We also list some elementary calculations first as following
claims.

Claim 4.8 (Elementary Calculations IV).

oi(f(log f)?) = ((log f)* + 2log f)é,f,
Oa(f(log f)?) = ((log f)* + 2log [)0a ],
6us(F10g 1)%) = ((log f)? + 21og f)dusf + §<1 T log )oafsf.

By Claim 4.8 we propagate that

(at —(d = 1)A — [0PA + 0405005 + €D oo P — d(d — 1)) (f(log 1)?)
((log f)? + 21og f)(0uf — (d = DAS — [v*Af + vavs0as f

F D, o f — d(d—1)f) — 2(1+10g F)(vadsf — vsouf)?

f
+2d(d—1)flog f —(d—1— e4dtDm);(1 +log £)(0uf)?
—2d(d — 1)flog f — (d—1— e-4dew>§<1 T log f)(0uf)?

=20+ 10g vl = vstad -

This will give our desired estimate. [
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5. Proof of the Law of Large Numbers

This section is devoted to the proof of the important Law of Large Numbers
estimate Theorem 2.2. The main idea is to take advantage of the some important
quantities of Landau-Maxwellian equation, namely the conservation laws (1.2) with
(3.5), and the explicit form of the directional temperature (3.3): for ¢ € [0,T],

J vof(t,v)dv =0, J > f(t,v)dv = d,
R? R

J V2 f(t,v) dv = E,(t), J vavsf(t,v)dv =0, for a # .
R4 Rd

We expand the matrix term into entries by using the equations above as
axf(v') —a(v' — ')
=1Id (f W' — 2P f(z) dz — [v" — ')
R3
(] 0 -D@ W - Afe) - (- ) @ ' - o)
R3
=Id (d+ 20" - v/ — |V/]?) — (f 2Qzf(z)dz +v' @ v + vV @v' — v/ @17),
R4
which can be also written in terms of components as
axf(v")—a(v'—v?) = (d+2vi-vj—|vj|2)5a5—(Sa(t)(s 3+, vﬁ—H}JvB v v ) (5.1)

The quantity we need to estimate now turns into

1Y ; 1 Y ; ; 2
fRdNFNNZ‘a*f(U)*NZa(U*U)

:a;1J FNN3 Z [a*f —a(vi—vj)}aﬁ[a*f(vi)—a(vi—vk)]aﬁdv

i,5,k=1

= a;1 JRdN FN_ 2 [a * f(vi) - a(vi - Uj)]ag [a * f(vi) - a(vi - Uk)]a,a dV
+ aﬁZlf FNN3 Z ax f(v') —a(v' — vj)]aﬁ[a « f(v') — a(v' — Uk)]a,a dv,

where the index set S contains those triple indices where at least two of the indices
are the same. The cardinality of the index set {(i,j,k)|i # j # k} is O(N?),
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but that of the index set S is O(N?) by definition. Then, the last term is of
smaller order than the second last term. Further, by applying the Cauchy—Schwarz
inequality to each entry to raise the power to four, the last term can be controlled
by the 4-th order moment estimate in Proposition Appendix A.1l as

2 JR(W Fn(t,V)— N3 Z [a + f(v') — a(v’ — vj)]aﬁ[a* F') — a(v' — Uk)]aﬁ av

aﬁl

<N V@V ) AV < S0+ M(0)eF) <

We expand the first term by the equality (5.1) as

Z JRdN s 2 [a + f(v') = a(v’ - Uj)]a,@ [a « f(v') —a(v’ — vk)Lg dv

oz,é’ 1 i#j#k
Z JRdN FN— [(d + 20" v — [07]?)bap — (Ea(t)dap + vflvﬁ + vl vl —v] vﬁ)]
a,B=1 i#j#£k

X [(d+ 20" 0% — [V**)6as — (Ealt)das + vivh + V) Mo — v vﬁ)] dVv

=da=p + ]a;ﬁﬁv
(5.3)

where we separate the sum into the diagonal part o = [ and the off-diagonal part
a # [ as follows:

Top = Z f FN— ( — W2+ 20" 0! — 20007 + (v))? — Sa(t))
i#£j#k
< (d =P+ 20" 0F — 20008 + (vF)? = E,(1)) dV-

We expand further to get
Z f — [v?) (d — [0F]?) +4(v" - ) —v}0d) (v oF = vhoh)
AN N3
z#]#k
+ ((v)) ) ((v% ) + (d—[v]?) (v - % — vik)

+2(d — 0| )(( M2 et )) + (v vl — viol) ((0F)2 —Sa(t))]d\/,
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and
Iosp = Z J FNN3 2 <v Uﬁ+vjvﬁ—vjvﬁ> (v Uﬁ—i-v Uﬁ—vkvg> dV
1#j#k
= 2 J FN— [2(1} )21)%1)5 — 20 kvlﬁvé + 7 vﬁvkvg] dv,
i1#j#k

where the last equality is due to the symmetry and the permutation.

We aim to prove that
c(T)

Ia=B + Ioz;éﬂ < Ta

which the dependency on time T can be made explicitly later. For any test function
® e C*(R™) with polynomial growth, we have the following identity

d
— | Ex@tV)®(V)dV
dt RAN

_ Z J V() = ; a(vf — o)y (1, V) dV

+QZ o V@V NZ v — v Fy(t,V)dV (5.4)
Z JRdN ngq)(V)) ca(v' — V) Fy(t,V)dV

1]1

L1 Z f Vo d(V) = Vu®(V)) - b(vi — /) Ex(t, V)V,

zgl

together with the convention a(0) = 0 and b(0) = 0 leads to that

d
E RAN Y (t7 V)(P(V) dv
(TR £ L) o - DRI
iz VRN
N %Zjd (sz@(v) _ Vyj‘I)(V)) b(v' — v En(t, V) dV.

We observe that when ¢(v) = |v|* or ¢(v) = v, for any a = 1, ..., d for any a # 3,
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the identity holds for any v’ # v’ € R?,

(VQQD(’Ui) + V2ap(vj)) ca(v' —v7) + (Vgp(vi) — Vgp(vj)) “b(v' — ') =0. (5.6)

N | —

As a consequence, the following lemma holds.

Lemma 5.1. The average kinetic energy over particles is conservative, i.e.

d
— Fy(t,V)— § 2dv =
dt RAN N |U| 0

hence for any t > 0,

N
Fn(t,V)— 24V = d.
JRdN N ; ‘

Now we first let &(V =32 2 o1(v , we get
kL
Vi ®(V) = —ZVS01 )+ —2901 )V epa(v
I#1 k#i
=—ZV901 +—Zs01 )V (0").
l#1 k#1

Substitute these into (5.5) to obtain that

A pyvysyav

dt RaN

N3ZJ <P1 ZQOQ +V2Q02 Zg&l U —U])FN(t V) dVv

RN 1#i ki

2N32J V2 (v7) sz ) + V2o (v) Zgol ) ta(v' =) EFy(t,V)dV
iAg YR 1#] k#j

ZJ V@l ZQOQ +Vg02 Zcpl U —UJ)FN(t V) dVv

l#1 k#i
ZJ (Ver(v) Z @2(v') + Vo (v7) Z @1(v")) - bV —v)) En(t, V) dV.

1#] RN I#j k#j

If both ¢ and ¢, satisfy the identity (5.6), then the majority of the terms above
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can be compensated by the symmetry property, and the remaining terms become

d
5 B ve(v)av
T 2N wa (V2o1(0) @2 (v") + V2 (') 1 (1)) = a(v’ —o7)Fn(t, V) dV

1]

2N3 ZJWN V P1(07)pa(v') + V2 (0" )1 (v )) ca(v' — o) Fy(t,V)dV

=Y f (Veor (o) oa(e?) + Via(t)r (7)) - (v — 9) By (£, V) AV

1]

Z JRdN Vi (07)@a(v") + Voo (v” )1 (v )) b(v' — ') F(t,V)dV.

1#£]
If we take ¢; and @, to be |v|* or v, for any a = 1,...,d, then we have
A RV Yaeehav <5 [ Ao+ av
dt RAN N RAN
k#l (5.7)
1+ M4(O) 8t
S<———enN.
N
In the same spirit of the cancellation, if we take more test functions @i, @9, @3
and 4 to be |v|* or v, for any a = 1,...,d, then we have the estimate
d 1 k ! m C .
0@ o I V)mkz 21(W)a()pa(v™) AV ~ Ze X (58
#l#m
and
d 't

1 C
el F(t _ 2 k l m M AqY ~ —
dt RAN N( 7V) N4 k#l#m#n gpl(v )SOQ(U )903(1) )SD4(U ) v Ne ik <59)

where constants depend on the moment estimate. As directly consequences of
(5.7), (5.8) and (5.9), since each integrand has no more than 4th-order in velocity,
the following statements hold:

Claim 5.2. For any t > 0, it holds

1 P 1+M4(0) t 8s
fRdN FN(t,V)mZUaUé dV < TL en ds.

1#]
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Claim 5.3. For any t > 0, it holds
1 C 1+ My(0) Jt 8s
Fy(t,V)— ldV € ———= ds.
J]Rdzv w(t, >N2;jv v N oeN ’

Claim 5.4. For anyt > 0, it holds

1 ‘o,
f Fu(t, V)~ Z\u\ WAV — & < MJ e ds.
RN iz N 0

Claim 5.5. For any t > 0, it holds
1 o 1 0 s
f Ey(t,V)~m >, vhdl* P aV < MJ e ds.
i#j#k
Claim 5.6. For anyt > 0, it holds
1 o 1 0) (* s
J Fy(t,V)— Z UZ.UJ|Uk|2 dV < MJ e ds.
RAN NQ. . N 0
i1#j#k
Claim 5.7. For any o # 3, it holds

1 1+M4(0) t 8s
JRdN Fn(t, V)m 2 V! vﬁv MobdV < —Jo en ds.

i#jEk#l N
Next, we will deal with the terms with directional temperature. We start with

the following lemma.

Lemma 5.8. The average directional temperature over particles is comparable with
the directional temperature for the limit equation, say

N
f Fn(t, V)~ Z AV — E(1) < HM“ ffelvdrds
RaN i—1

L X
Proof of Lemma 5.8. Notice that if we pick the test function ¢(V') = N Z(v
—

then

2 at the (a,a)-th ent
; — at the (a, a)-th entr
Vip(V) = (0,...,—v',...,0), Vip(V)=<{N ’ Y
N 0 otherwise.
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Let

U, (t) = fw Fy(t, V)% Z(v;)Z dv,

d d
which satisfies that 2 Eu(t) = Z U, (t) = d and that ®,(0) = £,(0). Take the
a=1

a=1
time derivative and apply (5.5) to obtain that

d 2 o -
et = i 712 R AV
S N2;JW (1o = 9P — (0 —9)2) (2, V) v
2 . .
(d—1)= W2 P (V) AV
( >N2f< V)2Ex(1.V)
_ ZJ ([0[2 + [ — 20 - ) Fiy (£, V) AV
1#]
2d .
— S| (@) () 2uied) F(t, V) av
z';éj RaN
—4d — 4dV (1)
——ZJ Fn(t, Vv v]dV+—ZJ Fn(t, Vool dV.
Z#J z;ﬁ] RaN

Notice that the following quantity with the minus sign has the same control as
Claim 5.2 that

d 4 S 1 —l—./\/l4(0) 8t
[ - LY, < T =N/
dt( - ;JW Fx(t, V' -v dv) s e

Also recall that the directional temperature satisfies the following ODE:

d
— —4d—4
ZEu(t) = 4d — 4dE (1),

hence combining with Claim 5.3 we deduce that

g )~ &a(1)) < — dd(wa(r) - £a) + T8 +]<]\/l4(0)) L s

Applying the Gronwall’s inequality and the initial identity ¥, (0) = &,(0) implies

that
U, (t) - Ea(1) < 1+M4 JJ e dr ds.
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]

1
N2 Z(vk)Qgp(vl) for some direction
k£l

a = 1,...,d with some one-variable test function ¢ € CQ(Rd), then we compute the
gradient and Hessian of ® respectively as

Now we take the test function ®(V) =

2 i
VUZ(I)(V) = m(0a7 ) ng Z(UZ)QVSO(U )7
l#1 k#1
2 2 1 at the (o, @)-th entry
N2 vy or plv 0 otherwise ’

where the last matrix is non-zero only at the (o, a)-th entry. Substitute these into
(5.5) to obtain that

0 iﬁw Fult.V) s Yk Pole) v

dt dt oy
35 33 (70 S0P 200%) S0k alef ).V v
Nng ;w +;<p (Jo" = o7)> = (v' = ?)2) Fn(t, V) dV
Z ., (vet ,m( S - Pe) TR (V) v
A ZJ (vl) — v}, Z}p(v‘“))(vi — ) Fy(t, V) dV.

If the test function ¢ satisfies the identity (5.6), then the majority of the terms
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above can be compensated by symmetry, and the remaining terms become

d
o Fn(t,V) 22

RaN k2l

575 2 |y (PRI + TR0 ) - ale! = ) Fa(t,V) AV

+NL2 |, (Tl = V() 12)?) - oo’ = o) Pt V) av
+Ni2j (p(e?) + (o)) (I = o/ = (o = 0)2) (£, V) AV
_ _121[ — vl (7)) (v — v)o Py (t, V) AV
+_1;;f WP (- )2) (o) (1, V) V.

If we take ¢ to be |v|? or v, for any @ = 1,...,d, then first four terms at the right-
hand side can be bounded by the 4-th moment of Fy by Proposition Appendix
A.1 with the order 1/N; while the last term is controlled by

2 X [ = = et = ) Bt v v

l;éz;ﬁ] RIN
=— Z J (Jo']* + [V7]* = 20" - o7 + 2dvl 0] (V') F (¢, V) AV
l#z#]
0 | (@ ) 3 e B V) av
irg YRIN I£iA]
1 t S
<C( + Ma(0)) f e¥ ds + 4df o(v) fo(v) dv
N 0 Rd
—4d Fn(t,V)
Ju Bt 3 %

k#l
And recall that the directional temperature satisfies the following ODE:

d
—Ealt) = dd — 4dE, (1),
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which still holds after multiplying with some constant:

(0 [ etfwar) =1a | e d—aa(z [ o)),

we deduce that

%(xpa(t) — Eu(1) JR ) ©(v) fo(v) dv)

C(1 +]<\[/l4(0)) Ltesﬁ ds—4d<\lfa(t) — &a(t) fRd

~

e(0)folv) dv).

Applying the Gronwall’s inequality and the fact

¥ (0) = £(0) | o) fofw)dv

implies that

Ta(t)~ £u(0) [ elo)foe) v < A0 ”dd (5.10)

R4

In the same spirit as the proof of (5.10), we can prove that following several
statements hold, which all involve the directional temperature:

Claim 5.9. For anyt > 0, it holds
1 0 N
f Fn(t,V)— Z|v| (V)2 AV — E,(t)d < Me_‘ldtf J e drds.
RaN 7‘7&‘7 N 0 0
Claim 5.10. For any t > 0, it holds
1 o 1 0 L
J Fy(t,V)— Z vivl (V)2 AV < Me“ldtj f e drds.
RN N? i#j#k N 0 Jo
Claim 5.11. For any t > 0, it holds
1 L
J Fn(t, V Z vt (v Memf f e drds.
dN N
R z;é];ék 0 Jo

Claim 5.12. For any a # 3 and t > 0, it holds
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1 D ik 1+M4
fRdN Fn(t, V)m Z Ugvé(va)QdV < f f e drds.

i#j#k

Slightly different from claims above, we have the following lemma involving the
double directional temperature.

Lemma 5.13. [t holds for any t > 0 that

fRdN Fx(t, V)ﬁ Z(fo)z(vé)? dv

i;&j
C(1
<ga(t)2 + ( +M4 J 4d7f J GN drdsdr.
Proof of Lemma 5.13. We pick the test function (V) = — Z (5.5)
k#l
to obtain that
ar W= N N2 2, L
4 A ‘ |
N3 ( (08)* ] = ' PFy AV — — Z f (v — v})*Fy dV
N itk VRN 2 Jon
4 A - |
:m ( <UZ)2(|UZ|2 - 27.71 . ’U'] + |U‘7|2) dV
i#jk YRV
+8_d Z ( (U )2 ZUJF dV—_ 2 J +(vj)2)FNdV
N3 . . JRdN RdN J :
i i#j#k

where thanks to Claim 5.9, Claim 5.10 and Claim 5.11, the first two terms together
can be bounded by

Z f (W' — 20" 07 + |7]?) dV+— Z f V2l v? Fy dV

z#g #k 1#j#k

<8dE,(t) + G + M4 f J eN drds;

while the second term is nothing but W, (¢) itself, namely

t s
i\Ifoé(zf) < 8dE(t) — 8dW (1) + e+ M“(O))e—‘*dtf f e drds.
dt N 0 Jo




5 PROOF OF THE LAW OF LARGE NUMBERS 43

Notice that q
et 2 :2 et _ _ 2
CEa(1)? = 26a(t) 5 Ealt) = SUEL(T) — SdE(1),

then we have

d 1
3 (Yalt) = £a(t)?) < —8d(Va(t) — £a(t)’) + ca+ M4 —4dtJ J e drds
with ¥, (0) = £,(0)?. We conclude the desired result by the Gronwall’s inequality.
O
Finally, we need to deal with the terms containing Uflvg with a # (.
Lemma 5.14. For any o # 8 and t > 0, it holds
1 0 T
J Z v Uﬁv]vﬁ dV < Me“tj (6% +J eN d?“) ds.
rov N* S N 0 0
1
Proof of Lemma 5.14. We pick the test function p(V) = N3 Z vkvlgv vy to
k#l#m
obtain that
1 A % m
Vip(V) =m(o, Uy Uy 0) Z vhvj
l#m##i
+ —3 Z Uzvg(o, ,Ula, ,0) + +_3 Z /U]oivg(oy 7UgL? 70)7
k#l#1 k#m#i

and

Lo s {1 at the («, 5)-th and (8, «a)-th entry

0 otherwise
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Hence we have

d
— Fn(t,V)— v vﬁvl vy dV
dt Jgan N3 k;;&:m
) ) 1 ¢
WOn [ bebteheeh - v+ CLEMO)
z#];ﬁk;ﬁl
Z f vk vﬁvﬂv FNdV+— Z J vk vﬁvﬁv {FydV
z;ékvél it jEkAL
1 ¢
e’ ) g

The second term on the right-hand side can be controlled thanks to Claim 5.7.
And recall our assumption that £,5(0) = 0, thus the desired lemma is deduced
from the Gronwall’s inequality. [

The last technical lemma we need to prove is as follows, which involves double
v, U structure.

Lemma 5.15. For any o # 8 and t > 0, it holds that

1 Qi
JRdN Fn(t, V) N2 Z U ugUa v dV

1#]

1 te oo T s S
RO sy e [ (K anyasar
0

0 0

Proof of Lemma 5.15. Let ®(V) = Nz Zv vﬂful vz with components o < 3, we

k#l
obtain ,
Vup(V) = <50, vh, o vh, . 0) > vfvf,
N k#i
and
V2190<V) ~3 fﬂ)g X 1 at the '(a’ﬁ)'th and (0, a)-th entries
N ki 0 otherwise
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Hence we have

d
— Fn(t, V) dV
dt Jgan w NQkZ#lU Uﬂv
1 ¢
Z f vkvg (vl — vl) (v] —UB)FNdV—FC( +]'\/>/l4(0>)e§v
ﬁéj#kz
4d 1 ¢
ZJ vk UBU UéFNdV— ZJ UkvlgvzvngNdV—i-C( +]<[M4(0))e§v.

Thanks to Lemma 5.14 and the Gronwall’s inequality, for any « # (3, it holds that

Fn(t,V)— Iy
fRdN N ( Zv vﬁv

i7#]

<C(1 +M4(0))J [6% +e4d7‘f (esﬁs +J e% dr) dS] dr.
N 0 0 0

]

So far, we have finished all the ingredient for our proof of the Law of Large
Numbers theorem. Now recall the expansion (5.3), the off-diagonal part I,.s can
be bounded by Claim 5.12, Lemma 5.14 and Lemma 5.15 by

1 T T S s T
Tozp(t) < #4() [J (eSW + e‘4d7f (egﬁ + J eN dr) ds) dr

0 , o . 0 (5.11)

+ e4dtJ (eSWS + J eN dr) ds];

0 0
while the diagonal part satisfies
1 & P
In_p(t) < #AL()[J eN dT+e4dtJ (esﬁ —i—f ev dr) ds

0 0 (5.12)

t TS .,
+ e 8 f e 4T J J e~ drds d’i’],
0 0 Jo

which is directly from Corollary 5.16-5.21 below.

Corollary 5.16. Lemma 5.1 and Claim 5.4 imply that

1—|—M4(O) t&
k|2
JRdNFNtV S (@ P) |v|)dV$TLeNds.

j#k
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Corollary 5.17. Claim 5.2, Claim 5.3, Claim 5.5 and Claim 5.6 imply that
1 12 ik ik 1+ My(0) [* s
LNFN<t’V)W,Z (d—[v"]*) (20" - v —QUava)stT en ds.
R ik 0
Corollary 5.18. Lemma 5.1, Lemma 5.8 and Claim 5.9 imply that

J;W it V% Do (d= [ P) (k) = Ealt)) AV

i#j#k

1
< +M4 4dtf f eN drds—i—f eN ds)

Corollary 5.19. Claim 5.2 Claim 5.3, Claim 5.10 and Claim 5.11 imply that

JW Fult, v>% S (20 vf — 20t (0h)? — Ea(t)) AV

i#j#k

1
< +M4 4dtf J eN drds—i—f eN ds)

Corollary 5.20. Claim 5.10 and Claim 5.14 imply that

1 . . o . .
R Tooad gyt ayd ik ik
fuw vt V) 3 #Z#k (v o) —vgug) (v o = vgug) AV

1 t s 5 e
$—+ /]\\74(0)6_4dtf (68W + J eN dr) ds.

0 0

Corollary 5.21. Lemma 5.8 and Lemma 5.13 imply that

[, e v% 3 ((01)? — £a(8)) ((04)2 — £a(t)) AV

Jj#k

1
< +M4 _4dtJ J eN drds +e® J _4d7f f e deSdT

Hence the diagonal part (5.12) and the off-diagonal part (5.11) together yield
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that,
sup (Tnss(t) + Lucp(t)) < ﬂN‘*()” (¥ +e dTJ (¥ +f ¥ dr) ds) dr
te[0,77] 0 0 0

t S t T S
+ e4dtf (egTvs + f e% dr) ds + egdtf e4dTJ J e% drds dT]
0 0 0 0 Jo

C(1+My0)(1+T)
N )

~

where the integral of time has the order

T
s N
J e¥ ds = g(e% —1)<CT, when T ~ O(N).
0

We conclude the proof of the Law of Large Numbers Theorem 2.2 by combining
with the estimate (5.2).

Acknowledgements

This work was partially supported by the National Key R&D Program of China,
Project Number 2021YFA1002800. JAC was supported by the Advanced Grant
Nonlocal-CPD (Nonlocal PDEs for Complex Particle dynamics: Phase Transi-
tions, Patterns and Synchronization) of the European Research Council Executive
Agency (ERC) under the European Union’s Horizon 2020 research and innova-
tion programme (grant agreement No. 883363). JAC was also partially supported
by the “Maria de Maeztu” Excellence Unit IMAG, reference CEX2020-001105-
M, funded by MCIN/AEI/10.13039/501100011033/ and the EPSRC grant num-
bers EP/T022132/1 and EP/V051121/1. PEJ was partially supported by NSF
DMS Grants 2205694 and 2219297. ZW was partially supported by NSFC grant
No0.12171009 and Young Elite Scientist Sponsorship Program by China Association
for Science and Technology (CAST) No. YESS20200028.

Appendix A. Moment Estimate of the Liouville Equation

In the appendix, we estimate the p-th order moment (p > 2) of the first
marginal of solution of the Liouville equation (1.4). We denote the average p-
th order moment as M, (t), and by the exchangeability,

N

M, () ::J Fyna(t, 0"t dot = f Fyx(t, V)= Z kP av,
R4

R4N

with M, ( J fo(v)|v[P dv. We have the following estimate.
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Proposition Appendix A.1l. If we assume M,(0) is finite, i.e., fo has finite
p-th order moment, then the following estimate holds

p+ d—3 : p(p—2)t
Mp(t) < Mp(O) (W) e N .

Proof. By the exchangeability and the weak form of the collision operator (5.5),
we have

d
— Fn(t,V)— klp qy
dt RdN N 2’1) ‘
p(d—l) Q121 4 1p—2 21 ip—2
ST ZZdeN(rvHMp + [P 7%) B dV
p(d—1) [ i P J|p
B ) i FydV
N (1 P
P B2 S [ 22 ol 2o 2) Py dV (A.1)
2N2 Zj J]RdN N '
P(p—2) [ i N2 i 1p—4 i1p—4a
—WZJW@ (P ) Ey v
d—
p+ 3) ZJ \v\ ) |od P2 Fy (£, V) dV

ZJ W [PFy(t, V) dV.

1
Let p(V) = N Z |v¥|?, then by the Hélder’s inequality,
k=1

J (V)W [P2Fn(t, V) dV
RdN

7j=1
1 N ) 2 p=2
<= s dv)”(f i p dv) v
NJZ]- (JRdN 902 N RdN |U | N
2
< f gogFNdV ZJ W!”FNdV :
RdN RdN

-2
where the last step is due to the concavity of the P=2 th power. From (A.1) we
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get

dM,(t)
dt

2
2 p—2

o8 Fy dv) FIM(0]F . (A2)

< —p(d = )M,(t) + plp + d — 3><J

RAN

2 .
Now, we need to propagate the g-th moment of ¢(V'), where V,ip = NUZ and
2
Viiap = Id. For any index ¢ and j, we have

WVip = %’U’Kp%’l, Vi

_9 -2 o i
V2t = §¢5‘1V3i¢+p(p4 o529 0V i %Vﬁg_l Id +p(pN2 ottt

(Vo + V2p) s a(v' = v?) = (Vg = Vi) - bv' =)
p £—1 o | i G2 (i i g
(N Id+Ng0 Id): (Id|v' — o[ = (v v)@(v v)))

p
22

—(d— 1)(Nv R %ngogfl) (vt =’

z%npg e (Id\vi—vj|2—(vi—vj)®(v —vj))—

(|v| [ * = (0" 07)%)
2
2

P2 (d = D' =

2|“3

J— 2 . . . . P
+ p(pN2 ) (’UZP‘U]F o (Ul . 1}])2)305_2
p(p—2), 4 j
=2 (P

P
22

— (7))
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to arrive at

d P d 1 N D
— 2FN(EV)dV = — — I2Y2 By (t, V) AV
dt Rngpz N( ’ ) dt RaN (Nkzzzl‘v ‘ ) N( ’ )
RN Lo » 2 & i J
=N 2 Jo |2 (Vip® + Vipt) al! = 0?)
i,j=1

+ (Vi — Vit ) - b(v' — vj)]FN(t, V)dv

p(P_2)J = i121,.912 i d\2), B2
= v T = ()T )2 T E N (V) dV
N5 Jyae 0, (0P = 0020, V)

_pp—=2)

< SFy(t,V)dV.
N J‘RdNQO N<,V) V

The Gronwall’s inequality implies that
f OB Fy(t, V) dV < e“”zv”tf 08 Fx(0,V)aV,
RaAN RAN
and by the Jensen’s inequality with p > 2 that
1Y A
2\ 2 p
AT < = al o
(F2lel) < 5 Db

hence we have that

p(p—2)

p(pATQ)tJ \v\pfo(v)dv:e ~
Rd

f O Fy(t,V)dV <e PM,(0).
RdN

And substituting this into (A.2), we have

dM,(t)
dt

Now we solve this ODE by

2(p=2),

< —p(d— DM,() +p(p+d—3)e & M, (0)]*[M, ()] 7. (A4)

(P, (0]

) =2(d — 1)@V M, (1)]F + geﬂd-l)twp(mi1_d/‘f1§(t>
de(t>>

dt

LSAIN]
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Then rewrite it into the integral form as

t

<2p+d-— 3)[Mp(0)]% J eXd=)se

0

N 2(d—1)t 22y )
-1
2(d—1)N +2(p — 2) (6 " ’

2

VM, ()] — [M,(0)]

2(?]\72) s

LA

ds

SIS

<2(p + d — 3)[M,(0)]

i.e.

M0 < [y (20 L E IV (2 o))

< [Mp(())]% (6—2(d—1)t n %(62%2% B e_Q(d_l)t))
p+d— 362<pN2>t)7

< M) (P

d—3
where in the last step we used p;—l

pt+d—3 202, 5 p+d—3)\t plr—2)1
My(t) < My(0) (P )T = My 0) <—d1 e

> 1 when p > 2. That is,

In conclusion, we have proved the desired estimate. O
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