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ABSTRACT. The framework of joint typical periodic optimization, in which both the dynamical
system and the potential function are allowed to vary simultaneously, was introduced in [HHJL25],
in a direction motivated by the work of Yang, Hunt & Ott [YHOQQ]. For certain classes of hyperbolic
systems, it was shown there that optimizing periodic orbits persist under simultaneous perturbation,
yielding joint locking sets that contain open dense subsets of the relevant product spaces. In the
present article we broaden the scope of this theory, by developing an axiomatic joint perturbation
framework that accommodates a wider class of stably hyperbolic systems, and by establishing new
joint typical periodic optimization results for several natural and important families: Axiom A
diffeomorphisms with the no-cycle property, hyperbolic rational maps on the Riemann sphere, real
quadratic polynomials, and C" maps in one dimension.
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1. INTRODUCTION

1.1. Background. Ergodic optimization is the study of those probability measures, invariant under
some dynamical system, that optimize the space average of a given potential function. For (X,d)
a compact metric space, and f: X — X a continuous self-map, let M(X, f) denote the space of
f-invariant Borel probability measures. For a continuous function ¢: X — R, the corresponding
maximum ergodic average is defined as

Q(X, ,0) = sup{/cbdu e M(X, f)}- (1.1)

A measure p € M(X, f) that attains the maximum ergodic average (L)) is called ( f, ¢)-mazimizing,
and the set of (f, ¢)-maximizing measures is denoted by Myax(X, f, ®), in other words

Mus(X,£.0) = {1 e M) o= QUx.£.0) . (1.2
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For simplicity we write Q(f,¢) and Mpax(f, #) whenever there is no possibility of confusion re-
garding the space X.

We say that (f, ¢) has the periodic optimization property (or PO property) if there exists a unique
(f, ¢)-maximizing measure, and this measure is supported on a single f-periodic orbit. If P is a
Banach space consisting of continuous real-valued functions defined on X, we say that (f,P) has
the typical periodic optimization property (or TPO property) if there exists an open dense subset
V(f) of P such that for every ¢ € V(f), the pair (f,¢) has the PO property. For ¢ € P, we say
that (f,®) has the locking property if (f,¢) has the PO property and Mpax(f,¥) = Mmax(f, ¢)
for all ¥ € P sufficiently close to ¢. We write

Lock(f,P) :={¢ € P: (f,¢) has the locking property},

and call Lock(f, P) the locking set of (f,P).

If F is a topological space consisting of self-maps of X, and F x P is equipped with the product
topology, we say that F x P has the joint typical periodic optimization property (or Joint TPO
property) if there exists an open dense subset U of F x P such that every pair (f,®) € U has the
PO property. We write

Lock(F,P) = {(f,¢) € F x P : (f, ¢) has the locking property } (1.3)

and refer to Lock(F, P) as the joint locking set of (F,P).

The field of ergodic optimization was significantly influenced by a 1999 conjecture of Yuan &
Hunt [YH99], that (f,P) has the TPO property whenever f is uniformly hyperbolic (an expanding
map or an Axiom A diffeomorphism), and P is the space of Lipschitz functions. After important
work towards this conjecture (see [BouOll, [Bou08, [BQO7, [CLT01, Mo08| |[QS12]), it was eventually
resolved by Contreras [Col6] in the case of expanding maps, and by Huang, Lian, Ma, Xu & Zhang
[HLMXZ25| for Axiom A diffeomorphisms. Going beyond uniform hyperbolicity, Li & Zhang [LZ25]
established TPO in the complex dynamics setting of expanding Thurston maps. We refer the reader
to surveys [Bocl8| [Je06l [Je19] for more detailed discussion on ergodic optimization.

In a direction suggested by the work of Yang, Hunt & Ott [YHOQOQ], and by perspectives high-
lighted in the survey [Jel9|, the notion of joint typical periodic optimization was introduced in
[HHJL25|, where, for P any Banach space of a-Holder functions, Joint TPO was established for F
taken to be each of (i) the class of open distance-expanding Lipschitz maps on a locally connected
space, (ii) the class of Anosov diffeomorphisms on a compact smooth manifold equipped with a
Riemannian metric, and (iii) the class of beta-transformations on the unit interval.

The present article builds on the joint perturbation framework of [HHJL25|, extending the scope
of Joint TPO to various families F of maps enjoying some form of hyperbolicity. A central theme
is that Joint TPO can be established for maps satisfying an appropriately abstract form of stable
hyperbolicity, via a broad axiomatic joint perturbation framework, allowing us to deduce Joint TPO
for several notable specific classes of hyperbolic dynamical systems.

This axiomatic strategy consists of the following four steps:

(1) Formulate abstract hyperbolic assumptions ensuring some structural stability of invariant
sets, uniform hyperbolicity, and a Mané cohomology lemma with uniform seminorm control.

(2) Prove a joint perturbation theorem showing that if a periodic orbit is maximizing for (f, ¢),
then nearby pairs (g,%) admit nearby periodic maximizing orbits.

(3) Articulate a sufficient condition for a map-function pair to lie in the interior of the joint
locking set.

(4) Verify that joint typical periodic optimization does indeed hold for the various specific classes
of hyperbolic systems considered.

In particular, by proceeding along these lines, we succeed in extending the joint typical periodic
optimization theory of [HHJL25| to (i) the class of Axiom A diffeomorphisms with the no-cycle
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property, (ii) the class of hyperbolic rational maps on the Riemann sphere, (iii) the class of real
quadratic polynomials on the Riemann sphere, (iv) certain classes of real one-dimensional smooth
systems. and (v) the logistic family on [0, 1].

1.2. Main results. Throughout the article, we denote by M a compact smooth manifold (without
boundary), with Riemannian metric |-| on M, and d the induced distance function.

For a € (0,1], let C%*(M,R) denote the Banach space of real-valued a-Hdlder functions on M.
Let C*(M,R) denote the Banach space of real-valued C! functions on M, equipped with the norm
ollcr ar = || Plloo,n1 + ID@|oo,ar, Where Dé is the derivative of ¢.

Recall that a diffeomorphism f: M — M is Aziom A if its nonwandering set Q(f) is uniformly
hyperbolic (admitting a D f-invariant splitting of the tangent bundle over Q(f) into uniformly
contracting stable and uniformly expanding unstable subbundles) and has dense periodic points.
By Smale’s spectral decomposition theorem [Sm67], Q(f) decomposes uniquely into finitely many
disjoint compact transitive pieces, the basic sets, and f satisfies the no-cycle condition if there is
no cyclic chain, via intersections of stable and unstable manifolds, among the basic sets. The set
of Axiom A diffeomorphisms with the no-cycle condition is precisely the set of diffeomorphisms
satisfying ()-stability (see [Pa70, [Pa87, [Sm70]).

For each r € N, let Diff"(M) denote the space of C" diffeomorphisms on M, equipped with
the C” topology, and define A"(M) to be the subspace of Diff" (M) consisting of those Axiom A
diffeomorphisms with the no-cycle property. We prove:

Theorem A (Joint TPO for Axiom A diffeomorphisms with no cycles). Let r € N, a €
(0,1], and P denote either C*(M,R) or C%*(M,R). Then A"(M) x P has the Joint TPO property.
Moreover, the joint locking set Lock(A" (M), P) is itself an open dense subset of A"(M) x P.

Note that for every r € N, the space A"(M) is second countable (see e.g. [Hi76, p. 35]), so
combining Theorem [A] and [Ke95, Lemma 8.42] gives:

Corollary 1.1. For any r € N and « € (0, 1], there exists a residual subset H of C**(M,R) (resp.
CY(M,R)) such that for each ¢ € H, there is an open dense subset V(¢) of A"(M) such that if
f €V(p) then (f,¢) has the periodic optimization property.

Beyond the class of Axiom A diffeomorphisms with the no-cycle property, our methods can
be applied to various other classes of hyperbolic dynamical systems. One such class consists of
hyperbolic rational maps on the Riemann sphere C. For m € N , let R™ denote the collection of
rational maps f: C — C of degree m, equipped with the standard topology on parameter space
(which is embedded homeomorphically as the complement of an algebraic hypersurface in (2m + 1)-
dimensional complex projective space CP?" 1 cf. e.g. [Be91l p. 47|, [Mi93, Appendix B|, [Se79]).
For every f € R™, let J(f) denote the Julia set of f (cf. [Mi06l Definition 4.2]). If m > 2, a map
f € R™ is said to be hyperbolic if it is expanding on its Julia set, i.e., there exists a conformal
metric with induced norm |- |, and A > 1, such that

IDf(v)] = Al (1.4)

for all z € J(f) and v € T,C (cf. [Mi06, p. 205]). For m > 2, defining HR™ to be the collection of
all hyperbolic rational maps of degree m, we prove:

Theorem B (Joint TPO for hyperbolic rational maps). Let m > 2, « € (0,1], and P denote
either C% ((C,]R) or C* ((C,]R). Then HR™ x P has the Joint TPO property. Moreover, the joint
locking set Lock(HR™,P) is itself an open dense subset of HR™ x P.

Note that HR™ is open in R™ (see [Mi06, p. 205]). Conditional on the Density of Hyperbolicity
Conjecture (see e.g. [Ly99, p. 87|, [Mc94l p. 4|), Theorem B ensures that the Joint TPO property

holds on all of R™ x C% (@,R), a € (0,1], and on all of R™ x C! (@,R).
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Graczyk & Swiatek [GS97] and Lyubich [Ly97] p. 4] proved that hyperbolicity (in the sense of
(L4)) is a dense property among real quadratic polynomials. If Q denotes the set of real quadratic
polynomials (i.e., those maps f of the form f(z) = 2% + ¢ for ¢ € [~2,1/4]) on @, equipped with
the standard topology on the parameter space [—2,1/4], we prove:

Theorem C (Joint TPO for real quadratic polynomials). Let o € (0,1], and let P denote
either CO ((C,]R) or C! ((C,]R). Then Q X P has the Joint TPO property.

Our methods can also be applied to various real one-dimensional dynamical systems. If M is
either a compact interval or the circle, and r € N, we let C"(M, M) denote the space of C" maps
on M equipped with the C" topology, and prove:

Theorem D (Joint TPO for C" one-dimensional maps). Let M be a compact interval or the
circle, and r € N. If a € (0,1], and P denotes either C**(M,R) or C*(M,R), then C"(M, M) x P
has the Joint TPO property.

Theorem [Cl concerns real quadratic polynomials Vlewed as holomorphic self-maps of the Riemann
sphere (C with potential functions defined on all of C. The same family of maps can equivalently
be parametrlsed as the logistic family g, : [0,1] — [0,1], ga(z) == ax(1 — ), a € [0,4], which are
topologically conjugate to the real quadratic polynomials as one-dimensional dynamical systems.
However, the two settings lead to distinct ergodic optimization problems: in Theorem [Clthe potential
functions are Hélder (or C1) on the Riemann sphere C, whereas below they are defined only on the
interval [0, 1].

Theorem E (Joint TPO for the logistic family). Let o € (0,1], P denote either C%%(]0,1], R)
or C1([0,1],R), and F = {ga : a € [0,4]}, where g,: [0,1] — [0,1] is defined by g.(z) == ax(1l — ).
We equip F with the topology induced by the parameter space [0,4]. Then F x P has the Joint TPO
property.

Remark 1.2. In this article, as in [HHJL25], the Joint TPO property is established for spaces of
maps equipped with some topology stronger than the CY one. It turns out that results for the C°
topology have a rather different flavour, and will be presented elsewhere.

1.3. Overview of the proof strategy. The main results of Subsection are facilitated by the
abstract hyperbolic framework developed in Section 2] and the joint perturbation theorems estab-
lished in that setting. For a family F of Lipschitz self-maps of a compact metric space (X,d),
we define a notion of F-stable hyperbolicity for a map f € F, given as Definition 2.1l (comprising
the three conditions of Intertwining Stability (IS), Robust Hyperbolic Estimates (RHE), and Mané
Lemma (ML)); the proof of Theorems [A] [Bl [C] [Dl and [El will then involve verifying that the appro-
priate F-stable hyperbolicity holds. The key result of Section 2lis the joint perturbation theorem
(Theorem [2.3)): if f is F-stably hyperbolic and O is an f-periodic orbit with My (f, ¢) = {ro},
then for all g near f the orbit O, = hy(O) is the unique (g, ¢’)-maximizing orbit for every function
¢’ in a certain explicit neighbourhood of ¢ (which shrinks at a controlled rate as g approaches
f). This joint perturbation theorem underpins our whole approach, and in particular leads to the
Interior Condition Theorem (Theorem 25): if f is F-stably hyperbolic and (f,¢) € Lock(F,P)
with ¢ nonconstant, then (f, ¢) lies in the interior of the joint locking set Lock(F, P).

To establish Theorem [Al Definition 2.1] is verified by proving Lemmas 3.2 B.3], and Condi-
tion (IS) in Definition 2] follows from -stability: since Axiom A with the no-cycle condition is
equivalent to Q2-stability [Pa70, [Sm70], the required intertwining maps hg, i, exist and converge to
the identity. Definition 2.1 (RHE) requires a strengthening of the well-known hyperbolicity of Q(f)
for a single map (cf. [KH95, Proposition 6.4.16]): the relevant constants must be chosen uniformly
over a neighbourhood of f, necessitating a careful analysis of the adapted Riemannian metric. Con-
dition (ML) in Definition 2I]is established by adapting the analysis of [STY24] (cf. also the closely
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related [Boull]). Individual TPO for each fixed Axiom A diffeomorphism (Proposition B.6]) follows
from [HLMXZ25|, and Theorem [2.5] then allows joint locking to be deduced, as well as the fact that
Lock(A"(M),P) is itself open.

To prove Theorem [B], the verification of Definition 2.T] proceeds via tools from complex dynamics,
and a key difference arises regarding condition (ML). For condition (IS) in Definition 1], the struc-
tural stability conjugacies under perturbation are provided by the theory of holomorphic motions
[Ly83l, IMSS83|, and for condition (RHE) in Definition 21l Lemma [A.3] shows that the expanding
constants of f|(s) can be chosen uniformly over a neighbourhood of f. For condition (ML) in Def-
inition 2.1 unlike in the Axiom A case where a single Mané lemma argument applies throughout,
the nonwandering set of a hyperbolic rational map splits into the expanding Julia set and finitely
many attracting periodic orbits: Lemma constructs the sub-action w separately on each piece
(via distance-expanding Mafié lemma techniques on J(f), and an explicit orbit-average formula on
the attracting orbits), and then patches these together.

To prove Theorem [, the stable hyperbolicity properties of Theorem [Bl apply, and can be com-
bined with the result of Graczyk-Swiatek [GS97] and Lyubich [Ly97], that hyperbolicity is an open
dense property in the real quadratic polynomial family.

To prove Theorem [D] the most delicate and technically demanding result in this article, we
start by noting that the density theorem of Kozlovski, Shen & van Strien [KSS07| means that
any go € C"(M,M) can be approximated by a hyperbolic map f whose boundary values lie in
the interior of the interval M. We then construct (via Lemma [5.3) an extension F' of f to a
strictly larger interval My that preserves the new endpoints My, and that is itself hyperbolic
(Lemma [5.3] (iii)); in particular, F' belongs to the space Cf(Mo, Mp) of endpoint-preserving maps,
to which the abstract framework applies. Proposition 5.1l then verifies that F' is stably hyperbolic
within C§(My, M), by showing that the restriction F| K(r) is distance-expanding in the adapted
metric. Given any ¢ € P, we extend it to a potential ® € Py on My whose values at dM, are
prescribed to lie strictly below Q(f, ¢); Lemma (Individual TPO for F') then produces a nearby
U € Lock(F,Py), and Theorem yields a locking neighbourhood of (F, V) in C§(My, My) x Po.
In Lemma we establish that this locking phenomenon descends to the original space: every
F-invariant measure is supported on M U dMj, and since the values of ¥ at 0Mj remain strictly
below the maximum ergodic average, every (G,Z)-maximizing measure, for (G,Z) in the locking
neighbourhood, is automatically supported on M, and hence coincides with the (g, {)-maximizing
measure, where g := G|j; and £ := Z|j;. This extension procedure, and particularly Lemma [G.4]
which provides norm bounds ensuring that the locking neighbourhood in C§(My, My) x Py pulls
back to one in C"(M, M) x P, is a key novelty in this C" one-dimensional case.

To prove Theorem [E] we note that every logistic map satisfies g,(0) = g4(1) = 0, so F C
C2(]0,1],[0,1]), and the abstract framework of Proposition (.1l applies directly. Density of hyper-
bolicity in F again follows from Graczyk-Swiatek [GS97] and Lyubich [Ly97, p. 4], and Individual
TPO for each hyperbolic g, € F follows from Lemma The proof then proceeds by the same
argument as for Theorem [C} F-stable hyperbolicity is inherited from Proposition [5.1] by restriction,
and Theorem yields the Joint TPO property.

Remark 1.3 (Relation to [HHJL25|). The present article is a companion to [HHJL25|, which
introduced the notion of Joint TPO and established it in three settings: open Lipschitz distance-
expanding maps, Anosov diffeomorphisms, and beta-transformations. Here we clarify the relation-
ship between the two works, and their somewhat different routes through related material.

Open distance-expanding maps. Let £(X) denote the space of open Lipschitz distance-expanding
maps on a compact locally connected metric space X, as in [HHJL25|. Since Q(T") = X for every
T € £(X), one can verify that conditions (RHE) and (ML) of Definition 2ZIlhold for every T € £(X):
condition (RHE) holds with K = 1, using the distance-expanding property and the machinery of
[HHJL25] establishing uniformity of expanding constants over an appropriate neighbourhood, while
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condition (ML) is precisely the Mané lemma of [HHJL25|, whose specific form is contained in
ILS26]. Condition (IS), however, requires structural stability of £(X), and although in principle
provable in this generality (as noted in [HHJL25]), it is not yet available in the literature for open
distance-expanding maps on arbitrary compact locally connected metric spaces, indeed the method
of [HHJL25| deliberately circumvents it, establishing Joint TPO instead via a more elementary Lo-
cally Connected Shadowing Lemma. Note that, once structural stability is established, the abstract
framework of this article would yield only a qualitative Joint TPO statement, whereas [HHJL25]
establishes a stronger effective Joint TPO theorem, with explicit quantitative bounds on the size of
the joint locking neighbourhood in terms of the expanding constants and the Hoélder seminorm of
the potential function. The two approaches are thus complementary: the present article provides a
broader axiomatic framework, while [HHJL25| achieves sharper quantitative conclusions via a more
direct route.

Anosov diffeomorphisms. The approach of the present paper applies to C" Axiom A diffeomor-
phisms with the no-cycle property (Theorem [Al), and in particular to Anosov diffeomorphisms
(which are structurally stable, hence have the no-cycle condition). The paper [HHJL25] includes a
self-contained proof of Joint TPO for Anosov diffeomorphisms as well, presented there as a deliber-
ately less detailed preview of the present work.

Beta-transformations. The beta-transformation results of [HHJL25| lie entirely outside the scope
of the present article, the two approaches having no overlap in this case. Beta-transformations
Ts: [0,1] — [0,1], defined as Tg(z) = Bz (mod 1), are not continuous, so do not belong to any space
of Lipschitz self-maps of a compact metric space in the sense required by Definition 2.1l Moreover,
the sub-action for a beta-transformation in the Mané lemma of [HHJL25| need not be continuous,
so condition (ML) fails in the sense required here. The analysis in [HHJL25] of Joint TPO for
beta-transformations is therefore independent of the methods presented here, and highlights that
the Joint TPO phenomenon is not confined to the class of systems handled by the present article.

1.4. Organisation of the article. In Subsection below, we collect some basic notation that
is used throughout the article. In Section 2] we introduce an abstract framework accommodating
a broad notion of hyperbolicity. Under these assumptions, we first establish a joint perturbation
theorem (cf. Theorem 2.3]) for Holder potential functions ¢, which generalises the results for Anosov
diffeomorphisms of [HHJL25, Theorems 2.7 and 2.12]. We then use Theorem 23] to establish a
C' analogue (cf. Theorem [Z4)), which is used as an ingredient for establishing Joint TPO for
A"(M) x CY(M,R), and also give an important sufficient condition for a pair (f, ¢) to belong to the
interior of the joint locking set (cf. Theorem 2.3]). In Section Bl we prove Theorem [Al in Section ] we
prove Theorems [Bl and [C] and in Section [l we prove Theorems [Dl and [E} each of these proofs, for a
different family F of hyperbolic maps, proceeds by showing that the abstract F-stable hyperbolicity
of Section [2] is satisfied by the relevant family F. Some of the more technical proofs are deferred to

Appendix [Al

1.5. Notation. Here we collect notation used throughout the article.

The set of positive integers is denoted by N, and the set of nonnegative integers by Ny := NU{0}.

Let (X,d) be a metric space. For a subset ¥ C X, and ¢ > 0, the e-neighbourhood of Y
will be denoted by Bx(Y,e) = {z € X : d(z,Y) < e}, and if Y = {y} is a singleton, we write
Bx(y.e) = Bx({y}.¢).

In the definitions below, suppose moreover that X is compact.

For Lipschitz maps f, g: X — X, we write

LIPq(f) == sup{d(f(z), f(y))/d(z,y) : z, y € X, x # y}.
If there is no confusion regarding the metric, we shall omit the subscript d and simply write LIP(f).
We denote the uniform distance between f and g by

doo(f,9) = sup{d(f(z),9(z)) : © € X}.
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Given a map f: X — X, for each x € X we denote the f-forward orbit of x by Of(z) =
{f*(2)},}2%. If ¢: X — R is a function, for every n € N, we denote

n—1
Sl => ¢of
=0
If K C X is a finite subset, we denote the cardinality of K by card K, and when K is nonempty we
define the gap of K, denoted by A(K), to be A(K) := 400 if card K = 1 and A(K) = min{d(z,y) :
z,y € X,z # y} if card K > 2. The collection of all f-periodic orbits is denoted by Per(f). For
every x € X, we denote the Dirac measure at x by d,. If O € Per(f), we denote

1
HO = ard O Z O
zeO

For a € (0,1], let C%%(X,R) denote the Banach space of real-valued a-Hblder functions defined
on X, equipped with the norm

[0l x = l[¢lloc,x + |la,x

where ||@]loo,x = sup,ex|®(x)| and |Pla,x = sup{% cx,y € X, x #y}. Let CH(M,R)

denote the Banach space of real-valued C! functions defined on a compact Riemannian manifold
M, equipped with the norm

1@llcr,ar = [lloc,ar + IDPllco, s

where D¢ is the derivative of ¢. We often omit the subscripts X or M if there is no risk of confusion.

2. AXIOMATIC HYPERBOLIC FRAMEWORK AND JOINT PERTURBATION THEOREMS

In this section, we first prove two joint perturbation theorems (Theorems 2.3 and [2.4]) within an
abstract hyperbolic framework, providing a more general formulation than [HHJL25, Theorems 2.7
and 2.12]. We then use these joint perturbation theorems to give a sufficient condition for a pair
(f,®) to lie in the interior of the joint locking set (see Theorem [2.3]).

The abstract stable hyperbolicity condition underlying our theory is defined as follows.

Definition 2.1 (F-stably hyperbolic maps). Let F be a topological space of Lipschitz self-
maps on a compact metric space (X,d). We say that f € F is F-stably hyperbolic if the following
conditions hold:

(IS) (Intertwining stability.) For every ¢ > 0, there exists a neighbourhood U of f in F such
that if g € U then LIP(g) < 2LIP(f), and there exist maps

hg: Q(f) = Qg) and iy: Q(g) = Qf)
satisfying hg o f = gohg, igo g = f oig, ds(hg,id) < €, and du(ig,1d) < €.

(RHE) (Robust hyperbolic estimates.) There exists a neighbourhood U of f, and constants
K=Ky >0,6=0y >0, A=Ay > 1, such that for all g € U, z, y € Q(g), and n € N, if

max d(g"™(z),g™ (y)) <6,

os<m<n

then for all 0 < m < n,

d(g™ (x), g™ (y)) < KX~ d(z y) + d(g" (2), 9" (9))- (2.1)

(ML) (Mané lemma.) For every a € (0,1], there exists a constant L > 0 such that for all
¢ € C%(X,R) there exists a function u € C**(Q(f),R) satisfying

¢+u—uof<Q(f,¢) onQf), and |ula < L[dfa-
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Remark 2.2. Suppose that F is a topological space of Lipschitz self-maps on a compact metric
space (X,d), that f € F satisfies condition (RHE) in Definition 2] and that « € (0,1]. By direct
calculation, we see that if « and y satisfy Jax {d(g™(x),9™(y))} < p < 0, then

<m<n

n

D dlg™ (@), g™ () < KDY (AT AT d(w,y) + d(g" (), 9" (1) <
m=0

m=0

4Kapa)\a
Ao —1 7

We begin by establishing a joint perturbation theorem for Holder potentials, providing a stronger
and more general formulation than [HHJL25, Theorems 2.7 and 2.12].

Theorem 2.3 (Joint perturbation for Hélder potentials). Let o € (0,1], and let F be a
topological space of Lipschitz self-maps on a compact metric space (X,d). If f € F is F-stably
hyperbolic, and O is an f-periodic orbit, then there exist a neighbourhood U of f, and C > 0, such
that for all g € U, the following hold:

(i) The maps hy and iy in condition (1S) in Definition [21] exist.
(ii) If Oy = hy(0), dy = max{dos(hg,id), do(ig,id)}, and a nonconstant function ¢ € C**(X,R)
satisfies Mo (f. 9) = {10}, then
{Ho,} = Mumax (9,6 = 2C|@la dj/? d(-, Og)" +¢)
for all ¢ € CY(X,R) satisfying |€|a < SC\gb]adgm and [[€]loo < [@lady-

Proof. Fix an F-stably hyperbolic map f and a periodic orbit O of f. By condition (IS) in Defini-
tion 2] there is a neighbourhood U, of f such that for all g € Uy, the maps hy and i, exist,

LIP(g) < 2LIP(f), and (2.2)

dg < min{A(0)/4, 1}. (2.3)

By condition (RHE) in Definition 211 there is a neighbourhood Uy, of f and constants K > 0, § > 0,

and A > 1 such that (2.1)) holds for g € Up. Let L > 0 be the constant obtained by condition (ML)
in Definition 2.1 Then (i) holds in the neighbourhood

U= U, N U (2.4)
Define constants

po = card O, (2.5)
r = min{A(O)/(8LIP(f)), 0}, (2.6)
Ly=5+2L, (2.7)
Lo == 2(2K) )\ /(X — 1), (2.8)
Ly =1+ L+ L(2LIP(f))*, and (2.9)
C = max{l, 10Lo L1r~*(2LIP(f))?, 2(po + LoLs)L1r~“(2LIP(f))*}. (2.10)

Fix a nonconstant ¢ € C%*(X,R) with Muyax(f, @) = {po}, g € U, and £ € C%*(X,R), with
[€la < 5CI6ladg?  and  ||¢]loo < |Blady. (2.11)

In particular, since ¢ is nonconstant then |¢|, > 0.
Since hgo f = gohg, the image Oy = hy(O) is a g-periodic orbit. For any two distinct z, 2’ € O,
the triangle inequality and du(hg,id) < dy < A(O)/4 give

d(hg(z), hy(z")) = d(z,2') — 2d, > A(O) — A(O)/2 = A(O) /2.

In particular hg is injective on O, so p := card Oy = card O = pg and A(Oy) > A(O)/2. Hence C
as defined in (2.10) satisfies

C > 2p + LoLs)Lir—*(2LIP(f))°. (2.12)
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If LIP(g) were strictly smaller than 1 then g would be a strict contraction, with Q(g) consisting of
a single fixed point ¢, and pp, = 4 the unique g-invariant probability measure; hence Minax(g,70) =
{04} = {po,} for every continuous ¢, and part (ii) would hold trivially. We therefore assume that
LIP(g) > 1 for the remainder of the proof.

From (2.0) and (2.2),

r < AO)/(SLIP(f)) < A(O,)/(2LTP(g)). (2.13)
By condition (ML) in Definition 2] applied to the map f, there exists u € C%*(Q(f),R) satisfying
Yp=¢+u—uof<0onQf) and |ula < L|@|a. (2.14)

where ¢ denotes ¢ — Q(f, ¢). Define potentials
O = — C|¢lady’ d(-, 0g)* + &, (2.15)
g =¢+u—uog+¢, (2.16)
Uy =1y — C|¢|a d2/?d(-,04)* =@ +u—uoyg. (2.17)

Define constants
7= (3 +2L)[¢|ady, (2.18)
0= @O0, = [ssauo, = [tdno, = L TG+ OO 219
€

where the second equality in (ZI9) follows from (2.I6) and the third from 2.I7).
For every € Q(g), we have ig(x) € Q(f). So by ZI4), ¢(ig(x)) < u(f(ig(x))) — u(ig(x)). By
the Holder continuity of ¢, and the fact that deo(ig4,1d) < dy,
B(2) < Plig(2) + [la d(z,ig () < ulf(ig(2))) — ulig(z)) + |¢la dy.
Using this, the fact that iy 0 g = f oi, (see (i) and condition (IS) in Definition 2.1]), and (2.16),
(2110, @14), (218), we obtain

g(2) = o) + u(z) —ulg(@)) + &(x) < ulx) —ulig(x)) + ulig(g(x))) — u(g(@)) + 2|¢la dy
< Jula d(z,ig(2))" + |ula dig(9(2)), 9(2))* + 2[@la dy < (2L +2)|dla dg < 7. (2.20)

By (219, @II), and (Z3), we have
— 1 — 1% - [e% 6%
1= [3+¢duo, > = 3 @ohy)@) — lolads > [Gdio — 2glads > ~2olads. (221

z€O
Using (218), 221)), and (2.7), we estimate
7T =1 < (5+2L)|¢lady < Li|¢lady. (2.22)
By 2I9) and 220), we have n = [¢ydup, < 7. So we can define
pi= (Cllady®/(r = )" > 0. (2.23)
By 2I7), 220), and ([2:23]), we have
Uy(z) <7 —Clglad?p*=n if x¢ B(Oy,p). (2.24)
Moreover, using (2.22)) and ([2.23]), we estimate
p < (Ly/C)M - dl2. (2.25)

We wish to prove that o, € Mmnax(g, ®). Since every g-invariant probability measure is sup-
ported on Q(g) (cf. [Wa82, Theorem 6.15 (i) and Theorem 5.6 (i)]), this is equivalent to proving
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that 110, € Mmax(2(9), 9l lag))- By @ID), [Jel9, Proposition 2.2], and ZI9), it suffices to
establish that

= g < . .
lﬁgl_il_lolof nS V() = Eﬂlﬁl@f nS ®(z) <n, forevery x € Qg) (2.26)
Fix 2 € Q(g). We recursively construct a sequence {z;}iT1 of points in O9(x) and a sequence

{n};_, of positive integers, for some s € NU {+o00}, such that
o1 =g " (xy) and  SY W(x) <nym for every t € NNJO, s]. (2.27)

Base step. Define x1 := x.

Recursive step. Assume that for some ¢ € N, the finite sequences {x;}{_, and {n;}\Z] are defined.
Consider the following three cases.

Case A. Assume x; ¢ B(Oy, p). In this case we define n; :=1 and x4 = g(z;). By (224,
S5, Wg(e) = Wy(xe) <n=mnem. (2.28)
Case B. Assume O9(x;) C B(Oy,7). Let y € Oy be such that d(zs,y) = d(x, O4). By (213,

we have d(g(x:),g(y)) < LIP(g)d(z:,y) < rLIP(g9) < 271A(O,), which implies d(g(z¢),g(y)) =
d(g(xt),O4) < r. By an inductive argument, we conclude that

d(gl(mt),gl(y)) = d(gl(mt), Oy) <r forall leN. (2.29)
By ([2I7) and (2:29), we have
n—1
| a
lim inf — SH\IJ g(z) =liminf — S U, (xy) < léglirgﬁ<5g\llg(y)+ ‘\I’g‘azd(gl(xt),gl(y)) >

n—+oo N n——+oo N

As r < 0 (see (26)), by Remark [22] we have

n—1
o A Opo )\
Zd(gl(fﬂt),gl(y)) < )\0‘77;1'

Combining the above two inequalities and (2.19)), we obtain lim _iirnf %S;‘]L\Pg(:n) < m, which is precisely
n—-+0oo
the required (2:26]). This completes the recursive step.
Case C. Assume O9(x;) € B(Oy,7) but 2y € B(Oy, p). Let y € Oy satisty d(zy,y) = d(xy, Oy).

Noting that d, < 1 by (Z3), C > 10LyLyr~*(2LIP(f))* by (2I0), and our assumption that
LIP(g) > 1, using (2.25]) and (2.2]), we obtain that

p < (10Ly) "V . 271 /LIP(f) < v/ LIP(g) < r. (2.30)

Now define integers
Ne=min{i € Z:i>—1,d(¢g" " (z:), 9" (y)) > r}, (2.31)
m=max{i € Z:1<i<N,d(¢" ), 6" (v) < p}, (2.32)

where the existence of N follows from the assumptions of this case, and (2.30) implies that 1 < N,
so m is well defined. Using (2.31]), and an argument analogous to the one used to prove (2.29]) in

Case B, yields ' ' '
d(g"(z1),9'(y)) = d(g'(z4),04) <7 forall 0<i< N. (2.33)
By definition of N (cf. 31])), we have d(g" (z¢), g (y)) < r but d(gV 1 (z;), gV (y)) > r. Since
d(gV ! (w1), 9" (y)) < LIP(g) d(g" (20), g™ (), we obtain
A6 (). 8V (1)) > r/ LIP(g) > r/(LIP(f)) = o, (234)

where the last inequality uses (2.2]).

In this case we define ny := N + 1 and 441 == gV (z¢).
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Next, we estimate Sy, Uy(x;) so as to deduce ([2.27). Since ¥, < 1y, direct calculation gives
S8, Wg(we) < Sty (o) + 5%, We(g™ () + Vg (g™ (a1))

< St (y) + | mwg@:t) = S| + 83— Walg™ (1)) + Uy (g™ (22)).-

Next we estimate the four terms on the righthand side of (2.35]) separately. For the first term, write
m = pq + 1 for some ¢ € Ny and 0 < I < p— 1, then by (2I9) and (2.20]), we have

S80g(y) = qSbg(y) + Se(y) < pan + 1 <mm + (p — 1)(1 — 7). (2.36)

For the second term, since d(g°(z¢), ¢°(y)) < r < dforall 0 < i < m—1 (by (Z33))), and the endpoints
of this orbit segment satisfy d(x¢,y) < p and d( me 1(:I:t),g ( )) < p (by the definitions of x; and
m), applying condition (RHE) in Definition [2.1] to this segment yields

d(g' (1), ¢' () < 2K A~ ™nlem=1=1} ) for each 0 < i < m — 1.
Therefore, using (2.16]), condition (ML) in Definition 2.1} (2.2)), .11, (28], and (2.9,

(2.35)

|59, 0g (1) — S5, (y)] < [Ygla Z d(g (y)" (2.37)
o 2) o /2
< [Wola2Kp)* 35— < Lap™ [0la(Ls + 5Cdg"").
For the third term, by (2.32), (2:33)), and ([2.24]), we have
SN—m¥g(g™ (1)) < (N —m)n. (2.38)
For the fourth term, by (2.17), 2.20), 2.31)), (2.33), and (2.34)), we have
U, (g (21)) < 7= Clglads?d(g™ (21), 09)" < 7 = Clo|adS/r§. (2.39)

Finally, combining (235)-(239), and using [Z22) and Z2Z), we obtain
S8, Wa(ae) = nun < plr = 1) + (L + 5CA5) Lo lola — Clolady 1

(2.40)
< pL1|@ladd + L1LoLs|@|adS’? + 5C Lop®de/?|¢|a — Crl|@lads/?.
Since dg < 1 (cf. 23))) and C > 2(p + LoL3)Liry® (cf. (212)), we obtain
pL|9lad] + L1LaLs|¢ladg/® < 271Cr|¢lady’”. (241)

Using ([2.30) and (2.34]), we obtain 5CL2pad?/2’¢‘a < 1C7’8‘]¢\ada/2 This, combined with (2.20])
and (Z41)), gives
SS9 Wg(zy) < mym. (2.42)
So the required inequality ([2.27]) holds, and therefore the recursive step is complete.
If the recursion never terminates (i.e., s = +oo, meaning Case B never occurs), then setting

N; =Yt n; for every t € N, by (2:28) and (Iml) we have

liminf — S IV, (x) hmmf—ZS W(z;) < lim —an =.

n—+oo N t——+oo IV, t——+o0 Nt

Thus (28] holds, so puo, € Mmnax(g,®). Now define h := —C]¢\ad3/2 d(-,04)%. Since h < 0
with h = 0 exactly on Oy, the maximum ergodic average Q(g,h) = 0 is achieved precisely by
those g-invariant measures supported on O,. Since O, is a g-periodic orbit, the unique g-invariant
measure supported on Oy is po,, 50 Mmax(g,h) = {po,}. This, combined with the fact that

0y € Minax(9, P). gives Munax(g, ®+h) = {10, }. As ®+h = $—Q(f,6)—2C [la dy/?d(-, O5)*+¢,
we conclude that {po,} = Mmax(9,¢ — 2C'|¢la dg/2 d(-,09)® + £), as required. O
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Now we prove a C'! analogue of Theorem 2.3} i.e., the joint perturbation theorem for C'* potentials
on a compact smooth manifold M.

Theorem 2.4 (Joint perturbation for C! potentials). Let M be a compact smooth manifold
equipped with a Riemannian metric, and let F be a topological space consisting of Lipschitz self-maps
of M. If f € F is F-stably hyperbolic, and O is an f-periodic orbit, then there exist a neighbourhood
U of f, and C > 0, such that for all g € U, the following hold:

(i) The maps hy and iy in condition (1S) in Definition [21] exist.
(ii) Denote Oy == hy(O) and dy = max{doo(hy,id), de(ig,id)}. There exists v, € C1(M,R)
such that
”DngOO g 3Cd;/2 and NOg € MmaX(gavg)7 (243)
and for all p € CH(M,R) with Muyax(f, ) = {no},
Mmax(gy(b + |’D¢|’oovg) = {N(Dg}-
Proof. Without loss of generality, assume that diam M = 1. Let the neighbourhood U and constant
C > 0 be as given by Theorem 2.3 for the case o := 1. Then (i) follows from Theorem 23] (i).
Fix g € U and ¢ € CY(M,R) with M. (f,¢) = {no}. By [HLMXZ25, Theorem 2.7], there
exists w € C'(M,R) satisfying
IDwllo <3/2 and [w+d(-,04)]e < d¥/?/(2C). (2.44)
Define ¢ = 2C\|D¢\|ood;/2(d(-, Oy) +w). By ([2.44]), we obtain
€l <5C(IDYllocdy?  and  [[€]loo < [IDGloody- (2.45)

Hence denoting v, := 2C’d;/2w, by Theorem 23] (ii) and ([2.44]), we obtain Myax(g, ¢+ || Do||cvg) =
{1o,} and | Doyl < 3Cdy">.
So it suffices to show that po, € Mmax(9g,vg)-

For each n € N, define ¢,, :== max{—1/n, —d(-,0)} € C®*(M,R). Then clearly for each n € N,
o1 =1, —1/n<¢y<0,  and O=¢,"(0). (2.46)
Obviously, Mpax(f,#n) = {po} for each n € N. Fix arbitrary p € M(M,g) and n € N. By
Theorem 23] (ii) and (Z44), we have Muyax (g, dn+vy) = {10, }- S0 [(¢n+vy) duo, > [(dn+vg) dpu.

By @46), [¢ndp > —2 > [¢nduo, — 2. So we have [vyduo, > [vgdp — L for all n € N, and
hence [vgduop, > [vgdp. This means that po, € Mmax(g,vg), as required. O

To conclude this section, we now deduce a sufficient condition for a pair (f,$) to belong to the
interior of the joint locking set.

Theorem 2.5 (Interior Condition). Let o € (0,1], (X, d) be a compact metric space, and (M, p)
be a compact smooth manifold equipped with a Riemannian metric.
(i) If F is a topological space consisting of Lipschitz self-maps of X, and f € F is F-stably
hyperbolic, and (f, ) € Lock(f, (X, ]R)) where ¢ is nonconstant, then (f, ) belongs to
the interior of the joint locking set Lock(}", CY(X, ]R))
(i1) If F is a topological space consisting of Lipschitz self-maps of M, and f € F is F-stably
hyperbolic, and (f, ) € Lock(f, cl(M, ]R)) where ¢ is nonconstant, then (f,$) belongs to
the interior of the joint locking set Lock(}", cl(M, }R))

Proof. Since the proofs of (i) and (ii) share a common core, here we prove the more complicated
(ii) in detail and give a more abbreviated proof of (i).

(ii) Fix (f,®) € Lock(F,C*(M,R)) such that f is F-stably hyperbolic. Since ¢ is not a constant
function, |[D¢||os > 0. Let us write B(¢,r) = {tp € CY(M,R) : |[vr — ¢|lcr <7}
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Let O be the f-periodic orbit satisfying Mpax(f,#) = {uo}. Then there exists 6 > 0 such that
if ¢ € B(¢,0) then Mpax(f,¢) = {uo}. We can assume without loss of generality that 6 is small
enough (i.e., # < 271||D¢||oo) such that

1 3
5ID¢llec < DYoo < 5lIDYlloc  for all v € B(g, ). (2.47)

Applying Theorem 23] (to f and O), let the neighbourhood U of f, and the constant C' > 0, be as
in that theorem. By condition (IS) in Definition 2] there exists a neighbourhood V' C U of f such
that

dy < (9C(1 4 diam(M))||D¢ || /0) 2  for all g € V. (2.48)

For every g € V, let v, be the function obtained from Theorem 241 (ii), and assume without loss of
generality that v,y(z) = 0 for some x € M. By Theorem [24] (ii) and (248]), we have

lvgller = [[vglloo + IDvglloc < (1 4 diam(M))[|Dvg|[oo

sy (2.49)
< 3Cdy/*(1 + diam(M)) < 0/(3[|Dé|lc)-
By Theorem 24, for all g € V and ¢ € B(¢,8), we have
Muax(9, ¢ + [DYllocvy) = {10, } € Mmax(9, vg)- (2.50)
Now fix (g,4) € V x B(¢,8/2), and set
V=1 — (3/2)|Dlloovy- (2.51)

By @251) and ([2:49), we obtain |1y — ¢'||c1 < (3/2)||D¢||s||vgllcr < 0/2. Using this, and the fact
that ¥ € B(¢,0/2), we deduce that ¢’ € B(¢, ). Thus applying (Z47) to 1 and ¢’, we obtain

D]l = [Dlloc /2 > 1D |0 /3. (2.52)
From (Z350) we obtain that {po,} = Mmax(g9, %" + [|DY|lscvg). By (Z51)),
¥ =14+ (3/2)|Ddllocvy = %' + DYooty + ((3/2)[Dlloc — D [|oc)vg-

By 2.52), po, € Mmax(9, ((3/2)[Ddllsc = [DY'[|oc)vg). Hence Mumax(g, 1) = {no,}-
Therefore, we have established that the neighbourhood V' x B(¢,0/2) of (f, ) is contained in
Lock(F,CY(M,R)), so (ii) is proved.

(i) Setting vy == —2C’|¢|adg/2d(-, Oy)“, and using Theorem [Z3] we obtain properties of v, anal-
ogous to Theorem [27] (ii), then (i) follows by using the same argument as in the proof of (ii). O

Remark 2.6. (i) The role of the nonwandering set Q(f) in Definition 1] can be generalised as
follows. Let ¢: F — 2% be a map such that for every f € F, f(s(f)) C <(f), and every f-
invariant measure is supported on ¢(f). If Q(f) is replaced by ¢(f) throughout Definition 2] then
Theorem remains valid (a fact we shall use in the proof of Theorem [D]). This is because the
only property of Q(f) used in the proofs of Theorems 23] [2.4] and was that every f-invariant
measure on M is an invariant measure for the subsystem (2(f), f).

(ii) Using [Jel9, Proposition 2.2|, we can see that if f € F satisfies conditions (IS) and (ML) in
Definition 2. (or their modifications from (i) above), and ¢ € Lock(F,C%*(X,R)) for some o €

(0,1], then limy_. Q(g, #) = Q(f, ¢). Indeed from ([2.20) we see that limsup,_, r Q(g, ) < Q(f, ¢),
while from Theorem 2.3 (ii) we see that
liminf Q(g, ¢) > lim ian(g, ¢ — 2Cd°‘/2d(-, (’)g)a) = lim inf /qﬁ dpo,,
g—=f g—=f g g—=f ’

and limy_, y d(hy, id [o(p)) = 0, so limg_, [oduo, = [¢dpe, and thus liminf,_, r Q(g, ¢) = Q(f, ).



14 ZELAI HAO, YINYING HUANG, OLIVER JENKINSON, AND ZHIQIANG LI

3. AXIOM A DIFFEOMORPHISMS: PROOF OF THEOREM [Al

If (X,d) is a compact metric space, and f: X — X a continuous map, recall that a point x € X
is said to be wandering if there is a neighbourhood U of x such that f™(U)NU = @ for each n € N,
and the nonwandering set Q(f) of f is defined as

Q(f) = X < {zr € X : x is wandering}.

It is well known that the nonwandering set is nonempty and compact, and every f-invariant prob-
ability measure has its support contained in Q(f). Moreover, if f is a homeomorphism then Q(f)
is f-invariant, in the sense that f(Q(f)) = Q(f) (cf. [URM22, Theorem 1.4.9 (e)]). A compact
f-invariant subset A C X is called (topologically) transitive if Of(z) is dense in A for some x € A.

Now let M be a compact smooth manifold (without boundary), with Riemannian metric |- | on
M, and the induced distance function d.

Definition 3.1 (Axiom A diffeomorphisms). Let f: M — M be a diffeomorphism, and Df
its derivative. An f-invariant set A is called hyperbolic if for each x € A, the tangent space T, M
can be split into a direct sum T, M = E*(x) @ E“(x), where the subspaces E*(x) and E%(z) are
D f-invariant, i.e., Df(z)E*(x) = E*(f(x)) and Df(x)E"(z) = E*(f(x)), and there exist constants
C > 1 and 0 < £ < 1 such that

IDf"(2)(u)
D" () (u)

If the nonwandering set Q(f) is hyperbolic, and the set of f-periodic points is dense in Q(f), then
f is called an Aziom A diffeomorphism.

C¢"|u|  forall xz € A, u € E*(x),n € Ny,

|
| < C&"u| forall z e A, ue E¥(x),n € Np.

NI

Let f: M — M be an Axiom A diffeomorphism. The spectral decomposition theorem (see
[Sm67] and cf. e.g. [Wenl6l Theorem 5.2|) states that Q(f) is uniquely decomposed into finitely
many disjoint compact transitive subsets, i.e., Q(f) = Ule Q;, where €); is compact and transitive
for each 1 <4 <k, and Q; NQ; =0 if i # j. For each 1 < i < k, the stable manifold W*(;) and
unstable manifold W*"();) are defined as

W) ={ze X : hm d(f"(z = 0}
W () ={zeX: hm acf— =0}.
For 1 <14, j <k, we write ; — Q) if
W™ () NW*3(Q,) € Q(f).
The diffeomorphism f is said to have a cycle if there exist 1 < i1, ..., i, < k such that

QiIAQiZA...AQimAQh'

We say that f has the no-cycle property if it does not have any cycles.

Fix r € N and a € (0,1]. Suppose that M is a compact smooth manifold equipped with a
Riemannian metric, and recall that A"(M) denotes the space of those C" Axiom A diffeomorphisms
on M with the no-cycle property. We first prove that each f € A"(M) is A" (M )-stably hyperbolic,
by means of the following three results (Lemmas [3.2] B3] and B.5]).

Firstly, it is well known that an Axiom A diffeomorphism with the no-cycle condition satisfies
the following enhanced version of condition (IS) in Definition 2.1k

Lemma 3.2. Suppose M is a compact smooth manifold equipped with a Riemannian metric, r € N,
and f € A"(M). Then f satisfies condition (IS) in Definition [21] for F = A"(M). Moreover, if
g € A"(M) is sufficiently close to f then hy can be taken to be a homeomorphism.
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Proof. By [Wenl6l, Theorem 5.8], for every r € N, an Axiom A diffeomorphism f € A" (M) satisfying
the no-cycle condition has C" e-Q-stability, i.e., for all € > 0, there exists a C" neighbourhood
U C Diff"(M) such that for every g € U, the restriction g|g(g) is topologically conjugate to f|a(y),
and the conjugacy is e-close to the identity. O

Regarding condition (RHE) in Definition 2] we have:

Lemma 3.3. Let M be a compact smooth manifold equipped with a Riemannian metric |-|, and
the induced distance function d. If r € N and f € A"(M), then f satisfies condition (RHE) in
Definition [21] for F = A"(M).

Proof. See Appendix [Al O

Remark 3.4. The single-map version of Lemma B3] in which the constants K, 4, A depend on
f alone, is the content of [KH95, Proposition 6.4.16]. The essential new content of Lemma B3] is
that the constants K, d, A of condition (RHE) in Definition 2] can be chosen uniformly over a
neighbourhood of f in A"(M).

Regarding condition (ML) in Definition 2], we have:

Lemma 3.5. Suppose M is a compact smooth manifold equipped with a Riemannian metric. Every
map in A'(M) satisfies condition (ML) in Definition [21)

Proof. Fix f € AY(M) and o € (0,1]. By [Wenl6, Theorem 5.3|, the nonwandering set Q(f)
is locally mazimal, in the sense that there exists a compact neighbourhood K of Q(f) such that
Qf) = Nyez [MK). In the Lipschitz case o = 1, the lemma follows immediately from [STY24|
Theorem 1.3|, while if & € (0,1) we can proceed by adapting arguments in [STY24]. More specif-
ically, using the same arguments as in [STY24] Section 2| (specifically, Step 5 in the proof there),
we obtain a modified form of [STY24l Corollary 1.6] with [STY24l (1.5)] replaced by the inequality

S d(, ()T <O d(f (1), 7)°,
=1 k=1

where C' is a constant depending only on f and M. By then using a modified discrete Lax—Oleinik
operator (cf. [STY24| Definition 3.1]), with the expression (3.1) of [STY24] replaced by

Tlu)(z) = inf {u(2) + ¢(2) = 65 + Cd(f(a'),2)"}  for z € K,
z’'e
the result then follows using arguments analogous to those in [STY24, Sections 3 and 4]. O

As a corollary of [HLMXZ25, Theorems 1.1 and 1.2], if f: M — M is an Axiom A diffeomorphism,
then (f,P) satisfies the TPO property. More precisely, we have:

Proposition 3.6 (Individual TPO for Axiom A diffeomorphisms). Suppose M is a compact
smooth manifold equipped with a Riemannian metric, a € (0,1], and P is either CO*(M,R) or
CY(M,R). For every Aziom A diffeomorphism f on M, the locking set Lock(f,P) is an open dense
subset of P.

Proof. Let f: M — M be an Axiom A diffeomorphism. Clearly, Lock(f,P) is an open subset of P,
so it suffices to prove that Lock(f,P) is dense in P.

We consider the dynamical system (2(f), flacs))- By [KH93, Propositions 6.4.15 & 6.4.16], and
Lemma B.5, (2(f), flo(y)) satisfies the (ACP), (EI), and (NLP) properties of [HLMXZ25|. Note
that for every ¢ € P, Mmax(Ma [ ¢) = Mmax(Q(f)a f|Q(f)7 ¢|Q(f))

If P = C*(M,R), then by [HLMXZ25| Theorem 1.2|, Lock(f,C*(M,R)) is dense in C'(M,R).

Assume that P = C%%(M,R). Fix e > 0 and ¢ € C%%(M,R). By [HLMXZ25, Theorem 1.1],
there exists ¥ € CO*(Q(f)) with |¢]la.a) < & 0 > 0, and a periodic orbit O of f such that if

£ € CU(Q(f)) with [[Ella,acp) < 6 then Muax(Q(S), flos), dlag) + ¢ + &) = {pno}. By [Weal§,
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Theorem 1.33|, there exists QZ € C%(M,R) with H?ZHQM < ¢ and ng(f) = ). For every ( €
C%*(M,R) with [|¢[la,ar < 6, then [[Clacs llao(s) < 9. So we have

MmaX(M7 f7¢ + {54_ C) = Mmax( ( ) f‘Q(f (¢ + +§)’Q ) = {NO}
Hence, ¢—|—1; € Lock(f, CO(M, R)), which implies Lock(f, CO(M, R)) is dense in C%(M,R). O

Proof of Theorem [Al Suppose r € N, and P is either C'(M,R) or C%%(M,R). By Proposi-
tion [3.6] Lock(A" (M), P) is dense in A"(M) x P. So it suffices to prove that Lock(A"(M),P) is
open.

Note that every ¢ € P that appears in a pair (f,¢) € Lock(A"(M),P) must be nonconstant.
Indeed, if ¢ is a constant function, then every f-invariant measure attains the maximum ergodic
average Q(f, ), s0 Muax(f,¢) = M(M, f); in particular the maximizing measure is not unique,
contradicting the PO property. Hence no constant function ¢ can belong to Lock(A" (M), P).

Now fix (f, ¢) € Lock(A" (M), P); by the above observation, ¢ is nonconstant. By Lemmas[3:2] B.3]
and B8] f is A"(M)-stably hyperbolic. Since ¢ is not a constant, Theorem implies that (f,¢) is
in the interior of Lock(A" (M), P). Therefore, Lock (A" (M), P) is an open subset of A"(M)xP. O

Remark 3.7. Lemma provides the stronger conclusion that h, can be taken to be a home-
omorphism for ¢ sufficiently close to f, but this additional property is not needed for the proof
of Theorem [Al itself. The abstract framework of Section 2 requires only the intertwining proper-
ties of hy and ¢, from condition (IS) in Definition 2] and these alone suffice to establish that
{(f,¢) € Lock(A"(M),P) : ¢ is nonconstant} is open and dense in A" (M) x P.

4. RATIONAL MAPS ON THE RIEMANN SPHERE: PROOF OF THEOREMS [Bl AND [C]

Let |- | be a conformal metric on C with induced distance function d. Let f: C — C be a rational
map with deg f > 2, and denote the Julia set of f by J(f). An f-periodic point = of period
p € N, and its orbit, are called attracting (resp. repelling) if |(fP)'(z)| < 1 (resp. |(fP) (x)| > 1),
and hyperbolic if x is either attracting or repelling. Let AP(f) denote the set of all attracting
perlodlc points of f. For an attractmg periodic orbit O, the attracting basin of O is defined as
By (0) = {z € C : limpyyoo d(f™(z =0}.

The followmg lemma is a standard result

Lemma 4.1. If f: C—Cisa hyperbolic rational map with deg f > 2, then its nonwandering set
Q(f) is equal to the disjoint union of its Julia set and its finitely many attracting periodic orbits,
and also equal to the closure of the set of f-periodic points.

Proof. By [Mi06l, Theorem 19.1], every orbit in the Fatou set of f converges to an attracting periodic
orbit, so Q(f) C J(f) UAP(f). On the other hand, by [Mi06, Theorem 14.1], the set of repelling
periodic points is dense in J(f), so the set of f-periodic points is dense in J(f) U AP(f), and every
periodic point is nonwandering, so J(f)UAP(f) C Q(f). Since f|;(y) is expanding, J(f)NAP(f) =
0, so indeed Q(f) is the disjoint union of J(f) and AP(f), and the f-periodic points are dense in
Q(f). The number of attracting periodic points is finite (see e.g. [Mi06, Theorem 8.2|), so the result
is proved. O

We next prove, by means of the following Lemmas 2] 3] B4l and 5] that every hyperbolic
rational map of degree m > 2 is HR™-stably hyperbolic. We first prove the following enhanced
version of condition (IS) in Definition 2.1t

Lemma 4.2. Suppose f € HR™ for some m > 2. For each € > 0, and for each g € HR™
sufficiently close to f, there exists a homeomorphism hg: Q(f) — Q(g) with ds(hg,id) < € and
hgo f =gohgy. Moreover, hy(J(f)) = J(g) and hy(AP(f)) = AP(g).
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Proof. Note that HR™ is an open set (JMi06l p. 205]). So rational maps of degree m in a neigh-
bourhood of f are hyperbolic, so each of their periodic points is hyperbolic. For any rational map
g: C— (E, denote the set of g-periodic points by P(g). By Lemma [l Q(g) is equal to the closure
of P(g). Thus, by |Ly83, Main Lemmal (see also [MSS83| or [MS98]|), for ¢ € HR™ sufficiently
close to f, there exists a topological conjugacy hy: Q(f) — €(g). Furthermore (see [Ly83, Main
Lemma| and [Ly86, Section 2.1]), hy converges to the identity uniformly as g converges to f. If
g € HR™ and the conjugacy hg exists, by [Mi06, Corollary 4.14], J(f) and J(g) have no isolated
points. But every point in AP(f) is isolated in Q(f), and every point in AP(g) is isolated in Q(g).
Now hg: Q(f) — Q(g) is a homeomorphism, so hy(J(f)) = J(g) and he(AP(f)) = AP(g), and the

result is proved. O

Recall that if (X, d) is a compact metric space and T: X — X, then T is distance-expanding if
there exist constants 77 > 0 and 6 > 1 such that for any two distinct points z, y € X, if d(z,y) <n
then d(T'(x),T(y)) > 0d(z,y). We shall refer to (n,0) as a pair of expanding constants for T.

Lemma 4.3. Suppose f € HR™ for some m > 2. Equip C with a conformal metric |-| satisfying
(I4) for some X\ > 1, and let d denote its induced distance. Then the restriction f\J(f) s an open
mapping, and is distance-expanding. Moreover, the expanding constants can be chosen uniformly
over all rational maps in some neighbourhood of f. More precisely, there exist a neighbourhood
N CHR™ of f, and constantsn > 0, 6 > 1, such that for all g € N and distinct points x, y € J(g),

if d(z,y) <, then d(g(z),9(y)) > 0d(z,y).
Proof. See Appendix [Al O
Lemma [A.3] allows us to verify condition (RHE) in Definition 2.1k

Lemma 4.4. If f € HR™ for some m > 2, then f satisfies condition (RHE) in Definition 21 for
F =HR™.

Proof. Let n > 0,0 > 1 be the constants, and N the neighbourhood, that are guaranteed by
Lemmald3l Now J(f)and AP(f) are disjoint compact sets, and AP(f) is finite, so d(J(f), AP(f)) >
0, and A(AP(f)) is well defined. Define

§ :==min{37d(J(f),AP(f)), 3" 'A(AP(f)), n}. (4.1)
By Lemma (2] there exists a neighbourhood Uy of f such that if ¢ € Uy then hy exists and
doo(hg,id) < §. Thus, by ([@I), for every g € Uy, we have d(J(g), AP(g)) > d(J(f),AP(f))—20 >0
and A(AP(g)) = A(AP(f)) —26 > §. This means that if g € Uy and z, y € (g) with d(z,y) < 6,
then z, y € J(g). Define U := NNUy. Fixg € U, n € N, and z, y € Q(g) with max{d(g'(z), ¢'(y)) :
0 <i<n}<d Then {z, v, ¢ (z), '), ..., ¢"(x), g"(y)} € J(g). Moreover, by Lemma 3|
we have d(g'(z),¢'(y)) < 0°""d(g"(x), 9" (y)), which in particular implies that condition (RHE) in
Definition 2.1 holds with K := 1 and A := 6. O

We now verify condition (ML) in Definition 2.1t

Lemma 4.5. If f € HR™ for some m > 2, then f satisfies condition (ML) in Definition [21] for
F =HR™.

Proof. The strategy of proof will be that for all ¢ € C%® (@), the function u = ug4 can be constructed

separately on J(f) and AP(f).
First we restrict f to the Julia set J(f). By Lemma [L3] f| ;s is open and distance-expanding,

so by [LS26, Proposition 3.6] there exists L; > 0 such that for all ¢ € CO’O‘(@), there exists
vy € COY(J(f)) satisfying [Vgla,g(r) < LylPla,(r) and ¢+ vy —vpo f <0on J(f). By adjusting
vg by an additive constant, we may assume that v4(z) = 0 for some « € J(f), which implies that

HUQSHOO’J(]?) < (diam@)a|v¢|a,J(f) < LJ(diam@)a|¢|a7J(f) g LJ(diam(/C\)a|¢|a’@. (4.2)
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Next we restrict f to AP(f), and define a function wy: AP(f) — R as follows. Let Oy, ..., O
be the finitely many attracting f-periodic orbits. Define p; := card O; for each 1 < i < k, and
p = maxj<;<k pi- For each integer 1 < ¢ < k, choose a point z € O; and define

wy(fi(z)) = ija(:n) for each 0 < j <p; — L.

By our construction, if 0 < j < p; — 2, then ¢(f7(z)) + wy(f7(z)) — we(f7T(x)) = 0, and
P(f 1 (w)) + ws (7 () — ws (f7(2)) = S5,6(x) < 0.

So we conclude that ¢ +wy —wg o f < 0 on AP(f). Moreover, by our construction, we have
|wglloo,apP(r) < pHEHOO(E. Note that Q(f, 8) =0, 50 ¢(z) > 0 at some 2 € C and ¢(y) < 0 for some

y € C, which implies that ol ¢ < (diam @)a|¢|a ¢- Therefore,

1welloo,ap(f) < PHEHOO,@ < p(diam @)QWQ,@ (4.3)

Let 7 := min{d(J(f), AP(f)), A(AP(f))} and then define the function uy: Q(f) = R by ug4 =
vy on J(f) and uy = wg on AP(f). Fix distinct points z, y € Q(f). When {z, y} C AP(f),
combining the fact that d(z,y) > 7 and [Z3) gives |ug(z)—ug(y)|/d(z,y)* < 2pT~(diam @)a|¢|a7@.
When either x € AP(f) and y € J(f), or x € J(f) and y € AP(f), combining the fact that
d(z,y) = 7, @2), and @3) gives |ug(x) — ug(y)|/d(z,y)* < (p+ Ly)7*(diam @)alqﬁ\a@. When
{z, y} € J(f), then |ug(z) —ug(y)|/d(z,y)* < Lj|¢|, 5. From these bounds we see that f satisfies

condition (ML) in Definition 2 with L := max{L, (2p + L;)7~*(diam (@)a} O

The final ingredient needed for the proofs of Theorems [Bl and [C] is the Individual TPO for
hyperbolic rational maps.

Lemma 4.6. Let a € (0,1], f € HR™ for some m > 2, and P denote either Co’a(@) or C! (@)
Then Lock(f, P) is an open dense subset of P.

Proof. Provided (2(f), f) satisfies conditions (ACP), (EI), and (NLP) from [HLMXZ25|, the result
follows by an argument analogous to the one used to prove Theorem

To check that indeed (£2(f), f) does satisfy these three conditions, we note that (EI) and (NLP)
follow from Lemmas 4] and 5] respectively. For the condition (ACP), if

0 <& <min{d(J(f), AP(f)), A(AP(f))},

then since f(J(f)) = J(f) and f(AP(f)) = AP(f), every e-pseudo orbit is either contained entirely
in J(f), or contained entirely within one of the attracting periodic orbits that makes up AP(f).
For pseudo orbits contained in a periodic orbit, property (ACP) is trivially satisfied. For pseudo
orbits contained in J(f), property (ACP) follows from [PUL0, Proposition 4.2.3|, since (J(f), f) is
open and distance-expanding by Lemma 4.3 O

Finally, we can prove Theorems [Bl and

Proof of Theorem This follows by combining Lemmas [£.2] [1.4] 5] [£.6] and Theorem [2.5] and
using an argument analogous to the one used to prove Theorem [Al O

Proof of Theorem Let a € (0,1], and let P denote either C* ((@) or C0 (@) Let HQ denote
the set of hyperbolic real quadratic polynomials. Note that @ and HR? are both equipped with
the standard topology on the parameter space. Since HQ = HR?N Q and HR? is open (see [Mi06),
p. 205]), it follows that HQ is open. By |GS97| and [Ly97| p. 4], HQ is a dense subset of Q, so it
suffices to prove the Joint TPO property for HQ x P.

By Lemmas 2] B4 and 5] every f € HQ C HR? is stably hyperbolic (i.e., satisfies Defini-
tion 210 for F = HR?, and hence also for F := HQ. By this and Theorem 2.5 the set Lo =
{(f,®) € Lock(HQ,P) : ¢ is not a constant} is an open subset of HQ x P. Since Const := HQ x
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{¢ € P: ¢ is a constant} is nowhere dense in HQ x P, by Lemma [L.6] £y = Lock(HQ,P) . Const
is dense in HQ x P, so the result is proved. O

5. C" ONE-DIMENSIONAL MAPS AND THE LOGISTIC FAMILY: PROOF OF THEOREMS AND [E]

We first recall some basic definitions and properties in one-dimensional dynamics (see [dMvS93|
Chapter 3| for more background). We follow the conventions in [dMvS93| and [KSS0T].

Let r € N, M be a compact interval or a circle equipped with the Euclidean metric, and f €
C"(M,M). A subset K C M is said to be a hyperbolic set for f if f(K) C K and there exist
constants C' > 0 and 6 > 1 such that |(f™)'(z)| > CO™ for all x € K and n € N. It can be seen from
[dMvS93| p. 226] that there exist a Riemannian metric |- |f and a constant A > 1 such that

IDflf > X on K(f). (5.1)

Since M is compact, any two Riemannian metrics are mutually equivalent, so the topology of
C"(M,R) and C" (M, M) are independent of the choice of metric.

An f-periodic point z, of period p, is said to be attracting if |(fP)'(x)| < 1, and the orbit of an
attracting periodic point is called an attracting periodic orbit. As in the case of rational maps, if
x € M is an attracting periodic point, then so is every y € Of (x). The map f is said to be hyperbolic
(or, as alternative terminology, to satisfy Aziom A) if f has a hyperbolic set K (f) and finitely many
attracting periodic points such that the forward orbit under f at every point in M \ K(f) converges
to an attracting periodic orbit (cf. [dMvS93| p. 221]).

Kozlovski, Shen & van Strien [KSS07, Theorem 2| showed that hyperbolic maps are dense in
C"(M, M), for every r € N. We will use their result, together with our theorems from Section [2 to
prove Theorem

We first restrict our arguments to those maps in C"(M, M) that preserve the endpoints, in the
case that M is an interval. More precisely, we denote Cj(M,M) = C"(M,M) when M is the
circle, and CJ(M,M) = {f € C"(M,M) : f(OM) C OM} when M is a compact interval. Let
HC§(M, M) denote the space of hyperbolic maps in Cf(M, M).

For such maps, we have:

Proposition 5.1. Let r € N, a € (0,1], M be a compact interval or a circle, and P denote
CY(M,R) or P == C1(M,R). The space HCy(M, M) is an open subset of C5(M,M). If f €
HCY(M, M), then f is C§(M,M)-stably hyperbolic in the sense of Remark (2.8 (i), and if ¢ €
Lock(f,P) is not a constant, then (f,$) is in the interior of Lock(C§ (M, M), P).

Proof. Denote by HC{ (M, M) the set of hyperbolic maps in C§(M, M). It follows from [dMvS93|
Theorem 2.4, Chapter 3| that HCJ (M, M) is an open subset of Cf (M, M).

For each g € HCJ(M, M), define L(g) to be the union of K(g) and the set of all attracting
periodic points of g. By definition, we have g(L(g)) C L(g). Since the forward orbit of every point
outside L(g) converges to an attracting periodic orbit, it follows that Q(g) C L(g). Consequently,
every g-invariant measure is supported on L(g).

Replacing Q(g) by L(g) in Definition 211 it follows from Theorem 2.5 Remark (i), and
the openness of HCJ(M, M) in CJ(M, M), that it suffices to verify that every hyperbolic map
g € Cy(M, M) is HCj(M, M)-stably hyperbolic.

Condition (IS) in Definition 2.1 for each f € HCJ(M, M) follows from |[dMvS93| Theorem 2.4,
Chapter 3|. Indeed, this result states that if f € C{j(M, M) is hyperbolic, then for every g €
Cy (M, M) sufficiently close to f, there exists a conjugacy hg: K(f) — K(g) that converges uni-
formly to the identity as g tends to f. Moreover, an inspection of the proof of [dMvS93| Theorem 2.4,
Chapter 3| shows that hg can be extended to a conjugacy i4: L(f) — L(g) that also converges uni-
formly to the identity as g tends to f.
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For conditions (RHE) and (ML) in Definition 2] given f € HCJ(M, M), consider the metric
|| and a constant A > 1 such that |Df|; > X on K(f). The verification then proceeds exactly as
in the proofs of Lemmas [£3] 4.4 and .5l if we replace J(f) by K(f). O

Lemma 5.2. Let r € N, o € (0,1], M be a circle or a compact interval, f € Cy(M,M) be a
hyperbolic map, and P denote C1(M,R) or C%*(M,R). Then Lock(f,P) is an open dense subset
of P.

Proof. Arguing as in Lemma [4.3] by equipping M with the metric |- |7, it can be shown that f| (s
is distance-expanding. Moreover, |[Df|; does not vanish on a neighbourhood V' of K(f), which
implies that f|y is an open map. Since the forward orbit of every point outside K (f) converges to
an attracting periodic orbit, it follows that f~'(K(f)) = K(f). Hence, flk(y) is also an open map.

Using an argument analogous to that in Lemma [0 one verifies that f satisfies the (ACP)
property in [HLMXZ25]. Furthermore, conditions (RHE) and (ML) in Definition 2] established
in Proposition 5.1l imply that f also satisfies the properties (EI) and (NLP) of [HLMXZ25|. The
conclusion then follows by an argument analogous to that of Proposition ([l

Applying Proposition 5.1l and Lemma [5.2] to Theorem [Dl requires a transition from C"(M, M) to
the subclass Cj (M, M). We facilitate this by developing a method to extend general interval maps
to endpoint-preserving ones without altering their fundamental dynamical properties. The details
of this construction follow.

Lemma 5.3. Let M = [a,b] be an interval, r € N, and f € C"(M, M). Assume that {f(a), f(b)} C
(a,b) and f'(a) # 0 # f'(b). Denote 7= $min{f(a) —a, b— f(b)} > 0. Then there ezists ay < a,
bop > b, and F € C{([ap,bol, [ao, bo]) satisfying the following properties:

(i) {F(ao), F(bo)} < {ao, bo} and Fly = f.
(i) For every x € [ag,a] U[b,bg], F'(x) # 0.
(ili) There exist @ > 1, ay € (ag,a), and by € (b,bg) such that F([ag, a1)U (b1, bo])N[a+T1,0—7] =0
and F([la1,a] U[b,b1]) C [a+ 7,0 — 7], and |F'| > 0 on [ag,a1) U (b1, by].
Lemma 5.4. Let the intervals M = [a,b] and My = [ag,bo] be such that ay < a < b < by. Let

r € N. Then there exists a constant D, > 1 such that for every f € C"(M,R), there exists a C"
extension F' of f to My with F(ag) = F(by) =0 and | F||cr my < Dyl fllor m-

The proofs of Lemmas [5.3] and [5.4] rely on some auxiliary technical arguments unconnected to
the dynamical ideas used in the main proof of Theorem [D] so are relegated to Appendix [Al

Lemma 5.5. Let M = [a,b] be an interval, r € N, and f € C"(M, M), and let My = [ag,bo] and
F be as in Lemmali3 Then F satisfies the following properties:

(i) There exists k > 0 such that for each H € C"(Mp,R) with H(ap) = H(bgp) = 0 and
||H||C",Mo < Kk, we have FF+ H € CS(M(),M())

(ii) There exists a neighbourhood W C C{(My, My) of F such that for every G € W with
G(M) C M, every G-invariant measure is supported on M U {ag, bo}.

(iii) F is hyperbolic.

(iv) If W is the neighbourhood of F as in (ii), then for every G € W with G(M) C M, if
¢ € C(My) is such that ¢p(ag) < Q(G, ¢) and ¢p(by) < Q(G, p), then every (G, p)-maximizing

measure has support contained in M.

Proof. Our proof will use the properties of F' from Lemma [5.3] where the constants 7 and 6 are as
in that lemma.
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(i) Define £ = min{0, a — ag, bp — b}. Clearly, K > 0. Let H € C"(My,R) satisfy H(ag) =
H(by) = 0 and ||H||crm, < k. Set F:= F + H. Then {F(ao), F(bo)} C {ao, bo}. Lemma 53] (iii)
implies that a < F < b on [ag, b1]. Hence

ap<a—k<F<b+r<b on [a1,b1],

which yields ﬁ([al,bl]) C My. Moreover, Lemma [5.3] (iii) also gives ‘ﬁ”! > |F|—|H|>0—-k>0
on [ag, a1), so F is monotonic. Since F(ag) = F(ag) € My and F(a;) € M C My, then F([ag,a1)) C
M. Similarly, F((br,bo]) € M.

In conclusion, F € C"(My,R), {ﬁ(ao), Fv(bo)} C {ao, bo}, ﬁ([ao,bo]) C [ag, bp], and therefore
Fe CS(M(),M())

(ii) Define 7 := min{r, 271(6 — 1)} and W = Bor (o, m0) (Fy 1), where Berar, a) (F,1) denotes
the set of functions G € Cf(My, My) with |G — Fl|cr m, < 1.

Fix G € W with G(M) C M, and set My := M U {ag, bo}. Since G € C}(My, My) and G(M) C
M, we have G(M7) C M. To show that every G-invariant probability measure is supported on
M, it suffices to show that for every x € My~ M7 = (ag,a) U (b, by), there exists n € N such that
G"(xz) € M;. Indeed, if this holds, the forward invariance G(M;) C M ensures that the forward
orbit of x never returns to the open set My . M7, meaning no point in My ~ M; is recurrent. By
the Poincaré recurrence theorem, any G-invariant measure must assign zero mass to My~ M1, and
therefore has support contained in Mj.

We now prove this forward orbit property. First consider the case where = € (ag, a). Suppose for a
contradiction that for every n € N, G™(x) ¢ M;. By Lemmal[5.3l(iii), F([a1, a]U[b, b1]) C [a+T,b—T].
Since |G — Flloo,m, < n < 7, it follows that G([a1,a] U [b,b1]) € M. Hence G"(x) ¢ [a1,b1] for all
n € N.

Now since ||[F' — G'|lconty < 7 < 2740 — 1) and |F'| > 6 on (ag,a1) U (b1,bp), again by
Lemma [5.3] (iii), we obtain that

|G| = |F'| = ||F' — G looty > 2750+ 1) >1  on (ag,a1) U (b, bo).

So G is monotone on both (ag,a1) and (b1, bp). As we have shown that G(a1), G(b1) € M, we have
either  G([ap,a1]) C [ap,b] or G([ap,a1]) C [a, bo],

either  G([b1,bo]) C [ag,b] or G([b1,bo]) C [a,bp].

Since |G’| > 271(1 + 0) on [ag, z] and G(z) ¢ [a1,b1], the image G([ag,x]) is a closed interval with
one endpoint in {ag,bp} and length |G([ag,z])| > 271(1 + 0)(z — ag). Thus, because G([ag,a1])
cannot cover both (ag, a1) and (b1, bg) simultaneously without violating (5.2)), the fact that G(z) ¢
[a1,b1] forces G([ap,x]) to be contained entirely in [ag,a1) or entirely in (by,bp]. In particular,
|G'| > 2751 4 6) on all of G([ag,x]). Using (5.2) and the fact that G™(x) ¢ [a1,b1] for all n € N,
we may iterate the arguments above to obtain

|IG™([ag, z])| > 27"(1 +6)"(x —ap) forall neN.

However, lim,,_, 15 27"(146)"(z — ap) = 400, which is impossible since G"([ag, x]) C [ag, bp]. This
contradiction proves that there exists n € N such that G"(z) € M.

The proof in the case that = € (b,by) is entirely analogous to the one above for the case that
x € (ap,a), and will be omitted. Therefore, (ii) is proved.

(ili) Set Ko = {ao, bo} U ;=5 F~H(K(f)). We next show that F is hyperbolic for K (F) = Kj.

Since F'({ao, bo}) C {ag, bo}, by the definition of Ky we have F(Ky) C Ky. Fix x € [ag, bp] ~\ Kp.

If x € M, then x € M ~ K(f). By the hyperbolicity of f, the orbit {Fi(m)}ieN converges to an
attracting periodic orbit of f, which is also an attracting periodic orbit of F'.

If x ¢ M, then x € (ag,a)U(b,by). By (ii), there exists n € N such that F"(x) € M. Since x ¢ Ky,
we have z ¢ F~"(K(f)), and hence F"(z) € M ~ K(f). Consequently, the orbit {F"(z)}

(5.2)

1€EN
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converges to an attracting periodic orbit of F'. In conclusion, for every point x € My~ Ky, the orbit
{Fi(m)}ieN converges to an attracting periodic orbit of F'.

Next, we prove that F' is expanding on Kg. By the hyperbolicity of f, there exist constants
C > 0 and A > 1 such that [(f™)'(y)] = CA™ for all y € K(f) and m € N. We claim that
fTM(K(f)) € K(f) for all n € N. Otherwise, there would exist n € N and xz € f~"(K(f)) ~ K(f).
Then { fl(a:)}l oy converges to an afttracting periodic orbit of f, which contradicts the fact that
[(f™) (f™(x))] = CA™ for every m € N. Using this, we obtain M N Ky = K(f). Indeed, clearly,
K(f) € M n Ky. Conversely, if y € Ko N M, then there exists n € Ny such that f"(y) = F"(y) €
K(f). Since f~™(K(f)) € K(f), we conclude that y € K(f).

Fix x € Ko. If z € {ag, bo}, by Lemma 5.3 (i)(iii), we have F({ao, bo}) C {ao, bo}, |F'(ao)| > 0,
and |F'(bg)| > 6. Thus, for every m € N, we have [(F™) (ag)| > 6™ and |[(F™) (bo)| > 6™. If
x € M, then z € K(f), and hence ](Fm)’(m)\ > CA\™ for every m € N. If x € (ag,a) U (b,by),
by (ii) there exists k € N such that F¥(z) € M and FF-Y(z) ¢ M. Then, F*(x) € K(f) By
Lemma [5.3 (iii), we have F([a1,b1]) € M, and hence F(x) ¢ [ay,b;] for all i € {0, . —2}. So
Lemma[5.3) (iii) implies that for all i € {0, ..., k—2}, |F'(F(z))| > 6. Moreover by Lemmam (ii),
the constant s :== min{|F'(y)| : y € [ao,a] U [b bo]} > 0 is well defined. Thus, |(F™)(z)| > s§™!
if 1 <m < kand |(F™) ()] = Cs6F A% if m > k + 1. Consequently, in all cases, we have
[(F™)(z)| > min{1, C, s/6, Cs/0} - min{f, A\}"" for every m € N. Hence, F is expanding on Kj.

It remains to prove that Ky is compact. Since F~*(K(f)) is compact for every i € Ny, it suffices
to show that for any sequence {z;};en, satisfying x; € F7(K(f)) \U;‘;B F7I(K(f)) for each i € N,
every limit point of {z; }ien, belongs to Ky. Let {z;}ien, be such a sequence and let x, be a limit
point. We claim that x, € {ag, bo}.

Fix i € N with i > 2. Then Fi(z;) € K(f), but F/(x;) ¢ K(f) lfj € {0,...,7—1}. Since
fTM(K(f)) € K(f) for all n € N, it follows that F](xz) ¢ Mifjed{0,...,i— 1} Moreover since
Lemma [5.3] (iii) implies F'([a1, bl]) C M, we obtain F/(x;) ¢ [a1,b1]if0<j <i—1. If z; € [ag, 1),
using the same inductive argument in (i), we have by — ao| > |F*~ 1([(10,:17@])‘ > 0 Yag — x4
Similarly, if ; € (b1,bg], we also have |by — ao| = |F'"*([z;,bo])| > 67 !|by — x;|. Therefore,
lim;_, oo min{|ag — x;|, |bo — x;|} = 0, and hence the only possible limit points of {z; }icn, are ag
and by. This shows that K is compact.

(iv) Fix G € W. Since G({ag, bo}) C {ao, bo} and G(M) C M, it follows from (ii) that every
G-invariant measure is a convex combination of a G-invariant measure supported on {ag, by} and
a G-invariant measure supported on M. More precisely, for every u € M(My,G), there exist
tut, tu2 € [0,1] with ¢,1 +t,2 =1 and ppr, pe € M(Mo, G) with supp ppyr € M and supp pe C
{ao, bo} such that p = ¢, 1punr +tu2pe. If ¢ € C(Mp) satisfies ¢(ag) < Q(G, ¢) and ¢(by) < Q(G, @),
and if 4 € Mpax(G, ¢), then . can not be ¢-maximizing. Hence ¢, 5 = 0, and therefore 1 = pps is
supported on M. O

After the above preparatory results, we are now ready to prove Theorem

Proof of Theorem If M is the circle, then Theorem [D] follows by combining Proposition B.1]
Lemma [5.2] [KSS07, Theorem 2|, and the fact that hyperbolicity is an open property in C"(M, M)
(see [dMvS93, Theorem 2.4, Chapter 3]), by an argument analogous to the proof of Theorem
We now assume that M is a compact interval and write M = [a,b]. Fix k € C"(M, M), ¢ € P,
and € > 0. Note that {Il € C"(M, M) : {l(a), I(b)} C (a,b), I'(a) # 0 and I'(b) # 0} is open and
dense in C"(M, M). Moreover, by [KSS07, Theorem 2|, hyperbolic maps are dense in C"(M, M).
Therefore, there exists a hyperbolic map f € C"(M, M) such that {f(a), f(b)} C (a,b), f'(a) # 0,
1/(b) #0, and
lf — kllor <e. (5.3)
By Lemma [5.3] and Lemma (iii), f admits a hyperbolic extension F' € C§([ao, bo], [ao, bo]) with
ap < a < b < by. Set My = [ag,bo], and define Py = CO*(Mp,R) if P = C*(M,R), and
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Po == CH(My,R) if P = CL(M,R). If P = C**(M) for some « € (0, 1], then for simplicity we write

|- llp =1 llanr and || - [|py = || - lla.nso- Similarly, if P = C1(M), then for simplicity we write
- llp =1~ llerar and [ -z = - fler,ay-
Let ® € Py satisfy ®|y; = ¢, and
®(ag) <Q(f,¢) =1 and (b)) < Q(f, ¢) — 1. (5-4)

Since F|yy = f and F(M) = f(M) C M, Lemma (ii) guarantees that every F-invariant
measure is supported on M U {ag,bp}. We claim that Q(F,®) = Q(f,¢). Indeed, any (f,¢)-
maximizing measure is F-invariant with ®-average equal to Q(f, ¢) (since F|y = f and @[y = ¢),
so Q(F,®) > Q(f,¢). Conversely, for each F-invariant measure p, writing p = tuy + (1 — ) e
where /s is supported on M, p. is supported on {agp,bo}, and ¢ € [0, 1], we get from (5.4]) that

/w _ t/qﬁduM F(1—1) / Bdpe <t-Q(f,0) + (1 —t) - max{®(ap), ®(bo)} < Q(F, ).

Consequently Q(F, ®) < Q(f, 6), so indeed Q(F, ®) = Q(f, ).
By Lemma [5.2] there exists U € Lock(F, Py) satisfying ||® — ¥|p, < min{e, 1/4}. Consequently,

U(ag) < lag) +1/4 < Q(F, ®) — 3/4 < Q(F,¥) — 1/2,
W (by) < D(by) + 1/4 < Q(F,®) — 3/4 < Q(F, V) —1/2.

We may assume without loss of generality that ¥ is not a constant. Indeed, since Lock(F, Py)
is open, we may replace ¥ by a sufficiently small perturbation satisfying the same properties.
By Proposition (.1} there exists a neighbourhood U; C C§(My, Mp) x Py of (F,¥) such that
U C LOCk(CS(M(), M()),Po).

By Proposition 5.1, HC{(My, My) is an open subset of Cf(My, Mp) containing F. Because F
satisfies conditions (IS) and (ML) in Definition 2.1l and U; guarantees that ¥ € Lock(G, Py) for
all G in a neighbourhood of F', Remark (ii) ensures that the map Q(-, V) is continuous at F
(noting that if Py = C1(Mp,R) then we use the continuous embedding C* C C%1). Moreover, for
each G € C}(My, My), the map Q(G,-): Py — R is 1-Lipschitz with respect to the || - ||s norm.
More precisely, for all G € Cf(Mo, My), &1, &2 € Po, we have |Q(G,&1) — Q(G, &) < 1§61 — &l <
l&1 — &2llp,- Hence there exists a neighbourhood Us C Cf(My, My) x Py of (F,¥) such that
IQ(G,¥1) — Q(F,¥)| < 1/4 for every pair (G,¥;) € Us.

Let W C C§(My, My) be the neighbourhood of F' given by Lemma [5.5 (ii), and define Us =
W x Bp,(¥,1/4). Set

(5.5)

Uy =UNU;NUs,

so that Uy is a neighbourhood of (F,¥). Since Uy C Uy, for each pair (G, ¥;) € Up, the (G, ¥;)-
maximizing measure is unique and periodic. Moreover, by (5.5) we obtain

Wi(ag) < Wlag) +1/4 < QEW) — 1/4 < QG 1y),
Wy(bo) < W(bo) + 1/4 < Q(F, ) — 1/4 < Q(G, ¥y).

Let x > 0 be the constant in Lemma (i) applied to F' and Myp. Choose § € (0, ) such that
BCS(M(),MO)(F7 5) X B’[)O(\I’,(S) Q UO. (57)

(5.6)

Set 1 := ¥|ps. Then
¢ —vllp <[P —¥p, <e. (5.8)
We now show that v belongs to the interior of Lock(C"(M, M), P). Applying Lemma (4] to
M C My, we obtain constants D; > 1 and D, > 1. Denote

V= Beruw (f,0/Dr) x Bp(1,6/D1),
and choose an arbitrary pair (g,&) € V.
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By Lemma [5.4] the map g — f admits an extension H € C" (M, R) satistying H(ag) = H(by) =0
and
[Hllcr a0 < Drllg = fllomm < 6 < k. (5.9)
Define G :== F + H. Then G|y = g, and by (5.9) together with Lemma (i), we have G €
Cy (Mo, Mp). On the other hand, if P = C%*(M,R), then by [WealS8, Theorem 1.33] there exists
an extension ¢; € C%*(Mp,R) of £ — 1) such that ||¢1 e, < 1€ = ¥]lan. If P = CHM,R), then by
Lemma [5.4] there exists an extension ¢ € C*'(Mp,R) of £ —1 such that [|(allcra, < Dill€—¥lcr -
Since Dy > 1, in either case there exists an extension ¢ € Py of & — 1) satisfying

IClipy < Dull€ —¥flp < 6. (5.10)
Define Z := ¥ + (. Then Z|j; = £. Moreover, by (5.9) and (5.10)),

(G, E) S BCS(MO,MO)(F7 5) X BPO(\I’,(S).
Hence by (5.7), (G,E) € Uy C U;. Because Uy C Lock(C{ (Mo, Mp),Po), the pair (G, =) has the

locking property: its maximizing measure is unique and periodic, and Mpax(G, Z1) ./\/lmax(G, =)
for every =1 € Py sufficiently close to =.

Now G|y = g € C"(M,M), so G(M) C M. Since (G,Z) € Uy C Us, we also know that
G € W. Moreover, the bounds in (B5.6]) establish that Z(ag) < Q(G,Z) and Z(by) < Q(G,Z).
Combining these, Lemma (iv) gives that the unique (G, Z)-maximizing measure, p* say, has
support contained in M. Since G|y = g and Z|p; = &, it follows that p* is precisely the unique
(g, &)-maximizing measure.

It remains to verify that (g,&) has the locking property (rather than merely the PO property).
Given any & € P sufficiently close to &, by Lemma 5.4 (if P = C'(M,R)) or by [Weal8, The-
orem 1.33] (if P = C%%(M,R)), there exists an extension ¢; € Py of & — & satisfying ||¢1]p, <
Dil|l& — &llp. Setting 21 = = + (1, we have 1|y = & and [|E1 — Ellp, < D1|& — €]|p, so by
choosing &7 sufficiently close to £, we can make the extension =; arbitrarily close to Z. The locking
property of (G,Z) then yields Muyax(G,Z1) = Mmax(G,Z) = {u*}. Since p* is supported on M
and G|y = g, the measure p* is g-invariant with [ & dp* = [E1dp* = Q(G,E1). Conversely,
any (g, & )-maximizing measure v is also (G, Z1)-maximizing (since v is G-invariant and [Z; dv =
J&dv =Q(g,&1) = Q(G,E1)), so v = p* by uniqueness. Hence Mmax(g,&1) = {1*} = Mumax(9,6),
and therefore (g,&) € Lock(C" (M, M), P).

Since (g,&) € V was arbitrary, we conclude that (f, 1)) belongs to the interior of Lock(C" (M, M), P).

Finally, by (5.3)), (5.8)), the arbitrariness of ¢ > 0, k € C"(M, M), and ¢ € P, we conclude that
the interior of Lock(C" (M, M),P) is an open dense subset of C"(M, M) x P. This completes the
proof of Theorem O

We conclude this section with the proof of Theorem [El

Proof of Theorem [El Since g,(z) = axz(1l — z) is linear in a, the topology on F coincides with
the subspace topology inherited from C([0,1],[0,1]). Since g,(0) = g4(1) = 0 for each a € [0,4],
every map in F preserves the boundary of [0, 1], so F C C&([0,1],[0,1)).

Let HF C F denote the subset of hyperbolic maps. By Graczyk-Swiatek [GS97] and Lyu-
bich [Ly97, p. 4], HF is open and dense in F. Since HF is open and dense in F, the product
HF x P is open and dense in F x P. It therefore suffices to show that the joint locking set
Lock(HF,P) contains an open dense subset of HF x P.

To show that maps in HF are HF-stably hyperbolic, fix f € HF. Since f € HCZ([0,1],[0,1]) and
HF C C}([0,1],[0,1]), Proposition Bl guarantees that f is CZ([0, 1], [0, 1])-stably hyperbolic in the
sense of Remark [Z.6] (i). Restricting the neighbourhood of C4 ([0, 1], [0, 1]) furnished by Definition 211
to the smaller family HF C CZ([0,1], [0, 1]), it follows that f is HF-stably hyperbolic.

Now note that Individual TPO holds for maps in HF: by Lemma 5.2 for every f € HF, the
locking set Lock(f,P) is an open dense subset of P.
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We now claim that the set
Loy = {(g,¢) € Lock(HF, P) : ¢ is nonconstant }

is an open dense subset of HF x P.

To check openness, suppose (g, ®) € Lo. Then g is HF-stably hyperbolic by the above, and ¢ is
nonconstant, so Theorem implies that (g, ¢) lies in the interior of Lock(HF,P). Clearly, being
nonconstant is an open property in P, so (g, ¢) lies in the interior of Ly. Since (g,¢) € Ly was
arbitrary, it follows that Lg is open in HF x P.

To check density of Ly in HF x P, let W be any nonempty open set in HF x P. Then W contains
a basic open set of the form V x B, where V is nonempty and open in HF, and B is nonempty and
open in P. Choose any f € V. We know that Lock(f,P) is dense in P, by the above, so there exists
a nonconstant potential ¢ € BN Lock(f,P). It follows that (f,¢) € Lo N W, so indeed L is dense
in HF x P.

Since Ly is open and dense in HF x P, and HF x P is open and dense in F x P, the set Ly is in
particular dense in F x P. Moreover, every element of L lies in the interior of Lock(F,P) (since
‘HF is open in F, any HF-locking neighbourhood is also a F-locking neighbourhood), therefore
Lock(F,P) contains an open dense subset of F x P; in other words F x P has the Joint TPO
property, as required. O

APPENDIX A. PROOF OF SOME TECHNICAL LEMMAS

First, we give a complete proof of Lemma B.3

Let f: M — M be an Axiom A diffeomorphism with the splitting T, M = E*(z) @ E*(z). A
Riemannian metric on M is said to be adapted to f if there exists a constant 74 € (0,1) such that
for the induced norm |- |, and every x € Q(f),

IDf(z)(v)| < 7flv| for all v € E*(x) and |Df_1(x)(w)‘ < 7¢|w| for all w € EY(x).

By [Wenl6l Theorem 4.4|, there exists a smooth Riemannian metric adapted to f. Furthermore,
we denote by || - || the box-adjusted norm of |- |, defined as

llv]| ¢ = max{|vg|, |vu|} for x € Q(f) and v € T, M, (A1)
where v = vg 4 v,, is the unique splitting with vy € E*(x) and v, € E%(x).

Proof of Lemma 3.3l Fix r € N and f € A"(M). We consider a Riemannian metric |-|, that
is adapted to f, and use the distance d, induced by |-|,. Since M is compact, both |-| and ||,
are equivalent, as are d and d,, so it is sufficient to prove condition (RHE) in Definition 21l for d,.
Throughout this proof, we always consider exponential maps and Lipschitz constants with respect
to ||, and d.

For every x € M, let exp, be the exponential map at x, and we write T, M (§) = {v € T, M :
|v|q < &} for every § > 0.

Recall the following well-known result in Riemannian geometry (see e.g. [Lel8, Chapter 10]): there
exists a constant p > 0 (the injectivity radius) such that for every x € M, exp,: T, M(p) — B(x, p)
is a homeomorphism and d,(z, exp,(v)) = |v|, for all v € T, M(p).

For every Axiom A diffeomorphism g: M — M, we consider the local map on the tangent spaces

Fy(xz,v) = (expg_&) ogoexp,)(v) ifz€ M andv e T,M(p/LIP(g)),

where expg_é) denotes the inverse of XD () ‘Tg (oM (p)- Since ¢ is a diffeomorphism, g(M) = M, so
diam(M) = diam(g(M)) < LIP(g) diam (M), therefore LIP(g) > 1.

By the definition of Fy, if z, y € M and n € N satisfy d,(¢'(x),¢'(y)) < p/LIP(g) for all
0 < i < n—1, then letting v € T, M (p) satisty exp,(v) = y gives expgi(y) (Fi(z,v)) = ¢'(y) and
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da(g'(x), 9" (y)) < pforall 0 <i<n. Soif 0<i<n then F(x,v) is well defined and

da(g'(%),9'(v)) = |Fa(x,v)]|,. (A2)

In the following, we construct a neighbourhood U of f. First, define
0= p/(2LIP(f)). (A.3)
There exists a C! neighbourhood (hence also a C" neighbourhood) Uy of f such that if g € Uy then
LIP(g) < 2LIP(f). (A4)

For each g € Up, the map Fy is well defined on TM(n) = U,cp; ToM(n) by (A3) and (A4). For
each z € M and v € T, M(n), define the nonlinear remainder

By(,v) = expyl (9(exp, () — Dy(e)(v) € Ty M,

so that ¢ is also well defined on T'M(n) for g € Up. Note that ¢,(x,0) = 0 € Ty, M for every
x e M.

Next, applying [Wen16, Lemma 4.8] to f and |- |, there exist constants ¢ > 0, C > 1, and a C*
neighbourhood (hence also a C" neighbourhood) U; of f such that if g € Uy and Q(g) C B(2(f),¢)
then ||, is also adapted to g, with

Tg<7'f—|—3_1(1—7'f)<1, (A.5)
and the norm || - ||, defined by (Al on Q(g) satisfies
C Yoy < |vla < Cllvlly, for x € Q(g) and v € T, M (), (A.6)

where the constant C' is uniform in g € U;. By [Wenl6, Lemma 4.11] applied to f, there exists a
constant 6y > 0 and a C'* neighbourhood (hence also a C" neighbourhood | Us C Up of f such that
if g € Us then

LIPk (9y) < 371072(1 - 1y), (A.7)
where LIPH“

v,5o(¢9) = SUDP,c s (LIPHa bq(z, ')|T1-M(50))' Finally, since f has C" e-Q-stability ([Wenl6),
Theorem 5.8]), there exists a C" neighbourhood Us of f such that if g € Us then Q(g) C B(2(f),¢).
Now define U = Uy N U; N Uz N Us, so that (A.4), (AT), (A.6), (A1) hold for all g € U.
Now define constants

KO = 02, (AS)
0 == min{n, dp}, (A.9)
A=min{3(2+ 75) 7", 3(L+27p) " =371 —74)}, (A.10)

noting that A > 1 since 0 < 77 < 1.

Next we shall verify that the inequality (2ZI)) from condition (RHE) in Definition 1] holds for
allge U. Fixgec U, neN, z € Qg), and y € M with maxgci<n da(g°(), ' (y)) < 5. Now
do(z,y) <6 <1 < p,sov = exp;(y) € TuM(p) is well defined. We verify by induction that
ng(:n,v) is well defined for all 0 < i < n, and that (A2) holds at each step. At i = 0 both are
immediate from exp,(v) = y. Assuming (A.2) holds at step i, we have

da(9'(2),9'(y)) = | Fy(w, )|, < 6 <n = p/(2LIP(f)) < p/ LIP(g),

using (A9), (A3), and (A4), so Fit!(z,v) is well defined and (A2) holds at step i 4+ 1. Since
exp,: T,M(8) = B(y,q,)(, ) is a homeomorphism and (A.2) identifies d,(¢'(2), ¢' (y)) with | F} (2, v)
it now suffices to prove that

|Fi(z,v)|, < KoA™™™Em (o], + |[F(z,v)] ). (A.11)

a?

1We choose Uz to be contained in Uy, in order that ¢4 is well-defined for all g € Us.
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By (A.6), (A.9), and (A7), we have
LIPI (6,) < C?LIPl (6,) < CPLIPL: (8)) <3711 — ),

v,00
where LIPD}’QQ (¢g) = Sup,ecap (LIPHHQ ¢g(27 ')’TZM((S))' Combining this with (m and (]m) gives
7o+ LIPIN (0g) < mp 43711 —7p) + 3711 — ) <A™ and

7 = LIPI 1 (9g) > 3(1 4+ 274) 1 = 3711 — 1) > A.

For each z € €(g), let T.M = Ej(2) ® Eg(z) be the hyperbolic splitting of g, and for every
w € T,M, write w = wg + w,, for the unique decomposition with wg € Eg(z) and w, € E;‘(z). Since

¢¢(2,0) = 0, the definition of LIPﬂ;gg (¢g) and (A1) give, for each z € Q(g) and w € T, M(9),

(A.12)

[(69(2,10))ola < [16(z,w)lly < LIPLY () [[wlly,  for cach o € {s,u}. (A.13)

Then by (A, the fact that |- |, is adapted to g, (A13), and (A.12)), for each z € (g) and each

w € T,M(0), we obtain
|(Fg(zaw))8|a < |Dg(2)(ws)]a + |(¢g('z’w))8|a < Tg|w8|a + |(¢g(zaw))8|a (A14)
< rllwlly + LIPYY (0) wlly < A~ eoll- |

Similarly, Dg(2)(w.) € E¥(g(2)), so |Dg(2)(wu)la = 7, |wyla. Since (Fy(z,w))y = Dg(z)(wy) +
(pg(z,w))y, it follows from (AI3) and (AI2) that
[(Fy(z,w))ula > [Dg(z)(walla = (69 (5 w0))ule > 757 wala = LIP3 (6g) [wlly.— (A15)

Next, we consider separately the following two cases.

Case 1. Assume that !(Fgl(:n,v))J
from (A.14) that for each 1 <i < n,

15, 0), = |(Fy(,0)) |, < ATH(E (@, 0)) |, <o < A7l
<X (o, 4| B o)),

< ‘(F’(x,v)) ‘ for all 0 < 7 < n. In this case, we conclude
a g sla

(A.16)

and the case ¢ = 0 holds trivially.

Case 2. Assume that ‘(F;(az,v))u|a > ‘(ng(x,v))s‘a for some 0 < k < n, where k is chosen
to be the smallest number with this property. An argument analogous to Case 1 gives that if
i ¢ {k, ..., n}, then

HF;(x,v)Hg < Aol (A.17)

Since ‘(F;C(:E,v))u!a = Hng(:E,v)Hg, by (AI3), (A.12), and (A.14]), we obtain that if £ < n—1 then

(5 @) |, > (gt = LR @) | Fy o), > A Ef (o), > (B3 o) |, (A18)

Since |(Fi(z,v))ul|, > [(Fi(z,v))s|, for all k < i < n (which follows by iterating (AI8) forward
from k), the backward iteration of (A18]) from step n gives, for all k <i < n — 1,
HFg(x,v)Hg = ‘(ng(x,v))uLl < )\i_"HF;’(:E,v)Hg. (A.19)
Clearly, (A19) is also true when k& = n. In this case, we conclude from (A7) and (AI9) that if
0 <7< n then
[Py, )|, < X703 (|jofly + || By (2, 0)]],)- (A.20)
Finally, combining (A.16]), (A.20), (A.8), (A.0) gives (A1I). Together with (A.2) and the fact

that exp,: TM(0) — Bg,(z,d) is a homeomorphism, this establishes the required (21 for the
distance d, with constant Ky. Since M is compact, the original metric d and the adapted metric
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d, are bi-Lipschitz equivalent. Adjusting the constants 0 and Ky by the bi-Lipschitz equivalence
constants immediately yields (2.1]) for the metric d, thus completing the proof. O

Next we consider Lemma [£.3], which is essentially a one-sided version of Lemma B3} since f| J() 18
expanding (with no stable subbundle), only the expanding half of the hyperbolic splitting argument
is required, and the proof proceeds by a straightforward adaptation of the argument above. We
therefore give only a sketch, referring the reader to the proof of Lemma B3] for the full details of
the analogous steps.

Proof of Lemma [4.3] We first show that the restriction f|;s): J(f) — J(f) is an open map.

o~

Since |Df| > A > 0 on J(f), there exists an open neighbourhood V' C C of the Julia set on which
the derivative is nonvanishing; hence, the restriction f|y : V — C is an open map. The complete
invariance of the Julia set, specifically the fact that f~1(J(f)) = J(f) (see [Mi06, Lemma 4.3]),
ensures that for each open set U C V, we have f(UNJ(f)) = f(U)N J(f). Because f(U) is open
in (E, its intersection with J(f) is open in the subspace topology, thus f| ;s is an open map.

It remains to prove the second assertion. Let exp be the exponential map induced by |- |. Firstly,
there exists 79 > 0 such that exp,,: Tx@(no) — B(z,m0) is a homeomorphism and d(z, exp,(v)) = |v|
for every # € C and every v € Tw@(no). For g € HR™, z € C, and v € Tx@(UO/LIP(g)), define
Fy(xz,v) = (expg_&) ogoexp, ) (v), where exp;é) denotes the inverse of expy,) |Tg(z)@(no)' Then define
¢g = F, —Tg, where T'g is the tangent map of g.

Since Dg(z) depends continuously on g € HR™ and z € @, and the spaces C and J(f) are
compact, there exist constants 6 > 0, fp > 1, and a neighbourhood Ny of f such that LIP(g) <
2LIP(f) and |Dg(z)| > 0 for every g € Ny and every = € B(J(f),9).

Then, using Lemma [£.2] there exists a neighbourhood Nj of f such that if g € Ny then J(g) €
B(J(f),0).

Next, given € € (0,0p — 1), by [Wenl6l Lemma 4.11], there exists a neighbourhood Ny of f and
dp > 0 such that if g € Ny then LIPL'"%((;SQ) < e on TC(6)8

Finally, defining 7 := min{no/(2LIP(f)), do}, 0 =0y —e > 1, and N := Ny N Ny N Ny, if g € N
and distinct points z, y € J(g) with d(z,y) <, then we have

d(g(x), 9(y)) = lexp, i (9W))| = [Fy(expz ()| = [Tg(expz ()| — 6 (expz ' (1)
> blexpy (y)| = 0d(z.y),

and the result follows. O

Next, we consider Lemmas[5.3]and [5.4] concerning extensions of C” interval maps. Before proving
these lemmas, we first describe the construction of such extensions.

Consider 7 € N, a < b, and f € C"([a,b],R). To construct an extension F' € C"(R,R), it
suffices to find two functions g € C"((—o00,al,R) and h € C"([b, +0),R) such that for each integer
0<:<r,

99(a) = f(a) and b (b) = O (b),

where f(?) denotes the i-th derivative of f; then defining F by F = f on [a,b], F = g on (—o0, a),
and F' = h on (b, +00) yields the desired extension.

2The statement of [Wenl6l, Lemma 4.11] is given for diffeomorphisms, but an inspection of its proof shows that
the argument carries over unchanged to local diffeomorphisms, and in particular to hyperbolic rational maps.
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In what follows, we restrict our attention to functions g € C"((—o0, a],R) and h € C"([b, +0),R)
of the following form: for each k € R, define

i)y oy
ae) =3 -0+ E - o, (A21)
=0
IO .
hi(x) = ; ! i!(b) (x —b)" + - f o (z —b)" L (A.22)

Clearly, for each k € R and each i € {0, 1, ..., r}, we have g,(f)(a) = f®(a) and h,(f)(b) = ) (b), so
gr and hy satisfy the required matching conditions. Moreover, for every x € (—o0, a], the function
gk () is linear and monotone increasing with respect to k, and for every x € [b, +00), the function
hi(x) is also linear and monotone increasing with respect to k.

Proof of Lemma [5.3l Clearly 7 € (0, min{f(a) —a, b — f(b)}).

Claim A. If f'(b) > 0, then there exist I, € R and by > b such that hy, > 0 on [b,+00), Iy, > 2
on (by,400), and hy (by) =b— 7.

Proof of Claim A. Since h{(b) = f'(b) > 0 and hy, is continuous, there exists § > 0 such that
h{, > 0 on [b,b+ ). Hence, for all k € [0, +00) and x € [b,b+ ), it follows from (A.22) that

k
hj.(x) = hy(x) + H(a; —b)" > 0. (A.23)
For each w € (0,0), define
r—1
7! w'
b = <||f||cr- > Tt 2> > 0. (A.24)
i=0
If z > b+ w, a direct estimation using (A22) and (A24) gives
r—1 i r—1 i i
ky, (x—=0b)" _ 2(x—=0b)" (x —b)"w"  (z—0b)
!/ T
r—1 ] i
(x=0)" ((x—=0b)""
> 24| fllor ; 5 ———1)>2 (A.25)

Next, since limy,_0ho(b +w) = f(b) and, by (A24), limy,_ok,w™ = 0, it follows from (A22)
that

. T kw r+1Y\ __
lim B, (b + w) _m)(ho(uw) o ) — f(b) <b—T. (A.26)

Hence, there exists wo € (0,0) such that hg, (b+wo) <b—7. By (A28), there exists by > b+ wy
such that hy,, (b1) = b — 7. Define Iy = ky,. Combining (A.23), (A.25), and the fact that wo < 0,
we have hj, > 0 on [b,+00). Combining (A.25) and the fact that b1 > b+ wo gives hj, > 2 on

(b1, +00), thus completing the proof of Claim A.
Arguing similarly, the following three claims can also be established.

Claim B.1f f'(b) < 0, then there exist Iy € R and by > b such that hj, <0 on [b, +oo), by, < —2
on (by,400), and hy (by) =a+ 7.

Claim C.If f'(a) > 0, then there exist [_ € R and a; < a such that g; >0 on (—o0,qa], g > 2
on (—oo,ay), and g;_(a1) =a+ 7.

Claim D. If f'(a) < 0, then there exist [_ € R and a; < a such that g < 0on (—oc0,a], g < —2
on (—oo,a1), and g;_(a1) =b—.

Since f’(a) # 0 # f'(b), combining Claims A, B, C, and D gives the following claim:
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Claim E. There exist [ € R, l_ € R, a1 < a, and b; > b such that ‘h;J # 0 on [b, +00), |9L‘ #0
on (—o0,al, ‘h;J > 2 on (b1, +00), ‘g{J > 2 on (—o0,a1), and hy, (b1), gi_(a1) € {a+7,b—7}.

Let Iy e R, I_ € R, by > b, and a1 < a be as in Claim E. Suppose ay and by have been chosen
such that ag < aj and by > b;. Define a function F': [ag, by] — R by

g_(z) if z € [ag, a),
F(x) =< f(x) if z € M, (A.27)
hl+ (a;) ifze (b, b()].

By construction, F' € C"([ag,bo],R) and F|y; = f. Moreover, since g; # 0 on (—o0,a], and
hj, # 0on [b,+00), the function F' is such that F'(z) # 0 for all z € [ag, a]U[b, bo], i.e., the required
property (ii) of the lemma is satisfied.

We now show that property (iii) is also satisfied. Since 7 € (0,min{f(a) — a, b — f(b)}), then
f(b) € (a+ 7,b—7), and by property (ii), the function h;, is monotone. Since hy, (b1) is equal to
either a + 7 or b — 7, by Claim E, it follows that

hlJr((bl,bo])ﬂ[CL-l-T,b—T]:@ and hl+([b,bl])§[a+7,b—7].
Moreover, Claim E also gives that |h;+‘ > 2 on (b, bo]. Arguing similarly, we also see that

gi_(lao,ar)) Nla+7,b—7] =0, g (la1,a]) Sla+7,b—7],
and |g] | > 2 on [ag, a1), so F does indeed satisfy property (iii).
Note that property (i) (i.e., {F'(ao), F(bo)} C {ao, bo} and F|ys = f) is satisfied if additionally

{91_(ao), huy (bo)} < {ao, bo}- (A.28)

Moreover, property (iii) then implies that F([a1,b1]) € M, and F is monotone on [ag,a1] and
[b1,bp]. If max{F(x) : x € [ag,bo]} > by, then the maximum is attained at ag or by, contradicting
the above assumption. Similarly, min{F(z) : € [ag,bo]} = ao. Hence, F(]ag,bo]) C [ao, bo], and

thus F' € C{([ao,bol, [ao, bo]). So it remains to show that ap < a; and by > by can be chosen such

that (A.28) holds.

For this we distinguish four cases according to the possible signs of f/(a) and f(b).

Case 1. Assume that f'(a) > 0 and f/(b) > 0. Using Claim E and the assumption f’(b) > 0,
we have hy, (b1) < b1 and b, > 2 on (b1, +oo). Hence z — My, () — x is strictly increasing
with derivative greater than 1, and is negative at x = b;. Hence, there exists by > b such that
hy, (bo) = bo. Similarly, there exists ag < a; such that g;_(ao) = ao.

Case 2. Assume that f'(a) < 0 and f'(b) > 0. Using Claim E and the assumption that f'(b) > 0,
the same argument as in Case 1 yields by > by such that h;, (bg) = by. Moreover, using Claim E and
the assumption that f’(a) < 0, the function g;  is strictly decreasing on (—oo,a] with g; < —2 on
(—00,a1); in particular, g;_(z) — +00 as * — —o0. Since g;_(a1) < b < by, the intermediate value
theorem yields ag < a; such that g;_(ag) = bo.

Case 3. Assume that f'(a) > 0 and f’(b) < 0. This case is analogous to Case 2 and is omitted.

Case 4. Assume that f'(a) < 0 and f/(b) < 0. Using Claim E and our assumptions f’(a) < 0
and f'(b) < 0, we have g; < 0 on (—o0,a] and hj, < 0 on [b,+00). Then we seek agp < a1 and
bo > by such that

g (ao) = b() and hl+ (b()) = ag.
Set p :== by — a1, a2 = a1 — p, and by = by + p. By the derivative bounds, one checks that
qgi_ (ag) > by and hl+ (bg) < as.

More precisely, since g;_(a1) > a and g; < —2 on [ag, a1], we have g;_(a2) >2p+a > p+ by = ba.
Similarly, Ay, (b2) < as.
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Define H(z,y) = |gi_(x) — y| + |k, (y) — 2| on [az, a1] x [by, ba].

Let D, H and D} H respectively denote the left and right partial derivatives of H with respect
to the first variable, and let D, H and D;j H respectively denote the left and right partial deriva-
tives of H with respect to the second variable. Let a, € [ag,a;1] and by € [b1,bs] be such that
H(ay,by) = min{H(x,y) : ¢ € [az,a1], y € [b1,ba]}. If ax = a1, the minimality of H (as,bs) implies
D, H(ax,bs) < 0. However, since g; (a1) < b < by, we have D H(ax,by) > —g; (a1) —1>1>0,
which leads to a contradiction. If a, = ag, the minimality of H(ax,bs) implies D} H (a4, bs) > 0.
However, since g;_(ag) > by > by, we have DI H (a4, bi) < g (a2) +1 < —1 < 0, which leads to a
contradiction. Thus, a, € (ag,ay). Similarly, we have b, € (b1,bs). Now assume that g;_(as) # by,
by the minimality of H(ax,bs), we have D} H(ax,bi) = 0 and D, H(as,bs) < 0. However, if
gi_(ay) < by, then DI H(as,by) > —g] (ax) —1>1>0and Dy H(a.,by) > —g] (ax) —1>1>0,
which leads to a contradiction. If g; (a.) > b, then DI H(as,bs) < g) (as) +1 < =1 < 0 and
D, H(ax,bs) < g (ax) +1 < —1 <0, which leads to a contradiction. Thus g; (as) = b,. Similarly,
hy. (bs) = a,. This completes the proof. O

Proof of Lemma [5.4] We first control the left extension. For k € R, recall the candidate extension
gr on [ag,a] defined (cf. (A21))) by

T (g (1t
‘/E):Z_:f i!( )(:E_a)z_i_((rlj—il)!k(x_a)r+l‘

Define the parameter boundary
k= |flleram(r+ DU r +1)(1+ (a —ag) ™" 1). (A.29)

Note that if y > 0 then Y°7_ v’ < (r+ 1) max{1, y" ™'} < (r +1)(1 + y"*'). Setting y == a — aq,
we get from a direct estimate that

o1 (0) > (o= o)™ = 3|0 @)] 0 — o)

> Ifllerarr+ (1 + (@ = a0)™™) = [ Fller 3@ = o)t > 0.
=0

By a symmetric lower bound, g_x_(ag) < 0. Since gx(ag) is continuous (indeed affine) with respect
to k, the intermediate value theorem guarantees the existence of some k; € [—k_,k_] such that
gk, (ag) = 0. Next we estimate the C"-norm of gx, on [ag,a]. A straightforward computation yields,
for each 0 < i < r,

(H—j (_1)7"+1k1

f )
gi (@ Z ”f—a)“rm

(w o a)r-i-l—i.

Since |k1| < k- and k_ is proportional to || f||cr,as, with a proportionality factor depending only

on r and a — ag (cf. (A.29))), each derivative !g,(fl) (z)| is bounded by a constant multiple of || f||cr 1
Maximizing these over 0 < ¢ < r gives a uniform bound

19k e fag,a) < C=Ifler v,

for some constant C_ > 1 depending only on r and a — ag.
An entirely analogous argument on the right side yields an extension hg, on [b, by] such that
hiy(bo) = 0 and ||hiy llor p,5g) < C+llfllcrar for some constant €y > 1 depending only on r and
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bp — b. Finally, define the glued function F' on My = [ag, bg] by

gr, () if z € [ag,a),
F(z) = ¢ f(x) ifx € M,
hkz ($) ifzv e (b7 b0]7

where the matching of the first r derivatives, at both points a and b, ensures that F' is C" on Mp.
Note that F'(ap) = g, (ap) = 0 and F'(by) = hg,(bo) = 0, and moreover

where D,
proof.
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