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Abstract. We investigate the zero-temperature large deviation principle for equi-
librium states in the context of distance-expanding maps. The logarithmic-type zero-
temperature limit in the large deviation principle induces a tropical algebra structure,
which motivates our study of the tropical adjoint Bousch operator L∗

A since the Bousch
operator LA is tropical linear and corresponds to the Ruelle operator RA.

We extend tropical functional analysis, define the adjoint operator L∗
A as a tropical

analog of the adjoint Ruelle operator R∗
A, and establish the existence and generic

uniqueness of tropical eigendensities of L∗
A associated with the maximal eigenvalue.

The Aubry set and the Mañé potential, both originating from weak KAM theory, serve
as important tools in the representations of tropical eigendensities. With our notion
of tropical completeness and our tropical Riesz representation theorem, L∗

A can also
be seen as a version of the tropical Koopman operator.
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1. Introduction

Large deviation theory characterizes the asymptotic computation of small probabil-
ities on an exponential scale. This topic has gained much interest due to its various
applications and the establishment of a general framework by Varadhan [Va66]. For a
general account of large deviation theory, see e.g. [DZ09] and [El85].

In dynamical systems, the large deviation of empirical means on orbits approximating
a certain invariant measure in weak∗ topology has been widely studied (see e.g. [Ki90],
[AP06], [MN08], and [CRT19]). Parallel to these studies, in this article, we investigate
the zero-temperature large deviations of equilibrium states parameterized by an inverse
temperature, which have been studied in symbolic dynamics (see [BLT06] and [Me18]).
Specifically, we consider the following problem:

For which pairs (T,A) of dynamical systems and potentials does the large
deviation principle hold for the family of equilibrium states {µβA}β∈(1,+∞)

as β → +∞?

Similar phenomena have been investigated in other settings; see e.g. Yilin Wang’s sem-
inal work [Wan19] on the large deviation of SLEκ as κ → 0+.

Note that our formulation of the above problem does not a priori assume the weak∗

convergence of µβA as β → +∞ (cf. [DV75]). Generally, every weak∗ accumulation
point of {µβA}β∈(1,+∞) as β → +∞ is a maximizing measure for the potential A.

For a similar phenomenon in Lagrangian systems, every weak∗ accumulation point of
the invariant measures generated by the twisted Schrödinger operators as the viscosity
coefficient tends to zero is an action minimizing measure for the Lagrangian (cf. [An04]).

In this article, we address the aforementioned problem in the context of distance-
expanding maps by observing a natural connection: the logarithmic-type (zero-temper-
ature) limits in large deviation principles of equilibrium states induce a tropical algebra
structure. This observation motivates our development of a theory of tropical thermo-
dynamic formalism, which further enriches the dictionary between ergodic optimization
and thermodynamic formalism.
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Since the fundamental work of Cuninghame-Green [Cu79] on tropical linear alge-
bra, the tropical analogs of various mathematical branches such as functional analy-
sis, complex analysis, and algebraic geometry have been extensively investigated (see
e.g. [LMS01], [HS09], and [IMS09]).

In tropical thermodynamic formalism, tropical (max-plus) algebra corresponds to the
standard linear algebra over the real numbers, and the Bousch operator in ergodic op-
timization corresponds to the Ruelle operator in the classical theory of thermodynamic
formalism. We systematically investigate this correspondence in the following steps:

(i) Extending tropical functional analysis (also known as idempotent analysis, cf.
[Ak99], [CGQ04], and [LMS01]) to support dynamical applications.

(ii) Developing adjoint operator theory for the tropical regime.

(iii) Establishing logarithmic-type zero-temperature limits to operators and eigen-
measures beyond eigenfunctions, creating explicit bridges between thermody-
namic and tropical objects.

To describe these points in more detail, we first review some basic notions of ther-
modynamic formalism and ergodic optimization.

Thermodynamic formalism in ergodic theory dates back to the works of Sinai, Bowen,
Ruelle, and others around the early 1970s [Do68, Si72, Bow75, Ru78], inspired by
statistical mechanics. See also [Br65, Ly82] for early works in complex dynamics. To
be more precise, let T : X → X be a continuous map on a compact metric space (X, d),
and φ : X → R be a continuous function. The measure-theoretic pressure is defined by

Pµ(T, φ) := hµ(T ) +

∫
φ dµ, (1.1)

where hµ(T ) is the measure-theoretic entropy and µ is a T -invariant Borel probability
measure. The measure µ is called an equilibrium state if µ maximizes Pµ(T, φ) and the
maximum is the topological pressure, which we denote by P (T, φ). In particular, for a
constant potential, an equilibrium state is called a measure of maximal entropy. Equi-
librium states are the central focus of thermodynamic formalism. The Ruelle operator
Rφ, also known as the Ruelle–Perron–Frobenius operator or the transfer operator, was
introduced by Ruelle to study the equilibrium states. For example, it is well known
that if T : X → X is open, continuous, distance-expanding, and transitive, and φ is
Lipschitz, then the product of the unique eigenfunction uφ of Rφ and the unique eigen-
measure mφ of R∗

φ (both associated with eigenvalue eP (T,φ)) is the unique equilibrium
state µφ (up to a multiplicative constant). Moreover, the spectral properties are of sig-
nificant importance, serving as a foundation for further study of statistical properties
and limit theorems.

Ergodic optimization originated in the 1990s from the works of Hunt and Ott [HO96a,
HO96b], with motivation from control theory [OGY90, SGYO93], and the Ph.D. thesis
of Jenkinson [Je96]. Ergodic optimization seeks to understand maximizing measures.
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For a continuous map T : X → X on a compact metric spaceX, letM(X,T ) denote the
set of T -invariant Borel probability measures on X, and define the maximal potential
energy of a continuous function A : X → R (known as the potential function) to be

Q(T,A) := sup

ß∫
A dµ : µ ∈ M(X,T )

™
∈ R. (1.2)

The supremum is attained due to the weak∗-compactness of M(X,T ). Any measure
µ ∈ M(X,T ) that satisfies

∫
A dµ = Q(T,A) is called a maximizing measure for T and

A, and the (nonempty) set of such measures is denoted by

Mmax(T,A) :=

ß
µ ∈ M(X,T ) :

∫
A dµ = Q(T,A)

™
.

Bousch [Bous00] proposed to consider fixed points of an operator LA, which we call
the Bousch operator for the potential A. These fixed points are used to reveal the
support of maximizing measures of A. The operator is also known as the Bousch–Lax
operator or the Lax operator in the literature since an analogous construction gives
the Lax–Oleinik semigroups in the context of Hamiltonian systems. For comprehensive
surveys on ergodic optimization, see Jenkinson [Je06, Je19] and Bochi [Boc18].

In the aforementioned step (i), we introduce our notion of tropical completion and
establish a tropical Riesz representation theorem for the tropical completion of the space
of continuous functions C(X,R). A notable difference from the conventional functional
analysis is that density functions take the place of measures in our tropical functional
analysis so that we define the tropical adjoint Bousch operator L∗

A on the space of
density functions D(X) (see (1.6)).

In step (ii), we seek to understand the existence and uniqueness of the tropical
eigendensities of L∗

A associated with eigenvalue Q(T,A). In general, the eigendensities
are not unique, but we are able to establish representations of them via the Aubry set
and the Mañé potential. These two notions originate from the weak KAM theory in
Lagrangian systems. For more about weak KAM theory, see e.g. Contreras & Iturriaga
[CI99] and Kaloshin & Zhang [KZ20]. We remark that the tropical adjoint Bousch
operator L ∗

A can be seen as the counterpart of the backward Lax–Oleinik semigroup.
In step (iii), as we will see in Section 4, the logarithmic-type zero-temperature limit of

the Ruelle operators is the Bousch operator, and the accumulation points of eigenfunc-
tions (resp. eigenmeasures) of the Ruelle operators (resp. the adjoint Ruelle operators)
under logarithmic scaling are the tropical eigenfunctions (resp. eigendensities) of the
Bousch operator (resp. the adjoint Bousch operator).

Now the uniqueness of tropical eigen-objects directly entails the zero-temperature
large deviation principle for equilibrium states. We demonstrate a sufficient condition
for the uniqueness of tropical eigen-objects that holds for a generic Hölder potential and
derive a characterization theorem for the large deviation principle within this frame-
work.
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We remark that although our results are stated for open, continuous, and distance-
expanding maps and Hölder continuous potentials, they can be extended to more general
systems and potentials with appropriate modifications.

1.1. Tropical algebra. We consider R := R ∪ {+∞, −∞} equipped with the tropical
(max-plus) algebra:

x⊕ y := max{x, y}, x⊗ y := x+ y, for x, y ∈ R.

Here −∞ is seen as the tropical additive identity, and we adopt the convention that
(+∞)⊗ (−∞) = (−∞)⊗ (+∞) = −∞. For each subset A ⊆ R, we use ⊕

x∈A
x to denote

the supremum in R, and ⊕
x∈∅

x is defined to be −∞. It is straightforward to check that

(R,⊕,⊗) is a semiring and

c⊗
(
⊕
x∈A

x
)
= ⊕

x∈A
(c⊗ x) (1.3)

for all A ⊆ R and c ∈ R. The basis {(a, b), [−∞, a), (b,+∞] : a, b ∈ R} generates the
desired topology on R. Denote R := R ∪ {−∞}.

Let RX
denote the space of R-valued functions on a set X. The space RX

with

(u⊕v)(x) := u(x)⊕v(x) for all u, v ∈ RX
and (λ⊗u)(x) := λ⊗u(x) for all u ∈ RX

and
λ ∈ R is a R-semimodule (see Section 2 for a review of related notions). Additionally,

we define (u ⊗ λ)(x) := u(x) ⊗ λ for all u ∈ RX
and λ ∈ R. The space RX

has the
natural order: u ⩽ v if and only if u(x) ⩽ v(x) for all x in X, i.e., u ⩽ v if and only if

u⊕ v = v. For each subset U ⊆ RX
, we use ⊕

u∈U
u to denote the pointwise supremum in

RX
. We write (u⊗ v)(x) := u(x)⊗ v(x) for all u, v ∈ RX

.
Let C(X,Y ) be the space of continuous functions from a topological space X to a

topological space Y .
In the sequel, ⊕ always means sup. Denote by 0 := −∞ (resp. 1 := 0) the tropical

additive (resp. multiplicative) identity of R.
We use 1X , 1X , 0X , and ∞X to represent the constant 1, 1, 0, and +∞ functions on

a set X, respectively, and denote 0X := 1X . We often omit the subscript X when it is
clear from the context.

1.2. Distance-expanding maps. A map T on a topological space X is called a cover-
ing map if T is open, continuous, surjective, and is a local homeomorphism. On a metric
space (X, d), a map T is said to be distance-expanding if there exist constants λ > 1
and η > 0 such that for all x, y ∈ X, d(x, y) ⩽ 2η implies d(T (x), T (y)) ⩾ λd(x, y).
We say that a covering map T on a metric space (X, d) is an expanding covering map
if T is distance-expanding.
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This article primarily focuses on expanding covering maps on compact metric spaces,
though many results apply to nonsurjective cases. Note that for a compact metric space
(X, d), the map T : X → X constitutes an expanding covering map if and only if it is
open, continuous, surjective1, and distance-expanding (cf. [PU10, Section 4.1]). Tran-
sitivity is generally not required, and we impose this condition only where necessary.

Let C0,α(X, d) denote the space of α-Hölder continuous functions φ : X → R with
respect to the metric d for α ∈ (0, 1]. For a metric space (X, d), denote B(x, r) := {y ∈
X : d(x, y) < r} for all x ∈ X and r > 0. We use N to denote the set of positive
integers and N0 := N ∪ {0}.

1.3. Ruelle operators and Bousch operators. For a real-valued continuous func-
tion A ∈ C(X,R), the operator RA : C(X,R) → C(X,R) given by

u 7→ RA(u)(x) :=
∑

y∈T−1(x)

u(y)eA(y) (1.4)

is called the Ruelle operator for the potential A. For a transitive expanding covering
map T : X → X and an α-Hölder continuous potential A ∈ C0,α(X, d), it is well known
that RA (resp. its adjoint operator R∗

A) has a unique eigenfunction (resp. eigenmeasure)
in C(X,R) up to a constant associated with the eigenvalue of maximal modulus, i.e.,
eP (T,A), where P (T,A) is the topological pressure of T with respect to the potential A.
Let mA be the unique eigenprobability of R∗

A associated with eigenvalue eP (T,A) and
uA be the unique eigenfunction of RA in C(X,R) associated with eigenvalue eP (T,A)

satisfying
∫
uA dmA = 1. It is known that uA is strictly positive and

µA := uA ·mA (1.5)

is the unique equilibrium state. Here the transitivity assumption guarantees the unique-
ness of uA and mA, and implies that uA is strictly positive. See e.g. [PU10, Chapters 3
and 5] for more details.

To state the definition of the tropical adjoint Bousch operator, we need the following
definition of the space of densities D(X):

D(X) := {b : X → R : b is upper semi-continuous} ∪ {∞}. (1.6)

We say that b1 : X → R and b2 : X → R are equivalent if ⊕
x∈X

(f(x)⊗b1(x)) = ⊕
x∈X

(f(x)⊗

b2(x)) for all f ∈ C(X,R). For all b1 : X → R, there exists a unique b2 ∈ D(X)
equivalent to b1 (see Remark 2.17).

1The surjectivity condition guarantees that the Bousch operator LA preserves C(X,R), which is
often essential as the tropical dual space of C(X,R) obtained through the tropical Riesz representation
theorem (established in Section 2) precisely corresponds to (up to a scaling) the set of (large deviation)
rate functions—a matching that fails for C(X,R ∪ {−∞}). Additionally, when studying invariant
objects like equilibrium states (which are inherently supported on the set of nonwandering points), we
can safely ignore points violating surjectivity.
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Definition 1.1 (Bousch operator and its tropical adjoint). Let T : X → X be a

map on a set X and A ∈ RX
. The Bousch operator LA : RX → RX

for the potential A
is defined by

LA(u)(x) := ⊕
y∈T−1(x)

(u(y)⊗ A(y)) (1.7)

for all u ∈ RX
and x ∈ X. If, in addition, X is a compact metric space, T is continuous,

and A ∈ C(X,R), then we define the tropical adjoint Bousch operator L∗
A : D(X) →

D(X) acting on the space of densities by

L∗
A(b)(x) := b(T (x))⊗ A(x) (1.8)

for all b ∈ D(X) and x ∈ X.

Remark. The Bousch operator LA is a tropically continuous linear map (Definition 2.5),
see Lemma 3.1. Similar to the expression for the iterations of the Ruelle operator, for

all n ∈ N, u ∈ RX
, and x ∈ X,

Ln
A(u)(x) = ⊕

y∈T−n(x)

(
u(y)⊗ A(y)⊗ A(T (y))⊗ · · · ⊗ A

(
T n−1(y)

))
.

Recall that ⊕
x∈∅

x = −∞. The Bousch operator LA maps C(X,R) into itself; under the

assumption that T : X → X is surjective, it further preserves C(X,R) (see Proposi-
tion 3.9). For an explanation for our definition of L∗

A in (1.8), see Remark 3.13. Note
that L∗

A can also be seen as the tropical analog of the (weighted) Koopman operator2.

Let V be a subset of RX
. We define the following related notions:

(i) Q ∈ R is a tropical eigenvalue of LA on V if there exists u ∈ V such that
LA(u) = Q⊗u and u(x) ∈ R for some x ∈ X. Such a function u ∈ V is called a
tropical eigenfunction of LA in V (associated with eigenvalue Q). The tropical
eigenspace EQ(LA, V ) of LA for the (tropical) eigenvalue Q consists of all u ∈ V
such that LA(u) = Q⊗ u.

(ii) Q ∈ R is a tropical eigenvalue of L∗
A (on D(X)) if there exists b ∈ D(X)∖{∞, 0}

satisfying L∗
A(b) = Q ⊗ b. Such a function b is called a tropical eigendensity of

L∗
A (associated with eigenvalue Q). The tropical eigenspace EQ(L∗

A,D(X)) of L∗
A

for the (tropical) eigenvalue Q consists of all b ∈ D(X) such that L∗
A(b) = Q⊗b.

(iii) A subset E of RX
is of tropical dimension one, written as dimE = 1, if there

exists u ∈ E such that E ∖ {0, ∞, (+∞)⊗ u} = {a⊗ u : a ∈ R} and u(x) ∈ R
for some x ∈ X.

2In thermodynamic formalism, the (weighted) Koopman operator KA : L2(µA) → L2(µA) for a
potential A ∈ C0,α(X, d) is given by KA(f) := (f ◦ T ) · eA, where µA is the equilibrium state in
(1.5). It is easy to verify that KA is the adjoint operator of the Ruelle operator RA on L2(µA), i.e.,
(RA(f), g) = (f,KA(g)) for all f, g ∈ L2(µA).
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(iv) u ∈ C(X,R) is a sub-action for the potential A if LA(u) ⩽ Q(T,A)⊗ u.

In ergodic optimization, a function in EQ(T,A)(LA, C(X,R)) is called a “calibrated
sub-action” (see e.g. [Ga17]).

We call the potential A ∈ C(X,R) uniquely maximizing if Mmax(T,A) consists of a
single measure. It is known in many contexts that the set of uniquely maximizing po-
tentials in the space C0,α(X, d) of real-valued α-Hölder continuous functions on (X, d) is
generic (i.e., contains a countable intersection of open and dense subsets of C0,α(X, d)).
This fact was proved in a slightly stronger form by Contreras, Lopes, and Thieullen
[CLT01] for C1 expanding maps and extended to continuous maps on compact met-
ric spaces and more general potentials by Jenkinson [Je06]. More recently, Contreras
[Co16] proved that for an open and dense subset of A in C0,α(X, d), Mmax(T,A) con-
sists of a single periodic measure for open Lipschitz distance-expanding maps T , known
as the Yuan–Hunt conjecture [YH99]. Contreras’ work is then followed by [HLMXZ19],
completing the uniformly hyperbolic case. Going beyond the setting of uniform hyper-
bolicity, the first-named author of this article and Zhang [LZ25] proved the analogous
result for expanding Thurston maps.

1.4. The zero-temperature large deviation principle. For all r > 0, a family
of Borel probability measures {νβ}β∈(r,+∞) on a topological space X satisfies the large
deviation principle as β → +∞ if there exists a lower semi-continuous function I : X →
[0,+∞] (called the rate function) for which the following two inequalities hold:

lim inf
β→+∞

1

β
log νβ(G) ⩾ − inf

x∈G
I(x), for every open set G ⊆ X, (1.9)

lim sup
β→+∞

1

β
log νβ(K) ⩽ − inf

x∈K
I(x), for every closed set K ⊆ X. (1.10)

Here β is called the inverse temperature. Note that I(x) ∈ [0,+∞] for all x ∈ X, which
follows from the fact that νβ is a probability measure. It immediately follows from
Remark (a) after [DZ09, Lemma 4.1.4] that if X is a compact metric space, then the
rate function is unique as long as a large deviation principle holds.

We are now ready to state our main results.

Theorem A (Typical zero-temperature large deviation principle). Let T : X →
X be an open continuous distance-expanding map on a compact metric space (X, d), and
α ∈ (0, 1]. Then for each α-Hölder continuous function A : X → R that has a unique
maximizing measure, the following property holds:

If µβA is an equilibrium state for βA for each β ∈ (1,+∞), then {µβA}β∈(1,+∞)

satisfies the large deviation principle as β → +∞.

In particular, in the space of real-valued α-Hölder continuous functions on X equipped
with the α-Hölder norm, the above property holds for a generic subset of A, and if in
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addition T is Lipschitz continuous, then the above property holds for an open and dense
subset of A.

One can describe the rate function for the above large deviation principle in terms
of the tropical eigenfunctions of LA and tropical eigendensities of L∗

A (see Corollary 4.3
and Subsection 4.2).

1.5. Logarithmic-type zero-temperature limits, tropical eigenfunctions and
eigendensities. Assume that T : X → X is a transitive expanding covering map on
a compact metric space (X, d), and A ∈ C0,α(X, d). For all β > 0, recall from Sub-
section 1.3 that mβA is the unique eigenprobability of R∗

βA associated with eigenvalue

eP (T,βA), uβA is the unique eigenfunction of RβA associated with eigenvalue eP (T,βA)

satisfying
∫
X
uβA dmβA = 1, and µβA = uβA ·mβA is the unique equilibrium state. We

denote

Ã := A+ log uA − log uA ◦ T − P (T,A) (1.11)

and

lµβ(f) :=
1

β
log

∫
eβf dµβA and lmβ (f) :=

1

β
log

∫
eβf dmβA, (1.12)

for all f ∈ C(X,R) ∪ {∞, 0} and β > 0.3 We call pointwise limits of subsequences
of

{
1
β
log uβA

}
β∈(1,+∞)

,
{
lµβ
}
β∈(1,+∞)

, and
{
lmβ
}
β∈(1,+∞)

, as β → +∞, “logarithmic-type

zero-temperature limits”.

Theorem B (Characterization of the zero-temperature large deviation prin-
ciple). Let T : X → X be a transitive expanding covering map on a compact metric
space (X, d), and A : X → R be α-Hölder continuous with α ∈ (0, 1]. If the family
of equilibrium states {µβA}β∈(1,+∞) satisfies the large deviation principle as β → +∞,
then the following hold:

(i)
{›βA/β}

β∈(1,+∞)
uniformly converges as β → +∞.

(ii)
{

1
β
log uβA

}
β∈(1,+∞)

uniformly converges as β → +∞.

(iii)
{
lmβ
}
β∈(1,+∞)

uniformly converges on every compact subset of C(X,R) as β →
+∞.

Conversely, if both statements (ii) and (iii) are true, then {µβA}β∈(1,+∞) satisfies the
large deviation principle with rate function −(v⊗ b) as β → +∞, where v ∈ C(X,R) is
the limit function in (ii) and b ∈ D(X) is the density of the tropical linear functional,
which is the limit functional in (iii).

3For the constant infinity functions, the values of the functionals are defined by the standard con-
vention for integrals of Borel measurable functions valued in [0,+∞] and the natural extension that
log+∞ = +∞ and log 0 = −∞. Hence, lµβ(∞) = lmβ (∞) = +∞ and lµβ(0) = lmβ (0) = −∞ for all β > 0.
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For the definition of tropical linear functionals and their densities, see Definitions 2.5
and 2.15. A version of Theorem B was proved in [Me18] for full shifts via methods
depending crucially on symbolic dynamics. Our proofs of Theorems A and B rely on
developing a tropical analog of the thermodynamic formalism theory, with Theorem C
being its main component.

Theorem C (Existence and generic uniqueness of tropical eigenfunctions and
tropical eigendensities). Let T : X → X be an open continuous distance-expanding
map on a compact metric space (X, d), and A ∈ C0,α(X, d) with α ∈ (0, 1]. Then the
following hold:

(i) (Existence of tropical eigenfunction.) For each u ∈ C(X,R), define

vu(x) := lim sup
n→+∞

Ln
A
(u)(x)

for each x in X, where A := A−Q(T,A). Then vu is in C(X,R) and is a tropical
eigenfunction of LA associated with eigenvalue Q(T,A). If v1(x) = −∞ for some
x ∈ X, then LA has no tropical eigenfunction in C(X,R). If v1 ∈ C(X,R), then
vu is in C0,α(X, d) for all u ∈ C(X,R). Moreover, if T is transitive, then v1 is
in C0,α(X, d).

(ii) (Generic uniqueness of tropical eigenfunction.) For a generic potential A in
C0,α(X, d), EQ(T,A)(LA, C(X,R)) is of tropical dimension one.

(iii) (Existence of tropical eigendensity.) There exists a tropical eigendensity of L ∗
A

associated with eigenvalue Q(T,A).

(iv) (Generic uniqueness of tropical eigendensity.) For a generic potential A in
C0,α(X, d), EQ(T,A)(L ∗

A,D(X)) is of tropical dimension one.

(v) (Uniqueness of tropical eigenvalue.) The number Q(T,A) is the maximal tropical
eigenvalue of LA (resp. L ∗

A) on C(X,R) (resp. D(X)), and if T is transitive, then
it is the unique tropical eigenvalue of LA (resp. L ∗

A) on C(X,R) (resp. D(X)).

Here Q(T,A) is defined in (1.2) and C0,α(X, d) is the space of real-valued α-Hölder
continuous functions on (X, d). We give original proofs of (i) and (iii) following the
correspondence between thermodynamic formalism and its tropical counterpart. For
(v), we remark that LA may have other tropical eigenvalues on C(X,R) when T is not
transitive. This corresponds to the fact that some eigenfunction of the Ruelle operator
may take 0 and the Ruelle operator may have more than one positive eigenvalue when
T is not transitive.

For (iii), recall that the existence of the eigenmeasure ofR∗
φ follows from the Schauder–

Tychonoff fixed point theorem. Similarly, we use the tropical completion of C(X,R)
and apply a version of Perron’s method (see Proposition 3.7). The other ingredient for
(iii) is the existence of a continuous real-valued sub-action, known as the Mañé lemma.
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In order to study the generic uniqueness of tropical eigenfunctions and tropical eigen-
densities, we establish the following representations in terms of the Aubry set and the
Mañé potential (see Definitions 3.14 and 3.16, respectively).

Theorem D (Representation of tropical eigenfunctions and eigendensities).
Let T : X → X be an open continuous distance-expanding map on a compact metric
space (X, d), and A : X → R be α-Hölder continuous with α ∈ (0, 1]. Let ϕA(·, ·) : X ×
X → R be the Mañé potential associated with A, and ΩA be the Aubry set with respect
to A. Then the following hold:

(i) Suppose v is in EQ(T,A)(LA, C(X,R)). Then

v(y) = ⊕
x∈ΩA

(v(x)⊗ ϕA(x, y))

for every y in X. Moreover, for all c ∈ C(ΩA,R), fc(·) := ⊕
x∈ΩA

(c(x)⊗ ϕA(x, ·))

is in EQ(T,A)(LA, C(X,R)). In addition, there exists a unique c ∈ C(ΩA,R) such
that v = fc and c(x)⊗ ϕA(x, y) ⩽ c(y) for all x, y ∈ ΩA.

(ii) (a) Suppose b is in EQ(T,A)(L ∗
A,D(X)). Then b(·) is equivalent to ⊕

y∈ΩA

(ϕA(·, y)⊗

b(y)). Moreover, if b ̸=∞, then b(x) = ⊕
y∈ΩA

(ϕA(x, y)⊗ b(x)) for all x ∈ X.

(b) For all c ∈ RΩA
, we have that ⊕

y∈ΩA

(ϕA(·, y)⊗ c(y)) is equivalent to some b′

in EQ(T,A)(L ∗
A,D(X)).

(iii) The entries of {ϕA(·, y)}y∈ΩA
are tropical eigendensities of L ∗

A associated with
eigenvalue Q(T,A), and the entries of {ϕA(x, ·)}x∈ΩA

are tropical eigenfunctions
of LA in C(X,R) associated with eigenvalue Q(T,A). If A is uniquely maximiz-
ing, then the entries of {ϕA(x, ·)}x∈ΩA

(resp. {ϕA(·, y)}y∈ΩA
) are the same up to

a tropical multiplicative constant.

While the parts of Theorem D on eigenfunctions in the context of subshifts of fi-
nite type have appeared in [Ga17, Propositions 6.2 and 6.7], we take the opportunity
to generalize it to uniformly expanding systems without assuming transitivity and es-
tablish novel counterparts for eigendensities. It is worth mentioning that our proof of
Theorem D (ii) relies on the constructive result Corollary 3.5 (i.e., Theorem C (i)) for
tropical eigenfunctions.

The logarithmic-type zero-temperature limits can be seen as a bridge connecting
thermodynamic formalism objects and their tropical counterparts.

Recall that a family of real-valued continuous functions on X (resp. functionals on
C(X,R)) is a normal family if, for every sequence of functions (resp. functionals) of
this family, there exists a subsequence that is uniformly converging on every compact
subset of X (resp. C(X,R)).
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Theorem E (Logarithmic-type zero-temperature limits of eigenfunctions and
eigendensities). Let T : X → X be a transitive expanding covering map on a compact
metric space (X, d), and A : X → R be α-Hölder continuous with α ∈ (0, 1]. Then the
following hold:

(i) The family
{
lmβ |C(X,R)

}
β∈(1,+∞)

is normal, and the (pointwise) limit of every

convergent subsequence
{
lmβn

}
n∈N with βn → +∞ as n → +∞ is a tropically

continuous linear functional whose density in D(X) is in EQ(T,A)(L ∗
A,D(X)).

(ii) The family
{
lµβ |C(X,R)

}
β∈(1,+∞)

is normal, and the (pointwise) limit of every

convergent subsequence
{
lµβn

}
n∈N with βn → +∞ as n → +∞ is a tropically

continuous linear functional whose density in D(X) is the tropical product v⊗ b
of some v ∈ EQ(T,A)(LA, C(X,R)) and some b ∈ EQ(T,A)(L ∗

A,D(X)).

Here lmβ and lµβ , whose domains are C(X,R) ∪ {∞, 0}, are defined in (1.12), and
D(X) is defined in (1.6). For the definition of tropically continuous linear functionals
and their densities, see Definitions 2.5 and 2.15. Indeed, every tropical linear functional
on C(X,R) ∪ {∞, 0} has a unique density in D(X) (see Remark 2.17).

Theorem E, together with Theorem D, leads to the corresponding rate functions
for large deviation principles. In the context of subshifts of finite type, Baraviera,
Lopes, and Thieullen [BLT06] established a large deviation principle for {µβA}β∈(1,+∞)

under the assumption that the potential A is uniquely maximizing using the “dual
shift” technique. Our study of subsequential limits does not rely on this technique and
explores the situation in which the potential may not be uniquely maximizing.

Theorem F (Logarithmic-type zero-temperature limits of equilibrium states
and normalized potentials). Let T : X → X be a transitive expanding covering
map on a compact metric space (X, d), and A : X → R be α-Hölder continuous with
α ∈ (0, 1]. Then the following hold:

(i) The two families
{›βA/β}

β∈(1,+∞)
and

{
lµβ |C(X,R)

}
β∈(1,+∞)

are normal.

(ii) Suppose
{

1
βk

log uβkA

}
n∈N pointwise converges to a function v ∈ C(X,R) with

βk → +∞ as k → +∞. Then
{fiβkA

/
βk

}
k∈N pointwise converges to A −

Q(T,A) + v − v ◦ T as k → +∞.

(iii) Suppose
{fiβkA

/
βk

}
k∈N pointwise converges to a function Ã ∈ C(X,R) and{

lµβk

}
k∈N pointwise converges to a function l : C(X,R) ∪ {∞, 0} → R with

βk → +∞ as k → +∞. Then l is a tropically continuous linear functional
whose density b in D(X) satisfies L ∗‹A(b) = b.

It is well known that the limit v in Theorem F (ii) is in EQ(T,A)(LA, C(X,R)) (cf.
Lemma 4.1).
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1.6. Comments and the organization of the article. As already mentioned, we
consider the analysis of the Bousch operator for some Hölder potential without the
surjectivity and transitivity assumptions. It is worth noting that LA may only have
tropical eigenfunctions in C(X,R) as we see in Theorem C (i), while a real-valued
(Hölder continuous) sub-action always exists (Proposition 3.6). The difference lies in
the constructions of the two functions. A tropical eigenfunction of LA in C(X,R)
constructed in Theorem C (i) is the limit superior of Ln

A(u) as n → +∞ for some
u ∈ C0,α(X, d) while the sub-action constructed in the proof of the Mañé Lemma in
Proposition 3.6 is the supremum of {Ln

A(1)}n∈N0 .
A key feature of the proofs of the above theorems is the application of formalism

via tropical algebra and tropical analysis, making the proofs more applicable to other
systems. For Theorem C (iii), tropical completeness facilitates an application of a
version of Perron’s method. For Theorems E and F, the subsequential limits of lmβ
and lµβ as β → +∞ are tropically continuous linear functionals, and thus our tropical
Riesz representation theorem (Proposition 2.13) applies. Furthermore, it follows from
the tropical Riesz representation theorem that the densities of the subsequential limits
of lmβ are tropical eigendensities of L∗

A. These densities are generally different, and
their representations are given in Theorem D. For Theorem D (ii), for all tropically
continuous functionals l and u ∈ C0,α(X, d), l(u) is equal to l(vu), where vu is in
EQ(T,A)(LA, C(X,R)) (cf. Theorem C (i)), and thus Theorem D (i) applies.

The other main ingredient for demonstrating Theorem D (i) and (ii) is the properties
of the Aubry set and the Mañé potential. Some of these results have already appeared in
the context of expanding maps on the circle and subshifts of finite type (see e.g. [CLT01]
and [Ga17]), but since we need to add new ones (namely, Proposition 3.18 (ii) and
Lemma 3.20) concerning tropical eigendensities of L∗

A, we provide the new proofs in
Subsection 3.2 and keep the others in Appendix A.

The outline of the article is as follows. In Section 2, we introduce and investigate
tropical functional analysis notions and results, which include the definitions of tropical
completeness, tropical dual spaces, and tropical measures. In Section 3, we focus on the
Bousch operator for open continuous distance-expanding maps without the surjectivity
and transitivity assumptions. In Subsection 3.1, we first give a constructive proof of
Theorem C (i) (i.e., Proposition 3.4 and Corollary 3.5) and then define the tropical
adjoint Bousch operator and prove Theorem C (iii). In Subsection 3.2, we recall the
concepts of the Aubry set and the Mañé potential, and discover that tropical eigen-
densities of the tropical adjoint Bousch operator can be represented by the Aubry set
and the Mañé potential. Theorem D is proved in Subsection 3.3. A sufficient condition
for the uniqueness of tropical eigenfunctions and tropical eigendensities is discussed in
Subsection 3.4. The proof of Theorem C is concluded in Subsection 3.5. In Section 4,
we investigate the logarithmic-type zero-temperature limits and establish Theorems E
and F for transitive expanding covering maps. By considering the restriction of the map
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on the set of nonwandering points, we generalize Theorem E to establish Theorem A.
Theorem B is established as a corollary of Theorem F. We keep the proofs that could
be familiar to experts in Appendix A.

Acknowledgments. The authors thank Juan Rivera-Letelier for suggestions on refer-
ences and Mikhail Yu. Lyubich for his suggestions after listening to the main content of
the article during the summer school at Urgench State University, Uzbekistan, in Au-
gust 2023. The authors were partially supported by Beijing Natural Science Foundation
(JQ25001, QY24007) and National Natural Science Foundation of China (12471083,
12101017, 12090010, and 12090015).

2. Tropical functional analysis

In this section, we introduce the notions of tropical completeness, tropical dual spaces,
and tropical measures, and prove general tropical functional analysis results.

2.1. Tropical spaces and tropical dual spaces. Tropical spaces and tropical dual
spaces, especially the tropical completion and tropical dual space of C(X,R), are stud-
ied in this subsection.

We introduce the following notion of tropical completeness and completion, which is
different from the notion of “normal completion” in [LMS01, pp. 703–704].

Definition 2.1. Let S ⊆ RX
be a set ofR-valued functions on a set X. The set S is said

to be tropically complete if for each subset U ⊆ S, ⊕
u∈U

u is in S. The tropical completion

of S, denoted by Ŝ, is defined to be the intersection of all tropically complete subsets

of RX
containing S.

In particular, we denote the tropical completion of C(X,R) by Ĉ(X,R). Recall that
⊕
u∈U

u is the pointwise supremum, and a function u : X → R on a topological space X

is upper (resp. lower) semi-continuous if for every b ∈ R, the set {x ∈ X : u(x) < b}
(resp. {x ∈ X : u(x) > b}) is open.

Remark 2.2. Let X be a compact metric space. The “normal completion” of C(X,R)
in [LMS01] is LSC(X)∪{∞, 0} (i.e., real-valued lower semi-continuous functions and the

two constant infinity functions). In contrast, Ĉ(X,R) contains lower semi-continuous
functions from X to R ∪ {+∞} that take +∞ somewhere but are not equal to +∞
everywhere. Indeed, different kinds of completions can be seen as being related to
analogs of different norms on (conventional) linear spaces.

It is straightforward to check that for all S ⊆ RX
,

Ŝ =
{
⊕
u∈U

u : U ⊆ S
}
. (2.1)
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Lemma 2.3. Let X be a compact metric space. If g : X → R ∪ {+∞} is lower semi-
continuous, then there exists a countably infinite family {ui ∈ C(X,R) : i ∈ I} such
that g = ⊕

i∈I
ui.

Proof. It is straightforward to check that every lower semi-continuous function g : X →
R ∪ {+∞} on the compact metric space X has a lower bound M ∈ R. It then follows
from [Ke95, Theorem 23.19] that there exists a nondecreasing sequence {fn}n∈N in
C(X,R) such that g = ⊕

n∈N
fn. □

Now we can give a description of Ĉ(X,R).

Proposition 2.4. Let X be a compact metric space. Then

Ĉ(X,R) = {g : X → R ∪ {+∞} : g lower semi-continuous} ∪ {0}.

Proof. Denote W := {g : X → R∪{+∞} : g lower semi-continuous}∪{0}, and we need

to show that W = Ĉ(X,R). By Definition 2.1, it suffices to check that W is tropically

complete and each tropically complete subset of RX
containing C(X,R) contains W .

We first prove the tropical completeness of W . For each family {gv ∈ W : v ∈ V },
gv is lower semi-continuous for all v in the index set V . Thus, ⊕

v∈V
gv is lower semi-

continuous. Moreover, if there exists an index v0 in V such that gv0 ̸= 0, then gv0 : X →
R∪{+∞} since gv0 ∈ W and it follows that ⊕

v∈V
gv : X → R∪{+∞}. Otherwise, gv = 0

for all v in V , and consequently ⊕
v∈V

gv = 0 ∈ W . We conclude that ⊕
v∈V

gv ∈ W . The

tropical completeness of W is now verified.

Now we show that every tropically complete set W ′ ⊆ RX
containing C(X,R) con-

tains W . Note that 0 = ⊕
u∈∅

u ∈ W ′. By Lemma 2.3, for each g ∈ W ∖ {0}, there exists

a family {ui ∈ C(X,R) : i ∈ I} ⊆ W ′ such that g = ⊕
i∈I

ui. Since W ′ is tropically

complete, it follows that g ∈ W ′. We conclude that W ⊆ W ′. □

Recall that for a semiring R, an R-semimodule is a set S equipped with a binary
operation +: S×S → S and a map × : R×S → S, with the operations for the semiring
R also denoted by + and ×, provided that the following axioms are satisfied:

(i) (a+ b) + c = a+ (b+ c) for all a, b, c ∈ S.

(ii) a+ b = b+ a for all a, b ∈ S.

(iii) There is an element 0S in S such that 0S + a = a for all a ∈ S.

(iv) λ× (a+ b) = (λ× a) + (λ× b) for all λ ∈ R and a, b ∈ S.

(v) (λ1 + λ2)× a = (λ1 × a) + (λ2 × a) for all λ1, λ2 ∈ R and a ∈ S.

(vi) 0R × a = 0S for all a ∈ S.
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(vii) 1R × a = a for all a ∈ S.

(viii) (λ1 × λ2)× a = λ1 × (λ2 × a) for all λ1, λ2 ∈ R and a ∈ S.

A map L : S1 → S2 between the two R-semimodules S1 and S2 is called a semimodule
homomorphism if L(a + b) = L(a) + L(b) and L(λ × a) = λ × L(a) for all a, b ∈ S1

and λ ∈ R. A subset M of an R-semimodule S is called a subsemimodule if it is closed
under the addition and scalar multiplication of S.

In this article, we focus on the operation pair (⊕,⊗) for R. It is straightforward to

check that C(X,R) ∪ {∞, 0} and Ĉ(X,R) are subsemimodules of the R-semimodule

RX
.
Now we define tropically continuous linear maps using our notion of tropical com-

pletion. Note that it follows from (2.1) and (1.3) that if V is a subsemimodule of RX
,

then “V is also a subsemimodule of RX
.

Definition 2.5. Let X be a set and V, W be two R-semimodules.

(i) A map L : V → W is tropical linear if it is a semimodule homomorphism.

(ii) A map L : V → R is called a tropical functional.

(iii) Assume that V, W are two subsemimodules ofRX
. We call a tropical linear map

L : V → W tropically continuous if L can be extended uniquely to a tropical

linear map L : “V → Ŵ satisfying

L
(
⊕
u∈U

u
)
= ⊕

u∈U
L(u)

for every subset U ⊆ “V .

When more than one property or term above is mentioned, we often adopt the conven-
tion to only use one “tropical(ly)”, e.g. a tropically continuous linear functional and a
tropical linear functional.

Note that we adopt the convention to use an underscore to indicate a tropical object,
e.g. tropical reals R, tropical eigenspaces Eλ(L, V ), tropical dimension dim, tropical

completion “V , and tropical integrals
∫
defined below.

Let V, W be two subsemimodules of RX
, and L be a tropical linear map from V to

W . Suppose u, v ∈ V and u ⩽ v, i.e., u⊕ v = v. Then L(v) = L(u⊕ v) = L(u)⊕L(v),
i.e., L(u) ⩽ L(v). Thus, L is an order-preserving map. We record this well-known fact
below.

Lemma 2.6. Let X be a set, V, W ⊆ RX
be two subsemimodules of RX

, and L be a
tropical linear map from V to W . Then L(u) ⩽ L(v) for all u, v ∈ V with u ⩽ v.

We discover the following interesting result, which plays a role in the discussion on
logarithmic-type zero-temperature limits.
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Proposition 2.7. Let (X, d) be a compact metric space. Then every tropical linear
functional L : C(X,R) ∪ {∞, 0} → R is tropically continuous.

Proof. We need to prove that L can be uniquely extended to some L̂ : Ĉ(X,R) → R
satisfying L̂

(
⊕
u∈U

u
)
= ⊕

u∈U
L̂(u) for each subset U ⊆ Ĉ(X,R) and L̂(λ⊗g) = λ⊗L̂(g) for

all g ∈ Ĉ(X,R) and λ ∈ R. We first construct a tropically continuous linear extension
and then verify the uniqueness.

We consider

L̂(g) := ⊕
u∈C(X,R):u⩽g

L(u) (2.2)

for all g ∈ Ĉ(X,R). For g ∈ C(X,R), Lemma 2.6 implies L(u) ⩽ L(g) for all u ∈
C(X,R) with u ⩽ g. Note g ⩽ g. Thus,

L̂(g) = ⊕
u∈C(X,R):u⩽g

L(u) = L(g). (2.3)

For g ∈ {∞, 0}, the identities in (2.3) hold since∞ and 0 are the maximal and minimal

elements of C(X,R) ∪ {∞, 0}, respectively. We conclude that L̂ is an extension of L.
Next, we check the linearity and continuity of L̂. Fix g ∈ Ĉ(X,R). For λ ∈ R,

L̂(λ⊗ g) = ⊕
u∈C(X,R):u⩽λ⊗g

L(u) = ⊕
u∈C(X,R):u⩽g

L(λ⊗ u) = λ⊗ L̂(g). (2.4)

For λ ∈ {+∞, −∞}, it is straightforward to check that L̂(λ⊗ g) = λ⊗ L̂(g).
To prove L̂

(
⊕
u∈U

u
)
= ⊕

u∈U
L̂(u) for a fixed arbitrary U ⊆ Ĉ(X,R), denote g := ⊕

u∈U
u.

By (2.2), for u ∈ U , u ⩽ g implies L̂(u) ⩽ L̂(g). We conclude that ⊕
u∈U

L̂(u) ⩽ L̂(g).

Now we need to show L̂(g) ⩽ ⊕
u∈U

L̂(u). By (2.2), it suffices to prove that for all v in

C(X,R) satisfying v ⩽ g, L(v) ⩽ ⊕
u∈U

L̂(u).
Fix ϵ > 0 and v ∈ C(X,R) with v ⩽ g = ⊕

u∈U
u. For every x ∈ X, there exists

ux ∈ U such that ux(x) > v(x) − ϵ. Since ux ∈ Ĉ(X,R), by Lemma 2.3 there exists
wx ∈ C(X,R) such that wx ⩽ ux and wx(x) > v(x) − ϵ. Now that wx and v are both
in C(X,R), wx > v − 2ϵ holds in some neighborhood B(x, rx). Thus,

⋃
x∈X B(x, rx)

forms an open cover of X and the compactness of X implies that there is a finite cover
X =

⋃n
i=1 B(xi, rxi

). We conclude that v − 2ϵ ⩽ ⊕
1⩽i⩽n

wxi
.

Note that ⊕
1⩽i⩽n

wxi
is in C(X,R) since wxi

is in C(X,R). Thus it follows from the

tropical linearity of L, wx ⩽ ux, and ux ∈ U that

L(v)− 2ϵ ⩽ L
(

⊕
1⩽i⩽n

wxi

)
= ⊕

1⩽i⩽n
L(wxi

) ⩽ ⊕
1⩽i⩽n

L̂(uxi
) ⩽ ⊕

u∈U
L̂(u).
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Letting ϵ tend to 0, we conclude that L(v) ⩽ ⊕
u∈U

L̂(u), and the tropical continuity

follows. Finally, we verify the uniqueness of the extension. Let L̃ be an extension of L
satisfying L̃

(
⊕
u∈U

u
)
= ⊕

u∈U
L̃(u) for each subset U ⊆ Ĉ(X,R) and L̃(λ⊗ g) = λ⊗ L̃(g)

for all g ∈ Ĉ(X,R) and λ ∈ R.
Fix g ∈ Ĉ(X,R), consider U := {u ∈ C(X,R) : u ⩽ g}. By Lemma 2.3 and

Proposition 2.4, we have ⊕
u∈U

u = g. Since L̃ is a tropically continuous linear extension

of L, we see that L̃(g) = ⊕
u∈U

L̃(u) = ⊕
u∈C(X,R):u⩽g

L(u) = L̂(g). Uniqueness is now

verified. □

Remark. This proposition suggests that there is no difference between tropical lin-
ear functionals on C(X,R) ∪ {∞, 0} and tropically continuous linear functionals on

Ĉ(X,R) for compact metric spaces X. Furthermore, we observe from the above proof

that we can replace “every subset U ⊆ “V ” with “every countable subset U ⊆ “V ” in
Definition 2.5 (iii) for compact metric spaces.

Definition 2.8. Let X be a set and V be a subsemimodule of RX
. The tropical dual

space V ∗ of V is the space consisting of all tropically continuous linear functionals from“V to R.

Remark 2.9. The tropical dual space V ∗ of V becomes an R-semimodule under the
following operations:

(i) (l1 ⊕ l2)(u) := l1(u)⊕ l2(u) for all l1, l2 ∈ V ∗ and u ∈ V ;

(ii) (c⊗ l)(u) := c⊗ l(u) for all c ∈ R, l ∈ V ∗ , and u ∈ V .

In the remainder of this subsection, we discuss the connection between the tropical
completion and the tropical dual space.

Denote S := C(X,R)∪{∞, 0}. Note that Ŝ = Ĉ(X,R). We thus denote C(X,R)∗ :=

S ∗ despite the fact that C(X,R) is not a subsemimodule of RX
.

The following definitions are important for the representation of the tropical dual
space, as well as some of the analysis in Section 4. Similar notions also appear in
[CGQ04], [LMS01], and [HS09].4

Definition 2.10. Let X be a set. For u, v ∈ RX
, we define

u ÷ v := ⊕
λ⊗v⩽u

λ∈R

λ ∈ R and u⊘ v := u⊗ (−v) ∈ RX
.

4We remark that [CGQ04] uses / to denote the ÷ operation, following the convention in residuation

theory. We reserve ⊘ for the pointwise subtraction operation as in [HS09].
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Recall that ⊕
x∈∅

x = −∞. In particular, a⊘ b = a⊗ (−b) = a ÷ b for a, b ∈ R.

Definition 2.11. Let X be a set. For all u, f ∈ RX
, denote

lu(f) := −(u ÷ f).

Remark 2.12. It is straightforward to check that

lu(f) = ⊕
x∈X

(f(x)⊗ (−u(x))) = ⊕
x∈X

(f(x)⊘ u(x))

for all u, f ∈ RX
. It follows that lu : R

X → R is a tropically continuous linear functional

for all u ∈ RX
.

Our choice of the notion of tropical completion facilitates the following form of tropical
Riesz representation theorem (cf. Remark 2.17).

Proposition 2.13. Let X be a compact metric space. The restriction lv : Ĉ(X,R) → R
is a tropically continuous linear functional in C(X,R) ∗ for each v ∈ Ĉ(X,R), and the

map l• : Ĉ(X,R) → C(X,R) ∗ given by v 7→ lv is a bijection.

Proof. It is straightforward to check that lv : Ĉ(X,R) → R is a tropically continuous

linear functional for all v ∈ Ĉ(X,R).
Now we show that l• is surjective and then verify its injectivity.

Let L : Ĉ(X,R) → R be a tropically continuous linear functional. First we consider

the case where L(f) ∈ {+∞, −∞} for all f ∈ Ĉ(X,R). If there exists u ∈ C(X,R) such
that L(u) = −∞, then L(∞) = L((+∞)⊗u) = (+∞)⊗L(u) = (+∞)⊗ (−∞) = −∞.

Note that ∞ is the maximal element of Ĉ(X,R). It follows that L(f) = −∞ for all

f ∈ Ĉ(X,R). If L(u) = +∞ for all u in C(X,R), then it follows from Proposition 2.4

and Lemma 2.3 that L(g) = +∞ for all g ∈ Ĉ(X,R)∖ {0} and L(0) = (−∞)⊗L(1) =
−∞. We conclude that the only two tropical linear functionals for the first case are

L(f) = −∞ for all f ∈ Ĉ(X,R) and L(f) =
®
−∞ if f = 0;

+∞ if f ̸= 0.

By Definition 2.11, the former is l+∞ and the latter is l−∞.

Now we suppose that L(f) ∈ R for some f ∈ Ĉ(X,R). Then the range of L must

contain R since L is tropical linear. Consider M :=
{
f ∈ Ĉ(X,R) : L(f) ⩽ 0

}
, and it

follows that L(M) := {L(f) : f ∈ M} also contains some real number. Since Ĉ(X,R)
is tropically complete, we consider v := ⊕

f∈M
f ∈ Ĉ(X,R).

Claim. L(v) = 0 and L = lv.
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It follows from the tropical continuity of L and the definition of M that L(v) =
⊕

f∈M
L(f) ⩽ 0. Recall that L(M) ∩ R ̸= ∅ and consequently L(v) ∈ R. The tropical

linearity of L then implies

L((−L(v))⊗ v) = (−L(v))⊗ L(v) = 0,

and consequently (−L(v)) ⊗ v ∈ M . Recall that v = ⊕
f∈M

f is the maximal element of

M , it follows that (−L(v))⊗ v ⩽ v. Thus,

0 = (−L(v))⊗ L(v) = L((−L(v))⊗ v) ⩽ L(v)
and we conclude that L(v) = 0.

Similarly, for each f ∈ Ĉ(X,R), L((−L(f))⊗ f) = (−L(f))⊗L(f) ⩽ 0 implies that
(−L(f)) ⊗ f ∈ M . Since v is the maximal element of M , we have (−L(f)) ⊗ f ⩽ v,
i.e., −L(f) ⩽ v ÷ f (cf. Definition 2.10). Meanwhile, it follows from Definition 2.10
((v ÷ f)⊗ f ⩽ v) and Lemma 2.6 that

(v ÷ f)⊗ L(f) = L((v ÷ f)⊗ f) ⩽ L(v) = 0,

i.e., v ÷ f ⩽ −L(f). Combining the two inequalities, we see that L = lv, establishing
the claim.

We conclude that l• is surjective.

Finally, we need to verify the injectivity of l•, i.e., for each pair of u, v in Ĉ(X,R), if
−(v ÷ f) = −(u ÷ f) (2.5)

for all f in Ĉ(X,R), then v = u. Now taking f = u in (2.5), we get u ⩽ v. By
symmetry, we get v ⩽ u. We conclude that u = v and injectivity follows. □

2.2. Tropical measures. This subsection is devoted to the connection between ab-
stract tropical measures and tropical linear functionals: the function −v appearing in
the representation of a tropical linear functional turns out to be the density b of the
corresponding tropical measure.

We recall the following definitions from [ACGQV94, Definition 18].

Definition 2.14. Let U be the collection of all open subsets of a topological space X.
A map m : U → R is a tropical measure if it satisfies the following conditions:

(i) m(∅) = −∞.

(ii) m
(⋃

i∈I Ai

)
= ⊕

i∈I
m(Ai), if I is a countable index set and Ai ∈ U for each i ∈ I.

If m(X) < +∞, m is said to be finite. If m(X) = 0, m is called a tropical probability
measure.

Remark. In [ACGQV94, Definition 18], tropical probability measures are called cost
measures.
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Definition 2.15. Let U be the collection of all open subsets of a topological space X.
If b : X → R and m : U → R satisfy

m(U) = ⊕
u∈U

b(u)

for every open subset U of X, then we call b a density of the tropical measure m.
For a tropical measure m with a density b, an open subset V of X, and a function

f ∈ C(X,R), we define the tropical integral of f with respect to m over V by∫
V

f dm := ⊕
x∈V

(f(x)⊗ b(x)).

For the fact that tropical integrals are well defined, see Remark 2.17 below.
A function b : X → R is a density of a tropical linear functional l on C(X,R)∪{∞, 0}

if

l(f) = ⊕
x∈X

(f(x)⊗ b(x))

for all f ∈ C(X,R) ∪ {∞, 0}.

Proposition 2.16. For each finite tropical measure m on a compact metric space
(X, d), there exists a unique upper semi-continuous function b : X → R such that b
is a density of m.

Remark. Here we present a direct proof in the case where X is compact, which is the
only case we need. For more general discussions, see [ACGQV94, Theorem 19] and
[Ak99, Proposition 3.15 and Corollary 3.22].

Proof. We first verify the existence. By the definition of tropical measures, m(A∪B) =
m(A)⊕m(B). Thus, A ⊆ B implies m(A) ⩽ m(B). Then for every x ∈ X, we define
b(x) as

b(x) := lim
ϵ→0+

m(B(x, ϵ)). (2.6)

Note that the finiteness of m implies that b : X → R. It suffices to show that b is upper
semi-continuous and that for every open subset U of X,

m(U) = ⊕
u∈U

b(u).

Consider a sequence {xk}k∈N in X converging to x in X as k → +∞. Note that

b(xk) ⩽ m(B(xk, d(x, xk))) ⩽ m(B(x, 2d(x, xk))).

Combining xk → x as k → +∞ and (2.6), we see that

lim sup
k→+∞

b(xk) ⩽ b(x).

This proves the upper semi-continuity of b.
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Now suppose that U is open. It follows from (2.6) that b(u) ⩽ m(U) for every u in
U . Thus,

m(U) ⩾ ⊕
u∈U

b(u).

To prove the inverse inequality, we need to use the fact that a compact metric space
(X, d) is a second-countable topological space, so that for every open cover of U , there
exists a countable subcover of U . Fix ϵ > 0. By (2.6), there exists a neighborhood
B(u, ru) such that b(u)⊗ ϵ ⩾ m(B(u, ru)) for every u in U . Since {B(u, ru)}u∈U forms
an open cover of U , we then have a countable subcover {B(uk, ruk

)}k∈N. It follows from
Definition 2.14 that

m(U) ⩽ ⊕
k∈N

m(B(uk, ruk
)) ⩽

(
⊕
u∈U

b(u)
)
⊗ ϵ.

As ϵ → 0+, we get m(U) ⩽ ⊕
u∈U

b(u). We conclude that b is a density of m.

Finally, it is straightforward to check that if b : X → R is an upper semi-continuous
density of the measure m, then b(x) must be equal to the limit of m(B(x, ϵ)) as ϵ → 0+.
The uniqueness follows. □

Remark 2.17. Let X be a compact metric space. Recall

D(X) = {b : X → R : b is upper semi-continuous} ∪ {∞}.

Note that v ∈ Ĉ(X,R) if and only if −v ∈ D(X) (cf. Proposition 2.4). Thus, by
Proposition 2.13, D(X) consists of densities of tropically continuous linear functionals
and b 7→ l−b gives a bijection fromD(X) to C(X,R)∗ . By Proposition 2.16, D(X)∖{∞}
consists of upper semi-continuous densities of finite tropical measures. Recall the notion
of tropical integral. We conclude that Proposition 2.13, together with Proposition 2.16,
forms a tropical analog of the Riesz representation theorem for C(X,R) when X is a
compact metric space.

The existence of the density provides convenience for studying tropical measures and
tropical linear functionals (cf. Propositions 2.7 and 2.13). But one needs to be aware
that a tropical measure (resp. linear functional) can have different densities that may
not be in D(X). Recall that two densities b1 : X → R and b2 : X → R are equivalent
if ⊕

x∈X
(f(x) ⊗ b1(x)) = ⊕

x∈X
(f(x) ⊗ b2(x)) for all f ∈ C(X,R), which implies that they

are the densities of the same tropical linear functional on C(X,R) ∪ {∞, 0}. It then
follows from Propositions 2.7 and 2.13 that for every b1 : X → R, there exists a unique
b2 ∈ D(X) equivalent to b1.

Note that there is a slight difference between (i) ⊕
x∈X

(f(x)⊗b1(x)) = ⊕
x∈X

(f(x)⊗b2(x))

for all f ∈ C(X,R) and (ii) ⊕
u∈U

b1(u) = ⊕
u∈U

b2(u) for every open subset U of X. If

⊕
x∈X

b1(x) < +∞ and ⊕
x∈X

b2(x) < +∞, then the two conditions are equivalent. For

every b1 : X → R with ⊕
x∈X

b1(x) = +∞, b1 and ∞ induce the same tropical linear
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functional, but they may not induce the same tropical measure. Generally, one can
prove that if ⊕

u∈U
b1(u) = ⊕

u∈U
b2(u) for every open subset U ofX, then ⊕

x∈X
(f(x)⊗b1(x)) =

⊕
x∈X

(f(x)⊗ b2(x)) for all f ∈ C(X,R) and consequently for all f ∈ Ĉ(X,R).
To justify that the tropical integrals in Definition 2.15 are well defined, we assume

that ⊕
u∈U

b1(u) = ⊕
u∈U

b2(u) for every open subset U of X. Fix an open subset V of X

and a function h ∈ C(X,R). For each x ∈ V and each ϵ > 0, there exists δ > 0 such
that B(x, δ) ⊆ V and |h(x)− h(y)| ⩽ ϵ for all y ∈ B(x, δ). It follows that

h(x)⊗ b1(x) ⩽ ⊕
y∈B(x,δ)

(h(y)⊗ b1(y))

⩽ ϵ⊗ h(x)⊗
(

⊕
y∈B(x,δ)

b1(y)
)

= ϵ⊗ h(x)⊗
(

⊕
y∈B(x,δ)

b2(y)
)

⩽ (2ϵ)⊗
(

⊕
y∈B(x,δ)

(h(y)⊗ b2(y))
)

⩽ (2ϵ)⊗
(
⊕
y∈V

(h2(y)⊗ b2(y))
)
.

We conclude that ⊕
x∈V

(h(x) ⊗ b1(x)) ⩽ ⊕
x∈V

(h(x) ⊗ b2(x)). By symmetry, we see that

⊕
x∈V

(h(x)⊗ b1(y)) = ⊕
x∈V

(h(x)⊗ b2(y)).

By Remark 2.9, D(X) inherits the structure of an R-semimodule from C(X,R)∗

through the bijection b 7→ l−b. It is important to note that the operations (⊕∗ ,⊗∗ ) in
this inherited structure are not defined pointwise. Rather, they can be characterized
by the following relations:

(i) For each A ⊆ D(X), ⊕∗

b∈A
b is the unique density in D(X) equivalent to ⊕

b∈A
b.

(ii) For each c ∈ R and each b ∈ D(X), c ⊗∗ b is the unique density in D(X)
equivalent to c ⊗ b. For example, for each b ∈ D(X) ∖ {0}, (+∞) ⊗∗ b = ∞
even if b(x) = 0 for some x ∈ X.

For future reference, we can also define the counterparts of invariant measures and
ergodic measures. We will not need these notions in the current article.

Definition 2.18. Let T : X → X be a continuous map on a compact metric space
X. Let m be a finite tropical measure on X with the upper semi-continuous density
b : X → R.

(i) m is T -invariant if for every point x in X, b(x) = ⊕
y∈T−1(x)

b(y).
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(ii) m is ergodic if m is T -invariant and for every point x in X, limk→+∞ b
(
T k(x)

)
is either ⊕

y∈X
b(y) or 0.

3. Bousch operator and its tropical adjoint

In parallel to the classical Ruelle operator theory, we investigate in this section the
tropical eigenfunctions of LA and tropical eigendensities of L∗

A for Hölder continuous
potentials A.

In Subsection 3.1, we present analysis similar to that in thermodynamic formal-
ism and establish constructive results for tropical eigenfunctions of LA and tropical
eigendensities of L∗

A. Properties of the Aubry set and the Mañé potential, and the
representations of tropical eigenfunctions of LA are recalled in Subsection 3.2. In Sub-
section 3.3, we establish the representations of tropical eigendensities of L∗

A and prove
Theorem D. In Subsection 3.4, we discuss a sufficient condition for the uniqueness of
tropical eigenfunctions and tropical eigendensities, leading to a proof of Theorem C in
Subsection 3.5.

3.1. Analysis in a tropical thermodynamic approach. This subsection provides
a tropical counterpart to certain aspects of thermodynamic formalism.

The construction of tropical eigenfunctions of LA associated with eigenvalue Q(T,A)
is presented in Proposition 3.4 and Corollary 3.5. We generalize Proposition 3.4 to
establish Corollary 3.5 as a tropical counterpart of convergence theorems for the Ru-
elle operators despite the potential nonuniqueness of tropical eigenfunctions. As noted
earlier, the construction in this corollary is key for obtaining general representations
of tropical eigendensities. Since the map T is not assumed to be transitive, our con-
struction only yields tropical eigenfunctions in C(X,R) and LA may have no tropical
eigenfunctions in C(X,R). In comparison, we use the existence of a sub-action (known
as the Mañé Lemma) with a Hölder seminorm bound from Proposition 3.6 without as-
suming transitivity or surjectivity (cf. [Bous11, STY24]) for the proof of Proposition 3.7.
We then establish the existence of a tropical eigendensity of L∗

A associated with eigen-
value Q(T,A) in Proposition 3.7 and conclude the subsection with a discussion on the
uniqueness of tropical eigenvalue in Proposition 3.8.

We remark that although specific propositions and proofs may differ from those in
thermodynamic formalism, the underlying reasoning closely parallels the framework of
thermodynamic formalism.

Recall that C0,α(X, d) denotes the space of α-Hölder continuous functions φ : X → R
for α ∈ (0, 1]. For each φ ∈ C0,α(X, d) and each ϵ ∈ (0,+∞], denote

|φ|dα,ϵ := sup

ß |φ(x)− φ(y)|
d(x, y)α

: x, y ∈ X, 0 < d(x, y) < ϵ

™
and |φ|dα := |φ|dα,+∞.

(3.1)
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Recall that 0 is the constant zero function on X. For a potential A in RX
, denote

SnA(x) := A(x)⊗ A(T (x))⊗ · · · ⊗ A
(
T n−1(x)

)
(3.2)

for all n ∈ N and x ∈ X. We adopt the convention that S0A := 0. For all A ∈ C(X,R),
denote

A := A−Q(T,A). (3.3)

For each u ∈ C(X,R) and each ϵ > 0, denote

ωu(ϵ) := sup{|u(x)− u(y)| : x, y ∈ X, d(x, y) ⩽ ϵ}.

To formulate the main results of this section, we first list some fundamental prop-
erties of the Bousch operator in Lemma 3.1 and review distance-expanding maps in
Lemma 3.2. Lemma 3.1 generalizes [LZ25, Lemma 6.1]. Lemma 3.2 is well known (see
e.g. [PU10, Lemmas 4.1.2 and 4.1.4]) and we omit its proof.

Lemma 3.1. Let T : X → X be a map on a set X and A ∈ RX
. Then the following

hold:

(i) LA(c⊗ u) = c⊗ LA(u) for all c ∈ R and u ∈ RX
.

(ii) Ln
A(u)(x) = ⊕

y∈T−n(x)
(u(y)⊗ SnA(y)) for all n ∈ N, u ∈ RX

, and x ∈ X.

(iii) LA

(
⊕
u∈U

u
)
(x) = ⊕

u∈U
LA(u)(x) for all U ⊆ RX

and x ∈ X.

(iv) Suppose T is finite-to-one and A ∈ RX . Then lim
i→+∞

LA(ui)(x) = LA

(
lim

i→+∞
ui

)
(x)

for each x ∈ X and each pointwise convergent sequence {ui}i∈N of functions in
RX .

Proof. (i)–(iii) follow from (1.7) and (1.3).

(iv) Let v : X → R be the pointwise limit of a sequence {ui}i∈N of functions in RX as
i → +∞. Fix arbitrary x ∈ X and ϵ > 0. Since T is finite-to-one, we can find N ∈ N
such that for each integer n ⩾ N and each y ∈ T−1(x),

∣∣eun(y) − ev(y)
∣∣ < ϵ. It then

follows from (1.7) that

|exp(LA(un)(x))− exp(LA(v)(x))| ⩽ ⊕
y∈T−1(x)

∣∣eun(y)eA(y) − ev(y)eA(y)
∣∣

⩽ ϵ ·
(

⊕
y∈T−1(x)

eA(y)
)

for all n ⩾ N . Note that ⊕
y∈T−1(x)

eA(y) < +∞ since T is finite-to-one and A ∈ RX .

We conclude that limi→+∞ LA(ui)(x) = LA(v)(x) for each x ∈ X, and (iv) is now
verified. □
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Lemma 3.2. Let T : X → X be an open continuous distance-expanding map on a
compact metric space (X, d). Let λ > 1 and η > 0 denote the constants in the distance-
expanding property of T . Then there exists a constant ξ > 0 such that for each x in X,
B(T (x), ξ) ⊆ T (B(x, η)). Moreover, the restriction T |B(x,η) is injective, and its inverse

map T−1
x : B(T (x), ξ) → B(x, η) has the property that d

(
T−1
x (y), T−1

x (z)
)
⩽ λ−1d(y, z).

Furthermore,
sup

{
cardT−1(x) : x ∈ X

}
=: N < +∞.

Remark 3.3. For each n ∈ N, we denote T−n
x : B(T n(x), ξ) → B(x, λ−nξ) as the

composition of inverse maps T−1
T i(x)

, i = 0, . . . , n − 1. In the remainder of this article,

we will fix a choice of λ, η, and ξ for a distance-expanding map T . Since in our article,
the metric d is fixed for every compact space X, we will say that a quantity depends
on T if it depends on T and d.

Now we formulate the main results Proposition 3.4 to Proposition 3.8 of this subsec-
tion, whose proofs are presented after some technical preparations in Proposition 3.9
to Lemma 3.12.

Proposition 3.4 (Construction of tropical eigenfunctions). Let T : X → X be
an open continuous distance-expanding map on a compact metric space (X, d), and
A ∈ C0,α(X, d) with α ∈ (0, 1]. Let ξ > 0 be the constant from Lemma 3.2. For each
u ∈ C(X,R), define

vu(x) := lim sup
n→+∞

Ln
A
(u)(x) (3.4)

for all x in X. Then v1 satisfies the following properties:

(i) There exists L2 > 0 depending only on T and α such that v1 ⩽ L2|A|dα, and for
all x, y ∈ X with d(x, y) < ξ,

v1(x) ⩽ v1(y) + |A|dαd(x, y)α(λα − 1)−1. (3.5)

(ii) v1 ∈ C(X,R) is a tropical eigenfunction of LA associated with eigenvalue Q(T,A).

(iii) Assume that T is transitive. Then there exists a constant C3 > 0 depending only
on T and α such that v1 ∈ C0,α(X, d) with

∥v1∥C0 ⩽ C3|A|dα(diamX)α and |v1|dα ⩽ C3|A|dα .
More precisely, we can set L2 to be the constant L1 from Lemma 3.12 and set C3 to

be the constant C2 from Lemma 3.10.

Corollary 3.5 generalizes Proposition 3.4 and will play a key role in the proof of
Theorem D.

Corollary 3.5. In the setting of Proposition 3.4, for each u ∈ C(X,R), vu satisfies the
following properties:
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(i) v1 − ∥u∥C0 ⩽ vu ⩽ v1 + ∥u∥C0, vu ⩽ L2|A|dα + ∥u∥C0, and for all x, y ∈ X with
d(x, y) < ξ,

vu(x) ⩽ vu(y) + |A|dαd(x, y)α(λα − 1)−1. (3.6)

(ii) vu ∈ C(X,R) is a tropical eigenfunction of LA associated with eigenvalue Q(T,A).

(iii) Assume that T is transitive. Then vu ∈ C0,α(X, d) with

∥vu∥C0 ⩽ C3|A|dα(diamX)α + ∥u∥C0 and |vu|dα,ξ ⩽ |A|dα(λα − 1)−1.

An important ingredient for the proof of Proposition 3.7 below is a version of the
Mańẽ lemma in Proposition 3.6 without the transitivity or surjectivity assumptions.
Despite the potential nonexistence of tropical eigenfunctions in C(X,R), the Mańẽ
lemma below guarantees the existence of a sub-action with a seminorm bound and
serves as a fundamental tool for many other aspects of ergodic optimization.

Proposition 3.6 (Mańẽ lemma). Let T : X → X be an open continuous distance-
expanding map on a compact metric space (X, d). Let λ > 1 and η > 0 be the constants
in the distance-expanding property of T , ξ > 0 be the constant from Lemma 3.2, and
α ∈ (0, 1]. Then there exists L > 0 depending only on T and α such that for all
A ∈ C0,α(X, d), there exists a sub-action vA ∈ C0,α(X, d) for A with

|vA|dα,ξ ⩽ |A|dα(λα − 1)−1 and |vA|dα ⩽ L|A|dα .
Proposition 3.7. Let T : X → X be an open continuous distance-expanding map on
a compact metric space (X, d), and A ∈ C0,α(X, d) with α ∈ (0, 1]. There exists b ∈
D(X)∖ {∞, 0} such that

L ∗
A(b) = Q(T,A)⊗ b.

We discuss the uniqueness of tropical eigenvalues in Proposition 3.8. Due to the
lack of transitivity, LA (resp. L∗

A) may have more than one eigenvalue on C(X,R)
(resp. D(X)).

Proposition 3.8 (Uniqueness of tropical eigenvalues). Let T : X → X be an
open continuous distance-expanding map on a compact metric space (X, d), and A ∈
C0,α(X, d) with α ∈ (0, 1]. Then the following hold:

(i) If there exists u ∈ C(X,R) and λ ∈ R such that LA(u) = λ ⊗ u, then λ =
Q(T,A).

(ii) If there exists u ∈ C(X,R) ∖ {0} and λ ∈ R such that LA(u) = λ ⊗ u, then
λ ⩽ Q(T,A). Moreover, if T is transitive, then u ∈ C(X,R) and λ = Q(T,A).

(iii) If there exists b ∈ D(X) ∖ {∞, 0} and λ ∈ R such that L ∗
A(b) = λ ⊗ b, then

λ ⩽ Q(T,A). Moreover, if T is transitive, then λ = Q(T,A).

Before providing the proofs of Proposition 3.4 to Proposition 3.8, we discuss the
following technical facts, whose proofs can be found in Appendix A.
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Proposition 3.9. Let T : X → X be an open continuous distance-expanding map on a
compact metric space (X, d), and A ∈ C(X,R). Then LA(C(X,R)) ⊆ C(X,R).

Assume, in addition, that T is surjective. Then LA(C(X,R)) ⊆ C(X,R), and if
A ∈ C0,α(X, d) with α ∈ (0, 1] then LA

(
C0,α(X, d)

)
⊆ C0,α(X, d).

Lemma 3.10. Let T : X → X be an open continuous distance-expanding map on a
compact metric space (X, d), and A ∈ C0,α(X, d) with α ∈ (0, 1]. Let ξ > 0 be the
constant in Lemma 3.2. Then for all x, y ∈ X with d(x, y) < ξ, n ∈ N, and u ∈
C(X,R), we have

Ln
A(u)(x) ⩽ Ln

A(u)(y) + |A|dαd(x, y)α(λα − 1)−1 + ωu(λ
−nd(x, y)), (3.7)

and if x1 ∈ T−n(x), then∣∣SnA(x1)− SnA
(
T−n
x1

(y)
)∣∣ ⩽ |A|dαd(x, y)α(λα − 1)−1. (3.8)

Moreover, if T is transitive, then the following hold:

(i) There exists a constant C1 > 0 such that for all n ∈ N and x, y ∈ X,∣∣∣ ⊕
x∈T−n(x)

SnA(x)− ⊕
y∈T−n(y)

SnA(y)
∣∣∣ ⩽ C1.

(ii) There exists a constant C2 > 0 depending only on T and α such that for all
A, u ∈ C0,α(X, d), and n ∈ N,

|Ln
A(u)|dα ⩽ C2(|A|dα + |u|dα).

Lemma 3.11. Let T : X → X be an open continuous distance-expanding map on a
compact metric space (X, d), and A ∈ C0,α(X, d) with α ∈ (0, 1]. Then the Bousch
operator LA satisfies

Lk
A(u2) ⩽ ∥u1 − u2∥C0 ⊗ Lk

A(u1) (3.9)

for all k ∈ N and u1, u2 ∈ C(X,R). Moreover, if T is surjective, then for all u1, u2 ∈
C(X,R),

∥LA(u1)− LA(u2)∥C0 ⩽ ∥u1 − u2∥C0 . (3.10)

Proof. Note that u2 ⩽ u1 ⊗ ∥u2 − u1∥C0 for all u1, u2 ∈ C(X,R). By Lemma 3.1,
LA is tropical linear (cf. Definition 2.5). It follows that Lk

A is tropical linear for all
k ∈ N. Thus, Lemma 2.6 implies that Lk

A(u2) ⩽ ∥u1 − u2∥C0 ⊗ Lk
A(u1) for all k ∈ N

and u1, u2 ∈ C(X,R). Moreover, if T is surjective, then Proposition 3.9 implies that
LA(u) ∈ C(X,R) for all u ∈ C(X,R). Thus, it follows that ∥LA(u1) − LA(u2)∥C0 ⩽
∥u1 − u2∥C0 . □

Lemma 3.12. Let T : X → X be an open continuous distance-expanding map on a
compact metric space (X, d), and α ∈ (0, 1]. Then there exists L1 > 0 depending
only on T and α such that for all x ∈ X, n ∈ N, and A ∈ C0,α(X, d), we have
SnA(x) ⩽ L1|A|dα.
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Proof. Let λ > 1 and η > 0 be constants in the distance-expanding property of T , and
ξ be the constant in Lemma 3.2. Denote β := min{η, ξ} and γ := min{(λ − 1)β, ξ}.
Since X is compact, let Nγ be the maximum cardinality of a γ-separated subset of X.
Fix A ∈ C0,α(X, d).

Now fix a point x ∈ X and an integer n > Nγ. It follows that there exist integers
0 ⩽ i < j ⩽ n− 1 such that d

(
T i(x), T j(x)

)
< γ. Consider

i0 := min
{
i ∈ N0 : 0 ⩽ i ⩽ n− 1

and there exists i < j ⩽ n− 1 such that d
(
T i(x), T j(x)

)
< γ

}
,

j0 := max
{
j ∈ N0 : i0 < j ⩽ n− 1, d

(
T i0(x), T j(x)

)
< γ

}
.

Now we can recursively define ik+1, jk+1 when ik, jk have been defined by the following
procedure. If there exist integers jk < i < j ⩽ n − 1 such that d

(
T i(x), T j(x)

)
< γ,

then consider

ik+1 := min
{
i ∈ N0 : jk < i ⩽ n− 1

and there exists i < j ⩽ n− 1 such that d
(
T i(x), T j(x)

)
< γ

}
,

jk+1 := max
{
j ∈ N0 : ik+1 < j ⩽ n− 1, d

(
T ik+1(x), T j(x)

)
< γ

}
.

We stop defining if there do not exist integers jk < i < j ⩽ n−1 with d
(
T i(x), T j(x)

)
<

γ.
We get a series of indices 0 ⩽ i0 < j0 < i1 < j1 < · · · < ik < jk ⩽ n− 1 with k ∈ N0.

Denote I1 := {il : 0 ⩽ l ⩽ k} and I2 := {m : 0 ⩽ m ⩽ n − 1} ∖
⋃k

l=0[il, jl]. Note that
it follows from the definition of these indices that

{
T i(x) : i ∈ I1

}
and

{
T i(x) : i ∈ I2

}
are both γ-separated subsets of X. Thus we see that k + 1 = #I1 ⩽ Nγ, #I2 ⩽ Nγ,
and

SnA(x) ⩽
∑
i∈I2

A
(
T i(x)

)
+

k∑
l=0

Sjl−il+1A
(
T il(x)

)
⩽ 2Nγ∥A∥C0 +

k∑
l=0

Sjl−ilA
(
T il(x)

)
.

It follows from [PU10, Corollaries 4.2.4 and 4.2.5] that for each integer 0 ⩽ l ⩽ k
there exists a periodic point wl ∈ X with period jl − il such that for each integer
0 ⩽ p ⩽ jl − il, d

(
T p+il(x), T p(wl)

)
⩽ β ⩽ ξ . Thus it follows from (3.8) that

Sjl−ilA
(
T il(x)

)
⩽ Sjl−ilA(wl) + |A|dαξα(λα − 1)−1

for each integer 0 ⩽ l ⩽ k. Since wl is a periodic point with period jl−il, it follows from
the definition of Q(T,A) that Sjl−ilA(wl) ⩽ (jl − il)Q(T,A) for each integer 0 ⩽ l ⩽ k.
We conclude that for all n ∈ N,

SnA(x) ⩽ 2Nγ∥A∥C0 +Nγ|A|dαξα(λα − 1)−1.
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Note that Q
(
T,A

)
= Q(T,A) − Q(T,A) = 0, together with the compactness of X,

implies that min{A(x) ⩽ 0 : x ∈ X} and max{A(x) ⩾ 0 : x ∈ X}. It follows that
∥A∥C0 ⩽ |A|dα(diamX)α and SnA(x) ⩽ |A|dαL1, where

L1 := 2Nγ(diamX)α +Nγξ
α(λα − 1)−1. (3.11)

Note that L1 depends only on T and α. Finally, it is straightforward to check that
SnA(x) ⩽ L1|A|dα for all x ∈ X, n ∈ N, and A ∈ C0,α(X, d). □

Now we are ready to prove Proposition 3.4 and Corollary 3.5. The proof of the part
of Proposition 3.4 with the transitivity assumption simplifies the approach in [LZ25,
Proposition 6.4].

Proof of Proposition 3.4. (i) Let L1 be the constant in Lemma 3.12 depending only on
T and α. It immediately follows from Lemmas 3.1 (ii) and 3.12 that v1 ⩽ L1|A|dα and
we can take L2 := L1. Note that (3.5) follows from (3.7).

(ii) It follows from (i) that v1 ∈ C(X,R). It then follows from Lemma 3.1 (iii)(iv)
that

LA(v1) = lim
n→+∞

LA

(
sup
k⩾n

Lk
A
(1)

)
= lim

n→+∞
sup
k⩾n

Lk+1

A
(1) = v1.

Now it suffices to show that v1 ̸= 0, i.e., v1(y) ∈ R for some y ∈ X. Denote
an := supx∈X Ln

A(1)(x) for each n ∈ N. By Proposition 3.9, Ln
A(1) ∈ C(X,R). Thus

there exists xn ∈ X such that Ln
A(1)(xn) = an since X is compact. By Lemma 3.1 (ii),

an = supx∈X SnA(x) ∈ R. Thus, by [Je06, Proposition 2.1],

Q(T,A) = lim sup
n→+∞

an
n
.

Observe that {an}n∈N is subadditive. It follows that Q(T,A) = limn→+∞
an
n

= inf{an
n

:
n ∈ N} ∈ R, and consequently Ln

A
(1)(xn) = an − nQ(T,A) ⩾ 0 for all n ∈ N. Since X

is compact, there exists a subsequence {xnk
}k∈N (with limk→+∞ nk = +∞) converging

to y ∈ X as k → +∞. Thus, there exists N ∈ N such that d(xnk
, y) < ξ for all k ⩾ N .

It then follows from (3.7) and Ln
A
(1)(xn) ⩾ 0 that

Lnk

A
(1)(y) ⩾ Lnk

A
(1)(xnk

)− |A|dαd(y, xnk
)α(λα − 1)−1

⩾ −|A|dαd(y, xnk
)α(λα − 1)−1.

Hence,

v1(y) = lim sup
n→+∞

Ln
A
(1)(y) ⩾ lim sup

k→+∞
Lnk

A
(1)(y)

⩾ lim sup
k→+∞

(
−|A|dαd(y, xnk

)α(λα − 1)−1
)
= 0.

Since v1 ∈ C(X,R), we see that v1(y) ∈ R.
(iii) Let C2 > 0 be the constant from Lemma 3.10. Denote D1 := C2|A|dα(diamX)α.
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Assume that T is transitive. It follows from Lemma 3.10 (ii) that |Ln
A(1)|dα ⩽ C2|A|dα

for all n ∈ N. Recall that an = supx∈X Ln
A(1)(x) ∈ R. Thus, for all n ∈ N,

(an −D1)⊗ 1 ⩽ Ln
A(1). (3.12)

Then it follows from the tropical linearity of LA (cf. Lemma 3.1 (i)(iii)) and Lemma 2.6
that for all n, m ∈ N,

(an −D1)⊗ Lm
A (1) = Lm

A ((an −D1)⊗ 1) ⩽ Ln+m
A (1).

It follows that (an−D1)⊗am ⩽ an+m for all n, m ∈ N, i.e., {D1−an}n∈N is subadditive.
Thus,

inf
n∈N

(D1 − an)/n = lim
n→+∞

(D1 − an)/n = −Q(T,A).

We conclude that 0 ⩽ an − nQ(T,A) ⩽ D1 for all n ∈ N. Thus by (3.12), we have for
all n ∈ N,

∥∥Ln
A
(1)

∥∥
C0 ⩽ D1.

Recall that
∣∣Ln

A
(1)

∣∣
dα

= |Ln
A(1)|dα ⩽ C2|A|dα for all n ∈ N. We conclude that

the sequence
{
Ln

A
(1)

}
n∈N is equicontinuous and uniformly bounded. Consequently,{

supk⩾n Lk
A
(1)

}
n∈N is also equicontinuous and uniformly bounded.

Thus, v1, as the pointwise decreasing limit of supk⩾n Lk
A
(1) as n → +∞, is the

uniform limit of supk⩾n Lk
A
(1) by the Arzelà–Ascoli theorem. Now it follows clearly

that ∥v1∥C0 ⩽ D1 and |v1|dα ⩽ C2|A|dα . Now we can take C3 := C2, and the proof is
now complete. □

Proof of Corollary 3.5. Fix an arbitrary u ∈ C(X,R).
(i) By Lemma 3.11, we have for all n ∈ N, Ln

A
(1) − ∥u − 1∥C0 ⩽ Ln

A
(u) ⩽ ∥u −

1∥C0 +Ln
A
(1). Consequently, v1−∥u−1∥C0 ⩽ vu ⩽ ∥u−1∥C0 + v1. It then follows from

Proposition 3.4 (i) that vu ⩽ L2|A|dα + ∥u∥C0 . Since u ∈ C(X,R) and X is compact,
we see that u is uniformly continuous and thus limϵ→0+ ωu(ϵ) = 0. Now (3.6) follows
from (3.7) and limn→+∞ ωu(λ

−nξ) = 0.

(ii) It follows from (i) that vu ∈ C(X,R). That LA(vu) = vu follows from a similar
argument as that of Proposition 3.4 (ii). It follows from v1 − ∥u∥C0 ⩽ vu ⩽ v1 + ∥u∥C0

and Proposition 3.4 (ii) that vu(y) ∈ R for some y ∈ R.
(iii) Recall from (ii) that vu ∈ C(X,R). Assume that T is transitive. It then follows

from (i) and Proposition 3.4 (iii) that vu ∈ C(X,R) with ∥vu∥C0 ⩽ C3|A|dα(diamX)α+
∥u∥C0 . Furthermore, it follows from (i) that |vu|dα,ξ ⩽ |A|dα(λα−1)−1 and consequently
vu ∈ C0,α(X, d). □

Remark. It follows from Corollary 3.5 (i) that v−1
u (−∞) = v−1

1 (−∞) for every u ∈
C(X,R). When T is not transitive, examples with v−1

1 (−∞) ̸= ∅ are readily con-
structible. For example, take two transitive expanding covering maps T1 : X1 → X1

and T2 : X2 → X2, and consider the map T : X1

⊔
X2 → X1

⊔
X2 on the disjoint union
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that acts as Ti on the component Xi for each i ∈ {1, 2}. Consider the potential A that
takes i on the component Xi for each i ∈ {1, 2}. It is straightforward to check that
Q(T,A) = 2 and v1|X1 = 0X1

.
This indicates that the preceding constructions may only provide tropical eigenfunc-

tions in C(X,R) associated with eigenvalue Q(T,A). The analogous phenomenon in
thermodynamic formalism arises for eigenfunctions of the Ruelle operator RA associ-
ated with eigenvalue exp(P (T,A)): without transitivity, these eigenfunctions may lack
strict positivity and vanish at certain points. This correspondence reflects the algebraic
similarity that −∞ = 0 in the tropical algebra over R corresponds to 0 in R.

Now we present a direct proof of Proposition 3.6 without assuming transitivity or
surjectivity. While adopting the construction of a sub-action vA from [CLT01, Proposi-
tion 11] (where C1 expanding maps on the circle are considered), our argument crucially
relies on the estimates in Lemma 3.12, which are essential for handling the enhanced
generality for our map T .

Proof of Proposition 3.6. Consider vA(x) := max
{
0, supn⩾1maxy∈T−n(x) SnA(y)

}
for all

x ∈ X. Let L1 be the constant in Lemma 3.12 depending only on T and α. It follows
that 0 ⩽ vA(x) ⩽ L1|A|dα for all x ∈ X. Moreover, it follows from (3.8) that

|vA|dα,ξ ⩽ |A|dα(λα − 1)−1.

Since X is compact, we conclude that vA ∈ C0,α(X, d) and

|vA|dα ⩽ max
{
|vA|dα,ξ, ξ−α sup

x, y∈X
|vA(x)− vA(y)|

}
⩽ max

{
|A|dα(λα − 1)−1, ξ−αL1|A|dα

}
= L|A|dα ,

where the constant L := max
{
(λα − 1)−1, ξ−αL1

}
depends only on T and α.

Now it suffices to show that vA is a sub-action, i.e., vA(x) + A(x) ⩽ vA(T (x)) for all
x ∈ X. Note that for all n ⩾ 1 and y ∈ T−n(x) ⊆ T−n−1(T (x)), SnA(y) + A(x) =
Sn+1A(y). It follows that

vA(x) + A(x) = max
{
sup
n⩾1

max
y∈T−n(x)

Sn+1A(y), A(x)
}

⩽ max
{
sup
m⩾2

max
y∈T−m(T (x))

SmA(y), max
y∈T−1(T (x))

A(y)
}

= sup
m⩾1

max
y∈T−m(T (x))

SmA(y)

⩽ vA(T (x))

for all x ∈ X. The proof is now complete. □
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Before constructing a tropical eigendensity of L∗
A associated with eigenvalue Q(T,A),

we discuss in the following remark the reason for the definition of L∗
A in (1.8).

Remark 3.13. Due to Remark 2.17, we define the tropical adjoint operators on the
space D(X). It is clear from (1.8) that b ∈ D(X) implies L ∗

A(b) ∈ D(X).
Recall from Proposition 2.13 that b 7→ l−b gives a bijection from D(X) to C(X,R)∗ .

We denote c := L∗
A(b). Then by Remark 2.12,

l−c(u) = ⊕
x∈X

(u(x)⊗ L∗
A(b)(x))

= ⊕
x∈X

(u(x)⊗ b(T (x))⊗ A(x))

= ⊕
x∈X

(
⊕

y∈T−1(x)
(u(y)⊗ A(y))⊗ b(x)

)
= ⊕

x∈X
(LA(u)(x)⊗ b(x))

= l−b(LA(u))

(3.13)

for all u ∈ C(X,R). By identifying b with l−b, L∗
A can be seen as a map from C(X,R)∗

to C(X,R)∗ , i.e., L∗
A(l−b) = l−c. Now the above identities imply that

L∗
A(l)(u) = l(LA(u)) (3.14)

for all l ∈ C(X,R)∗ and u ∈ C(X,R). To avoid confusion with notations, we will not
use this identification in this article.

For b ∈ D(X)∖{∞}, letmb be the finite tropical measure satisfyingmb(U) = ⊕
x∈U

b(x)

for every open subset U of X. Recall Definition 2.15 and c = L∗
A(b). Then for every

open subset U of X,

mc(U) = ⊕
x∈U

L∗
A(b)(x) = ⊕

x∈U
(b(T (x))⊗ A(x))

= ⊕
x∈T (U)

(
b(x)⊗

(
⊕

y∈T−1(x)
A(y)

))
=

∫
T (U)

(
⊕

y∈T−1(x)
A(y)

)
dmb.

(3.15)

By identifying b with mb, L∗
A can be seen as a map on the set of finite tropical

measures, i.e.,

L∗
A(m)(U) =

∫
T (U)

⊕
y∈T−1(x)

A(y) dm (3.16)

for every open subset U of X. Note that the above identity can serve as the defining
identity for L∗

A on the set of finite tropical measures.

Here we establish the existence of a tropical eigendensity of L∗
A associated with eigen-

value Q(T,A) and prove Proposition 3.7.

Proof of Proposition 3.7. We consider v := −b (cf. Remark 2.17) and it suffices to find

a solution of v ◦ T = v + A in Ĉ(X,R)∖ {∞, 0}.
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Let vA ∈ C(X,R) be the sub-action for A ∈ C0,α(X, d) from Proposition 3.6. So

vA + A ⩽ vA ◦ T. (3.17)

Consider w := v − vA and φ := vA + A − vA ◦ T ∈ C(X,R). It suffices to find

w ∈ Ĉ(X,R)∖ {∞, 0} such that

w ◦ T = w + φ. (3.18)

Note that φ ⩽ 0 by (3.17) and

Q(T, φ) = sup
µ∈M(X,T )

∫
φ dµ = max

µ∈M(X,T )

∫
φ dµ = max

µ∈M(X,T )

∫
A dµ = Q(T,A) = 0.

The supremum is attained due to the weak∗-compactness of M(X,T ). We fix a maxi-
mizing measure µ ∈ M(X,T ) for φ.

It follows from C(X,R) ∋ φ ⩽ 0 and
∫
φ dµ = 0 that supp(µ) ⊆ φ−1(0). Moreover,

since µ is T -invariant, T (supp(µ)) ⊆ supp(µ). We use these two properties to construct
a solution w = w0 of (3.18).

Consider S :=
{
w ∈ Ĉ(X,R) : w + φ ⩽ w ◦ T, w|supp(µ) = 0, 0 ⩽ w

}
and w0 :=

⊕
w∈S

w ∈ Ĉ(X,R) (since Ĉ(X,R) is tropically complete). Since φ ⩽ 0, we see that

0 ∈ S. Consequently, S is not empty and w0 ̸= 0. It is straightforward to check that
w0 ∈ S, and it follows from w0|supp(µ) = 0 that w0 ̸=∞.

To show that w0 ◦ T = w0 + φ, we consider w1 := w0 ◦ T − φ.
Since w0 ∈ S, we have 0 ⩽ w0 ⩽ w1. So w0 ◦ T ⩽ w1 ◦ T , i.e., w1 + φ ⩽ w1 ◦ T .

Recall that supp(µ) ⊆ φ−1(0) and T (supp(µ)) ⊆ supp(µ). It follows that w1|supp(µ) =
(w0 ◦ T − φ)|supp(µ) = 0. We conclude that w1 ∈ S.

Since w0 is the maximal element of S, we see that w1 ⩽ w0 and consequently w1 = w0.

We conclude that w0 ∈ Ĉ(X,R)∖ {∞, 0} and w0 ◦ T = w0 + φ. □

We conclude this subsection with the following proof of Proposition 3.8.

Proof of Proposition 3.8. Suppose LA(u) = λ⊗u for some u ∈ C(X,R)∖{0} and some
λ ∈ R. Note that u0 := ⊕

x∈X
u(x) ∈ R. It then follows from (1.3) that

lim
n→+∞

n−1
(
⊕

x∈X
Ln

A(u)(x)
)
= lim

n→+∞
n−1

(
⊕

x∈X
((nλ)⊗ u(x))

)
= lim

n→+∞
n−1((nλ)⊗ u0)

= λ.

For (i), further assume that u ∈ C(X,R). It follows from Lemma 3.11 that

Lk
A
(1)− ∥u− 1∥C0 ⩽ Lk

A
(u) ⩽ ∥u− 1∥C0 + Lk

A
(1)
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for all k ∈ N. Thus it follows from [Je06, Proposition 2.1] that

λ = lim
n→+∞

n−1 ⊕
x∈X

Ln
A(u)(x) = lim

n→+∞
n−1 ⊕

x∈X
Ln

A(1)(x) = Q(T,A).

Now (i) is verified.

For (ii), it follows from Lemma 3.11 that Lk
A(u) ⩽ u0 ⊗ Lk

A(1) for all k ∈ N. Thus it
follows from (1.3) and [Je06, Proposition 2.1] that

λ = lim
n→+∞

n−1 ⊕
x∈X

Ln
A(u)(x) ⩽ lim inf

n→+∞
n−1

(
u0 ⊗

(
⊕

x∈X
Ln

A(1)(x)
))

= Q(T,A).

Assume further that T is transitive. We claim that u ∈ C(X,R).
Since u ∈ C(X,R) ∖ {0}, we see that LA(u) ̸= 0 and consequently λ ̸= 0. Suppose

that u(x0) = 0 for some x0 ∈ X. Then it follows from LA(u) = λ ⊗ u, λ ̸= 0,
and A ∈ C0,α(X, d) that u(y) = 0 for all y ∈

⋃
n∈N T

−n(x0). Since T is transitive,⋃
n∈N T

−n(x0) is dense in X. Thus, it follows from the continuity of u that u = 0, which
is a contradiction.

We conclude that u(x) ̸= 0 for all x ∈ X and thus u ∈ C(X,R). It then follows
from (i) that λ = Q(T,A). Now (ii) is verified.

For (iii), suppose that L∗
A(b) = λ⊗ b for some b ∈ D(X)∖ {∞, 0} and some λ ∈ R.

It follows from (3.13) and (1.3) that

⊕
x∈X

(LA(v)(x)⊗ b(x)) = ⊕
x∈X

(
v(x)⊗ L∗

A(b)(x)
)
= λ⊗

(
⊕

x∈X
(v(x)⊗ b(x))

)
(3.19)

for all v ∈ C(X,R). Thus, for all n ∈ N,

⊕
x∈X

(Ln
A(1)(x)⊗ b(x)) = (nλ)⊗

(
⊕

x∈X
b(x)

)
.

Since b ∈ D(X)∖ {∞, 0}, we see that b0 := ⊕
x∈X

b(x) ∈ R and

λ = lim
n→+∞

n−1((nλ)⊗ b0) = lim
n→+∞

n−1
(
⊕

x∈X
(Ln

A(1)(x)⊗ b(x))
)

⩽ lim
n→+∞

n−1
((

⊕
x∈X

Ln
A(1)(x)

)
⊗ b0

)
= Q(T,A).

Here the last identity follows from [Je06, Proposition 2.1]. Assume that T is transitive.
Recall from Proposition 3.4 (ii)(iii) that v1 ∈ EQ(T,A)(LA, C(X,R)). Take v := v1

in (3.19). Since b ∈ D(X) ∖ {∞, 0}, it follows that ⊕
x∈X

(v1(x) ⊗ b(x)) ∈ R and thus

λ = Q(T,A). Now (iii) is verified. □

3.2. Mañé potential and representation. In this subsection, properties of the Aubry
set and the Mañé potential are recalled. We establish Proposition 3.18 and Lemma 3.20
to prepare for the proof of the representation of tropical eigendensities in Subsection 3.3.
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Definition 3.14 (Aubry set). Let T : X → X be an open continuous distance-
expanding map on a compact metric space (X, d). For a continuous potential A ∈
C(X,R), we call x ∈ X an Aubry point if for every ϵ > 0, there exists y ∈ X and n ∈ N
such that

d(x, y) ⩽ ϵ, d(T n(y), x) ⩽ ϵ, and |SnA(y)| ⩽ ϵ.

The collection of all Aubry points in X is called the Aubry set and is denoted by ΩA.

Some basic properties about the Aubry set are discussed in [Ga17, Chapter 4] in the
setting of subshifts of finite type, e.g., the nonemptiness, closedness, and T -invariance.
The proofs for these facts work in our context and are omitted here.

Lemma 3.15. Let T : X → X be an open continuous distance-expanding map on a
compact metric space (X, d), and A ∈ C0,α(X, d). Then an invariant probability mea-
sure is a maximizing measure for A if and only if it is supported on the Aubry set
ΩA.

Denote the set of nonwandering points by Ω(T ). The above lemma can be obtained
through the existence of a sub-action vA (cf. Proposition 3.6) and the following obser-
vations (cf. [Ga17, Chapter 4]):

(i) ΩA = ΩA+vA−vA◦T ⊆ (A+ vA − vA ◦ T )−1(Q(T,A)) =: K and

(ii)
⋂

n∈N0
T−n(K) ∩ Ω(T ) ⊆ ΩA+vA−vA◦T .

A detailed proof of Lemma 3.15 is contained in Appendix A.

Definition 3.16 (Mañé potential). Let T : X → X be an open continuous distance-
expanding map on a compact metric space (X, d). For a potential A ∈ C0,α(X, d), the
Mañé potential associated with A is the function ϕA defined on X ×X given by

ϕA(x, y) := lim
ϵ→0+

⊕
n∈N

⊕
d(z,x)⩽ϵ

d(Tn(z),y)⩽ϵ

SnA(z) = lim
ϵ→0+

sup
n∈N

sup
d(z,x)⩽ϵ

d(Tn(z),y)⩽ϵ

SnA(z).

Remark 3.17. It is straightforward to check that ϕA(·, ·) is upper semi-continuous (see
Lemma A.1). Recall from Lemma 3.12 that there exists D > 0 such that SnA(x) ⩽ D
for all n ∈ N and x ∈ X. Thus ϕA(·, ·) : X ×X → R and ϕA(·, y) ∈ D(X)∖ {∞} for all
y ∈ X.

Proposition 3.18 (Properties of the Mañé potential). Let T : X → X be an
open continuous distance-expanding map on a compact metric space (X, d), and A ∈
C0,α(X, d) with α ∈ (0, 1]. Then the following hold for all x, y, z ∈ X:

(i) u(x)⊗ ϕA(x, y) ⩽ u(y) for all u ∈ EQ(T,A)(LA, C(X,R)).
(ii) ϕA(x, y)⊗ b(y) ⩽ b(x) for all b ∈ EQ(T,A)(L ∗

A,D(X)).

(iii) ϕA(x, z) ⩾ ϕA(x, y)⊗ ϕA(y, z).

(iv) ϕA(x, x) ⩽ 0, and ϕA(x, x) = 0 if and only if x ∈ ΩA.
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(v) Assume x ∈ ΩA. Then ϕA(x, ·) is in EQ(T,A)(LA, C(X,R)) and

ϕA(x, z) ⩽ ϕA(x,w) + |A|dα(λα − 1)−1d(z, w)α

for all w ∈ X satisfying d(z, w) < ξ, where ξ > 0 is the constant in Lemma 3.2.
Moreover, if T is transitive, then ϕA(x, ·) ∈ C0,α(X, d).

While statements (i), (iii), (iv), and (v) have appeared for some different settings
in the literature (cf. [CLT01, Proposition 23] and [Ga17, Proposition 5.2]), our formu-
lations extend these results to functions in C(X,R)—a generalization resulting from
relaxing the transitivity requirement for T . The proof of (i) requires only minor adap-
tations from existing arguments, and (v) follows reasoning similar to [CLT01]; these
are therefore deferred to Appendix A. Here we focus on proving (ii)–(iv): (iii) and (iv)
are included here due to their concise derivations from definitions, while (ii) presents a
novel result for tropical eigendensities.

Proof of Proposition 3.18 (ii)–(iv). (ii) Since b ∈ EQ(T,A)(L∗
A,D(X)), b is upper semi-

continuous and b(T (x))⊗ A(x) = b(x) for all x ∈ X. Thus, for all x ∈ X and n ∈ N,

b(T n(x))⊗ SnA(x) = b(x). (3.20)

Denote ϕ̃A(x, y) := lim
ϵ→0+

⊕
n∈N

⊕
d(y0,x)⩽ϵ
Tn(y0)=y

SnA(y0).

Claim. ϕ̃A ≡ ϕA.

We first prove the claim. It immediately follows from Definition 3.16 that ϕA(x, y) ⩾
ϕ̃A(x, y) for all x, y ∈ X. So it suffices to show that ϕ̃A(x, y) ⩾ ϕA(x, y) for all x, y ∈ X.

Fix x, y ∈ X. Consider n ∈ N, and ϵ ∈ (0, ξ), where ξ is the constant in Lemma 3.2.
For every z ∈ X satisfying d(z, x) ⩽ ϵ/2 and d(T n(z), y) ⩽ ϵ/2, it follows from
Lemma 3.2 that there exists y0 ∈ X satisfying that T n(y0) = y and that for each
integer 0 ⩽ i ⩽ n, d

(
T i(z), T i(y0)

)
⩽ λ−n+iϵ/2. Thus, by (3.8),

|SnA(z)− SnA(y0)| ⩽
ϵα|A|dα

2α(λα − 1)
.

Note that d(y0, x) ⩽ d(z, x)+d(z, y0) ⩽ ϵ. We conclude that for all n ∈ N and ϵ ∈ (0, ξ),

⊕
d(z,x)⩽ϵ/2

d(Tn(z),y)⩽ϵ/2

SnA(z) ⩽
(

⊕
d(y0,x)⩽ϵ
Tn(y0)=y

SnA(y0)
)
⊗ ϵα|A|dα

2α(λα − 1)
.
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Thus,

ϕA(x, y) = lim
ϵ→0+

⊕
n∈N

⊕
d(z,x)⩽ϵ/2

d(Tn(z),y)⩽ϵ/2

SnA(z)

⩽ lim
ϵ→0+

(
⊕
n∈N

⊕
d(y0,x)⩽ϵ
Tn(y0)=y

SnA(y0)
)
⊗ ϵα|A|dα

2α(λα − 1)

= ϕ̃A(x, y),

and the claim follows.

It follows from the claim, (3.20), and the upper semi-continuity of b that

ϕA(x, y)⊗ b(y) = lim
ϵ→0+

⊕
n∈N

⊕
d(z,x)⩽ϵ
Tn(z)=y

(SnA(z)⊗ b(y))

= lim
ϵ→0+

⊕
n∈N

⊕
d(z,x)⩽ϵ
Tn(z)=y

b(z) ⩽ lim
ϵ→0+

⊕
d(z,x)⩽ϵ

b(z) ⩽ b(x).

(iii) In the following argument, we use Lemma 3.2 to connect two trajectories when
the end of one trajectory is close to the beginning of the other.

Fix x, y, z ∈ X, and ϵ ∈ (0, ξ/2). Assume that w1 ∈ B(x, ϵ) and n ∈ N satisfy
d(T n(w1), y) ⩽ ϵ, and that w2 ∈ B(y, ϵ) and m ∈ N satisfy d(Tm(w2), z) ⩽ ϵ. Note that
d(w2, T

n(w1)) ⩽ d(w2, y) + d(y, T n(w1)) ⩽ 2ϵ < ξ. Lemma 3.2 then implies that

d
(
T−n
w1

(w2), x
)
⩽ d

(
T−n
w1

(w2), w1

)
+ d(w1, x) ⩽ d(w2, T

n(w1)) + d(w1, x) ⩽ 3ϵ.

Moreover, it follows from (3.8) that∣∣SnA(w1)− SnA
(
T−n
w1

(w2)
)∣∣ ⩽ (λα − 1)−1|A|dα(2ϵ)α.

We conclude that Sn+mA
(
T−n
w1

(w2)
)
+ (λα − 1)−1|A|dα(2ϵ)α ⩾ SnA(w1) + SmA(w2) and

thus (
⊕
n∈N

⊕
d(w1,x)⩽ϵ/2

d(Tn(w1),y)⩽ϵ/2

SnA(w1)
)
+
(
⊕

m∈N
⊕

d(w2,y)⩽ϵ/2
d(Tm(w2),z)⩽ϵ/2

SmA(w2)
)

⩽ (λα − 1)−1|A|dα(2ϵ)α +
(
⊕
k∈N

⊕
d(w,x)⩽3ϵ

d(Tk(w),z)⩽3ϵ

SkA(w)
)
.

Now it is straightforward to check that (iii) follows from the definition of ϕA (cf. Defi-
nition 3.16).

(iv) It follows from (iii) that ϕA(x, x) ⊗ ϕA(x, x) ⩽ ϕA(x, x) for all x ∈ X. Recall
that ϕA : X × X → R (cf. Remark 3.17). It follows that ϕA(x, x) ⩽ 0 for all x ∈ X.
The second part of the statement is a direct consequence of Lemma 3.2, (3.8), and the
definitions of the Aubry set and the Mañé potential. □



TROPICAL THERMODYNAMIC FORMALISM 39

Proposition 3.19 (Representation of eigenfunctions). Let T : X → X be an
open continuous distance-expanding map on a compact metric space (X, d), and A ∈
C0,α(X, d) with α ∈ (0, 1]. Then for all u ∈ EQ(T,A)(LA, C(X,R)) and y ∈ X, we have

u(y) = ⊕
x∈ΩA

(u(x)⊗ ϕA(x, y)).

A version of this proposition for subshifts of finite type is established in [Ga17,
Proposition 6.2 (iii)]. We extend it to functions in C(X,R) and include a proof in the
present setting in Appendix A for the reader’s convenience.

Lemma 3.20 (Mañé potential as eigendensity). Let T : X → X be an open con-
tinuous distance-expanding map on a compact metric space (X, d), and A ∈ C0,α(X, d)
with α ∈ (0, 1]. The Mañé potential satisfies

ϕA(T (x), y) = ϕA(x, y)− A(x) (3.21)

for all x, y ∈ X with T (x) ̸= y. Moreover, for every y ∈ ΩA, the equality (3.21) holds
for every x ∈ X, i.e., ϕA(·, y) is in EQ(T,A)(L ∗

A,D(X)).

While the first part of this lemma incorporates ideas from [Ga17, Proposition 5.3] for
subshifts of finite type, the second part verifies (3.21) for points in the Aubry set, yield-
ing a novel construction of tropical eigendensities, essential for their representations.

Proof. Let ξ > 0 be the constant in Lemma 3.2. The condition T (x) ̸= y implies that
for all ϵ ∈

(
0, 1

2
min

{
ξ, d

(
x, T−1(y)

)})
, if z ∈ B(x, ϵ) and n ∈ N satisfy d(T n(z), y) < ϵ,

then n > 1. Thus, (3.21) immediately follows from the definition of ϕA (cf. Defini-
tion 3.16) and the continuity of T . This proves the first part of the lemma.

For the second part of the lemma, note that ϕA(·, ·) : X × X → R is upper semi-
continuous (see Lemma A.1). Thus, ϕA(·, y) ∈ D(X) for all y ∈ ΩA, and it suffices to
show ϕA(T (x), y) = ϕA(x, y) − A(x) for all y ∈ ΩA and x ∈ T−1(y). Fix y ∈ ΩA and
x ∈ T−1(y). By Proposition 3.18 (iv), we have ϕA(T (x), y) = ϕA(y, y) = 0. Thus, it
suffices to prove ϕA(x, T (x)) = A(x).

Claim. ϕA(x, T (x)) = A(x) for all x ∈ X.

Fix x ∈ X. On the one hand, SnA(z) = A(x) for n := 1, z := x, and it follows from
Definition 3.16 that ϕA(x, T (x)) ⩾ A(x).

On the other hand, since T is continuous, for every ϵ > 0, there exists η(ϵ) ∈ (0, ϵ)
such that d(y, x) ⩽ η(ϵ) implies d(T (y), T (x)) ⩽ ϵ for all y ∈ X. Thus,

⊕
n∈N

⊕
d(z,x)⩽η(ϵ)

d(Tn(z),T (x))⩽η(ϵ)

SnA(z)

⩽
(

⊕
d(z,x)⩽η(ϵ)

A(z)
)
⊗
(
⊕
n∈N

⊕
d(z,x)⩽η(ϵ)

d(Tn(z),T (x))⩽η(ϵ)

Sn−1A(T (z))
)
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⩽
(

⊕
d(z,x)⩽η(ϵ)

A(z)
)
⊗
(

⊕
m∈N0

⊕
d(z̃,T (x))⩽ϵ

d(Tm(z̃),T (x))⩽ϵ

SmA(z̃)
)
.

Recall that S0A(z̃) = 0 for all z̃ ∈ X. As ϵ → 0+, we get

ϕA(x, T (x)) ⩽ A(x)⊗ (0⊕ ϕA(T (x), T (x))).

By Proposition 3.18 (iv), ϕA(T (x), T (x)) ⩽ 0. We conclude that ϕA(x, T (x)) ⩽ A(x),
and the claim is now verified. □

Lemma 3.21. Let T : X → X be an open continuous distance-expanding map on a
compact metric space (X, d), and A ∈ C0,α(X, d) with α ∈ (0, 1]. If ϕA(x, y)⊗ϕA(y, x) =
0 for all x, y ∈ ΩA, then

ϕA(x, ·) = ϕA(x, y)⊗ ϕA(y, ·) and ϕA(·, x) = ϕA(·, y)⊗ ϕA(y, x)

for all x, y ∈ ΩA.

Proof. Fix x, y ∈ ΩA. By Proposition 3.18 (iii), we have

ϕA(y, x)⊗ ϕA(x, ·) ⩽ ϕA(y, ·) and ϕA(x, y)⊗ ϕA(y, ·) ⩽ ϕA(x, ·).
The above two inequalities, together with ϕA(x, y) ⊗ ϕA(y, x) = 0, imply ϕA(x, ·) =
ϕA(x, y)⊗ ϕA(y, ·). By Proposition 3.18 (iii), we have

ϕA(·, x)⊗ ϕA(x, y) ⩽ ϕA(·, y) and ϕA(·, y)⊗ ϕA(y, x) ⩽ ϕA(·, x).
Therefore, ϕA(·, x) = ϕA(·, y) ⊗ ϕA(y, x) follows from the above two inequalities and
ϕA(x, y)⊗ ϕA(y, x) = 0. □

The following characterizations will be useful in the proof of Theorem D (iii).

Proposition 3.22. Let T : X → X be an open continuous distance-expanding map on
a compact metric space (X, d), and A ∈ C0,α(X, d) with α ∈ (0, 1]. Then the following
statements are equivalent:

(i) The entries of {ϕA(x, ·)}x∈ΩA
are the same up to a tropical multiplicative con-

stant.

(ii) The entries of {ϕA(·, y)}y∈ΩA
are the same up to a tropical multiplicative con-

stant.

(iii) For all x, y ∈ ΩA, ϕA(x, y)⊗ ϕA(y, x) = 0.

Proof. Fix x, y ∈ ΩA.
To see that (i) implies (iii), suppose ϕA(x, ·)⊗ c = ϕA(y, ·). It follows that ϕA(x, x)⊗

c = ϕA(y, x) and ϕA(x, y)⊗ c = ϕA(y, y). By Proposition 3.18 (iv), we get c = ϕA(y, x)
and ϕA(x, y)⊗ c = 0. Thus, ϕA(x, y)⊗ ϕA(y, x) = 0.

To see that (ii) implies (iii), suppose ϕA(·, x)⊗d = ϕA(·, y). It follows that ϕA(x, x)⊗
d = ϕA(x, y) and ϕA(y, x)⊗ d = ϕA(y, y). By Proposition 3.18 (iv), we get d = ϕA(x, y)
and ϕA(y, x)⊗ d = 0. Thus, ϕA(y, x)⊗ ϕA(x, y) = 0.
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That (iii) implies (i) and (ii) follows from Lemma 3.21. □

3.3. Proof of Theorem D. We discover the representation of tropical eigendensities
of L∗

A associated with eigenvalue Q(T,A) through the duality in ϕA(·, ·).

Proof of Theorem D. (i) It follows from Proposition 3.19 that v(·) = ⊕
x∈ΩA

(v(x) ⊗

ϕA(x, ·)) for all v ∈ EQ(T,A)(LA, C(X,R)).
Fix an arbitrary c ∈ C(ΩA,R). Recall fc(·) := ⊕

x∈ΩA

(c(x)⊗ϕA(x, ·)). We show that fc

is in EQ(T,A)(LA, C(X,R)). Note that c has an upper bound since X is compact. Since
ϕA also has an upper bound (cf. Remark 3.17), it follows that fc : X → R. Let ξ be
the constant in Lemma 3.2. It follows from Proposition 3.18 (v) that for all z1, z2 ∈ X
with d(z1, z2) < ξ,

fc(z1) ⩽ fc(z2) + |A|dα(λα − 1)−1d(z1, z2)
α

and that for all z ∈ X,

LA(fc)(z) = ⊕
y∈T−1(z)

(fc(y)⊗ A(y))

= ⊕
y∈T−1(z)

⊕
x∈ΩA

(c(x)⊗ ϕA(x, y)⊗ A(y))

= ⊕
x∈ΩA

⊕
y∈T−1(z)

(c(x)⊗ ϕA(x, y)⊗ A(y))

= ⊕
x∈ΩA

(c(x)⊗ LA(ϕA(x, ·))(z))

= ⊕
x∈ΩA

(c(x)⊗ ϕA(x, z)⊗Q(T,A))

= Q(T,A)⊗ fc(z).

We conclude that fc is in EQ(T,A)(LA, C(X,R)).
In addition, for some v ∈ EQ(T,A)(LA, C(X,R)), if there exists c ∈ C(ΩA,R) such that

v = fc and c(x)⊗ ϕA(x, y) ⩽ c(y) for all x, y ∈ ΩA, then it follows from this inequality
and ϕA(x, x) = 0 for x ∈ ΩA (cf. Proposition 3.18 (iv)) that for all z ∈ ΩA,

c(z) = ⊕
x∈ΩA

(c(x)⊗ ϕA(x, z)) = fc(z) = v(z),

i.e., c = v|ΩA
. Since v ∈ EQ(T,A)(LA, C(X,R)), its restriction v|ΩA

∈ C(ΩA,R) satisfies
v|ΩA

(x) ⊗ ϕA(x, y) ⩽ v|ΩA
(y) for all x, y ∈ ΩA (by Proposition 3.18 (i)) and fv|ΩA

= v

(by Proposition 3.19). Now (i) is verified.

(ii) For (a), assume that b ∈ EQ(T,A)(L∗
A,D(X)). We need to show

⊕
x∈X

(u(x)⊗ b(x)) = ⊕
x∈X,y∈ΩA

(u(x)⊗ ϕA(x, y)⊗ b(y)) (3.22)

for all u ∈ C(X,R). Now fix an arbitrary u ∈ C(X,R).
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We first reduce the proof of (3.22) to functions in EQ(T,A)(LA, C(X,R)) using Corol-
lary 3.5 and then apply Proposition 3.19.

For the left-hand side of (3.22), since b ∈ EQ(T,A)(L∗
A,D(X)), it follows from (3.13)

that

⊕
x∈X

(LA(u)(x)⊗ b(x)) = ⊕
y∈X

(
u(y)⊗ L∗

A(b)(y)
)
= ⊕

y∈X
(u(y)⊗Q(T,A)⊗ b(y)). (3.23)

By repeated use of (3.23), we get

⊕
x∈X

(u(x)⊗ b(x)) = ⊕
x∈X

(
Ln

A
(u)(x)⊗ b(x)

)
= ⊕

x∈X

((
⊕

m⩾n
Lm

A
(u)(x)

)
⊗ b(x)

)
(3.24)

for all n ∈ N. Recall that the modulus of continuity ωu(·) : (0,+∞) → R is nondecreas-
ing. It then follows from Lemmas 3.12 and 3.1 (ii) that

{
⊕

m⩾n
Lm

A
(u)

}
n∈N has a uniform

upper bound. It follows from (3.7) that
{
⊕

m⩾n
Lm

A
(u)

}
n∈N is equicontinuous. Recall

that vu is the pointwise decreasing limit of ⊕
m⩾n

Lm
A
(u) as n → +∞ (cf. (3.4)). Thus,{

exp
(
⊕

m⩾n
Lm

A
(u)

)}
n∈N is a normal family and uniformly converges to evu as n → +∞.

It then follows from (3.24) that

exp
(
⊕

x∈X
(u(x)⊗ b(x))

)
= lim

n→+∞
exp

(
⊕

x∈X

((
⊕

m⩾n
Lm

A
(u)(x)

)
⊗ b(x)

))
= lim

n→+∞
⊕

x∈X

(
exp

(
⊕

m⩾n
Lm

A
(u)(x)

)
· eb(x)

)
= ⊕

x∈X

(
evu(x) · eb(x)

)
= exp

(
⊕

x∈X
(vu(x)⊗ b(x))

)
,

where the third equality holds since exp b either is equal to∞ (when b =∞) or has an
upper bound (when b ∈ D(X)∖ {∞}).

We conclude that

⊕
x∈X

(u(x)⊗ b(x)) = ⊕
x∈X

(vu(x)⊗ b(x)). (3.25)

For the right-hand side of (3.22), by Lemma 3.20, ϕA(·, y) ∈ EQ(T,A)(L∗
A,D(X)) for

all y ∈ ΩA. It follows from Proposition 3.18 (iv) that ϕA(y, y) = 0 and ϕA(·, y) ∈
D(X)∖ {∞} for all y ∈ ΩA. Thus, we can substitute b(·) in (3.25) with ϕA(·, y) and it
follows that for all y ∈ ΩA,

⊕
x∈X

(u(x)⊗ ϕA(x, y)) = ⊕
x∈X

(vu(x)⊗ ϕA(x, y)).
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Hence,

⊕
x∈X, y∈ΩA

(u(x)⊗ ϕA(x, y)⊗ b(y)) = ⊕
y∈ΩA

(
⊕

x∈X
(ϕA(x, y)⊗ u(x))⊗ b(y)

)
= ⊕

y∈ΩA

(
⊕

x∈X
(ϕA(x, y)⊗ vu(x))⊗ b(y)

)
= ⊕

x∈X, y∈ΩA

(vu(x)⊗ ϕA(x, y)⊗ b(y)).

We have finished the first step of reduction. Since vu ∈ EQ(T,A)(LA, C(X,R)) (cf. Corol-
lary 3.5 (ii)), it suffices to prove (3.22) for all v ∈ EQ(T,A)(LA, C(X,R)).

It follows from the discussions below that for all v ∈ EQ(T,A)(LA, C(X,R)),

⊕
x∈X, y∈ΩA

(v(x)⊗ ϕA(x, y)⊗ b(y)) = ⊕
x∈X, y, z∈ΩA

(v(z)⊗ ϕA(z, x)⊗ ϕA(x, y)⊗ b(y))

= ⊕
y, z∈ΩA

(v(z)⊗ ϕA(z, y)⊗ b(y))

= ⊕
y∈X, z∈ΩA

(v(z)⊗ ϕA(z, y)⊗ b(y))

= ⊕
y∈X

(v(y)⊗ b(y)).

Here the first and the fourth identities follow from v(x) = ⊕
z∈ΩA

(v(z)⊗ ϕA(z, x)) for all

v ∈ EQ(T,A)(LA, C(X,R)) and x ∈ X (cf. Proposition 3.19). The second identity follows
from ϕA(z, y) ⩽ ϕA(z, x) ⊗ ϕA(x, y) for x, y, z ∈ X (cf. Proposition 3.18 (iii)) and
ϕA(z, z) = 0 for z ∈ ΩA (cf. Proposition 3.18 (iv)). For the third identity, we remark
that ϕA(z, y) ⊗ b(y) ⩽ b(z) for all y, z ∈ X (cf. Proposition 3.18 (ii)) and if z ∈ ΩA,
then the equality is attained at y = z ∈ ΩA as ϕA(z, z) = 0 (cf. Proposition 3.18 (iv)).
Thus, for all z ∈ ΩA,

⊕
y∈ΩA

(ϕA(z, y)⊗ b(y)) = ⊕
y∈X

(ϕA(z, y)⊗ b(y)) = b(z).

We conclude that (3.22) holds for all v ∈ EQ(T,A)(LA, C(X,R)) and thus for all u ∈
C(X,R).

Now further assume that b ̸=∞. We need to show that b(x) = ⊕
y∈ΩA

(ϕA(x, y)⊗ b(y))

for all x ∈ X. Recall that for all b1 : X → R, there exists a unique b2 ∈ D(X) equivalent
to b1 (cf. Remark 2.17). Since we have shown b(·) is equivalent to ⊕

y∈ΩA

(ϕA(·, y)⊗ b(y)),

it suffices to show that ⊕
y∈ΩA

(ϕA(·, y) ⊗ b(y)) ∈ D(X). Since b ∈ D(X) ∖ {∞}, b has

an upper bound. Note that ϕA also has an upper bound (cf. Remark 3.17). We see
that ⊕

y∈ΩA

(ϕA(·, y)⊗ b(y)) : X → R has an upper bound. Thus, it suffices to show that



44 ZHIQIANG LI AND YIQING SUN

⊕
y∈ΩA

(ϕA(·, y)⊗ b(y)) is upper semi-continuous, i.e., for all x ∈ X,

lim
ϵ→0+

⊕
z∈B(x,ϵ)

⊕
y∈ΩA

(ϕA(z, y)⊗ b(y)) ⩽ ⊕
y∈ΩA

(ϕA(x, y)⊗ b(y)). (3.26)

Fix x ∈ X. Note that the limit in the left-hand side of (3.26) is a nondecreasing
limit. It suffices to show that for all δ > 0, there exists ϵ > 0 such that

⊕
z∈B(x,ϵ)

⊕
y∈ΩA

(ϕA(z, y)⊗ b(y)) ⩽ log
(
exp

(
⊕

y∈ΩA

(ϕA(x, y)⊗ b(y))
)
+ δ

)
.

We argue by contradiction. Suppose that for some δ > 0 and all n ∈ N, there exists
zn ∈ B(x, 1/n) such that

⊕
y∈ΩA

(ϕA(zn, y)⊗ b(y)) > log
(
exp

(
⊕

y∈ΩA

(ϕA(x, y)⊗ b(y))
)
+ δ

)
.

Note that ϕA is upper semi-continuous (see Lemma A.1) and b ∈ D(X) is also upper
semi-continuous. Recall that ΩA ⊆ X is closed and X is compact. It follows that for
each n ∈ N, there exists yn ∈ ΩA such that ϕA(zn, yn)⊗ b(yn) = ⊕

y∈ΩA

(ϕA(zn, y)⊗ b(y)).

Furthermore, there exists a subsequence {ynk
}k∈N (with limk→+∞ nk = +∞) converging

to y′ ∈ ΩA as k → +∞. It then follows from the upper semi-continuity of ϕA and b
that

log
(
exp

(
⊕

y∈ΩA

(ϕA(x, y)⊗ b(y))
)
+ δ

)
⩽ lim sup

k→+∞
⊕

y∈ΩA

(ϕA(znk
, y)⊗ b(y))

= lim sup
k→+∞

ϕA(znk
, ynk

)⊗ b(ynk
)

⩽ ϕA(x, y
′)⊗ b(y′)

⩽ ⊕
y∈ΩA

(ϕA(x, y)⊗ b(y)).

(3.27)

Recall that ⊕
y∈ΩA

(ϕA(·, y) ⊗ b(y)) : X → R. It follows that (3.27) forms a contradiction

and (3.26) is verified. We conclude that ⊕
y∈ΩA

(ϕA(·, y) ⊗ b(y)) ∈ D(X) and b(x) =

⊕
y∈ΩA

(ϕA(x, y)⊗ b(y)) for all x ∈ X.

For (b), fix c ∈ RΩA
and denote Kc(f) := ⊕

x∈X,y∈ΩA

(f(x) ⊗ ϕA(x, y) ⊗ c(y)) for

all f ∈ RX
. It is clear from the definition that Kc is a tropical linear functional,

and consequently, by Proposition 2.7, Kc is tropically continuous. Since ϕA(·, y) ∈
EQ(T,A)(L∗

A,D(X)) for all y ∈ ΩA (cf. Lemma 3.20), it follows from (3.13) that for all
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f ∈ C(X,R),

Kc

(
LA(f)

)
= ⊕

y∈ΩA

((
⊕

x∈X
(LA(f)(x)⊗ ϕA(x, y))

)
⊗ c(y)

)
= ⊕

y∈ΩA

((
⊕

x∈X
(f(x)⊗ ϕA(x, y))

)
⊗ c(y)

)
= Kc(f).

It then follows from (3.13) that the density b′ ∈ D(X) of Kc is equivalent to L∗
A
(b′).

Recall that L∗
A
(b′) ∈ D(X) (cf. (1.8)) and that for every b1 : X → R, there ex-

ists a unique b2 ∈ D(X) equivalent to b1 (cf. Remark 2.17). Thus, b′ = L∗
A
(b′)

and b′ ∈ EQ(T,A)(L∗
A,D(X)). We conclude that ⊕

y∈ΩA

(ϕA(·, y) ⊗ c(y)) is equivalent to

b′ ∈ EQ(T,A)(L∗
A,D(X)). Now (ii) is verified.

(iii) It follows from Proposition 3.18 (v) and Lemma 3.20 that for all x ∈ ΩA, we
have ϕA(x, ·) ∈ EQ(T,A)(LA, C(X,R)) and ϕA(·, x) ∈ EQ(T,A)(L∗

A,D(X)). It follows from
Proposition 3.18 (iv) that ϕA(x, x) = 0 ∈ R for all x ∈ ΩA. We conclude that for all
x ∈ ΩA, ϕA(x, ·) ̸= 0 and ϕA(·, x) ̸∈ {∞, 0}. Now the first part of (iii) is verified.

For the remaining part of (iii), by Proposition 3.22, it suffices to show that if A has
a unique maximizing measure, then ϕA(x, y)⊗ ϕA(y, x) = 0 for all x, y ∈ ΩA.

Note that it follows from Proposition 3.18 (iii)(iv) that for all x, y ∈ X,

ϕA(x, y)⊗ ϕA(y, x) ⩽ ϕA(x, x) ⩽ 0. (3.28)

It follows from (3.21) in Lemma 3.20 that ϕA(T
n(x), x) = ϕA

(
T n−1(x), x

)
−A

(
T n−1(x)

)
for all n ∈ N and x ∈ ΩA. Since ϕA(x, x) = 0 for x ∈ ΩA (cf. Proposition 3.18 (iv)),
ϕA(T

n(x), x) = ϕA(x, x) − SnA(x) = −SnA(x) for all n ∈ N and x ∈ ΩA. By Def-
inition 3.16, we see that ϕA(x, T

n(x)) ⩾ SnA(x) for all n ∈ N and x ∈ X. Thus,
ϕA(x, T

n(x)) ⊗ ϕA(T
n(x), x) ⩾ SnA(x) ⊗ (−SnA(x)) = 0 for all n ∈ N and x ∈ ΩA.

It follows from this inequality and (3.28) that ϕA(x, T
n(x)) ⊗ ϕA(T

n(x), x) = 0 for all
n ∈ N and x ∈ ΩA.

Denote Lx := {T n(x) : n ∈ N} for all x ∈ ΩA. It then follows from the upper semi-
continuity of ϕA (see Lemma A.1) and (3.28) that ϕA(x, z)⊗ϕA(z, x) = 0 for all z ∈ Lx.
Note that ϕA(x, y)⊗ ϕA(y, x) = 0 defines an equivalence relation between points in ΩA

by Proposition 3.18 (iii)(iv).
We conclude that if ϕA(x, y) ⊗ ϕA(y, x) ̸= 0 for some x, y ∈ ΩA, then Lx ∩ Ly = ∅.

Recall from Lemma 3.15 that an invariant probability measure is a maximizing measure
for A if and only if it is supported on ΩA. Since Lx and Ly are both compact invariant
subsets of ΩA, we see that there are at least two maximizing measures for A supported
respectively on Lx and Ly, which contradicts the assumption that A has a unique
maximizing measure. □
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3.4. Uniqueness of eigenfunction and eigendensity.

Proposition 3.23 (Sufficient condition for uniqueness). Let T : X → X be an
open continuous distance-expanding map on a compact metric space (X, d), and A ∈
C0,α(X, d) with α ∈ (0, 1]. Assume that A is uniquely maximizing. Then

dimEQ(T,A)(LA, C(X,R)) = 1 = dimEQ(T,A)(L ∗
A,D(X)).

The part on eigenfunctions of LA in C(X,R) for transitive systems is known (cf. [Bous00,
Lemma C]). Here we generalize it to eigenfunctions in C(X,R) and establish the part
on eigendensities using the relation 0 = ϕA(x, y)⊗ ϕA(y, x).

Proof. Since A is uniquely maximizing, by Theorem D (iii), Proposition 3.22, and
Lemma 3.21, we conclude that the entries of {ϕA(x, ·)}x∈ΩA

(resp. {ϕA(·, x)}x∈ΩA
) are

the same tropical eigenfunction of LA in C(X,R) (resp. tropical eigendensity of L ∗
A in

D(X)) up to a tropical multiplicative constant, and

ϕA(·, x) = ϕA(·, y)⊗ ϕA(y, x) and ϕA(x, ·) = ϕA(x, y)⊗ ϕA(y, ·) (3.29)

for all x, y ∈ ΩA. Fix x0 ∈ ΩA as ΩA ̸= ∅. We establish the two equalities in
Proposition 3.23 below.

Fix an arbitrary u ∈ EQ(T,A)(LA, C(X,R)). It follows from Theorem D (i) and (3.29)
that

u(·) = ⊕
x∈ΩA

(u(x)⊗ ϕA(x, ·)) = ⊕
x∈ΩA

(u(x)⊗ ϕA(x, x0)⊗ ϕA(x0, ·))

=
(

⊕
x∈ΩA

(u(x)⊗ ϕA(x, x0))
)
⊗ ϕA(x0, ·).

(3.30)

Denote d := ⊕
x∈ΩA

(u(x) ⊗ ϕA(x, x0)) ∈ R. It follows that u(·) = d ⊗ ϕA(x0, ·). We

conclude that EQ(T,A)(LA, C(X,R)) ⊆
{
a⊗ ϕA(x0, ·) : a ∈ R

}
. Since ϕA(x0, x0) = 0 and

ϕA(x0, ·) ∈ C(X,R) (cf. Proposition 3.18 (iv)(v)), it is straightforward to check that
a⊗ ϕA(x0, ·) ∈ EQ(T,A)(LA, C(X,R)) for all a ∈ R and the first equality is now verified.

For the second equality, fix an arbitrary b ∈ EQ(T,A)(L∗
A,D(X)) ∖ {∞}. It follows

from Theorem D (ii) (a) and (3.29) that for all x ∈ X,

b(x) = ⊕
y∈ΩA

(ϕA(x, y)⊗ b(y)) = ⊕
y∈ΩA

(ϕA(x, x0)⊗ ϕA(x0, y)⊗ b(y))

=
(

⊕
y∈ΩA

(ϕA(x0, y)⊗ b(y))
)
⊗ ϕA(x, x0).

(3.31)

Since ϕA has an upper bound (cf. Remark 3.17) and b ∈ D(X) ∖ {∞}, it follows
that c := ⊕

y∈ΩA

(ϕA(x0, y) ⊗ b(y)) ∈ R. We conclude that b(·) = c ⊗ ϕA(·, x0) and

EQ(T,A)(L∗
A,D(X)) ∖ {∞} ⊆ {a ⊗ ϕA(·, x0) : a ∈ R}. Since ϕA(x0, x0) = 0 (cf. Propo-

sition 3.18 (iv)) and ϕA(·, x0) ∈ D(X) (cf. Lemma 3.20), it is straightforward to check
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that {a ⊗ ϕA(·, x0) : a ∈ R} ⊆ EQ(T,A)(L∗
A,D(X)), and the second equality is now

verified. □

3.5. Proof of Theorem C.

Proof of Theorem C. For (i), it follows from Corollary 3.5 (ii) that vu is a tropical
eigenfunction of LA in C(X,R) associated with eigenvalue Q(T,A). For the rest of (i), it
follows from Proposition 3.8 (i) and (3.4) that if u ∈ C(X,R) is a tropical eigenfunction
of LA, then LA(u) = Q(T,A) ⊗ u and vu = u. Since v1 − ∥u∥C0 ⩽ vu ⩽ v1 + ∥u∥C0

(cf. Corollary 3.5 (i)), it follows that v−1
u (−∞) = v−1

1 (−∞) for all u ∈ C(X,R). We

conclude that if v−1
1 (−∞) ̸= ∅, then LA has no tropical eigenfunction in C(X,R). If

v1 ∈ C(X,R), then by Corollary 3.5 (i), for all u ∈ C(X,R), vu ∈ C0,α(X, d). Finally,
if T is transitive, then it follows from Proposition 3.4 (iii) that v1 ∈ C0,α(X, d).

For (iii), it directly follows from Proposition 3.7.
For (ii) and (iv), we recall that it follows from [Je06, Theorem 3.2] that for a generic

set of potentials A in C0,α(X, d), A has a unique maximizing measure. Thus, (ii) and
(iv) follow from Proposition 3.23.

For (v), it follows from (i) and (iii) that Q(T,A) is a tropical eigenvalue of LA

(resp. L∗
A) on C(X,R) (resp.D(X)). The rest of (v) follows from Proposition 3.8 (ii)(iii).

□

4. Zero-temperature limits

The following two kinds of zero-temperature limits have been investigated in the
literature (see e.g. [BLL13] and [Je19, Section 4]). One is to study the weak∗ limits of
the equilibrium states {µβA}β∈(1,+∞) as the inverse temperature β → +∞. The other is

to study the accumulation points (in C0 topology) of
{

1
β
log uβA

}
β∈(1,+∞)

as β → +∞
and the accumulation points are generally tropical eigenfunctions of LA (associated with
eigenvalueQ(T,A)). It is also natural to consider the logarithmic-type zero-temperature
limits of the equilibrium states {µβA}β∈(1,+∞).
In this section, we establish Theorems E and F in Subsection 4.1, and consequently

Theorems A and B in Subsection 4.2.
Assume that T is a transitive expanding covering map and α ∈ (0, 1]. For all β > 0

and A ∈ C0,α(X, d), recall that mβA is the unique Borel probability measure satisfying
R∗

βA(mβA) = eP (T,βA)mβA, and that uβA is the unique eigenfunction of RβA associated

with eigenvalue eP (T,βA) satisfying
∫
uβA dmβA = 1. Note that uβA is strictly positive.

We need the following well-known result concerning
{

1
β
log uβA

}
β∈(1,+∞)

(see e.g. [Sa99,

Theorem 1]).

Lemma 4.1. Let T : X → X be a transitive expanding covering map on a compact
metric space (X, d), and A : X → R be α-Hölder continuous with α ∈ (0, 1]. Then
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the family
{

1
β
log uβA

}
β∈(1,+∞)

is normal and the (uniform) limit of every convergent

subsequence
{

1
βn

log uβnA

}
n∈N with βn → +∞ as n → +∞ is in EQ(T,A)(LA, C(X,R)).

Note that by [DZ09, Theorems 4.3.1 and 4.4.2], when X is a compact metric space,
a family of probability measures {νβ}β∈(r,+∞) satisfies the large deviation principle as
β → +∞ with rate function I (cf. Subsection 1.4) if and only if for each f ∈ C(X,R),

lim
β→+∞

1

β
log

∫
eβf dνβ = sup

x∈X
(f(x)− I(x)). (4.1)

Recall that for all f ∈ C(X,R) ∪ {∞, 0} and β > 0,

lµβ(f) =
1

β
log

∫
eβf dµβA and lmβ (f) =

1

β
log

∫
eβf dmβA.

Remark 4.2. Note that for all β > 0,

lmβ (∞) = lµβ(∞) = +∞ and lmβ (0) = lµβ(0) = 0 = −∞. (4.2)

Thus, if
{
lmβk

|C(X,R)
}
k∈N

(
resp.

{
lµβk

|C(X,R)
}
k∈N

)
is pointwise convergent as k → +∞,

then
{
lmβk

}
k∈N

(
resp.

{
lµβk

}
k∈N

)
is also pointwise convergent on C(X,R) ∪ {∞, 0} as

k → +∞.

It is straightforward to check that for all f, g ∈ C(X,R) and β > 0,∣∣lmβ (f)∣∣ ⩽ ∥f∥C0 ,
∣∣lmβ (f)− lmβ (g)

∣∣ ⩽ ∥f − g∥C0 , (4.3)∣∣lµβ(f)∣∣ ⩽ ∥f∥C0 ,
∣∣lµβ(f)− lµβ(g)

∣∣ ⩽ ∥f − g∥C0 . (4.4)

Assuming that X is a compact metric space, we see that C(X,R) is separable. Thus,
by the Arzelà–Ascoli theorem (cf. [Bour07, Theorem X.2.2]), an equicontinuous family
of real-valued continuous functionals on C(X,R) that is uniformly bounded on every
compact subset of C(X,R) is a normal family.

Thus, we only need to verify the equicontinuity and the uniform boundedness on
compact subsets of C(X,R) when showing the normality of a given family below. Recall
that 1 = 0 and 1 are used to represent the constant 0 and 1 functions on X.

4.1. Proofs of Theorems E and F.

Proof of Theorem E. (i) It follows from (4.3) that
{
lmβ |C(X,R)

}
β∈(1,+∞)

is uniformly

bounded on every bounded subset of C(X,R), equicontinuous, and consequently nor-
mal. By (4.2), if

{
lmβk

|C(X,R)
}
k∈N is pointwise convergent as k → +∞, then so is

{
lmβk

}
k∈N.

Now suppose l : C(X,R) ∪ {∞, 0} → R is the pointwise limit of a convergent subse-
quence

{
lmβk

}
k∈N with βk → +∞ as k → +∞.

Claim. The function l : C(X,R) ∪ {∞, 0} → R is a tropical linear functional.
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It follows from the definition of lmβ that lmβ (a ⊗ f) = a ⊗ lmβ (f) for all a ∈ R, f ∈
C(X,R), and β > 0. Thus, l(a ⊗ f) = a ⊗ l(f) for all a ∈ R and f ∈ C(X,R).
It follow from (4.2) that l(0) = 0 and l(∞) = +∞. It is straightforward to check
that l(0 ⊗ f) = 0 ⊗ l(f), l((+∞) ⊗ f) = (+∞) ⊗ l(f), l(0 ⊕ f) = l(0) ⊕ l(f), and
l(∞⊕ f) = l(∞)⊕ l(f) for all f ∈ C(X,R) ∪ {∞, 0}.

Now it suffices to prove l(f ⊕ g) = l(f) ⊕ l(g) for all f, g ∈ C(X,R). We introduce
the plus operation at inverse temperature β > 0:

h1 ⊕
β
h2 :=

1

β
log

(
eβh1 + eβh2

)
,

for h1, h2 ∈ C(X,R).
It immediately follows that for all n ∈ N, hi ∈ C(X,R) with i = 1, . . . , n, and β > 0,

⊕
1⩽i⩽n

hi ⩽ h1 ⊕
β
h2 ⊕

β
· · · ⊕

β
hn ⩽

log n

β
⊗
(

⊕
1⩽i⩽n

hi

)
, (4.5)

and for all h1, h2 ∈ C(X,R), lmβ
(
h1 ⊕

β
h2

)
= lmβ (h1) ⊕

β
lmβ (h2). Thus, for all k ∈ N and

f, g ∈ C(X,R),

lmβk
(f ⊕ g) ⩽ lmβk

(
f ⊕

βk

g
)
⩽ lmβk

(f ⊕ g)⊗ log 2

βk

,

lmβk

(
f ⊕

βk

g
)
= lmβk

(f)⊕
βk

lmβk
(g),

lmβk
(f)⊕ lmβk

(g) ⩽ lmβk
(f)⊕

βk

lmβk
(g) ⩽

(
lmβk

(f)⊕ lmβk
(g)

)
⊗ log 2

βk

.

We conclude that lmβk
(f ⊕ g) − log 2

βk
⩽ lmβk

(f) ⊕ lmβk
(g) ⩽ lmβk

(f ⊕ g) + log 2
βk

. Recall that

limk→+∞ βk = +∞ and that lmβk
pointwise converges to l as k → +∞. It follows that

l(f ⊕ g) = l(f)⊕ l(g) for all f, g ∈ C(X,R). Now the claim is verified.

It follows from Propositions 2.7 and 2.13 that l is tropically continuous and has
a unique density b in D(X). Now we show that b is in EQ(T,A)(L∗

A,D(X)). Since
Q(T,A) ∈ R (cf. (1.2)), it follows that Q(T,A)⊗ b ∈ D(X). Note that L∗

A(b) ∈ D(X)
(cf. (1.8)), and that for every b1 : X → R, there exists a unique b2 ∈ D(X) equivalent to
b1 (cf. Remark 2.17). Thus, it suffices to show that L∗

A(b) is equivalent to Q(T,A)⊗ b.
By (3.13), it suffices to prove that for all f ∈ C(X,R),

l(LA(f)) = l(f)⊗Q(T,A).
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Fix f ∈ C(X,R). It follows from (4.3), (4.5), and the definitions of the two operators
((1.4) and (1.7)) that for all k ∈ N,∣∣lmβk

(LA(f))− lmβk

(
β−1
k logRβkA

(
eβkf

))∣∣ ⩽ ∥∥LA(f)− β−1
k logRβkA

(
eβkf

)∥∥
C0

⩽
logN

βk

,
(4.6)

where N is the constant in Lemma 3.2.
Note that

lmβk

(
β−1
k logRβkA

(
eβkf

))
=

1

βk

log

∫
RβkA

(
eβkf

)
dmβkA

=
1

βk

log

∫
eP (T,βkA) · eβkf dmβkA

=
P (T, βkA)

βk

⊗ 1

βk

log

∫
eβkf dmβkA

=
P (T, βkA)

βk

⊗ lmβk
(f),

(4.7)

where the second equality holds since mβA is the eigenmeasure of R∗
βA associated with

eigenvalue eP (T,βA). Recall lim
k→+∞

βk = +∞, lim
k→+∞

lmβk
(f) = l(f), lim

k→+∞
lmβk

(LA(f)) =

l(LA(f)) (here LA(f) ∈ C(X,R) by Proposition 3.9), and lim
β→+∞

β−1P (T, βA) = Q(T,A)

(cf. [BLL13, Proposition 2.11]). Combining (4.6) and (4.7) and letting k → +∞, we
conclude that l(LA(f)) = l(f)⊗Q(T,A), and (i) is now verified.

(ii) It follows from (4.4) that
{
lµβ |C(X,R)

}
β∈(1,+∞)

is normal. By (4.2), if
{
lµβk

|C(X,R)
}
k∈N

is pointwise convergent as k → +∞, then so is
{
lµβk

}
k∈N.

Now suppose l̂ is the pointwise limit of a convergent subsequence
{
lµβk

}
k∈N with βk →

+∞ as k → +∞. By Lemma 4.1, (i), and Remark 4.2, we take a subsequence {β′
k}k∈N

from {βk}k∈N with β′
k → +∞ as k → +∞ such that as k → +∞,

{
β′
k
−1 log uβ′

kA

}
k∈N

uniformly converges to v in EQ(T,A)(LA, C(X,R)) and
{
lmβ′

k

}
k∈N pointwise converges to

l.
Note that for all β > 0 and f ∈ C(X,R), lµβ(f) = lmβ

(
f + β−1 log uβA

)
since µβA =

uβA ·mβA. Thus, for all k ∈ N and f ∈ C(X,R),∣∣l(v ⊗ f)− lµβ′
k
(f)

∣∣ = ∣∣l(v + f)− lmβ′
k

(
f + β′

k
−1

log uβ′
kA

)∣∣
⩽

∣∣l(v + f)− lmβ′
k
(v + f)

∣∣+ ∣∣lmβ′
k
(v + f)− lmβ′

k

(
f + β′

k
−1

log uβ′
kA

)∣∣
⩽

∣∣l(v + f)− lmβ′
k
(v + f)

∣∣+ ∥∥v − β′
k
−1

log uβ′
kA

∥∥
C0 ,
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where the last inequality follows from (4.3). By the choice of {β′
k}k∈N, it follows that

l(v ⊗ f) = l̂(f) for all f ∈ C(X,R). Since v ∈ C(X,R), it follows from (4.2) that

l(v ⊗ f) = l̂(f) for all f ∈ C(X,R) ∪ {∞, 0}.
By (i), l is tropically continuous linear and its density b inD(X) is in EQ(T,A)(L∗

A,D(X)).

It follows that l̂(f) = ⊕
x∈X

(f(x) ⊗ v(x) ⊗ b(x)) for all f ∈ C(X,R) ∪ {∞, 0}, i.e., l̂ is
tropically continuous linear and v ⊗ b is its density in D(X). Now (ii) is verified. □

Recall that uA is the unique eigenfunction of the Ruelle operator RA satisfying∫
uA dmA = 1 associated with eigenvalue eP (T,A). Note that for each β > 0, R›βA

with ›βA = βA+ log uβA − log uβA ◦ T − P (T, βA)

satisfies R›βA(1) = 1 and R∗›βA(µβA) = µβA (see e.g. [PU10, Section 5.4]). So considering

the logarithmic-type zero-temperature limit, we predict that if Ã is the limit of ›βA/β
and b̃ is the density in D(X) of the limit of lµβ , then L‹A(1) = 1 and L∗‹A(̃b) = b̃.

Proof of Theorem F. (i) Since›βA = βA+log uβA−log uβA◦T−P (T, βA), Q(T,A) =

limβ→+∞
P (T,βA)

β
(cf. [BLL13, Proposition 2.11]), and

{
1
β
log uβA

}
β∈(1,+∞)

is a normal

family (cf. Lemma 4.1), it immediately follows that
{›βA/β}

β∈(1,+∞)
is a normal family.

It has been verified in Theorem E (ii) that
{
lµβ |C(X,R)

}
β∈(1,+∞)

is normal.

(ii) Recall›βA = βA+ log uβA− log uβA ◦T −P (T, βA) and limβ→+∞ β−1P (T, βA) =
Q(T,A) (cf. [BLL13, Proposition 2.11]). By the assumption that β−1

k log uβkA pointwise

converges to v as k → +∞, we see thatfiβkA
/
βk pointwise converges to A+ v− v ◦ T −

Q(T,A) as k → +∞.

(iii) By Theorem E (ii), l is a tropically continuous linear functional. Let b be
the density of l in D(X) (cf. Proposition 2.7 and Remark 2.17). Now we show that

L‹A(b) = b. Since Ã ∈ C(X,R), it follows from (1.8) that L‹A(b) ∈ D(X). Recall that for

every b1 : X → R, there exists a unique b2 ∈ D(X) equivalent to b1 (cf. Remark 2.17).
It suffices to show that L‹A(b) is equivalent to b. Thus, by (3.13), it suffices to show

that l
(
L‹A(f)) = l(f) for all f ∈ C(X,R).

Fix f ∈ C(X,R). Recall R∗›βA(µβA) = µβA. It follows that for all β > 0,

lµβ

Å
1

β
logR›βA(eβf)ã =

1

β
log

∫
R›βA(eβf) dµβA

=
1

β
log

∫
eβf dR∗›βA(µβA) = lµβ(f).

(4.8)
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Now we compare L‹A(f) with 1
β
logR›βA(eβf). Similar to (4.6), it follows from the

definitions of the Ruelle operator and the Bousch operator (cf. (1.4) and (1.7)) that for
all β > 0,

L‹A(f) ⩽ β−1 logRβ‹A(eβf) ⩽ L‹A(f) + β−1 logN,∥∥Ã−›βA/β∥∥
C0 ⩾

∥∥β−1 logRβ‹A(eβf)−β−1 logR›βA(eβf)∥∥C0 ,

where N is the constant in Lemma 3.2. We conclude that for all β > 0.∥∥L‹A(f)− β−1 logR›βA(eβf)∥∥C0 ⩽ β−1 logN +
∥∥Ã−›βA/β∥∥

C0 . (4.9)

Thus, for all k ∈ N,∣∣l(L‹A(f))− l(f)
∣∣

⩽
∣∣l(f)− lµβk

(f)
∣∣+ ∣∣lµβk

(f)− lµβk

(
β−1
k logRfiβkA

(
eβkf

))∣∣
+
∣∣lµβk

(
β−1
k logRfiβkA

(
eβkf

))
− lµβk

(
L‹A(f))∣∣+ ∣∣lµβk

(
L‹A(f))− l

(
L‹A(f))∣∣

⩽
∣∣l(f)− lµβk

(f)
∣∣+ 0

+
∥∥L‹A(f)− β−1

k logRfiβkA

(
eβkf

)∥∥
C0 +

∣∣lµβk

(
L‹A(f))− l

(
L‹A(f))∣∣

⩽
∣∣l(f)− lµβk

(f)
∣∣+ β−1

k logN +
∥∥Ã−fiβkA

/
βk

∥∥
C0 +

∣∣lµβk

(
L‹A(f))− l

(
L‹A(f))∣∣,

(4.10)
where the second inequality follows from (4.8) and (4.4), and the third inequality follows
from (4.9).

Recall limk→+∞ lµβk
(f) = l(f), limk→+∞ lµβk

(
L‹A(f)) = l

(
L‹A(f)) (here L‹A(f) ∈ C(X,R)

by Proposition 3.9), limk→+∞fiβkA
/
βk = Ã, and limk→+∞ βk = +∞. As k → +∞ in

(4.10), we conclude that l(f) = l
(
L‹A(f)). □

4.2. Proofs of Theorems A and B. The framework that we have established now
enables us to generalize the main results of [BLT06] and [Me18] to Corollary 4.3 below
and Theorem B beyond symbolic dynamics, and then to achieve a further strengthening
in Theorem A by dropping the transitivity assumption of Corollary 4.3.

Corollary 4.3. Let T : X → X be a transitive expanding covering map, and A ∈
C0,α(X, d) with α ∈ (0, 1] with a unique maximizing measure. Then the family of
equilibrium states {µβA}β∈(1,+∞) satisfies the large deviation principle as β → +∞
with rate function −(v0 ⊗ b0), where b0 is the unique element of EQ(T,A)(L ∗

A,D(X))
satisfying ⊕

x∈X
b0(x) = 0 and v0 is the unique element of EQ(T,A)(LA, C(X,R)) satisfying

⊕
x∈X

(v0(x)⊗ b0(x)) = 0.
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Proof. Note that for all b ∈ D(X) ∖ {∞, 0}, ⊕
x∈X

b(x) ∈ R. Since A is uniquely maxi-

mizing, it follows from Proposition 3.23 that dimEQ(T,A)(L∗
A,D(X)) = 1. Thus, there

exists a unique b0 ∈ EQ(T,A)(L∗
A,D(X)) such that ⊕

x∈X
b0(x) = 0.

Note that for all β > 0, lmβ (1) = β−1 log 1 = 0 since mβA is a probability measure.
It then follows from Theorem E (i) that every pointwise convergent subsequence of the
family

{
lmβ
}
β∈(1,+∞)

as β → +∞ must converge to some tropical linear functional l

whose density b in D(X) is in EQ(T,A)(L∗
A,D(X)) and ⊕

x∈X
b(x) = l(1) = 0, which implies

that b = b0. Recall from Theorem E (i) that the family
{
lmβ |C(X,R)

}
β∈(1,+∞)

is normal.

By Remark 4.2, we conclude that as β → +∞, lmβ must pointwise converge to l whose
density in D(X) is b0.

Since A is uniquely maximizing, it follows from Proposition 3.23 that

dimEQ(T,A)(LA, C(X,R)) = 1.

Thus, there exists a unique v0 ∈ EQ(T,A)(LA,D(X)) such that ⊕
x∈X

(v0(x) ⊗ b0(x)) =

l(v0) = 0.

Claim. As β → +∞, β−1 log uβA must uniformly converge to v0.

Recall that
∫
uβA dmβA = 1 for all β > 0. It follows that for all β > 0,

lmβ
(
β−1 log uβA

)
=

1

β
log

∫
uβA dmβA = 0.

Suppose v ∈ EQ(T,A)(LA, C(X,R)) is the uniform limit of a convergent subsequence{
β−1
k log uβkA

}
k∈N with βk → +∞ as k → +∞ according to Lemma 4.1. It follows

from (4.3) that for all k ∈ N,∣∣lmβk
(v)− lmβk

(
β−1
k log uβkA

)∣∣ ⩽ ∥∥v − β−1
k log uβkA

∥∥
C0 .

We conclude that for all k ∈ N,

|l(v)| ⩽
∣∣l(v)− lmβk

(v)
∣∣+ ∣∣lmβk

(v)
∣∣ = ∣∣l(v)− lmβk

(v)
∣∣+ ∣∣lmβk

(v)− lmβk

(
β−1
k log uβkA

)∣∣
⩽

∣∣l(v)− lmβk
(v)

∣∣+ ∥∥v − β−1
k log uβkA

∥∥
C0 .

(4.11)

Since limβ→+∞ lmβ (v) = l(v) and limk→+∞ β−1
k log uβkA = v, we get l(v) = 0 as k →

+∞ in (4.11). Thus, by v ∈ EQ(T,A)(LA, C(X,R)) and l(v) = 0, we get v = v0. Now

our claim follows from the normality of
{
β−1 log uβA

}
β∈(1,+∞)

(cf. Lemma 4.1).
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Finally, note that for all β > 0 and f ∈ C(X,R), lµβ(f) = lmβ
(
f + β−1 log uβA

)
since

µβA = uβA ·mβA. Thus, for all β > 0 and f ∈ C(X,R),∣∣l(v0 + f)− lµβ(f)
∣∣

=
∣∣l(v0 + f)− lmβ

(
f + β−1 log uβA

)∣∣
⩽

∣∣l(v0 + f)− lmβ (v0 + f)
∣∣+ ∣∣lmβ (v0 + f)− lmβ

(
f + β−1 log uβA

)∣∣
⩽

∣∣l(v0 + f)− lmβ (v0 + f)
∣∣+ ∥∥v0 − β−1 log uβA

∥∥
C0 ,

(4.12)

where the last inequality follows from (4.3).
Since we have shown that 1

β
log uβA uniformly converges to v0 and that lmβ pointwise

converges to l as β → +∞, it follows from (4.12) that limβ→+∞ lµβ(f) = l(v0+ f) for all
f ∈ C(X,R). Since b0 is the density of l in D(X), l(v0+f) = ⊕

x∈X
(f(x)⊗(v0(x)⊗b0(x)))

for all f ∈ C(X,R), i.e., −(v0 ⊗ b0) is the rate function I in (4.1). We conclude that
{µβA}β∈(1,+∞) satisfies the large deviation principle as β → +∞ with rate function
−(v0 ⊗ b0). □

Theorem A is derived as a consequence of Corollary 4.3.

Proof of Theorem A. Here we need to deal with the lack of the transitivity assump-
tion. Denote the set of nonwandering points by Ω(T ). It is well known that all fi-
nite T -invariant measures are supported on Ω(T ) (cf. [Wal82, Theorem 6.15]). Recall
that equilibrium states are T -invariant Borel probability measures that maximize the
measure-theoretic pressure (cf. (1.1)). Thus, for all φ ∈ C(X,R), an equilibrium state
for φ is also an equilibrium state for φ|Ω(T ) (and T |Ω(T )). By [PU10, Proposition 4.3.8],
Ω(T ) can be decomposed into finitely many disjoint compact sets Ωj, 1 ⩽ j ⩽ J , such
that (T |Ω(T ))

−1(Ωj) = Ωj and T |Ωj
is transitive for all 1 ⩽ j ⩽ J .

If for some β > 0, there are at least two equilibrium states for βA, then by [PU10,
Proposition 3.6.3], there must be two equilibrium states supported on different Ωj. It
follows from [Je19, Theorem 4.1] that every weak∗ accumulation point of an equilibrium
state for βA as β → +∞ is a maximizing measure for A. Let µmax be the unique
maximizing measure of A. Without loss of generality, we can assume that suppµmax ⊆
Ω1 (since µmax must be ergodic). Consequently, there exists r > 0 such that for all
β > r, there exists a unique equilibrium state µβA for βA and suppµβA ⊆ Ω1.
Now applying Corollary 4.3 to T |Ω1 and A|Ω1 , we see that there exists a lower semi-

continuous function I1 : Ω1 → [0,+∞] such that for all f ∈ C(X,R),

lim
β→+∞

1

β
log

∫
X

eβf dµβA = lim
β→+∞

1

β
log

∫
Ω1

eβf dµβA = sup
x∈Ω1

(f(x)− I1(x)). (4.13)

Consider

I(x) :=

®
I1(x) if x ∈ Ω1;

+∞ if x ∈ X ∖ Ω1.
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It is straightforward to check that I : X → [0,+∞] is lower semi-continuous since I1 is
lower semi-continuous and Ω1 is a compact subset of X. It follows from (4.13) that for
all f ∈ C(X,R),

lim
β→+∞

1

β
log

∫
X

eβf dµβA = sup
x∈X

(f(x)− I(x)).

We conclude that the family {µβA}β∈(r,+∞) satisfies the large deviation principle with
rate function I.

In particular, it follows from [Je06, Theorem 3.2] that the set of potentials in C0,α(X, d)
with a unique maximizing measure is generic. If, in addition, T is Lipschitz continuous,
then it follows from the reformulation of [Co16, Theorem A] in [Boc19] that the unique
maximizing property holds for an open and dense subset of C0,α(X, d). □

We now prove Theorem B.

Proof of Theorem B. We have shown that the three families{›βA/β}
β∈(1,+∞)

,
{
β−1 log uβA

}
β∈(1,+∞)

, and
{
lmβ |C(X,R)

}
β∈(1,+∞)

are normal in Theorem F (i), Lemma 4.1, and Theorem E (i), respectively. It suffices
to show that the limit of every convergent subsequence must be the same function or
functional. Since {µβA}β∈(1,+∞) satisfies the large deviation principle as β → +∞, it

follows from the discussion above (4.1) and Remark 4.2 that
{
lµβ
}
β∈(1,+∞)

pointwise

converges as β → +∞. Denote this limit by l. It follows from Theorem E (ii) that l is
tropical linear. Let b′ be the density of l in D(X) (cf. Proposition 2.7 and Remark 2.17).

(i) Suppose that the subsequence
{fiβkA

/
βk

}
k∈N uniformly converges to Ã ∈ C(X,R)

with βk → +∞ as k → +∞. Then it follows from Theorem F (iii) that

b′(T (x)) + Ã(x) = b′(x) (4.14)

for all x ∈ X. If b′(x0) ∈ R for some x0 ∈ X, then it follows from Ã ∈ C(X,R) that
b′(T (x0)) ∈ R and Ã(x0) = b′(x0) − b′(T (x0)). We conclude that the values of Ã at
points in {y ∈ X : b′(y) ∈ R} are determined by (4.14).

Recall that µβA is a probability measure for all β > 0. Note that

⊕
x∈X

(0⊗ b′(x)) = lim
β→+∞

lµβ(1) = lim
β→+∞

1

β
log µβA(X) = 0.

It follows that b′ : X → R.
We claim that {y ∈ X : b′(y) ∈ R} is dense in X. If the claim holds, then the

values of Ã on X are all determined by (4.14) and the continuity of Ã. Thus, every

uniformly convergent subsequence
{fiβkA

/
βk

}
k∈N must converge to the same function

Ã ∈ C(X,R), and (i) is verified.
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Now we prove the claim by contradiction. Suppose that {y ∈ X : b′(y) ∈ R} is not
dense, i.e., there is an open set U ⊆ X such that b′(y) = −∞ for all y ∈ U . Note that
(4.14) implies that b′(T (y)) = −∞ if b′(y) = −∞. It follows that for all y ∈ U and
n ∈ N, b′(T n(y)) = −∞. Since T is open, distance-expanding, and transitive, there

exists a positive integer M so that X =
⋃M

i=0 T
i(U) (cf. [PU10, Theorem 4.3.12]). Thus,

0 = ⊕
x∈X

b′(x) = ⊕
0⩽i⩽M

⊕
y∈T i(U)

b′(y) = ⊕
0⩽i⩽M

(−∞) = −∞.

This is a contradiction, and our claim follows.

(ii) We have proved in (i) that ›βA/β uniformly converges to Ã as β → +∞. Now

suppose that the subsequence
{
β−1
k log uβkA

}
k∈N uniformly converges to v ∈ C(X,R)

with βk → +∞ as k → +∞. Then, by Theorem F (ii),

Ã = A−Q(T,A) + v − v ◦ T.

This implies that v − v ◦ T is uniquely determined.
Recall

∫
uβA dmβA = 1 for all β > 0. Suppose a subsequence {β′

k}k∈N of the sequence

{βk}k∈N satisfies limk→+∞ β′
k = +∞ and that lmβ′

k
pointwise converges to some ľ as

k → +∞.
Similar to the argument for the claim in the proof of Corollary 4.3 (cf. (4.11)), we

have∣∣ľ(v)∣∣ ⩽ ∣∣ľ(v)− lmβ′
k
(v)

∣∣+ ∣∣lmβ′
k
(v)

∣∣ = ∣∣ľ(v)− lmβ′
k
(v)

∣∣+ ∣∣lmβ′
k
(v)− lmβ′

k

(
β′
k
−1

log uβ′
kA

)∣∣
⩽

∣∣ľ(v)− lmβ′
k
(v)

∣∣+ ∥∥v − β′
k
−1

log uβ′
kA

∥∥
C0 ,

where the equality follows from
∫
uβA dmβA = 1 and the second inequality follows

from (4.3). As k → +∞ in the above inequalities, we have ľ(v) = 0. Moreover, ľ is
tropical linear by Theorem E (i).

We claim that the uniqueness of v − v ◦ T , together with ľ(v) = 0, implies the
uniqueness of v. Assume that there exists v1, v2 ∈ C(X,R) such that v1−v1 ◦T = v2−
v2◦T and ľ(v1) = ľ(v2) = 0. It follows that v1−v2 = (v1−v2)◦T and v1−v2 ∈ C(X,R).
It then follows from the transitivity of T that v1 − v2 ≡ c, where c ∈ R. Thus,

0 = ľ(v1) = ľ(v2 ⊗ c) = ľ(v2)⊗ c = 0⊗ c = c,

i.e., v1 = v2 and the claim follows. Now (ii) is verified.

(iii) Recall that lµβ(f) = lmβ
(
f + 1

β
log uβA

)
for all β > 0 and f ∈ C(X,R) since

µβA = uβA · mβA. By (ii), 1
β
log uβA uniformly converges to some v ∈ C(X,R) as

β → +∞. Recall that lµβ pointwise converges to l as β → +∞.
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Now suppose that ľ is the pointwise limit of lmβk
with βk → +∞ as k → +∞. It

follows from (4.3) that for all f ∈ C(X,R),∣∣lmβk
(f + v)− l(f)

∣∣ ⩽ ∣∣lmβk
(f + v)− lµβk

(f)
∣∣+ ∣∣lµβk

(f)− l(f)
∣∣

=
∣∣lmβk

(f + v)− lmβk
(f + β−1

k log uβkA)
∣∣+ ∣∣lµβk

(f)− l(f)
∣∣

⩽
∥∥v − β−1

k log uβkA

∥∥
C0 +

∣∣lµβk
(f)− l(f)

∣∣. (4.15)

As k → +∞ in the above inequalities, we see that l(f) = ľ(f + v) for all f ∈ C(X,R),
i.e., ľ(g) = l(g − v) for all g ∈ C(X,R). We conclude that ľ is uniquely determined,
and (iii) is verified.

Finally, assume that 1
β
log uβA uniformly converges to v ∈ C(X,R) as β → +∞ and

that lmβ pointwise converges to ľ as β → +∞ (by (4.2)). By Theorem E (i), ľ is a

tropical linear functional. Let b be the density of ľ in D(X) (cf. Proposition 2.7 and
Remark 2.17). Similar to (4.15), it follows from (4.3), (4.4), and lµβ(f) = lmβ

(
f + 1

β
uβA

)
for all β > 0 and f ∈ C(X,R) that limβ→+∞ lµβ(f) = ľ(f + v) = ⊕

x∈X
(f(x) ⊗ (v(x) ⊗

b(x))) for all f ∈ C(X,R). Thus, the family {µβA}β∈(1,+∞) satisfies the large deviation
principle as β → +∞ with rate function −(v ⊗ b). □

Appendix A.

For the convenience of the reader, this appendix includes proofs of a few results that
may be known to experts.

Proof of Proposition 3.9. Fix x ∈ X and denote T−1(x) := {x1, . . . , xn} where
n ∈ N0. Let ξ > 0 be the constant in Lemma 3.2. For all y ∈ B(x, ξ), denote
yi := T−1

xi
(y) for each integer 1 ⩽ i ⩽ n and consequently T−1(y) = {y1, . . . , yn}

according to Lemma 3.2. If x ∈ X∖T (X), i.e., n = 0, then LA(u)(x) = LA(u)(y) = −∞
for all y ∈ B(x, ξ).

Otherwise, LA(u)(x) = max
1⩽i⩽n

{u(xi)+A(xi)} and LA(u)(y) = max
1⩽i⩽n

{u(yi)+A(yi)} for

all y ∈ B(x, ξ). It follows that for all y ∈ B(x, ξ),

|exp(LA(u)(x))− exp(LA(u)(y))| ⩽ ⊕
1⩽i⩽k

∣∣eu(xi)eA(xi) − eu(yi)eA(yi)
∣∣. (A.1)

Assume that A ∈ C(X,R) and u ∈ C(X,R). Since X is compact, it follows that A
and eu are both uniformly continuous. Thus, for each ϵ > 0, there exists δ > 0 such
that

∣∣eu(z1)eA(z1) − eu(z2)eA(z2)
∣∣ < ϵ for all z1, z2 ∈ X with d(z1, z2) < δ.

Then for all y ∈ B(x,min{ξ, λδ}), Lemma 3.2 implies that d(xi, yi) ⩽ λ−1d(x, y) < δ
for each integer 1 ⩽ i ⩽ n. It follows that

∣∣eu(xi)eA(xi) − eu(yi)eA(yi)
∣∣ < ϵ for each integer

1 ⩽ i ⩽ n. Thus, it follows from (A.1) that |exp(LA(u)(x)) − exp(LA(u)(y))| < ϵ for
all y ∈ B(x,min{ξ, λδ}). We conclude that exp(LA(u)) ∈ C(X,R) and thus LA(u) ∈
C(X,R).
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Moreover, if T is surjective and u ∈ C(X,R), then LA(u)(x) ∈ R for all x ∈ R and
consequently LA(u) ∈ C(X,R) with ∥LA(u)∥C0 < +∞ since X is compact. If T is
surjective and A, u ∈ C0,α(X, d), then we see that for all y ∈ B(x, ξ),

|LA(u)(x)− LA(u)(y)| ⩽ ⊕
1⩽i⩽k

|u(xi)− u(yi) + A(xi)− A(yi)|.

Since d(xi, yi) ⩽ λ−1d(x, y) for each y ∈ B(x, ξ) and each integer 1 ⩽ i ⩽ n (by
Lemma 3.2), it follows that |LA(u)|dα,ξ ⩽ λ−α(|u|dα + |A|dα). It immediately follows
that LA(u) ∈ C0,α(X, d). □

Recall the definition of T−n
x from Remark 3.3.

Proof of Lemma 3.10. Let ξ > 0 be the constant in Lemma 3.2. Fix x, y ∈ X with
d(x, y) < ξ and n ∈ N. Note that if T−n(x) = ∅, then it follows from Lemma 3.2 that
T−n(y) = ∅.

Assume that T−n(x) ̸= ∅. Denote T−n(x) := {x1, . . . , xk} and yi := T−n
xi

(y) for all

1 ⩽ i ⩽ k. Then Lemma 3.2 implies that T−n(y) = {y1, . . . , yk} and d
(
T l(xi), T

l(yi)
)
⩽

λl−nd(x, y) for all 0 ⩽ l ⩽ n and 1 ⩽ i ⩽ k. It follows that∣∣∣ ⊕
x∈T−n(x)

SnA(x)− ⊕
y∈T−n(y)

SnA(y)
∣∣∣ ⩽ ⊕

1⩽i⩽k
|SnA(xi)− SnA(yi)|.

Since A ∈ C0,α(X, d), it follows that for all 1 ⩽ i ⩽ k,

|SnA(xi)− SnA(yi)| ⩽ |A|dα
(
d(xi, yi)

α + · · ·+ d
(
T n−1(xi), T

n−1(yi)
)α)

⩽ |A|dαd(x, y)α(λ−nα + · · ·+ λ−α) ⩽ |A|dαd(x, y)α(λα − 1)−1.

Now (3.8) is verified. It then follows from Lemma 3.1 (ii) and d(xi, yi) ⩽ λ−nd(x, y) for
all 1 ⩽ i ⩽ k that for all u ∈ C(X,R),

Ln
A(u)(x) = ⊕

1⩽i⩽k
(u(xi)⊗ SnA(xi))

⩽ ⊕
1⩽i⩽k

(
u(yi)⊗ ωu(λ

−nd(x, y))⊗ SnA(yi)⊗ |A|dαd(x, y)α(λα − 1)−1
)

= Ln
A(u)(y) + ωu(λ

−nd(x, y)) + |A|dαd(x, y)α(λα − 1)−1.

Note that (3.7) trivially holds if T−n(x) = ∅. We conclude that (3.7) is verified.
Now assume that T is transitive. It directly follows that T is surjective. Thus, we

take C0 := |A|dαξα(λα − 1)−1 and conclude that for all n ∈ N and x, y ∈ X with
d(x, y) < ξ, ∣∣∣ ⊕

x∈T−n(x)
SnA(x)− ⊕

y∈T−n(y)
SnA(y)

∣∣∣ ⩽ C0. (A.2)

Claim. There exists Nξ ∈ N such that for all x, y ∈ X, there exists an integer m
satisfying 0 ⩽ m ⩽ Nξ and Tm(B(x, ξ)) ∩B(y, ξ) ̸= ∅.

Since X is compact, there exists a finite set {z1, . . . , zs} ⊆ X with
⋃s

i=1B(zi, ξ/2) =
X. For all x, y ∈ X, there exist i, j ∈ {1, . . . , s} such that d(x, zi) < ξ/2 and
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d(y, zj) < ξ/2. Thus, B(zi, ξ/2) ⊆ B(x, ξ) and B(zj, ξ/2) ⊆ B(y, ξ). We conclude that
if for some m ∈ N0, T

m(B(zi, ξ/2)) ∩B(zj, ξ/2) ̸= ∅, then Tm(B(x, ξ)) ∩B(y, ξ) ̸= ∅.
It follows from the transitivity of T that there exists mij ∈ N0 such that for all

i, j ∈ {1, . . . , s}, we have Tmij(B(zi, ξ/2)) ∩B(zj, ξ/2) ̸= ∅. Thus, we can take

Nξ := max
1⩽i,j⩽s

mij < +∞. (A.3)

Now the claim is verified.

Fix x, y ∈ X and n ∈ N. Then the claim implies that there exists y′ ∈ T−m(B(y, ξ))∩
B(x, ξ) for some integer m satisfying 0 ⩽ m ⩽ Nξ. It follows from (A.2) that

⊕
x∈T−n(x)

SnA(x) ⩽ C0 + ⊕
y′∈T−n(y′)

SnA(y′)

= C0 − SmA(y
′) + ⊕

y′∈T−n(y′)

Sn+mA(y′)

⩽ C0 −m inf
x∈X

A(x) + ⊕
y′∈T−n−m(Tm(y′))

Sn+mA(y′)

= C0 −m inf
x∈X

A(x) + ⊕
y′∈T−n−m(Tm(y′))

(SmA(y′) + SnA(T
m(y′)))

⩽ C0 −m inf
x∈X

A(x) +m sup
x∈X

A(x) + ⊕
y′∈T−n−m(Tm(y′))

SnA(T
m(y′))

= C0 −m inf
x∈X

A(x) +m sup
x∈X

A(x) + ⊕
z∈T−n(Tm(y′))

SnA(z)

⩽ 2C0 +Nξ

(
sup
x∈X

A(x)− inf
x∈X

A(x)
)
+ ⊕

y∈T−n(y)
SnA(y).

Thus, we can take C1 := 2C0 + Nξ(supx∈X A(x) − infx∈X A(x)) and get that for all
x, y ∈ X and n ∈ N, ∣∣∣ ⊕

x∈T−n(x)
SnA(x)− ⊕

y∈T−n(y)
SnA(y)

∣∣∣ ⩽ C1. (A.4)

Fix A, u ∈ C0,α(X, d). Proposition 3.9 implies that Ln
A(u) ∈ C0,α(X, d) for all n ∈ N.

Now it suffices to give the estimate for |Ln
A(u)|dα .

It follows from (3.7) that for all n ∈ N,

|Ln
A(u)|dα,ξ ⩽ |A|dα(λα − 1)−1 + |u|dαλ−nα ⩽ (λα − 1)−1(|A|dα + |u|dα).

For x, y ∈ X with d(x, y) ⩾ ξ, (A.4) implies that for all n ∈ N,

|Ln
A(u)(x)− Ln

A(u)(y)| ⩽ C1 + sup
x∈X

u(x)− inf
x∈X

u(x)

⩽
(
C1 + sup

x∈X
u(x)− inf

x∈X
u(x)

)
ξ−αd(x, y)α.
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We conclude that for all n ∈ N,

|Ln
A(u)|dα ⩽ max

{
(λα − 1)−1(|A|dα + |u|dα),

(
C1 + sup

x∈X
u(x)− inf

x∈X
u(x)

)
ξ−α

}
. (A.5)

Now let C2(A, u) denote a positive constant satisfying |Ln
A(u)|dα ⩽ C2(A, u)(|A|dα +

|u|dα) for a specific pair A, u ∈ C0,α(X, d) and all n ∈ N.
If A, u ∈ C0,α(X, d) are two constant functions, then for each n ∈ N, Ln

A(u) is a
constant function. Thus, 0 = |A|dα = |u|dα = |Ln

A(u)|dα for all n ∈ N and, consequently,
C2(A, u) can be an arbitrary positive number.

Now suppose that there is a nonconstant function among A and u, i.e., |A|dα+|u|dα >

0. By (A.5), we can take C2(A, u) := max
{
(λα − 1)−1,

C1+supx∈X u(x)−infx∈X u(x)

ξα(|A|dα+|u|dα )

}
.

Moreover, the fact that A, u ∈ C0,α(X, d) implies that

sup
x∈X

A(x)− inf
x∈X

A(x) ⩽ |A|dα(diamX)α and

sup
x∈X

u(x)− inf
x∈X

u(x) ⩽ |u|dα(diamX)α.

Recall that C1 = 2C0 + Nξ(supx∈X A(x) − infx∈X A(x)) and C0 = |A|dαξα(λα − 1)−1.
We conclude that

C2(A, u) ⩽ max

ß
(λα − 1)−1,

2C0 +Nξ|A|dα(diamX)α + |u|dα(diamX)α

ξα(|A|dα + |u|dα)

™
⩽ max

ß
(λα − 1)−1,

Nξ(diamX)α

ξα
+

2C0

ξα(|A|dα + |u|dα)

™
⩽ max

ß
(λα − 1)−1,

Nξ(diamX)α

ξα
+ 2(λα − 1)−1

™
.

Thus, we take C2 := 2(λα − 1)−1 +
Nξ(diamX)α

ξα
and conclude that

|Ln
A(u)|dα ⩽ C2(|A|dα + |u|dα)

for all A, u ∈ C0,α(X, d) and n ∈ N. The proof is now complete. □

Proof of Lemma 3.15. Let vA ∈ C0,α(X, d) be the sub-action for A ∈ C0,α(X, d) from
Proposition 3.6. It follows that B := A+vA−vA◦T ⩽ Q(T,A) and Q(T,B) = Q(T,A).
Thus, an invariant probability measure µ is a maximizing measure for A if and only if
µ is a maximizing measure for B if and only if µ is supported on B−1(Q(T,A)). Denote
K := B−1(Q(T,A)). Now it suffices to show that an invariant probability measure µ is
supported on K if and only if µ is supported on ΩA.

Note that SnB(x) = SnA(x) + vA(x) − vA(T
n(x)) for all n ∈ N and x ∈ X. It

then follows from Definition 3.14 and vA ∈ C(X,R) that ΩB = ΩA. Fix an arbitrary
x0 ∈ ΩB and ϵ > 0. By Definition 3.14, there exists y ∈ B(x0, ϵ) and n ∈ N such that
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d(x0, T
n(y)) ⩽ ϵ and |Sn(B −Q(T,B))(y)| ⩽ ϵ. Since B ⩽ Q(T,A) = Q(T,B), we see

that

0 ⩾ B(y)−Q(T,B) ⩾ SnB(y)− nQ(T,B) ⩾ −ϵ.

It then follows from d(x0, y) ⩽ ϵ and vA ∈ C0,α(X, d) that

|B(x0)−Q(T,B)| ⩽ |B|dαd(x0, y) + |B(y)−Q(T,B)| ⩽ ϵ|B|dα + ϵ.

We conclude B(x) = Q(T,B) = Q(T,A) for all x ∈ ΩB, i.e., ΩA = ΩB ⊆ K. It follows
that if a probability measure µ is supported on ΩA, then µ is supported on K.

Assume that an invariant probability measure µ is supported on K. Since µ is
invariant, we see that µ is supported on

⋂
n∈N0

T−n(K). Denote the set of nonwan-
dering points by Ω(T ). Note that the invariant measure µ is also supported on Ω(T )
(cf. [Wal82, Theorem 6.15]). We conclude that suppµ ⊆

⋂
n∈N0

T−n(K) ∩ Ω(T ). Fix
x1 ∈

⋂
n∈N0

T−n(K) ∩ Ω(T ) and ϵ > 0. Since x1 ∈ Ω(T ), there exists n ∈ N such
that d(T n(x1), x1) ⩽ ϵ. Since x1 ∈

⋂
n∈N0

T−n(K) and Q(T,A) = Q(T,B), we see that
Sn(B)(x1) − nQ(T,B) = 0. It then follows from Definition 3.14 that x1 ∈ ΩB. We
conclude that

⋂
n∈N0

T−n(K)∩Ω(T ) ⊆ ΩB = ΩA and µ is supported on ΩA. The proof
is now complete. □

Lemma A.1. Let T : X → X be an open continuous distance-expanding map on a
compact metric space (X, d), and A ∈ C0,α(X, d) with α ∈ (0, 1]. Then the Mañé
potential ϕA is upper semi-continuous.

Proof. It suffices to show that for all x, y ∈ X,

lim
ϵ→0+

⊕
z∈B(x,ϵ)
w∈B(y,ϵ)

ϕA(z, w) ⩽ ϕA(x, y). (A.6)

Fix δ > 0, z ∈ B(x, δ/2), and w ∈ B(y, δ/2). It immediately follows from Definition 3.16
that

ϕA(z, w) ⩽ ⊕
n∈N

⊕
d(z1,z)⩽δ/2

d(Tn(z1),w)⩽δ/2

SnA(z1) ⩽ ⊕
n∈N

⊕
d(z1,x)⩽δ

d(Tn(z1),y)⩽δ

SnA(z1).

Thus,

⊕
z∈B(x,δ/2)
w∈B(y,δ/2)

ϕA(z, w) ⩽ ⊕
n∈N

⊕
d(z1,x)⩽δ

d(Tn(z1),y)⩽δ

SnA(z1).

As δ → 0+ in the above inequality, we see that (A.6) follows from Definition 3.16. □

The following lemma is used in the proof of Proposition 3.18 (v).

Lemma A.2. Let T : X → X be an open continuous distance-expanding map on a
compact metric space (X, d), and A ∈ C0,α(X, d) with α ∈ (0, 1]. Let ξ > 0 be the
constant in Lemma 3.2. For all x0 ∈ ΩA, ϵ ∈ (0, ξ), and l ∈ N, there exists x1 ∈ B(x0, ϵ)
and n > l such that T n(x1) = x0 and |SnA(x1)| < ϵ.
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Remark. This lemma is slightly different from [Ga17, Corollary 4.5]. In this lemma, we
assume A ∈ C0,α(X, d) and require T n(x1) = x0 while [Ga17, Corollary 4.5] assumes
A ∈ C(X,R) and only requires d(T n(x1), x0) ⩽ ϵ. Although [Ga17, Corollary 4.5] is
stated for subshifts of finite type, its proof is applicable to our setting. Thus, we directly
use it in the following proof.

Proof. Fix ϵ ∈ (0, ξ), l ∈ N, and x0 ∈ ΩA. Then fix δ ∈ (0, ϵ/2) satisfying

δ + (λα − 1)−1|A|dαδα < ϵ < ξ.

It follows from [Ga17, Corollary 4.5] that there exists x2 ∈ B(x0, δ) and n > l such
that d(T n(x2), x0) ⩽ δ and |SnA(x2)| ⩽ δ.

Since d(T n(x2), x0) ⩽ δ < ξ and x2 ∈ B(x0, δ), Lemma 3.2 implies that

d
(
T−n
x2

(x0), x0

)
⩽ d

(
T−n
x2

(x0), x2

)
+ d(x2, x0) ⩽ λ−nd(x0, T

n(x2)) + d(x2, x0) ⩽ 2δ < ϵ.

Denote x1 := T−n
x2

(x0). It follows from (3.8) that

|SnA(x1)− SnA(x2)| ⩽ (λα − 1)−1|A|dαδα.
We conclude that d(x1, x0) < ϵ, T n(x1) = x0, and

|SnA(x1)| ⩽ δ + (λα − 1)−1|A|dαδα < ϵ,

where the last inequality follows from our choice of δ. □

Now we provide a proof of Proposition 3.18.

Proof of Proposition 3.18. (i) Fix u ∈ EQ(T,A)(LA, C(X,R)). Then u(T (x)) ⩾ u(x)⊗
A(x) for all x ∈ X. Thus, u(z)⊗ SnA(z) ⩽ u(T n(z)) for all z ∈ X and n ∈ N.

Fix x, y ∈ X. Since u ∈ C(X,R), for every ϵ > 0, there exists η(ϵ) ∈ (0, ϵ) such that

u(x) ⩽ u(z) + ϵ and u(w) ⩽ log(exp(u(y)) + ϵ)

for all z ∈ B(x, η(ϵ)) and w ∈ B(y, η(ϵ)). By Definition 3.16, we see that

u(x)⊗ ϕA(x, y) = lim
ϵ→0+

u(x)⊗
(
⊕
n∈N

⊕
d(z,x)⩽η(ϵ)

d(Tn(z),y)⩽η(ϵ)

SnA(z)
)

⩽ lim sup
ϵ→0+

(
⊕
n∈N

⊕
d(z,x)⩽η(ϵ)

d(Tn(z),y)⩽η(ϵ)

(SnA(z)⊗ u(z)⊗ ϵ)
)

⩽ lim sup
ϵ→0+

(
⊕
n∈N

⊕
d(z,x)⩽η(ϵ)

d(Tn(z),y)⩽η(ϵ)

(u(T n(z))⊗ ϵ)
)

⩽ lim sup
ϵ→0+

log(exp(u(y)) + ϵ)⊗ ϵ

= u(y).

(ii)–(iv) Statements (ii), (iii), and (iv) are already established in Subsection 3.2.

(v) Let ξ > 0 be the constant in Lemma 3.2, and fix x0 ∈ ΩA.
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Step 1. We first establish the claim below, which will also be useful in the following
steps.

Claim 1. For all z ∈ X and every y0 ∈ B(x0, ξ) satisfying T n(y0) = z for some
n ∈ N0, we have

ϕA(x0, z) ⩾ SnA(y0)− (λα − 1)−1|A|dαd(x0, y0)
α. (A.7)

Now assume that z ∈ X and y0 ∈ B(x0, ξ) with T n(y0) = z for some n ∈ N0.
Fix an arbitrary ϵ1 ∈ (0, ξ). Fix some l ∈ N depending on ϵ1 and satisfying λ−lξ <

ϵ1/2. By Lemma A.2, there exists x1 ∈ B(x0, ϵ1/2) and n0 > l such that T n0(x1) = x0

and |Sn0A(x1)| < ϵ1.
It follows from Lemma 3.2 and y0 ∈ B(x0, ξ) that

d
(
T−n0
x1

(y0), x0

)
⩽ d

(
T−n0
x1

(y0), x1

)
+ d(x1, x0)

⩽ λ−n0d(y0, x0) + d(x1, x0) ⩽ λ−lξ + ϵ1/2 < ϵ1.

Since y0 ∈ B(x0, ξ), it follows from (3.8) that∣∣Sn0A(x1)− Sn0A
(
T−n0
x1

(y0)
)∣∣ ⩽ (λα − 1)−1|A|dαd(x0, y0)

α. (A.8)

By (A.8) and the definition of x1, we conclude that

⊕
m∈N

⊕
d(y1,x0)⩽ϵ1
Tm(y1)=z

SmA(y1) ⩾ Sn0+nA
(
T−n0
x1

(y0)
)

⩾ Sn0A(x1)− (λα − 1)−1|A|dαd(x0, y0)
α + SnA(y0)

⩾ −ϵ1 + SnA(y0)− (λα − 1)−1|A|dαd(x0, y0)
α.

As ϵ1 → 0+ in the above inequality, (A.7) follows, and Claim 1 is verified.

Recall that ϕA(·, ·) : X×X → R. Note that the transitivity of T implies the existence
of y0 ∈ B(x0, ξ) and n ∈ N0 satisfying T n(y0) = z. We conclude that if T is transitive,
then ϕA(x0, z) ∈ R for all x0 ∈ ΩA and z ∈ X.

Step 2. We show that ϕA(x0, z) = ⊕
y∈T−1(z)

(ϕA(x0, y)⊗ A(y)) for all z ∈ X.

Fix z ∈ X. It immediately follows from Definition 3.16 that ϕA(x, T (x)) ⩾ A(x) for
all x ∈ X. It then follows from Proposition 3.18 (i) that

⊕
y∈T−1(z)

(ϕA(x0, y)⊗ A(y)) ⩽ ⊕
y∈T−1(z)

(ϕA(x0, y)⊗ ϕA(y, z)) ⩽ ϕA(x0, z).

Now it suffices to show that ϕA(x0, z) ⩽ ⊕
y∈T−1(z)

(ϕA(x0, y)⊗ A(y)).

Fix arbitrary ϵ2 ∈ (0, ξ). Recall that we have proved

ϕA(x0, z) = lim
ϵ→0+

⊕
n∈N

⊕
d(y0,x0)⩽ϵ
Tn(y0)=z

SnA(y0)
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as a claim in the proof of Proposition 3.18 (ii). Note that the above limit is a decreasing
limit. Thus, there exists w ∈ X and m ∈ N such that d(w, x0) ⩽ ϵ2, T

m(w) = z, and

ϕA(x0, z) ⩽ ⊕
n∈N

⊕
d(y0,x0)⩽ϵ2
Tn(y0)=z

SnA(y0) ⩽ SmA(w) + ϵ2 = Sm−1A(w) + A(w) + ϵ2.

Note that m− 1 ∈ N0. We now apply (A.7) with Tm−1(w) in place of z, w in place of
y0, and m− 1 in place of n. It follows that

Sm−1A(w) ⩽ ϕA

(
x0, T

m−1(w)
)
+ (λα − 1)−1|A|dαd(w, x0)

α.

Denote G(ϵ2) := ϵ2 + (λα − 1)−1|A|dαϵα2 . Recall Tm(w) = z. We conclude that

ϕA(x0, z) ⩽ ϕA

(
x0, T

m−1(w)
)
+ A(w) +G(ϵ2)

⩽ ⊕
y∈T−1(z)

(ϕA(x0, y)⊗ A(y)) +G(ϵ2).

As ϵ2 → 0+ in the above inequality, we get ϕA(x0, z) ⩽ ⊕
y∈T−1(z)

(ϕA(x0, y)⊗ A(y)).

Step 3. We verify the regularity of ϕA(x0, ·).
Claim 2. For all z1, z2 ∈ X satisfying d(z1, z2) < ξ,

ϕA(x0, z1) ⩽ ϕA(x0, z2) + (λα − 1)−1|A|dαd(z1, z2)α. (A.9)

Now fix z1, z2 ∈ X with d(z1, z2) < ξ.
Fix an arbitrary ϵ3 ∈ (0, ξ/2). Fix some l ∈ N depending on ϵ3 and satisfying

λ−lξ < ϵ3/2. By Lemma A.2, there exists x1 ∈ B(x0, ϵ3/2) and n1 > l such that
T n1(x1) = x0 and |Sn1A(x1)| < ϵ3.

Assume that there exists n ∈ N and y1 ∈ T−n(z1) such that y1 ∈ B(x0, ϵ3/2) ⊆
B(x0, ξ). Denote y2 := T−n1

x1
(y1) and n2 := n+ n1. Lemma 3.2 implies that

d(y2, x0) ⩽ d(y2, x1) + d(x1, x0)

⩽ λ−n1d(y1, x0) + d(x1, x0) ⩽ ϵ3/2 + ϵ3/2 = ϵ3.
(A.10)

Since d(y1, x0) < ϵ3/2 < ξ, it follows from (3.8) that

|Sn1A(y2)| ⩽ |Sn1A(x1)|+ (λα − 1)−1|A|dα(ϵ3/2)α

⩽ ϵ3 + (λα − 1)−1|A|dα(ϵ3/2)α.
(A.11)

Note that T n2(y2) = T n(y1) = z1. Since d(z1, z2) < ξ, it follows that

d
(
T−n2
y2

(z2), x0

)
⩽ d

(
T−n2
y2

(z2), y2
)
+ d(y2, x0)

⩽ λ−n2d(z2, z1) + ϵ3 < λ−lξ + ϵ3 < 2ϵ3,
(A.12)

where the second inequality follows from Lemma 3.2 and (A.10), and the third follows
from n2 > n1 > l. Moreover, it follows from (3.8) that∣∣Sn2A

(
T−n2
y2

(z2)
)
− Sn2A(y2)

∣∣ ⩽ (λα − 1)−1|A|dαd(z1, z2)α. (A.13)
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Denote F (ϵ3) := ϵ3+(λα−1)−1|A|dα(ϵ3/2)α. By (A.13), (A.11), and (A.12), we conclude
that

SnA(y1) = Sn2A(y2)− Sn1A(y2)

⩽ Sn2A
(
T−n2
y2

(z2)
)
+ (λα − 1)−1|A|dαd(z1, z2)α + ϵ3 + (λα − 1)−1|A|dα(ϵ3/2)α

⩽
(
⊕

m∈N
⊕

d(z,x0)⩽2ϵ3
Tm(z)=z2

SmA(z)
)
+ (λα − 1)−1|A|dαd(z1, z2)α + F (ϵ3).

Thus,

⊕
n∈N

⊕
d(y,x0)<ϵ3/2
Tn(y)=z1

SnA(y) ⩽ ⊕
m∈N

⊕
d(z,x0)⩽2ϵ3
Tm(z)=z2

SmA(z)+(λα−1)−1|A|dαd(z1, z2)α+F (ϵ3). (A.14)

Note that (A.14) holds even if there does not exist y1 ∈
⋃

n∈N T
−n(z1) with y1 ∈

B(x0, ϵ3/2). As ϵ3 → 0+ in (A.14), we get (A.9).
Thus, Claim 2 follows.

If T is transitive, it follows from Claim 1 that ϕA(x0, ·) ∈ C(X,R) (see the discussion
before Step 2) and thus ϕA(x0, ·) ∈ C0,α(X, d) with

|ϕA(x0, ·)|dα,ξ ⩽ |A|dα(λα − 1)−1.

Therefore, ϕA(x0, ·) ∈ EQ(T,A)(LA, C(X,R)), and if T is transitive, then ϕA(x0, ·) ∈
C0,α(X, d). Now (v) is verified. □

Proof of Proposition 3.19. Fix u ∈ EQ(T,A)(LA, C(X,R)). It follows from Proposi-
tion 3.18 (i) that u(·) ⩾ ⊕

x∈ΩA

(u(x)⊗ ϕA(x, ·)). It suffices to find an Aubry point xy for

each y ∈ X such that u(xy) ⊗ ϕA(xy, y) ⩾ u(y). Fix y ∈ X. If u(y) = −∞, then the
above inequality trivially holds for all xy ∈ ΩA. Now assume that u(y) ∈ R.

By Lemma 3.2, T−1(x) is finite for all x ∈ X. Since u(y) = ⊕
z∈T−1(y)

(u(z)+A(z)) and

u(y) ∈ R, there exists y1 ∈ T−1(y) such that u(y) = u(y1) +A(y1), and thus u(y1) ∈ R.
Then since u(y1) = ⊕

z∈T−1(y1)
(u(z)+A(z)) and u(y1) ∈ R, there exists y2 ∈ T−1(y1) such

that u(y1) = u(y2) +A(y2), and thus u(y2) ∈ R. Repeating this process recursively, we
get a sequence {yk}k∈N in X satisfying T (yk+1) = yk and u(yk) = u(yk+1) +A(yk+1) for
all k ∈ N.

Claim. Every accumulation point w of {yk}k∈N is an Aubry point, and satisfies
u(w) + ϕA(w, y) ⩾ u(y).

Suppose that the subsequence {ynk
}k∈N converges to xy with nk → +∞ as k → +∞.

Without loss of generality, we assume that nk+1 > nk + k for all k ∈ N. It follows
from Lemma 3.12 and the choice of yk that there exists D > 0 such that u(yk) =
u(y)− SkA(yk) ⩾ u(y)−D for all k ∈ N. Since u ∈ C(X,R) and ynk

converges to x as
k → +∞, we see that u(xy) ∈ R.
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Fix ϵ > 0. The continuity of u, together with u(xy) ∈ R, implies that there exists
η ∈ (0, ϵ/2) such that |u(xy) − u(z)| ⩽ ϵ/2 for all z ∈ B(xy, η). Thus, there exists
N ∈ N such that for all k ⩾ N , d(ynk

, xy) < η < ϵ/2 and d(ynk+1
, xy) < η < ϵ/2. Write

nk+1 − nk =: mk ∈ N. It follows that for all k ⩾ N ,

|Smk
A(ynk

)| = |u(ynk
)− u(ynk+1

)| ⩽ 2 · (ϵ/2) = ϵ.

Since d(ynk
, ynk+1

) ⩽ d(ynk
, xy) + d(xy, ynk+1

) ⩽ ϵ, by Definition 3.14, we conclude that
xy is an Aubry point. Moreover, the inequalities d(ynk

, xy) < ϵ/2 and d(ynk+1
, xy) < ϵ/2

imply that for all k ⩾ N ,

u(y) = u(ynk
)⊗ Smk

A(ynk
) ⩽ (u(xy) + ϵ/2)⊗

(
⊕
n∈N

⊕
d(z,xy)⩽ϵ/2

d(Tn(z),y)⩽ϵ/2

SnA(z)
)
.

As ϵ → 0+ in the above inequality, we get u(y) ⩽ u(xy)⊗ ϕA(xy, y). Now the claim is
verified, and it follows that u(·) = ⊕

x∈ΩA

(u(x)⊗ ϕA(x, ·)). □
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