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TRANSPORT BASED PARTICLE METHODS FOR THE
FOKKER-PLANCK-LANDAU EQUATION*

VASILY ILINT, JINGWEI HUf, AND ZHENFU WANGS#

Abstract. We propose a particle method for numerically solving the Landau equation, inspired
by the score-based transport modeling (SBTM) method for the Fokker-Planck equation. The semi-
discretized scheme can preserve some important physical properties of the Landau equation, such as
the conservation of mass, momentum, and energy, and decay of estimated entropy. We prove that
matching the gradient of the logarithm of the approximate solution is enough to recover the true
solution to the Landau equation with Maxwellian molecules. Several numerical experiments in low
and moderately high dimensions are performed, with particular emphasis on comparing the proposed
method with the traditional particle or blob method.
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1. Introduction

The Vlasov-Landau equation [24] is a kinetic equation that describes the evolution
of the probability density f(¢,z,v) of a plasma, with position 2 € QCR? and velocity
veR?, d>2:

O N, 4 (Brvx B)-Vof =Q(f.f),
ot (1.1)
Q(fvf)(tgl'av) =V,- A(’U—w) [f(tax,w)vvf(tv‘rvv) —f(t,x,U)vwf(t,x;w)] d'LU,

Rd

where E and B are the electric and magnetic fields given externally or determined
self-consistently by the Maxwell’s equations. The integro-differential nonlinear opera-
tor Q(f,f) is the so-called Landau operator which models collisions between charged
particles. It can be derived from the Boltzmann collision operator by taking the
scattering angle of collisions to be small. The kernel A is a dxd matrix given by
A; j(z)=|2"(|z|*6;,j — ziz;). The parameter —d—1<~ <1 determines the strength of
particle interactions. The most physically relevant case is v=—d=—3, which corre-
sponds to Coulomb interactions. The case v =0 corresponds to the so-called Maxwellian
molecules, which admits many mathematical simplifications and hence is also widely
considered in analysis and computation.

In this work, we will neglect spatial dependence in Equation (1) and focus on the
spatially homogeneous Landau equation:

of
S = QU (12)

where f= f(¢,v) is a function of ¢ and v only.
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A comprehensive study of the Landau equation with Maxwellian molecules was
done by Villani in [26, 23]. The main results are existence and uniqueness of smooth
solutions, conservation of mass, momentum and energy, and decay of entropy and Fisher
information. The author also showed how to rewrite the Landau equation in the form
of the Fokker-Planck equation with a time-and-space-dependent diffusion matrix. This
motivates applying the tools, which are used for the Fokker-Planck equation, to the
Landau equation. Also due to this analogy, the Landau equation is often referred to as
the Fokker-Planck-Landau equation in the literature. Less is known about the Landau
equation with Coulomb interactions, the case when v=—3. In fact, its well-posedness
remained an open problem for a long time due to the analogy of the equation to a
diffusion-reaction equation. Only recently Guillen and Silvestre proved in [12] that if
the initial data is C', bounded above by a Gaussian function and in particular with finite
Fisher information, then there exists a unique strictly positive solution bounded above
by a Gaussian. This solution enjoys conservations of mass, momentum and energy, as
well as decay of entropy and Fisher information, although the decay rate is not known,
unlike the Maxwellian molecules case.

Numerically approximating the Landau equation presents a difficult problem due to
its high complexity. It is well-known that grid-based numerical methods such as finite
difference/volume methods scale exponentially with dimension, which makes them not
efficient for solving the full 6-dimensional Vlasov-Landau equation. This motivates
developing dimension-agnostic numerical methods such as particle methods.

One such method for solving the Fokker-Planck equation was recently proposed by
Shen et al. in [20] and Boffi and Vanden-Eijnden in [3], termed score-based transport
modeling (SBTM) due to its similarity to score-based diffusion modeling. The authors
took the gradient flow perspective on the Fokker-Planck equation and proposed a de-
terministic particle method for solving it using a neural network s to approximate the
score V,log f. In particular, they showed that as the score matching loss

/ |s —V,log f|*fdv
]Rd

goes to zero, the Kullback-Leibler (KL) divergence between the approximate solution
and the true solution goes to zero. This gives a theoretical guarantee for using the
score matching method for solving the Fokker-Planck equation. Following this line
of thinking, it is clear that the neural network is not necessarily the only choice to
approximate the score. In fact, any rich enough family of functions can be used. In this
vein, Maoutsa et al. [16] used reproducible kernel Hilbert spaces to minimize the score
matching loss. The score matching idea has also been applied to other equations such
as the McKean-Vlasov equation [19, 15].

Recently, score matching has been widely used in diffusion generative modeling for
image generation [21, 22]. Chen et al. [8] showed that an L? approximation of the score
guarantees fast convergence to the steady-state of the reverse diffusion process used for
image generation. However, the idea of score matching is not new in scientific computing
community — in 1990 Degond and Mustieles [10] developed the diffusion-velocity method
for the heat equation, where the score was approximated using the traditional kernel-
based particle method. Approximating the score with a neural network instead of kernels
may be preferred due to the O(n) vs O(n?) computational time where n is the total
number of particles, and due to better accuracy in high dimensions. Unlike generative
modeling, SBTM does not have the costly score pre-training step, with the exception
of matching the score of the initial data, which takes seconds on a single CPU.
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Another deterministic particle method that we explore in this work was proposed by
Carrillo et al. in [6, 5], termed the blob method, first for the Fokker-Planck and porous
medium equation and then for the Landau equation. The starting point is to recognize
that V,log f is the gradient of the functional derivative of the Boltzmann entropy:

)
Vulogfzvv§, H(f):/Rdflogfdv.

If f is approximated by the empirical measure of n particles (Dirac measures), entropy
is undefined, so regularized entropy is used instead:

H.(f)= Rdflog(%*f)dv,

for some symmetric and positive kernel ¢., often taken as the Gaussian. The authors
showed that under the proposed numerical method the regularized entropy H. decays
over time, mimicking the decay of the entropy H for the true solution.

The main contribution of this work is to show that the SBTM method developed for
the Fokker-Planck equation can be used to approximate the Landau equation, with any
value of «. Furthermore, the method can preserve some important physical properties
of the Landau equation, such as the conservation of mass, momentum, and energy,
and the dissipation of estimated entropy. We also obtain a KL/relative entropy bound
similar to that for the Fokker-Planck equation in [3, 19]. We perform comprehensive
numerical experiments in different dimensions, with particular emphasis on comparing
the proposed method with the blob method [5].

During the completion process of this manuscript, we became aware of the inde-
pendent work [13]. The method proposed in [13] is very similar to ours, with a few key
differences which we summarize below:

e The theoretical result obtained in [13] is based on the assumption that the Lan-
dau equation is posed on the torus T¢ rather than R?. This is a restrictive as-
sumption under which many terms become bounded, for example, |Vlog f(¢,v)|
is generally not a bounded function in R?, even when f(t,v) is a Gaussian dis-
tribution. Unlike this work, our proof and method apply to the unbounded
domain, which is the realistic setting for the Landau equation.

e Our numerical experiments focus on the comparison of the SBTM and the blob
method in [5]. In particular, we demonstrate that for the simple isotropic BKW
solution, both methods can perform well with the same number of particles. In
fact, it is the anisotropic solution that distinguishes the power of SBTM over
the blob method. Moreover, the SBTM method outperforms the blob method
in higher dimensions, making it a potentially better choice for solving the full
spatially inhomogeneous Vlasov-Landau equation. On the other hand, the work
[13] mainly considers the test problems from [5] for which both methods perform
well.

The outline of this paper is as follows. In Section 2 we review some theoretical properties
of the Landau equation. These results are useful later to establish the theoretical esti-
mate of the proposed numerical method. The score-based transport modeling (SBTM)
method is introduced in Section 3. In Section 4 we prove a quantitative result justify-
ing the use of the score matching loss. Section 5 contains the numerical experiments.
We conclude in Section 6 with an outlook comparing SBTM to the blob method and
describing future work.
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2. Properties of the Landau equation

Our starting point is to write the Landau Equation (1) in the form of a continuity
equation — a fundamental tool in the theory of optimal transport [25]. If a PDE can
be written as a continuity equation, one can obtain its weak solution by solving a
system of characteristic ODEs, where each ODE corresponds to a particle. The particle
perspective is useful both for intuitive understanding and for numerical methods. See
Appendix for a quick review on the continuity equation and its particle solution.

To be consistent with the optimal transport literature, in the rest of the paper we
use the following notation:

e We use u:(x) to denote the density function f(¢,v), with x instead of v as the
independent variable.

e We normalize u; to be a probability density, so that fRd ug(r)de=1. Addition-
ally, we do not distinguish between a density and its distribution.

In this notation the Landau Equation (1) can be written as

8ut

E+V'<Utut):0, (21)
(o)== [ Ale=9)[Togu (o) ~ Vlogu(1)us (1) dy,

Aij(2) =27 (|26 — zi25). (2.2)

The following proposition combines Proposition 4 in [26], Theorem 2.3 in [12] and
Theorem 1.2 in [12], where the authors established existence and uniqueness of solutions
to the Landau equation, as well as no finite-time blowup.

THEOREM 2.1 (Existence, uniqueness, and regularity).  In case of the Mazwellian
molecules (v=0 in (2)), if the initial data ug has finite energy

/d 2|2 dug (z) < oo,
R

the Landau Equation (2) has a unique solution u; defined for all t>0. Moreover, for
all t>0, uy is bounded and belongs to COO(Rd). If ug is sub-Gaussian, then u; is sub-
Gaussian for all t:

ug(z) < Crexp(—B|z)?) < oo = us(x) < Cyexp(—plz]?) <oo, C1,Cy>0.

In case of the Coulomb interactions, v=—3 in (2) with d=3, if ug is C*, bounded above
by a Gaussian

ug(x) < Coexp(—Blz|?),

and has finite Fisher information
/ |V1oguo|? dug(z) < oo,
R4

then there exists a unique smooth solution u; that does not blow up in finite time.

The next proposition shows that the Landau equation with Maxwellian molecules
can be written in the form of the Fokker-Planck equation with a time-and-space-
dependent diffusion matrix. Note that this derivation already appeared in [26] but
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with several rescaling and normalization assumptions. We redid the calculation here for
convenience of presentation, as our later proof will rely on this proposition.

First of all, we recall that the solution to the Landau Equation (2) preserves mass,
momentum and energy:

/ut(m)dle, V::/ :vut(as)dx:/ zup(z)de,
R¢ R4 R4

28:= [ laPu(a)do= [ Jofun(a)da.
Rd R4

This property can be easily verified using a weak form of the Landau operator. Since our
numerical solution also preserves this property, we defer our proof to the later section.
We further define the (time-dependent) second order moment by matrix

(1) ::/Rdx®xut(x)dx.

With the notations V', E, and X, one can show the following;:

PROPOSITION 2.1 (Fokker-Planck form). The Landau Equation (2) with Mazwellian
molecules (y=0) can be written in the Fokker-Planck form:

%+v (veug) =0,  ve(x) =b(x) — De(z)Viogusy,
b(x)=AxVur=—(d—1)(x=V), Di(x)=Axu,

with the component of the matriz Di(x) given by

D”(t,x) ”(|x\2+2E 2(V- m))—&—Vx]—i—Vxl xixy;— 35 5(t),
i3 (1) =% j(00) = (24 j(00) = X ;(0)) e,
5(0)= / raguo(a)de, i y(00) = (5, (2B~ V) +dViV;).

ISH

Proof.  'We must show that the velocity field v; given in (2) can be written in the
form b— DVlogu;. First, we split up v; into two terms:

ve==, A(z —y) [Vloguy(x) — Viogus (y)] u: (y) dy
=(Ax(Vu)) — (Axus)Vioguy,

where the first term is the drift term and the second term is the diffusion term. The
drift term simplifies to

(A% (Vur))i =30 Aiywur=—(d—1) (2~ Vo).

J
As for the diffusion term, we first compute the convolution A *u;:

(Aru)oy= [ dsglo=yPutdy— [ (@=we, =)y
:(sz’J(‘(E|2+2E—2Vil')—‘rV;(EJ-i-‘/j.Tl—.T,L(EJ—ZZJ
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By a straightforward calculation, one can show that 3 satisfies
i, (£) = 2i,5(00) = (i j(00) =i 5(0)) e .
This completes the proof. 0

We will also need the following elementary lemma, which is certainly known but, to
our knowledge, has not explicitly appeared in the literature. A closely related estimate
is given by Theorem 2.1 in [1].

LEMMA 2.1 (Boundedness of Axu).  For any distribution u not concentrated on a
line, and Mazwellian collision kernel A(z)=|z|*I4—2® 2, the matriz Axu is uniformly
bounded from below and bounded from above, i.e., there exists € >0 such that for all
zeR?,

e<||Axu(z)|| <2E+|z—V|?, 2E=/ 2| du(z), V:/ zdu(z),
Rd R4

where || -|| denotes the matriz 2-norm, and € can be taken to be
e=tr(cov(u)) — ||cov(u)]|.
In particular, the bounds above hold for any continuous density.

Proof. We denote 2’ =x —V and compute
Axu(z)=1i(|2 P +2E—|V]}) - (/@2 + T -V V).

'12, we have

By triangle inequality, and noting that ||z’ ®2'|| = |z
|Asu(z)||> 2" P +tr(E-VeV)—|z'* = |2 - Ve V| =tr(cov(u)) —||cov(u)| > 0.
The last inequality is strict because tr(cov(u)) is the sum of the eigenvalues of cov(u),
whereas |[cov(u)|| is the largest eigenvalue. The two quantities are equal if and only if

u is concentrated on a line.
To get the upper bound we recall that ¥ is positive semi-definite and compute

|Axu(z)| < |2’ +2E—|V|* — ‘igl{zTEz+ |z 2P+ VP <2E+ |z -V

Lastly, we will need the following key estimate from a recent work [7].

THEOREM 2.2.  Let uy solve the Landau equation with Mazwellian molecules, that is
the case v=0 in any dimension, with initial data ug € W3 NW?2>, Assume further
that the initial data ug satisfies the estimates

up(z) < Crexp(—|z|?/Cy), and |Viogug(x)| <Co(1+|x|).

Then for any t<T, the score function grows at most linearly in x, i.e., there exists a
universal constant C >0 such that

|Viogu,| < C(1+ |z +V1).

This theorem is a major estimate in [7]. Combining with the estimates on VZlogu,(z),
the authors can establish entropic propagation of chaos from particle systems towards
the Landau equation with Maxwellian molecules. We refer the readers to the proof in
[7].
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3. Particle methods for the Landau equation
As outlined in the Appendix, in order to (weakly) solve the continuity equation

0
%‘FV'(U{(&):O

with particles, the standard technique is to assume that the particle solution is given
by

1 n
i=1

and integrate the ODEs

dX;
dt

:’Ut(Xi).

The challenge to solve the Landau Equation (2) lies in the approximation of the
velocity field v;. Since this velocity field mainly depends on the solution u; through
the score Vlogu, we aim to find an approximation s¢(x) to the score Vlogu(z). The
approximate velocity v; then becomes

(o)== [ Ale=p)lsn(o) =5 ()lu(o) . (31)

Using particles {X;}7,, this is

n

st (36) = =1 D ACK = X)) = 5o (X,).

Before addressing the issue of how to estimate the score, we assume at this point
that we have at our disposal a sufficiently regular time-dependent vector field s;(x). We
establish the following result.

PROPOSITION 3.1.  Let si(x) be any sufficiently regular time-dependent vector field.
Consider the continuity equation

0
%—'_V'(Utut) =0,

w(w)== [ Aw=y)lsle) =5l du).
with initial density ug(x).

(1) The density solution ui(x) to the above equation conserves mass, momentum
and energy. Furthermore, the estimated entropy decays. That is,

/utdx:/ ugdez, /xutdx:/ zugde, /\x|2utdx:/ || ?u da,
R4 R4 R4 R R4 R

¢
E&/SQ Et::// sr(2) - vr(z)ur (z)dedr.
dt 0 Rd
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(2) The particle solution 237" 0x, 4y (x) with Et =v,(X;) to the above equation
conserves mass, momentum, and energy. Furthermore, the estimated entropy
decays. That is,

*ZX =13 x0) ZIX ZIX

7.:1
deco ¢ ~—1/tzn: (X)-vs(X3)d
dt t =Yy t-_n 0 iZIST i) Ur i)dT.

(3) The forward-Euler time-discretized particle solution X[ =XF4 Atvy(XF)
conserves mass and momentum, and decays estimated entropy:

AL XIS
n-
i=1
gl < gk ek:gzis(xi)-v(xi)
= ’ . n 4 ' 7 1/
j=1li=1
where {XF}"_ | are the particle locations at time tj, = kAt.

Proof. 'To prove the first two items it suffices to prove that any weak solution to
the continuity equation above conserves mass, momentum and energy, and has a non-
positive entropy decay rate. To that end, let u;(z) be a weak solution and let ¢:R% — R
be a test function. By the definition of a weak solution,

i ) duy (z / Vo(z)-vi(z)dus(z)
B / | V@) A = y)ls(z) = s(y)] due(y) dus(v)
:/ Vo) Al —y)lsi(x) = se(y)] due(y) due ()
:_7/]1@ VO )] Az —y)[s:(x) — s¢(y)] dus (y) due ().

Taking ¢(z)=1,x,|z|?, we get the desired conservations for u;, using the fact that
A(z)z=0. Taking V¢ =s; shows the non-positivity of the estimated entropy decay rate

[ @) v due "/Rd/Rd 50(2) — st A — y)lse(w) —50(y)] du (y) due ()

since A is positive semi-definite.
To obtain the conservation of momentum for the time-discretized particle solution,
we compute

%Z Sk ZXk ;ZA(Xf_Xf)[s(Xf)—s(Xf)]

K3

— EZXfJF,T;ZA(Xf*Xf)[S(Xf) ,S(XJ;;)]

1
zﬁ;xf.



VASILY ILIN, JINGWEI HU, AND ZHENFU WANG 1771

The second-to-last line is obtained by interchanging i and j and the symmetry of A. This
establishes the conservation of momentum. The mass conservation is obvious because
each particle carries the same weight 1/n. To obtain the decay of estimated entropy we
compute

ghtl gk = Atfi[ x7)-u(x))] - itzk:zn:{s(Xf)m(Xf)}

j=1li=1 j=11i=1
At &
P LCASRE )
=1
A n
A S (XE)T A - X [s(X ) (X))
n i,j=1
At & T
== O (s —s(X )T A = XX —s(X ) <0

i,j=1

a0
REMARK 3.1. Note that above discussion is completely independent of the choice
of s¢(xz). As long as it is a reasonable approximation to the score Vlogu;(x), one can
obtain an approximate solution to the Landau equation, either in the continuous form
or in the particle form, such that the conservation property and an estimated entropy
decay property would hold. This viewpoint can put a large class of particle methods
under the same umbrella, such as the blob method [5] or the SBTM method to be
discussed below.

3.1. Score based transport modeling (SBTM). We now come to the ap-
proximation of the score for the Landau equation. Motivated by the score matching
idea due to [14, 16] and subsequently used in [3], we propose to find the approximation
s(x) by minimizing the loss

/(Vlogu—S)T(A*u)(VIOgu—s)udx::/ |Vilogu — 5|4, udz,
R4 Rd

where A is the kernel matrix given by (2).
In fact,

/|V10gu—s|?4*uudx:/ (|V10gu|2A*u+|s|?4*u)udx—2/ sT(Axu)(Viogu)udz
R4 Rd R4

:/ (|V10gu|124*u+|s|124*u)ud:v—2/ st (Axu)Vudz
R4 R

2/ (|V10gu|?4*u+|3|?4*u)udx+2/ uV - ((A*u)s)dx,
Rd

Rd
where we used integration by parts on the second-to-last line. Since the term
Jga|Viogul%,, udz is a constant in s, minimizing the score matching loss

/ |Viogu— s[4, ude (3.2)
Rd
is equivalent to minimizing

/Rd (18150 +2V - ((Axu)s)) uda. (3.3)
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While Vlogu and loss (3.1) are undefined for a sum of Dirac deltas >, x, (z),
loss (3.1) is well-defined and is equal to

Moreover, if X1,...,X,, are i.i.d. samples from u, then by the law of large numbers

D [s(X)TD(Xi)s(X:) +2V - (D(Xi)s(Xi))] = Eu (|53 +2V - (A% u)s))

i=1

1
n

almost surely as n — oo.

Since replacing matrix D with the identity does not change the minimizer s = Vlogu,
and empirically we observed no difference in accuracy between using the weighted and
unweighted loss, to save the computational cost, we use the unweighted loss in later
numerical experiments

%Z [I5(X0)[2+2V - 5(X3)]. (3.4)

i=1

Automatic differentiation can be used to compute the divergence of s but for ef-
ficiency reasons we use the denoising trick following [3]. The denoising trick is a way
to approximate the divergence of a vector field, which makes the SBTM method ap-
proximately 100 times faster. As the authors of [3] point out, using the denoising trick
prevents overfitting, so even leaving the computational time aside it is advisable to use
the denoising trick. The denoising trick is the simple observation that given Z ~ N(0,1;)
and a >0,

lim (2a) 'E[s(z+aZ)-Z —s(x—aZ)-Z]=V-s(x).

a—0

So the divergence of any vector field s can be approximated by a finite sum

hS RN

Y (20)  [s(e+aZ))-Z; - s(x—aZ;)- Z),
j=1

where Z; are iid draws from the standard Gaussian distribution. In practice we set
p=1. Thus, the loss we minimize is

S

L(s) =+ S [Is(X0) P +a (5(Xs+aZ) — s(X; —aZ))- 7). (3.5)

Il
-

To approximate Vlogu well using the minimization problem

s=argminL(s),
seF

the class of functions F must be rich enough to contain Vlogu. The authors of [3]
propose to take F to be the family of neural networks since they are universal approxi-
mators, and to minimize the loss L(s) using gradient descent.

The pseudocode for solving the Landau equation is as follows.
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SBTM(Uo,TL,tQ,tend,At,K)

1t Z:to

2 sample {X;} , from ug

3 initialize NN: s~ argminger 237 | [s(X;) — Viogug(X;)|?
4 while t <tenq

5 + t:=t+At

6 Optimize s: do K gradient descent steps on L(s) in (3.1)
7 fori=1,...,n

8 + XlZXz—%Z?ZlA(Xz—X])[S(Xz)—S(X])]

9 output particle locations X7,...,X,

The initialization is done by performing gradient descent steps until the loss is below
some pre-specified threshold.

4. Kullback—Leibler divergence bound

How good is the score matching approach? In this section, we try to answer this
question by quantifying the Kullback—Leibler (KL) divergence between the exact solu-
tion of the Landau equation and that of SBTM, for the semi-discretized scheme. The
KL divergence or the relative entropy can quantify the distance between two probability
densities. It is defined as

fRd log du1 (), if wyis abosolutely continuous w.r.t. ug,

KL(U1||UQ) = {

400, otherwise.

By convexity, one can easily see that KL(uq||uz) >0 and KL(u||uz) =0 if and only if
U =1us.

Before analyzing the Landau equation, we review a similar bound from the work of
Boffi and Vanden-Eijnden [3].

4.1. KL bound for the Fokker-Planck equation.

THEOREM 4.1.  Fiz by(x),Di(x), such that Dy is a positive semi-definite matriz. Let
s¢(x) €R? be sufficiently regular and u; and u} satisfy the continuity equations

8 *

g;t ' (U:u:) :Oa U: :bt*DtVIOgu:,
0

%+v (vtut):07 vt:bt*DtSt.

Then the KL-divergence is controlled by the score matching loss

d
— KL(ug||uy) < / |s¢ — Vioguy| 5, upda.

dt
Proof. This follows immediately from the time evolution of the KL /relative entropy
between u; and u;. See for instance the proof of Proposition 1 in [3]. d

By combining the above theorem with Proposition 2.1, we immediately obtain the
following corollary.

COROLLARY 4.1. Let uj satisfy the Landau equation with Mazwellian molecules

V- tu) =0, ui(@) = [ Ala—9)[Vogu; (x) ~ Vioga ()] (1),
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and let uy satisfy the continuity equation

ouy
ot +V-(vu) =0, v (x)=b(z)—Di(x)s(x),

where b(x) and D.(x) are as in Proposition 2.1. Further, assume that the initial first
and second moments match, i.e.,

/xuo(x)dx:/ zuy(z)de, /xixjuo(x)dx:/ zizjug(z)de.
R4 R4 R4 R4

Then the time-derivative of the KL-divergence is controlled by the score matching loss

d 1
—KL(utHuf)gf/ |s¢ — Vlogug |3, usda.
dt 2 Jpa ¢

Proof.  Because of conservations, the diffusion matrix D;(z) and the drift vector
b(x) match for all z,t. We also need to show that D;(x) is positive semi-definite. This
follows by noting that

Dy(x) = Axuj (x),

and recalling that A is positive semi-definite. |

This can be turned into a numerical method for solving the Landau equation with
Maxwellian molecules by using v; =b; — Dys; as the velocity field in the particle solution.
However, this method does not preserve momentum and energy. Furthermore, this
numerical scheme heavily relies on rewriting the Landau equation in the Fokker-Planck
form, which is not possible for general kernels A, and specifically is not possible for the
Coulomb kernel. Because of these reasons, we prove a similar inequality to Theorem
4.1 for the particle solution using the velocity field (3).

4.2. KL bound for the Landau equation. Let u} be a C! density satisfying
the Landau Equation (2) with Maxwellian molecules (y=0)

*
ouy

ot
i @) == [ Ale=9)(Viogu;(a) = Viogu (1) (1)

+V-(vpuy) =0,

and let s, :R?—R? be a time-dependent vector field and u; be a C'' density satisfying
the approximate Landau equation

Ouy
E +V . (vtut) = O7
vi()=— [ Az —y)(si(2) —se(y))ue(y)dy.

Rd
For both equations, we assume that they are subject to the same initial condition
uo =1ug, so KL(ug||ug)=0.
Since the momentum and energy are conserved in both equations (by properties of
the Landau equation and Proposition 3.1), we denote them by V and E respectively:

V= xut(x)dx:/ zu; (x)de, 2E:/ |x|2ut(x)dx:/ || 2w} () da.
R4 Rd R4 R4
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Additionally, we denote the (time-dependent) second moment by matrices ¥ and X*:

E(t):/Rdac@)xut(x)da:, E*(t)z/Rdx@)xu;‘(x)dx.

We first establish an intermediate result about the KL divergence.

ProrosiTION 4.1.  The KL divergence between u; and uj is controlled by the score
matching loss plus an extra term that depends on the difference between second moments
of uy and uj:

d
L KL lup) <2 / Vlog s — sty ueda
dt R ¢

+/ (Vlogu!)T (2 —*)(Vilogus — Vlogu} uy da.
Rd

Proof.  We omit the subscript ¢ throughout this proof to simplify notation. We
define an auxillary vector field

()=~ y Az —y)(Vlogu(r) — Vlogu(y))u(y) dy,

and compute

iK'L(u||u*):f/ iatu*der/ logié‘tudm
dt Rd U* Rd u*

u . u
_/WEV.(U u')dx — RdV~(vu)log(E) dz
N A u
_—/Rdv -V(E)u dm—l—/Rdv-Vlog(u*)udx
:/ (v—0")-(Vlogu—Vlogu*)udz
R4
:/ (1}717)~(Vloguslogu*)ud:rJr/ (v—v")-(Vlogu—Vlogu*)udz. (4.1)
R4

Rd

We bound the first term in (4.2) with Young’s inequality.
/ (v="0)-(Vlogu— Vlogu™)udx
Rd
:/ (Vlogu—s)T (Axu)-(Viogu — Vlogu*)udz
Rd

— [ Ax(u(Vlogu—s))- (Vlogu— Vlogu*)udx
Rd

1
S/ |Vlogu—s|i‘*uudx+1/ |Vlogu — Vlogu*|3,, udx
R R
7/ Ax(u(Vlogu—s))-(Vlogu — Viogu*)udz,
Rd
where

— | Ax(u(Vlegu—s))-(Vlogu— Vlogu™)udx
Rd

< /Rd » [Viogu(y) = s(y) %oy u(@)u(y) dzdy
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! *
+1/]Rd Rd|Vlogu(x)—Vlogu (@)% yyu(@)u(y) dedy

1
:/Rd|Vlogufs\2A*uudx+Z/Rd|Vlogu7V10gu*|?4*uud:c.
Together we have

1
/ (v—@)-(VIog%)udx§2/ |Vlogu—s\124*uudx+f/
Rd u Rd 2 Rd

Now we analyze the second term in (4.2). Using the fact that A is the Maxwellian
kernel, we can write

2
Vlog%
u

Axu

udz. (4.2)

v*=—(A*xu*)Viogu* — (d—1)(z—V),
v=—(Axu)Vlogu—(d—1)(z-V),

so the drift term in v —v* cancels out:
v—v*=(Axu")Vlogu™ — (A*u)Vlogu.
Thus

/(1771)*)~(Vlogufv10gu*)udx

R4

:/ ((Axu™)Viogu™ — (Axu)Vlogu) - (Vlogu — Viogu™ )udz
R4

:—/ |Vlogu—Vlogu*\i*uudx+/ (Vlogu™)" (A (u* —u))(Vlogu— Viogu*)udz. (4.3)
R4 R4
Combining (4.2) and (4.2), we have

d 1
—KL(u||u*)§2/ \Vlogu—sﬂ*uudx—f/ |V10gu—Vlogu*|i* udzx
dt Rd 2 Jga “

+/ (Vlogu*)T (A (u* —u)) (Vlogu— Vlogu*)udz,
Rd

where the second term is non-positive because Axu is positive semi-definite (in fact,
strictly positive definite by Lemma 2.1).
Finally, we note that Ax*(u* —u)=X —3*. This can be seen directly by computing
(Axu)ij(@) =055 (|2 +28 =2V -2) + (V) +a;Vi —asa5) — B 5 (8),
(Axu®)ij(@) =0i;(Je|* +2B =2V -a) + (2 Vi + Vi —wixy) — 57 4 (1),

and subtracting the two equations. ]

The second term in Proposition 4.1 is hard to control a priori, but if the initial data
is isotropic, it vanishes.

COROLLARY 4.2.  Suppose the initial condition uy is radially symmetric and s; is in
the form si(z)=x8;(|x|) for some §:R—R%. Then the KL divergence is controlled only
by the score matching loss.

d
—KL(utHu?)SQ/ |Viogus — s¢|% ., uede.
dt Rd ¢
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Proof. (Proof sketch). It suffices to prove that u; and uj stay isotropic. Indeed,
in that case X(t) and ¥*(t) are scalar matrices and thus are equal because their trace
is equal to 2F, which is conserved. So the difference ¥(¢) —X*(¢) in Proposition 4.1 is
Z€ro.

So it suffices to show that the velocity fields v; and v; are radial if u; and u; are
isotropic. It is a straightforward computation, using the assumed form of s;. 0

The assumed form of s; is not restrictive, because we can simply take §;: R —R% to
be the neural network.

If the initial data is not isotropic, we only get a short time horizon estimate, but
KL (u||uy) still goes to 0 as the time-integrated score matching loss goes to zero.

THEOREM 4.2. Fiz T >0 and suppose that the following conditions hold:

(1) The initial data is in a Sobolev space
ug €Wt W2,
and there exists a constant Cy such that
|Vlogug(2)| < Co(1+|zl).

ere exist constants an >0 suc a e nitial condition 1s sub-
2) Th st tants C} d >0 h that the initial diti ) b
Gaussian

ug(x) =up(z) < C(’)e_BB'I‘z.

Then for t <T small enough such that KL(u||u;) <4, the following estimate holds

t
KL(ut||u;‘)§26Mt// (Vlogu, —sr|% 0 urdzdr,
0 Jre

16C 2
M:d2(1+T)/BT€1(1+E) <3+2log (Cgﬂ)) ,

Ezti;lg{tr(cov(ut)) — |lcov(w) ||} >0,

where

with C1,Co being some positive constants. In particular, as the time-integrated score
matching loss goes to zero, the KL-divergence goes to 0:

t
KL(u||uy)—0, as // |Vlogus — $r|% 4y, urdzdr —0.
0 Jre

Proof. 'We omit the subscript ¢ for convenience of notation. Following the proof
of Proposition 4.1, there remains to control the term

—%/ \Vlogu—VIOgu*\i*uudx—l—/ (Vlogu*)T (£ —%*) (Vlogu — Vlogu*)uda.
Ra

R4
By Lemma 2.1,

Axu—el>0.
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Using Young’s inequality, we get
1 u |2 *\ T * u
- Vlog—’ udz+ [ (Vlegu*)' (2-3 )(Vlog—) udx
2 Rd u* | Axu Rd u*

< 1/ ©ud +5/
N udr+ =
- 2 Rd Axu 2 R4

1
g—HZ—E*H?/ |Viogu* > udz
2e Rd

Vlog%
u

Vlogi*
u

2 1
uda:—i——/ (% —2*)Viogu*[*udz
2¢e Rd

g%(l%—t)(l—&-E)HZ—Z*HQ. (4.4)

The last inequality (and constant Cy > 0) follows from Theorem 2.2 and conservation of
energy.
We rewrite the difference of second moments in the form of a weighted L' norm.

d d 2
5P Y (-5 = 3 () wtu-u)ar)
ij=1 i,j—1 \WR?

2
< (/ |x2|u—u*|dx> . (4.5)
Rd

We are now in a position to use the weighted CKP inequality from [4]

y o(z)|u(z) —u* (z)|dz < <3+2log/Rd 2Py (w)dm) (KL(u||u*)1/2+ %KL(uHu*)) ,

with ¢(x) = B|z|%. By Theorem 2.1, there exists a constant Cy such that

u(z) < C’ze*gmzﬁ

/ 625‘m|2u*(;v)dm§02/ e_B‘w‘de:C%/E.
R R4 g
We have

1
ﬁ/ || |u—u*|dx < (3+210g/ eQﬁlzlzu*(x)dac> (KL(u|u*)1/2+2KL(u||u*)>
R4 Rd
< BCsKL(u||u*)*/?, for all t such that KL(u||u*) <4,

c=5 (3208 (2 5))- (16)

Combining estimates (4.2), (4.2) and (4.2), we get the differential inequality that
holds for ¢t <T small enough that KL (u||u*) <4

Thus,

%KL(uHu*) gL(t)+4701(1+E)d203?(1+T)KL(u||u*)
= L(t) + MKL(ul|u"),
with
L(t) ZZ/Rd |s —Vlogul|4,,uds, M= %(1+E)d20§(1+T).
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By generalized Gronwall’s inequality we obtain

t
KL(u|[u*) < eM? / L(r)dr.
0

a0
REMARK 4.1. KL divergence upper bounds several common distances, with total
variation being the most notable, so Theorem 4.2 can be extended to other distances.
See [11] for an overview of distances between probability densities.

5. Numerical experiments

We compare the proposed method with the traditional blob method [5] on several
examples with Maxwellian and Coulomb collision kernels. All simulations and plots
were done in Julia programming language with the code available at GradientFlows.jl.
The code is well-tested with both unit tests and integration tests running on GitHub
Actions.

All numerical experiments were performed on the Doppio cluster of the Applied
Mathematics Department at the University of Washington — a Silicon Mechanics Rack-
form R2504.V6 with two 20-core Intel Xeon E5-2698 v4 processors at 2.20GHz, 512 GB
of RAM, and two TITAN X (Pascal) GPUs with 12 GB of RAM each.

5.1. Hyperparameter choice. In the blob method, as the kernel bandwidth ¢
goes to either zero or infinity, the velocity of the particles in the blob method goes to
zero, which indicates that there is a “sweet spot” value of . The authors of [5] used
the mesh size to set the value of . Since we do random initialization instead of grid
initialization, we follow the statistical literature [9] on kernel density estimation and
choose € to minimize MISE from the gradient of the true solution. We use Silverman’s
plug-in method:

e=n"YV@+) (5 . . ~0d)1/d,
where o; are the eigenvalues of the covariance matrix ¥ of the sample. We suspect that
while this choice is asymptotically optimal for estimating Vu, it might not be optimal
for estimating Vlogu = %.

In the SBTM, there are more hyperparameters, the most important being

(1) the NN architecture: number and sizes of layers
(2) learning rate n

(3) optimizer

(4) activation function

(5) number K of GD steps at each time step

(6) denoising constant «

We tuned all of the above with trial and error and chose n=4-10"%, the Adam optimizer,
the softsign activation function, K =25, and a=0.4. The choice of o presents a bias-
variance trade-off: higher values of « introduce bias but reduce the variance of the
approximation of (3.1). We use a neural network with two hidden layers, each with
100 neurons, for the BKW example and one hidden layer with 100 neurons for other
examples. We use a larger neural network for the BKW example because initial score
is nearly singular at 0.

We found that different learning rates work best on different examples, with the
most common issue being underfitting of the score in the first few iterations. Choosing


https://github.com/Vilin97/GradientFlows.jl

1780 TRANSPORT BASED PARTICLE METHODS FOR THE LANDAU EQUATION

the wrong learning rate may lead to underfitting (top right subfigure of Figure 5.1), and
it is hard to select the correct learning rate without having access to the true solution,
because the true score matching loss can only be plotted if the true solution is known.
Instead, an adaptive strategy may be used: at step 6 of the SBTM algorithm, instead
of doing K GD steps, perform GD steps on the denoising loss L(s) in (3.1) until the
implicit loss (3.1) stops decaying.

The adaptive training strategy sidesteps performing gradient descent on the true
implicit loss, which is slow, but uses the true implicit score to detect convergence of the
neural network. Figure 5.1 demonstrates how a poor choice of the learning rate n and
the number of GD steps K can lead to severe underfitting. The black line is the true
score matching loss (3.1), the orange line is the true implicit loss (3.1), and the blue
line is the denoising loss (3.1). Each time the particles move, the loss increases, and
each step of GD the loss decreases. The adaptive strategy proposed above does well for
a wide range of learning rates (compare the two bottom plots), while the non-adaptive
strategy of taking K GD steps is very sensitive to the learning rate. When the solution
gets closer to the steady state, fewer GD steps are needed to keep a good approximation
of the score, which may lead to a significant speed-up if the adaptive strategy is used —
compare the total number of epochs on the horizontal axis of the two subfigures on the
left. While the adaptive strategy is promising, we defer its exploration to future work.

For density estimation we use the kernel bandwidth given by the Scott’s rule of
thumb [18]:

H* :n—l/(d-‘rélt)z7

where ¥ is the covariance of the sample. It is asymptotically optimal for minimizing
MISE if the underlying distribution is Gaussian. See [9] for a comprehensive review of
multivariate kernel density estimation.

5.2. Landau equation with Maxwellian kernel.

EXAMPLE 5.1 (BKW solution in dimension d=3). The BKW solution is an isotropic
analytic solution to the Landau equation with Mazwellian kernel. In general dimension
d, it is given by

Ay (2) = B(2P6,, —2i7)), u:<z><2wK>‘d/2exp('> (P+Ql).

x|?
2K
(d+2)K —d _1-K
2K 7Y 2K?’
It is derived in Appendixz A of [5]. We use to=5.5 to be slightly larger than

o log(d/2+1)
7 2B(d-1)

P=

Q K=1-exp(—-2B(d—1)t), B=1/24.

=5.497 ford=3, B=1/24,

so that P(ty) is slightly positive. At t=t} the score is singular. We take At=0.01 and
tend =9.5.

REMARK 5.1. Since the BKW solution stays isotropic, second moments are automat-
ically matched, up to the sampling error, on the order of ﬁ This is because the trace
of the second moment matrix ¥ is 2F, and the energy F is conserved. Thus, we do
not expect to see a big discrepancy between blob and SBTM in terms of matching the
second moments. The simplicity of Corollary 4.2 is another indication of the degeneracy
of isotropic initial data for the Landau equation.
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Score-match loss on FPE, d=2 n=2000 At=0.01 n=4-10-*, non-adaptive Score-match loss on FPE, d=2 n=2000 At=0.01 n=10-*, non-adaptive

. Mku ~ train loss

e true train loss
e test loss / 0.01

train loss
e true train loss
Ll e test loss / 0.01

epoch epoch

Score-match loss on FPE, d=2 n=2000 At=0.01 n=4-10, adaptive Score-match loss on FPE, d=2 n=2000 At=0.01 n=10-*, adaptive

train loss 100 train loss
e true train loss s trUe train loss
e test loss / 0.01 e test 0S5 / 0.01

FIG. 5.1. Effect of underfitting, optimaln=4-10"% (left) vs low n=10"% (right) and non-adaptive
training strategy (top) vs adaptive training strategy (bottom).

Figure 5.2 shows several metrics that quantify how accurate the numerical solution
is. The first plot shows the time evolution of the (1,1) entry of the covariance matrix ¥
of the numerical solution and of the true solution. The second plot shows the Frobenius
norm of the difference between the true second moment matrix X*(tenq) and the second
moment matrix X(tend) of the numerical solution

d
§ 1
PR IR TN Eu;‘:gZ(Xk)i(Xk)j’
1,7=1 k

for particles {X%}7_,. The third metric is the normalized true score matching error
il Viogug (Xi) — s(Xy)[?
2. Viogug (X;)[?

The last metric is the L2 error of the reconstructed density against the true density

1/2

[ @)=+ Yoo X Pas

The L2 error relies on the reconstructed density, as opposed to just the particle solution,
so this plot may look very different depending on the choice of bandwidth. We also plot
the conserved moments. The fifth plot in Figure 5.2 shows the norm of the difference
between the sample mean at time tg and tenq

LS Xiltena) — - 2 i),
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F1ac. 5.2. (An isotropic) BKW solution to the Landau equation with Mazwellian kernel in dimen-
ston d=3. Both the blob method and SBTM do a decent job of approximating the solution.

As predicted by Proposition 3.1, this quantity is identically zero, up to floating point
error. The sixth plot shows the difference between the sample kinetic energy at time tg
and teng

1 1
- Z | X (tena) > — o Z | Xi(to)?|-

This quantity is not identically zero because of time discretization. But it is on the
order of At=0.01.

As described above, the score matching error is very sensitive to the learning rate. It
is likely that the learning rate of n=4-10"* is too low for this example but we refrained
from optimizing the hyperparameters for each individual example for the sake of a fair
comparison.

Per Remark 5.1, in order to meaningfully assess the quality of the proposed nu-
merical method in terms of matching the second moments, we must use non-isotropic
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covariance(1,1) n = [100, 12800]

18 s shtm, N=100
|=——blob, n=100
e sbtm, n=12800
|~ Dblob, n=12800
16 | S— U
-
pa
N
14
1.2
0 1 2 3 4
simulated time
true_cov_norm_error
05
o =@ sbtm, log-sloj 56
- ~®=—Dblob, log-slope=-0.53
B
3
> w00
o
o
S
S 107l
o
=1

\
10
number of patricles, n

d/dt [p(x)logp(x)dx = Fi v[s](xi)5(xi) / n
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F1c. 5.3. (An anisotropic) solution to the Landau equation with Mazwellian kernel in dimension
d=3. SBTM can match the covariance well even with n=100 particles, while the blob method needs

a lot more particles to achieve the same accuracy.

covariance(1,1) n=25600

11
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simulated time
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10°
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Fi1G. 5.4. (An anisotropic) solution to the Landau equation with Mazwellian kernel in dimension
d=10. Ewven n=25600 particles are not enough for the blob method to match the true covariance

tragectory, whereas SBTM gives a very good prediction.
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d/dt [p(x)logp(x)dx = Fi v[s](x)-s(xi) f n

FiG. 5.5. (An anisotropic) solution to the Landau equation with Coulomb kernel in dimension
d=3. SBTM achieves better accuracy with n=100 particles in terms of matching covariance and
entropy decay rate of the simulations with n=12800 particles.

initial data. Without loss of generality, the covariance of the initial data can be taken
to be diagonal. Indeed, since the covariance is positive semi-definite, there exists an
orthonormal choice of basis in which covariance is diagonal. Furthermore, since the
equilibrium distribution of the Landau equation is normal, it is natural to take the
initial distribution to be normal with a diagonal covariance. This leads to the following
example.

EXAMPLE 5.2 (Anisotropic initial condition in dimension d=3,10). We take the
wnitial distribution to be normal with covariance

Z@j :5173'0'1', 0'1:1.8, 0'2:0.2, 0'1':1, i:3,...,d,

so that the trace is equal to d, same as in the BKW example. The evolution of the
covariance matriz s

37 (t) =57 ;(00) = (X5 j(00) = X7 ; (0))e 4,
¥ (oo)z%ai,j, 2E =tr(2(0)).

,J
We use At=0.01, and tepqg=4.

Since the true solution is not known, we cannot plot the L2 error or the score error.
However, there exists a closed form solution for the second moments of the true solution,
which we can compare to the second moments of the numerical solution. Figure 5.3
shows the covariance trajectories, with the dashed line denoting the analytic solution,
and the Frobenius norm of the difference of second moments. The fourth subfigure is
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the estimated entropy production/decay rate
1 n
;Zst(Xi) v (X3).
i=1

The covariance and entropy rate plots use n=100 and n=12800 particles. SBTM
matches covariance well even with n=100 particles, while the blob method needs a lot
more particles to achieve the same accuracy. Using the entropy decay trajectories with
n=12800 as a reference, SBTM with n =100 matches it well, unlike the blob method.

Although the (physically relevant) Landau operator resides in three-dimensional
velocity space, when it is coupled with the full Vlasov operator the ambient space is
six dimension. This high dimensional problem causes a lot of numerical difficulties for
the traditional particle method. In the recent work [2], the blob method is generalized
to the Vlasov-Landau equation. Due to the complexity of the method, the highest
dimension treated there is 1D2V (one dimension in the physical space and two dimension
in the velocity space). For this reason, we also compare the blob method and SBTM in
dimension d=10. The purpose is to examine their performance for higher dimensional
problem. It is evident from Figure 5.4 that even n= 25600 particles are not enough for
the blob method to match the true covariance trajectory, whereas SBTM gives a very
good prediction.

5.3. Landau equation with Coulomb kernel.
EXAMPLE 5.3 (Anisotropic initial condition in dimension d=3). We take the initial
distribution to be normal with covariance

Eiyj:&-’jai, 0'1:1.8, 0'2:0.2, 03:1,

so that the trace is 3, and use the Coulomb collision kernel A(z):#ﬂz\zldfz@z).
We choose At=1, and tonqg=300. We do not observe any instabilities with such a large
time step.

While the true covariance and entropy decay rate trajectories are unknown as well
as all other statistics of the true solution, if the trajectories of the SBTM and the blob
method with large n coincide, that trajectory is likely the correct one and serves as the
reference for the trajectories with low n. In Figure 5.5 the first two plots are the diagonal
covariance entries ¥ ; and Y9 2, with the black dashed line being the covariance of the
steady state. The third plot is the Frobenius norm of the difference between the steady-
state second moment matrix I3 and the second moment matrix of the particle solution
at t=tenq. The fourth plot is the estimated entropy decay rate

%Zst(Xi)-vt(Xi).
=1

The horizontal axis of first covariance and entropy rate plots is time. SBTM achieves
better accuracy with n=100 particles in terms of matching covariance and entropy
decay rate of the simulations with n=12800 particles.

5.4. Runtime. The runtime of the score estimation routine in SBTM is linear in
the number of particles, which is the computational bottleneck. Additionally, it is easy
to use the GPU to speed up the neural network training using off-the-shelf libraries,
such as Flux.jl in Julia. We did this for the heat equation, where we observed a
roughly O(n%9) scaling of the computational time on the GPU for the SBTM method.
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The blob method has quadratic asymptotic complexity. It does not benefit as much
from parallelization as SBTM, and has a quadratic computational time scaling.

Figure 5.6 shows the timings of the two methods as a function of the number of
particles n, on the CPU and GPU. The GPU timing is for the heat equation but the
score estimation routine is the bottleneck for all the equations we have tested, so most
of the computational time is score estimation.

| pr-——ve—
L4 oo o

slope = 1.2
@ blob
) slope = 2.2

i

FI1G. 5.6. Computational time in seconds (vertical) vs number of particles n (horizontal), on the
CPU with 10 threads (left) and GPU (right) log-log scale.

6. Conclusion

In this paper, we proposed a particle method for the Fokker-Planck-Landau equation
using the score-based-transport-modeling (SBTM). Compared with the traditional blob
method [5], where only one parameter e (regularization parameter for the entropy)
is used to approximate the score, SBTM uses the neural network to approximate the
score. We also obtained a theoretical guarantee of the method by showing that matching
the score of the approximate solution is enough to recover the true solution to the
Landau equation with Maxwellian molecules. Through a series of numerical examples,
we demonstrated that SBTM has the following advantages over the blob method:

(1) offers better accuracy especially for anisotropic solutions;

(2) offers better accuracy in the sparse particles regime, e.g., high dimension or
small number of particles in moderate dimension;

(3) linear in the number of particles runtime scaling for score approximation;

(4) easy parallelization on the GPU using off-the-shelf ML libraries, further reduc-
ing the runtime.

The main disadvantage of the SBTM method is the large number of hyperparameters,
including neural network architecture, learning rate, and the number of gradient descent
steps. The adaptive training strategy outlined in Section 5.1 can be more forgiving to
a bad choice of hyperparameters.

Regarding the ongoing and future work: on the theoretical side, we are considering
the extension of Theorem 4.2 to other values of 7, with the Coulomb kernel being of
particular interest. On the numerical side, based on our preliminary analysis, making
the number of gradient descent steps adaptive can greatly improve accuracy and reduce
runtime. Lastly, SBTM can be used as a kernel to solve the full Vlasov-Landau Equation
(1) in a similar vein as in [2]. Deriving any theoretical guarantees for this method and
performing numerical experiments is an important direction for future work.
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Appendix. The continuity equation and its particle solution. In this review
technical assumptions are omitted but can be found in [17]. Let v;(z) €R? be a time-
dependent vector field. Equation

ou

a—wv (veug) =0 (A.1)
is called a continuity equation. A weak solution of the continuity equation can be
defined the same way as for any PDE but there is a simpler alternative definition. See
Proposition 4.2 in [17] for a proof that the definition below is equivalent to the usual
definition.

DEFINITION A.1 (Weak solution of continuity equation). A weak solution of the con-
tinuity Equation (6) is a curve of probability distributions u; indexed by t >0 such that
for all test functions ¢ € C°(R?) (compactly supported smooth functions), the following
holds:

d

T L o@au@ = [ vo@)-u@du).

The next proposition shows how to obtain a weak solution by solving a system of
ODEs.

PRroOPOSITION A.1. The particle solution given by the empirical measure as below

1 — dX;
==V 5+ L — (X,
) - 21 X0 (), P v (X)

is a weak solution of the continuity Equation (6).

Proof. Let ¢(x) be a test function. Then
dt ¢( Jdu dt n Z¢
dX;
=;§ijw(xi<t>)- pn
:/Rd Vo(x)- v (z)du(z).
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