B2 Lecture Notes

Zhennan Zhou

PRELIMINARY DRAFT. NOT FOR WIDE CIRCULATION.
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It can scarcely be denied that the supreme goal of all theory is to make the irreducible basic elements

1)
as simple and as few as possible without having to surrender the adequate representation of a single
——Albert Einstein

datum of experience.
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Everything Should Be Made as Simple as Possible, But Not Simpler.
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This [mathematical] model will be a simplification and an idealisation, and consequently a falsifi-

cation. It is to be hoped that the features retained for discussion are those of greatest importance **-
——Alan Turing

—~George Box

---all models are wrong, but some are useful.
Models are, for the most part, caricatures of reality, but if they are good, they portray some features

——Mark Kac

of the real world.
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K] 1: Pictures taken from Wiki. From left to right: Alan Turing, George Box and Mark Kac



Model: a useful, practical description of a real-world problem, capable of providing systematic

mathematical predictions of selected properties
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o (Ffif1£) Models allow researchers to assess balances and trade-offs in terms of levels of calcula-

tion details versus limitations on predictive capabilities.

o (X441) Concerns about models being “wrong” or “false” or “incomplete” are actually
criticisms of the levels of physics, chemistry or other scientific details being included or omitted

from the mathematical formulation.
o (R

- Once a well-defined mathematical problem is set up, its mathematical study can be an impor-
tant step in understanding the original problem. This is particularly true if the model predicts

the observed behaviors (a positive result).

— However, even when the model does not work as expected (a negative result), it can lead to a
better understanding of which (included or omitted) effects have significant influence on the

system ‘s behavior and how to further improve the accuracy of the model.
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Models are expressions of the hope that aspects of complicated systems can be described by simpler

underlying mathematical forms.
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Modelling: a systematic mathematical approach to formulation, simplification and understanding

of behaviors and trends in problems.
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"Toy" Problem < MathProblem < Complete System.

HeARR R B AT SERR A A, RHRS O, SEPR AL AT B 2 il — T LK.
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#? (can you hear the shape of adrum?)
3. 4L (Control and optimization problems) . FATZ&GREANIE (XiH) H—1NREW
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o WAL (formulation phase) ;
o BARAR (solution phase)
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o FipEAR, BEEME (Mathematical Modeling) : 8 37 A A (1) At 2
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o A FAA (Rate equations) .
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dx
E=f(x,t), x(0) = xo. (1.1)
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o SPIEHAARAY (Conservation Law) o

FHEBAN AR R TR . X E R G APRE & we R AGEI ) ¢ R
H, LR AADE x € R™ B HAARPR I R 2. BANE=E R, XRHE, REZERL 12T
(AR PR A& T A A h S iE K5 E B i F 2

- AR R S E T (Wi 7 R R A RR BT H KD .

— FRATTN By ) A R0 7 () % R A AR AR A (AR B 7 AR A A2 7 -
BAVEEZE— R R RSN A rx e R, TTHRATIE wulx, 0 :RxR—-REE— U XHD
R, TERFTE] £ B, LT x A x, X A2 [A) PR 0 & FH 4 R R e FR 4 45 H

m(t) =fxz u(lx, t)dx.
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- FEIL R x, x HiEE flux/flow. J(w): EKE (the flux function) .

- TEX ] [x,, x2] AR source/sink. w(w): YREA%L (the source function) .
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Ef ulx, 0)dx = Jlx-x, —]Ix:x2+f wdx=—f (])xdx+f vdx,
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- “Pf % Balance law: u; + (J), = v.

- ~FfE1E Conservation law: u, + (J), = 0.
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u+V-J= uﬁi(]n)xn =0.

Rl AR u FOREEE, BT =uv, v RREE,

u,+V-(uv)=0 (1.2)
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- J=au, u, + au, =0, advection equation (Xfift, &%, M) .

- J=—Puy, u, = Pu,,, diffusion (heat) equation (I, #ES, HHED .

- J=au- Buy, u, + au, = Bu,,, advection-diffusion equation.

- J=1u? u,+ uu, =0, (inviscid) Burgers’ equation (FFZEVEXUH) .

— Euler equations (KXK$7 /7 F2), etc.
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510 /2% 7772 (Hamiltonian Mechanics) .
gL ), — AN RGIPRESZ & N IENA44R (canonical coordinates ) r = (q,p), X HE
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drop’ di oq’
X 70 = 7(q, p) MG % E (Hamiltonian) XM 2 XA 1% RS R BEE. XT3
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sw=T+v, T=PC V=V(g).
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XA T FEWHEFRAE the collisionless Boltzmann equation (Vlasov equation).
shF2EJ7FE*  (Kinetic equation) .
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ﬂz(%) +(%) +(%)
drt or drift/force or diffusion or collision

R, the Boltzmann equation (/K 2% = J7 %) 1) — N
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FIRYIR %% 2 TR diffusion T, {HZERXI4E/RTTRELLITE, fimZ 1Al (collision) .
X PRI T AR T AR R B A R B & 2 (M R A EAH EAE ., B f(q,p,0) F f(q,p', 0 B
FHEAEH . BT RERE D I, BIR %% 2 7 FELE I (RS AL _EARAE v, XA B0 AN B
AR LG R B 7R 2 N T AR PSSt 8 B ORI FU 55 2
KR

BESE 15 /7 F2*  ( Schrodinger equation) .
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H=——A+V(x).
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Particle JElectrodeU Cell [] Pack '::>

Phase-field method, Finite
element method,...

\
Time Coarse-grained Macroscopic Macro- problems
average . 0

Phase-field Thermodynamics :'a:j:v':e:e:':::;
thod,... Equation of motion - § !

& Zete > d diffusion eq.

Interatomic Continuum Medium
- ’hl:“b‘i"n':l‘i‘:" Maxwell/Possion equation r -
Quantum ME= £ Constitutive equation s orum

effect and phase
transition

Chemistry Landau phase-transition etc.
Density- —

Functional Theory Mesoscale Dynamics
Tight-binding,,...

Diffusion, structure evolution,

Boltzmann equationetc. e

Molecular Dynamics
=R Emre and dynamics of lattice defects

Materials constants, structure and
dynamics of simple lattice defects l.ength

Pico- Nano- Micro- Seconds Hours Years _

v

Angstroms Nanometers Micrometers Millimeters Meters

%] 2: Chinese Physics B, 2016, 25(1): 018212
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