TROPICAL THERMODYNAMIC FORMALISM
ZHIQIANG LI AND YIQING SUN

ABSTRACT. We investigate the zero-temperature large deviation principle for equi-
librium states in the context of distance-expanding maps. The logarithmic-type zero-
temperature limit in the large deviation principle induces a tropical algebra structure,
which motivates our study of the tropical adjoint Bousch operator £ since the Bousch
operator L, is tropical linear and corresponds to the Ruelle operator R 4.

We extend tropical functional analysis, define the adjoint operator £ as a tropical
analog of the adjoint Ruelle operator R, and establish the existence and generic
uniqueness of tropical eigendensities of £% associated with the maximal eigenvalue.
The Aubry set and the Mané potential, both originating from weak KAM theory, serve
as important tools in the representations of tropical eigendensities. With our notion
of tropical completeness and our tropical Riesz representation theorem, £% can also
be seen as a version of the tropical Koopman operator.
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1. INTRODUCTION

Large deviation theory characterizes the asymptotic computation of small probabil-
ities on an exponential scale. This topic has gained much interest due to its various
applications and the establishment of a general framework by Varadhan [Va66]. For a
general account of large deviation theory, see e.g. [DZ09] and [EI85].

In dynamical systems, the large deviation of empirical means on orbits approximating
a certain invariant measure in weak* topology has been widely studied (see e.g. [Ki90],
[AP06], [MNOS], and [CRTT19]). Parallel to these studies, in this article, we investigate

the zero-temperature large deviations of equilibrium states parameterized by an inverse
temperature, which have been studied in symbolic dynamics (see [BLT06] and [Mel8§]).

Specifically, we consider the following problem:

For which pairs (T, A) of dynamical systems and potentials does the large
deviation principle hold for the family of equilibrium states {154} ge(1,+o0)
as B — 4+o0?

Similar phenomena have been investigated in other settings; see e.g. Yilin Wang’s sem-
inal work [Wan19] on the large deviation of SLE, as k — 0.

Note that our formulation of the above problem does not a priori assume the weak*
convergence of uga as f — +oo (cf. [DVT5H]). Generally, every weak* accumulation
point of {1154} se(1,4+00) 88 f — 400 is a maximizing measure for the potential A.

For a similar phenomenon in Lagrangian systems, every weak* accumulation point of
the invariant measures generated by the twisted Schrodinger operators as the viscosity
coefficient tends to zero is an action minimizing measure for the Lagrangian (cf. [An04]).

In this article, we address the aforementioned problem in the context of distance-
expanding maps by observing a natural connection: the logarithmic-type (zero-temper-
ature) limits in large deviation principles of equilibrium states induce a tropical algebra
structure. This observation motivates our development of a theory of tropical thermo-
dynamic formalism, which further enriches the dictionary between ergodic optimization
and thermodynamic formalism.



TROPICAL THERMODYNAMIC FORMALISM 3

Since the fundamental work of Cuninghame-Green [Cu79] on tropical linear alge-
bra, the tropical analogs of various mathematical branches such as functional analy-
sis, complex analysis, and algebraic geometry have been extensively investigated (see
e.g. [LMS01], [HS09], and [IMS09]).

In tropical thermodynamic formalism, tropical (max-plus) algebra corresponds to the
standard linear algebra over the real numbers, and the Bousch operator in ergodic op-
timization corresponds to the Ruelle operator in the classical theory of thermodynamic
formalism. We systematically investigate this correspondence in the following steps:

(i) Extending tropical functional analysis (also known as idempotent analysis, cf.
[Ak99], [CGQO4], and [LMSO01]) to support dynamical applications.

(ii) Developing adjoint operator theory for the tropical regime.

(iii) Establishing logarithmic-type zero-temperature limits to operators and eigen-
measures beyond eigenfunctions, creating explicit bridges between thermody-
namic and tropical objects.

To describe these points in more detail, we first review some basic notions of ther-
modynamic formalism and ergodic optimization.

Thermodynamic formalism in ergodic theory dates back to the works of Sinai, Bowen,
Ruelle, and others around the early 1970s [Do68, [Si72, Bow75, [Ru78]|, inspired by
statistical mechanics. See also [Br65l [Ly82] for early works in complex dynamics. To
be more precise, let T: X — X be a continuous map on a compact metric space (X, d),
and ¢: X — R be a continuous function. The measure-theoretic pressure is defined by

Pu(T, @) = hy(T) + /90 du, (1.1)

where h,(T) is the measure-theoretic entropy and p is a T-invariant Borel probability
measure. The measure p is called an equilibrium state if p maximizes P,(T, ¢) and the
maximum is the topological pressure, which we denote by P(T, ). In particular, for a
constant potential, an equilibrium state is called a measure of mazximal entropy. Equi-
librium states are the central focus of thermodynamic formalism. The Ruelle operator
R, also known as the Ruelle-Perron-Frobenius operator or the transfer operator, was
introduced by Ruelle to study the equilibrium states. For example, it is well known
that if T: X — X is open, continuous, distance-expanding, and transitive, and ¢ is
Lipschitz, then the product of the unique eigenfunction w,, of R, and the unique eigen-
measure my, of R, (both associated with eigenvalue e”*¥)) is the unique equilibrium
state 11, (up to a multiplicative constant). Moreover, the spectral properties are of sig-
nificant importance, serving as a foundation for further study of statistical properties
and limit theorems.

Ergodic optimization originated in the 1990s from the works of Hunt and Ott [HO96a),
HO96b], with motivation from control theory [OGY90, [SGYO93], and the Ph.D. thesis
of Jenkinson [Je96]. Ergodic optimization seeks to understand mazimizing measures.
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For a continuous map 7': X — X on a compact metric space X, let M(X,T') denote the
set of T-invariant Borel probability measures on X, and define the maximal potential
energy of a continuous function A: X — R (known as the potential function) to be

Q(T, A) = sup{/Ad,u € M(X, T)} € R. (1.2)

The supremum is attained due to the weak*-compactness of M(X,T). Any measure
p € M(X,T) that satisfies [Adu = Q(T, A) is called a maximizing measure for T' and
A, and the (nonempty) set of such measures is denoted by

Mpax (T, A) = {u e M(X,T): /A dp = Q(T, A)}.

Bousch [Bous00] proposed to consider fixed points of an operator L4, which we call
the Bousch operator for the potential A. These fixed points are used to reveal the
support of maximizing measures of A. The operator is also known as the Bousch—Lax
operator or the Lax operator in the literature since an analogous construction gives
the Laz—Oleinik semigroups in the context of Hamiltonian systems. For comprehensive
surveys on ergodic optimization, see Jenkinson [Je06 [Je19] and Bochi [Bocl§].

In the aforementioned step (i), we introduce our notion of tropical completion and
establish a tropical Riesz representation theorem for the tropical completion of the space
of continuous functions C'(X,R). A notable difference from the conventional functional
analysis is that density functions take the place of measures in our tropical functional
analysis so that we define the tropical adjoint Bousch operator L% on the space of
density functions D(X) (see (1.6)).

In step (ii), we seek to understand the existence and uniqueness of the tropical
eigendensities of £ associated with eigenvalue Q(7, A). In general, the eigendensities
are not unique, but we are able to establish representations of them via the Aubry set
and the Mané potential. These two notions originate from the weak KAM theory in
Lagrangian systems. For more about weak KAM theory, see e.g. Contreras & Iturriaga
[CI99] and Kaloshin & Zhang [KZ20]. We remark that the tropical adjoint Bousch
operator £ can be seen as the counterpart of the backward Lax—Oleinik semigroup.

In step (iii), as we will see in Section[d] the logarithmic-type zero-temperature limit of
the Ruelle operators is the Bousch operator, and the accumulation points of eigenfunc-
tions (resp. eigenmeasures) of the Ruelle operators (resp. the adjoint Ruelle operators)
under logarithmic scaling are the tropical eigenfunctions (resp. eigendensities) of the
Bousch operator (resp. the adjoint Bousch operator).

Now the uniqueness of tropical eigen-objects directly entails the zero-temperature
large deviation principle for equilibrium states. We demonstrate a sufficient condition
for the uniqueness of tropical eigen-objects that holds for a generic Holder potential and
derive a characterization theorem for the large deviation principle within this frame-
work.
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We remark that although our results are stated for open, continuous, and distance-
expanding maps and Holder continuous potentials, they can be extended to more general
systems and potentials with appropriate modifications.

1.1. Tropical algebra. We consider R := R U {400, —0o} equipped with the tropical
(max-plus) algebra:

r @y =max{r,y}, rQy=x+y, forz,ycR

Here —oo is seen as the tropical additive identity, and we adopt the convention that
(+00) ® (—00) = (—00) ® (+00) = —o0. For each subset A C R, we use @ x to denote

€A
the supremum in R, and @ z is defined to be —oo. It is straightforward to check that
z€D
(R, ®, ®) is a semiring and
c® (@)= & (c®u) (1.3)

€A €A

for all A C R and c € R. The basis {(a,b),[~00,a), (b,+oc] : a,b € R} generates the
desired topology on R. Denote R :=R U {—o0}.

Let ]EX denote the space of R-valued functions on a set X. The space IEX with
(udv)(z) = u(x)Bv(z) for all u,v € R and (A@u)(z) = A®u(x) for all u € R and
A € R is a R-semimodule (see Section [2 for a review of related notions). Additionally,

we define (u @ A)(z) == u(z) ® A for all u € R" and A € R. The space R" has the
natural order: u < v if and only if u(x) < v(z) for all z in X, i.e., u < v if and only if

—X L .
u @ v =wv. For each subset U CR , we use & u to denote the pointwise supremum in
uelU

R™. We write (u®v)(z) =u(r)®v(x) for all u,v € R".

Let C(X,Y) be the space of continuous functions from a topological space X to a
topological space Y.

In the sequel, @ always means sup. Denote by 0 := —oo (resp. 1 := 0) the tropical
additive (resp. multiplicative) identity of R.

We use 1x, 1y, Oy, and coy to represent the constant 1, 1, 0, and 400 functions on
a set X, respectively, and denote Oy = 1y. We often omit the subscript X when it is
clear from the context.

1.2. Distance-expanding maps. A map 7 on a topological space X is called a cover-
ing map if T is open, continuous, surjective, and is a local homeomorphism. On a metric
space (X,d), a map T is said to be distance-expanding if there exist constants A > 1
and 7 > 0 such that for all z, y € X, d(x,y) < 2n implies d(T(x),T(y)) = Ad(z,y).
We say that a covering map 7" on a metric space (X,d) is an expanding covering map
if T is distance-expanding.
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This article primarily focuses on expanding covering maps on compact metric spaces,
though many results apply to nonsurjective cases. Note that for a compact metric space
(X,d), the map T: X — X constitutes an expanding covering map if and only if it is
open, continuous, surjectiveﬂ, and distance-expanding (cf. [PUL0, Section 4.1]). Tran-
sitivity is generally not required, and we impose this condition only where necessary.

Let C%*(X,d) denote the space of a-Holder continuous functions p: X — R with
respect to the metric d for a € (0,1]. For a metric space (X, d), denote B(z,r) = {y €
X :d(z,y) < r}foral ze X and r > 0. We use N to denote the set of positive
integers and Ny := N U {0}.

1.3. Ruelle operators and Bousch operators. For a real-valued continuous func-
tion A € C(X,R), the operator R4: C(X,R) — C(X,R) given by

u— Ra(u)(x) = Z u(y)et® (1.4)
yeT~1(z)

is called the Ruelle operator for the potential A. For a transitive expanding covering
map 7: X — X and an a-Hélder continuous potential A € C%¥(X, d), it is well known
that R4 (resp. its adjoint operator R ) has a unique eigenfunction (resp. eigenmeasure)
in C(X,R) up to a constant associated with the eigenvalue of maximal modulus, i.e.,
ePTA) where P(T, A) is the topological pressure of 7' with respect to the potential A.
Let my4 be the unique eigenprobability of R associated with eigenvalue e”(™*4) and
u4 be the unique eigenfunction of R4 in C(X,R) associated with eigenvalue e”(T:4)
satisfying [ua dma = 1. It is known that u, is strictly positive and

HA = Up-MA (15)

is the unique equilibrium state. Here the transitivity assumption guarantees the unique-
ness of us and myu, and implies that w4 is strictly positive. See e.g. [PUL0, Chapters 3
and 5] for more details.

To state the definition of the tropical adjoint Bousch operator, we need the following
definition of the space of densities D(X):

D(X) = {b: X — R: b is upper semi-continuous} U {oco}. (1.6)
We say that b;: X — Rand by: X — R are equivalent if @X(f(x)®bl (x)) = @X(f(x)@)
Te s

by(z)) for all f € C(X,R). For all b;: X — R, there exists a unique by € D(X)
equivalent to by (see Remark [2.17)).

IThe surjectivity condition guarantees that the Bousch operator £ preserves C(X,R), which is
often essential as the tropical dual space of C(X,R) obtained through the tropical Riesz representation
theorem (established in Section [2)) precisely corresponds to (up to a scaling) the set of (large deviation)
rate functions—a matching that fails for C(X,R U {—o0}). Additionally, when studying invariant
objects like equilibrium states (which are inherently supported on the set of nonwandering points), we
can safely ignore points violating surjectivity.
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Definition 1.1 (Bousch operator and its tropical adjoint). Let 7: X — X be a

map on a set X and A € IEX. The Bousch operator L4 : IEX — IEX for the potential A
is defined by

La(u)(z) = & (u(y) @ A(y)) (L.7)
yET~1(x)
for all u € ]EX and x € X. If, in addition, X is a compact metric space, T is continuous,
and A € C(X,R), then we define the tropical adjoint Bousch operator LS : D(X) —
D(X) acting on the space of densities by

L3(0)(z) = (T (2)) © A(x) (1.8)
forall b € D(X) and = € X.

Remark. The Bousch operator L4 is a tropically continuous linear map (Definition [2.5]),
see Lemma Similar to the expression for the iterations of the Ruelle operator, for

allnEN,uEIZRX, and r € X,
Liw)(x)= & (uly)@Aly) @ A(T(y) @@ A(T" ().

yeT " (x)

Recall that @ x = —oo. The Bousch operator £4 maps C(X,R) into itself; under the
z€D

assumption that T: X — X is surjective, it further preserves C'(X,R) (see Proposi-
tion [3.9). For an explanation for our definition of £§ in (L.8), see Remark [3.13] Note

that £ can also be seen as the tropical analog of the (weighted) Koopman operatOIﬂ

Let V' be a subset of RX We define the following related notions:

(i) Q € R is a tropical eigenvalue of L4 on V if there exists w € V such that
L4(u) =Q®u and u(zr) € R for some z € X. Such a function u € V is called a
tropical eigenfunction of L4 in V (associated with eigenvalue Q). The tropical
eigenspace Eq(La, V') of L, for the (tropical) eigenvalue () consists of all u € V/
such that L4(u) = Q ® u.

(ii) Q € Ris a tropical eigenvalue of LS (on D(X)) if there exists b € D(X)~ {oo, 0}
satisfying £5(b) = @ ® b. Such a function b is called a tropical eigendensity of
L (associated with eigenvalue Q). The tropical eigenspace Eo (LS, D(X)) of LG
for the (tropical) eigenvalue @) consists of all b € D(X) such that £ (b) = Q®b.

(iii) A subset E of IEX is of tropical dimension one, written as dim E = 1, if there
exists u € E such that £\ {0, oo, (+o0) @ u} = {a®@u:a € R} and u(z) € R
for some z € X.

’In thermodynamic formalism, the (weighted) Koopman operator Ka: L2(ua) — L2(pa) for a
potential A € C%%(X,d) is given by Ka(f) = (foT) - e?, where p4 is the equilibrium state in
. It is easy to verify that K4 is the adjoint operator of the Ruelle operator R4 on L?(u4), i.e.,
(Ra(f),9) = (f.Kalg)) for all f,g € L*(pa).
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(iv) u € C(X,R) is a sub-action for the potential A if L4(u) < Q(T,A) ® u.

In ergodic optimization, a function in g7, 4)(La, C(X,R)) is called a “calibrated
sub-action” (see e.g. [GalT]).

We call the potential A € C'(X,R) uniquely mazimizing if M. (T, A) consists of a
single measure. It is known in many contexts that the set of uniquely maximizing po-
tentials in the space C%*(X, d) of real-valued a-Holder continuous functions on (X, d) is
generic (i.e., contains a countable intersection of open and dense subsets of C%* (X d)).
This fact was proved in a slightly stronger form by Contreras, Lopes, and Thieullen
[CCTOI] for C* expanding maps and extended to continuous maps on compact met-
ric spaces and more general potentials by Jenkinson [Je06]. More recently, Contreras
[Co16] proved that for an open and dense subset of A in C%*(X,d), M. (T, A) con-
sists of a single periodic measure for open Lipschitz distance-expanding maps 7', known
as the Yuan—-Hunt conjecture [YH99]. Contreras’ work is then followed by [HLMXZ19],
completing the uniformly hyperbolic case. Going beyond the setting of uniform hyper-
bolicity, the first-named author of this article and Zhang [LZ25] proved the analogous
result for expanding Thurston maps.

1.4. The zero-temperature large deviation principle. For all » > 0, a family
of Borel probability measures {v3}sc(r+00) On a topological space X satisfies the large
deviation principle as 3 — +o0o if there exists a lower semi-continuous function 7: X —
[0, +00] (called the rate function) for which the following two inequalities hold:

1
im inf — > i C .
légligof 5 logvs(G) > glcrég I(z), for every open set G C X, (1.9)
1
limsup — log vg(K) < —inf I(x), for every closed set K C X. (1.10)
5&}4,00 /B zeK

Here (3 is called the inverse temperature. Note that I(x) € [0, +oc] for all x € X, which
follows from the fact that vz is a probability measure. It immediately follows from
Remark (a) after [DZ09, Lemma 4.1.4] that if X is a compact metric space, then the
rate function is unique as long as a large deviation principle holds.

We are now ready to state our main results.

Theorem A (Typical zero-temperature large deviation principle). LetT: X —
X be an open continuous distance-expanding map on a compact metric space (X, d), and
a € (0,1]. Then for each a-Hélder continuous function A: X — R that has a unique
mazimizing measure, the following property holds:

If pga is an equilibrium state for BA for each B € (1,400), then {ipa}pe( +o0)
satisfies the large deviation principle as f — +00.

In particular, in the space of real-valued a-Holder continuous functions on X equipped
with the a-Holder norm, the above property holds for a generic subset of A, and if in
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addition T is Lipschitz continuous, then the above property holds for an open and dense

subset of A.

One can describe the rate function for the above large deviation principle in terms
of the tropical eigenfunctions of £, and tropical eigendensities of LG (see Corollary
and Subsection [4.2)).

1.5. Logarithmic-type zero-temperature limits, tropical eigenfunctions and
eigendensities. Assume that T: X — X is a transitive expanding covering map on
a compact metric space (X, d), and A € C**(X,d). For all 3 > 0, recall from Sub-
section that mpga is the unique eigenprobability of Rj, associated with eigenvalue
ePTBA) g, is the unique eigenfunction of Rga associated with eigenvalue ef(T#4)
satisfying fX ugadmpa = 1, and pga = uga - mpga is the unique equilibrium state. We
denote

A= A+loguy —loguyoT — P(T, A) (1.11)
and
1 1
I5(f) = Elog /eﬂf dpga and  IF(f) = Elog /eﬁf dmga, (1.12)

for all f € C(X,R) U {oo, 0} and 8 > 0f] We call pointwise limits of subsequences
1 m « : :

of {B log uﬂA}ﬁe(17+oo), {lg}ﬁe(17+oo), and {lﬁ }66(17+OO), as [ — +o0o, “logarithmic-type

zero-temperature limits”.

Theorem B (Characterization of the zero-temperature large deviation prin-
ciple). Let T: X — X be a transitive expanding covering map on a compact metric
space (X,d), and A: X — R be a-Holder continuous with o € (0,1]. If the family
of equilibrium states {iipa}se,+o0) Satisfies the large deviation principle as f — 400,
then the following hold:

(i) {Bzv‘l/ﬁ}ﬁe(l o) uniformly converges as B — +00.
(ii) {% log U5A}5€(1 +o0) uniformly converges as f — +00.

(iii) {lg”}ﬁe(l o) uniformly converges on every compact subset of C(X,R) as  —
+00.

Conwversely, if both statements (ii) and (iii) are true, then {{154} e, +00) Satisfies the
large deviation principle with rate function —(v®b) as f — +oo, where v € C(X,R) is
the limit function in (i) and b € D(X) is the density of the tropical linear functional,
which is the limit functional in (iii).

3For the constant infinity functions, the values of the functionals are defined by the standard con-
vention for integrals of Borel measurable functions valued in [0, +00] and the natural extension that
log +00 = +00 and log 0 = —oo. Hence, Ij3(c0) = Ij'(00) = +00 and Ij3(0) = I3'(0) = —oo for all § > 0.
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For the definition of tropical linear functionals and their densities, see Definitions [2.5
and [2.15] A version of Theorem [B| was proved in [Melg] for full shifts via methods
depending crucially on symbolic dynamics. Our proofs of Theorems [A] and [B] rely on
developing a tropical analog of the thermodynamic formalism theory, with Theorem [C]
being its main component.

Theorem C (Existence and generic uniqueness of tropical eigenfunctions and
tropical eigendensities). Let T: X — X be an open continuous distance-expanding
map on a compact metric space (X,d), and A € C**(X,d) with a € (0,1]. Then the
following hold:

(i) (Existence of tropical eigenfunction.) For each u € C(X,R), define

vy () = limsup L% (u)(z)
n—-+0o -

for each x in X, where A .= A—Q(T, A). Then v, is in C(X,R) and is a tropical
eigenfunction of L4 associated with eigenvalue Q(T, A). Ifvi(x) = —oo for some
x € X, then L4 has no tropical eigenfunction in C(X,R). Ifv; € C(X,R), then
vy is i C¥*(X,d) for allu € C(X,R). Moreover, if T is transitive, then vy is
in C*(X,d).

(ii) (Generic uniqueness of tropical eigenfunction.) For a generic potential A in
Co(X,d), Eqir.ay(La, C(X,R)) is of tropical dimension one.

(iii) (Existence of tropical eigendensity.) There exists a tropical eigendensity of LS
associated with eigenvalue Q(T, A).

(iv) (Generic uniqueness of tropical eigendensity.) For a generic potential A in
CO(X,d), Eqer.a) (LS, D(X)) is of tropical dimension one.

(v) (Uniqueness of tropical eigenvalue.) The number Q(T, A) is the mazimal tropical
eigenvalue of L4 (resp. LG) on C(X,R) (resp. D(X)), and if T' is transitive, then
it is the unique tropical eigenvalue of L4 (resp. LF) on C(X,R) (resp. D(X)).

Here Q(T, A) is defined in and C%*(X,d) is the space of real-valued a-Holder
continuous functions on (X, d). We give original proofs of (i) and (iii) following the
correspondence between thermodynamic formalism and its tropical counterpart. For
(v), we remark that £4 may have other tropical eigenvalues on C'(X,R) when T is not
transitive. This corresponds to the fact that some eigenfunction of the Ruelle operator
may take 0 and the Ruelle operator may have more than one positive eigenvalue when
T is not transitive.

For (iii), recall that the existence of the eigenmeasure of R}, follows from the Schauder—
Tychonoff fixed point theorem. Similarly, we use the tropical completion of C'(X,R)
and apply a version of Perron’s method (see Proposition . The other ingredient for
(iii) is the existence of a continuous real-valued sub-action, known as the Mané lemma.
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In order to study the generic uniqueness of tropical eigenfunctions and tropical eigen-
densities, we establish the following representations in terms of the Aubry set and the

Mané potential (see Definitions and [3.16| respectively).

Theorem D (Representation of tropical eigenfunctions and eigendensities).
Let T: X — X be an open continuous distance-expanding map on a compact metric
space (X,d), and A: X — R be a-Hélder continuous with o € (0,1]. Let ¢a(-,-): X X
X — R be the Mané potential associated with A, and Q4 be the Aubry set with respect
to A. Then the following hold:

(i) Suppose v is in Eqp a)(La, C(X,R)). Then

v(y) = @ (v(z) @ Palz,y))

FIS P

for every y in X. Moreover, for all c € C(Q4,R), fo(-) = & (c(z) ® pa(z,-))
e

A

is in Eqr,a)(La, C(X,R)). In addition, there exists a unique ¢ € C(Q4,R) such
that v = f. and c(x) ® pa(x,y) < c(y) for all z, y € Qu.

(i) (a) Supposeb isinEqep 4)(LS, D(X)). Thenb(-) is equivalent to @ (Pal,y)®

yelly

b(y)). Moreover, if b # oo, then b(x) = E% (pa(z,y)®b(x)) forallz € X.

yeila

(b) For all c € ]ZRQA, we have that e?l (-, y) ®cly)) is equivalent to some V

yeily

in Eq(r,4)(L5, D(X)).

(iii) The entries of {¢a(-,y)}yeq, are tropical eigendensities of LS associated with
eigenvalue Q(T, A), and the entries of {pa(x, ) tzeq, are tropical eigenfunctions
of L4 in C(X,R) associated with eigenvalue Q(T, A). If A is uniquely mazimiz-
ing, then the entries of {¢a(x,)}zea, (resp. {da(-,y)}yea,) are the same up to
a tropical multiplicative constant.

While the parts of Theorem [D] on eigenfunctions in the context of subshifts of fi-
nite type have appeared in [Gal7, Propositions 6.2 and 6.7], we take the opportunity
to generalize it to uniformly expanding systems without assuming transitivity and es-
tablish novel counterparts for eigendensities. It is worth mentioning that our proof of
Theorem [D] (ii) relies on the constructive result Corollary (i.e., Theorem [C] (i)) for
tropical eigenfunctions.

The logarithmic-type zero-temperature limits can be seen as a bridge connecting
thermodynamic formalism objects and their tropical counterparts.

Recall that a family of real-valued continuous functions on X (resp. functionals on
C(X,R)) is a normal family if, for every sequence of functions (resp. functionals) of
this family, there exists a subsequence that is uniformly converging on every compact
subset of X (resp. C(X,R)).
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Theorem E (Logarithmic-type zero-temperature limits of eigenfunctions and
eigendensities). Let T: X — X be a transitive expanding covering map on a compact
metric space (X,d), and A: X — R be a-Hélder continuous with o € (0,1]. Then the
following hold:

(i) The family {lgn|C(X:R)}Be(1 oo) is normal, and the (pointwise) limit of every

convergent subsequence {lgln }neN with B, — 400 as n — 400 is a tropically
continuous linear functional whose density in D(X) is in Eqer 4)(L5, D(X)).

(ii) The family {lg|C(X’R)}BE(1 ©oe) 8 mormal, and the (pointwise) limit of every

convergent subsequence {lgn}neN with B, — 400 as n — 400 s a tropically

continuous linear functional whose density in D(X) is the tropical product v ® b
of some v € Eqp ) (La, C(X,R)) and some b € Eg 7, 4)(L3, D(X)).

Here [} and [j;, whose domains are C(X,R) U {oo, 0}, are defined in , and
D(X) is defined in ([1.6)). For the definition of tropically continuous linear functionals
and their densities, see Definitions and Indeed, every tropical linear functional
on C'(X,R) U {oo, 0} has a unique density in D(X) (see Remark [2.17)).

Theorem [E] together with Theorem [D] leads to the corresponding rate functions
for large deviation principles. In the context of subshifts of finite type, Baraviera,
Lopes, and Thieullen [BLT06] established a large deviation principle for {14 }ge(1,+00)
under the assumption that the potential A is uniquely maximizing using the “dual
shift” technique. Our study of subsequential limits does not rely on this technique and
explores the situation in which the potential may not be uniquely maximizing.

Theorem F (Logarithmic-type zero-temperature limits of equilibrium states
and normalized potentials). Let T: X — X be a transitive expanding covering

map on a compact metric space (X, d), and A: X — R be a-Hélder continuous with
a € (0,1]. Then the following hold:

(i) The two families {B\A/ﬁ}ﬁe(wroo) and {lg’C(X’R)}B€(1,+OO) are normal.

(il) Suppose {élog u5kA}neN pointwise converges to a function v € C(X,R) with
B — +o00 as k — +oo. Then {B;:Zl/ﬁk}keN pointwise converges to A —
Q(T,A)+v—voT as k — +oo.

(iii) Suppose {E;:Z/Bk}keN pointwise converges to a function A e C(X,R) and
{lgk}keN pointwise converges to a function 1: C(X,R) U {oo, 0} — R with

Br — +00 as k — +o0o. Then | is a tropically continuous linear functional
whose density b in D(X) satisfies L5(b) = b.

It is well known that the limit v in Theorem [F| (ii) is in Egp 4)(La, C(X, R)) (cf.
Lemma [4.1]).
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1.6. Comments and the organization of the article. As already mentioned, we
consider the analysis of the Bousch operator for some Holder potential without the
surjectivity and transitivity assumptions. It is worth noting that £, may only have
tropical eigenfunctions in C'(X,R) as we see in Theorem |C| (i), while a real-valued
(Holder continuous) sub-action always exists (Proposition [3.6)). The difference lies in
the constructions of the two functions. A tropical eigenfunction of £4 in C(X,R)
constructed in Theorem |C| (i) is the limit superior of L% (u) as n — +oo for some
u € C%(X,d) while the sub-action constructed in the proof of the Mané Lemma in
Proposition [3.6]is the supremum of {£% (1) },en,-

A key feature of the proofs of the above theorems is the application of formalism
via tropical algebra and tropical analysis, making the proofs more applicable to other
systems. For Theorem |C]| (iii), tropical completeness facilitates an application of a
version of Perron’s method. For Theorems @ and E the subsequential limits of [jf
and lg as 3 — +oo are tropically continuous linear functionals, and thus our tropical
Riesz representation theorem (Proposition applies. Furthermore, it follows from
the tropical Riesz representation theorem that the densities of the subsequential limits
of [ are tropical eigendensities of £3. These densities are generally different, and
their representations are given in Theorem @ For Theorem @ (ii), for all tropically
continuous functionals [ and u € C%*(X,d), l(u) is equal to l(v,), where v, is in
Eor.a)(La, C(X,R)) (cf. Theorem |C] (i), and thus Theorem @ (i) applies.

The other main ingredient for demonstrating Theorem [D| (i) and (ii) is the properties
of the Aubry set and the Mané potential. Some of these results have already appeared in
the context of expanding maps on the circle and subshifts of finite type (see e.g. [CLT01]
and [Gal7]), but since we need to add new ones (namely, Proposition [3.1§ (ii) and
Lemma concerning tropical eigendensities of £, we provide the new proofs in
Subsection [3.2] and keep the others in Appendix [A]

The outline of the article is as follows. In Section [2] we introduce and investigate
tropical functional analysis notions and results, which include the definitions of tropical
completeness, tropical dual spaces, and tropical measures. In Section [3| we focus on the
Bousch operator for open continuous distance-expanding maps without the surjectivity
and transitivity assumptions. In Subsection (3.1, we first give a constructive proof of
Theorem [C| (i) (i.e., Proposition and Corollary and then define the tropical
adjoint Bousch operator and prove Theorem |C| (iii). In Subsection , we recall the
concepts of the Aubry set and the Mané potential, and discover that tropical eigen-
densities of the tropical adjoint Bousch operator can be represented by the Aubry set
and the Mané potential. Theorem [D]is proved in Subsection [3.3] A sufficient condition
for the uniqueness of tropical eigenfunctions and tropical eigendensities is discussed in
Subsection [3.4] The proof of Theorem [C]is concluded in Subsection 3.5 In Section [4]
we investigate the logarithmic-type zero-temperature limits and establish Theorems [E]
and [F]for transitive expanding covering maps. By considering the restriction of the map
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on the set of nonwandering points, we generalize Theorem [E] to establish Theorem [A]
Theorem [B] is established as a corollary of Theorem [F] We keep the proofs that could
be familiar to experts in Appendix [A]

Acknowledgments. The authors thank Juan Rivera-Letelier for suggestions on refer-
ences and Mikhail Yu. Lyubich for his suggestions after listening to the main content of
the article during the summer school at Urgench State University, Uzbekistan, in Au-
gust 2023. The authors were partially supported by Beijing Natural Science Foundation
(JQ25001, QY24007) and National Natural Science Foundation of China (12471083,
12101017, 12090010, and 12090015).

2. TROPICAL FUNCTIONAL ANALYSIS

In this section, we introduce the notions of tropical completeness, tropical dual spaces,
and tropical measures, and prove general tropical functional analysis results.

2.1. Tropical spaces and tropical dual spaces. Tropical spaces and tropical dual
spaces, especially the tropical completion and tropical dual space of C(X,R), are stud-
ied in this subsection.

We introduce the following notion of tropical completeness and completion, which is
different from the notion of “normal completion” in [LMSO01, pp. 703-704].

Definition 2.1. Let S C IZRX be a set of R-valued functions on a set X. The set S is said

to be tropically complete if for each subset U C S, @ w isin S. The tropical completion
uelU

of S, denoted by S, is defined to be the intersection of all tropically complete subsets
of ]EX containing S.

In particular, we denote the tropical completion of C'(X,R) by C(X,R). Recall that

@ u is the pointwise supremum, and a function u: X — R on a topological space X
uelU

is upper (resp. lower) semi-continuous if for every b € R, the set {z € X : u(x) < b}
(resp. {z € X : u(x) > b}) is open.

Remark 2.2. Let X be a compact metric space. The “normal completion” of C(X,R)
in [LMS01] is LSC(X)U{oo, 0} (i.e., real-valued lower semi-continuous functions and the
two constant infinity functions). In contrast, Q (X,R) contains lower semi-continuous
functions from X to R U {400} that take +00 somewhere but are not equal to +oo
everywhere. Indeed, different kinds of completions can be seen as being related to
analogs of different norms on (conventional) linear spaces.

It is straightforward to check that for all S C ]EX,

3:{@U:UQS}. (2.1)

- uelU
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Lemma 2.3. Let X be a compact metric space. If g: X — RU {400} is lower semi-
continuous, then there exists a countably infinite family {u; € C(X,R) : i € I} such
that g = ® ;.
el
Proof. 1t is straightforward to check that every lower semi-continuous function g: X —
R U {+0o0} on the compact metric space X has a lower bound M € R. It then follows
from [Ke95, Theorem 23.19] that there exists a nondecreasing sequence {f,}n,en in
C(X,R) such that g = @an. O
ne

Now we can give a description of C'(X,R).

Proposition 2.4. Let X be a compact metric space. Then

-~

C(X,R)={g: X > RU{+o0} : g lower semi-continuous} U {0}.

Proof. Denote W = {g: X — RU{+o0} : g lower semi-continuous}U{0}, and we need
to show that W = C(X,R). By Definition , it suffices to check that W is tropically

complete and each tropically complete subset of IEX containing C'(X,R) contains .
We first prove the tropical completeness of W. For each family {g, € W : v € V},

g» is lower semi-continuous for all v in the index set V. Thus, @ g, is lower semi-
veV

continuous. Moreover, if there exists an index vy in V' such that g,, # 0O, then g,,: X —
R U {+o0} since g,, € W and it follows that @ g,: X — RU{+o0}. Otherwise, g, =0
veV

for all v in V, and consequently & g, =0 &€ W. We conclude that & g, € W. The
veV veV

tropical completeness of W is now verified.
. =X ..
Now we show that every tropically complete set W' C R containing C'(X,R) con-

tains W. Note that 0 = @ u € W’. By Lemma , for each g € W ~ {0}, there exists
u€efd

a family {u; € C(X,R) : ¢ € I} C W’ such that g = @®wu;. Since W' is tropically
el
complete, it follows that ¢ € W’. We conclude that W C W', O

Recall that for a semiring R, an R-semimodule is a set S equipped with a binary
operation +: S xS — S and amap x: RxS — S, with the operations for the semiring
R also denoted by + and x, provided that the following axioms are satisfied:

(i) (a+b)+c=a+ (b+c) forall a,b,c e S.
(ii) a+b=0b+a forall a,b € S.

(iii) There is an element Og in S such that 0g +a = a for all a € S.

(iv) Ax(a+b)=(Axa)+ (Axb) forall A € Rand a,b € S.

(V) (M1 +A2) xa= (N xa)+ (A xa) forall \j,\y € Rand a € S.

(vi) Og x a =0g for all a € S.
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(vil) 1g xa=aforalla € S.

(viii) (A X Ag) x a = Ay X (Ag x a) for all A, A\ € Rand a € S.
A map L: Sy — S between the two R-semimodules S; and S, is called a semimodule
homomorphism if L(a +b) = L(a) + L(b) and L(A x a) = A x L(a) for all a, b € 5
and A € R. A subset M of an R-semimodule S is called a subsemimodule if it is closed
under the addition and scalar multiplication of S. B

In this article, we focus on the operation pair (&, ®) for R. It is straightforward to

check that C'(X,R) U {oo, 0} and C(X,R) are subsemimodules of the R-semimodule
=X
R .

Now we define tropically continuous linear maps using our notion of tropical com-
pletion. Note that it follows from 1} and 1} that if V' is a subsemimodule of ]EX,
then V is also a subsemimodule of R .

Definition 2.5. Let X be a set and V, W be two R-semimodules.

(i) Amap L: V — W is tropical linear if it is a semimodule homomorphism.

(ii) A map £: V — Riis called a tropical functional.

(iii) Assume that V, W are two subsemimodules of RX. We call a tropical linear map
L:V — W tropically continuous if £ can be extended uniquely to a tropical

linear map L£: V — W satisfying
L = L
(uEEBUu) uGGBU (U)
for every subset U C /Z\

When more than one property or term above is mentioned, we often adopt the conven-
tion to only use one “tropical(ly)”, e.g. a tropically continuous linear functional and a
tropical linear functional.

Note that we adopt the convention to use an underscore to indicate a tropical object,
e.g. tropical reals R, tropical eigenspaces £,(L, V), tropical dimension dim, tropical
completion V', and tropical integrals f defined below.

Let V, W be two subsemimodules of ]EX, and £ be a tropical linear map from V' to
W. Suppose u, v € V and u < v, i.e., udv =wv. Then L(v) = L(udv) = L(u) D L(v),
ie., L(u) < L(v). Thus, £ is an order-preserving map. We record this well-known fact
below.

Lemma 2.6. Let X be a set, V, W C IZRX be two subsemimodules of]EX, and L be a
tropical linear map from 'V to W. Then L(u) < L(v) for all u, v € V with u < v.

We discover the following interesting result, which plays a role in the discussion on
logarithmic-type zero-temperature limits.
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Proposition 2.7. Let (X,d) be a compact metric space. Then every tropical linear
functional L: C(X,R) U {oo, 0} — R is tropically continuous.

Proof. We need to prove that £ can be uniquely extended to some L: Q(X, R) - R

satisfying E( Du)= @ 2(u) for each subset U C Q(X, R) and Z(A@g) = )\®E(g) for
uelU uelU

all g € Q (X,R) and A € R. We first construct a tropically continuous linear extension
and then verify the uniqueness.
We consider
Llg)= &  L(u) (2.2)
ueC(X,R):u<yg
for all g € C(X,R). For g € C(X,R), Lemma implies L(u) < L(g) for all u €
C(X,R) with u < g. Note g < g. Thus,

~

Llg)= ©  L(u)=L(g) (2.3)

ueC(X,R):u<yg

For g € {00, 0}, the identities in ([2.3)) hold since oo and 0 are the maximal and minimal
elements of C'(X,R) U {oc0, 0}, respectlvely We conclude that £ is an extension of L.
Next, we check the linearity and continuity of L. Fix g e Q (X,R). For A € R,

LO®g) = ) L= & LO®u)=I®L(g). (2.4)

ueC(X,R):uA®g ueC(X,R):u<yg

For A € {+00, —oc}, it is straightforward to check that £()\ ®g) =A®L(g).
To prove E( @ u) = GB E( ) for a fixed arbitrary U C C(X,R), denote g == & u.
uelU
)-

By (2 , for u € U, u < g implies L(u) < L(g). We conclude that & L(u) < L(g

uelU

Now we need to show £(g) < @ L(u). By 1} it suffices to prove that for all v in
uelU
C(X,R) satisfying v < g, L(v) < & L(u).

uelU

Fix e > 0 and v € C(X,R) with v < g = ® u. For every x € X, there exists
uelU

u; € U such that u,(z) > v(z) —e. Since u, € Q(X7 R), by Lemma there exists
w, € C(X,R) such that w, < u, and w,(x) > v(z) —e. Now that w, and v are both
in C(X,R), w, > v — 2¢ holds in some neighborhood B(z,r,). Thus, |,y B(z,7:)
forms an open cover of X and the compactness of X implies that there is a finite cover
X =U;_, B(z;,1s,). We conclude that v —2¢ < & wy,,.

1<i<n

Note that & w,, is in C(X,R) since w,, is in C(X,R). Thus it follows from the

1<i<n

tropical linearity of £, w, < u,, and u, € U that
LO)=2<L( @ wy)= @ Lw,)< & L(uy,) < ® L(w).

1<isn 1<i<n 1<i<n ueU
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Letting € tend to 0, we conclude that L(v) < EB EA(u), and the tropical continuity

follows. Finally, we verify the uniqueness of the extensmn Let £ be an extension of £

satisfying E( EB u) = @ L(u) for each subset U C C(X,R) and LA ® g) = A ® L(g)

uelU

for all g € Q(X,]R) and A € R.

Fix ¢ € C(X,R), consider U = {u € C(X,R) : g}. By Lemma |2 H and
Proposition [2.4] we have & u = g. Since Lisa troplcally continuous linear extension

uelU
of £, we see that L(g) = @& L(u) = ® L(u) = L(g). Uniqueness is now
uelU ueC(X,R):u<yg

verified. U

Remark. This proposition suggests that there is no difference between tropical lin-
ear functionals on C'(X,R) U {oo, 0} and tropically continuous linear functionals on

Q (X,R) for compact metric spaces X. Furthermore, we observe from the above proof

that we can replace “every subset U C f_/\” with “every countable subset U C f_/\” in
Definition (iii) for compact metric spaces.

Definition 2.8. Let X be a set and V' be a subsemimodule of IT&X The tropical dual
space V@ of V is the space consisting of all tropically continuous linear functionals from
V to R.

Remark 2.9. The tropical dual space V® of V becomes an R-semimodule under the
following operations:

(i) (1 ®ls)(u) == l1(u) ® la(u) for all Iy, I, € V® and u € V;
(i) (c®@)(u) =c@l(u) forallccR, 1€ V® andu € V.

In the remainder of this subsection, we discuss the connection between the tropical
completion and the tropical dual space. L

Denote S := C'(X,R)U{oo, 0}. Note that S = C'(X,R). We thus denote C'(X,R)® :=
S® despite the fact that C'(X,R) is not a subsemimodule of EX.

The following definitions are important for the representation of the tropical dual

space, as well as some of the analysis in Section Similar notions also appear in
[CGQO4), [LMS01], and [HS09] [

Definition 2.10. Let X be a set. For u,v € ]EX, we define

u©v= @® AER and u@v::u@)(—v)EIEX.
ARQv<y
AER

4We remark that [CGQO4] uses / to denote the & operation, following the convention in residuation
theory. We reserve @ for the pointwise subtraction operation as in [HS09].
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Recall that @ 2 = —oo. In particular, a @b =a ® (=b) = a © b for a, b € R.
z€D

Definition 2.11. Let X be a set. For all u, f € ]EX, denote

b(f)=—(uef)
Remark 2.12. [t is straightforward to check that

L(f) = & (f@)@ (~u(a)) = & (/) @ ulx)

for all u, f € IEX. It follows that [, : JEX — Ris a tropically continuous linear functional
for all u € ]EX.

Our choice of the notion of tropical completion facilitates the following form of tropical
Riesz representation theorem (cf. Remark 2.17)).

Proposition 2.13. Let X be a compact metric space. The restriction L, : Q(X7 R) = R
is a tropically continuous linear functional in C(X,R)® for each v € Q(X, R), and the
map lo: C(X,R) = C(X,R)® given by v — I, is a bijection.

Proof. 1t is straightforward to check that [,: Q (X,R) — R is a tropically continuous
lincar functional for all v € C(X,R).

Now we show that [, is surjective and then verify its injectivity.

Let £: C (X,R) — R be a tropically continuous linear functional. First we consider
the case where L(f) € {+00, —oo} forall f € C(X,R). If there exists u € C(X,R) such
that L£(u) = —oo, then £(00) = L((4+00)®u) = (+00) ® L(u) = (+00) ® (—00) = —00.
Note that oo is the maximal element of C(X,R). It follows that £(f) = —oo for all
f e C(X,R). If L(u) = 400 for all u in C(X,R), then it follows from Proposition
and Lemmathat L(g) = +oo for all g € C(X,R)~ {0} and £(0) = (—o0) ® L(1) =

—o0. We conclude that the only two tropical linear functionals for the first case are

—oo it f =0;

L(f) = —oc forall f € C(X,R) and ﬁ(f):{+oo if f#0.

By Definition [2.11] the former is [, and the latter is oo

Now we suppose that L(f) € R for some f € C(X,R). Then the range of £ must
contain R since L is tropical linear. Consider M = {f € é’(X7 R): L(f) < O}, and it
follows that £(M) == {L(f) : f € M} also contains some real number. Since C(X,R)

is tropically complete, we consider v := @ f € Q (X,R).
feMm

Claim. L(v) =0 and L = [,.
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It follows from the tropical continuity of £ and the definition of M that L(v) =
@ L(f) < 0. Recall that L(M)NR # 0 and consequently £(v) € R. The tropical
feM

linearity of £ then implies
L((=L(v)) ®v) = (=L(v)) ® L(v) = 0,
and consequently (—L(v)) ® v € M. Recall that v = @ f is the maximal element of
feM
M, it follows that (—L£(v)) ® v < v. Thus,
0=(—L(v)®L(v) =L(—L(v)) ®@v) < L(v)

and we conclude that L(v) = 0.

Similarly, for each f € C(X,R), L((—L(f))® f) = (=L(f)) ® L(f) < 0 implies that

(—L(f)) ® f € M. Since v is the maximal element of M, we have (—L(f)) ® f < v,
e, —L(f) < v® f (cf. Definition [2.10). Meanwhile, it follows from Definition

(ve f)® f <w)and Lemmathat
we fleL(f) =L(ve f)® f) < L(v) =0,

ie,v® f < —L(f). Combining the two inequalities, we see that £ = [,, establishing
the claim.

We conclude that [, is surjective.
Finally, we need to verify the injectivity of l,, i.e., for each pair of u, v in C(X,R), if

—(vef)=—(uef) (2.5)
for all f in Q(X,]R), then v = u. Now taking f = u in 1D we get u < v. By
symmetry, we get v < u. We conclude that © = v and injectivity follows. 0

2.2. Tropical measures. This subsection is devoted to the connection between ab-
stract tropical measures and tropical linear functionals: the function —v appearing in
the representation of a tropical linear functional turns out to be the density b of the
corresponding tropical measure.

We recall the following definitions from [ACGQV94], Definition 18].

Definition 2.14. Let U be the collection of all open subsets of a topological space X.
A map m: U — R is a tropical measure if it satisfies the following conditions:

(i) m(0) = —oo.
(i) m(U,e; Ai) = &m(A;), if I is a countable index set and A; € U for each i € I
i€l

If m(X) < +oo, m is said to be finite. If m(X) = 0, m is called a tropical probability
measure.

Remark. In [ACGQV94] Definition 18|, tropical probability measures are called cost
Measures.
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Definition 2.15. Let U be the collection of all open subsets of a topological space X.
Ifb: X - Rand m: U — R satisfy

for every open subset U of X, then we call b a density of the tropical measure m.
For a tropical measure m with a density b, an open subset V of X, and a function
f € C(X,R), we define the tropical integral of f with respect to m over V' by

fdm = @ (f(x) ®b(x)).

Jy zeV

For the fact that tropical integrals are well defined, see Remark below.
A function b: X — Ris a density of a tropical linear functional [ on C'(X, R)U{oo, 0}
if
I(f) = & (f(z) ®b(z))

zeX

for all f € C(X,R) U {o0, 0}.

Proposition 2.16. For each finite tropical measure m on a compact metric space
(X,d), there exists a unique upper semi-continuous function b: X — R such that b
15 a density of m.

Remark. Here we present a direct proof in the case where X is compact, which is the
only case we need. For more general discussions, see [ACGQV94, Theorem 19] and
[Ak99l Proposition 3.15 and Corollary 3.22].

Proof. We first verify the existence. By the definition of tropical measures, m(AUB) =
m(A) & m(B). Thus, A C B implies m(A) < m(B). Then for every z € X, we define
b(x) as
b(x) == lim m(B(x,¢)). (2.6)
e—0t
Note that the finiteness of m implies that b: X — R. It suffices to show that b is upper
semi-continuous and that for every open subset U of X,

m(U) = @ b(u).

uel
Consider a sequence {xy}ren in X converging to x in X as k — +o00. Note that
b(xr) < m(B(zy,d(x,zx))) < m(B(x,2d(x, zx))).
Combining x; — = as k — +o00 and , we see that
lim sup b(z) < b(z).

k—+o0

This proves the upper semi-continuity of b.
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Now suppose that U is open. It follows from (2.6 that b(u) < m(U) for every u in
U. Thus,
m(U) = @ b(u).

uelU
To prove the inverse inequality, we need to use the fact that a compact metric space
(X, d) is a second-countable topological space, so that for every open cover of U, there
exists a countable subcover of U. Fix ¢ > 0. By , there exists a neighborhood
B(u,r,) such that b(u) ® € = m(B(u,r,)) for every w in U. Since {B(u,7,) }uer forms
an open cover of U, we then have a countable subcover { B(ug, 7y, ) tren. It follows from

i/ < < 0 .

uelU
Ase— 07, we get m(U) < & b(u). We conclude that b is a density of m.
uelU

Finally, it is straightforward to check that if b: X — R is an upper semi-continuous
density of the measure m, then b(z) must be equal to the limit of m(B(z,€)) as e — 0.
The uniqueness follows. O

Remark 2.17. Let X be a compact metric space. Recall
D(X) = {b: X — R: b is upper semi-continuous} U {oo}.

Note that v € Q(X, R) if and only if —v € D(X) (cf. Proposition . Thus, by
Proposition D(X) consists of densities of tropically continuous linear functionals
and b — [_,, gives a bijection from D(X) to C(X,R)®. By Proposition[2.16, D(X )~ {oo}
consists of upper semi-continuous densities of finite tropical measures. Recall the notion
of tropical integral. We conclude that Proposition together with Proposition [2.16
forms a tropical analog of the Riesz representation theorem for C'(X,R) when X is a
compact metric space.

The existence of the density provides convenience for studying tropical measures and
tropical linear functionals (cf. Propositions and . But one needs to be aware
that a tropical measure (resp. linear functional) can have different densities that may
not be in D(X). Recall that two densities b;: X — R and by: X — R are equivalent
if @X(f(x) ® b (z)) = @X(f(x) ® by(z)) for all f € C(X,R), which implies that they

faS e

are the densities of the same tropical linear functional on C'(X,R) U {oo, 0}. It then
follows from Propositions and that for every b;: X — R, there exists a unique
by € D(X) equivalent to b;.
Note that there is a slight difference between (i) G}X(f(x)®b1 (r)) = @X(f(m) ®bo(x))
xE e

for all f € C(X,R) and (ii) @ bi(u) = @ be(u) for every open subset U of X. If
uelU uelU

@ bi(z) < 400 and @ by(z) < 400, then the two conditions are equivalent. For

reX zeX

every by: X — R with @ bi(xr) = 400, by and oo induce the same tropical linear
rzeX
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functional, but they may not induce the same tropical measure. Generally, one can
prove that if & by(u) = @ be(u) for every open subset U of X, then & (f(z)®b(z)) =
uelU uel zeX

@X(f(x) ® by()) for all f € C(X,R) and consequently for all f € C(X,R).
xe

To justify that the tropical integrals in Definition [2.15 are well defined, we assume
that @ by(u) = @ bo(u) for every open subset U of X. Fix an open subset V of X
uelU uelU

and a function h € C(X,R). For each x € V and each € > 0, there exists 6 > 0 such
that B(z,0) C V and |h(z) — h(y)| < € for all y € B(x, ). It follows that

M) Oh) < & (1) ©h(y)

<e®h(z) @ ( @ bl(y)>

y€B(,9)

—eah@e( © bhiy)

yEB(z,5)

<oe( @ (hy©hy)

yEeB(z,0)

<(20)® ( @ (ha(y) ® 52(31))>-

yeVv
We conclude that & (h(z) ® bi(z)) < & (h(x) ® by(z)). By symmetry, we see that
z€eV zeV
@ (h(z) ©bi(y)) = @ (h(x) ®ba(y)).
zeV zeV

By Remark , D(X) inherits the structure of an R-semimodule from C(X,R)®
through the bijection b +— [_,. It is important to note that the operations (&®, ®®) in
this inherited structure are not defined pointwise. Rather, they can be characterized
by the following relations:

(i) For each A C D(X), @° b is the unique density in D(X) equivalent to @ b.
be A beA

(ii) For each ¢ € R and each b € D(X), ¢ ®® b is the unique density in D(X)
equivalent to ¢ ® b. For example, for each b € D(X) \ {0}, (+00) ®® b = oo
even if b(x) =0 for some z € X.

For future reference, we can also define the counterparts of invariant measures and
ergodic measures. We will not need these notions in the current article.

Definition 2.18. Let T: X — X be a continuous map on a compact metric space
X. Let m be a finite tropical measure on X with the upper semi-continuous density
b: X - R

(i) m is T-invariant if for every point z in X, b(z) = &  b(y).
yeT~1(2)
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(ii) m is ergodic if m is T-invariant and for every point 2 in X, limy_, o b(T%(x))

is either @ b(y) or 0.
yeX

3. BOUSCH OPERATOR AND ITS TROPICAL ADJOINT

In parallel to the classical Ruelle operator theory, we investigate in this section the
tropical eigenfunctions of £, and tropical eigendensities of L9 for Holder continuous
potentials A.

In Subsection [3.I, we present analysis similar to that in thermodynamic formal-
ism and establish constructive results for tropical eigenfunctions of £4 and tropical
eigendensities of £9. Properties of the Aubry set and the Mané potential, and the
representations of tropical eigenfunctions of £, are recalled in Subsection In Sub-
section we establish the representations of tropical eigendensities of LG and prove
Theorem [D] In Subsection [3.4] we discuss a sufficient condition for the uniqueness of
tropical eigenfunctions and tropical eigendensities, leading to a proof of Theorem [C] in

Subsection [3.51

3.1. Analysis in a tropical thermodynamic approach. This subsection provides
a tropical counterpart to certain aspects of thermodynamic formalism.

The construction of tropical eigenfunctions of £4 associated with eigenvalue Q(7T', A)
is presented in Proposition and Corollary [3.5] We generalize Proposition to
establish Corollary as a tropical counterpart of convergence theorems for the Ru-
elle operators despite the potential nonuniqueness of tropical eigenfunctions. As noted
earlier, the construction in this corollary is key for obtaining general representations
of tropical eigendensities. Since the map 7' is not assumed to be transitive, our con-
struction only yields tropical eigenfunctions in C'(X,R) and £4 may have no tropical
eigenfunctions in C'(X,R). In comparison, we use the existence of a sub-action (known
as the Mané Lemma) with a Holder seminorm bound from Proposition without as-
suming transitivity or surjectivity (cf. [Bous11l, [STY24]) for the proof of Proposition
We then establish the existence of a tropical eigendensity of £ associated with eigen-
value Q(T, A) in Proposition and conclude the subsection with a discussion on the
uniqueness of tropical eigenvalue in Proposition (3.8

We remark that although specific propositions and proofs may differ from those in
thermodynamic formalism, the underlying reasoning closely parallels the framework of
thermodynamic formalism.

Recall that C%* (X, d) denotes the space of a-Hélder continuous functions p: X — R
for a € (0,1]. For each ¢ € C**(X,d) and each € € (0, +00], denote

r) — ey
|o|de = sup{% cx,ye X, 0<d(z,y) < 6} and  |@lge = |©|de too-

(3.1)
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Recall that O is the constant zero function on X. For a potential A in ]EX, denote
SpA(z) = Az) @ A(T(2)) @ - - @ A(T" (x)) (3.2)
for alln € N and x € X. We adopt the convention that SpA = 0. For all A € C(X,R),
denote
A=A-Q(T,A). (3.3)
For each u € C'(X,R) and each € > 0, denote

wy(€) = supf{lu(z) —u(y)| : z, y € X, d(z,y) < €}.

To formulate the main results of this section, we first list some fundamental prop-
erties of the Bousch operator in Lemma [3.1] and review distance-expanding maps in

Lemma [3.2] Lemma [3.1] generalizes [LZ25, Lemma 6.1]. Lemma [3.2is well known (see
e.g. [PUL0, Lemmas 4.1.2 and 4.1.4]) and we omit its proof.

Lemma 3.1. Let T: X — X be a map on a set X and A € IEX. Then the following
hold:

(i) La(c®u)=c® La(u) for allc €R and u € EX.
(i) L%(u)(z) = & (uly) ®S,A(y)) foralln e N, u e RX, and x € X.
yeT—"(x)

(ili) La( ® u)(z) = @UEA(U)(x) for allU C R" andz € X.

uelU
(iv) Suppose T is finite-to-one and A € R*. Then 'hgl La(u;)(z) =La( lilel u;)(z)
1—+00 1—+00

for each x € X and each pointwise convergent sequence {u;}ien of functions in
R¥.

Proof. (i)—(iii) follow from ([1.7)) and (L.3)).

(iv) Let v : X — R be the pointwise limit of a sequence {u;};en of functions in R* as
i — 4o00. Fix arbitrary x € X and € > 0. Since T is finite-to-one, we can find N € N
such that for each integer n > N and each y € T '(z), ’e“”(y) — e”(y)’ < €. It then

follows from ((1.7) that

lexp(La(uy)(z)) —exp(La(v)(x))] < & ‘e“"(y)eA(y) - e”(y)eA(y)|
yeT—1(x)

<e. ( @ 6A(y>>

yeT~1(z)

for all n > N. Note that @ e*® < 400 since T is finite-to-one and A € R¥.
yeT ! (z)
We conclude that lim; oo La(u;)(z) = La(v)(z) for each x € X, and (iv) is now
verified. O
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Lemma 3.2. Let T: X — X be an open continuous distance-expanding map on a
compact metric space (X,d). Let A > 1 and n > 0 denote the constants in the distance-
expanding property of T'. Then there exists a constant £ > 0 such that for each x in X,
B(T(x),&) C T(B(x,m)). Moreover, the restriction T'| g,y is injective, and its inverse
map T, B(T(x),€) — B(x,n) has the property that d(T, (y), T, (2)) < A 'd(y, 2).
Furthermore,

sup{card T '(z) 12 € X} = N < +oc.

Remark 3.3. For each n € N, we denote T,,": B(T"(x),{) — B(z,A\ "¢) as the
composition of inverse maps T’ T_il(x)a 1 =20,...,n— 1. In the remainder of this article,
we will fix a choice of A\, i, and ¢ for a distance-expanding map 7. Since in our article,

the metric d is fixed for every compact space X, we will say that a quantity depends
on T if it depends on 1" and d.

Now we formulate the main results Proposition [3.4] to Proposition [3.8] of this subsec-
tion, whose proofs are presented after some technical preparations in Proposition (3.9
to Lemma |3.12l

Proposition 3.4 (Construction of tropical eigenfunctions). Let T: X — X be
an open continuous distance-ezpanding map on a compact metric space (X, d), and
A€ C%(X,d) with o € (0,1]. Let & > 0 be the constant from Lemma[3.4 For each
u € C(X,R), define

vy () = limsup L% (u)(z) (3.4)

n—-4o0o

for all x in X. Then vy satisfies the following properties:

(i) There exists Ly > 0 depending only on T and o such that vy < La|Alge, and for
all z, y € X with d(x,y) <&,

vi(z) < va(y) + [Alged(@, y)* (A = 1)~ (3.5)
(ii) vy € C(X,R) is a tropical eigenfunction of L4 associated with eigenvalue Q(T, A).

(iii) Assume that T is transitive. Then there exists a constant Cs > 0 depending only
on T and « such that vy € C**(X,d) with

||1}1H00 < Cg|A|da(diamX)°‘ and |U;|d°‘ < C3|A’da.

More precisely, we can set Ly to be the constant Ly from Lemma[3.19 and set Cs to
be the constant Cy from Lemma[3.10,

Corollary generalizes Proposition [3.4] and will play a key role in the proof of
Theorem D]

Corollary 3.5. In the setting of Proposz'tz'on for each u € C(X,R), v, satisfies the
following properties:
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(1) v1 — |Jullco < vy < v1+ ||ul|co, v < Lo|Alge + [|u]lco, and for all z, y € X with
d(z,y) <&,

vu(@) < vu(y) + |Alged(z, y)* (A" = 1)~ (3.6)

(ii) v, € C(X,R) is a tropical eigenfunction of L4 associated with eigenvalue Q(T, A).

(iii) Assume that T is transitive. Then v, € C%*(X,d) with
vullco < C3]Alga(diam X)* + |lullco  and — |vy|gee < |Alga(A* — 1)1

An important ingredient for the proof of Proposition below is a version of the
Mané lemma in Proposition |3.6| without the transitivity or surjectivity assumptions.
Despite the potential nonexistence of tropical eigenfunctions in C'(X,R), the Mané
lemma below guarantees the existence of a sub-action with a seminorm bound and
serves as a fundamental tool for many other aspects of ergodic optimization.

Proposition 3.6 (Maneé lemma). Let T: X — X be an open continuous distance-
expanding map on a compact metric space (X,d). Let A > 1 and n > 0 be the constants
in the distance-expanding property of T', € > 0 be the constant from Lemma [3.4, and
a € (0,1]. Then there exists L > 0 depending only on T and a such that for all
A€ C%(X,d), there exists a sub-action vy € C%*(X,d) for A with

|UA|d04,§ < |A|da<)\a — 1)_1 and |UA|dO‘ < L|A|da
Proposition 3.7. Let T: X — X be an open continuous distance-expanding map on
a compact metric space (X,d), and A € C%*(X,d) with o € (0,1]. There exists b €
D(X) \ {0, 0} such that
L5(0) = QT A) 2 b,

We discuss the uniqueness of tropical eigenvalues in Proposition [3.8l Due to the
lack of transitivity, £4 (resp. £9) may have more than one eigenvalue on C(X,R)
(resp. D(X)).

Proposition 3.8 (Uniqueness of tropical eigenvalues). Let T: X — X be an
open continuous distance-expanding map on a compact metric space (X, d), and A €

CY(X,d) with a € (0,1]. Then the following hold:
(i) If there exists u € C(X,R) and A\ € R such that Ls(u) = A\ ®@ u, then \ =
QT 4). )
(ii) If there exists u € C(X,R) \ {0} and A\ € R such that La(u) = A @ u, then
A< Q(T, A). Moreover, if T is transitive, then u € C(X,R) and A = Q(T, A).
(iil) If there exists b € D(X) \ {00, O} and X\ € R such that LS(b) = A\ ® b, then
A< Q(T, A). Moreover, if T is transitive, then A = Q(T, A).
Before providing the proofs of Proposition to Proposition [3.8] we discuss the
following technical facts, whose proofs can be found in Appendix [A]
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Proposition 3.9. Let T': X — X be an open continuous distance-expanding map on a
compact metric space (X,d), and A € C(X,R). Then L4(C(X,R)) C C(X,R).

Assume, in addition, that T is surjective. Then LA(C(X,R)) C C(X,R), and if
A e C*(X,d) with a € (0,1] then L4(C**(X,d)) C C**(X,d).

Lemma 3.10. Let T: X — X be an open continuous distance-expanding map on a
compact metric space (X,d), and A € C**(X,d) with o € (0,1]. Let & > 0 be the
constant in Lemma [3.2  Then for all x, y € X with d(z,y) < {, n € N, and u €
C(X,R), we have

L(u)(z) < Lh(w)(y) + [Alged(z,y)* (A" = 1) + w, (A"d(z,y)), (3.7)
and if x1 € T7"(x), then
1S,A() — SoA(T(9))] < Al ()" (A — 1) (3.5)

Moreover, if T is transitive, then the following hold:
(i) There exists a constant Cy > 0 such that for alln € N and z, y € X,

& S, AT - & S,A®@Y)| <.

zeT—"(z) geT—"(y)

(ii) There exists a constant Cy > 0 depending only on T and « such that for all
A, ue 0% (X,d), andn € N,

1£4(u)]ae < Co(|Alaa + [ulge).

Lemma 3.11. Let T: X — X be an open continuous distance-expanding map on a
compact metric space (X,d), and A € C%*(X,d) with a € (0,1]. Then the Bousch
operator L satisfies
L (us) < Jlur = usllco @ L (ur) (3.9)
for all k € N and uy, us € C(X,R). Moreover, if T is surjective, then for all uy, uy €
C(X,R),
[La(u1) = La(us)lleo < [lur — ual|co. (3.10)

Proof. Note that us < u; ® ||ug — uql|co for all uy, us € C(X,R). By Lemma
L, is tropical linear (cf. Definition . It follows that LY is tropical linear for all
k € N. Thus, Lemma implies that £%(us) < [Juy — ugllco @ L5 (uy) for all k € N
and uy, ug € C(X,R). Moreover, if T is surjective, then Proposition implies that
L(u) € C(X,R) for all u € C(X,R). Thus, it follows that |[La(u;) — La(usz)||co <
Hu1 —UQHCO. O

Lemma 3.12. Let T: X — X be an open continuous distance-expanding map on a
compact metric space (X,d), and o € (0,1]. Then there exists Ly > 0 depending
only on T and « such that for all z € X, n € N, and A € C*(X,d), we have
S A() < Lu|Alao.
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Proof. Let A > 1 and n > 0 be constants in the distance-expanding property of T', and
¢ be the constant in Lemma [3.2] Denote 8 := min{n, £} and v := min{(A — 1)3, &}
Since X is compact, let IV, be the maximum cardinality of a y-separated subset of X.
Fix A € C%(X,d).

Now fix a point x € X and an integer n > N,. It follows that there exist integers
0 <i<j<n—1such that d(T"(z),T9(z)) < 7. Consider

iO::min{iEN0:0<i<n—1

and there exists i < j <n — 1 such that d(T"(z), T’ (z)) < v},
jo=max{j € Ng:ig < j<n—1,d(T"=),T(z)) <~}

Now we can recursively define ig.1, jrr1 when i, jr have been defined by the following
procedure. If there exist integers j, < i < j < n — 1 such that d(T%(z),T(z)) < 7,
then consider

Tht1 ::min{iGNO:jk<i<n—1
and there exists i < j < n — 1 such that d(Ti(x),Tj(x)) <7},
i1 =max{j € No :ijp1 < j <n—1,d(T**(z), T (z)) <~}

We stop defining if there do not exist integers j, < i < j < n—1 with d(T%(z), TV (z)) <
.

We get a series of indices 0 < ig < jJo <11 < J1 < -+ <1 < Jr <n—1with £ € Np.
Denote I, == {i;: 0 < I < k}and I = {m : 0 < m <n— 1}~ U>[i, 71]. Note that
it follows from the definition of these indices that {T%(z) :i € I} and {T%(x) : i € I}
are both ~v-separated subsets of X. Thus we see that k + 1 = #I; < N,, #I, < N,,
and

SnA() <D AT () + > SiinA(T (2))

icls =0

k
< 2N’Y||AHCO + Z sz—izA(T” (:L’))
1=0
It follows from [PUIL0, Corollaries 4.2.4 and 4.2.5] that for each integer 0 < [ < k

there exists a periodic point w; € X with period j; — 4; such that for each integer

0<p<j—1p, d(Tp“l (x),Tp(wl)) < B <& . Thus it follows from |) that
Sjl—izE(Til(x)) < Sjl—izz(wl> + |A|da€a()‘a - 1)_1

for each integer 0 < I < k. Since wy is a periodic point with period j; —i;, it follows from

the definition of Q(T, A) that Sj,_;, A(w;) < (5; —i)Q(T, A) for each integer 0 < I < k.

We conclude that for all n € N,
SnA(z) < 2N, [ Allco + Ny |Aga€™(A* = 1)~
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Note that Q(T, 4) = Q(T, A) — Q(T, A) = 0, together with the compactness of X,
implies that min{A(z) <0 : x € X} and max{A(z) > 0: 2z € X}. It follows that
|Allco < |A|ge(diam X)* and S, A(z) < |A|4e L1, where

Ly = 2N, (diam X)* + N,&*(A\* — 1)~ L. (3.11)
Note that L; depends only on 7" and «. Finally, it is straightforward to check that
SpA(x) < Li|Alge for all z € X, n € N, and A € C%*(X, d). O

Now we are ready to prove Proposition [3.4] and Corollary [3.5] The proof of the part
of Proposition with the transitivity assumption simplifies the approach in [LZ25]
Proposition 6.4].

Proof of Proposition[3.4 (i) Let Ly be the constant in Lemma depending only on
T and «. It immediately follows from Lemmas (3.1] (ii) and that v; < Ly|Alge and

we can take Ly := L;. Note that (3.5) follows from ({3.7)).
(ii) It follows from (i) that v; € C'(X,R). It then follows from Lemma (iii)(iv)
that
Li(vy) = lim Ly (sup 51 )> = lim sup £EM(1) = vy

n—=+00 T \p>p T 4

n—-+oo k>n Ee
Now it suffices to show that v; # 0O, i.e., v1(y) € R for some y € X. Denote
an, = sup,ecx L% (1)(z) for each n € N. By Prop051t10n B.9 £%(1) € C(X,R). Thus
there exists x,, € X such that £7%(1)(z,) = a, since X is compact . By Lemma A (i),
= sup,cx SnA(z) € R. Thus, by [Je06, Proposition 2.1],

Q(T,A) = limsup fn.
n—+oo M

Observe that {a, }nen is subadditive. It follows that Q(T', A) = lim,_, o % = inf{% :
n € N} € R, and consequently £%(1)(z,,) = a, —nQ(T, A) > 0 for all n € N. Since X

is compact, there exists a subsequence {n, tren (with limy_, o g = +00) converging
toy € X as k — +o00. Thus, there exists N € N such that d(z,,,y) < for all k > N.
It then follows from 1) and Eﬁ(l)(xn) > 0 that

LD () = L5 Q) (@n,) = [Alaed(y, z,)* (X" = 1)~
> —| Alged(y, 10, )" (A — 1)1,
Hence,
vi(y) = limsup £%(2)(y) > limsup L7 (1)(y)

- n—r+00 k—+oco0

> lim sup(—|A|dad(y7$nk)a(/\a - 1)_1) =0.

k—4o00

Since v, € C(X,R), we see that v1(y) € R.
(iii) Let Cy > 0 be the constant from Lemma[3.10[ Denote D; := Ca| Ao (diam X).
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Assume that 7" is transitive. It follows from Lemma (ii) that |L£7%(1)]4e < Co|Alge
for all n € N. Recall that a,, = sup,cx L% (1)(z) € R. Thus, for all n € N,

(an — D) ®1 < L(1). (3.12)

Then it follows from the tropical linearity of £4 (cf. Lemmal3.1] (i)(iii)) and Lemma
that for all n, m € N,

(an — D1) ® L3 (1) = L7 ((an — D1) ®1) < LT™(D).

It follows that (a, —D1) ®ay, < apis for alln, m € N ie., { Dy —ay, fnen is subadditive.
Thus,

ing(Dl —a,)/n = lirf (D1 —ayn)/n=—-Q(T,A).
ne n——+00
We conclude that 0 < a, — nQ(T, A) < D, for all n € N. Thus by (3.12), we have for
alln eN, || £2(2)|| o0 < D

Recall that ‘E%(l.)‘da = |L£%Q)]ge < CslA|ge for all n € N. We conclude that
the sequence {E%(l)}neN

{supk>n E%(J_.)}neN is also equicontinuous and uniformly bounded.

is equicontinuous and uniformly bounded. Consequently,

Thus, vy, as the pointwise decreasing limit of sup,,, E%(ZI_.) as n — 400, is the
uniform limit of supy., £%(1) by the Arzela-Ascoli theorem. Now it follows clearly

that ||v1]lco < Dy and |vi]ge < Cy|Alge. Now we can take Cs := Cs, and the proof is
now complete. O

Proof of Corollary[3.5. Fix an arbitrary u € C(X,R).

(i) By Lemma , we have for all n € N, £%(1) — |lu — Lf|co < L% (u) < [lu —

1co + £5(1). Consequently, vy — [|u—1|lco < vy < ||lu—1|co + vy Tt then follows from
Proposition (i) that v, < La|A|ge + ||u)lco. Since u € C(X,R) and X is compact,
we see that u is uniformly continuous and thus lim o+ w,(€) = 0. Now follows
from (3.7)) and lim,, o w, (A7) = 0.

(ii) It follows from (i) that v, € C(X,R). That L4(v,) = v, follows from a similar

argument as that of Proposition (ii). It follows from v; — ||u|lco < v, < v1 + ||ul/co
and Proposition (ii) that v,(y) € R for some y € R.

(iii) Recall from (ii) that v, € C(X,R). Assume that 7" is transitive. It then follows
from (i) and Proposition [3.4 (iii) that v, € C(X,R) with [Jv,||co < C5]A]ge(diam X)*+
||| co. Furthermore, it follows from (i) that |vy|ge ¢ < |Alge(A*—1)"" and consequently
vy € CO(X, d). 0

Remark. 1t follows from Corollary (i) that v, '(—o00) = vy '(—o0) for every u €

C(X,R). When T is not transitive, examples with v;'(—o00) # () are readily con-
structible. For example, take two transitive expanding covering maps 77: X; — X
and Ty: Xo — X5, and consider the map T': X | | X2 — X | | X3 on the disjoint union
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that acts as T; on the component X; for each i € {1, 2}. Consider the potential A that
takes ¢ on the component X; for each i € {1, 2}. It is straightforward to check that
Q(Ta A) =2 and /Ul‘Xl = QX1'

This indicates that the preceding constructions may only provide tropical eigenfunc-
tions in C(X,R) associated with eigenvalue Q(T, A). The analogous phenomenon in
thermodynamic formalism arises for eigenfunctions of the Ruelle operator R4 associ-
ated with eigenvalue exp(P(T, A)): without transitivity, these eigenfunctions may lack
strict positivity and vanish at certain points. This correspondence reflects the algebraic
similarity that —oo = 0 in the tropical algebra over R corresponds to 0 in R.

Now we present a direct proof of Proposition without assuming transitivity or
surjectivity. While adopting the construction of a sub-action v4 from [CLT01, Proposi-
tion 11] (where C"! expanding maps on the circle are considered), our argument crucially
relies on the estimates in Lemma which are essential for handling the enhanced
generality for our map 7.

Proof of Proposition [3.6. Consider v4(z) := max{0, sup,>, maxyer—n(z) SpA(y)} for all
x € X. Let L; be the constant in Lemma depending only on 7" and «a. It follows
that 0 < va(z) < Ly1]|A|ge for all z € X. Moreover, it follows from (3.8]) that

[Valdog < [Alae (A" = 1)~
Since X is compact, we conclude that vy € C%*(X,d) and

[valge < maX{lvA\da & &% sup |va(z) — UA(?J)|}
z,yeX

< max{|A|ge(A* = 1)7", £ %Ly|Algo }
= L|A‘da,

where the constant L := max{()\"‘ -1 §_“L1} depends only on T" and «.

Now it suffices to show that v, is a sub-action, i.e., va(z) + A(z) < va(T(x)) for a
r € X. Note that for alln > 1 and y € T7"(z) C T YT (z)), S A( )+ Az )
Spi1A(y). Tt follows that

vale) + Aw) = max{sup max S, A(y), Alx)}

n>1 yeT~"(x)

< max{su max S,A(y), max A }
m>gy€T (T () 4) yGTfl(T(w))_(y)

=sup max SmA(y)
m>1yeT~™(T(x)

< va(T'(x))
for all z € X. The proof is now complete. O
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Before constructing a tropical eigendensity of L] associated with eigenvalue Q(T, A),
we discuss in the following remark the reason for the definition of £§ in (1.8).

Remark 3.13. Due to Remark 2.17] we define the tropical adjoint operators on the

space D(X). It is clear from (1.8) that b € D(X) implies £ (b) € D(X).
Recall from Proposition that b — [_, gives a bijection from D(X) to C(X,R)®.
We denote ¢ := L5(b). Then by Remark [2.12]

o) = @ (u(x) © L5()(x))
= & (u(e) ® BT (2)) ® A(2))

rzeX

= o ( & (yeAw) o) (3.13)

z€X \yeT-1(z)

= mEBX(ﬁA(U)(x) ® b(z))

= l(La(u))
for all u € C(X,R). By identifying b with [_;, £ can be seen as a map from C(X,R)®
to C(X,R)®, i.e., L3(I-p) = l_.. Now the above identities imply that
LL(N(u) = U(La(w)) (3.14)
for all l € C(X,R)® and u € C(X,R). To avoid confusion with notations, we will not

use this identification in this article.
For b € D(X)~{oc}, let m; be the finite tropical measure satisfying m,(U) = @ b(x)
zcU

for every open subset U of X. Recall Definition and ¢ = L£(b). Then for every
open subset U of X,

mU) = & £50)(x) = & ((T(x)) ® Alz)

_ $€§?(U)(b(a:) ® (yeTe_al(x)A(y)» = ZT(U) <y€TE—Bl(z)A<y>> dm.

By identifying b with m,, £§ can be seen as a map on the set of finite tropical
measures, i.e.,

(3.15)

£8(m)(U) = / & Aly)dm (3.16)

L) yeT~(x)

for every open subset U of X. Note that the above identity can serve as the defining
identity for £ on the set of finite tropical measures.

Here we establish the existence of a tropical eigendensity of £ associated with eigen-
value Q(T, A) and prove Proposition .

Proof of Proposition[3.7. We consider v := —b (cf. Remark [2.17) and it suffices to find
a solution of vo T = v+ A in C(X,R) \ {0, 0}.



34 ZHIQIANG LI AND YIQING SUN

Let vy € C(X,R) be the sub-action for A € C%*(X,d) from Proposition [3.6] So
va+A<Lva0T. (3.17)

Consider w == v — vy and ¢ = vqg + A —vyo0T € C(X,R). It suffices to find
w € C(X,R) \ {oco, 0} such that

woT =w+ . (3.18)
Note that ¢ < 0 by (3.17)) and

T,o)= su dy = max / dy = max /Ed =Q(T,A) =0.
QT ) e /90 p= Jwax fedp= max p=Q(T A
The supremum is attained due to the weak*-compactness of M(X,T"). We fix a maxi-
mizing measure u € M(X,T) for ¢.

It follows from C'(X,R) 3 ¢ < 0 and [ ¢du = 0 that supp(u) C ¢ 1(0). Moreover,
since p is T-invariant, T'(supp(u)) C supp(p). We use these two properties to construct
a solution w = wy of (3.18]).

Consider S = {w €c C(X,R) :w+ ¢ <woT, wspp = 0,0 < w} and wy =

@ w € C(X,R) (since C(X,R) is tropically complete). Since ¢ < 0, we see that
wesS

0 € S. Consequently, S is not empty and wg # 0. It is straightforward to check that
wo € 5, and it follows from wo|supp(uy = 0 that wy # oo.

To show that wy o T = wy + ¢, we consider wy = wgo T — .

Since wy € S, we have 0 < wy < wy. SowgoT < wyoT, ie, wi+ ¢ <w oT.
Recall that supp(p) € ¢~ 1(0) and T'(supp(p)) C supp(p). It follows that wi |supp(u) =
(wo o T — ©)|supp(uy = 0. We conclude that wy € S.

Since wy is the maximil element of S, we see that w; < wy and consequently w; = wy.
We conclude that wy € C(X,R) \ {oo, 0} and wy o T = wy + . O

We conclude this subsection with the following proof of Proposition [3.8]
Proof of Proposition [3.8. Suppose La(u) = A®wu for some u € C(X,R)\ {0} and some

A € R. Note that uy == @ u(z) € R. It then follows from 1} that
reX

lim n_1< & Ej(u)(x)) = lim n_1< © ((n\) ® u(x)))

n—+00 rzeX n—-+00 zeX
= lim n '((n)\) ® uo)
n—-+o0o
=\

For (i), further assume that u € C'(X,R). It follows from Lemma that
L5(D) — flu = |oo < L5(u) < lu— oo + L)
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for all £ € N. Thus it follows from [Je06, Proposition 2.1] that
A= lim n7!' @ L%u)(z)= lim n " @& L£%Q)(z) = Q(T, A).
rzeX

n—-+o0o reX n—-+o0o
Now (i) is verified.

For (ii), it follows from Lemma [3.11] that £¥(u) < up ® £4(1) for all k£ € N. Thus it
follows from ((1.3]) and [Je06, Proposition 2.1] that

A= lim 0™ @ Li(u)(@) < lminfn”! (uo ® (I?Xﬁﬁ(l)(x))> = Q(T, A).

Assume further that 7" is transitive. We claim that v € C'(X,R).

Since u € C(X,R) \ {0}, we see that L4(u) # 0 and consequently A # 0. Suppose
that u(zg) = 0 for some xy € X. Then it follows from L4(u) = A ®@ u, A # 0,
and A € C%*(X,d) that u(y) = 0 for all y € U,cy7 "(wo). Since T is transitive,
Unen T 7" (20) is dense in X. Thus, it follows from the continuity of u that u = 0, which
is a contradiction.

We conclude that u(x) # 0 for all z € X and thus v € C(X,R). It then follows
from (i) that A = Q(T, A). Now (ii) is verified.

For (iii), suppose that £§(b) = A ® b for some b € D(X) \ {00, 0} and some A € R.

It follows from - and . that
B (La(v)(2) 2 () = & (o() © L50)(@) = A& (@ (w(e) ©b())  (3.19)

zeX rzeX reX

for all v € C(X,R). Thus, for all n € N,
8 (L5(D)(@) @ b(x) = (1) @ (& b(a)).

x€ zeX
Since b € D(X) \ {00, 0}, we see that by := @ b(z) € R and
zeX
o : —1 o : -1 n
A= lim 7 () @ b) = lim 0! (@ (L5(0)(@) @ bla)))

< lim n*l(( @ ﬁg(;)(@) ® b0> — Q(T, A).

n——+o00 rxeX

Here the last identity follows from [Je06, Proposition 2.1]. Assume that 7" is transitive.

Recall from Proposition (ii)(iii) that vi € Egira)(La, C(X,R)). Take v = vy

in (3.19). Since b € D(X {00, 0}, it follows that & ( ( ) ® b(z)) € R and thus
zeX

A= Q(T,A). Now (iii) is verified. O

3.2. Mané potential and representation. In this subsection, properties of the Aubry
set and the Mané potential are recalled. We establish Proposition and Lemma [3.20]
to prepare for the proof of the representation of tropical eigendensities in Subsection
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Definition 3.14 (Aubry set). Let 7: X — X be an open continuous distance-
expanding map on a compact metric space (X,d). For a continuous potential A €
C(X,R), we call z € X an Aubry point if for every € > 0, there exists y € X and n € N
such that

da,y) <e, dT(y),a)<e, and |S,A@) <e

The collection of all Aubry points in X is called the Aubry set and is denoted by 4.

Some basic properties about the Aubry set are discussed in [GalT7, Chapter 4] in the
setting of subshifts of finite type, e.g., the nonemptiness, closedness, and T-invariance.
The proofs for these facts work in our context and are omitted here.

Lemma 3.15. Let T: X — X be an open continuous distance-expanding map on a
compact metric space (X,d), and A € C**(X,d). Then an invariant probability mea-
sure is a maximizing measure for A if and only if it is supported on the Aubry set
Q4.

Denote the set of nonwandering points by €2(7"). The above lemma can be obtained
through the existence of a sub-action v4 (cf. Proposition and the following obser-
vations (cf. [Gal7, Chapter 4]):

(i) Qa4 =410, 001 C(A+va—v40T) HQ(T,A)) = K and

() Mesy () N UT) € Ry oper
A detailed proof of Lemma [3.15] is contained in Appendix [A]

Definition 3.16 (Mané potential). Let T: X — X be an open continuous distance-

expanding map on a compact metric space (X, d). For a potential A € C%*(X,d), the

Mané potential associated with A is the function ¢4 defined on X x X given by
da(z,y) = lim @ ®  S,A(z) = limsup sup S,A(z).

e—0t neN  d(z,2)<e e=0T neN  d(z,a)<e
A(T™(2),y)<e AT (2),y)<e

Remark 3.17. It is straightforward to check that ¢.(, -) is upper semi-continuous (see
Lemma [A.1). Recall from Lemma that there exists D > 0 such that S, A(x) < D
for allm € Nand x € X. Thus ¢a(+,+): X x X > R and ¢a(+,y) € D(X) \ {oc} for all
y e X.

Proposition 3.18 (Properties of the Mané potential). Let T: X — X be an
open continuous distance-expanding map on a compact metric space (X, d), and A €
C%(X,d) with o € (0,1]. Then the following hold for all z,y, z € X :

(1) w(@) ® ga(r,y) < u(y) for all u € Egir 4)(La, C(X,R)).
() 6a(z.) ® b{y) < b(z) Jor all b € Equp (L3, D(X)).

)
(ili) Pa(z,2) = ga(z,y) ® Paly, 2).
(iv) ¢a(z,z) <0, and ¢pa(x,x) =0 if and only if x € Q4.
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(v) Assume x € Qa. Then dpa(z,-) is in Eqir a)(La, C(X,R)) and
da(r,2) < dalr,w) + |Alga(A* — 1) (2, w)*

for allw € X satisfying d(z,w) < &, where & > 0 is the constant in Lemma .
Moreover, if T is transitive, then ¢a(x,-) € C%*(X, d).

While statements (i), (iii), (iv), and (v) have appeared for some different settings
in the literature (cf. [CLT01, Proposition 23] and |Gal, Proposition 5.2]), our formu-
lations extend these results to functions in C'(X,R)—a generalization resulting from
relaxing the transitivity requirement for 7. The proof of (i) requires only minor adap-
tations from existing arguments, and (v) follows reasoning similar to [CLTO1]; these
are therefore deferred to Appendix [A] Here we focus on proving (ii)—(iv): (iii) and (iv)
are included here due to their concise derivations from definitions, while (ii) presents a
novel result for tropical eigendensities.

Proof of Proposition [3.1§ (ii)~(iv). (ii) Since b € Eqer 4 (L5, D(X)), b is upper semi-
continuous and b(T(x)) ® A(x) = b(x) for all x € X. Thus, for all x € X and n € N,

b(T"(z)) @ S, A(z) = b(x). (3.20)

Denote gA(%y) = lim & s> SnZ(yo).
e—01 neN ;(7%/(()72))<€
Yyo)=vY

Claim. 5,4 = ¢a.

We first prove the claim. It immediately follows from Definition that ¢a(z,y) >
da(z,y) for all z, y € X. So it suffices to show that ¢p4(x,y) = da(x,y) forall z, y € X.

Fix z, y € X. Consider n € N, and € € (0,¢), where ¢ is the constant in Lemma
For every z € X satisfying d(z,2) < €/2 and d(T"(2),y) < €/2, it follows from
Lemma that there exists yy € X satisfying that T"(yy) = y and that for each
integer 0 <@ < n, d(T%(z),T"(yo)) < A""e/2. Thus, by

Y

. _ €| Al go
_ < ——.
|SnA(Z) SnA(y0>| = 2a<)\a _ 1)

Note that d(yo, x) < d(z,z)+d(z,y0) < €. We conclude that for alln € Nand € € (0,¢),

_ — €| Al go
5 SAo<( @ 85Aw)e e
d(z,z)<e/2 d(yg,z)<e 201()\(1 - 1)
d(T™(2),y)<e/2 T™ (yg)=y
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Thus,
pa(r,y)=1lm ® @&  S5,A(z)

=0t neN  d(z,2)<e/2 -
AT (z),y)<e/2

. — Ga‘A’da
<im(e o sAm)e e
S Do nEeDN d(yoE,%Ke Alw)) ® 20(A> — 1)

T™(yo)=y

= ¢A<x> y)a
and the claim follows.
It follows from the claim, (3.20)), and the upper semi-continuity of b that

Ga(z,y) @b(y) = lim & & (S,A(2) @b(y))

€—01T neEN d(z,z)<e

7 (2)=y
=lim & @& bz)<lim @& b(z)<b(x).
€—0T neN %z(,:))j; =07 d(z,z)<e

(iii) In the following argument, we use Lemma to connect two trajectories when
the end of one trajectory is close to the beginning of the other.

Fix z,y, 2 € X, and € € (0,£/2). Assume that w; € B(z,¢) and n € N satisfy
d(T™(w1),y) < €, and that we € B(y, €) and m € N satisfy d(7T™(ws), z) < €. Note that
d(ws, T™(w1)) < d(wa, y) + d(y, T"(w1)) < 2e < {. Lemma [3.2] then implies that

d(TJI"(wg),x) < d(TJln(wg),wl) + d(wy, ) < d(wq, T™(w1)) + d(wy, x) < 3e.
Moreover, it follows from (3.8)) that
18, (wn) — SuA (T ()] < (O — 1) Al (26)°.

We conclude that Sn+mZ(T1;1”(w2)) + (A= 1) A (20)% = S, A(wy) + SmA(ws) and
thus

( & D SnA(w1)> + ( @ P SmA(w2)>
neN  d(w;,z)<e/2 meN  d(wg,y)<e/2
A(T" (wy),y)<€/2 d(T™ (wq),2)<e/2

SO =)Aoy + (8 @ Sdw).
keN  d(w,z)<3e
d(TF (w),z)<3e

Now it is straightforward to check that (iii) follows from the definition of ¢4 (cf. Defi-
nition .

(iv) It follows from (iii) that ¢a(z,z) ® ¢a(z,x) < ¢a(z,z) for all z € X. Recall
that ¢4 : X x X — R (cf. Remark [3.17)). It follows that ¢4(z,z) < 0 for all z € X.
The second part of the statement is a direct consequence of Lemma , , and the
definitions of the Aubry set and the Mané potential. O
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Proposition 3.19 (Representation of eigenfunctions). Let T: X — X be an
open continuous distance-expanding map on a compact metric space (X,d), and A €
CY(X,d) with a € (0,1]. Then for all u € Eora(La, C(X,R)) and y € X, we have

uy) = & (u(z) @ da(z,y)).
TEN A

A version of this proposition for subshifts of finite type is established in [GalT7l
Proposition 6.2 (iii)]. We extend it to functions in C'(X,R) and include a proof in the
present setting in Appendix [A] for the reader’s convenience.

Lemma 3.20 (Mané potential as eigendensity). Let T: X — X be an open con-
tinuous distance-expanding map on a compact metric space (X,d), and A € C**(X,d)
with a € (0,1]. The Mané potential satisfies

¢a(T(2),y) = pa(z,y) — A) (3.21)
for all x, y € X with T(x) #y. Moreover, for every y € Qu, the equality holds
for every x € X, i.e., da(-,y) is in Egir,a) (LS, D(X)).

While the first part of this lemma incorporates ideas from [Gal7, Proposition 5.3] for
subshifts of finite type, the second part verifies (3.21]) for points in the Aubry set, yield-
ing a novel construction of tropical eigendensities, essential for their representations.

Proof. Let £ > 0 be the constant in Lemma . The condition T'(x) # y implies that
for all e € (0,3 min{¢, d(z,T(y))}), if z € B(x,¢) and n € N satisfy d(T"(z),y) <,
then n > 1. Thus, (3.21) immediately follows from the definition of ¢4 (cf. Defini-
tion and the continuity of T". This proves the first part of the lemma.

For the second part of the lemma, note that ¢4(-,-): X x X — R is upper semi-
continuous (see Lemma [A.1]). Thus, ¢4(-,y) € D(X) for all y € Qy4, and it suffices to
show ¢4(T(x),y) = ¢a(z,y) — A(z) for all y € Q4 and x € T~ (y). Fix y € Q4 and
xr € T '(y). By Proposition (iv), we have ¢pA(T(x),y) = ¢a(y,y) = 0. Thus, it
suffices to prove ¢p4(x, T(z)) = A(x).

Claim. ¢(z,T(x)) = A(z) for all x € X.

Fix € X. On the one hand, S,A(z) = A(z) for n =1, z := x, and it follows from
Definition that ¢pa(z, T (x)) = A(z).

On the other hand, since T is continuous, for every ¢ > 0, there exists n(e) € (0,¢)
such that d(y,z) < n(e) implies d(T'(y), T(z)) < € for all y € X. Thus,

e ® S,A(2)

neN d(z,2)<n(e)

aA(T™(2),T (z))<n(e)

<( @ Aw)e(e &  SATR))
d(z,x)<n(e) neN d(z,z)<n(€)

d(T™(2),T(x))<n(e)
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< ( o Z(z)) ®< & & SmZ(z))
d(z,x)<n(e) meNy d(qtjr(rfg)(?()f)s)ge

Recall that SpA(Z) =0 for all Z € X. Ase — 07, we get
da(z, T(2)) < Alx) @ (0® ¢a(T(2), T(2))).
By Proposition (iv), ¢a(T(x), T(x)) < 0. We conclude that ¢4(z, T(z)) < A(z),
and the claim is now verified. O
Lemma 3.21. Let T: X — X be an open continuous distance-expanding map on a
compact metric space (X, d), and A € C%*(X,d) with « € (0,1]. If pa(z,y)@¢pa(y,z) =
0 for all x, y € Q2u, then
Pa(z,") = dalz,y) ® daly,") and  da(,z) = dal",y) ® daly, )

forall z, y € Q4.

Proof. Fix z, y € Q4. By Proposition [3.1§ (iii), we have

Ga(y, ) @ galz,) < Galy,”) and  ¢a(z,y) ® Paly, ) < Palx,-).
The above two inequalities, together with ¢4(z,vy) ® ¢a(y,z) = 0, imply ¢a(z, ) =
¢a(z,y) @ pa(y, ). By Proposition [3.18] (iii), we have

$a(- ) @ al@,y) < Pal-y) and  Galy) ® Pa(y,x) < Pa(-, ).
Therefore, ¢pa(-,z) = da(-,y) ® pa(y, z) follows from the above two inequalities and
da(z,y) ® paly,z) = 0. O

The following characterizations will be useful in the proof of Theorem [D] (iii).

Proposition 3.22. Let T: X — X be an open continuous distance-expanding map on
a compact metric space (X,d), and A € C**(X,d) with « € (0,1]. Then the following
statements are equivalent:

(1) The entries of {pa(x,)}req, are the same up to a tropical multiplicative con-
stant.

(ii) The entries of {¢a(-,y)}yeq, are the same up to a tropical multiplicative con-
stant.

(iii) For allx,y € Qa, ¢pa(z,y) ® ¢pa(y,x) = 0.

Proof. Fix x, y € Q4.

To see that (i) implies (iii), suppose ¢a(x, ) ®@c = ¢da(y,-). It follows that pa(x,z)®
¢ = ba(y, ) and Ga(w,4) @ = 6(y,y). By Proposition .1 (iv), we get ¢ = ()
and ¢a(z,y) ® ¢ = 0. Thus, ¢a(z,y) @ pa(y,z) = 0.

To see that (ii) implies (iii), suppose ¢a(+, ) @d = ¢a(+,y). It follows that ¢p4(z, ) ®
d=¢a(z,y) and ¢pa(y,x) ®d = ¢a(y,y). By Proposition (iv), we get d = ¢pa(z,y)
and ¢a(y,x) @ d =0. Thus, ¢pa(y,z) @ ¢pa(z,y) =0.
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That (iii) implies (i) and (ii) follows from Lemma [3.21} O

3.3. Proof of Theorem We discover the representation of tropical eigendensities
of £ associated with eigenvalue Q(T', A) through the duality in ¢a(-,-).

Proof of Theorem (i) Tt follows from Proposition [3.19| that v(:) = @ (v(z) ®

TEN A
pa(z,-)) for all v € Eg(p 4)(La, C(X,R)).
Fix an arbitrary ¢ € C'(24,R). Recall f.(-) == 63 (c(x) @ pa(x,-)). We show that f.
[ASIOY)

is in Eqgr,4)(La, C(X,R)). Note that ¢ has an upper bound since X is compact. Since
¢4 also has an upper bound (cf. Remark [3.17)), it follows that f.: X — R. Let & be
the constant in Lemma [3.2] It follows from Proposition (v) that for all z;, 20 € X
with d(z1, 22) <&,

fc(zl> < fc(ZZ) + |A|da()‘a - 1)_1d(21, 22)01
and that for all z € X

L) = 8 () ® AW)

yeT

= © @ (cr)®dalr,y)® Aly))

yeT—1(z) z€QA

= @ B (cz)®dalz,y)® Ay))

r€QA yeT—1(2)

= @ (c(z) @ La(a(z,-))(2))

€N

= & (c2) ® 9a(e,2) © QT, A)

= Q(T, A) @ fe(2).
We conclude that f is in Egp 4)(La, C(X,R)).

In addition, for some v € Eqp 4)(La, C(X R)), if there exists ¢ € C(Q4,R) such that

v=f.and ¢(x) ® dpa(z,y) < c(y) for all z, y € Q4, then it follows from this inequality
and ¢4(z,z) =0 for x € Q4 (cf. Proposition (iv)) that for all z € Qyu,

co(z) = & (c(2) ®Pal@,2)) = felz) = v(2),

A
Le., c=vlg,. Since v € Egir 4)(La, C(X,R)), its restriction v|g, € C(Qa,R) satisfies
Vg, () ® palx,y) < v|g,(y) for all z, y € Q4 (by Proposition m (i) and fy,, = v
(by Proposition . Now (i) is verified.
(ii) For (a), assume that b € £ 4) (LG, D(X)). We need to show

Bu@eh@) = @ (1) oa(.y) @ bly) (322

for all v € C(X,R). Now fix an arbitrary u € C(X,R).
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We first reduce the proof of (3.22) to functions in Eqp 4)(La, C(X,R)) using Corol-
lary and then apply Proposition [3.19

For the left-hand side of (3.22)), since b € g7, 4)(LG, D(X)), it follows from (3.13)
that

® (La(u)()®b(x) = & (uly) @ LID)(Y) = & (u(y) @ Q(T, A) @ b(y)). (3.23)

rzeX yeX yeX

By repeated use of (3.23)), we get

8 () 2b@) = & (L5 ©be) = & (@ W) oba) (324

for all n € N. Recall that the modulus of continuity w,(-): (0, +00) — R is nondecreas-
ing. It then follows from Lemmas [3.12 and 3.1 (i) that { & L%(u)} oy has a uniform
m>z2n = n

upper bound. It follows from ([3.7) that { D E%‘(u)} cn 18 equicontinuous. Recall
m>2n = n
that v, is the pointwise decreasing limit of & LZ%(u) as n — +oo (cf. ) Thus,
m>2n =
{exp( ® L% (u))} oy I8 @ normal family and uniformly converges to e"* as n — +oc.
m>=2n = n

It then follows from ({3.24]) that

exp( © (u(r) © b(x))) = lim exp(x@ ((@ £2w@) ©be))

reX n—-+00 ¢ mzn =

= lim & <exp( P /;%@(u)(x)> _eb(x)>

n—+00 zc X mzn =

= @ (@ . )

rzeX

= exp( @ (vu(z) @ b())),
reX
where the third equality holds since exp b either is equal to oo (when b = co) or has an
upper bound (when b € D(X) \ {o0}).
We conclude that

@ (u(x)®@b(z)) = & (vu(z) ®b(x)). (3.25)

reX zeX

For the right-hand side of , by Lemma [3.20, ¢a(-,y) € Eg(r ) (L3, D(X)) for
all y € Qy4. It follows from Proposition iv) that ¢4(y,y) = 0 and ¢a(-,y) €
D(X) \ {co} for all y € 4. Thus, we can substitute b(-) in with ¢4 (-, y) and it
follows that for all y € Q 4,

@ (u(z) ® palz,y)) (vu(z) © da(z,y)).

= &
zeX zeX
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Hence,
:L‘EX,GZ?GQA(U’('I) ® ¢A('r7 y) ® b(y)) - yGGKBZA <x?X<¢A(x7 y) ® u<$>> ® b(y>>
=,8,(80a0) 8 0o ©100)
_ IEX%EQA<UU(£L‘) ® palz,y) @b(y)).

We have finished the first step of reduction. Since v, € Eqr 4)(La, C(X,R)) (cf. Corol-
lary [3.5] (ii)), it suffices to prove (3.22)) for all v € Eor.a(La, C(X,R)).
It follows from the discussions below that for all v € Eor.a)(La, C(X,R)),

(v(z) @ pa(z,y) @b(y) = @  (v(2) ® Pa(z,7) ® ga(w,y) ® b(y))

wEX, yEQA IEX7y7Z€QA

- Z%QA(v(z) ® da(z,y) ®b(y))

= @ (v(2)®@dalz,y) @b(y))

yeX,2z€0Q4

= @X(v(y) ® b(y)).

ye

Here the first and the fourth identities follow from v(z) = 63 (v(2) ® Pa(z,z)) for all
zE

A

v € Eg(r.a)(La, C(X,R)) and x € X (cf. Proposition . The second identity follows
from ¢a(z,y) < da(z,2) ® ¢pa(x,y) for z,y, z € X (cf. Proposition (iii)) and
da(z,2z) =0 for z € Q4 (cf. Proposition (iv)). For the third identity, we remark
that ¢a(z,y) ® b(y) < b(z) for all y, 2 € X (cf. Proposition [3.18] (ii)) and if z € Q4,
then the equality is attained at y = 2 € Q4 as ¢a(z,2) = 0 (cf. Proposition [3.18) (iv)).
Thus, for all z € Q4,

D (0a(z,9) @b(y)) = @ (Pa(2,y) @ b(y)) = b(2).
yea yeX
We conclude that (3.22) holds for all v € Eqp 4)(La, C(X,R)) and thus for all u €
C(X,R).

Now further assume that b # oo. We need to show that b(z) = @ (pa(z,y) @b(y))
SO

for all z € X. Recall that for all b;: X — R, there exists a unique by € D(X) equivalent

to by (cf. Remark [2.17)). Since we have shown b(+) is equivalent to & (¢a(-,y) @b(y)),
Y€y

it suffices to show that EB (pa(-,y) @ b(y)) € D(X). Since b € D(X) \ {oc}, b has
yeila

an upper bound. Note that ¢4 also has an upper bound (cf. Remark [3.17)). We see
that @ (pa(-,y) ®b(y)): X — R has an upper bound. Thus, it suffices to show that
yeNa
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@ (pa(-,y) ®b(y)) is upper semi-continuous, i.e., for all z € X,
y€Qa

lim  @© & (dalz,y)@b(y) < D (dalr,y) ®b(y)). (3.26)

e=0T 2€B(x,€) y€Qa yEQA

Fix x € X. Note that the limit in the left-hand side of (3.26)) is a nondecreasing
limit. It suffices to show that for all 6 > 0, there exists € > 0 such that

& @ (=) @b(y) <log(exp( @ (Balz.y) @b(y))) +9).

z€B(x,e) yENa yEQA

We argue by contradiction. Suppose that for some § > 0 and all n € N, there exists
zp € B(x,1/n) such that

@ (6a(z09) ® bly)) > log (exp (y 3 (@alxy)e b)) +).

Note that ¢4 is upper semi-continuous (see Lemma [A.1)) and b € D(X) is also upper

semi-continuous. Recall that Q4 C X is closed and X is compact. It follows that for

each n € N, there exists y,, € Q4 such that ¢4(2zn, yn) @b(yn) = & (Pa(zn,y) @b(y)).
Yy

Furthermore, there exists a subsequence {y,, }ren (With limg_, o ng = +00) converging
to 3y’ € Q4 as k — +oo. It then follows from the upper semi-continuity of ¢4 and b
that

log (exp( © (0a(2.) ©b(w))) +5) <lmsup & (Ba(zn,.4) @b(v))

Qa k—4o0o YEQA

= limsup ¢a(zn,, Yn,) @ b(Yn
0 SUp GalZnes o) © Do) (3.27)

< dalz,y) @b(y')
< yggA(ch(x,y) @ b(y)).

Recall that @ (¢a(-,y) @ b(y)): X — R. Tt follows that (3.27) forms a contradiction
y€eQy

and ([3.26]) is verified. We conclude that % (pa(-,y) ® b(y)) € D(X) and b(z) =
yedia
@ (Pa(z,y) @b(y)) for all x € X.
yEQA
For (b), fix ¢ € ]EQA and denote K .(f) = ©  (f(z) @ gpalz,y) @ cly)) for

zeX,yeN g

all f € IEX. It is clear from the definition that K. is a tropical linear functional,
and consequently, by Proposition 2.7, K, is tropically continuous. Since ¢4(-,y) €

Eorr.a) (L5, D(X)) for all y € Q4 (cf. Lemma |3.20)), it follows from (3.13) that for all
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K(£2(D) = & ((&(La(N@) @ 6ala.y))) @ cly)

yeQ 4

- 3 ((8,0@®da@y) ©cw)

yeQ 4

It then follows from 1' that the density ' € D(X) of K, is equivalent to LZ(V').

Recall that E%(b’) € D(X) (cf. 1' and that for every b;: X — R, there ex-

ists a unique by € D(X) equivalent to b; (cf. Remark . Thus, V' = LS(V)

and V' € Eqp 4 (L5, D(X)). We conclude that & (da(-,y) ® c(y)) is equivalent to
' ISP

V' € Eqiray (L3, D(X)). Now (ii) is verified.

(iii) It follows from Proposition [3.18] (v) and Lemma [3.20] that for all € Q4, we
have ¢4(x,-) € Eg(r a)(La, C(X,R)) and ¢a(-, ) € Eg(r4)(LS, D(X)). Tt follows from
Proposition [3.1§) (iv) that ¢4(z,2) = 0 € R for all z € Q4. We conclude that for all
r € Qa, da(z, ) £0and ¢a(-,z) & {00, 0}. Now the first part of (iii) is verified.

For the remaining part of (iii), by Proposition [3.22] it suffices to show that if A has
a unique maximizing measure, then ¢4(x,y) ® ¢p4(y,z) =0 for all z, y € Q4.

Note that it follows from Proposition [3.18] (iii)(iv) that for all z, y € X,

QSA(Iv y) ® CbA(y, {L‘) < qu(l’, {L‘) < 0. (328)
It follows from (3.21)) in Lemmathat pa(T™(x),2) = pa(T" ! (2), 2) —Zg_l(x))

for all n € N and © € Q4. Since ¢4(z,z) = 0 for © € Q4 (cf. Proposition (iv))
pA(T(x),7) = ¢a(z,7) — S A(x) = —S A(x) for all n € N and x € Q4. By Def-
inition , we see that ¢(z,T"(x)) > S,A(z) for all n € N and 2 € X. Thus,
dalx,T(x)) @ pa(T™(x),x) = SHZ( ) (=S, Z( )) =0 forall n € Nand z € Q4.
It follows from this inequality and ) that ¢a(z,T"(x)) @ ¢pa(T"(z),x) = 0 for all
ne€Nandxz e Qy.

Denote L, = {T™(z) : n € N} for all z € Q4. It then follows from the upper semi-
continuity of ¢4 (see LemmalA.1)) and (3.28]) that ¢4(z,2)®¢a(z,2) =0 forall z € L,.
Note that ¢4(z,y) ® ¢a(y,z) = 0 defines an equivalence relation between points in 24
by Proposition [3.1§ (iii) (iv).

We conclude that if ¢4(z,y) ® ¢a(y,z) # 0 for some z, y € Qq4, then L, N L, = 0.
Recall from Lemma[3.15] that an invariant probability measure is a maximizing measure
for A if and only if it is supported on 4. Since L, and L, are both compact invariant
subsets of €24, we see that there are at least two maximizing measures for A supported
respectively on L, and L,, which contradicts the assumption that A has a unique
maximizing measure. 0
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3.4. Uniqueness of eigenfunction and eigendensity.

Proposition 3.23 (Sufficient condition for uniqueness). Let T: X — X be an
open continuous distance-expanding map on a compact metric space (X, d), and A €
C%(X,d) with o € (0,1]. Assume that A is uniquely mazimizing. Then

dimEey 7 4)(La, C(X,R)) = 1 = dimEq g 4) (L5, D(X)).

The part on eigenfunctions of £4 in C'(X, R) for transitive systems is known (cf. [Bous00,
Lemma C]). Here we generalize it to eigenfunctions in C'(X,R) and establish the part
on eigendensities using the relation 0 = ¢4(z,vy) ® da(y, ).

Proof. Since A is uniquely maximizing, by Theorem @ (iii), Proposition m and
Lemma [3.21] we conclude that the entries of {@a(z, ) }seq, (resp. {@a(-, )} oeq,) are
the same tropical eigenfunction of £, in C(X,R) (resp. tropical eigendensity of £ in
D(X)) up to a tropical multiplicative constant, and

Pa(,7) = 0al-y) @ Paly,x) and  da(z,-) = Pa(z,y) @ Paly,-) (3.29)

for all z,y € Qu. Fix g € Q4 as Q4 # 0. We establish the two equalities in
Proposition below.
Fix an arbitrary u € Eq i 4)(La, C(X,R)). Tt follows from Theorem @ (i) and (3.29)
that
u(-) = & (u(z)®ga(z,)) = & (u(@)® da(z, 7o) ® Pa(o,-))

€N A FASIOP

— ( @ (u(z) ® ¢A(95>$0))> ® dalo,°)-

TEQ A

(3.30)

Denote d == @ (u(r) ® ¢pa(r,70)) € R It follows that u(-) = d ® da(xg,-). We

FASIOP
conclude that Eq 4)(La, C(X,R)) C {a® ¢a(xo,-) : a € R}. Since ¢a(zo,zo) =0 and
da(zo,) € C(X,R) (cf. Proposition (iv)(v)), it is straightforward to check that
a® da(zo,*) € Eqer,a)(La, C(X,R)) for all @ € R and the first equality is now verified.
For the second equality, fix an arbitrary b € g7 4 (L5, D(X)) N\ {o0}. It follows
from Theorem [D] (i) (a) and (3.29) that for all z € X,
b(z) = © (dalz,y) @b(y)) = @ (dalw,20) @ Pa(r0,y) © b(y))
yeQa yeN 4
(3.31)
= (& (@alro,y) @b(1))) @ Galr,20).
y€eQg
Since ¢4 has an upper bound (cf. Remark [3.17) and b € D(X) \ {oo}, it follows
that ¢ = o (pa(xo,y) @ b(y)) € R. We conclude that b(-) = ¢ ® ¢a(-,xo) and
yeila
Eqr.a (L5, D(X)) \ {oo} € {a® ¢ga(-,m) : a € R}. Since ¢a(zo,z9) = 0 (cf. Propo-
sition (iv)) and ¢a(-, z0) € D(X) (cf. Lemma [3.20)), it is straightforward to check
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that {a ® da(-,20) : a € R} C Euip 4 (L5, D(X)), and the second equality is now
verified. O

3.5. Proof of Theorem

Proof of Theorem [Cl For (i), it follows from Corollary (ii) that v, is a tropical
eigenfunction of £, in C'(X,R) associated with eigenvalue Q (7', A). For the rest of (i), it
follows from Proposition (3.8 (i) and that if u € C(X,R) is a tropical eigenfunction
of L4, then La(u) = Q(T,A) ® v and v, = u. Since v1 — |Jullco < v, < v1 + |Juf|co
(cf. Corollary (i), it follows that vy '(—oc0) = vy '(—o0) for all u € C(X,R). We
conclude that if v;*(—o00) # 0, then £, has no tropical eigenfunction in C'(X,R). If
v € C(X,R), then by Corollary (i), for all w € C(X,R), v, € C%*(X,d). Finally,
if T' is transitive, then it follows from Proposition [3.4] (iii) that v; € C%%(X,d).

For (iii), it directly follows from Proposition (3.7

For (ii) and (iv), we recall that it follows from [Je06, Theorem 3.2] that for a generic
set of potentials A in C%*(X,d), A has a unique maximizing measure. Thus, (ii) and
(iv) follow from Proposition

For (v), it follows from (i) and (iii) that Q(T, A) is a tropical eigenvalue of L4
(resp. £g) on C(X,R) (resp. D(X)). The rest of (v) follows from Proposition 3.8] (ii)(ii).

0

4. ZERO-TEMPERATURE LIMITS

The following two kinds of zero-temperature limits have been investigated in the
literature (see e.g. [BLL13] and [Jel9, Section 4]). One is to study the weak* limits of
the equilibrium states {1154 }gec(1,400) as the inverse temperature 5 — +oo. The other is
to study the accumulation points (in C° topology) of {% log uﬂA}ﬂe(l,Jroo) as B — 400
and the accumulation points are generally tropical eigenfunctions of £ 4 (associated with
eigenvalue Q(T, A)). It is also natural to consider the logarithmic-type zero-temperature
limits of the equilibrium states {14 }ge(1,400)-

In this section, we establish Theorems [E] and [F] in Subsection [£.1] and consequently
Theorems [Al and [B] in Subsection 4.2

Assume that 7' is a transitive expanding covering map and « € (0, 1]. For all § > 0
and A € C%*(X,d), recall that mgy is the unique Borel probability measure satisfying
REA(mBA) = eP(T’ﬁA)mBA, and that ug, is the unique eigenfunction of Rg4 associated
with eigenvalue e”(T#4) satisfying [uga dmga = 1. Note that ugy is strictly positive.
We need the following well-known result concerning {% log ug A} se( see e.g. [Sa99,
Theorem 1]).

1,4-00) (

Lemma 4.1. Let T: X — X be a transitive expanding covering map on a compact
metric space (X,d), and A: X — R be a-Holder continuous with o € (0,1]. Then
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the famaly {%log uf‘A}Be(l,Jroo) is normal and the (uniform) limit of every convergent

subsequence {Bln log UﬁnA}neN with B, — +00 asn — +00 is in Egr 4)(La, C(X,R)).

Note that by [DZ09, Theorems 4.3.1 and 4.4.2], when X is a compact metric space,
a family of probability measures {vs}se(r+o0) satisfies the large deviation principle as
f — +oo with rate function I (cf. Subsection if and only if for each f € C'(X,R),

lim %log /eﬁf dvg = sup(f(z) — I(x)). (4.1)

B—+o0 rzeX

Recall that for all f € C(X,R)U {oo, 0} and 5 > 0,

1 1
lg(f) = Blog /eﬂf d:u,BA and llgn(f) = ElOg/eﬁf dm,BA-

Remark 4.2. Note that for all 5 > 0,
l5'(o0) = lj(00) = +oo  and  [5'(0) = I5(0) =0= —o0. (4.2)

Thus, if {lgch|C(XvR)}kzeN (resp. {ng|C(X7R)}kEN) is pointwise convergent as k — 400,
then {lgz}keN (resp. {lgk}keN) is also pointwise convergent on C'(X,R) U {oo, 0} as
k — +o0.

It is straightforward to check that for all f, g € C(X,R) and 5 > 0,

DI < M flleo, 15 = 15 (9)| < ILf = glleo, (4.3)
GO < flleo, 150 = 15(a)] < IIf = glleo- (4.4)

Assuming that X is a compact metric space, we see that C'(X, R) is separable. Thus,
by the Arzela—Ascoli theorem (cf. [BourO7, Theorem X.2.2]), an equicontinuous family
of real-valued continuous functionals on C'(X,R) that is uniformly bounded on every
compact subset of C'(X,R) is a normal family.

Thus, we only need to verify the equicontinuity and the uniform boundedness on
compact subsets of C'(X, R) when showing the normality of a given family below. Recall
that 1 = 0 and 1 are used to represent the constant 0 and 1 functions on X.

4.1. Proofs of Theorems [E] and [Fl

Proof of Theorem [El (i) It follows from (4.3) that {lgn|C(XvR)}ﬁe(1,+oo) is uniformly
bounded on every bounded subset of C'(X,R), equicontinuous, and consequently nor-
mal. By , if {ZZZ lox,r) }keN is pointwise convergent as k — 00, then so is {ZZZ }keN.

Now suppose [: C(X,R) U {oo, 0} — R is the pointwise limit of a convergent subse-

quence {lg;}keN with £, — 400 as k — +o0.

Claim. The function [: C(X,R) U {oo, 0} — R is a tropical linear functional.
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It follows from the definition of [§* that Ij'(a ® f) = a @ [F(f) for all a € R, f €
C(X,R), and § > 0. Thus, l(a® f) = a®I(f) for all a« € R and f € C(X,R).
It follow from that [(0) = 0 and [(c0) = +oo. It is straightforward to check
that 10 ® f) = 08 U(f), l((+09) ® f) = (+00) @ U(f), IQ& f) = U(Q) & I(f), and
(oo ® f) = (o0) ® I(f) for all f € C{X,R) U {0, 0}.

Now it suffices to prove I(f @ g) = I(f) © I(g) for all f, g € C(X,R). We introduce
the plus operation at inverse temperature 5 > 0:

1
hy @ hy = = log (e’ + &5h2),
1 5 2 3 g( )

for hl,hg € C(X, R)
It immediately follows that for alln € N, h; € C(X,R) withi =1, ..., n,and g > 0,

1
@hi<h1@h2@---%hn<Og”@(@hi), (4.5)

1<i<n B B 5 1<i<n

and for all by, hy € C(X,R), I7(hy Gﬂ% hy) = 13 (h1) 669 I3 (hs). Thus, for all k € N and
fr9 € C(X,R),

log 2
By’

I (f & g) <zg;(fgg) < (feg®

5 (1 99) =5 0 1)

log 2

i (f) @l (9) < U (f) ® I (9) < (3(f) @1z (9) ® 5,

We conclude that I3 (f & g) — l%iQ SEHelple) <E(feg)+ %. Recall that
limg_ 1o B = +00 and that lg}c pointwise converges to [ as k — 4o00. It follows that

(fdg) =U[f)®l(g) for all f, g € C(X,R). Now the claim is verified.

It follows from Propositions and that [ is tropically continuous and has
a unique density b in D(X). Now we show that b is in Eq 4 (L5, D(X)). Since
Q(T,A) € R (cf. (1.2)), it follows that Q(T, A) ® b € D(X). Note that LS (b) € D(X)
(cf. ), and that for every b;: X — R, there exists a unique by, € D(X) equivalent to
by (cf. Remark R.17). Thus, it suffices to show that £&(b) is equivalent to Q(T, A) ® b.
By (3.13)), it suffices to prove that for all f € C'(X,R),

HLA(S) = 1(f) @ Q(T, A).
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Fix f € C(X,R). It follows from (4.3)), (4.5)), and the definitions of the two operators
((1.4) and (1.7)) that for all k € N,

| (La(f) — 13 (B M log R, a (™)) | < ||La(f) — By log R a ()| o
log N (4.6)
B,

<

where N is the constant in Lemma 3.2
Note that

15 (8 g R (7)) = - log / Ra(€F) dimg,

k

_ (T> 51@14) i Brf
- Z S [t
_ P@.5eA)

where the second equality holds since mga is the eigenmeasure of R, associated with
eigenvalue e”F4 . Recall lim £, = 400, lim 17 (f) = I(f), lm 1Z(La(f)) =
k—4-o00 k—+oco Pk

k——+o0
I(LA(f)) (here L4(f) € C(X,R) by Proposition , and ﬁlirf BTIP(T,BA) = Q(T, A)
—+00
(cf. [BLL13, Proposition 2.11]). Combining (4.6 and (4.7) and letting k — +oo, we
conclude that I(LA(f)) =1(f) ® Q(T, A), and (i) is now verified.

(ii) It follows from that {lg|C(XvR)}ﬁe(1,+oo) is normal. By , if {lgk lox ) }keN

is pointwise convergent as k — +o00, then so is {lgk} keN"

Now suppose Tis the pointwise limit of a convergent subsequence {l“ }keN with gy —

+00 as k — +o00. By Lemmal4.1] (i), and Remark 4.2 - we take a subsequence {5, }ren
from {Bj}reny with g, — 400 as k: — 400 such that as kK — 400, {ﬂk log uﬁ'A}keN
uniformly converges to v in Eg 7, 4)(La, C(X,R)) and {l } rey Pointwise converges to

l.

Note that for all 3 > 0 and f € C(X,R), l5(f) = lgL(f + Bt IOgUﬁA) since pgs =
uga - mpa. Thus, for all k € N and f € C(X,R),

‘l(v@f —l“ }:| (v+f) lﬁ, f+08. loguﬁf )|
< }lv+f _lﬁ’ (v+f) |+‘l5’ v—l—f)—lﬁf(f—l—ﬂk log ug 4 )‘
< }l v+ f) _lﬁ’ (v+f) |—|—HU—6k loguﬁkAHco’

A
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where the last inequality follows from (4.3]). By the choice of {5} }ren, it follows that
l(v® f) = lA(f) for all f € C(X,R). Since v € C(X,R), it follows from that
(v f)=1(f) for all f € C(X,R)U {oo, 0}.

By (i), [ is tropically continuous linear and its density b in D(X) is in Eg 1 4) (LG, D(X)).
It follows that I(f) = m?X(f( 2) @ v(z) ® b(x)) for all f € C(X,R)U {oo, 0}, i.c.,  is

tropically continuous linear and v ® b is its density in D(X). Now (ii) is verified. O

Recall that uy is the unique eigenfunction of the Ruelle operator R4 satisfying
Juadma = 1 associated with eigenvalue ef™*4). Note that for each 8 > 0, Ria
with

5’74 = A +loguga —logugs o T — P(T, BA)
satisfies R77(1) = 1 and R (1) = ppa (see e.g. [PUL0, Section 5.4]). So considering

the logarithmic-type zero- temperature limit, we predict that if Zl is the limit of @/4 / 15}
and b is the density in D(X) of the limit of I, then £5(1) =1 and LS (b) =0.

Proof of Theorem [Fl (i) Since BA = BA+log uga—logugaoT—P(T,BA), Q(T, A) =

limg_w)o% (cf. [BLLI3, Proposition 2.11]), and {%IOgUﬁA}ﬂ€(1’+OO is a normal

)
family (cf. Lemma, it immediately follows that {BA/ﬂ},Beu oo)

is a normal family.
It has been verified in Theorem [} (ii) that {If|cxr) } 5 (1.400) 18 DOTMAL.

(i) Recall BA = BA +loguga —logugaoT — P(T, BA) and limg_, oo B~ P(T, BA) =
Q(T, A) (cf. [BLLI3| Proposition 2.11]). By the assumption that 3; ' logug, 4 pointwise
converges to v as k — +00, we see that B;:Z/Bk pointwise converges to A4+v—voT —
Q(T,A) as k — +oo.

(iii) By Theorem [H (ii), ! is a tropically continuous linear functional. Let b be
the density of / in D(X) (cf. Proposition [2.7] and Remark [2.17). Now we show that
L5(b) = b. Since A € C(X,R), it follows from (1.8) that £+ (b) € D(X). Recall that for

every b;: X — R, there exists a unique by € D(X ) equivalent to by (cf. Remark [2.17)).
It suffices to show that £+(b) is equivalent to b. Thus, by |D it suffices to show

that 1(L5(f)) = I(f) for aﬁ feC(X,R).
Fix f € C(X,R). Recall R (NBA) ppa. It follows that for all g > 0,

1 1
lZ(BIOgRBZ(e ) 3 log/R 7Y dppa

(4.8)
_%log / 9 AR, (1p) = 15().
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Now we compare L4(f) with 1 logR (eﬁf ) Similar to .D it follows from the
definitions of the Ruelle operator and the Bousch operator (cf. (1.4) and (1.7))) that for

all g > 0,
Li(f) < B M og Rz (e”7) < Ly(f) + B log N,
14— BA/Bllco > (15~ o Rz (7))~ 57" log Rz (¢77) | o
where N is the constant in Lemma . We conclude that for all g > 0.
1£3(f) = B og Rz (™) || oo < 67 og N+ [|A = BA/B| - (4.9)
Thus, for all k € N,
1(L5(f) = U(f)|

< |UH) =15 ()| + |15, (f —z“(ﬂgllognm(eﬁkfm
+ (15, (B " log Rg= (7)) — 15, (L2(N)| + |15, (£2(F) — ULz ()]
<1 ~ (P +0

1300 = B og R ()| o + 115, (£3(F)) = 1(£L3(1)]

<|Uf) =1 ()] + B log N + || A = BeA/ Be| o + |14 (£3() — 1(L2()].
(4.10)
where the second inequality follows from (4.8)) and (4.4]), and the third inequality follows
from (4.9)).
Recall limy_, o lﬁ (f) = 1(f), limy s o0 I, (L’g(f)) = l(ﬁg(f)) (here £5(f) € C(X,R)

by Proposition , limg_ 4 o0 m/ﬁk = Zl, and limy_, o O = +00. As k — 400 in
4.10)), we conclude that I(f) = l(ﬁz(f)). O

4.2. Proofs of Theorems [A]l and [Bl The framework that we have established now
enables us to generalize the main results of [BLT06] and [Mel8] to Corollary 4.3| below
and Theorem |B|beyond symbolic dynamics, and then to achieve a further strengthening
in Theorem [A] by dropping the transitivity assumption of Corollary [4.3]

Corollary 4.3. Let T: X — X be a transitive expanding covering map, and A €
CY(X,d) with o € (0,1] with a unique mazimizing measure. Then the family of
equilibrium states {j1ga}tpe(,+00) Satisfies the large deviation principle as  — +oo
with rate function —(vo ® by), where by is the unique element of Eqr 4 (L5, D(X))
satisfying ?Xbo(x) = 0 and vy is the unique element of Eqr 4)(La, C(X,R)) satisfying

8 (v(z) ® bo(w)) =0.



TROPICAL THERMODYNAMIC FORMALISM 53

Proof. Note that for all b € D(X) \ {00, 0}, @ b(x) € R. Since A is uniquely maxi-
rzeX

mizing, it follows from Proposition that dim&q 7 4 (L5, D(X)) = 1. Thus, there
exists a unique by € Eq7,4)(L5, D(X)) such that @ by(z) = 0.
’ zeX

Note that for all 3 > 0, I7*(1) = B~ tlog1 = 0 since mgy is a probability measure.
It then follows from Theorem [E| (i) that every pointwise convergent subsequence of the
family {Z’B”} Be(ltoo) B B — +oo must converge to some tropical linear functional [

whose density b in D(X) is in g1, 4)(£5, P(X)) and @ b(z) = I(1) = 0, which implies
’ zeX

that b = by. Recall from Theorem [Ef (i) that the family {I%'|c(xr) } Be(1go0) 19 normal.

By Remark , we conclude that as  — +o0, [5" must pointwise converge to [ whose
density in D(X) is by.
Since A is uniquely maximizing, it follows from Proposition that

d.Lné’Q(T,A) (*CAa C(X, ]E)) =L

Thus, there exists a unique vg € Eg(p4)(La, D(X)) such that @ (vo(z) @ bo(x)) =
’ zeX
l(’Uo) = 0.
Claim. As 8 — 400, f7loguga must uniformly converge to vy.

Recall that [ugadmga =1 for all 8 > 0. It follows that for all 5 > 0,

1
l?(ﬂ_l loguM) = Blog /UBA dmgA = 0.

Suppose v € Eqr4)(La, C(X,R)) is the uniform limit of a convergent subsequence
{@k—l log uﬁkA}keN with 8y — +o00 as k — 400 according to Lemma H It follows
from (4.3)) that for all k£ € N,

|15 (v) — 17 (B M logug,a) | < ||v — By ' log uﬁkAHCO.

We conclude that for all k& € N,

1) < [(0) = 15 (0)] + [15: (v)] ‘\ii (4.11)

v) — lg;(v)| + ‘lg;(v) -5 (6,;1 logugkA)|
v) =15 (0)| + [|v — B ' log ug, al| o

N

Since limg_, 400 1§ (v) = (v) and limg_ o B, ' log ug,a = v, we get I(v) = 0 as k —
+00 in (4.11). Thus, by v € g7 4)(La, C(X,R)) and I(v) = 0, we get v = vy. Now
our claim follows from the normality of {3~"loguga } Be(1+00) (cf. Lemma .
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Finally, note that for all 3 > 0 and f € C(X,R), l5(f) = 13 (f + B 'logugya) since
ppa = uga - mga. Thus, for all 5> 0 and f € C(X,R),
|i(vo + f) = U5(f)|
= [U(vo + f) = U5 (f + B~ " loguga)|
< lvo + f) = 15 (o + )] + |15 (vo + f) = 15 (f + B og uga) |
< V(Uo + f) = 15 (vo + f)‘ + Hvo — B! 10gUﬁA||Co,
where the last inequality follows from (4.3]).

Since we have shown that %log uga uniformly converges to v and that ' pointwise
converges to [ as f — +o0, it follows from (4.12) that limg lg(f) = l(vg + f) for all
f € C(X,R). Since by is the density of [ in D(X), l(vg+ f) = @X(f(x)®(v0(x)®bo(:v)))

e

for all f € C(X,R), i.e., —(vo ® by) is the rate function I in (4.1). We conclude that
{1patse, +00) satisfies the large deviation principle as f — 400 with rate function
—(’UO X bo) O

Theorem [A]is derived as a consequence of Corollary 4.3

(4.12)

Proof of Theorem [Al Here we need to deal with the lack of the transitivity assump-
tion. Denote the set of nonwandering points by Q(7). It is well known that all fi-
nite T-invariant measures are supported on Q(7T") (cf. [Wal82, Theorem 6.15]). Recall
that equilibrium states are T-invariant Borel probability measures that maximize the
measure-theoretic pressure (cf. (1.1)). Thus, for all ¢ € C(X,R), an equilibrium state
for ¢ is also an equilibrium state for p|or) (and T'|qer)). By [PULQ, Proposition 4.3.8],
Q(T') can be decomposed into finitely many disjoint compact sets ©;, 1 < j < J, such
that (T|oer) ' (Q;) = Q; and Tg, is transitive for all 1 < j < J.

If for some 8 > 0, there are at least two equilibrium states for 5A, then by [PUIL0,
Proposition 3.6.3], there must be two equilibrium states supported on different ;. It
follows from [Jel9, Theorem 4.1] that every weak* accumulation point of an equilibrium
state for A as f — 400 is a maximizing measure for A. Let pn.x be the unique
maximizing measure of A. Without loss of generality, we can assume that supp pimax <
)y (since pmax must be ergodic). Consequently, there exists r > 0 such that for all
B > r, there exists a unique equilibrium state pgs for SA and supp pga C €.

Now applying Corollary to T'|o, and Alq,, we see that there exists a lower semi-
continuous function /;: 2 — [0, +00] such that for all f € C(X,R),

1 1
51—i>rfoo Elog/}(eﬁf dpga = /31—i>rfoo 3 log /Ql e’ duga = sup (f(z) — Ii(w)).  (4.13)

zEM

Consider

](1’) — [1(13) lfl' S Ql,
+oo ifxre X Q.
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It is straightforward to check that I: X — [0, 400] is lower semi-continuous since [; is
lower semi-continuous and €2 is a compact subset of X. It follows from (4.13)) that for
all f e C(X,R),
1
lim —lo e d = su x)—1I(z)).
Jim S1og [ ¢ duga = sup(f(e) = 1(2)

We conclude that the family {1154} se(r,+00) satisfies the large deviation principle with
rate function I.

In particular, it follows from [Je06, Theorem 3.2] that the set of potentials in C%*(X, d)
with a unique maximizing measure is generic. If, in addition, 7" is Lipschitz continuous,
then it follows from the reformulation of [Col6, Theorem A] in [Bocl9] that the unique
maximizing property holds for an open and dense subset of C%*(X, d). U

We now prove Theorem [B]

Proof of Theorem [B. We have shown that the three families

{ﬁA/ﬁ}Be(1,+oo)’ {ﬁil log uﬂA}Be(l,Jroo)’ and {lgn‘c(X»R)}ﬁe(l,+oo)

are normal in Theorem [F] (i), Lemma [4.1] and Theorem [E] (i), respectively. It suffices
to show that the limit of every convergent subsequence must be the same function or
functional. Since {1134} se(1,400) satisfies the large deviation principle as f — +o0, it

follows from the discussion above 1} and Remark that {lg } Be(l400)
converges as 5 — 4o00. Denote this limit by [. It follows from Theorem [E| (ii) that [ is

tropical linear. Let b’ be the density of [ in D(X) (cf. Proposition 2.7 and Remark [2.17)).

(i) Suppose that the subsequence {Ek\;l / Bk} reyy Uniformly converges to AecC (X,R)
with B — +o00 as k — +o00. Then it follows from Theorem [F] (iii) that

V(T (@) + Alz) = V' (x)

(
for all z € X. If b'(xp) € R for some zy € X, then it follows from A e C(X,R) that
V(T (z9)) € R and A(xg) = 0'(z9) — '(T(xp)). We conclude that the values of A at

points in {y € X : ¥/(y) € R} are determined by (4.14]).
Recall that jz4 is a probability measure for all 3 > 0. Note that

pointwise

4.14)

1
= log p134(X) = 0.

® (0 (x) = lim lg(l):ﬂgxfooﬂ

zeX B——+o00

It follows that &’ : X — R.
We claim that {y € X : b/(y) € R} is dense in X. If the claim holds, then the
values of A on X are all determined by 1’ and the continuity of A. Thus, every
uniformly convergent subsequence { OrLA / ﬂk} rey Must converge to the same function

A e C(X,R), and (i) is verified.
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Now we prove the claim by contradiction. Suppose that {y € X : 0/(y) € R} is not
dense, i.e., there is an open set U C X such that 0'(y) = —oo for all y € U. Note that
implies that O/(T(y)) = —oo if 0'(y) = —oo. It follows that for all y € U and
n € N, b (T"(y)) = —oo. Since T is open, distance-expanding, and transitive, there

exists a positive integer M so that X = (JX, T"(U) (cf. [PUL0, Theorem 4.3.12]). Thus,
0=ab(x)= & @& Vy= & (—0)=—c.
0<i<M

zEX 0<i<M yeTi(U)
This is a contradiction, and our claim follows.

(ii) We have proved in (i) that 574 /3 uniformly converges to A as f — +oc0. Now
suppose that the subsequence { ﬂk log ug, A} JeN umformly converges to v € C(X,R)
with 8, — 400 as k — +oo. Then, by Theorem |F} l ii)

leA—Q(T,A)—i—U—UoT.

This implies that v — v o T" is uniquely determined.

Recall [ugsdmga =1 for all B > 0. Suppose a subsequence {3} }ren of the sequence
{Bk }ren satisfies limy 100 B, = +00 and that lg;,c pointwise converges to some [ as
k — +oo.

Similar to the argument for the claim in the proof of Corollary (cf. ), we
have

[(v)] < |i(w) = 1 ()] + |1 ()] =

[(v) = U5t (v)| + |1 (v) = 15 (8, log ugya)|
[(v) = 15 (0)| + [l = B log ugall o

N

where the equality follows from [ugadmgs = 1 and the second inequality follows
from As k — o0 in the above inequalities, we have [(v) = 0. Moreover, [ is
troplcal hnear by Theorem .

We claim that the uniqueness of v — v o T, together with I(v) = 0, implies the
uniqueness of v. Assume that there exists vy, vy € C(X,R) such that vy —vy 0T = vy —
vyoT and I(vy) = Z("Ug) = 0. It follows that v; —vy = (v1 —vg) 0T and vy —vy € C(X,R).
It then follows from the transitivity of T that v; — vy = ¢, where ¢ € R. Thus,

0=1I(v) =l(v,®c) =) ®c=0®c=c,

i.e., v1 = vy and the claim follows. Now (ii) is verified.

(iii) Recall that I5(f) = I7(f + 3 logum) for all § > 0 and f € C(X,R) since
fga = uga - mga. By (ii), % loguﬁA uniformly converges to some v € C(X,R) as
B — +oo. Recall that I%; pointwise converges to [ as § — +00.

B
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Now suppose that [ is the pointwise limit of [, with By — 400 as k — +oo. It
follows from (4.3]) that for all f € C'(X,R),

|5, (f +v) = UN] < |15 (f +0) = B (O] + 15, () = 1(f)]
= |15, (f +v) = 5, (f + B logug )| + |15, () = U] (4.15)
< v = B ogugeall o + |1 () = 1F)-
As k — o0 in the above inequalities, we see that I(f) = Z(f:l— v) for all f € C(X,R),
ie., l(g) = l(g —v) for all g € C(X,R). We conclude that [ is uniquely determined,
and (iii) is verified.

Finally, assume that %log uga uniformly converges to v € C'(X,R) as § — +oo and
that [jj' pointwise converges to [as B — +oo (byv ) By Theorem [E| (i), [ is a
tropical linear functional. Let b be the density of [ in D(X) (cf. Proposition and
Remark 2.17). Similar to (4.15), it follows from (4.3), (4.4), and If(f) =I5 (f + Fusa)
for all 3 > 0 and f € C(X,R) that lims o [5(f) = I(f +v) = @X(f(x) ® (v(zr) ®

S

b(x))) for all f € C(X,R). Thus, the family {1s4}ge(1,+00) satisfies the large deviation
principle as  — 400 with rate function —(v ® b). O

APPENDIX A.

For the convenience of the reader, this appendix includes proofs of a few results that
may be known to experts.

Proof of Proposition Fix 2 € X and denote T~ !(z) = {x1, ..., x,} where
n € Nyg. Let & > 0 be the constant in Lemma [3.2l For all y € B(z,£), denote
y; = T, '(y) for each integer 1 < ¢ < n and consequently T7'(y) = {y1, ..., yn}
according to Lemmal[3.2] If z € X\T(X),i.e.,n =0, then L4(u)(z) = La(u)(y) = —o0
for all y € B(x, ).

Otherwise, L4(u)(x) = max {u(w;) + A(z;)} and La(u)(y) = max{u(y;) +A(y,)} for
all y € B(z,€). It follows that for all y € B(z,§),
lexp(La(u) () — exp(La(u)(y))| < @ |eFedl) — eul Al
1<i<k

. (A.1)

Assume that A € C(X,R) and v € C(X,R). Since X is compact, it follows that A
and e" are both uniformly continuous. Thus, for each € > 0, there exists o > 0 such
that }e“(zl)eA(Zl) — e“(‘z?)eA(Z?)’ < e for all z1, 20 € X with d(z1, z3) < 4.

Then for all y € B(x, min{¢, A\d}), Lemma|3.2| implies that d(z;,y;) < A'd(z,y) < ¢
for each integer 1 < 7 < n. It follows that !e”(”"i eAlzi) _ e“(yi)eA(y")‘ < € for each integer
1 < ¢ < n. Thus, it follows from that |exp(La(u)(z)) — exp(La(u)(y))| < € for
all y € B(x,min{¢, A\d}). We conclude that exp(La(u)) € C(X,R) and thus L4(u) €
C(X,R).
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Moreover, if T is surjective and u € C'(X,R), then L4(u)(z) € R for all z € R and
consequently L4(u) € C(X,R) with ||L4(u)||co < 400 since X is compact. If T is
surjective and A, u € C%%(X,d), then we see that for all y € B(z,§),

Lalu)@) ~ L4 < & Ju(r) — ulys) + Alz) — Al

Since d(x;,y;) < A'd(x,y) for each y € B(x,£) and each integer 1 < i < n (by

Lemma [3.2), it follows that |L4(u)|gee < A7(|ufge + |Alge). It immediately follows

that La(u) € C**(X,d). O
Recall the definition of 7" from Remark

Proof of Lemma [3.10L Let £ > 0 be the constant in Lemma [3.2] Fix z, y € X with
d(z,y) < & and n € N. Note that if 77"(x) = ), then it follows from Lemma [3.2] that
T"(y) = 0.

Assume that T7"(x) # 0. Denote T7"(x) = {z1, ..., o} and y; == T, "(y) for all
1 <i< k. Then Lemmaimplies that 77" (y) = {y1, ..., v} and d(T"(z;), T"(y;)) <
N=nd(x,y) for all 0 <1< nand 1 < i < k. It follows that
® A - 0 SAE)| < © [5A@) - S

y

zeT—"(z yeT—n( 1<i<k
Since A € C%*(X,d), it follows that for all 1 <i < k,
[SnA(:) = SuA(ya)| < |Alao (i, y)* + -+ d(T" (@), T (5:)")
< Aliod(@, )7 (7 4+ A7) < [Alged(m, )2 (0 — 1)L
Now is verified. It then follows from Lemma [3.1] (ii) and d(z;, y;) < A™"d(x, y) for
all 1 <i < k that for all u € C(X,R),
Liw)z) = & (u(@:)® SuA(w:))

X

@ (ulys) @ wa(A"d(2,)) ® SuA(yi) ® |Algod(z,y)* (A" = 1))

1<i<k
= L (u)(y) + wa(A"d(2,y)) + [Alaed (@, y)* (A = 1)~
Note that (3.7) trivially holds if 7-"(x) = (). We conclude that (3.7) is verified.

Now assume that T is transitive. It directly follows that T is surjective. Thus, we
take Cy = |A]4€*(A* — 1)7! and conclude that for all n € N and z, y € X with

d(z,y) <¢,

N

O SAG) - @ SnA(g)‘gco. (A.2)

TET " (x) FET " (y)

Claim. There exists N¢ € N such that for all z, y € X, there exists an integer m
satisfying 0 < m < N¢ and T (B(x,€)) N B(y, ) # 0.

Since X is compact, there exists a finite set {zy, ..., z,} € X with ;_, B(2:,£/2) =
X. For all z,y € X, there exist i, j € {1, ..., s} such that d(z,z;) < £/2 and
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d(y, z;) < &/2. Thus, B(z;,£/2) C B(x,§) and B(z;,£/2) C B(y,&). We conclude that

if for some m € Ny, T"(B(z;,£/2)) N B(z;,&/2) # 0, then T™(B(x,&)) N B(y,§) # 0.
It follows from the transitivity of 7' that there exists m;; € Ny such that for all

i,7€{l, ..., s}, we have T (B(2;,£/2)) N B(zj,£/2) # 0. Thus, we can take

N¢ '= max m;; < +00. (A.3)

1<i,5<s

Now the claim is verified.

Fix z, y € X and n € N. Then the claim implies that there exists y’ € T-™(B(y,£))N
B(x,&) for some integer m satisfying 0 < m < Ng. It follows from (A.2)) that

zeT—"(x v eT—(y)
= CO - SmA(y/> + o S¥ Sn+mA(E)
y'er—(y')
< Co —m inf A(z) + @ SntmAY)
weX yer-n-mrn(y)
=Co—minf A(z)+ ® (SnA(Y) + S, AT™(Y)))
vex yET (T (y)
< Co — m inf A(z) + msup A(z) + ) S, A(T™(y))
zeX zeX yeT—r=m(Tm(y’))
= Cp—m inf A(x) + msup A(z) + D SnA(z)
zeX zeX 2ET-(T™(y'))
<20+ Ne(sup Ax) — inf A(x)) +__ & S, A(F).
zeX zeX yeT—"(y)

Thus, we can take C) = 2Cy + Ne(sup,cx A(z) — inf,ex A(z)) and get that for all
r,y€ X andn € N,

®  SAE - o &A@ﬂgcb (A.4)

TeT " (x geT—"(y)

Fix A, u € C%*(X,d). Proposition [3.9/implies that £7(u) € C**(X,d) for all n € N.
Now it suffices to give the estimate for [L7(u)]|g.

It follows from that for all n € N,
L3 (u)]ae ¢ < [Alao (A" = 1) 7+ Julge A < (A% = 1) 7 (| Alao + [ula=).
For z, y € X with d(z,y) > ¢, implies that for all n € N,
[£4(u)(x) = L4 (u)(y)] < C1 + supu(x) — nf u(z)

xeX zeX

< (C’l + supu(x) — inf u(m))f‘ad(x, y)“.

zeX zeX
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We conclude that for all n € N,

L7 ()] ge < rnax{()\a 1) ([ Ao+ Julge), <01 +supu(z) - ig}f{u(m))f’o‘}. (A.5)
x€ x
Now let C5(A,u) denote a positive constant satisfying |L£(u)]se < Co(A, u)(|Alge +
|u|ga) for a specific pair A, u € C%*(X,d) and all n € N.

If A, u € C%(X,d) are two constant functions, then for each n € N, £%(u) is a
constant function. Thus, 0 = |A|g = |u|ge = |L%(u)|4 for all n € N and, consequently,
C5(A,u) can be an arbitrary positive number.

Now suppose that there is a nonconstant function among A and u, i.e., |Algo +|u|ge >

o o _1 Citsupgex u(z)—inf e x u(x)
0. By (A.5), we can take Cy(A, u) == max{(A* — 1), Igae(alda"rm‘da?x }.
Moreover, the fact that A, u € C%*(X,d) implies that

sup A(z) — inf A(z) < |A|ge(diam X)*  and

rzeX zeX

sup u(z) — inf u(z) < |u|ge(diam X)®.

zeX zeX
Recall that C; = 2Cy + Ne(sup,ex A(z) — infex A(x)) and Cp = [Algp&*(A* — 1)
We conclude that

Ch(A,u) < max{()\a _ gyt 200+ NelAlar (diam X)* + Jul,e (diamX)a}
) ) ga(’A|da—|—"u,|dQ)

1 Ne(diam X)) 2Cy }
gmax{)\a—l L d +
N T e Y e )
N¢(diam X)“

< max{()\a 1) % 2N — 1)—1}.

Thus, we take Cy = 2(A\* — 1)~ + M and conclude that
|La(w)]ae < Co(|Alge + |ufa=)

for all A, u € C%*(X,d) and n € N. The proof is now complete. O

Proof of Lemma B.I5l Let vy € C%%(X,d) be the sub-action for A € C%*(X, d) from
Proposition 3.6 It follows that B :== A+vs—v40T < Q(T, A) and Q(T, B) = Q(T, A).
Thus, an invariant probability measure p is a maximizing measure for A if and only if
p is a maximizing measure for B if and only if u is supported on B~*(Q(T, A)). Denote
K =B YQ(T, A)). Now it suffices to show that an invariant probability measure p is
supported on K if and only if p is supported on €2 4.

Note that S,B(z) = S,A(z) + va(x) — va(T"(z)) for all n € N and z € X. It
then follows from Definition and vg € C(X,R) that Qp = Q4. Fix an arbitrary
zo € Qp and € > 0. By Definition [3.14] there exists y € B(xo,€) and n € N such that
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d(xo,T™(y)) < € and |S,,(B — Q(T, B))(y)| < €. Since B < Q(T,A) = Q(T, B), we see
that
) = Q(T, B) = S,B(y) —nQ(T, B) > -
It then follows from d(xo, y) < € and vy € C**(X,d) that
|

<
|B(w0) = Q(T, B)| < [Blaed(x0,y) + |B(y) — Q(T, B)| < €[ Blae + €.

We conclude B(z) = Q(T,B) = Q(T, A) for all x € Qp, ie., Qa4 = Qp C K. It follows
that if a probability measure p is supported on 24, then p is supported on K.
Assume that an invariant probability measure p is supported on K. Since p is
invariant, we see that yu is supported on [y, 77" (K). Denote the set of nonwan-
dering points by (7). Note that the invariant measure p is also supported on Q(T)
(cf. [Wal82, Theorem 6.15]). We conclude that supp p C (1, oy, T "(K) N QT). Fix
1 € Npen, T7HE) NQT) and € > 0. Since z; € QT'), there exists n € N such
that d(T" (1), 1) < €. Since 21 € (o, T "(K) and Q(T, A) = Q(T, B), we see that
Sn(B)(x1) — nQ(T, B) = 0. It then follows from Definition [3.14] that z; € Qp. We
conclude that (), oy, 77 (K) NQ(T) € Qp = Q4 and p is supported on Q4. The proof
is now complete. O

By

Lemma A.1. Let T: X — X be an open continuous distance-expanding map on a
compact metric space (X,d), and A € C*(X,d) with a € (0,1]. Then the Mané
potential ¢ 5 1S upper semi-continuous.

Proof. 1t suffices to show that for all x, y € X,

e—0T zEB(x,€)
wEB(y,€)

Fix§ > 0, z € B(x,0/2), and w € B(y,§/2). It immediately follows from Definition [3.16]
that

QbA(Z,U)) < ©® ©® Snz(zl) < S ©® SnZ(Zl)

neN  d(z1,2)<6/2 neN  d(z1,2)<6

A(T™ (21),w)<5/2 A(T™ (21),y)<6
Thus,
©  dalz,w) < D @ SnA(z1).
2€B(2,5/2) nEN  d(z;,2)<s
wEB(y,6/2) d(T"(21),y)<6

As § — 07 in the above inequality, we see that (A.6) follows from Definition [3.16| [
The following lemma is used in the proof of Proposition m (V).

Lemma A.2. Let T: X — X be an open continuous distance-expanding map on a
compact metric space (X,d), and A € C**(X,d) with o € (0,1]. Let & > 0 be the
constant in Lemma. Forallzg € Qy4, € € (0,), andl € N, there exists 1 € B(xg, €)
and n > 1 such that T"(z,) = 2o and |S,A(z1)| < .
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Remark. This lemma is slightly different from [Gal7, Corollary 4.5]. In this lemma, we
assume A € C%*(X,d) and require T"(z;) = zo while [Gal7, Corollary 4.5] assumes
A € C(X,R) and only requires d(T"(z1),x¢) < €. Although [Gal7, Corollary 4.5] is
stated for subshifts of finite type, its proof is applicable to our setting. Thus, we directly
use it in the following proof.
Proof. Fix e € (0,£), 1 € N, and 2y € Q4. Then fix 6 € (0,¢/2) satisfying
§+ (A = 1) YA b < e < €.

It follows from [GalT, Corollary 4.5] that there exists z2 € B(xo,d) and n > [ such
that d(T™(z2),z0) < ¢ and |S, A(z2)| < 6.

Since d(T™(22), z9) < § < & and x5 € B(wg,d), Lemma [3.2 implies that
d(T,, (o), wo) < d(T,,"(20), x2) + d(wa, 19) < X "d(wo, T"(22)) + d(w2, 79) < 26 <.
Denote z; = T, "(x). It follows from (3.8)) that

18, (w) — SuA(w2)] < (A" — 1) |Alged®.
We conclude that d(z,z9) <€, T"(x1) = x¢, and
|Snz($l)| <0+ ()\a — 1)_1‘A|da50‘ < €,

where the last inequality follows from our choice of 4. OJ

Now we provide a proof of Proposition |[3.18|

Proof of Proposition [3.18] (i) Fixu € Eg(7 4)(La, C(X,R)). Then u(T(x)) > u(z)®
A(z) for all # € X. Thus, u(z) ® S,A(z) < u(T"(z)) for all z € X and n € N.
Fix z, y € X. Since u € C(X,R), for every € > 0, there exists 7(€) € (0, €) such that
u(z) <u(z) +e and u(w) < log(exp(u(y)) + €)
for all z € B(x,n(e)) and w € B(y,n(e)). By Definition [3.16, we see that
u@) @ dalry) = Imu@we (@ © - SA()
e—0t

neN  d(z,z)<n(e)
d(T™(z),y)<n(e)

< lim sup( &) ® (SnA(2) ® u(z) ® 6))
es0+  \neN  d(z.a)<n(e)
d(T™(z),y)<n(e)

< lim Sup( & ® (u(T™(2)) ® 5))
e—0+ ‘\neN  d(zz)<n(e)
d(T™(2),y)<n(e)

< lim sup log(exp(u(y)) +€) ® €

e—0t
= u(y).
(ii)—(iv) Statements (ii), (iii), and (iv) are already established in Subsection [3.2]
(v) Let £ > 0 be the constant in Lemma [3.2] and fix zy € Qa.
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Step 1. We first establish the claim below, which will also be useful in the following
steps.

Claim 1. For all z € X and every yo € B(xo,§) satisfying T"(yo) = z for some
n € Ny, we have

da(z0,2) = SnA(yo) — (A" = 1) A|ged(z0, yo)* (A7)

Now assume that z € X and yo € B(xg, &) with T"(yy) = z for some n € N.

Fix an arbitrary €; € (0,¢). Fix some | € N depending on €; and satisfying A~'¢ <
€1/2. By Lemma , there exists x1 € B(x, €1/2) and ng > [ such that 7™ (zy) = zg
and | Sy, A(z1)| < 1.

It follows from Lemma |3.2{ and yo € B(xq, ) that

d(T,," (o), z0) < d(T,," (yo), x1) + d(21, o)
<A ™d(yo, o) + d(z1,20) K AT F€1/2 < €.
Since yp € B(xo,§), it follows from that
|SnoA(21) = SngA(T,™ (o)) | < (A* = 1) 7! Al ged (o, o)™ (A.8)
By and the definition of x1, we conclude that
S © SpAWY) = SnrnA(T,"(w0))

meN d(yy,7g)<e
T (y1)==

SnoZ(x1> - (Aa - 1)71|A|d°‘d<x07 y())a + Snz(yO)
—e1+ SuA(yo) — (A" = 1) Alged(o, yo)*.

As e; — 07 in the above inequality, (A.7)) follows, and Claim 1 is verified.

Recall that ¢4(+,-): X x X — R. Note that the transitivity of 7" implies the existence
of yo € B(xo,€&) and n € Ny satisfying T"(yo) = 2. We conclude that if T' is transitive,
then ¢4(xg, z) € R for all xy € Q4 and z € X.

Step 2. We show that ¢a(z0,2) = @ (da(z0,y) ® A(y)) for all z € X.

yeT—1(z2)

Fix z € X. It immediately follows from Definition that ¢(z, T(z)) = A(z) for

all z € X. It then follows from Proposition (i) that

& (Palzo,y) ®AW) < @ (Pa(z0,y) ® Pa(y, 2)) < dalo, 2).

yeT~1(2) yeT—1(2)

2
2

Now it suffices to show that ¢a(z0,2) < @ (¢da(z0,y) @ A(y)).

yeT~1(2)
Fix arbitrary €5 € (0,€). Recall that we have proved
¢A($0,Z) = lim & P SnZ(yo)

e—01 neN d(yg,zg)<e
T™(yg)=2
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as a claim in the proof of Proposition m (ii). Note that the above limit is a decreasing
limit. Thus, there exists w € X and m € N such that d(w, zo) < €2, T™(w) = z, and

Pa(zo,2) < @N . @) S, A(yo) < SmA(w) + €3 = S 1 A(w) + A(w) + €.
ne Y0,20) <€
T"(yg)==

Note that m — 1 € Ny. We now apply (A.7) with 7 !(w) in place of z, w in place of
Yo, and m — 1 in place of n. It follows that

Sm—1A(w) < ¢a(wo, T (w)) + (A* = 1) Al god(w, z0)*.
Denote G(€3) = €3 + (A* — 1) A]ga€s. Recall T™(w) = z. We conclude that
da(zo,2) < da (3707 Tmfl(w)) + A(w) + Gle2)
@1( (Palzo,y) ® Ay)) + Glea).

yeT—1(z)

<
<

As e, — 07 in the above inequality, we get ¢pa(70,2) < @ (da(z0,y) @ A(y)).
1
(

Step 3. We verify the regularity of ¢4(xo, ).
Claim 2. For all z1, z5 € X satisfying d(z1, z5) < &,

¢A($0, 21) < ¢A(x0, 22) + (>\a - 1)71|A|dad(21, Z2)a‘ <A~9)

Now fix z1, 20 € X with d(Zl, 22) < f

Fix an arbitrary e3 € (0,£/2). Fix some [ € N depending on €3 and satisfying
A€ < e3/2. By Lemma there exists 1 € B(zg,€3/2) and n; > [ such that
T (z1) = 70 and |S,, A(z1)| < €.

Assume that there exists n € N and y; € T7"(2) such that y; € B(xg,€3/2) C
B(xg,&). Denote y, == T, " (y1) and ny := n + n;. Lemma implies that

T

d(y2, o) < d(y2, 21) + d(21, T0) (A.10)
<A ™Md(yp, o) + d(x1,70) < €3/2+ €3/2 = €3.
Since d(y1, o) < €3/2 < &, it follows from that
50, 8] < 18, 8e2)] + O~ 1) Al e/ 2" )
<eg+ (A = 1) Al (e3/2)" |
Note that T2 (ys) = T"(y1) = 21. Since d(z1, z2) < &, it follows that
d(T,,"(22), 20) < d(T,,"*(22),y2) + d(y2, x0) (A12)
<A 2d(29,21) + €3 < AU+ €3 < 2¢s, '

where the second inequality follows from Lemma [3.2 and (A.10)), and the third follows
from ny > ny > . Moreover, it follows from (3.8)) that

‘S,wz(Ty;nQ (ZQ)) — Sn22<y2)‘ < ()\a — 1)71‘A|dad(21, Zg)a. (A13)
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Denote F(e3) = e3+(A*—1)"1Al4a(e3/2)*. By (A.13), (A.11)), and (A.12)), we conclude
that

SnZ(yl) = Sp Z( 9) — sz(l&)
< S A(T () + (A = 1) Alged (21, 2)° + €5 + (A — 1)1 Algo (e3/2)°
<(e K3 dmg%% Swd(2)) + (X = 1) Alued(z1, 22)° + Fles).
Thus, 2

® D SAW <K D D SpAR)+A*—1)"HA|ged(21, 22)* + F(e3). (A.14)

neN d(y,xzg)<e3z/2 meN d(z,ﬂco)<2€3
T"(y)=21 T (z)=

Note that ) holds even 1f there does not exist y1 € U,y "(21) with y; €

B(xg,€3/2). AS 63 — 07 in , we get (A.9).
Thus, Claim 2 follows.

If T is transitive, it follows from Claim 1 that ¢4(xg,-) € C(X,R) (see the discussion

before Step 2) and thus ¢ (g, ) € C**(X,d) with
|04(20, )ao ¢ < [Alaa (A" = 1)7

Therefore, pa(zo,-) € Eqira)(La, C(X,R)), and if T is transitive, then da(zo,-) €
C%*(X,d). Now (v) is verified. O
Proof of Proposition [3.19] Fix u € g7 4)(La, C(X,R)). It follows from Proposi-
tion [3.18] (i) that u(-) > 63 (u(z) ® ¢pa(z,-)). It suffices to find an Aubry point z, for

zellag

each y € X such that u(z,) ® ¢a(zy,y) = u(y). Fix y € X. If u(y) = —oo, then the
above inequality trivially holds for all z, € Q4. Now assume that u(y) € R.

By Lemma T~Y(z) is finite for all z € X. Since u(y) = @& (u(z)+A(2)) and
')

ze€T~1(y
u(y) € R, there exists y, € T~'(y) such that u(y) = u(y1) + A(y1), and thus u(y;) € R.
Then since u(y;) = @ (u(z)+ A(z)) and u(y;) € R, there exists yo € T '(y;) such
2€T~1(y1)

that u(y1) = u(y2) + A(ys), and thus u(yz) € R. Repeating this process recursively, we
get a sequence {yx tren in X satisfying T'(yrr1) = yr and u(yr) = w(yrs1) + A(ygr1) for
all ke N.

Claim. Every accumulation point w of {yj}ren is an Aubry point, and satisfies
u(w) + ¢a(w, y) = uly).

Suppose that the subsequence {y,, }ren converges to z, with n, — 400 as k — +o0.
Without loss of generality, we assume that n,.; > ny + k for all £ € N. It follows
from Lemma and the choice of y; that there exists D > 0 such that u(yx) =
u(y) — SpA(yr) = u(y) — D for all k € N. Since u € C(X,R) and y,, converges to z as
k — 400, we see that u(z,) € R.
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Fix € > 0. The continuity of u, together with u(x,) € R, implies that there exists
n € (0,€¢/2) such that |u(x,) — u(z)| < ¢/2 for all z € B(x,,n). Thus, there exists
N € N such that for all £ > N, d(y,,,vy) <n < €/2 and d(y,,,,r,) <1 < €/2. Write
nir1 — ng = mg € N. It follows that for all £ > N,

S AW )| = [u(yn,) = u(hn)] < 2 (€/2) =€

Since d(Yn,, Ynypr) < AYnys Ty) + d(Ty, Yn, ) < €, by Definition [3.14) we conclude that
r, is an Aubry point. Moreover, the inequalities d(yy,, z,) < €/2 and d(yy, ,,, ) < €/2
imply that for all £ > N,

u(y) = wlyn) @ S Alyn) < () + /20 (0 @ SA().
d(T™(z),y)<e/2

As € — 07 in the above inequality, we get u(y) < u(zy) ® ¢pa(zy,y). Now the claim is
verified, and it follows that u(-) = 6?2 (u(z) @ palz,-)). O

FASOYY
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